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Internal reliability and antireliability in dynamical networks
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We consider finite dynamical networks and define internal reliability based on the synchronization properties
of a replicated unit or a set of units. If the states of the replicated units coincide with their prototypes, they are
reliable; otherwise, if their states differ, they are antireliable. Quantification of reliability using the transversal
Lyapunov exponent enables a straightforward analysis of different models. For a Kuramoto model of globally
attractively coupled phase oscillators with a distribution of natural frequencies, we show that before the onset of
synchronization peripheral frequency units (at the edges of the distribution) are antireliable, while central ones
(with natural frequencies close to the mean frequency) are reliable. For repulsive coupling, the complementary
configuration occurs, with central antireliable units and peripheral reliable ones. For this model, reliability can be
expressed through phase correlations in a sort of fluctuation-dissipation relation. Sufficiently large subnetworks
in the Kuramoto model are always antireliable; the same holds for a recurrent neural network, where individual
units are always reliable. Furthermore, we show that other coupled oscillator models (Winfree-type coupled
phase oscillators, coupled rotators, and coupled Stuart-Landau oscillators) demonstrate patterns of reliability
and antireliability similar to those of the Kuramoto setup.
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I. INTRODUCTION

The stability properties of dynamical states lie at the core
of characterizing nonlinear dynamical systems. Sensitive de-
pendence of the dynamics on initial conditions, quantified
by positive Lyapunov exponents (LEs), serves as a definition
of chaos [1]. In chaotic systems, the memory of the initial
state is lost as the dynamics unfolds. If one prepares two
identical systems (two replicas) but with slightly different
initial conditions, then the states of the replicas will not be
correlated after a transient period. The notions of reliability
and antireliability [2–5] are used to describe the response of
replicas to nontrivial external forces, in particular to external
noise. Here, if the largest LE is negative, two replicas driven
by the same noisy force show exactly the same dynamics and
thus respond to this force reliably. In contrast, in the case of
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a positive largest LE, the states of the two replicas differ. In
the context of noisy forcing, one often speaks about the syn-
chronization of replicas by common noise [6–9]. However, the
same concept applies to a chaotic driving force. A reliable re-
sponse of a nonlinear system to chaotic driving corresponds to
a generalized synchronization phenomenon [10]; it is also best
characterized by following two replicas of the driven system.
Replicas are also used in the Pecora-Carroll synchronization
setup [11].

In this paper, we apply the concepts of reliability and
antireliability to the internal dynamics of deterministic (in
particular, oscillatory) networks. Complex networks often
demonstrate chaotic behavior. The question we address is
the following: in such a regime, does a particular unit (or,
more generally, a subgroup of the units) reliably follow the
driving of the other units? As discussed above, to answer
this question, we need to create a replica of the unit and
observe whether this replica exhibits the same dynamics as the
prototype (i.e., replicated) unit. In the following, we consider
a range of typical models and demonstrate that in some of
them all units are reliable, while in other models some units
are reliable and some are not (to this class belongs the famous
Kuramoto model, as well as some other models of coupled
oscillators, in particular phase oscillators with Winfree-type
coupling, a network of Stuart-Landau oscillators, and a net-
work of rotators). We establish a relation between reliability
and correlations for the Kuramoto model of globally coupled
phase oscillators, which can be interpreted as a dissipation-
fluctuation relation. Furthermore, we extend the notion of
internal reliability to replicated subnetworks.
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FIG. 1. Sketch of three setups: (a) synchronization by common
noise (reliability), (b) generalized synchronization via auxiliary sys-
tem method, and (c) internal reliability setup. Systems 1 and 1′ are
identical, identically driven systems; system 2 generally differs from
system 1.

II. RELIABILITY, GENERALIZED SYNCHRONIZATION,
AND INTERNAL RELIABILITY

Here, we discuss the relation between internal reliability,
usual reliability, and generalized synchronization.

Reliability [2] is the same as synchronization by common
noise [6–8], illustrated in Fig. 1(a). Here, the same noise acts
on two identical systems 1 and 1′. Because the systems are
identical and the driving is identical, a synchronous solution
exists where the states coincide. This state can be stable or
unstable. In the former case, the driven systems synchronize
even if their initial states are different, so one can say that the
response to the noisy driving is fixed; in this sense, the system
reliably responds to the noise.

