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IRmJn TETECTICN IN RESIDUE AUMBER SYSTEMS WITH MAGNITUD

INEEX

1, Zrrox conbron 1o resiaue number systhe

4Rqsidue_nunbeb systems (RNS) bacome first [1—2] 2 subject of rs i

arch in compuler science bescause thpy were expected to provide &

We;n to spead-up arithPtlc proces 1ng. Hawnvn1, it wae zoon reco rni=
:ad uhat, in nonredundant RNJ’ the modu';r propecriies and the poten:

4 of addition, sub*ractlsn and muTtlmllbai;oi are coun=

tia! aigh sp
terbzlanced by the lengthv and comnllcatcd na ta e of coerat1ons in=
volving magnitude comoarlson, such as blgh or ow;rflow deieutlon [3—
—ﬂ . liore recently, the interest has shifted tOhPTd the error defeo*
ting and gurrecting properties of RUS, and satlsfaccory resulnq rave
naen published both for ﬁeparate codes (1. e.,'fof the caés where the
redundancy tl“Pa the form of one or more Iedundanb digits [4—)-6 []),
and for the produst (AN) codes defined in EhS [m—a]. The error class
aes taken into uon'\ﬂera'kon for detection or correction usua 1y in=
cluide single or multiple residue diglb error 21though the case of
eingle bit errors haa~also.been'ccnsideréd'[YnQ].'This paper deais

g the forn

with a clasa of residue codes, whe re ihe redundans ¥ t&l
of & wagnitude index. ' As ?ar'as errors of g given muitiplicity;aré con=
sidered, the arror dstecting capabilities ot RN% with maghitude index
ture- the same as thoss of separate code° or of ‘product codes dafined

in RNS. As shown in thls paper, the unigue fea ure of RN3 with magni=
tude index consists in the fact that errocrs of °rb)trrry mult1p1101t"

are also detectable, previded the ervor magnitude exceeds a givea

threshold.
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: 2. Reaidie number systems with magnitude index

m BN m
M,y Mo, e -
B A n

Given a set of n pairwise prime, positive inbteqe
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calleéd moduli, any integer X in the range [O,M), with M:;{ﬂml, is u=

niquely represented in tae RN3 of the given moduli by the n-tuple

{x1, Xyrees xn}. where xl=§X|mi, i=1,2,..,n.
v 7 . 1 .
Let {mli' or e mIpf be a Bubset ;f mod;ll, my ‘
and consider the equality X:lX{H/MT+ Tl it 18 the

henceforth refefred %o ag the magnitude index of

By

X
tv g3 _am{ e——p—
integer IX [M/m ], ’ :
X, locates ¥ into precisely one interval of width M/ml. The {n+1)-
-tuple {x,, 12,..., X ,(IY)} is a redundant representation of the
d n X

rumber X in the given RN3 end is called the residue representation

with magnitude index of X. Note that IX is easily derived from the re=

sidue vepresentation of X by & mixed radix conversibn procedure,
Residue representation with magnitude index is extended to relatiz
ve numbers. Assuming my even and using a complement notation, eny in=
teger.X in the range [-M/2,M/2) is represented as IX!M, i.e., by the
(?+1)%t;p1e {XT’ xz,.}., X (IX)}, where xi=lxkj (if?,Z,..,n) and
Iy E7E~ . In this hypothesis the magnitude index IX ranges in
[O,ml/Eg for positive numbers and in [mI/Z,mI for negative numbers
znd the sign is detected by simple inspection of IX.
fdditive properties of the residue representation with magnitude
index are straightforward. Assuming that X aund ¥{ are two numbhers in
the range [-K/2,%/2), their residue representaiions are {x1, Xprane
o X (IX)} and {yl, Ypreesr Yoo (IY)}. it is easily seen that
Y+¥ is represented as{{xjiy1|m "Xgiyg‘m';-f-'lxnlynlm s (IIXiIY+i‘mIﬂ
i/m 1y = Wy =" an
i/ "{Y‘Lbﬁz< 0 ané i=0 otherwise, T'e
constant i is determined by detec%ing overflows and underflows of

from the range {O,w/mt); since the residue represen=

¢here i=1 in the .ase of additien if IX}

the case of subtraction if IX[

Iz lM/mIi Y Im./m
tations Ofixim/m and }YWM/m, " re immedistely available, this iz done
by the usual mpans'[3—4]. +

