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ABSTRACT.

In this paper we present some results concerning the
fixed-point of a system of equations which regulates the glotlkal
effect of many local expansions in a VLSI layout, determined by
widening wires. Indeed we give tight lower and upper tounds to
the width of each wire, we show conditions based upon the
layout confiquration under which the fprcblem can be remarkatly
simplified, and we study the convergence properties of an
iterative method for the numerical computation of the

fixed-pcint.




1o INTEODUCTION

In this paper we present some results concerning the
fixed-point of a system of egquations (see [RAN]), which
requlates the global effect of mamy 1local expansions in a VISI
layout, determined by widening vires.

For a variety of reasons, one may require the width of a
wire to te function of its lenght. Simce the lenght of wires in
a VLSI layout is known only after the circuit is laid out, the
problem arises of determining the global effect of widening
wires mutally interacting, if one wanpts to expand wires without
distorting the layout configuration.

This problem has been studied in [ EAM], where upper bounds
to the worst case area increase have fkeen given.

In the next section we give tight lower and upper Lounds to
the width of each wire:; roreover we show conditions based upon
the layout configuration, under which the problem can te
remarkably simplified.

In section 3, we study the convergence properties of an
iterative method for the numerical computation of the

fixed-point.

2. THEFORETICAL RESULTS
In the following we <consider a layout with =m wires of
initial lenght 1, and width x,, i=1,...,03. We need to compute
the x.'s, by considering that the lenght of each wire is

%

increased by the interaction with other wires, to a new value




i
1* =1 4 2:, d X , i=1,e.s0s 0, where
i i 3=1 ij i

d is a nonnegative integer which expresses the numter of tracks
i]

associated to wire j, intersecting wire i.

As sugqgested in [RAM], to give the functional dependence of

the width of a wire on its lenght we consider the p-power {0<{p<1)

and the log functions, namely

m p
x = £ (x) = {1 ¢ d X} e 11 4000 sB, {2. 1)
i i i 3=1 ij j
m
and x =9 {x) =log (1 ¢ 2 _ d x ), i=l,cee,m (2.2)
i i i 3=t ij 3

PROPCSITIOR 2.1

let D= (d ). If the sum of the elements in each row of D

ij
is constant {=s), and 1 = 1, i=1,...,m, then the systen
i
m
X = h ‘ 1 "'2 d X )' i=1'-cc ’m' !2- 3)
i =143 3

where h denotes either the log or the p-power function, is
aquivalent to the single equation

z=h(1+s2z), (2. 4)

and the solution X of (2.1) verifies X = Z [ 1 eea 1 1,
with Z sclution of (2.Y4).
Prect.

If uwe set




T
x=2u, whereuw = 11 .. .1 7], {2, 5)

then, by substituting (2.5) in {2.3), vwe obtain (2.4).
Moreover note that (2. 4) has always a pcsitive fixed-point
2, since the function h verifies the hypctheses of Theorem 1

in [RA”]O o0

In Froposition 2.1 we assumed D to have a particular
structure, to give a strcng result, pamely the equivalence of a
system of equations to a single equation, with a great
reduction of the complexity of the computation of the fixed-point.

Moreover this result will be used in the following to produce
upper and lower tounds to the fixed-point, either under the

hypotheses of Proposition 2.1, or in general.

THECFEN 2.1 [HOUS]
The real positive roots of the algebraic equation

n
X =-ax-b=20, ab>, n 2 2,

satisfy the relations:
/0 W {n-1) 1/n 1/ (n=1)
max { b , A j < x € max {(Zb) . {2a) }. e

COROLL ARY Z. 1

Under the hypotheses c¢f Proposition 2.1, - if hi{x) = x ,
and 1/f intejer, the solution of {2.1) verifies:

_ T
X = Z[ 1T .e0e 1], with

E p/{1-p) - P p/ (1-p)
max {1 ¢ S } < 2z € max {(21) s (29) }. s



COROLL ARY 2.2

Under the hypotheses of Propositicn 2.1, and if h(x) = logx,
the solution of {2.1) verifies:

T
X =Z[ 1 ..o 1], with

log (1 + s logl) <% < 2 log {1 ¢+ s log 1).

Proof.

Note that the functior

g{x) = log{l+tslogl) - {logl)s/{ltslogl) + xs/{letslagl)
satisfies: gix) >log (1 ¢s x ).

Therefore the fixed-point verifies the imequality:

X < log(l+slogl) - {logl)s/{l#¢slogl) + xs/(le¢slogl) , i.e.

X< 21log (L #s log 1), 1 2 2.

The lower bound proof is trivial. ®

DEFINITICN 2.1

Let D= (d ) andB = { b ). Then we say that D < B if and
ij ij
only if ¢ < b for any i and j.
ij ij
LEMMA 2.2

Let D be the matrix associated to a fixed-point problenm,
with function h. Let D" < D € D'. Then each component of the
Eixed-point of the original problem is lower and upper bounded
Lty each component of the fixed-point of the protlems

associated with D" and D', respectively. =



PROPOSITION 2.2

Given the systen

i p )
x = {1 + Z:_ d X ) ¢ 1i=V,0006, 0, with 1/p integer,
i 551 i3

i i
the sclution verifies:

p p/ =) 3 p/{1-p) ]
max{(l } ¢ (8} }S X < max VZl } » 2s ) } o 1714000 om0,
m ] i H M

where 1 and 1 are the minimum and the maximum wire lenght, and
m M :

s and s are the minimupr and the maxinmum sum of the elements of
i ]

each rov of D= (d ).
ij
Proof.