If one replaces the noisy driving with chaotic driving, then
one obtains a setup of generalized synchronization [10,12]
[Fig. 1(b)]. Here, a signal from a chaotic system 2 unidi-
rectionally drives another dynamical system 1. To test for
generalized synchronization between systems 1 and 2, one
takes an auxiliary system 1′ that is an exact copy (replica) of
system 1 and checks if the states of 1 and 1′ synchronize [13].
Thus, generalized synchronization is equivalent to reliability
in the presence of chaotic (instead of noisy) driving. Note that
systems 1 and 2 can be completely different, for example,
having different dimensions. Many examples of generalized
synchronization are discussed in Refs. [14,15].

In the generalized synchronization setup, a unidirectional
coupling 2 → 1 is assumed. If the coupling is bidirectional
2 ↔ 1 (but not necessarily symmetric), a natural way to look
at whether system 1 “reliably” responds to system 2 is to
make a replica 1′ of system 1 and drive it with the same
signal as 1 is driven, although there is no action from 1′ back
on 2 [Fig. 1(c)]. If the states of 1 and 1′ coincide, we call
the dynamics of 1 “internally reliable,” and we will call it
“antireliable” if the states of 1 and 1′ do not synchronize.
“Internal” in this context means that no external driving is
applied to the closed system of coupled subsystems [Eqs. (1)
and (2)]. The subject of this paper is the exploration of the
property of internal reliability, illustrated in Fig. 1(c).

Example of internal reliability in two coupled
chaotic systems

Here, we give an example of the setup shown in Fig. 1(c).
Following the original paper on generalized synchronization
[13], we consider the following system of equations:

ẋ = −y − z − au1,

ẏ = x + 0.2y,

ż = 0.2 + z(x − 5.7),

u̇1 = 16(v1 − u1) + g(x − u1),

v̇1 = 45.92u1 − v1 − u1w1,

ẇ1 = u1v1 − 4w1,

u̇2 = 16(v2 − u2) + g(x − u2),

v̇2 = 45.92u2 − v2 − u2w2,

ẇ2 = u2v2 − 4w2. (1)

Here variables (x, y, z) constitute a Roessler system [sys-
tem 2 in Fig. 1(c)]. It drives two identical Lorenz systems
(u1, v1,w1) and (u2, v2,w2) [systems 1 and 1′ in Fig. 1(c),
correspondingly] with coupling strength g. Lorenz system 1
drives the Roessler system with strength a.

In Fig. 2 we illustrate two cases, one without generalized
synchronization and internal reliability [unidirectional cou-
pling 2 → 1, a = 0, and g = 4.55 (in Ref. [13], generalized
synchronization is reported for this setup for a larger cou-
pling g = 10), Figs. 2(a)–2(c)] and one with internal reliability
[a = 0.29 and g = 4.55, Figs. 2(d)–2(f)]. In both cases, the
dynamics is chaotic.

III. INTERNAL RELIABILITY
OF ONE UNIT IN A NETWORK

We first formulate the conditions for internal reliability in
a pretty general form and then consider particular examples.
Consider a set j = 1, 2, . . . , N of units described by variables
x j (t ) which have their own dynamics [term F j (x j )] and are
coupled:

ẋ j = F j (x j ) + H j (x j ; x1, . . . , x j−1, x j+1, . . . , xN ),

j = 1, 2, . . . , N. (2)

Let us concentrate on the unit with index k. We prepare a
replica yk of the unit xk (below, we call the replicated unit
“prototype”) that receives the same input from other elements
as the unit xk receives:

ẏk = Fk (yk ) + Hk (yk; x1, . . . , xk−1, xk+1, . . . , xN ). (3)

Note that while index j in Eq. (2) runs over all possible values
j = 1, 2, . . . , N , index k in Eq. (3) takes just one value. So
Eqs. (2) and (3) constitute a system of N + 1 units. The replica
yk and its prototype xk obey identical equations but have
generally different initial states. Of course, if yk (0) = xk (0),
then the states of the prototype and its replica coincide for all
future times. For a small deviation vk = yk − xk , we obtain,
by subtracting Eq. (3) from Eq. (2) and linearizing, the linear
system

v̇k =
(

∂Fk

∂xk
+ ∂Hk

∂xk

)
vk . (4)

