
J. Math. Pures Appl. 132 (2019) 280–307
Contents lists available at ScienceDirect

Journal de Mathématiques Pures et Appliquées

www.elsevier.com/locate/matpur

Strong convergence of a vector-BGK model to the incompressible 

Navier-Stokes equations via the relative entropy method

Roberta Bianchini 1

Ecole Normale Supérieure de Lyon, UMPA, UMR CNRS-ENSL 5669, 46, allée d’Italie, 69364, 
Lyon Cedex 07, France

a r t i c l e i n f o a b s t r a c t

Article history:
Received 21 July 2018
Available online 2 April 2019

MSC:
primary 35Q35, 35Q30
secondary 75M45, 35L40

Keywords:
Vector-BGK models
Discrete-velocity BGK models
Incompressible Navier-Stokes 
equations
Dissipative entropy
Relative entropy
Diffusive relaxation

The aim of this paper is to prove the strong convergence of the solutions to a 
vector-BGK model under the diffusive scaling to the incompressible Navier-Stokes 
equations on the two-dimensional torus. This result holds in any interval of time 
[0, T ], with T > 0. We also provide the global in time uniform boundedness of the 
solutions to the approximating system. Our argument is based on the use of local in 
time Hs-estimates for the model, established in a previous work, combined with the 
L2-relative entropy estimate and the interpolation properties of the Sobolev spaces.
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r é s u m é

L’objectif de cet article est de présenter un résultat de convergence forte des solutions 
d’un modèle BGK vectoriel, en régime diffusif, vers les équations de Navier-Stokes 
incompressibles. Le domaine est le tore bidimensionnel et ce résultat est valide dans 
l’intervalle de temps [0, T ], où T > 0. En outre, on démontre que les solutions 
du modèle BGK restent uniformément bornées. Notre approche est basée sur des 
estimations dans les espaces de Sobolev Hs, obtenues dans un article précédent, 
combinées avec la méthode de l’entropie relative et les propriétés d’interpolation 
des espaces de Sobolev.

© 2019 Elsevier Masson SAS. All rights reserved.

1. Introduction

In this paper we deal with the incompressible Navier-Stokes equations in two space dimensions,
{

∂tuNS + ∇ · (uNS ⊗ uNS) + ∇PNS = νΔuNS ,

∇ · uNS = 0,
(1)
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with (t, x) ∈ [0, +∞) × T 2, and initial datum

uNS(0, x) = u0(x), ∇ · u0 = 0. (2)

In (1), uNS and ∇PNS are respectively the velocity field and the gradient of the pressure term, and ν > 0
is the viscosity coefficient.

Here we consider a vector-BGK model for the incompressible Navier-Stokes equations, i.e. a discrete 
velocities BGK system endowed with a vectorial structure, whose general formulation has been introduced in 
[15], while further developments were presented in [11] from the numerical side and in [8] from the analytical 
point of view. Precisely, we study the following five velocities (15 equations) vector-BGK approximation to 
the incompressible Navier-Stokes equations,

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂tf
ε
1 + λ

ε ∂xf
ε
1 = 1

τε2 (M1(wε) − fε
1 ),

∂tf
ε
2 + λ

ε ∂yf
ε
2 = 1

τε2 (M2(wε) − fε
2 ),

∂tf
ε
3 − λ

ε ∂xf
ε
3 = 1

τε2 (M3(wε) − fε
3 ),

∂tf
ε
4 − λ

ε ∂yf
ε
4 = 1

τε2 (M4(wε) − fε
4 ),

∂tf
ε
5 = 1

τε2 (M5(wε) − fε
5 ),

(3)

where

wε = (ρε, ερεuε
1, ερ

εuε
2) = (ρε, ερεuε) = (ρε, qε) =

5∑
i=1

fε
i . (4)

Its main properties are as follows:

• fε
i , Mi(wε), i = 1, · · · 5, are vector-valued functions taking values in R3;

• ρε(t, x) on R+ × T 2 is the approximating density, taking values in R+;
• uε(t, x) = (uε

1(t, x), uε
2(t, x)) on R+ × T 2 is the approximating velocity field, taking values in R2.

Precise compatibility conditions to be satisfied by the constant parameters of the model and the Maxwellian 
functions, together with their explicit expressions, will be provided in details in Section 2.

BGK models were introduced by Bhatnagar, Gross and Krook as a modified version of the Boltzmann 
equation, characterized by the relaxation of the collision operator. Since they present most of the basic 
properties of hydrodynamics, they are considered interesting models even though they do not contain 
all the relevant features of the Boltzmann equation. Essentially, vector-BGK models are inspired by the 
hydrodynamic limits of the Boltzmann equation [3,4,16,20,24], but later they have been generalized as 
approximating equations for different kinds of systems. In this regard, one of the main directions has been 
the approximation of hyperbolic systems with discrete velocities BGK models, as in [13,29,35,10,36,17,18]. 
Similar results have been obtained for convection-diffusion systems under the diffusive scaling [32,12,30,2,28,
25,9]. Originally, they presented continuous velocities, see [36], but later on discrete velocities BGK models 
inspired by the relaxation method have been introduced, see [34] for a survey. In the spirit of the relaxation 
approximations, see for instance [22] and references therein for general diffusive relaxation systems, the 
main advantage of discrete velocities BGK models is to deal with semilinear systems, see [35,14,26,40,45].

Now, let us present our main result. We prove the strong convergence in the Sobolev spaces, for any 
interval of time [0, T ], T > 0, of the vector-BGK model presented in (3) to the incompressible Navier-Stokes 
equations on the two-dimensional torus. To achieve this result, the novelty relies in using local in time 
Hs-estimates from a previous work, see [8], combined with the L2-relative entropy estimate and the standard 
interpolation theorem. More precisely, part of the results of [8] provides uniform (in ε) estimates of Gronwall 
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type in the Sobolev spaces, which hold in [0, T ∗], where T ∗ > 0 is depending on a fixed constant M > 0
and on the norm of the initial data. These local bounds guarantee the existence, the minimality and the 
dissipative property of the kinetic entropy, i.e. a convex entropy for (3), see [10]. Next, the relative entropy 
allows us to get a precise rate of convergence of the solutions to our model to the Navier-Stokes equations, 
which holds for t ∈ [0, T ∗], see Theorem 3.3. Thus, the interpolation theorem for Sobolev spaces applied to 
the relative entropy estimate provides a bound for the solutions to our system which is much more precise 
than the previous pessimistic Gronwall type estimates. This is the key point in order to close the argument 
and to prove the strong convergence for all times of the solutions to (3) to system (1), together with the 
global in time boundedness of the approximating solution itself, in Theorem 3.1. In particular, Lemma 2.8
plays a crucial role in quantifying the dissipation term coming from the entropy inequality. At the best of our 
understanding, the expansions in Lemma 2.8 are the only way to establish the relative entropy inequality 
when, as in our case, the explicit dependency of the kinetic entropy on the singular relaxation parameter is 
not known.

We start from initial data in (16) that are small perturbations of the Maxwellians and, thanks to the 
uniform bounds, in the end we prove that everything remains in a bounded set of the densities. This local 
setting perfectly fits the framework described in [10].

The relative entropy method, [19,21], represents an efficient mathematical tool for studying stability 
and limiting process and it is based on a direct calculation of the relative entropy between a dissipative 
solution and a conservative smooth solution for the considered system, which provides a remarkable stability 
estimate. Far from being complete, we collect here a pair of references for hydrodynamic limits [23,38]. In 
the context of singular hyperbolic scaled systems, we refer to [43,44]. Let us point out that this procedure 
has been successfully applied to the vector-BGK model considered in this paper and presented below (3)
to prove its convergence to the isentropic Euler equations under the hyperbolic scaling, see [39]. Again, the 
relative entropy in hyperbolic relaxation has been used for one-dimensional discrete velocities Boltzmann 
schemes, see [5], while in the multidimensional case the question in this context seems to be open. On the 
other hand, the relative entropy method in diffusive relaxation is of course a more delicate issue, being 
the diffusive limit the next order approximation of the starting system in the Chapman-Enskog expansion, 
see [37]. Besides hydrodynamic limits of the Boltzmann equation, our main reference in this framework 
is [31]. In this paper, the authors apply the relative entropy method to the equations of compressible gas 
dynamics with friction under the diffusive scaling, so obtaining precise estimates coming from the entropy 
of the limit hyperbolic system. However, in our case, further complications are due to the fact that the 
explicit dependency of the kinetic entropy on the singular parameter is not known for our model (3). The 
BGK framework in [10] only guarantees the existence of such an entropy, whose expression is defined by 
means of the inverse function theorem. This difficulty requires a better understanding of the dissipative 
terms provided by the entropy inequality in diffusive relaxation, and new ideas are needed with respect to 
the existing works, for instance [31,5].

The paper is organized as follows. In Section 2 we introduce the vector-BGK model and provide some 
preliminary results. Section 3 is devoted to the relative entropy inequality and the strong convergence of 
the model for all times, in the Sobolev spaces. In the last part of this section we also show the global in 
time boundedness of the solutions to our model.