A range overflow of the sum [X F+|Y(w from the range [0,H) is de=
”? i

tected if Iyilv*i comes out of [O,mI). An arithmetic¢ overflow of XY

iz detected, at¢ in positional number systems, once the sign of the

operends and either the sign of the result or ihe presence of a rang

overflow are known.
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In the following, our consideration will be limited %o tha repre=

sentations of relative integers, thus to nonnegative integers in the

range [0,M).

3. Detection of errors of arbitrary multiplicity

Given an RNS. with magnitude indgx of moduli m,, Mypeae, mn” where

Ly et X~{ a
cor X, (1 )} be either a number in the rangs [0,M) or the sum of

X

Mgy mI?"""mIp is a subset of moduli and my o0

two arbitrary numbers in this range, thus possibly a number in overflow.
Assume that an arbitrary error AX affects the residue digits of X,
thus yielding X'=X+AX={X{, xé,..., X;n (IX)}. while IX is unchanged,

. . KehX
Then the magnitude index, as recomputed from X', is Ii o= M/m

and provides error detection for arbitrary X if and only if M[%>M/m

since in this hypothesis 1}2 ALy

Conversely, suppose that an error. AI affects the magnitude index
itself: the wrong value is Ii—I +AI and the recomputed value IX,C:
:IX;!IK alléws error dstection. ‘

If X is a rumber in overflow and & fault alters ihe output of the
overflow indicator, an undsisctable error engues. This situation is
cvercdome by representing the magnitude index in the extended range
[Q,MI),‘where MI> 2mI. This approach allows keeping track of the ma=
gnitude of numbers in overflow and causes the overflow information to

X=

he included in the magnitude index. In absence of errors, a numbar

=(x1, Xoreens X, (1 )} is recognized to bs in overflow if IX, =1~

where IX is the magnitude index as recomputed from the residue dig=
,

its of X,

Errors affecting the magnitude index are generally detectable un=

lesa the error has magnitude AIX= +m., since in this case the error

14
either is indistinguishable from, orImay magk, an additive overflow,
Observe also that, in the hypothesis of multiple errofs affecting
both the reasidue representation of X and the meimitude index, 'error
detection is gensrally’ impossible because the one error may mask the
other, The preceding analysis is summarized by the following:

Thaorem 1.Consider an RNS with magnitude index of moduli Bys Hopaen.
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cer 1 Then the given residue SJstem ensures detection
of any error AX affectlng the residue representatlon of an arbitrary

low, if end only if

m  where M.> 2m_.
n I

number X, either in the range [0,8) or 1
iAXl;ﬁ/mI or, alternatively, of Bny error AIX
dex I, if and only if AL A + mp o

Exemple 1.In the RNS of moduli m —3, m =5, m3=7. m4=m1=11, where M=
(IX=8'1 is renrespnrea as (z 0,3,7, (8)}.

affecting mugnitude in=

=1155, the number X={120,

Suppose that the residue representation of X is altered by effect of

en error hX= -107 thus giving rise to the number X'i{ﬁl}, (Iy
-{O 3,1,10, (8)}. Since the recomputed magnitude index 1s I} STELy=

the error is detected,

4. Debtection of single residue digit errors
- £ 2

In the preceding Section the conditions for error detection have

been stated in terms of error magnitude, More conventionally, the er=

ror detecting properties of RIS with magnitude index can also be sta=
ted by considering error classes related %o erros multiplicity, i.e.,

to the number of wrong digits in the Tesidue representdtion, Our con=

sideration will be limited to single residue digit errors: a generali=
zation to errors of arbitrary multiplicity may follow as an immediate

extension,

Given. a number X, represented in an RRS
regsidue digit of the representa#

with .agnitude index, sup=

Cth

pose that an error affects the i~
. . : | s
tion. Then & different number X'=X+p. “E is obtained [7], where the
error arameter and 1z ign, —mi<‘p,< mi.