Solution of this linear equation asymptotically grows, |vk| ∼
exp[λkt], where λk is the maximal transversal Lyapunov expo-
nent (TLE) of Eq. (4). Equation (4) generally possesses a set
of Lyapunov exponents (if each unit has a dimension larger
than 1), but only the largest of them determines transversal
stability. Positive λk means that the replica diverges from
the prototype, and thus the unit k is antireliable; negative λk
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FIG. 2. (a)–(d) Generalized synchronization setup [Fig. 1(b)] for the coupled Roessler and Lorenz systems [Eq. (1)] with a = 0, g = 4.55.
(a) Driving system x vs y. (b) Driving x vs response w1. (c) w1 vs w2 shows no synchrony between systems 1 and 1′. (d)–(f) Internal reliability
setup [Fig. 1(c)] for the coupled Roessler and Lorenz systems [Eq. (1)] with a = 0.29, g = 4.55. (d) “Driving” system x vs y. (e) Driving x vs
response w1. (f) w1 vs w2 shows complete synchrony between systems 1 and 1′, as the trajectory lies on the diagonal.

means reliability: the replica converges and eventually yk (t ) =
xk (t ) at large times.

As the first relatively trivial example, let us consider a very
popular model of a recurrent neural network [16]. Here, x j is
a scalar, and the dynamics reads

ẋ j = −x j +
∑
i �= j

J ji tanh(xi ), j = 1, . . . , N, (5)

where Jji are independent random couplings taken from a
Gaussian distribution with zero mean. Because the interac-
tions do not depend on the driven unit, we have v̇k = −vk ,
which means that all TLEs are −1 and we have complete
reliability of all units. Below, we will see that replicated
subnetworks of the recurrent neural network [Eq. (5)] of suf-
ficiently large size become antireliable, if the whole network
is in a chaotic state (what happens for strong enough coupling
[16]).

IV. KURAMOTO MODEL

Below, we will demonstrate that the properties of internal
reliability are nontrivial in oscillatory networks. We start with
a classical Kuramoto model of N coupled oscillators with
natural frequencies ωk , distributed according to density g(ω).

Now the system of Eqs. (2) and (3) reads

ẋ j = ω j + ε

N

∑
i �= j

sin(xi − x j ), j = 1, . . . , N,

ẏk = ωk + ε

N

∑
i �=k

sin(xi − yk ), (6)

where ε is the coupling strength. In this case, Fk = ωk

and Hk = ε
N

∑
i �=k sin(xi − xk ), thus Eq. (4) reads v̇k =

− ε
N

∑
i �=k cos(xi − xk )vk . This equation can be rewritten in

terms of the logarithm of the perturbation as

d

dt
ln vk = − ε

N

∑
i �=k

cos(xi − xk ).

The TLE for unit k is the average growth rate of the logarithm
of the perturbation [17]:

λk = − ε

N

〈∑
i �=k

cos(xi − xk )

〉
. (7)

In the thermodynamic limit N → ∞, the mean fields that
enter Eqs. (6) and (7) are time independent or time periodic,
and thus the TLEs either vanish or are negative. However,
the dynamics of finite ensembles is nontrivial. In particular,
the global largest LE of the Kuramoto system before the
synchronization transition is positive for finite N , while it
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FIG. 3. Transversal LEs of all Kuramoto units vs coupling
strength ε for N = 21. k denotes the oscillator index. Units that
are always reliable are shown with black dashed lines, while those
that are antireliable (positive TLEs) in some range are marked by
colored dots if ωk > 0, and stars of the same color for symmetric
units with ωk < 0. In panel (a), frequencies are uniformly distributed,
i.e., B(ω; 1). In panel (b), frequencies are distributed according
to B(ω; 3). The insets show the shape of g(ω): the vertical red
lines are the actual frequencies of the oscillators (regularly sam-
pled, as explained in the main text). The vertical dashed lines mark
the theoretical synchronization threshold (in the thermodynamic
limit) εc.

tends to zero in the thermodynamic limit N → ∞ [18,19].
As a consequence, the mean fields that enter Eqs. (6) and (7)
fluctuate, and the TLEs can, in general, be positive.

We thus focus our analysis on small system sizes. However,
when N is small, generating sampled frequencies ωk accord-
ing to a specific distribution density poses a challenge, as
independent and identically distributed sampling can exhibit
significant fluctuations in the frequency spacing. To follow
the macroscopic shape of g(ω) and to avoid the burden of
analyzing different samplings, we select the set of frequencies
ωk, k = 1, . . . , N , via a regular sampling, such that G(ωk ) =
(k − 0.5)/N where G(ω) = ∫ ω

−∞ g(s)ds is the cumulative dis-
tribution (see Refs. [19–21]).

