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Abstract—It has been long known that malicious con-
tent, e.g., fake news, originates from bots operating
on fringe social networks (e.g., the now-defunct Parler)
and then percolate to mainstream social networks (e.g.,
Twitter). It follows that effective moderation in mainstream
networks depends upon proactively identifying malicious
content while it becomes popular on the fringe ones. This,
in turn, requires identifying the automatic bots therein. In
this letter, we address the problem of detecting social bots
in fringe networks and assessing their impact on individu-
als’ opinions. Such a problem is complicated by the nature
of fringe social networks, where less information on the
social structure is available, i.e., there are no “friends”
or “followers”. Our approach is to detect bots and infer
their impact from a partial sampling of the dynamical opin-
ions expressed by individuals. The problem is then cast
as a sparse recovery problem, which we will attempt to
solve through algorithms with theoretical guarantees of
accuracy and excellent scalability properties, e.g., logarith-
mic in network size. Numerical simulations are provided to
corroborate our results.

Index Terms—Control of networks, identification,
network analysis and control.

I. INTRODUCTION

TO THE surprise of their creators, online social networks
(OSNs) have become a favorite tool of the enemies of

democracy – and, indeed, of life itself. The aftermath of the
2020 American election and the ongoing COVID-19 pan-
demic have showcased just how easily OSNs can propagate
– and give implicit legitimacy to – conspiracy theories, advice
against life-saving treatments, and all manner of harmful con-
tent. Slowly and reluctantly, OSN companies have started to
act. Twitter has gone as far as suspending Donald Trump’s
account, and even Facebook – often accused of fostering
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and monetizing hate speech [1] – has taken significant steps
towards curbing such content. The targets of such actions, e.g.,
the Proud Boys and their supporters, typically react by moving
en masse to a new social network, with little or no moderation
rules [2] – or, as some would say, no “censorship”.

We are now in a situation where the OSN environment is
fractured between mainstream social networks (e.g., Facebook
and Twitter), with large adoption and (relatively) strict mod-
eration policies, and fringe [3] social networks. Fringe OSNs
differ from their mainstreams counterparts in both the way
they operate and the users they attract. Concerning the former,
fringe OSNs tend to have no moderation or fact-checking poli-
cies, and a loose association between usernames and actual
people. Accordingly, fringe OSNs tend to attract smaller,
devoted (up to and beyond fanaticism) user bases from com-
munities that have a hard time staying in regular OSNs,
including [3] alt-right activists (Parler, Gab), anti-vaxxers
(MeWe), racists, sexists and homophobics (4chan), mixed
conspiracy theorists (BitChute).

As mainstream ONSs have tightened their moderation and
fact-checking policies, fringe ones are routinely exploited for
the propagation and dissemination of harmful content, through
the following main steps: 1) the content originates from bots
operating on a fringe social network; 2) it keeps gaining pop-
ularity among fringe users; 3) some of them start sharing it
across mainstream networks. As an example, [4] reports that
fake news websites dominated the discourse on Parler the week
before the Capitol attacks, with a Macedonian clickbait site
called Resist the Mainstream contributing the most. Such con-
tent would have been swiftly blocked on a mainstream OSN,
instead, it propagated on Parler for weeks before eventually
reaching the general public. In [5] millions of posts are ana-
lyzed in order to measure how mainstream and alternative
news flows between different platforms. The results provide
evidence that fringe communities often succeed in spreading
alternative news to mainstream social networks.

By the time the process reaches step 3, much of the dam-
age is done. Mainstream social networks can try to suppress
harmful content, but that entails slow and costly decisions by
human moderators, and in the meantime the content keeps
spreading. In such a race, OSNs and their moderator teams
are at a structural disadvantage – even when they do try to
win. We therefore envision an alternative approach, predicated
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upon (i) monitoring fringe social networks and identifying bots
therein; (ii) identifying and proactively blacklisting the con-
tent propagates by fringe bots, and (iii) preventing such content
from ever be published on mainstream networks. Importantly,
our approach does not remove human moderation decisions;
rather, it allows such decisions at an earlier time, when they
can be most effective.

