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Higher-order interactions induce chimera states in globally coupled oscillators
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We show that globally coupled phase oscillators inherently possess a phase frustration when four-body
interactions are considered. This intrinsic frustration arises when oscillators have asymmetric distributions of
initial conditions spanning across multiple fixed points. Moreover, when the frequency distribution is bimodal,
the two groups of oscillators may evolve toward distinct macroscopic dynamical behaviors, with one group being
synchronized and the other remaining asynchronous. This constitutes a mechanism for the emergence of chimera
states, and one that is specifically characteristic of higher-order interactions.

DOL: 10.1103/bq1t-y92y

I. INTRODUCTION

Higher-order interactions, represented in a network struc-
ture by hyperedges or simplices, play a crucial role in a
variety of complex systems, ranging from ecology [1,2] to
social interactions [3-5] and neuroscience [6-8], introduc-
ing collective behaviors that cannot be captured by pairwise
interactions alone [9-11]. In particular, theoretical and ex-
perimental results have shown that higher-order interactions
have a significant impact on chimera states [12—18], a phe-
nomenon characterized by the coexistence of multiple distinct
domains [19,20]. Originally introduced in arrays of identical
oscillators [19], the notion of chimera has been broadened and
extended to more general settings [21-24], and chimera states
have been observed in a variety of complex systems, includ-
ing chemical [25,26], optical [27], neural [28], and electrical
systems [29].

Recently, the attention of complexity scientists has focused
on systems with interactions beyond pairwise ones, where
many-body connections are known to induce a variety of char-
acteristic behaviors [30-32]. Nonetheless, despite extensive
research on the topic, the qualitative distinctions between the
effects that can be ascribed to three-body interactions and
those caused by interactions at even higher orders remain
underexplored. For example, when analyzing the Kuramoto
model, many studies focus on second-order (three-body) in-
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teractions, demonstrating that they can lead to phenomena
that are qualitatively different from the pairwise case, such
as multistability [33], chaos [34], abrupt desynchronization
[35], secondary instabilities, and collective chaos [36], as well
as anomalous transitions to synchrony [37]. Conversely, the
landscape of research on interactions beyond the second order
remains less developed. In fact, even when such interactions
are taken into account [34,38], the coupling terms seldom re-
flect the multistability observed in the higher-order Kuramoto
model, which stems from the presence of multiple fixed points
[33,39,40], as often occurs in real-world systems [41-44]. As
a result, there is little evidence for phenomena with respect to
the second-order case.

In this article, we consider a natural generalization of
the classic Kuramoto model with third-order (four-body) in-
teractions, in which each oscillator has threee stable fixed
points. We show that asymmetric initial conditions, as are
often encountered in real-world systems [45—47], can induce
a dynamical asymmetry even if the network topology and the
natural frequency distribution of the oscillators are symmetric,
introducing an effect on the system that is equivalent to that
of frustration and does not occur under first- and second-
order interactions alone. Because of this, and in analogy to
biological systems [48], we call this phenomenon intrinsic
frustration. Additionally, for a system with a symmetric bi-
modal frequency distribution, intrinsic frustration can break
the symmetry and lead to the emergence of chimera states in
which the oscillators with natural frequencies close to the two
peaks exhibit different dynamical behavior. Finally, we derive
the conditions for the formation of such chimeras using the
Ott-Antonsen method [49,50]. Extensive numerical simula-
tions reveal that this phenomenon is robust with respect to
increases in the order of interaction, changes in the network
topology, differences in the frequency distribution, and even
the weaker lower-order couplings.
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FIG. 1. Macroscopic phases of the Kuramoto model with a
bimodal uniform natural frequency distribution. Top row: first-
order Kuramoto model, with snapshots of the (a) incoherent (K =
1, t =21.451), (b) standing-wave (K = 10, t = 3.562), and (c)
synchronous (K = 40, r = 1.080) states. Bottom row: third-order
Kuramoto model as defined in Eq. (1), with snapshots of the (d) inco-
herent (K = 10, t = 54.775), (e) chimera (K = 20, t = 70.275), (f)
standing-wave (K = 25, r = 3.562), and (g) synchronous (K = 50,
t = 11.005) states. Blue (red) points denote the phase of oscillators
rotating in the positive (negative) direction. Schematic insets above
each panel summarize the system state: Filled circles denote syn-
chronized clusters and colored edges indicate incoherent oscillators
with uniformly distributed phases. All panels show direct numerical
simulations with N = 10* oscillators, integration time step 1073,
and initial conditions placing 90% : 9% : 1% of oscillators at three
phases separated by 27 /3. Natural frequencies are drawn from a
bimodal uniform distribution with peaks at +wy, = +20 and half-
width A = 1 per peak. In all cases, ¢ denotes the snapshot time.