In Fig. 3 we show the TLEs for all oscillators in an en-
semble of N = 21 units vs the coupling strength ε, for two
representative distributions of the frequencies. Both are given
by a symmetrized Beta distribution on the interval [−0.5, 0.5],
B(ω; a) = �(2a)

�2(a) [(ω − 0.5)(0.5 − ω)]a−1; B(ω; 1) is a uniform
distribution, and B(ω; 3) is a bell-shaped one.

One can see that all TLEs tend to zero as ε → 0. However,
at finite coupling strengths, some units have positive TLEs and
are thus antireliable, while the TLEs of other reliable units
are negative. This happens at moderate values of ε, before the
synchronization onset, where all units have different frequen-
cies and no one is locked. At large ε, all units become reliable
due to the synchronization onset (the critical coupling is well
defined εc = 2

πg(0) in the thermodynamic limit, but is slightly
shifted and not so well defined for finite N).

Remarkably, reliable and antireliable units coexist across
the entire intermediate range of coupling strengths, with pos-

FIG. 4. (a) Dependence of reliability of Kuramoto units on their
natural frequency (ω) below the synchronization transition (ε = 0.6,
εc ≈ 0.64) and different ensemble size, N = 21, 41, 81, 161, 321.
Natural frequencies ωk are uniformly distributed and equally spaced.
(b) The same data as in panel (a) but scaled with N . The inset reports
the scaling of the Lyapunov exponent of the unit with ω = 0 (log-log
scale, dashed line: λ ∝ 1/N ).

itive λk peaking near the synchronization transition. This
behavior is qualitatively unaffected by the shape of the dis-
tribution g(ω), as illustrated by the two panels in Fig. 3.

For fixed coupling strength ε, reliability depends on the
oscillator’s natural frequency, as shown in Fig. 4. In particular,
reliability is mostly strong (minimum of TLE) for those units
the frequency of which lies at the center of the distribution
g(ω) and decreases toward the distribution’s tails, where oscil-
lators are antireliable. Comparison of different ensemble sizes
shows that the magnitude of the TLE scales as 1/N [Fig. 4(b)].
The fraction of reliable and antireliable oscillators in this setup
does not depend on the system size, with approximately 30%
being antireliable.

Note that the separation of the oscillators into two types
resembles the separation of units in chimera states into syn-
chronous and asynchronous subgroups. The difference is that,
contrary to the chimera setup where identical units are consid-
ered (we will explore reliability properties of such a chimera
below in Sec. VI D), here the oscillators differ by their natural
frequencies, and the reliability property is a function of this
frequency.

Above, we explored the case of attractive coupling ε > 0
in the Kuramoto model. In Fig. 5 we report similar results
for repulsive coupling ε < 0. Compared with Figs. 3 and 4,
at a moderate repulsive coupling, the central oscillators are
antireliable while the edge (peripheral) ones are reliable. Fur-
thermore, all oscillators become reliable at strong repulsive
coupling.

V. FLUCTUATION-DISSIPATION RELATION
FOR THE KURAMOTO MODEL

The expression Eq. (7) for the TLE of the Kuramoto model
provides an interesting connection to the fluctuation properties
of the dynamics. One can define the pairwise correlations
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FIG. 5. (a) TLEs for the Kuramoto model with N = 21 and uni-
form distribution of the natural frequencies, for negative values of
the coupling parameter ε. Edge units 1–4 and 18–21 have negative
TLEs, shown with dashed lines; for the colors of other units, see the
panel. (b) TLEs of the Kuramoto model vs their natural frequency
(ω) for repulsive coupling ε = −0.45, for different ensemble sizes
N = 21, 41, 81, 161, 321. Natural frequencies ωk are uniformly dis-
tributed and equally spaced.

between the phase oscillators as c jk = ck j = 〈cos(x j − xk )〉
(see Refs. [22–24]). This allows for representing the TLE
Eq. (7) as

λk = − ε

N

∑
j �=k

c jk . (8)

This equality can be interpreted as a fluctuation-dissipation
relation because it connects the properties of fluctuations
(correlations) to the stability properties of replica reliability
(TLE). We illustrate correlations c jk in the Kuramoto ensem-
ble with a uniform distribution of frequencies in Fig. 6.