2. Presentation of the model, formal limit, and intermediate results

First, we aim at providing a relative entropy inequality for a vector-BGK model approximating the 
two-dimensional incompressible Navier-Stokes equations. Next, this inequality will allow us to extend for 
long times the local convergence for smooth solutions achieved in [8]. Let us introduce the setting that will 
be taken into account hereafter.
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Our approximating vector-BGK model has been presented in (3), together with a list of the main prop-
erties. We point out that, in order to get consistency with the incompressible Navier-Stokes equations, the 
Maxwellian functions Mi(wε), i = 1, · · · , 5, need to satisfy the following compatibility conditions:

•
∑5

i=1 Mi(wε) = wε;
•

∑5
i=1 λijMi(wε) = Aj(wε), j = 1, 2, with Aj in (6),

with discrete velocities λi = (λi1, λi2). More precisely, λ1 = (λ, 0), λ2 = (0, λ), λ3 = (−λ, 0), λ4 =
(0, −λ), λ5 = (0, 0), where λ is a positive constant value.

We provide here the explicit expressions of the Maxwellian functions

M1,3(wε) = awε ± A1(wε)
2λ , M2,4(wε) = awε ± A2(wε)

2λ , M5(wε) = (1 − 4a)wε, (5)

A1(wε) =

⎛
⎜⎝

qε1
(qε1)2
ρε + P (ρε)

qε1q
ε
2

ρε

⎞
⎟⎠ , A2(wε) =

⎛
⎜⎝

qε2
qε1q

ε
2

ρε

(qε2)2
ρε + P (ρε)

⎞
⎟⎠ , (6)

P (ρε) = (ρε)2 − ρ̄2

2ρ̄ , (7)

where ρ̄ > 0 is constant value.
The consistency with respect to the incompressible Navier-Stokes equations (1) and the stability of our 

vector-BGK model hold under the following hypotheses.

Assumptions 2.1. Let us assume

a = ν

2λ2τ
, 0 < a <

1
4 , (8)

where ν is the viscosity coefficient in (1). Besides, we also take the parameter λ > 0 “big enough”. This is 
necessary in order to:

• guarantee the positivity of the symmetrizer in [8];
• satisfy the sub-characteristic condition, i.e. the positivity of the spectrum of the Jacobian matrices of 

the Maxwellians.

Let us discuss more precisely the previous assumptions.

Remark 2.2 (Consistency and stability under certain assumptions).
• First of all, equality ν = 2aτλ2 is needed to get consistency of the vector-BGK model (3) with respect to 
the incompressible Navier-Stokes equations, as remarked below.
• From (5), one observes that M5(wε) = (1 − 4a)wε. This means that 0 < a < 1

4 is a necessary condition 
for the positivity of the spectrum of the Jacobian of M5(wε). As widely discussed in the course of the 
manuscript and in Remark 3.2, the result in [[10], Thm. 2.1] provides the existence of a kinetic entropy for 
the vector-BGK model (3) under certain hypotheses. We roughly explain the idea behind this result. One 
considers a convex entropy for the limit system under the hyperbolic scaling (the system that is obtained by 
fixing ε and sending τ to zero in (3), i.e. the isentropic Euler equations). Then, the discrete version of the 
Boltzmann H-Theorem (see [10]) allows us to get an (implicit) expression for the kinetic entropy by taking 
the inverse of the Maxwellian functions. In order to invert the Maxwellians by using the inverse function 
theorem, one needs the positivity of the spectrum of the Jacobians of the Maxwellians. For M5(wε), this is 
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true if 0 < a < 1
4 . For the other Maxwellians, as a further discussion in Remark 3.2 and simple computations 

show, the conditions rely on a lower bound for the discrete velocity λ,

λ >
1
2a

(
εM

ρ̄− εM
+

√
1 + εM

ρ̄

)
, (9)

where the constant M is introduced in (24).
• Finally we aim at providing more details on the assumption on the parameter λ “big enough”. More 
precisely, following [8] and Remark 2.3, for fixed 0 < a < 1

4 , and 0 < μ < 1
4a , we choose

λ > max
{

1√
2a2(1 − 1/μ)

,

√
2

a(1 − 4aμ) ,

√
1 + 5a(1 − 4a)
4a2(1 − 4a)

}
∩ (9). (10)

The meaning of the lower bound in (9) has already been explained above. The other one assures both the 
positivity of the constant symmetrizer and the negativity of the linear part of the source term of system 
(12), as proved in [8]. In other words, the local in time bounds in [[8], Lemma 4.2 and Proposition 3] hold 
under that condition.

Now, the change of variables introduced in [8],

wε =
5∑

i=1
fε
i , mε = λ

ε
(fε

1 − fε
3 ), ξε = λ

ε
(fε

2 − fε
4 ),

kε = fε
1 + fε

3 , hε = fε
2 + fε

4 ,

(11)

allows us to recover the consistency with respect to (1) in a simple way at the formal level. Thus, the 
vector-BGK model (3) reads:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂tw
ε + ∂xm

ε + ∂yξ
ε = 0,

∂tm
ε + λ2

ε2 ∂xk
ε = 1

τε2 (A1(wε)
ε −mε),

∂tξ
ε + λ2

ε2 ∂yh
ε = 1

τε2 (A2(wε)
ε − ξε),

∂tk
ε + ∂xm

ε = 1
τε2 (2awε − kε),

∂th
ε + ∂yξ

ε = 1
τε2 (2awε − hε).

(12)

Moreover, we denote by Mi(wε) := fε the perturbed Maxwellian, i.e. the next order correction, due to the 
diffusive scaling, to Mi(wε) in (5).

The relaxation formulation (12) of the system gives:

mε = λ

ε
(fε

1 − fε
3 ) := λ

ε
(M1(wε) −M3(wε)) = A1(wε)

ε
− τλ2∂xk

ε + O(ε2),

ξε = λ

ε
(fε

2 − fε
4 ) := λ

ε
(M2(wε) −M4(wε)) = A2(wε)

ε
− τλ2∂yh

ε + O(ε2),

kε = fε
1 + fε

3 = M1(wε) + M3(wε) = 2awε + O(ε2),

hε = fε
2 + fε

4 = M2(wε) + M4(wε) = 2awε + O(ε2).

(13)

Substituting the last two expressions of (13) in the other ones, from the first equation of (12), one gets

∂tw
ε + ∂xA1(wε) + ∂yA2(wε) = 2aλ2τΔwε + O(ε2).
ε ε
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From Assumptions 2.1, ν = 2aτλ2, therefore we get

∂tw
ε + ∂xA1(wε)

ε
+ ∂yA2(wε)

ε
= νΔwε + O(ε2),

which explains the meaning of the consistency condition ν = 2aλ2τ in Assumptions 2.1, see also [15]. More 
explicitly, from the expressions of wε, A1(wε), A2(wε) in (4)-(6),

∂t

⎛
⎜⎝ ρε − ρ̄

ερεuε
1

ερεuε
2

⎞
⎟⎠ + ∂x

⎛
⎜⎝

ρεuε
1

ερε(uε
1)2 + (ρε)2−ρ̄2

2ρ̄ε
ερεuε

1u
ε
2

⎞
⎟⎠ + ∂y

⎛
⎜⎝

ρεuε
2

ερεuε
1u

ε
2

ερε(uε
2)2 + (ρε)2−ρ̄2

2ρ̄ε

⎞
⎟⎠

= νΔ

⎛
⎜⎝ ρε − ρ̄

ερεuε
1

ερεuε
2

⎞
⎟⎠ + O(ε2).

Dividing the last two lines by ε, this yields

{
∂t(ρε − ρ̄) + ∇ · uε = νΔ(ρε − ρ̄) + O(ε),
∂t(ρεuε) + ∇ · (ρεuε ⊗ uε) + ∇((ρε)2−ρ̄2)

2ρ̄ε2 = νΔ(ρεuε) + O(ε),
(14)

which is the compressible approximation to the incompressible Navier-Stokes equations. Let us make a few 
comments on the last system.

Remark 2.3. [The incompressible limit to the Navier-Stokes equations] The vanishing ε-limit of system (14)
to the incompressible Navier-Stokes equations, known as low Mach number limit or acoustic limit, is quite 
classical and can be found for instance in [42] (or in [33] for the inviscid case). We briefly recall the idea at 
the formal level and we refer to the quoted books for a rigorous proof. We assume the asymptotic expansions:

ρε = ρ̄ + ε2P + O(ε4),

uε = ulim + ε2u1 + O(ε4).

The incompressible Navier-Stokes equations are obtained at main order by inserting the previous ansatz in 
system (14). Note that the divergence free condition comes from the mass balance equation in (14), which 
is linked to the term P in the expansion for ρε. The pressure P is incompressible, it does not depend on the 
density (which, by the way, is constant) and it can be simply seen as a Lagrange multiplier related to the 
divergence free constraint.

We point out that a different relaxation approximation to the two dimensional Navier-Stokes equations 
is presented and analysed in [14]. The main difference with respect to our system is precisely related to 
compressibility. In the semilinear hyperbolic approximation proposed in [14], the velocity field is divergence 
free, and the relaxation parameter leads to the limit nonlinear system, i.e. the incompressible Navier-Stokes 
equations. For the vector-BGK system considered in (3), the diffusive relaxation parameter ε encodes both 
the approximation to the nonlinear system (in the spirit of relaxation models) and the compressible limit, 
as it can be seen from (14). This is a very good point for our BGK in (3), since the divergence free condition 
is only reached in the limit. By contrast, it is a constraint of the model [14], where a projection on the 
divergence free vector fields (which increases the error from the numerical point of view) is needed.