A. Analysis of Fringe Networks

Owing to their purpose and the motivation behind their
users, fringe networks have several features that make them
different from mainstream ones. The first and most evident one
is anonymity: users are not required to register or to provide
such information as email addresses. In many cases, even user-
names are temporary: the same user may always use the same
username for sake of convenience, but there is no requirement
to do so; conversely, there is nothing barring different people
from using the same username. This is distinct from the fact
that some mainstream OSNs, e.g., Twitter, do not require real
names as usernames; in those case, a roughly one-to-one corre-
spondence between usernames and real people is still expected
and enforced.

As a consequence, there is no notion of “friend” or “follow”
in fringe OSNs; indeed, such features would defy the very pur-
pose of a social network where everyone is anonymous. This
also implies that it is impossible, even with large samples and
perfect crawlers, to infer a social structure in fringe OSNs,
which makes traditional approaches to OSN analysis complex
to use for fringe networks. A third difference comes from the
fact that fringe OSNs tend to have lower budgets than their
mainstream counterparts, and therefore they seek to limit the
quantity of data they host. It follows that users share differ-
ent types of content (e.g., articles or photos) by sharing links
thereto, as opposed to posting them directly on the fringe OSN.

Due to the distinguishing features outlined above, traditional
OSN analysis and bot detection methodologies are hardly
directly applicable to fringe OSNs. However, those very same
features can be exploited by other methodologies, accounting
for the fact that: (a) due to their anonymity and lack of mod-
eration, it is relatively easy to observe what is happening on
fringe OSNs, e.g., which content are posted and shared [6];
(b) due to the prevalence of links in posted messages, it is
easy to establish whether two different posts are about the
same content. Such features can, as shown next, be exploited
for bot detection in fringe OSNs, thereby enabling proactive
moderation in mainstream ones.

B. Literature Review and Main Contribution

The problem of detecting bots in OSN has received an
increasing interest in recent years, since their presence can
endanger online ecosystems as well as our society [7]. As
reported in the recent survey [8] automatic bot detection
approaches fall into two main categories. The most common
ones are the techniques based on machine learning, which in
general develop supervised learning classifiers that distinguish
bot-like and human-like accounts based on their features. For
instance, Botometer (a popular bot-detection tool developed
for Twitter [9]) considers over 1,000 features capturing user
profile, friends, network, temporal behavior, content and lan-
guage, and sentiment. These methods are highly effective

but clearly require very high efforts in terms of data collec-
tion, storage and labelling. This motivated the development
of graph-based approaches, e.g., [10], [11]. These techniques
start by constructing the underlying social graph (e.g., for
Twitter, by analysing retweets) and then apply several different
centrality analysis techniques.

Our approach falls into this second class, with the impor-
tant difference that we do not require explicit knowledge of the
graph. More precisely, we tackle the problem of bot detection
using a control systems approach. First, we model the opinion
dynamics in social network using a variation of the classical
DeGroot model [12] with stubborn agents [13] to take into
account noisy communications of latent opinions [14], [15].
The model is similar in flavor to the model introduced in [11].
However, our model does not make the restrictive assump-
tion that the agents in the network grow stubborn with time.
This leads to a system in which opinions do not neces-
sarily converge to a limit profile. However, under common
assumptions on the communication process and small con-
nectivity requirements [13], we can prove that the dynamics
converges in expectation to a convex combination of stub-
born’s opinions. Moreover, we theoretically guarantee that this
limit can be retrieved by partial sampling of the average opin-
ions in the social system. Starting from the hypothesis that
the bots/stubborn agents are few if compared to the size of
the network, we reduce the complexity of their detection by
casting the problem as a sparse recovery problem. In partic-
ular, we compare performance of optimal detection strategies
with greedy solutions in terms of accuracy.

II. MODELING OPINION FORMATION

IN FRINGE NETWORKS

A. Opinion Dynamics Model on a Single Issue

For our analysis, we adopt a dynamical networks model.
We consider an influence network described by a graph G =
(V, E, Q). Nodes v ∈ V represent the agents and E is the set of
edges describing the interactions among them. The structure of
the network is encoded in the weight matrix Q. More precisely,
Q is adapted to the graph, i.e., Qv,w �= 0 ⇐⇒ (v, w) ∈ E . If
(v, w) ∈ E we say that v follows w or is influenced by seeing
contents posted by w. We denote the set of agents followed
by v with the set Nv = {w ∈ V : Qvw > 0}.

