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ABSTRACT

In this paper, recursive VLSI designs for the inversion of

nonsingular matrices and determinant computation are presenteda

The VLSI aetwork for the inversion regquires a time
T = O(n log n}) and an area & = O(n2log3n), matching the
area x (time)2 lowver bound up to logarithuic factors. The samne

complexity is attained by the network for the computation of

the determinant.

Index Terms - VLSI Design, Area-Time Complexity, Hatrixz

Inversion, Deteraminant computation.
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_ I, INTRODUCTION AND PRELIHINARIES

In this paper, the VLSI inversion of a nonsingular matrix
and the computation of the determinant of a given matrix are
studied. Fhile several ‘optinal Y1SI designs for &matrix
multiplication are known {[PRE], seems to be more difficult to
obtain area-time upper bounds close to the ‘l(n‘) lover bound
for matrix iwversion [SiV]. A recursive formula for smatrix
inversibn and determinant computation 1leads here to VLSI
designs with operation time

T = O(n log n) and area 4 = 0(n2log3n).

Let us recall some results about the structure of the

inverse of a nomsingular satriz.

PROPOSITION 1u1

’

Let A be an nxn matrix partitioned as

U v
A = s wWhere U and Z are square matrices of size
¥ Z .

f

pxp and (n—-p)x{n-p) respectively, with p<n. Horeover, assuame

h, U, Z to be nonsingular. Then the following relations hold

~1
c. X
-1
d:= - =11, vwhere
¥ p
-1 -1 =1
C=U~-v3z ¥, I=-0 VD
{i. 1)
—~1 -1 =1
D=2Z2-%10 ¥, Y =-%3 §C o



Horeover

{1.2) : Det (A) = Det (U) Det (D).

The proof follous by a straidhtforxard application of LDR
block factorization and ﬁoodbury formula [ HOU pp.123—127].A

These results can be recursively applied with p=ru/2} to
compute therdeterminént and the inverse of ; ;oﬁgiﬁgulér‘natrix
‘A, provided that the minors U and’z are nonsingular at any
level of recursion. Note that if A is positive definite, then
U, 2, A-* and hence C-i, D-% and C, D are positive defimite and
the algorithm can be applied without needing row or éoiunn
permﬁtations. '

In general, one can use the relatioans:

-1 T -17T T 12
A = {A &) A, Det {(A) = ( Det{A 1)) .

T
in order to deal with the positive definite matrix 1 A.

Por the sake of simplicity, assuge A to be an nxn
eonsingular positive definite matrix, with =n power of two;g
equations {1.1) llead to the recursive design of fig.1, where
modules denoted by I implement the inversion of size n/2,
modules denoted by * and - perforam respectively matrix

multiplication and subtraction of size n/2.

The well known synchronous VISI nmodel of computation (see

[THO]} is used; elementary scalar multiplication and addition
are assumed to require the same fixed amount of time t£/2.

The area~time complezity of this design depends ow the
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choice of matrix multipliers and the corresponding layouts. A
straightforvard implementation uses n2 wires for tr;asnitting a
matrix and the mesh of tree structure [LEI] for matrix

multiplicationa In this case it 1is easy to show that the

..complexity is T=0(n) and A=D{n%). A better result can be

' uobtained by wusing smaller multipliers and a more complicated I X ) DELAY UNIT
way of routing the elements of the matrices.
The following types of elementary processors are used (fig. ) U} BUFFER NODE .
2). »l ' . - ! .
a) Delay unit: introducing a delay of time t. A : . .
* b) Buffer node: duplicating its input into the outputs. SNI-TGF' NODE
€) Switch node: &routing the input into one output, according )
to an internal counter. ‘ ' & ADDING ELEMENT
d) Adding element: performing the addition of its inputs.
e) Arithmetic processor: perforaming a scalar multiplication E‘D QRITHﬂETIC PROCESSOR

with accumulation. The node has also switching capabilities. .
Each elempentary processor can be acrranged in an 0(log n)
are.a [ BREKUN] and processes one input in time t, which in’the
following will be considered the unitary step. WHith these
elements a synchronous matrix apltiplier requiriag

A=0{n2 log n) and 71=0(n) can be derived.
Fig.2. Elementary processors.

II. A SYNCHROROUS HATRIX MULTIPLIER

.The matrix wmultiplier wuses the structure presented in . : : .

[ PREP], choosing r=n to get T=0{n). The probles is to obtain




compatibility between inputs and outputs of the multiplief to
allow cascading of modules. In our design an nxn matrix is
routed sequentially by columns, along a path consisting of n
¥ires, beginning with the n-th column. Fig.3 shows the
multiplier structure. Hatrix A enters im the netwvork by
columns and the elements of the i~th rov are delayed by n+i-1
time units. HMatrix B enters im the netv&rk by columns and it
‘is transposed by an array of switch nodes containing a modulo n
counter. The elements of the j-th column are delayed by
- n#+j-1 time units. An array of arithsetic processors perforas
the matrix multiplication, according to the algoriths [PBEP ]«
The resulting wmatrix C is accunmulated in the array anmd it is
agéin trasmitted by colunns subsegquently. The Batrix
multiplier requires am O (n2 log n) area and O(n) time.
In fig.4 a simple design of a matrix adder coupatible with
the previous wmodule and introducing an unitary delay is

presented. The adder requires an O(n2) area and O(m) time.

III. BECUBSIVE VISI DESIGNS

A more accurate design for matrix inversion is presented in

£fige5e Delay lines have been inserted to synchronize the

inputs of all the modules. The vwhole network has two inputs

and two outputs each consisting of n/2 wires. The modules
contained in the dashed rectangles have the following

functions. In iaput, the Batrices V,U and Z,¥%, respectively,
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are separated and routed on the proper paths; n-step ég;ays
ensure synchromization. Imn output, the wmatrices X,C-% and
D—*.Y, respectively, are routed sequentially on the same output
path. v

The size of this layout' can be estimated by siample

;considerations. Let H and L be respectively the height and the
lenght of the layout. Them it is easy to see that ‘

1/2 3/2
2 H(n/2) + O{(n log n) O(n log n) ., and

H{n}

/72 372

L {n) 2 L{n/2) ¢« O(n log n) O0(n log n}.

[}
1]

Hence, we obtain an area of order 0(n2 log n3).

The time needed by this circuit can be readily estimated,
considering all the steps ip the layout betveen input and
output together with the delay units. We obtain

T{n} = 2 T(n/2) ¢+ O0(n) = O(n log n),
that yields the bound

AT2 = O0{n® logSn).

Analogously, formula {1.2) leads to a recursive VLSI design
for the computation of the determinant of a given matrix (see
fig.6). From the figure, it is trivial to see that

T{n) = O{(n log n} and, disregarding the problems due to

numerical instability, the area has the same order tham the one’

required by matrix inversion.
Hence the computation of the determipant and the imversion

of a matrix bhave the same area-time complexity.
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Fig.6. Recursive VLSI circuit performing deterainant

computation,
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