Now we find an expression of the formal limit in terms of the original kinetic variables (3). The limit 
solution is obtained by solving the linear system (13) in the unknowns Mi(wε), i = 1, · · · , 5, so providing
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M1(wε) = M1(wε) − aελτ∂xw
ε,

M2(wε) = M2(wε) − aελτ∂yw
ε,

M3(wε) = M3(wε) + aελτ∂xw
ε,

M4(wε) = M4(wε) + aελτ∂yw
ε,

M5(wε) = M5(wε).

(15)

In order to avoid further complications due to initial layers, in our convergence proof the two-dimensional 
vector-BGK model is endowed with the following initial data:

fε
i (0, x) = Mi(ρ̄, ερ̄ū0), i = 1, · · · , 5, (16)

where u0 is in (2) and ρ̄ is a positive constant value.

2.1. Preliminary results

Here we collect some preliminary results, which hold for local times, essentially due to our previous work 
[8]. Let us start with the following remark.

Remark 2.4. We discuss some differences between [8] and our current setting.

• In [8], the compressible pressure P (ρε) in (7) is linear. More precisely, from [[8], (10)],

P̃ (ρε) = ρε − ρ̄.

In this paper, we consider the case of a quadratic pressure P (ρε) in (7). A simple remark shows that, 
from (7),

P (ρε) = (ρε)2 − ρ̄2

2ρ̄

= 2ρ̄(ρε − ρ̄) + (ρε − ρ̄)2

2ρ̄

= (ρε − ρ̄) + (ρε − ρ̄)2

2ρ̄ .

Thus, the estimates in [8] still hold here: the quadratic pressure only provides an additional quadratic 
term in the fifth and the ninth line of the nonlinear vector N(w+ w̄) in [[8], (26)]. These supplementary 
quadratic terms can be handled exactly as the other ones in the energy estimates in [8]. However, we 
point out that the same argument holds exactly in the same way for a general compressible pressure

P (ρε) =
{

k
γ−1 [(ρε)γ − ρ̄γ ], γ > 1,
k[ρεlog(ρε) − ρ̄log(ρ̄)], γ = 1,

where k is a positive constant value.
• In [[8], (18)-(19)], we consider a translated version of the relaxation system (12). Of course this is an 

equivalent formulation of the approximating model, and since the translation vector (ρ̄, 0, 0) in [[8], (18)] 
is constant in t and x, most of the energy estimates in [8] can be used here.
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• A further change of variables, involving the dissipative constant right symmetrizer Σ in [[8], (28)] is 
defined in [[8], (30)]. However, here the energy estimates from [8] are expressed in terms of the original 
relaxation variables (11) to avoid further complications. The explicit change of variables is written in 
[[8], (78)].

Taking into account Remark 2.4, we state some results that will be applied below. Hereafter, we denote 
by T ε the maximum time of existence of the solution to the semilinear vector-BGK approximation (3) with 
initial data (16), see [33]. Of course T ε could depend on ε. In the following, we recall and adapt some results 
from [8], showing that there exist ε0 and a fixed and positive time T ∗, independent of ε and depending on 
the Sobolev norm of the initial data, such that, for ε ≤ ε0, some local in time Hs-estimates on the solutions 
to the approximating system hold uniformly with respect to ε. In this context, we consider the constant 
vector (ρ̄, 0, 0) and the translated variables:

w∗(t, x) = w(t, x) − (ρ̄, 0, 0),

k∗(t, x) = k(t.x) − 2a(ρ̄, 0, 0),

h∗(t, x) = h(t.x) − 2a(ρ̄, 0, 0),

(17)

where wε, kε, hε are defined in (11). We also remark that hereafter we drop the apex ε when there is no 
ambiguity.

Lemma 2.5. Consider the vector-BGK system (3) with initial data (16), and u0 in (2) belonging to Hs(T 2), 
for s > 3. Then, the following estimates hold true.

‖w∗(t)‖2
s + ε2(‖m(t)‖2

s + ‖ξ(t)‖2
s) + ‖k∗(t)‖2

s + ‖h∗(t)‖2
s

+
T∫

0

1
ε2 ‖w

∗(θ)‖2
s + ‖m(θ)‖2

s + ‖ξ(θ)‖2
s + 1

ε2 (‖k∗(θ)‖2
s + ‖h∗(θ)‖2

s) dθ

≤ cε2(‖u0‖2
s + ‖∇u0‖2

s)

+ c(|ρ− ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)
T∫

0

‖w∗(θ)‖2
s + ε2(‖m(θ)‖2

s + ‖ξ(θ)‖2
s) dθ

+ c(|ρ− ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)
T∫

0

‖k∗(θ)‖2
s + ‖h∗(θ)‖2

s dθ, t < T ε.

(18)

‖w∗(t)‖2
s + ε2(‖m(t)‖2

s + ‖ξ(t)‖2
s) + ‖k∗(t)‖2

s + ‖h∗(t)‖2
s

≤ cε2(‖u0‖2
s + ‖∇u0‖2

s)e
c(|ρ−ρ̄|L∞

t L∞
x

/ε, |u|L∞
t L∞

x
)t, t < T ε.

(19)

‖∂tw∗(t)‖2
s−1 + ε2(‖∂tm(t)‖2

s−1 + ‖∂tξ(t)‖2
s−1) + ‖∂tk∗(t)‖2

s−1 + ‖∂th∗(t)‖2
s−1

≤ cε2(‖u0‖2
s−1 + ‖∇u0‖2

s−1 + ‖∇2u0‖2
s−1)e

c(|ρ−ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)t, t < T ε.
(20)

Moreover, there exist ε0, M and T ∗ < T ε fixed such that, for ε ≤ ε0,

|ρu(t)|∞ ≤ M, |ρ(t) − ρ̄|∞ ≤ εM, t ∈ [0, T ∗], (21)

|ρ(t)|∞ ≤ ρ̄ + εM, |u(t)|∞ ≤ M
, t ∈ [0, T ∗]. (22)
ρ̄− εM
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T∫
0

|ρ(t) − ρ̄|∞ dt ≤ c(M)ε2, T ∈ [0, T ∗]. (23)

Proof. We discuss each result separately.

• Estimate (18) follows from [[8], Lemma 4.2], the change of variables [[8], (30)] and the Sobolev embedding 
theorem. The only difference is the dependency of c(|ρ− ρ̄|L∞

t L∞
x
/ε, ·) on |ρ− ρ̄|L∞

t L∞
x
/ε, which is a 

consequence of the quadratic extra term in the compressible pressure (7), see Remark 2.4. We briefly 
sketch here the argument that allows us to handle that quadratic extra term, essentially by following 
the proof in [[8], Lemma 4.2]. Let us recall that, by using the change of variables (11), our vector-BGK 
system (12) can be written in compact form as follows,

∂tW
ε + Bε

1∂xW
ε + Bε

2∂yW
ε = −LεW ε + N(wε),

where W ε := (wε, ε2mε, ε2ξε, ε2kε, ε2hε),

−Lε = 1
τ

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0

1
ε

⎛
⎜⎝ 0 1 0

1 0 0
0 0 0

⎞
⎟⎠ − 1

ε2 Id 0 0 0

1
ε

⎛
⎜⎝ 0 0 1

0 0 0
1 0 0

⎞
⎟⎠ 0 − 1

ε2 Id 0 0

2aId 0 0 − 1
ε2 Id 0

2aId 0 0 0 − 1
ε2 Id

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and

N(wε) = 1
τ

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0⎛
⎜⎝

0
uε

1w
ε
2 + (ρε−ρ̄)2

2ερ̄
uε

2w
ε
2

⎞
⎟⎠

⎛
⎜⎝

0
uε

1w
ε
3

uε
2w

ε
3 + (ρε−ρ̄)2

2ερ̄

⎞
⎟⎠

0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Under Assumptions 2.1, one can find a positive constant right symmetrizer Σε for the system, such that 
−LεΣε is semi-negative definite (cf.. conservative form in [8] and conservative-dissipative form in [7]). 
Therefore, we define the new variable W̃ ε such that W ε := ΣεW̃ ε, and the symmetrized system reads:

Σ∂tW̃ + B1Σ∂xW̃ + B2Σ∂yW̃ = −LΣW̃ + N((ΣW̃ )1 + w̄).

The energy estimate and the higher order estimates on the symmetric system above are explained in 
details in [8]. Starting from that, one recovers the bounds on the original variable W ε by using the 
diffeomorphism W ε = ΣεW̃ ε. Here we limit ourselves at showing how to control the extra quadratic 
term in the compressible pressure, in the estimate for the nonlinear term.