We assume that the set of nodes is partitioned into two
disjoint sets: V = R ∪ S , where R and S are the set of
regular and stubborn agents, respectively. The stubborn agents
represent automated accounts, known as social bots, which are
programmed to post certain types of content. We will assume
that k := |S| � |V| =: n. Each agent is endowed with a state
that represents the latent opinion/belief at time t about an issue
or topic: xs(t) = xs ∈ [ − 1, 1], ∀s ∈ S , xi(t) ∈ [−1,+1],
∀i ∈ R where an opinion close to −1 indicates opposition,
while an opinion close to +1 indicates support for it. At each
time step t ∈ Z≥0 the opinion of a regular agent i ∈ R is
updated as a response to the interaction with the neighbors,
according to the following rule

xi(t + 1) =
∑

j∈Ni

Qijyj(t)+ Qiixi(t)

where we assume that yj(t) is a random variable represent-
ing the expressed opinion and

∑
j∈V Qij = 1 for all i ∈ R.
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Fig. 1. Opinion dynamics in a simple network: Network topology (left)
and evolution of time-average of expressed opinions (right).

It is also worth remarking that latent opinions of social bots
do not change over time. However, they can communicate
noisy version of latent opinions, in order to appear more like
regular agents. Assembling opinions of regular and stubborn
agents in a vector x(t) = (xR
(t), xS(t)



)
, we can rewrite

the dynamics in the following compact form

x(t + 1) = (Q− diag(Q))y(t)+ diag(Q)x(t)

Q =
(

Q11 Q12

0 I

)
(1)

with t ∈ N and matrices Q11 and Q12 are nonnegative matrices
of appropriate dimensions, whose entries are Q11

vw = Qvw for
v, w ∈ R and Q12

vs = Qvs for v ∈ R and s ∈ S.

From now on we will make the following assumptions.
Assumption 1 (Network Topology): We assume that for any

node v ∈ R there exists a path from v ∈ R to a node s ∈ S .
Assumption 2 (Latent and Expressed Opinions): We

assume that the random variable representing the expressed
opinion y(t) of node v ∈ V at time t depends uniquely
on the latent opinion at time t and satisfies the condition
E[y(t)|x(t)] = x(t).

Remark 1 (Modeling Heterogeneity in the Activity): In the
model all agents post a content at each discrete time-step
and the randomness is introduced exclusively from the fact
that agents react in a random manner in response to the con-
tents posted by their neighbors. In more realistic scenarios,
the individuals communicate randomly and the relative activity
rate among individuals can be heterogenous [11]. Then if the
communication process do not depend on the state x(t) then
the expected dynamics is given by (1) with [Q11]vw = pvw
with v ∈ R and w ∈ Nv ∩ R, [Q11]vv = 1 −∑

w pvw, and
[Q12]vw = pvw with v ∈ R and w ∈ Nv ∩ S .

B. Assessing the Impact of Bots

The presence of uncertainty in the expressed opinions makes
the system unstable and both the latent and expressed opinions
continue to oscillate. In order to illustrate the behavior of the
dynamics, we will consider the following example.

Example 1: We consider a simple network consisting of
n = 20 regular nodes and k = 5 bots/stubborn nodes, see
Figure 1 (left). For simplicity, the weights of the networks
are set Qvw = 1/|Nv| for all v ∈ R and w ∈ V . The
bots are selected uniformly at random and the expressed
opinions are yv(0) = ±1 with probability 1/2. For t ∈ N

the expressed opinions are random variables with the con-
ditional distribution P(yv(t) = +1|x(t)) = (xv(t)+ 1)/2 and
P(yv(t) = −1|x(t)) = 1 − (xv(t)+ 1)/2. The expressed

opinions are shown to evolve in a discrete manner and con-
tinue to oscillate between +1 and −1. In Fig. 1 (right) the
time-avareged expressed opinions are shown.

However, a sort of convergence can be retrieved if we
consider the expected opinions. More formally, the follow-
ing proposition states that the expected opinions converge to a
final opinion limit profile that is a combination of the opinions
of all stubborn agents. The proof is straightforward using stan-
dard techniques devised in modeling and analysis of dynamic
social networks [16] and, for the sake of the completeness, we
give the details in the Appendix.