The difference e, -‘X'—X \p M/m, ‘ ; referred %o as error digit,

unambiguously charicterlLes the erro%, 1ndependently of the particu=

as ¥ runs in [0,w), the same error digit may originate

nonzero integer n, is called

lar value of X.
: o y N an € : - v .

from two error parameters, p; & d piy w;th P =Py (mo§ mi)

In order to determine the conditions under which the error digit

e, is detectable when affecting an arbitrary X, observe that the occur

rence of the error digit e, may determine either the elror!AX‘:‘piM/mi
or lAKli‘(mi— Py )m/mil, depending

statement is immediately

the particular X.vThen,,the

following derived from Theorem 1.
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Theorem 2.Given an RNS with magnitude index of moduli m

» : 1 Mpreaey Moy
the error digit ei:[pim/hilmA‘ where —mi< pi< mi, 1<ign, is detese=
table if and only if m.> mi/Tipilm_.

Observe, from Theorem 2, that it error e, is detectable, the com=
plementary error ei:[—eilm. is also detectable.

. The following Corollary11 is straightforward.
Corollary 1.Given en RNS with magnitude index, all single errors afs
fecting the residue representation of any number X are deteactable 1f
and only if m > max(mi), i=1,2,...,0.

In order %o ksep “track of additive overflows, assume that the
magnitude index IX is represented in the axtended range [O,MI) with
MIZ QmI._For consistency with the reszdue representation of X, it is -
naturel .to assume that IX 1s given a re;jdue representation with ths

moaul} moe1? Mo eees o where mlzgszn+j and r>2. In the fcll?w:
ing, the moduli mn+1, mn+2,...., mn+r and the corresponding residue

digits will be referred to ss redundant moduli and redundant residue

digits, respectively, while the moduli T m2;..', m and the corre=

sponding residue digits will be referred to as nonredundant moduli

end nonredundant residue digits, respectively.

k3 steted by Theorem 1, any error AIX affecting the magnitude iu=
dex ‘is detectable provided AIX% + mI. This limitation is eutomatical=

ly verified as fdr as single residue digit errorsnare assumed in the
magnitude index. In fant, if an error AIX: Prei Eﬁl affects the
(n+i)tn residue digit end the congruence pn*im/ nfilf 0 (moa mI) is

never verifisd, any ambiguity or masking betwsen additive overflow
and errors is removed, If t:(mI,MI/mn+i) denotes the greatesd common

divisor of m_ and IﬂI/mn the congruence above conasidered becomes

My I +1!
/3 + 4 .
Poi T o ) = 0 (mod mI,u) or, also, p ., =0 (mod mI/u), and is ne=
ver veri?ied if and only if mI/t;;mn+i.

The preceding considerations are restated by the following:

Theorsm 3.Given an RNS with maguitude index of moduli m Doyeosy Mo,

1° n

assume that the mégnituﬁe index ig given a residue representation
with the moduli T SPTRERY mnfr’ where r» 2, ﬁlzj=1mn+j
any error affecting a eingle residue digit, either redundant or non=

. Then
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redundent, is cdetectable concurrently with an additive overflow if
and only if . .

m_> max(mi), i=1,2, .4s0 3 L 2np s ,élnI/t, t:(mI, MI/mn+i

m
1 n+i )
A simple error detection procedure is derived from the preceding

discussion. Given a number {4, (I.)} to Le tested, its magnituc: in=
¥ X ¥

dex IX _ is recomputed from the residue representation d:
. , C
a) if I, C:I,, the number is recognized to be errov-fres
X, .
L) if Iy =Ty (mogd mI), the number is error—-free and an addivive over=
‘ P .