II. RESULTS

Consider an ensemble of N globally coupled oscillators.
The phase 6; of each oscillator satisfies

N
Z sin(8; + 0, + 6; — 36;), (D
jkl=1

é[:wi+—

where w; is the natural frequency of the oscillator and K is
the coupling strength of the four-body interactions. Note that
the second term represents a four-body coupling that cannot
be factorized into pairwise interactions. Also, we assume a
bimodal distribution of natural frequencies. This type of dis-
tribution has been extensively studied in the classic Kuramoto
model [51], in which oscillators transition from an incoherent
state to a standing wave and then to a synchronous state as
the coupling strength K increases. In the third-order model,
however, an initially asymmetric phase distribution can give
rise to a chimera state in which oscillators in one direction
attain synchrony while those in the other direction remain
unsynchronized, as illustrated in Fig. 1. Note that, as detailed
in Appendix A, this phenomenon is observed independently
from the choice of distribution.

To understand the mechanism by means of which higher-
order interactions generate chimera states, start by introducing

is the phase of the order parameter z;. (b) After the scaling transfor-
mation ¢; = 36, the period of the oscillator phases increases from 27
to 67, containing three 27 cycles. The phase of the order parameter
in the new scale, ®y, is scaled to 30,, while ®; is the phase of
the order parameter in the new scale. The three fixed points of each
oscillator collapse onto a single point, and the three stable regions
also merge into one single region (30, — 7,30, + 7).

the classic Kuramoto order parameter, which is the complex
number z; = R;e'© = % Z?’:l ei%i. Here, R, is the mean am-
plitude of the oscillators, which represents their degree of
synchronization, and ©®; is their average phase. This allows
one to rewrite Eq. (1) as

6; = w; — KR sin(3(; — ©))). @)

To facilitate analysis, a corotating frame is used in which the
frequency of the average phase ®; is held constant. The fixed
points of an oscillator with frequency w; can be determined by
solving ; = 0, and they are stable if they lie within regions in
which dleiei < 0. From Eq. (2), one can derive three stable
fixed points

0 = O + 1 . w; n 2pm
= —arcsin — + —,
PTET s KRS 3
where p € {0, 1,2} and —KR} < o; < KR;. Thus, the fixed
points are separated by %”, as illustrated in Fig. 2(a). In
the synchronous state, each oscillator settles on one of these
three stable fixed points, depending on its initial conditions,
resulting in the formation of three synchronized clusters.

Then, apply a scaling transformation ¢; = 36;, after which
the dynamical Eq. (2) becomes

éi = 3w; — 3KR; sin (¢; — 30)), “4)

3

and, in analogy to the first-order parameter z;, define the third-
order parameter in the new scale as

1 & 1 &
_ = g, _ - 30, _ i0;
Z3_Nj§_le /_NjE_le 7 = Rze'™3. 5)

In the transformed system, the three stable fixed points col-
lapse onto a single position on the circle. This transformation
effectively reduces the dynamics of the third-order Kuramoto
model to a form similar to that of the classic one, thus
simplifying its treatment.
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Note that the phases of the first-order and third-order pa-
rameters are in general different. To see this, consider an
ensemble of oscillators synchronized in the three stable re-
gions in varying proportions Yy, ¥1, and y,. Also, let the partial
nth order parameter for the N, oscillators in the pth stable
region P be z, , = R, ,e'® = Nip > jep e'% . If the oscillators
have the same frequency distribution, their phase distributions
in the stable regions are identical up to a constant phase
shift of 27” This means that the partial nth order parame-
ters in different regions have identical magnitudes R, » and
phase differences of 2”7”, where the factor of n is due to
the scaling transformation. Therefore, using the definition of
the first-order parameter, it is z; = R;€®' = Zi:o Vpllp =