Proposition 1 (Expected Dynamics): Under Assumption 1
and Assumption 2, for every initial condition y(0) ∈ R

V , the
dynamics in (1) is such that E[x(t + 1)] = QE[x(t)] for any
t ∈ N and

E[x(∞)] =
(

0 (I − Q11)−1Q12

0 I

)

︸ ︷︷ ︸
V

(
yR(0)

yS(0)

)
. (2)

Analogously, E[y(∞)] := limt→+∞ E[y(t)] = Vy(0).
It should be noted that (2) is well-defined, as Assumption 1

guarantees Q11 to be substochastic and, consequently, Shur
stable [17], i.e., with spectral radius sr(Q11) < 1.

The matrix V turns out to be row-stochastic and is referred
to as the control matrix, since its entries determine the ability
of bots to control the final opinion of others. The entry Vij(s)
can be used as a measure of impact of bot/stubborn j over
individual i, that is, the relative contribution of initial opinion
to the final outcome. The average impact, or the influence
centrality of bot/stubborn j is defined as

γ �
j =

1

n

n∑

i=1

Vij(s). (3)

Denoting the symplex �n = {γ ∈ R
n+ :

∑
i γi = 1} and the

number of non-zeros of a vector with ‖ · ‖0, we thus have

b = 1

n
1
E[y(∞)] = 1

n
1
E[x(∞)] = 1

n
1
Vx(0) = γ �
y(0)

where γ � ∈ �k = {γ ∈ �n : ‖γ ‖0 ≤ k}. We will refer to the
quantity b as expected average opinion.

III. BOTS DETECTION AND ESTIMATION

OF THEIR IMPACT

A. Oracle Estimation via Sparse Recovery

Suppose the expected public average opinions {b�}m�=1 on
different discussion are known with a bounded error η,
i.e., suppose an oracle provides an estimation b̂� of b� =
1
n1


E[y(�,∞)], where E[y(�,∞)] is the expected opinions

vector on a specific issue indexed by � ∈ {1, . . . , m}. Then, we
have b̂ = b+η = Aγ �+η, where A ∈ R

m×n is a measurement
matrix collecting initial opinions on m different discussions
and normalized by constant factor

√
m and ‖η‖ ≤ ε. It has

been shown that, if the matrix A satisfies the restricted isometry
property (RIP, [18]), the following optimization problem

�(A, b̂/
√

m) = argmin
γ∈�k

‖Aγ − b̂‖2 (4)

produces an estimation of γ � within an error comparable to
the magnitude of the approximation error ε.
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From now on we will make the following assumption for
illustrative purposes.

Assumption 3 (Initial Opinions Distribution): We assume
the initial opinions are i.i.d. random variables taking values
±1 with probability 1/2.

We remark that the assumption regarding the independence
of initial opinions can be justified by the following consider-
ation: the initial opinions are pre-averaged opinions and they
are seen as independent random variables [19]. It is worth
remarking that Assumption 3 can be relaxed and our results
can be applied to a wide family of distributions for initial
opionions. In fact, initial opinions distributed as subgaussian
random variables, quantized sub-gaussian random matrices,
and many others satisfy RIP with high probability [20]. For the
mentioned distributions the assumption on the zero expected
value is not restrictive. In fact, if the initial opinions are
i.i.d. random variables with mean μ, leveging the stochas-
ticity of matrix Q, we can always consider the shifted belief
system the in order to fit the data to zero-mean assumption
E[y(∞)]− μ1 = V(y(0)− μ1).

1) Sampling Dynamics Over Networks: We consider a sce-
nario in which, at each time and for each issue, we observe
the aggregate information β(t) = 1
P(t)y(t)/n, where P(t) is
a selection matrix, i.e., a binary diagonal matrix with known
distribution such that π := E[diag(P(t))] > 0 for all t ∈ N,
does not depend on x(t). We remark that this sampling model
is very general and is able to address many realistic sampling
schemes, allowing to consider for instance the case when the
observations are not always available (intermittent observation
model), or when not all opinions are simultaneously available
(independent random sampling model). For a more detailed
description of these observation models the interested reader
is referred to [21], [22]. In particular, in our examples we
will focus on the following model, that allows to capture the
typical situation in which the actual rates at which the inter-
actions occur are not perfectly known, and thus sampling time
is different from interaction time.