R. Bianchini / J. Math. Pures Appl. 132 (2019) 280–307 289
Again, from [8],

(N(w + w̄), W̃ )0

= 1
τ
{(u1w2 + (ρ− ρ̄)2

2ερ̄ , ε2m̃2)0 + (u1w3, ε
2m̃3)0

+(u2w2, ε
2ξ̃2)0 + (u2w3 + (ρ− ρ̄)2

2ερ̄ , ε2ξ̃3)0}

≤ 1
2τ {‖u1w2‖2

0 + ε4‖m̃2‖2
0 + ‖u1w3‖2

0 + 1
4ε2ρ̄2 ‖(ρ− ρ̄)2‖2

0

+ε4‖m̃3‖2
0 + ‖u2w2‖2

0 + ε4‖ξ̃2‖2
0 + ‖u2w3‖2

0 + ε4‖ξ̃3‖2
0 + 1

4ε2ρ̄2 ‖(ρ− ρ̄)2‖2
0}

≤ c(|u|L∞
t L∞

x
, |ρ− ρ̄|L∞

t L∞
x
/ε)‖w‖2

0 + ε4

2τ (‖m̃‖2
0 + ‖ξ̃‖2

0).

The higher order estimates follow in the same way from [[8], Lemma 4.2].
• By applying Gronwall’s inequality to (18), one gets (19).
• Estimate (20) follows from [[8], Proposition 3 and (30)].
• For a fixed constant M > M0 := cS ρ̄‖u0‖s+1, where cS is the Sobolev embedding constant, let us define

T ∗ := sup
t∈[0,T ε)

{
|ρ(t) − ρ̄|∞

ε
+ |ρu(t)|∞ ≤ M

}
. (24)

The Sobolev embedding theorem applied to (19) yields, thanks to (17),

|ρ(t) − ρ̄|∞
ε

+ |ρu(t)|∞ ≤ M0e
c( |ρ(t)−ρ̄|∞

ε , |u|L∞
t L∞

x
)t, t ≤ T ∗. (25)

The uniform bounds (21)-(22) are due to the Sobolev embedding theorem applied to (19) and the 
definition of T ∗, which depends on M0, M .

• The last uniform bound is a consequence of the Sobolev embedding theorem applied to (18), the previous 
bounds in (21)-(22), and the definition of w∗ in (17). �

2.2. Kinetic entropies and the relative entropy

Here we recall the definition and the conditions that assure the existence of a kinetic entropy for a discrete 
velocities BGK model, see [10] for a detailed discussion.

Let E be a non-empty set of convex entropies for a given limit system. Assume also that E is separable. 
A general BGK model under the diffusive scaling reads as follows

∂tfi + λi

ε
· ∇xfi = 1

ε2 (Mi(uε) − fi), i = 1, · · · , L, (26)

where L ≥ d, for i = 1, · · · , L,

fi(t, x) = (f1
i , · · · , fN

i ) : R×Rd → RN ,

λi = (λ1
i , · · · , λd

i ),

Mi(uε) = (M1
i , · · · ,MN

i ) : RN → RN ,
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and, under precise consistency conditions, see [10,15,1,2,12] for a detailed discussion, uε =
∑L

i=1 fi ∈
RN is the approximating vector field to the solution to the limit system. An important feature of these 
approximations is the existence, under some reasonable assumptions, of a kinetic entropy. Set Di := {Mi(u) :
u ∈ U}.

Definition 2.6. A kinetic entropy for system (26) is a convex function H(f) =
∑L

i=1 Hi(fi), with Hi : Di → R, 
such that, for η(u) ∈ E ,

• (E1) H(M(u)) = η(u) for every u ∈ U ,
• (E2) H(M(uf )) ≤ H(f), where uf :=

∑L
i=1 fi ∈ U , fi ∈ Di.

Such a property provides an energy inequality which gives robustness for the scheme. Indeed, it is easy 
to see that, multiplying the BGK system (26) by ∇fH(f), the minimality (E2) together with the convexity 
property, provide the following entropy inequality

∂tH(f) + Λ
ε
· ∇xH(f) = 1

ε2∇fH(f) · (M(u) − f) ≤ 0, (27)

which means that, according to the definition given in [27], the kinetic entropy H(f) is dissipative. More 
precisely, properties (E1)-(E2) under the hypotheses of [[10], Thm. 2.1] assure that, for any η(u) ∈ E , 
defining the projector P such that

Pf =
L∑

i=1
fi = u, (28)

then

η(u) = min
Pf=u

H(f) = H(M(u)). (29)

In this context, the Gibbs principle for relaxation and, in particular, [[43], Prop. 2.1], imply that

∇fH(M(u)) ⊥ Ker(P). (30)

Since f −M(u) ∈ Ker(P), the convexity property of H(f) together with condition (30) allow us to get the 
following inequality:

∇fH(f) · (f −M(u)) ≤ −c|f −M(u)|2, c = c(|f|∞), (31)

meaning that the kinetic entropy H(M(u)) is strictly dissipative, as in [27]. According to the theory de-
veloped by Bouchut [10], the existence of a kinetic entropy for system (3) is subjected to the existence 
of a convex entropy for the limit of system (3) under the hyperbolic scaling. The hyperbolic parameter 
of the vector-BGK approximation (3) is represented by τ and the limit equations approximated by (3) in 
the vanishing parameter of the hyperbolic scaling τ are the isentropic Euler equations. The convergence 
of the hyperbolic-scaled system is guaranteed by the structural properties of our vector-BGK model listed 
before, see [15], while a rigorous proof is provided in [39]. A convex entropy for the limit equations under 
the hyperbolic scaling, i.e., the isentropic Euler equations, is given by

η(wε) = 1
2
|qε|2
ρε

+ k(ρε)2. (32)

We can immediately state the following result.
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Proposition 2.7. Consider the vector-BGK approximation (3) under Assumptions 2.1 and emanating from 
smooth initial data (16). Then, in the time interval [0, T ∗], there exists a kinetic entropy H(f ε) =∑5

i=1 Hi(f ε
i ) for system (3), satisfying the properties listed in Definition 2.6 in a neighbourhood of the 

Maxwellians M(wε) (5), with η(wε) in (32).

Proof. First of all, the local in time estimates in Lemma 2.5 provide the boundedness of the densities f ε. 
This result and Assumptions 2.1 allow us to prove the positivity of the spectrum of the Jacobian matrices 
of the Maxwellians (5), see Remark 3.2. The statement follows from [[10], Theorem 2.1]. �

The relative entropy can be seen as a perturbation of the kinetic entropy near to the equilibrium rep-
resented by the solution to the limit system. A precise definition in the context of hyperbolic relaxation is 
provided in [43]. For diffusive relaxation, we will use the following:

H̃(f|̄f) = H(f) −H(M(w̄)) −∇fH(M(w̄)) · (f −M(w̄))

=
∑
i

Hi(fi) −Hi(Mi(w̄)) −∇fiHi(Mi(w̄)) · (fi −Mi(w̄)), (33)

where H(f) is in Definition 2.6, and M(w̄) = (Mi(w̄))i=1,··· ,5 are the perturbed Maxwellians in (15), 
evaluated in the solution w̄ = (ρ̄, ερ̄ū) to the incompressible Navier-Stokes equations (1).

2.3. Quantifying the dissipation

The aim of this part is to characterize and to quantify the dissipative terms resulting from the relative 
entropy estimate.

Lemma 2.8. Let η(w) be defined in (32). Let H(f) =
∑5

i=1 Hi(fi) be a kinetic entropy associated with the 
vector-BGK model in (3), such that H(M(w)) = η(w). Then the following entropy expansion is satisfied:

1
ε2

T∫
0

∫∫ 5∑
i=1

∇fiHi(fi) · (Mi − fi) dt dx dy

= −
T∫

0

∫∫ [
∇2

wη(w)
2aλ2τ

· (m− A1(w)
ε

)
]
· (m− A1(w)

ε
) dt dx dy

−
T∫

0

∫∫ [
∇2

wη(w)
2aλ2τ

· (ξ − A2(w)
ε

)
]
· (ξ − A2(w)

ε
) dt dx dy

−
T∫

0

∫ ∫ [
∇2

wη(w)
2aε2τ

· (k − 2aw)
]
· (k − 2aw) dt dx dy

−
T∫

0

∫∫ [
∇2

wη(w)
2aε2τ

· (h− 2aw)
]
· (h− 2aw) dt dx dy

−
T∫

0

∫∫ [
∇2

wη(w)
(1 − 4a)τε2 · (4aw − (k + h))

]
· (4aw − (k + h)) dt dx dy

+ O(ε3).
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Proof. First of all, Proposition 2.7 guarantees the existence of a kinetic entropy for (3), such that

H(M(w)) = η(w) in (32), ∇fiHi(Mi(w)) = ∇wη(w), i = 1, · · · , 5.

We point out that the spectrum of the Jacobian matrices of the Maxwellians in (5) is positive provided 
that the parameter a in the expressions (5) is positive and λ > 0 is big enough (Assumptions 2.1 and 
Remark 2.2). This remark, together with the bounds in (22), assure the existence of a kinetic convex and 
dissipative entropy for our system, thanks to [[10], Theorem 2.1], as stated in Proposition 2.7. Notice that 
in the course of our computations, the densities f ε remain in a bounded set, close enough to the hyperbolic 
equilibrium.