- 2pm : j 2

Zi;o YpR1 pel5 1010 = R, ge!10 S ovpe s “But_then,
since the arguments on both sides are equal, using ®; ¢ ~
%@3, the phase difference between the first-order and third-
order parameters can be approximated as

2
1
01— 305 =arg ,;:o: ve s |. (6)

It is evident that, if the fractions of oscillators in each region
are all different, then ®; # %@3. Figure 2 illustrates this sce-
nario, in the case of ®; = 0 and ®; # 0. In such situations,
®, does not coincide with the center of the oscillators in any
stable region. This is in stark contrast with the first-order Ku-
ramoto model, where each oscillator has only one stable point,
precluding the possibility of such asymmetries and causing
®; to always coincide with the center of the oscillators in
the stable region. In the second-order Kuramoto model, the
symmetry between two opposing fixed points also prevents
such an offset. It is only when the interactions are of the third
or greater order that this symmetry-breaking effect appears.

Now, to make the relevance of the phase difference explicit,
rewrite Eq. (4) as

¢ = 3w; — 3KR] sin ((¢; — ©3) — B), (N

where we have put 8 = (30, — ®3). This term represents
the phase difference between the order parameters in the
two scales, and it is analogous to the frustration term of the
Kuramoto-Sakaguchi model [52]. However, unlike the exter-
nally imposed frustrations considered so far in the literature, 8
arises entirely from the intrinsic properties of the system, as its
origin lies fundamentally within the asymmetry that is made
possible by the higher-order interactions. Therefore, we call
this difference term the intrinsic frustration of the third-order
Kuramoto model. This intrinsic frustration arises specifically
in models of the third order and greater, where the multiplicity
of stable fixed points enables the dynamical asymmetry. Note
that in systems with a unimodal frequency distribution, this
frustration introduces a bias that causes the angular velocity
of the order parameter to deviate from the average natural
frequency of the oscillators, as detailed in Appendix A. For
systems with a bimodal distribution, in the presence of in-
trinsic frustration, the symmetry of the synchronized clusters
that rotate in opposite directions in the standing-wave state is
broken, ultimately leading to the emergence of chimera states.
To understand the mechanism of this symmetry breaking,
examine the dynamical processes occurring in the system in
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wo wo
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3
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=

FIG. 3. Intrinsic frustration causes dynamical symmetry break-
ing. (a), (b) Qualitative changes in the dynamics of synchronized
clusters in the third-order Kuramoto model caused by intrinsic frus-
tration. The blue and red points represent the synchronized clusters
of oscillators rotating in the positive and negative directions, respec-
tively, both starting from 6 = 0. The green (orange) areas represent
convergence (divergence) regions, where oscillators gradually con-
verge (diverge). The pairs of dashed lines in panel (b) indicate areas
where the stability of the two directions of the clusters differs. In-
trinsic frustration causes the center of the convergence region (green
point) to differ from the the center of the oscillators (black point).
(c), (d) The relationship between the velocity of the oscillators 6 and
their phase 6 causes the time spent in the convergence and divergence
regions to depend on the direction of rotation in the presence of
intrinsic frustration.

the standing-wave state. Here, the direction in which each
oscillator rotates is determined by which peak in the frequency
distribution is closer to its natural frequency. Then, the os-
cillators rotating in each direction split into three separate
clusters. Consider now the largest synchronized cluster in both
directions and approximate the phases of the oscillators within
them as being all equal to their mean 6. Then, assuming that
an oscillator is affected by an infinitesimal perturbation, its
variation in velocity can be expressed from Eq. (2) as

iéi = —3KR3 cos 3(0 — O))). ®)
do;

When die,éi <0, ie., when 6 € (0; — %, ©; + 7), the os-
cillators move closer together, and this range identifies a
convergence region. Conversely, outside of this range, the
oscillators are in a divergence region, moving away from each
other.