Assumption 4 (Intermittent Random Sampling): We assume
that p(t) = Ber(ρ)1, that is at t ∈ Z≥0 all observations
are available with probability ρ, or no observation at all is
performed.

2) Estimation of Public Average Opinion: Under
Assumption 4, we observe that E[β(t)] = ρ 1

n1


E[y(t)] →

ργ �y(0) and we attempt to estimate the limit by Cesáro
mean. Therefore, we define the following estimator of the
public average opinion on a single issue computed at time
t ∈ Z≥0.

Definition 1 (Estimator of the Expected Average Opinion):
Given an observation rate ρ ∈ (0, 1], we adopt the following
estimator b̂(t) := 1

ρ(t+1)

∑t
h=0 β(h).

We will prove that, if t is large enough, the estimator b̂(t)
will approximate γ �
y(0) with sufficient accuracy. It is worth
remarking that in practice the observer does not need to know
the rate of the of observation or the time t elapsed from the
beginning of the opinion dissemination process, but it only
needs to compute the mean of the average public opinions
observed at different times.

3) Bot Matching Pursuit (BMP): Let us fix the time horizon,
i.e., a sufficiently large window [0, T], and consider the esti-
mated expected average opinion b̂�(T) for each issue indexed

Algorithm 1: Bot Matching Pursuit (BMP)

Data: Initial opinions {y(�, 0)}m�=1, average opinions
{̂b�(T)}m�=1

Result: Influence centrality γ �

Initialization: T > 0, V� = ∅, � = 0, γ � = 0
A�v = 1√

m
yv(�, 0), ξ = b̂(T)√

m
, r = ξ

while � ≤ K & max(Ar) > 0 do
ι← argmax Ar; V�← V� ∪ ι;

ζ ← argmin
γ∈RV�

+
‖AV�γ − ξ‖2; r← ξ − AV�γ ;

�← �+ 1
end
γ �|V� = ζ

by � ∈ {1, . . . , m}. Let us collect the initial opinions on
different issues in the matrix A by adding a row in order to
take into account the constraint

∑
v∈V γv = 1. We are now

ready to detect and estimate the impact of social bots by sparse
recovery using (4). Many algorithms have been proposed in lit-
erature to solve the optimization problem in (4). Among these
methods, orthogonal greedy algorithms are popular algorithms
for nonlinear optimization under sparsity constraints. The main
rationale of these methods is to select the elements of the sup-
port of γ , one by one, based on the solution of a sequence of
unconstrained least-squares subproblems of gradually increas-
ing size. We adapt the fast implementation of Non-Negative
OMP (NNOMP) for our purposes. The pseudo-code is sum-
marized in Algorithm 1 (see [23]). The algorithm takes as
input the initial expressed opinions on each issue {y(�, 0)}m�=1,
an initial guess K on the sparsity level, and the samples
of the average opinions on different issues {β�(h)}th=0 with
� ∈ {1, . . . , m}. Then the algorithm provides an estimation of
γ � in at most K steps.

IV. THEORETICAL ANALYSIS OF PERFORMANCE

We will consider as benchmark the guarantees of optimal
solvers that provide �(A, b̂(T)). The following theorem pro-
vides an upper bound on the estimation of the average opinion.
The interested reader can refer to the Appendix for details of
the computation.

Theorem 1: Let us consider the opinion dynamics in Eq. (1)
on m issues and λ = sr(Q11). Then, there exists a constant
χ > 0 such that 1

m ‖̂b(t)− b‖2 ≤ χ
ρt(1−λ)

.

Theorem 2: Let us consider the opinion dynamics in Eq. (1)
on a single issue, fix a finite horizon T > 0, collect the initial
opinions A�,v = 1√

m
yv(�, 0). Compute the estimator of public

average opinions by b̂(T) defined in Eq. (1) and define ξ =
b̂(T)/

√
m. Then there exist positive constants χ1, χ2, χ3 such

that if m ≥ χ1k log(n/k) then �(A, ξ) is not empty and has
a unique element with probability greater than 1 − 2e−χ2m.
Moreover, ‖�(A, ξ)− γ �‖ ≤ χ3√

ρT(1−λ).
Theorem 3: Let us consider the opinion dynamics in Eq. (1)

on a single issue, fix a finite horizon T > 0, and consider the
estimator of public average opinions by b̂(T) defined in Eq. (1)
and define ξ = b̂(T)/

√
m. There exist χ1, χ2 > 0, such that

if m ≥ χ1(k + 1)(1+√k)2 log(χ1n(1+√k)/((k + 1))), after
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Fig. 2. Comparison of time-average opinions with computed expected
opinions. (left) Comparison of influence centrality of nodes and esti-
mated influence centrality obtained by BMP (right).