Now we consider the following expansion

1
ε2

5∑
i=1

∇fiHi(fi) · (Mi − fi)

= 1
ε2

5∑
i=1

∇fiHi(Mi) · (Mi − fi) + 1
ε2

5∑
i=1

∇2
fiHi(Mi) · (fi −Mi) · (Mi − fi)

+ O( |fi −Mi|3
ε2 )

= − 1
ε2

5∑
i=1

∇2
fiHi(Mi) · (fi −Mi) · (fi −Mi)

+ O( |fi −Mi|3
ε2 ),

(34)

where the first term vanishes thanks to the orthogonality property [[43], Proposition 2.1]. For i = 1, · · · , 4, 
the first term of the last equality reads

− 1
ε2

T∫
0

∫∫
∇2

fiHi(Mi) · (fi −Mi) · (fi −Mi) dt dx dy

= − 1
ε2

T∫
0

∫∫
∇2Hi(aw ± Ai(w)

2λ ) · (fi −Mi) · (fi −Mi) dt dx dy.

Note that, from (4)-(6) and Lemma 2.5,

w =

⎛
⎜⎝ ρ

ερu1
ερu2

⎞
⎟⎠ =

⎛
⎜⎝O(1)

O(ε)
O(ε)

⎞
⎟⎠ ,

A1(w) =

⎛
⎜⎝

ερu1

ε2ρu2
1 + ρ2−ρ̄2

2ρ̄
ε2ρu1u2

⎞
⎟⎠ =

⎛
⎜⎝ O(ε)

O(ε2)
O(ε2)

⎞
⎟⎠ ,

A2(w) =

⎛
⎜⎝

ερu1
ε2ρu1u2

ε2ρu2
2 + ρ2−ρ̄2

2ρ̄

⎞
⎟⎠ =

⎛
⎜⎝ O(ε)

O(ε2)
O(ε2)

⎞
⎟⎠ .

This way,
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∇fiH(Mi(w)) = ∇fiH
(
aw ± Ai(w)

2λ

)
= ∇fiH(aw) + O(ε).

Moreover, from [10], it is also known that

∇fiH(Mi(w)) = ∇wη(w).

Differentiating again the previous equivalent expressions,

∇2
fiHi(aw) = 1

a
∇2

wη(w) + O(ε). (35)

Thus, the last equality yields

− 1
ε2

T∫
0

∫∫
∇2

fiHi(aw ± Ai(w)
2λ ) · (fi −Mi) · (fi −Mi) dt dx dy

≤ − 1
ε2

T∫
0

∫∫ 1
a
∇2

wη(w) · (fi −Mi) · (fi −Mi) dt dx dy

+
c(|w|L∞

t L∞
x

)
ε

|fi −Mi|2L∞
t L∞

x
.

Now, from (3)-(11),

M1 − f1

ε2 = ∂tf1 + λ

ε
∂xf1 = 1

2(∂tk + ∂xm) + 1
2λε (ε2∂tm + λ2∂xk),

M3 − f3

ε2 = ∂tf3 −
λ

ε
∂xf3 = 1

2(∂tk + ∂xm) − 1
2λε (ε2∂tm + λ2∂xk),

M2 − f2

ε2 = ∂tf2 + λ

ε
∂yf2 = 1

2(∂th + ∂yξ) + 1
2λε (ε2∂tξ + λ2∂yh),

M4 − f4

ε2 = ∂tf4 −
λ

ε
∂yf4 = 1

2(∂th + ∂yξ) −
1

2λε (ε2∂tξ + λ2∂yh).

(36)

Lemma 2.5 and the previous equalities imply that

c(|w|L∞
t L∞

x
)

ε
|fi −Mi|2L∞

t L∞
x

= O(ε3),

and so, by using the change of variables (11),

1
ε2

T∫
0

∫∫ 4∑
i=1

∇fiHi(fi) · (Mi − fi) dt dx dy

= − 1
ε2

T∫
0

∫∫ 4∑
i=1

1
a
∇2

wη(w) · (Mi − fi) · (Mi − fi) dt dx dy + O(ε3)

=
T∫ ∫∫ [

∇2
wη(w)

2aλ2τ
· (m− A1(w)

ε
)
]
· (m− A1(w)

ε
) dt dx dy
0
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−
T∫

0

∫∫ [
∇2

wη(w)
2aλ2τ

· (ξ − A2(w)
ε

)
]
· (ξ − A2(w)

ε
) dt dx dy

−
T∫

0

∫ ∫ [
∇2

wη(w)
2aε2τ

· (k − 2aw)
]
· (k − 2aw) dt dx dy

−
T∫

0

∫∫ [
∇2

wη(w)
2aε2τ

· (h− 2aw)
]
· (h− 2aw) dt dx dy + O(ε3).

The expansion

1
ε2

T∫
0

∫∫
∇f5H5(f5) · (M5 − f5) dt dx dy

= −
T∫

0

∫∫ [
∇2

wη(w)
(1 − 4a)τε2 · (4aw − (k + h))

]
· (4aw − (k + h)) dt dx dy + O(ε3)

is obtained in analogous way. �
Lemma 2.9. Consider Mi, for i = 1, · · · , 4, in (15). Then

∇fiHi(Mi) = ∇fiHi(M i) ∓ aελτ∇2
fiHi(M i)∂xj

w̄ + O(ε3)

= ∇wη(w̄) ∓ λετ∇2
wη(w̄)∂xj

w̄ + O(ε3), j = 1, 2.
(37)

Proof. The proof follows by Taylor expansions and (35), in the spirit of Lemma 2.8. �
3. Relative entropy estimate for the vector-BGK model

Our main result is stated here.

Theorem 3.1. Consider the vector-BGK model in (3) for the two-dimensional incompressible Navier-Stokes 
equations in (1) on [0, +∞) × T 2, endowed with a kinetic entropy H(f ε), whose existence and properties 
are given by Proposition 2.7. Let ū = (ū1, ̄u2), ∇P̄ be a smooth velocity field and pressure satisfying the 
incompressible Navier-Stokes equations (1) on [0, +∞) × T 2 and {f ε} be a family of smooth solutions to 
(3) and emanating from smooth initial data u0 in (2) and f0 = (fi(0, x))i=1,··· ,5 in (16). Then, defining 
wε =

∑
i f

ε
i = (ρε, ερεuε), the following estimate holds for any T > 0 and for ε ≤ ε0, where ε0 is fixed and 

depends on M0 = ρ̄‖u0‖s+1,

sup
t∈[0,T ]

‖ρε(t) − ρ̄‖s′
ε

+ ‖uε(t) − ū(t)‖s′ ≤ cε
1
2−δ,

with s > 3, 0 < s′ < s and δ := s−s′

2s . Moreover, for ε ≤ ε0, the solutions (ρε, uε) to the approximating 
system (3) are globally bounded in time, and for ε → 0,

∇((ρε)2 − ρ̄2)
ε2 ⇀�∇P̄ in L∞

t Hs−3
x .
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Remark 3.2 (Looking at the macroscopic variables). Note that the existence of a kinetic entropy H(f ε) is 
due to the boundedness of {f ε}, as stated in Proposition 2.7. The reason lies in the assumptions of [[10], 
Theorem 2.1], where the positivity of the Jacobians of the Maxwellian functions is the crucial property. 
More precisely, the spectrum of these Jacobian matrices is the following:

σ∇wM1,3(w) = a± εu1

2λ , σ∇wM2,4(w) = a± εu2

2λ ,

μ±
∇wM1,3(w) = a± εu1

2λ ± 1
2λ

√
ρ

ρ̄
, μ±

∇wM2,4(w) = a± εu2

2λ ± 1
2λ

√
ρ

ρ̄
.

This implies that the eigenvalues are strictly positive provided that wε = (ρ, εu1, εu2) is bounded 
(Lemma 2.5) and λ > 0 is big enough (Assumptions 2.1 and Remark 2.2). This way, the setting exactly fits 
the hypothesis of [[10], Theorem 2.1], which guarantees the existence of a dissipative entropy,

H(f ε) = H(wε, ε2mε, ε2ξε, ε2kε, ε2hε),

at least for local times, where Lemma 2.5 holds. Actually, the dissipative entropy can be interpreted as 
an energy for the whole system, in terms of the macroscopic variables (12). The following estimate of 
Theorem 3.3 will be provided in L2, since a little information on the entropy, which is defined by means 
of the inverse function theorem, is not enough to get more. However, the precise local in time estimates of 
Lemma 2.5 will be used in the final argument to obtain the strong convergence in Hs′(T 2), 0 < s′ < s, of 
(uε, ∇P ε = ∇((ρε)2−ρ̄2)

ε2 ) to the smooth solutions to the incompressible Navier-Stokes equations (ū, ∇P̄ ) for 
any positive time T > 0.

The global in time convergence proof is based on the use of the relative entropy inequality, which is stated 
and proved here.

Theorem 3.3. Under the hypothesis of Theorem 3.1, let T ∗ be defined in (24). Then the relative entropy 
method provides the following estimate:

sup
t∈[0,T∗]

‖ρε(t) − ρ̄‖0

ε
+ ‖ρεuε(t) − ρ̄ū(t)‖0 ≤ c

√
ε.

Proof. We start by recalling the definition of the relative entropy in (33),

H̃(f|̄f) = H(f) −H(M) −∇fH(M) · (f −M)

=
∑
i

Hi(fi) −Hi(Mi) −∇fiHi(Mi) · (fi −Mi),

where Mi = Mi(ρ̄, ερ̄ū), i = 1, · · · , 5, are in (15), ρ̄ is a constant density, ū is the smooth solution to (1), 
and the associated entropy-flux is given by

Q̃(f|̄f) = λ

ε

(
H1(f1) −H3(f3) − (H1(M1) −H3(M3))

H2(f2) −H4(f4) − (H2(M2) −H4(M4))

)

− λ

ε

(
∇f1H1(M1)(f1 −M1) −∇f3H3(M3)(f3 −M3)

∇f2H2(M2)(f2 −M2) −∇f4H4(M4)(f4 −M4)

)
.