FIG. 6. Correlation matrices c jk for the Kuramoto ensembles
with a uniform distribution of natural frequencies and (a) N = 21
and (b) N = 161, for ε = 0.5. To better contrast positive and negative
correlations, a yellow-red palette is used for positive correlations and
a green-blue one for negative values.

The oscillators with close frequencies (along the diagonal)
are positively correlated, although this positive correlation is
small for peripheral units (with frequencies at the edges of the
distribution). Examination of different system sizes N from 21
to 321 shows that the number of positively correlated neigh-
bors is around 10–15 and practically N independent, and the
values of maximal positive correlations also do not depend on
N . In contradistinction, oscillators with significantly different
frequencies are anticorrelated (c jk < 0), and the values scale
as |c jk| ∼ N−1. Thus, the TLE, which is according to Eq. (8)
a sum of the corresponding column or row, is negative for
central units and positive for peripheral ones if coupling is
attractive ε > 0, in accordance with Fig. 4. The correlation
pattern for repulsive coupling is similar to that shown in Fig. 6,
but because the correlations are now multiplied by negative ε,
central units have positive TLEs while peripheral units have
negative TLEs, as in Fig. 5.

Remarkably, the sum of all TLEs can be expressed in
another fluctuation-dissipation relation via the variance of the
complex Kuramoto order parameter Z = N−1 ∑

k exp[ixk].
Indeed, direct calculation yields, with the account of Eq. (8),

〈|Z|2〉 = N−2
∑
k, j

〈ei(x j−xk )〉

= N−2

⎛
⎝N +

∑
k, j �=k

c jk

⎞
⎠ = N−1

(
1 − ε−1

∑
k

λk

)
.

(9)

This relation is exact for any ensemble size N .

VI. OTHER MODELS OF COUPLED OSCILLATORS

In this section, we report internal reliability properties for
different models of coupled oscillators that are similar to the
globally coupled Kuramoto model [Eq. (6)].

A. Phase oscillators with Winfree coupling

Here we explore a globally coupled ensemble of N phase
oscillators with a Winfree-type [25] coupling:

ϕ̇k = ωk + ε

N
S(ϕk )

∑
j �=k

Q(ϕ j ), (10)

where S(ϕ) is a phase sensitivity (phase response) function,
and Q(ϕ) is the forcing term. Below, we consider an example
with

S(ϕ) = cos ϕ, Q(ϕ) = sin ϕ, N = 21.

To demonstrate that internal reliability can be observed for
frequency distributions of different types, we sampled fre-
quencies from a double-hump distribution here. Namely, we
first produced uniformly distributed quantities −1/2 � yi �
1/2 and then calculated ωi = ω̄ + 	(0.3yi + 0.75 sin πyi )
with ω̄ = 10, 	 = 1. The transversal LEs in the system of
Eq. (10) are defined as

λk = −
〈

ε

N
sin ϕk

∑
j �=k

sin ϕ j

〉
.
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FIG. 7. Transversal LEs for the Winfree model [Eq. (10)]. Only
the four oscillators with peripheral frequencies (the two smallest ones
and the two largest ones) can become antireliable, and these TLEs
are shown with bold blue lines; other oscillators (dashed lines) are
always reliable.

Figure 7 shows these Lyapunov exponents as functions of the
coupling constant ε.

B. Rotators described by second-order equations

A popular system, especially in modeling power grids, is
that of coupled rotators [26] (sometimes called “oscillators
with inertia”):

μφ̈k + φ̇k = ωk + ε

N

∑
j

sin(φ j − φk ). (11)

In the linear approximation, a small difference between
the mth rotator and its replica δm = φ′

m − φm, vm = φ̇′
m − φ̇m

evolves according to equations

δ̇m = vm,

μv̇m = −vm − δm
ε

N

∑
j �=m

cos(φ j − φm).

To calculate the transversal Lyapunov exponent for the mth
oscillator, one has to calculate

λm ≈ 1

T
ln

	m(T )

	m(0)
, 	m = (

δ2
m + v2

m

)1/2
,

for a large enough T .
These LEs are shown in Fig. 8 for ε = 0.6 and μ = 1, and

different N . Here a uniform distribution of frequencies ωk =
−0.5 + (k − 1)/(N − 1) is adopted. One can see a good over-
lap at N = 50 and 100. For these parameters, approximately

FIG. 8. Normalized Lyapunov exponents for coupled rotators
[Eq. (11)] as functions of ωm for different ensemble sizes N .