flow ig detected
4

c) if I, cé I, (mod mI) a single residue digit error is déiected.

le 2.In the RIS of moduli m =8, m =11, m, =13, m :mI=17, assume

1 2= 4

bserving that MI> EmI_and gssuming for the megnitude index
5 residue representation with the moduli mS:S; m6=7, the number X=
={3471, (IX=3)}is represented as {7,6,0,3, (3,3)). iIf an error affects
the second residue digit, thus generuting the number X'={7,0,0,3, (3,
,3)}:{7007,'(Iv:3)}, the reccmpubted megnitude index i3 Iy =6. Since

S s C
IX,C £ IX (moa mI), the error is detected.

5. Detection of bhit errors

In the.preceding Section it has been shown thet, in order to de=
tect all single digit erférs in the residue v:preseuntation of any
nuisber X, the condition mlz_max(mi).need to be verified: Nevertheless
it follows from Theorem 2 thal some error detection is also proviced
if mI‘imax(mi), although the percentage of error. digits being detecs
ted when affecting an afbitrary number.X decreases as M, decredse~.

Consider an RNS with magnitude index'where~ml<5max(mi) snd the
mag?itude index is encoded in the range [O,MI), with MI2 ZmI. Systems=
atic application of Theorem 2 defines, for each mod}lus m, (1< i<gn),
the subset Ei:{ei?’ Eiprecrs eikg of the erroi digits whose detection
is guaranteed, where generally‘ki< @y . In nddition recall that any
error AIX affecting the magnitude index is detectable, unless AIX =

=+ m.. This result is of interest, provided the subsess By include

g
‘some important subclass of single residue digit errors, As an appli=

eation it will be shown how single bit errors can be made detectable
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through this epproach.

Let xg an@ x? be two residﬁe digits mo@ulo m. whose bina?y code-
~words are bi and bi and suppbse that D(bQ;bk)=1, where'D(b?,b%) is
the Hammlnv di:stance between bj and bi‘ If a single bit error alters
Jl . If e € B

gingle bit error detection ensues, Assum*ng that the sibsets E

bi in b I the corresponding error diglt 18 e, =,x -X
i dre
of sufficient cardinality, it is generally posaible to determine bi=
nary codes such that, for each pair: of code—words b3 and bk whose

Harming distance iy one, the corresponding residus diglts x5 and xﬁ

. JU k__J
satiafy the condition e.—lx.—xil € Ei {7].

As a further anplication, it is possibln to derive conditions
under whlch sing] bit errors a‘feoting a nonredundant digit aro-not -
masked by ths gimiltaneous occurrence of single bit errorg in the ma=
gn;tuds index, Consider, for the smake of simplicity, the cazas ‘where
a single redundant mp&ulus, NPT is uzsed to encode the magnitude in=
dex and assume m =M _> 2m '

n+1 I°

Let E1. YRRy E be the subsets of detectable errors, &8s deter’

mined from application of Theorem 2, If the error digit e

i

jg Ei affecta
the arbitrary numbasr (X,’(IX)}, denote by AIX(eij) the difference

IX,C—IX,C whare Ix,c and IX o 8re the magnitude Indexes as racomputed

?
from the nonredundant reasidus digits of the number in error and the

correct mumber, respectively. Then =, ~is maskéd by "the aimulianeous

) ij .
occurrance of ths error dilgit ey = Dl (e ) {mod m ) or of- n+13
E'AIX(eij) + my (104d m ) if the iﬂteger Z is in overflow. Moreover
the combined affeont of e,., anil ¢ gimalates an overflow if e
- ij n+ n+

== - 3 4 ) N
= AIX(eij) my (mod mn+1)u Any other error di glt e affecting the

it
magnitude index concurrently with the occurrence of arroreij doesd not

prevant error detsction. Denote by s, (a ) the multivalued function

relating to éij the error digits which, for gome X, masks eij whan af=

feeting the magnitude index, and les ‘;, Eé,‘..,Eg, Eé+1 b2 tha sub=

sots of error diglts with E‘ Ei (1<1<n) such that the following

H . .,
congrusnces nevar hold for any aiJg E and en+1,k€ EnM'
e) oy afegy) ze gy (modm )

B) epalegy) = o o g (modimy ).