Hereafter, we adopt the following notation, Hi := Hi(Mi).
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Now we proceed to get the desired inequality.

T∫
0

∫∫
∂tH̃(f|̄f) + ∇x · Q̃(f|̄f) dt dx dy

=
T∫

0

∫∫
∂tH(f) + λ

ε
∂x(H1(f1) −H3(f3)) + λ

ε
∂y(H2(f2) −H4(f4)) dt dx dy

−
T∫

0

∫∫
∂tH(M) + λ

ε
∂x(H1(M1) −H3(M3)) dt dx dy

−
T∫

0

∫∫
λ

ε
∂y(H2(M2) −H4(M4)) dt dx dy

−
T∫

0

∫∫
∂t(∇f1H1(M1)(f1 −M1) + ∇f2H2(M2)(f2 −M2)) dt dx dy

−
T∫

0

∫∫
∂t(∇f3H3(M3)(f3 −M3) + ∇f4H4(M4)(f4 −M4)) dt dx dy

−
T∫

0

∫∫
∂t(∇f5H5(M5)(f5 −M5)) dt dx dy

−
T∫

0

∫∫
λ

ε
∂x(∇f1H1(M1)(f1 −M1) −∇f3H3(M3)(f3 −M3)) dt dx dy

−
T∫

0

∫∫
λ

ε
∂y(∇f2H2(M2)(f2 −M2) −∇f4H4(M4)(f4 −M4)) dt dx dy

= I1 + I2 + I3 + I4.

First of all, I1 is already estimated in Lemma 2.8. Now, let us consider I2.
The following expansions are based on Lemma 2.9.

−
T∫

0

∫∫
∂t(H1 + H2 + H3 + H4 + H5) dt dx dy

−
T∫

0

∫∫
λ

ε
∂x(H1 −H3) + λ

ε
∂y(H2 −H4) dt dx dy

= −
T∫ ∫∫

(∇wη(w̄) − aελτ∇2
f1
H1∂xw̄)(∂tM1 + λ

ε
∂xM1) dt dx dy
0
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−
T∫

0

∫∫
(∇wη(w̄) + aελτ∇2

f3
H3∂xw̄)(∂tM3 −

λ

ε
∂xM3) dt dx dy

−
T∫

0

∫∫
(∇wη(w̄) − aελτ∇2

f2
H2∂yw̄)(∂tM2 + λ

ε
∂yM2) dt dx dy

−
T∫

0

∫∫
(∇wη(w̄) + aελτ∇2

f4
H4∂yw̄)(∂tM4 −

λ

ε
∂yM4) dt dx dy

−
T∫

0

∫∫
∇wη(w̄) · ∂tM5 dt dx dy

= −
T∫

0

∫∫
∇wη(w̄) · ∂t(M1 + M2 + M3 + M4 + M5) dt dx dy

−
T∫

0

∫∫
∇wη(w̄)[λ

ε
∂x(M1 −M3) + λ

ε
∂y(M2 −M4)] dt dx dy

+ 2aτλ2
T∫

0

∫∫
(∇2

wη(w̄) · ∂xw̄)∂xw̄ + (∇2
wη(w̄) · ∂yw̄)∂yw̄ dt dx dy + O(ε3)

= −
T∫

0

∫∫
∇wη(w̄)[∂tw̄ + ∂x

A1(w̄)
ε

+ ∂y
A2(w̄)

ε
− ν(∂xxw̄ + ∂yyw̄)] dt dx dy

+
T∫

0

∫∫
τ
∇2

wη(w̄)
2aλ2 · (λ2∂xk̄) · (λ2∂xk̄) dt dx dy

+
T∫

0

∫∫
τ
∇2

wη(w̄)
2aλ2 · (λ2∂yh̄) · (λ2∂yh̄) dt dx dy

= −
T∫

0

∫∫
∇wη(w̄)[∂tw̄ + ∂x

A1(w̄)
ε

+ ∂y
A2(w̄)

ε
− ν(∂xxw̄ + ∂yyw̄)] dt dx dy

+
T∫

0

∫∫
τ

[
∇2

wη(w̄)
2aλ2 · (ε2∂tm̄ + λ2∂xk̄)

]
· (ε2∂tm̄ + λ2∂xk̄) dt dx dy

+
T∫

0

∫∫
τ

[
∇2

wη(w̄)
2aλ2 · (ε2∂tξ̄ + λ2∂yh̄)

]
· (ε2∂tξ̄ + λ2∂yh̄) dt dx dy + O(ε3)

− τ

T∫
0

∫∫ [
∇2

wη(w̄)
2aλ2 · (ε2∂tm̄)

]
· (ε2∂tm̄) +

[
∇2

wη(w̄)
aλ2 · (ε2∂tm̄)

]
· (λ2∂xk̄) dt dx dy

− τ

T∫
0

∫∫ [
∇2

wη(w̄)
2aλ2 · (ε2∂tξ̄)

]
· (ε2∂tξ̄) +

[
∇2

wη(w̄)
aλ2 · (ε2∂tξ̄)

]
· (λ2∂yh̄) dt dx dy
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Notice that the order (with respect to ε) of the last two expressions is due to the terms (ε2∂tm̄) ·∂xk̄, (ε2∂tξ̄) ·
∂yh̄, |ε2∂tm̄|2, |ε2∂tξ̄|2, where

∂xk̄ = 2a∂xw̄ = 2a∂x

⎛
⎜⎝ ρ̄

ερ̄ū1
ερ̄ū2

⎞
⎟⎠ = O(ε),

∂yh̄ = 2a∂yw̄ = O(ε),

and

ε2∂tm̄ = ε2∂t[
A1(w̄)

ε
− ν∂xw̄] = ε2∂t

[⎛
⎜⎝ ρ̄ū1

ερ̄ū2
1 + εP̄

ερ̄ū1ū2

⎞
⎟⎠− ν∂xw̄

]
= O(ε2),

ε2∂tξ̄ = ε2∂t[
A2(w̄)

ε
− ν∂yw̄] = ε2∂t

[⎛
⎜⎝ ρ̄ū2

ερ̄ū1ū2
ερ̄ū2

2 + εP̄

⎞
⎟⎠− ν∂yw̄

]
= O(ε2).

This way, every remainder term (the last two expressions above) is O(ε3). Next, we consider I3.

I3 = −
T∫

0

∫∫
∂t[∇f1H1(M1)(f1 −M1) + ∇f2H2(M2)(f2 −M2)] dt dx dy

−
T∫

0

∫∫
∂t[∇f3H3(M3)(f3 −M3) + ∇f4H4(M4)(f4 −M4)] dt dx dy

−
T∫

0

∫∫
∂t[∇f5H5(M5)(f5 −M5)] dt dx dy

= −
T∫

0

∫∫
∂t[∇wη(w̄) · (w − w̄)] dt dx dy

+ ελτ

T∫
0

∫∫
∂t[∇2

wη(w̄) · ∂xw̄ · (f1 − f3 − (M1 −M3))] dt dx dy

+ ελτ

T∫
0

∫∫
∂t[∇2

wη(w̄) · ∂yw̄ · (f2 − f4 − (M2 −M4))] dt dx dy + O(ε3)

= −
T∫

0

∫∫
∂t[∇wη(w̄) · (w − w̄)] dt dx dy

+ ε2τ

T∫
0

∫∫
∂t[∇2

wη(w̄) · ∂xw̄ · (m− A1(w̄)
ε

+ 2aλ2τ∂xw̄)] dt dx dy

+ ε2τ

T∫
0

∫∫
∂t[∇2

wη(w̄) · ∂yw̄ · (ξ − A2(w̄)
ε

+ 2aλ2τ∂yw̄)] dt dx dy + O(ε3)
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=
T∫

0

∫∫ [
∇2

wη(w̄) · [∂x
A1(w̄)

ε
+ ∂y

A2(w̄)
ε

− 2aλ2τ∂xxw̄ − 2aλ2τ∂yyw̄] · (w − w̄)

+ ∇wη(w̄) · [∂xm + ∂yξ − ∂x
A1(w̄)

ε
− ∂y

A2(w̄)
ε

+ 2aλ2τ∂xxw̄ + 2aλ2∂yyw̄]

+ τ∇2
wη(w̄) · ∂xw̄ · (ε2∂tm + λ2∂xk) − τλ2∇2

wη(w̄) · ∂xw̄ · ∂xk

+ τ∇2
wη(w̄) · ∂yw̄ · (ε2∂tξ + λ2∂yh) − τλ2∇2

wη(w̄) · ∂yw̄ · ∂yh
]
dt dx dy

+ O(ε3).

It remains to deal with the last term.