FIG. 9. (a) Transversal LEs for an ensemble of Stuart-Landau os-
cillators in Eq. (12) with ε = 0.53 for different sizes N and uniform
frequency distribution. (b) Same data as in panel (a) vertically scaled
by N .

half of all LEs are positive, meaning that approximately half
of all units are reliable.

C. Ensemble of Stuart-Landau oscillators

We now discuss an example of oscillators displaying both
amplitude and phase dynamics. We consider a network of
N globally coupled Stuart-Landau oscillators with diffusive
coupling:

żk = −|zk|2zk + (1 + iωk )zk + ε

N

∑
j �=k

(z j − zk ), (12)

where zk are complex state variables. In the uncoupled limit
ε = 0, each oscillator k relaxes on a stable limit cycle with
unit radius and frequency ωk . Analogously to rotators, a uni-
form distribution of frequency ωk = −0.5 + (k − 1)/(N − 1)
is here adopted.

A small (complex) perturbation δk between the state of
oscillator k and its replica evolves according to

δ̇k = −2|zk|2δk − z2
kδ

∗
k + (1 + iωk )δk − ε

N

N − 1
δk, (13)

and the corresponding TLE λk is obtained as

λk ≈ 1

T
ln

|δk (T )|
|δk (0)| (14)

for large T . The transition to the synchronized state was found
for ε � 0.58; here we choose ε = 0.53 as a point representa-
tive of the unsynchronized regime close to the transition.

In Fig. 9(a), we show the corresponding spectrum of TLEs.
For positive exponents of antireliable oscillators the scaling
1/N holds [these values nearly overlap in Fig. 9(b)], while
negative exponents only weakly vary with N . We interpret this
behavior as follows. Positive TLEs are dominated by the phase
dynamics, which implies the same scaling as in the Kuramoto
model or in coupled rotators. Conversely, negative TLEs are
(possibly) dominated by the amplitude dynamics, damping of
which does not depend on the number of units. We found that
the fraction of “amplitude-dominated” oscillators decreases
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upon decreasing ε in favor of “phase-dominated” ones (data
not shown).

D. Internal reliability in a chimera state

Here, we would like to discuss possible connections to
other setups in networks of oscillators, where identical units
are explored. Symmetry breaking in such networks can lead
to so-called chimera states, where some groups of oscillators
are synchronized and build a cluster of identical states, while
other groups remain desynchronized [27–30]. Stability or in-
stability of clusters of identical units in chimeras is governed
by an evaporation Lyapunov exponent [17]. This exponent
is very close to the transversal LE introduced in this paper
to characterize internal reliability. The difference lies in the
fact that, in the chimera setup, both identical units affect
other oscillators within the network, whereas in the reliabil-
ity setup, only the prototype unit acts on other oscillators.
If one neglects this difference, then it is natural to expect
that synchronized units in a chimera state are reliable and
desynchonized units are antireliable.

To confirm this, we applied the approach of internal re-
liability to the chimera setup proposed in Ref. [27]. Here,
one takes two identical subpopulations ϕi, θi, i = 1, . . . , N
of phase oscillators, and couples them with a common phase
shift α and different coupling strengths inside and outside the
subpopulations:

ϕ̇i = μ

N

N∑
j=1, j �=i

sin(ϕ j − ϕi − α)

+ ν

N

N∑
j=1

sin(θ j − ϕi − α),

θ̇i = μ

N

N∑
j=1, j �=i

sin(θ j − θi − α)

+ ν

N

N∑
j=1

sin(ϕ j − θi − α). (15)

In the chimera state, oscillators in subpopulation ϕ are
synchronized, ϕ1 = ϕ2 = . . . = ϕN , while oscillators in sub-
population θ remain different. To such a state with N = 32,
we applied the replica �k to a prototype ϕk , and the replica
�k to a prototype θk . Equations for these variables read

�̇k = μ

N

N∑
j=1, j �=k

sin(ϕ j − �k − α)

+ ν

N

N∑
j=1

sin(θ j − �k − α),

�̇k = μ

N

N∑
j=1, j �=k

sin(θ j − �k − α)

+ ν

N

N∑
j=1

sin(ϕ j − �k − α). (16)

FIG. 10. Distances Dk for synchronized oscillators in a chimera
state (red lines), and dk for nonsynchronized oscillators (blue lines)
vs time for N = 32. Parameters of the model are the same as in
Ref. [27]: α = π/2 − 0.1, μ = 0.6, ν = 0.4.