Follows from LEMMA 2.2, THEOREM 2.1, and CORCLLARY 2. 1. -

PRCPCSITICH 2.3
Given the systen
i
x = log [ 1 ¢ Z: d X ) o i=1,0cep b,
i i =1 ij ]
the solution verifies:

log(1 +slogl) <Xx < 21log (1 +slogl) ,
m m m H B H

for any i, where 1 ,1 ,s and s are defined as in
n i} ] o}

Proposition 2. 2. L]

Note that the lower and upper bounds shovn above are close
together, up to a small constant, under the hypotheses of

Proposition 2. 1. Moreover, in the sorst case, they are of the



sane order of the ones shown in [BAM ], with a sszaller

miltiplicative constant, since s <1 .

| B

In the following we present some observations which allow
decreasing the computaticnal efforts, in the detection of the
fixed-point, for particular layouts, by reducing the problen

to an equivalent simpler one.

RIMARK 2.1

Let D= {d ), with d = 0, i=1,0e0,m. If D is lower
ij ii

triangular, then the fixed-point can be computed by the following

direct algorithm:

x = h{1l)
1 1
i-1
x =h{1 ¢+ Z d X Yy 12 5000 g8 @
i i =1 ij 3

An analogous algorithm can be applied if D is upper

triangular.

B8R HARK 2.2
If the i-th and the j-th rows of the mxm matrix D are egual,

and if 1 =1 , then x = x . Moreover it is possible to reduce
i j i j

the matrix D into an (m~-1)x(m-1) matrix 5, where D is obtained
by deleting the j~th rov and column of D, and by substituting

the i-th column of D with the sum of the i-th and the j-th column.

REMAPRK 2.3



T
If it exists a permutation matrix P such that P D P is block

liagonal, then the variatles associated with each klock are

independent of all the others, and the origimal problem can te

splitted into k disjoint subproblems, where k is the number of
T

tlocks of P CL P .

REMARK 2.0

If wires does not bend, then it exists a scheduling of wires

such that D has the follcwing structuce:

2

REMARK 2.5

If k £ 2, then d = 0, 1i=1,c0., D
ii

3. THE NUMERICAL SOLUTION OF THE FIXED-POINT.

The theoretical results presented in [RAM] assure that the
functions h of the types ({2.1) and (2.2) have a fixed-point.
Anyway this result does not give informations alout the
convergence of an iterative process cf the type

(k) {k-1)
x = h(x ), k21.

Tt is well Xknown [CRT] that a sufficient condition for the



Jlaobal convergence is that h is a contraction on its dcmain.

The log function, defined in (2.2), satisfies this condition,
while the p-power function is a contraction only for any x
m
belonging to the set S ={xeR i x >, i=1,...,m3 o
i i

r

Therefore the problem arises of determining a point zesS
r

such that z £ X , i=1,es.m. This preblem can not be easily
i i

solved, in general. In the following we fresent a result which
jarantees convergence for the p-power functiom, too, starting
from a lower bound to the fixed-point {see the PLEViOUS
section),

DEFINITION 2.1

T m

R’ denotes the set {xeR | xi 2 0, i=1 ,...,m} o

PROPOSITION 3.1

Let £ { x , x , ¢« « « , X ) be a continuous mapping from
1 2 m
® ]
3 to R , where £{X se00eX )= {f (X yecesX Jgoooslf (X poceyX 1B
+ + 1 ] T 1 m m 1 B
m
and each £ (X ge.,x ) is a mapping from R to R .
i 1 m ¢ ¢

Assume that:

1. £ has a fixed pcint X€F ,
+

m
2. 1t exists x € B  such that ¥ < f (X ), for any i,
+ i i



3. For each couple of vectors Xg

such that x >y , for amy i,

Yo

m

each belonging to R
ES

it holds £ {x) > £ ({y),

i i i i
for any i.
Then the following properties hcld:
(M {1)
1. The sequence x s X ¢+ oo defined by
{”
x =X,
(k) {(k=1)
X = £{ x Yo
(k-1) ky _
satisfies X < x <X , i1 4006 o0
i i i
k) _
2. lim X T X 5 114000, M.
k-=>e0 i i
Preoof,
Hypothesis 2 implies that
(1) {0) {0)
X = f |[x ) > x ¢ 11 oee om,
i i i
from which we have
(1) )
N ) > £ (x ) » i=1,00.,m, (hypothesis 3),
i i

and thesis 1 readily follows by induction on k.

The rest of the proof is trivial.

COROLLARY 3.1

The functions f and g
i i

Yi .izl'...,m'

10

defined in {2.1)

L4



and {2.2), satisfy the hypot heses of Proposition 3.1, provided

that 1 >0 ,d 20, for any i and j, and 0 < p< 1. -
i ij

0) m
Corollary 3.1 assures that for any starting point x € R,
+

m _
and x < X , i=%,000,0, the iterative methods

i i
{k) {k=1)
X = £ { x Jo K21 , i=M,000, B,
i i
(k) {k=1)
X =g {x Yo k21T , 11,0605 B,
i i

produce sequences convergent to the fixed-point of £ and g,

resgectively.
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