Fig. 3. Performance: Mean squared error (left) and Jaccard coefficient
between γ̂BMP of influence centrality γ � (right).

k iterations, BMP will provide an estimate γ̂ that satisfies

‖γ̂ (T)− γ �‖ ≤ χk/(n
√

ρT(1− λ))

with probability larger than 1− 2 exp(−χ2(1+
√

k)−2m).

V. NUMERICAL ASSESSMENT OF PERFORMANCE

A. Example (Continued)

We consider the simple network in Example 1. Although
latent and expressed opinions are not converging as t→∞,
their time-averages tend to the expected opinions, see Fig. 1(b)
and Fig. 1(c), respectively. Fig. 2(a) compares the expected
final opinion profile computed through the analytical expres-
sion in Eq. (2) and the time-averages of expressed and latent
opinions, which are computed using the time horizon [0, T]
with T = 100. Here, for simplicity, ρ = 1. We conclude
that also the public average opinions (that is the mean com-
puted among all agents) is converging to the mean of the final
expected opinions.

Now we consider m = 22 and we simulate the opin-
ion dynamics evolution for different issues indexed by � ∈
{1, . . . , m} and we compute b̂(T) ∈ [−1, 1]m. Fig. 2(b) com-
pares the influence centrality vector of nodes obtained by
analytical expression in (3) with respect to the estimated influ-
ence centrality provided by the Bot Matching Pursuit described
in Algorithm 1.

B. Performance Evaluation of BMP

We consider the case of random modular networks with
p = 0.1, n = 100 nodes. For each value of total link density,
we generate 50 random graphs and we select k = 10 bots
uniformly at random among the nodes. We consider a time
horizon for estimation equal to 400 steps.

Fig. 3 (left) depicts the mean squared error between the
influence centrality of nodes computed via BMP, γ̂BMP, and
the true influence centrality, obtained by analytical expression
in Eq. (3), as a function of number of issues under observation.

Different curves are obtained by varying the sampling ratio
ρ ∈ {1/2q}6q=0. As ρ increases the estimation error reduces
pretty fast. It can be seen that the impact of the bots can be
estimated with a small number of observations compared to the
size of the network and also with low sampling ratio. Finally,
in Fig. 3 (right) the Jaccard coefficient of the support of the
two vectors, defined as J is shown as a function of number of
issues and for different sampling ratios. It should be noticed
that detection can be performed with a very low number of
issues under observation.

VI. CONCLUSION

In this letter, we proposed a method to detect social bots in
fringe OSNs and estimate their impact on mainstream ones,
hence, the society at large. Besides the analysis of the opin-
ion dynamics in fringe networks, we prove that if the number
of social bots is small compared to the size of the network,
then their identification can be performed by partial sampling
of the average opinions and monitoring a number of con-
tents that scales only linearly in the number of social bots
and logarithmically in the size of the network. Analytical
computations give insights on the detection performance, via
optimal decoding and via greedy solutions. Finally, our results
are validated through numerical experiments. Our efforts are
now concentrated in applying the proposed framework on real
social network data, comparing our approach to state-of-the-art
methods. To this regard, we stress out again that the method
we propose does not want to compete or substitute present
methods based e.g., on machine learning. These methods are
indeed very effective, but extremely costly both in terms of
needed information and computation resources required. Our
solution, which is inherently much simpler but explicitly tai-
lored to the characteristics of fringe networks, may be seen
as an initial step of a bot detection procedure, so to select the
candidates for a more thorough investigation.