The initial states of the replicas were random. In Fig. 10 we
show the evolution of the replica-prototype distances dk =
| sin((�k − θk )/2)| and Dk = | sin((�k − ϕk )/2)| with time.
One can see that for the synchronized subpopulation, all dis-
tances Dk decay exponentially with time, indicating reliability.
In contrast, for the nonsynchronous subgroup, the distances dk

oscillate, indicating antireliability.

E. Disordered Kuramoto-type network

Furthermore, we explored several examples of random
Kuramoto networks ẋk = ωk + ε

∑
j �=k Ak j sin(x j − xk ), with

a uniform distribution of natural frequencies and randomly
sampled Ajk . For both symmetric and asymmetric random
matrices, the typical picture is that peripheral units (i.e. units
with natural frequencies in the tails of the distribution) are
antireliable, and the central units (i.e. with the natural frequen-
cies close to the mean frequency) are reliable. However, some
central units become antireliable in a certain range of cou-
pling strengths ε. Quantitative characterization of the internal
reliability of random networks requires extensive statistical
evaluations, which exceed the scope of this paper.

VII. IMPERFECT REPLICAS

Here, we discuss the properties of the replica behavior if
its dynamical equations are not identical to those of the proto-
type. In particular, we take the Kuramoto ensemble [Eq. (6)],
and replicate the unit k with a detuning δω in the frequency:

ẋ j = ω j + ε

N

∑
i �= j

sin(xi − x j ), j = 1, . . . , N,

ẏk = ωk + δωk + ε

N

∑
i �=k

sin(xi − yk ). (17)

To characterize the properties of such a replica, we calcu-
late the time average phase difference to the prototype unit
d = 〈| sin((xk − yk )/2)|〉 and the difference in the observed
frequencies 	� = 〈ẏk − ẋk〉. We plot these measures as func-
tions of the detuning δω for a reliable oscillator with the
central frequency ωk = 0 and for an antireliable oscillator
with ωk = −0.5 in Fig. 11. The behavior of the phase dif-
ference d is not surprising: for the antireliable oscillator, it is
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FIG. 11. Difference between the phases d (a) and the frequency
difference 	� (b) vs δω for reliable (ωk = 0, blue squares) and
antireliable (ωk = −0.5, red circles) units. Panel (c) shows a zoomed
region of panel (b) with small values of |	�|. Parameters ε = 0.6,
N = 21.

large in the whole range of detunings, while for the reliable
unit, it vanishes at δω = 0 and grows linearly with δω for
small detunings. However, the behavior of the frequencies
is quite remarkable. For the reliable unit, the frequencies
become different already for small detuning [we found that
	� ∼ (δω)3]. In contradistinction, for the antireliable unit,
there is a large interval of detunings where 	� ≈ 0 [see
Fig. 11(c)]. One can say that in this region, the replica is
frequency entrained, while the phases of the replica and the
prototype remain different.

VIII. RELIABILITY OF SUBNETWORKS

Here, we extend the notion of internal reliability to the
subnetworks. Instead of replicating one unit like in Eq. (3),
we replicate all units from a subset S (the nonreplicated units
belong to the complementary subset S̄):

ẏm = Fm(ym) + Hm(ym; xl∈S̄ , y j∈S, j �=m ), m ∈ S. (18)

The reliability is now defined via the maximal transversal
Lyapunov exponents for the whole replicated subnetwork,
obtained from the linear system

v̇m =
(

∂Fm

∂xm
+ ∂Hm

∂xm

)
vm +

∑
j∈S, j �=m

∂Hm

∂x j
v j, m ∈ S, (19)

which generalizes Eq. (4).
Let us first consider the Kuramoto model and different

subnetworks of two replicas. Here, one can look at all com-
binations of two selected units for replication; the results are
presented in Fig. 12. One can see that, in practically all cases,
a pair is reliable if both units are individually reliable. This
rule applies only as a “rule of thumb” for larger replicated sub-
networks. The number of possible larger subnetworks is too
large to explore all of them; thus, we performed a statistical

FIG. 12. Kuramoto model with a uniform distribution of fre-
quencies, N = 21, ε = 0.6. (a) Distance d = 〈{sin2[(xk − yk )/2] +
sin2[(x j − y j )/2]}1/2〉 between the two prototypes having indices
k, j, and the corresponding replicas. The values d < 0.01 are de-
picted in black; otherwise, the color palette is used. (b) TLEs for the
pair of replicas, calculated according to Eq. (19). Here, two palettes
are used for positive and negative values to improve contrast.

analysis and found the transversal LEs for a random sample
of 1000 subnetworks of sizes 4, . . . , 10 out of N = 21, for the
uniform distribution of natural frequencies. The cumulative
distributions of the TLEs are presented in Fig. 13(a). One
can see that already for subnetworks of size 4, only 10%
of all cases are reliable, and starting from size 7, all tested
subnetworks are antireliable.