I4 = −
T∫

0

∫∫
λ

ε
∂x[∇f1H1(M1)(f1 −M1) −∇f3H3(M3)(f3 −M3)] dt dx dy

−
T∫

0

∫∫
λ

ε
∂y[∇f2H2(M2)(f2 −M2) −∇f4H4(M4)(f4 −M4)] dt dx dy

= −
T∫

0

∫∫
λ

ε
∂x

[
(∇wη(w̄) − ελτ∇2

wη(w̄)∂xw̄)(f1 −M1)

− (∇wη(w̄) + ελτ∇2
wη(w̄)∂xw̄)(f3 −M3)

]
dt dx dy

−
T∫

0

∫∫
λ

ε
∂y

[
(∇wη(w̄) − ελτ∇2

wη(w̄)∂yw̄)(f2 −M2)

− (∇wη(w̄) + ελτ∇2
wη(w̄)∂yw̄)(f4 −M4)

]
dt dx dy + O(ε3)

= −
T∫

0

∫∫
λ

ε
∂x[∇wη(w̄) · ((f1 − f3) − (M1 −M3))] dt dx dy

−
T∫

0

∫∫
λ

ε
∂y[∇wη(w̄) · ((f2 − f4) − (M2 −M4))] dt dx dy

+ λ2τ

T∫
0

∫∫
∂x[∇2

wη(w̄) · ∂xw̄ · (f1 + f3 − (M1 + M3))] dt dx dy

+ λ2τ

T∫
0

∫∫
∂y[∇2

wη(w̄) · ∂yw̄ · (f2 + f4 − (M2 + M4))] dt dx dy + O(ε3)

= −
T∫ ∫∫

∂x[∇wη(w̄) · (m− A1(w̄)
ε

+ 2aτλ2∂xw̄)] dt dx dy

0
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−
T∫

0

∫∫
∂y[∇wη(w̄) · (ξ − A2(w̄)

ε
+ 2aτλ2∂yw̄)] dt dx dy

+ λ2τ

T∫
0

∫∫
∂x[∇2

wη(w̄) · ∂xw̄ · (k − 2aw̄)] dt dx dy

+ λ2τ

T∫
0

∫∫
∂y[∇2

wη(w̄) · ∂yw̄ · (h− 2aw̄)] dt dx dy + O(ε3)

= −
∫∫ T∫

0

∇wη(w̄) · [∂xm + ∂yξ −
A1(w̄)

ε
− ∂y

A2(w̄)
ε

+ 2aτλ2∂xxw̄ + 2aτλ2∂yyw̄] dt dx dy

−
T∫

0

∫∫
∇2

wη(w̄) · ∂xw̄ · (m− A1(w)
ε

) dt dx dy

−
T∫

0

∫∫
∇2

wη(w̄) · ∂xw̄ · (A1(w)
ε

− A1(w̄)
ε

) dt dx dy

− 2aτλ2
T∫

0

∫∫
∇2

wη(w̄) · ∂xw̄ · ∂xw̄ dt dx dy

−
T∫

0

∫∫
∇2

wη(w̄) · ∂yw̄ · (ξ − A2(w)
ε

) dt dx dy

−
T∫

0

∫∫
∇2

wη(w̄) · ∂yw̄ · (A2(w)
ε

− A2(w̄)
ε

) dt dx dy

− 2aτλ2
T∫

0

∫∫
∇2

wη(w̄) · ∂yw̄ · ∂yw̄ dt dx dy

+ λ2τ

T∫
0

∫∫
∇2

wη(w̄) · ∂xw̄ · (∂xk − 2a∂xw̄) + ∇2
wη(w̄) · ∂xxw̄ · (k − 2aw̄) dt dx dy

+ λ2τ

T∫
0

∫∫
∇2

wη(w̄) · ∂yw̄ · (∂yh− 2a∂yw̄) + ∇2
wη(w̄) · ∂yyw̄ · (h− 2aw̄) dt dx dy

+ λ2τ

T∫
0

∫∫
∇3

wη(w̄)(∂xw̄)2(k − 2aw̄) + ∇3
wη(w̄)(∂yw̄)2(h− 2aw̄) dt dx dy + O(ε3)
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= −
T∫

0

∫∫
∇wη(w̄) · [∂xm + ∂yξ −

A1(w̄)
ε

− ∂y
A2(w̄)

ε
] dt dx dy

− 2aτλ2
T∫

0

∫∫
∂xxw̄ + ∂yyw̄ dt dx dy

+
T∫

0

∫∫
∇2

wη(w̄) · ∂xw̄ · τ(ε2∂tm + λ2∂xk) dt dx dy

−
T∫

0

∫∫
∇2

wη(w̄) · ∂xw̄ · (A1(w)
ε

− A1(w̄)
ε

) dt dx dy

− 4aτλ2
T∫

0

∫∫
∇2

wη(w̄) · ∂xw̄ · ∂xw̄ dt dx dy

+
T∫

0

∫∫
∇2

wη(w̄) · ∂yw̄ · τ(ε2∂tξ + λ2∂yh) dt dx dy

−
T∫

0

∫∫
∇2

wη(w̄) · ∂yw̄ · (A2(w)
ε

− A2(w̄)
ε

) dt dx dy

− 4aτλ2
T∫

0

∫∫
∇2

wη(w̄) · ∂yw̄ · ∂yw̄ dt dx dy

+ λ2τ

T∫
0

∫∫
∇2

wη(w̄) · ∂xw̄ · ∂xk + ∇2
wη(w̄) · ∂yw̄ · ∂yh dt dx dy

+ λ2τ

T∫
0

∫∫
∇2

wη(w̄) · ∂xxw̄ · (k − 2aw) + 2a∇2
wη(w̄) · ∂xxw̄ · (w − w̄) dt dx dy

+ λ2τ

T∫
0

∫∫
∇2

wη(w̄) · ∂yyw̄ · (h− 2aw) + 2a∇2
wη(w̄) · ∂yyw̄ · (w − w̄) dt dx dy

+ λ2τ

T∫
0

∫∫
∇3

wη(w̄)[(∂xw̄)2(k − 2aw̄) + (∂yw̄)2(h− 2aw̄)] dt dx dy + O(ε3).

As an intermediate step, let us look at the sum

I3 + I4 = 2τ
T∫

0

∫∫
∇2

wη(w̄) · ∂xw̄ · (ε2∂tm + λ2∂xk) dt dx dy

+ 2τ
T∫ ∫∫

∇2
wη(w̄) · ∂yw̄ · (ε2∂tξ + λ2∂yh) dt dx dy
0
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−
T∫

0

∫∫
∇2

wη(w̄) · ∂xw̄ · (A1(w)
ε

− A1(w̄)
ε

− A′
1(w̄)
ε

(w − w̄)) dt dx dy

−
T∫

0

∫∫
∇2

wη(w̄) · ∂yw̄ · (A2(w)
ε

− A2(w̄)
ε

− A′
2(w̄)
ε

(w − w̄)) dt dx dy

+ λ2τ

T∫
0

∫∫
∇2

wη(w̄) · [∂xxw̄ · (k − 2aw) + ∂yyw̄ · (h− 2aw)] dt dx dy

− 4aτλ2
T∫

0

∫∫
∇2

wη(w̄) · [∂xw̄ · ∂xw̄ + ∂yw̄ · ∂yw̄] dt dx dy

+ λ2τ

T∫
0

∫∫
∇3

wη(w̄) · [(∂xw̄)2(k − 2aw̄) + (∂yw̄)2(h− 2aw̄)] dt dx dy

+ O(ε3).

We analyse each line separately.

• The first one can be written as

τ

2aλ2

T∫
0

∫∫
∇2

wη(w̄) · (ε2∂tm̄ + λ2∂xk̄) · (ε2∂tm + λ2∂xk) dt dx dy + O(ε3).

• Similarly for the second line.
• The third/fourth lines are equivalent to

|∇2
wη(w̄)|L∞

t L∞
x

T∫
0

∫∫
|w − w̄|2 dt dx dy + O(ε3).

• The fifth line can estimated by

c1(|∇2
wη(w̄)|L∞

t L∞
x

)
T∫

0

∫∫
ε2|∂xxw̄|2 + ε2|∂yyw̄|2 dt dx dy

+ c2(|∇2
wη(w̄)|L∞

t L∞
x

)
T∫

0

∫∫ |k − 2aw|2
ε2 + |h− 2aw|2

ε2 dt dx dy,

where the first term is O(ε4), while the second one is absorbed by the dissipation in I1.
• The sixth term can be written as

− τ

aλ2

T∫
0

∫∫
∇2

wη(w̄) · (ε2∂tm̄ + λ2∂xk̄) · (ε2∂tm̄ + λ2∂xk̄) dt dx dy

− τ

aλ2

T∫
0

∫∫
∇2

wη(w̄) · (ε2∂tξ̄ + λ2∂yh̄) · (ε2∂tξ̄ + λ2∂yh̄) dt dx dy + O(ε3).
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• The last term presents the following form

λ2τ

T∫
0

∫∫
∇3

wη(w̄)(∂xw̄)2(k − 2aw̄) + ∇3
wη(w̄)(∂yw̄)2(h− 2aw̄) dt dx dy

= λ2τ

T∫
0

∫∫
∇3

wη(w̄)(∂xw̄)2(k − 2aw) − 2a∇3
wη(w̄)(∂xw̄)2(w̄ − w) dt dx dy

+ λ2τ

T∫
0

∫∫
∇3

wη(w̄)(∂yw̄)2(h− 2aw) − 2a∇3
wη(w̄)(∂yw̄)2(w̄ − w) dt dx dy

≤ c(|∇2
wη(w̄)|L∞

t L∞
x

)
T∫

0

∫∫
|w − w̄|2 + |k − 2aw|2

ε2 + |h− 2aw|2
ε2 dt dx dy

+ O(ε3),

where the right-hand side is controlled by using the dissipation coming from I1.