TAHLE 1

Binary encoding for residue digits modulo m2=67

0000000
0010010
0110101
1111000
1301010
0001110
0110010
1110101
1101000
0007001
0011110
1110010
1100161
0000111

Binary encoéing for residue digi

00000
00011
60101
00110
01001
01010

17)
16}
19)
20)
21}

22)

23)
24}

25y

26}
271}
28)
29)
30}
31)
12}
33)

6}
7)
8)
9)
10)

0000110
0010111
0111001
1111110
0000001
0010410
0110111
1111001

5101910

0001160
0110110
1110111
1101001
0001011
0011100

t1igiio

1100111

01111
11000
11011
11101
1111Q

34)
35}
16)
37}
38}
39}
40)
41)
42)
43)
44}
45)
46)
£71
48}
43)

5C)

11)
12)
13)
14)
15)

0001111
0011011

0111100

1100110
0000100
0011111
0111011
1111100
0000011
£010100
G111t
1111011
1101100
GoO1101
0110100
1111111
1101011

[oleleiey
00010
Co111
01000
01011

51)
52}
53)
54)
55)
56)
57)
58)
53)
60)
61)
62)
63)
64)
65)
€6)

s modul m =21

5
té)-
17)
18)
19)
20)

001010
0011101
1110100
1101111
0001000
0011010
0111101
1100120
0000101
00110C0
0111019
1111104
0000010
0010101
0111000
1111010

G1101
ci111Q
11001
11010
11111




If the binary encoding of residue digits is such that the subsets

E’
' n

E!, Eé,..., o include all single bit errors,any two bit errors

n +1

concurrently affecting one nonredundant digit and 1X are datectable.

Example 3.Consider the KNI with magnitude index of moduli m1=mI=3,

m2:67, =77, m4=79 and take m oL g =M_=21., The following srror sub=

m
3 +175 1 i
gsets satisfy the conditions of Theorem 2 2nd congruences a) and b)

are never verified:

B{:ﬁ,?} , .

E1- {3,4,5,12,13,20,21,22,28,29,30,37,38,39,45,46,47,53,54,62,53,64}

E}={3,4,5,12,13,14,20,21,22,25,30,31,38,39,46,47,48,55,56,57, 63,64,
65,72,73,74} _ ‘

E&={1,6,8,13,15,20,22,27,29;31,34,36,38,41,43,45,48,50,52,57,59,64,

- 66,71,73,78} '

Eé={6,7,8,9,10,11,12,ﬁ3,14,1§}7
For each modulusa my binery codes cen bg found such that, for any
pair of code-words bi apd bi whose Hamming distance i3 one, the cors
responding residue digits xi and x? saﬁisfy the relation Ix?—ngaEi.
For example, Table I shows the b;nary ancading for m, an@ m5, *
Given the number X:(85631, (IX=O)}:{2,5,7,74, (O)) from Table I
it is seen that the code~word for the residue modulo By is 0001110,

Assume that a single bit ervor alters the code~word into CO01111

(codé~wora for x2=34)‘andl at gams tine, & singlé bit error alters
the code-word for the redundsnt diglt from 00000 to 01000 whose corre=
sponding residué‘value is 14 (seé Table I}, The number in error is
then X'={2,34,7,74, (14)} ={7142595, (14=14)] . Toting that e,=]34=5]¢ =
= 29E,Eé and es=l14—0|21=14é ES’ error detection is possidble. In fact,
the recomputed magnitude index is I! =1 and since 1Y A I, the error
) ] Z,c X -
ig detected, .
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