In the following example, we explore the reliability of
subnetworks in the recurrent neural network [Eq. (5)]. As
mentioned, all individual elements are reliable here with the
trivial TLE equal to −1. Nevertheless, the reliability of a
subnetwork is nontrivial, because positive feedbacks due to
the interaction of many units in the replicated subnetwork
may induce instability. To investigate how the TLE depends
on the size of the replicated subnetwork, we have chosen a
neural network of size N = 100 operating in a chaotic regime
and explored 1000 randomly sampled subnetworks for sizes

FIG. 13. (a) Cumulative distributions of the TLEs for the Ku-
ramoto model of N = 21 units [Eq. (6)] and ε = 0.6, for different
sizes of the subnetworks. (b) Mean values and standard deviations
(depicted as error bars) of the TLEs for randomly sampled subnet-
works of the recurrent neural network [Eq. (5)].
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M = 10, 20, . . . , 90. The distributions of the calculated TLEs
were nearly Gaussian, and we plot in Fig. 13(b) dependencies
of the mean and of the standard deviation on the subnetwork
size. One can see that the transition is at M ≈ 62: larger
subnetworks are practically all antireliable, while smaller
subnetworks are all reliable. Note that the limit M = N corre-
sponds to making a replica of the entire system; the transversal
LE is now just the largest LE of the original system (in some
sense, a chaotic system as a whole is “antireliable”).

IX. CONCLUSIONS

Summarizing, we explored the internal reliability proper-
ties of dynamical networks by determining the stability of
particular units and subnetworks when replicated. The stan-
dard Kuramoto model of globally coupled phase oscillators
exhibits nontrivial reliability properties, featuring for attrac-
tive coupling antireliable peripheral (frequencies at the edges
of the distribution) oscillators and reliable central (frequencies
close to the mean one) oscillators; for repulsive coupling, the
situation is opposite. In this model, these properties are well
defined for finite networks but disappear in the thermody-
namic limit, where the acting fields are constant or periodic.
We have demonstrated that other oscillatory networks (phase
oscillators with Winfree-type coupling, Stuart-Landau oscil-
lators, rotators described by second-order equations for the
angle variables) show similar properties: in all the cases,
for attractive coupling, peripheral oscillators are antireliable
while central oscillators are reliable. For the recurrent neural
network model, which is chaotic in the thermodynamic limit,
replicas of small subnetworks are reliable. Still, starting from
a certain size, the replicated subnetworks become antireliable.

While the concept applies to generic, regular, and ran-
dom dynamical networks, for the globally coupled Kuramoto
model, we additionally established a fluctuation-dissipation
relation. This relation connects the stability exponent of in-
ternal reliability of a particular unit to its pairwise phase
correlations with others. The sum of all exponents can be
expressed in another fluctuation-dissipation relation via the
variance of the complex Kuramoto order parameter.

In this paper, we have proven the concept of internal re-
liability for relatively simple setups of networks with regular

or disordered global coupling, and with “homogeneous” be-
havior (except for the chimera setup, in other examples, all
oscillators were chaotic and nonsynchronized). It would be
interesting to extend the study to more complex situations in-
volving multilayer networks (possibly with delay couplings),
which demonstrate different clustering patterns [31].

The reliability property is crucial for identifying the pa-
rameters of the network elements. As we demonstrated, the
difference between states of the replica and the prototype,
if they have the same parameters, vanishes only in the case
of reliability. In contrast, it remains finite in the case of
antireliability.

Finally, we discuss possible experimental realizations of
the internal reliability setup. Such a realization is hardly pos-
sible if one cannot control connections between the units
of a network. However, there are fields such as electronics
and electrochemical oscillators, where incoming and outgo-
ing couplings can be easily controlled. In such a situation,
preparing a replica of one of the oscillators and driving it
with the same input as the prototype is driven is experimen-
tally feasible (similar to an experimental realization of the
auxiliary system approach for electronic chaotic oscillators in
Ref. [13]).
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