Remark 3.4. Denoting by μi(∇2
wη(w)), μi(∇2

wη(w̄)) the eigenvalues of ∇2
wη(w), ∇2

wη(w̄) respectively, by 
simple computations one gets that

T∫
0

|μi(∇2
wη(w(t))) − μi(∇2

wη(w̄(t)))|∞ dt ≤ c

T∫
0

|ρ(t) − ρ̄|∞ dt = O(ε2),

where the last equality follows from Lemma 2.5. Thus, we can write

1
2aλ2

T∫
0

∫∫
(∇2

wη(w) · (ε2∂tm + λ2∂xk)) · (ε2∂tm + λ2∂xk) dt dx dy

+ 1
2aλ2

T∫
0

∫∫
(∇2

wη(w) · (ε2∂tξ + λ2∂yh)) · (ε2∂tξ + λ2∂yh) dt dx dy

= 1
2aλ2

T∫
0

∫∫
(∇2

wη(w̄) · (ε2∂tm + λ2∂xk)) · (ε2∂tm + λ2∂xk) dt dx dy

+ 1
2aλ2

T∫
0

∫∫
(∇2

wη(w̄) · (ε2∂tξ + λ2∂yh)) · (ε2∂tξ + λ2∂yh) dt dx dy + O(ε3).

Now we consider the total sum, given by

I1 + I2 + I3 + I4 ≤ |∇2
wη(w̄)|L∞

t L∞
x

T∫
0

∫∫
|w − w̄|2 dt dx dy

− τ

2aλ2

T∫ ∫∫
∇2

wη(w̄) · (ε2∂tm + λ2∂xk) · (ε2∂tm + λ2∂xk) dt dx dy

0
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− τ

2aλ2

T∫
0

∫∫
∇2

wη(w̄) · (ε2∂tξ + λ2∂yh) · (ε2∂tξ + λ2∂yh) dt dx dy

+ τ

aλ2

T∫
0

∫∫
∇2

wη(w̄) · (ε2∂tm + λ2∂xk) · (ε2∂tm̄ + λ2∂xk̄) dt dx dy

+ τ

aλ2

T∫
0

∫∫
∇2

wη(w̄) · (ε2∂tξ + λ2∂yh) · (ε2∂tξ̄ + λ2∂yh̄) dt dx dy

−
c(|∇2

wη(w)|L∞
t L∞

x
(1 − 1

δ ))
2aτε2

T∫
0

∫∫
|k − 2aw|2 + |h− 2aw|2 dt dx dy

−
c(|∇2

wη(w)|L∞
t L∞

x
)

(1 − 4a)τε2

T∫
0

∫∫
|4aw − (k + h)|2 dt dx dy + O(ε3).

The Gronwall inequality, together with the definition of w in (4), yields the following estimate

sup
t∈[0,T∗]

‖ρ(t) − ρ̄‖0

ε
+ ‖ρu(t) − ρ̄ū(t)‖0 ≤ c

√
ε, (38)

where the local time T ∗ is defined in (24). �
Proof of Theorem 3.1. We start by using the interpolation property of the Sobolev spaces, see [41], for 
0 < s′ < s and t ∈ [0, T ∗], which gives

‖ρu(t) − ρ̄ū(t)‖s′ ≤ ‖ρu(t) − ρ̄ū(t)‖1−s′/s
0 ‖ρu(t) − ρ̄ū(t)‖s′/ss

≤ cε
s−s′
2s (M0 + cM0e

c(|ρ−ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)t)s
′/s,

(39)

where the last inequality follows by

• the Hs-bound of the solution to the incompressible Navier-Stokes equations on the two-dimensional 
torus, i.e.

‖ρ̄ū(t)‖s ≤ ‖ρ̄u0‖s ≤ cM0;

• the Gronwall inequality applied to estimate (18),

‖ρu(t)‖s ≤ cM0e
c(|ρ−ρ̄|L∞

t L∞
x

/ε, |u|L∞
t L∞

x
)t.

Taking s′ big enough, the Sobolev embedding theorem yields

|ρu(t) − ρ̄ū(t)|∞ ≤ cS‖ρu(t) − ρ̄ū(t)‖s′

≤ cε
s−s′
2s (M0 + cM0e

c(|ρ−ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)t)s
′/s,

(40)

and so

|ρu(t)|∞ ≤ M0 + cε
s−s′
2s (M0 + cM0e

c(|ρ−ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)t)s
′/s.
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Similarly,

|ρ(t) − ρ̄|∞ ≤ cS‖ρ(t) − ρ̄‖s′

≤ cS‖ρ(t) − ρ̄‖1−s′/s
0 ‖ρ(t) − ρ̄‖s′/ss

≤ cε
3(s−s′)

2s (cεM0e
c(|ρ−ρ̄|L∞

t L∞
x

/ε, |u|L∞
t L∞

x
)t)s

′/s,

(41)

i.e. ⎧⎨
⎩ρ(t, x) ≥ ρ̄− cε

3(s−s′)
2s (cεM0e

c(|ρ−ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)t)s′/s,
ρ(t, x) ≤ ρ̄ + cε

3(s−s′)
2s (cεM0e

c(|ρ−ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)t)s′/s,

and

|ρ(t)|∞ ≤ ρ̄ + cε
3(s−s′)

2s (cεM0e
c(|ρ−ρ̄|L∞

t L∞
x

/ε, |u|L∞
t L∞

x
)t)s

′/s. (42)

Now, since

u − ū = 1
ρ
(ρu − ρ̄ū) + ū

ρ
(ρ̄− ρ),

then from (41)-(40)-(41),

|u(t) − ū(t)|∞ ≤ 1
ρ̄

(
cε

s−s′
2s (M0 + cM0e

c(|ρ−ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)t)s
′/s

+ cε
3(s−s′)

2s (cεM0e
c(|ρ−ρ̄|L∞

t L∞
x

/ε, |u|L∞
t L∞

x
)t)s

′/s

)
,

(43)

i.e.,

|u(t)|∞ ≤ 1
ρ̄

(
M0 + cε

s−s′
2s (M0 + cM0e

c(|ρ−ρ̄|L∞
t L∞

x
/ε, |u|L∞

t L∞
x

)t)s
′/s

+ cε
3(s−s′)

2s (cεM0e
c(|ρ−ρ̄|L∞

t L∞
x

/ε, |u|L∞
t L∞

x
)t)s

′/s

)
.

(44)

Recalling the definition of T ∗ in (24) and taking M = 4M0, estimate (44) implies that there exists ε0
fixed such that, for ε ≤ ε0 and t ≤ T ∗,

|u(t)|∞ ≤ 1
ρ̄
(M0 + cε

1
2−δ) < 2M0/ρ̄ = M

2ρ̄ ,

for 0 < δ = s′

2s < 1
2 . Similarly, for t ≤ T ∗,

|ρ(t) − ρ̄|∞
ε

+ |ρu(t)|∞ ≤ M0 + cε
1
2−δ < 2M0 = M

2 . (45)

Now let us assume T ∗ < T ε. Then, by definition (24),

|ρ(T ∗) − ρ̄|∞ + |ρu(T ∗)|∞ = 4M0 = M.

ε
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On the other hand, estimate (45) implies that there exists a fixed ε0, depending on M0 and small enough 
such that, for ε ≤ ε0,

|ρ(T ∗) − ρ̄|∞
ε

+ |ρu(T ∗)|∞ ≤ M0 + cε
1
2−δ < 2M0.

Now, by contradiction one gets that T ∗ ≥ T ε for ε ≤ ε0, where T ∗ is independent of ε. As a consequence, 
for ε ≤ ε0 the solutions (ρε, uε) to the approximating system evaluated in T ε are bounded. This way, the 
Continuation Principle, see [33], implies that they are globally bounded in time. Moreover, since the uniform 
bounds in Lemma 2.5 are based on the L∞

t L∞
x boundedness of (ρε, uε), it turns out that they hold globally 

in time for ε ≤ ε0. In the end, we proved:

• the global in time existence and uniform boundedness of (ρε, uε) in Hs(T 2) for a fixed ε ≤ ε0 depending 
on M0;

• the strong convergence in [0, T ], for any T > 0, of the solutions (ρε, uε) to the approximating system 
(3) to the solutions (ρ̄, ̄u) to the incompressible Navier-Stokes equations in Hs′(T 2), for 0 < s′ < s and 
s > 3;

• the rate of this strong convergence.

Finally, the convergence to the gradient of the limit incompressible pressure ∇PNS in (1) is discussed in 
details in [8]. �
Remark 3.5 (A comment on the 3D case). About a possible application of the strategy to the three di-
mensional case in space, except for the explicit construction of the right symmetrizer that provides the 
conservative-dissipative form in [8] (i.e. a dissipative entropy for the linearized system), which can be rather 
different in the three dimensional case, the method should be applicable to a 3D vector-BGK system ap-
proximating the 3D incompressible Navier-Stokes equations (with the obvious limit on the smoothness of 
the solution, see [6]) as presented in [15].
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