APPENDIX

Proof of Proposition 1: From (1) we compute

E[x(t + 1)] = E[E[(Q− diag(Q))y(t)+ diag(Q)x(t)|x(t)]]
= E[(Q− diag(Q))E[y(t)|x(t)]+ diag(Q)x(t)]

= E[(Q− diag(Q))x(t)+ diag(Q)x(t)] = QE[x(t)]

where the second last inequality follows from Assumption 2.
Assumption 1 implies that Q11 is a sub-stochastic matrix
and from [17, Lemma 5] we evince Q11 is Schur sta-
ble. Then (I − Q11)−1 is well-defined and we conclude
it holds Eq. (2). Similarly, from double conditioning and
Assumption 2, we have E[y(t)] = E[E[y(t)|x(t)]] = E[x(t)]→
(I − Q11)−1Q12yS(0) as t→∞.

Proof of Theorem 1: Let us consider the opinion dynamics
on a single issue defined in Eq. (1) and denote z(t) = P(t)y(t)
and x� = E[x(∞)]. We have

|̂b(t + 1)− b| = 1

ρ

∣∣∣∣∣

〈
1

n
1,

1

t + 1

t∑

h=0

(z(h)− ρx�)

〉∣∣∣∣∣

≤ 1

ρ
√

n

∥∥∥∥∥
1

t + 1

t∑

h=0

(z(h)− ρx�)

∥∥∥∥∥ (5)
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where the last inequality follows from Cauchy-Schwarz
inequality. Using the triangular inequality we get

1

t + 1
E

[∥∥∥∥∥

t∑

h=0

(z(h)− ρx�)

∥∥∥∥∥

]
≤ S1 + S2 + S3

with S1 := 1
t+1E[‖∑t

h=0 P(h)(y(h) − x(h))‖],
S2 := 1

t+1 [‖∑t
h=0(P(h)x(h) − P(h)x�)‖]. S3 :=

1
t+1 [‖∑t

h=0(P(h)x� − ρx�)‖]. Let us consider the first
term: we have

S2
1 =

E
[∑t

h=0(y(h)− x(h))
P(h)
P(h)(y(h)− x(h))
]

(t + 1)2

+2E
[∑t

h=0
∑

h′>h(y(h)− x(h))
P(h)
P(h′)(y(h′)− x(h′))
]

(t + 1)2

≤ ‖y(h)− x(h)‖2∞
ρn

(t + 1)

+2
∑t

h=0
∑t

h′>h E
[
(y(h)− x(h))
P(h)
P(h′)(y(h′)− x(h′))

]

(t + 1)2

where the last inequality is a consequence of the fact that
y(h) − x(h) are deterministically bounded. Moreover, from
Assumption 2 we have E[y(h) − x(h)|x(h)] = 0 and P(h) is
a random variable independent of x(h). We evince that the
second summation is zero and S2

1 ≤ ‖y(h) − x(h)‖2∞ ρn
(t+1)

.
Similarly, we have

S2
2 =

1

(t + 1)2
E

⎡

⎣
∥∥∥∥∥

t∑

h=0

P(h)(x(h)− x�)

∥∥∥∥∥

2
⎤

⎦

= E
[∑t

h=0(x(h)− x�)
P(h)
P(h)(x(h)− x�)
]

(t + 1)2

+2E
[∑t

h=0
∑

h′>h(x(h)− x�)
P(h)
P(h′)(x(h′)− x�))
]

(t + 1)2

= 2
ρn

t + 1
+ 2ρ2 ∑t

h=0
∑t−h

r=1 E
[
(x(h)− x�)
Qr(x(h)− x�)

]

(t + 1)2

where the last inequality follows from repeated conditioning
on x(h), x(h + 1), . . . , x(h + r − 1). Since ‖x(h) − x�‖∞ is
bounded then

S2
2 ≤ 2

ρn

t + 1

(
1+ ρ‖x(h)− x�‖2∞

(1− λ)

)

Standard computation lead to S2
3 ≤ 1

t+1ρ(1−ρ)‖x�‖2∞n. Then,
combing bounds on S1, S2, and S3 with (5), we obtain there
exists c > 0 such that |̂b(t + 1)− b| ≤ c/

√
ρ(t + 1)(1− λ).

Proof of Theorem 2 and Theorem 3: The performance anal-
ysis is a straightforward application of results from standard
compressive sensing theory. It is worth remarking that the
performance on the influence estimation depends on initial
conditions y(�, 0). In particular, in the specific case where
yv(�, 0) = ±1 with probability 1/2 or identically distributed
according a normal distribution N (0, 1) then the entries
A�,v ∼ SSub(1/m). From Theorem 1 we have ‖ξ − ξ̂‖ ≤
c/
√

ρt(1− λ) and we can apply [20, Th. 5.2] for the error
bound via optimal decoding. The performance of BMP can be
analyzed under the framework of [24].
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[13] D. Acemoğlu, G. Como, F. Fagnani, and A. Ozdaglar, “Opinion fluctu-
ations and disagreement in social networks,” Math. Oper. Res., vol. 38,
no. 1, pp. 1–27, 2013.

[14] D. Urbig, “Attitude dynamics with limited verbalisation capabilities,”
J. Artif. Soc. Soc. Simul., vol. 6, pp. 1–23, Jan. 2003.

[15] M. Ye, Y. Qin, A. Govaert, B. D. O. Anderson, and M. Cao, “An influ-
ence network model to study discrepancies in expressed and private
opinions,” Automatica, vol. 107, pp. 371–381, Sep. 2019.

[16] A. V. Proskurnikov and R. Tempo, “A tutorial on modeling and anal-
ysis of dynamic social networks. Part I,” Annu. Rev. Control, vol. 43,
pp. 65–79, Jan. 2017.

[17] P. Frasca, C. Ravazzi, R. Tempo, and H. Ishii, “Gossips and prejudices:
Ergodic randomized dynamics in social networks,” in Proc. IFAC NecSys
Workshop, Koblenz, Germany, 2013, pp. 212–219.

[18] E. Candes, “The restricted isometry property and its implications
for compressed sensing,” Comptes Rendus Mathematique, vol. 346,
nos. 9–10, pp. 589–592, 2008.

[19] C. Ravazzi, R. Tempo, and F. Dabbene, “Learning influence structure in
sparse social networks,” IEEE Trans. Control Netw. Syst., vol. 5, no. 4,
pp. 1976–1986, Dec. 2018.

[20] R. Baraniuk, M. Davenport, R. DeVore, and M. Wakin, “A simple
proof of the restricted isometry property for random matrices,” Constr.
Approx., vol. 28, pp. 253–263, Jan. 2008.

[21] C. Ravazzi, S. Hojjatinia, C. M. Lagoa, and F. Dabbene, “Ergodic
opinion dynamics over networks: Learning influences from partial obser-
vations,” IEEE Trans. Autom. Control, vol. 66, no. 6, pp. 2709–2723,
Jun. 2021.

[22] C. Ravazzi, F. Dabbene, C. M. Lagoa, and A. V. Proskurnikov, “Learning
hidden influences in large-scale dynamical social networks: A data-
driven sparsity-based approach, in memory of roberto tempo,” IEEE
Control Syst. Mag., vol. 41, no. 5, pp. 61–103, Oct. 2021.

[23] M. Yaghoobi, D. Wu, and M. E. Davies, “Fast non-negative orthog-
onal matching pursuit,” IEEE Signal Process. Lett., vol. 22, no. 9,
pp. 1229–1233, Sep. 2015.

[24] T. T. Nguyen, J. Idier, C. Soussen, and E.-H. Djermoune, “Non-negative
orthogonal greedy algorithms,” IEEE Trans. Signal Process., vol. 67,
no. 21, pp. 5643–5658, Nov. 2019.

Open Access funding provided by ‘Consiglio Nazionale delle Ricerche’ within the CRUI CARE Agreement



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Helvetica-Condensed-Bold
    /Helvetica-LightOblique
    /HelveticaNeue-Bold
    /HelveticaNeue-BoldItalic
    /HelveticaNeue-Condensed
    /HelveticaNeue-CondensedObl
    /HelveticaNeue-Italic
    /HelveticaNeueLightcon-LightCond
    /HelveticaNeue-MediumCond
    /HelveticaNeue-MediumCondObl
    /HelveticaNeue-Roman
    /HelveticaNeue-ThinCond
    /Helvetica-Oblique
    /HelvetisADF-Bold
    /HelvetisADF-BoldItalic
    /HelvetisADFCd-Bold
    /HelvetisADFCd-BoldItalic
    /HelvetisADFCd-Italic
    /HelvetisADFCd-Regular
    /HelvetisADFEx-Bold
    /HelvetisADFEx-BoldItalic
    /HelvetisADFEx-Italic
    /HelvetisADFEx-Regular
    /HelvetisADF-Italic
    /HelvetisADF-Regular
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