When B = 0, the center of the convergence region coin-
cides with the center of the two clusters, as shown in Fig. 3(a).
However, when B # 0, the two centers become misaligned,
causing the oscillators in two directions to enter and exit
the regions at different times, as illustrated in Fig. 3(b). The
relationship between velocity and phase, shown in Figs. 3(c)
and 3(d) and explicitly derived in Appendix B, causes the
synchronized cluster to move more slowly through the region
of positive phases than through that of negative ones. This
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FIG. 4. Intrinsic frustration induces chimeras in higher-order dynamical networks. In all panels, the horizontal axis is wy, and the vertical
axis is the coupling strength K. (a)—(c) The absolute value of the difference between the partial order parameter for positive-rotating oscillators,
R*, and that for negative-rotating ones, R~ directly reflects the difference in synchronization state between the two groups. In the chimera
state, the positive-rotating group is synchronized (R* is high), while the other remains asynchronous (R~ is low), resulting in a high value of
|RT — R™| that clearly outlines the chimera region. (d)—(f) In the unsynchronized state (lower part of the diagram) both R* and R~ are close
to 0, as is their sum (dark blue). In the synchronous state (left part of the diagram) and in the standing wave one (right part of the diagram),
both groups are highly synchronized, resulting in higher values of R™ + R~ (yellow). In the chimera state (central part of the diagram), one
group is synchronized, while the other is not, yielding an intermediate value of R* + R~ (light blue). All colored panels are obtained from
numerical simulations of Eq. (2) with N = 1000 oscillators, integration time step 107>, and total simulation time ¢ = 20. The red curves show
the analytical boundaries computed from Eq. (10) by numerical integration with At = 10~ and ¢ = 10, demonstrating a good agreement

between theory and simulations.

results in the positive-rotating cluster spending a longer time
in the convergence region than in the divergence one. Addi-
tionally, the speeds of the oscillators are independent from the
direction of rotation. Consequently, the negative-rotating clus-
ter has the opposite phenomenology to the positive-rotating
one, spending more time in the divergence region than in
the convergence one. Therefore, if the standing-wave state
is unstable, the negative-rotating cluster will be the first to
diverge into an asynchronous state, while the positive-rotating
one may remain synchronized, leading to the formation of a
chimera state.

To determine the conditions for the appearance of the
chimera state, we apply the dimensionality reduction method
proposed by Ott and Antonsen [49,50]. For this analysis, we
assume that the bimodal distribution of natural frequencies is
given by the sum of two Lorentzian distributions,

A 1 1
[ = 5 ) 9
8on (@) 27 ((a) —wp)? + A? + (0 + wp)? + Az) ©)
where A is the half-width at half maximum of each Lorentzian
and +wg are their peak frequencies. This yields a low-
dimensional system that governs the dynamics via the order

parameters z; and z3 (see Appendix C for details). The result-
ing equations are

. 3K, , :

G = (13— ) (A — w0y,

. 3K :

Z37 = —T(ZT?,Z%_ —_ Z:f) _— 3(A + 1w0)Z379 (10)

where z3; and z3_ represent the partial third-order param-
eters of the positively and negatively rotating oscillators,
respectively, and they satisfy z3 = (z3+ + z3-)/2. To solve
the system above, we require a relation between z; and z3,
which we obtain partly analytically and partly numerically
from a stable correspondence between the partial order pa-
rameters z; , and z3 , (see Appendix D for details). Solving
the system in Eq. (10), we can then predict the boundaries of
the four regions we expect, namely, the synchronous one, the
asynchronous one, the standing-wave, and the chimera state.
Then, having obtained a full phase diagram, we simulate the
system directly and compare the theoretical predictions with
the simulation results, as illustrated in Fig. 4. The results show
a good agreement between theory and simulations. In fact,
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the boundary between the chimera state and the standing-
wave state, represented by the red curve separating the central
region and the upper-right one, shows an excellent correspon-
dence for large wy. Nonetheless, some discrepancies emerge
for lower values. These can be explained by noting that in
the standing-wave state, each synchronous cluster oscillates
between convergence and divergence regions. When a cluster
enters a divergence region, some of its oscillators may leave
their original stable region and join another, thereby altering
the ratios between yy, y1, and y». This effect is particularly
pronounced when wy is smaller, as clusters spend more time
in the divergence regions, thereby increasing the likelihood of
ratio changes. Since our theoretical calculations assume that
these ratios remain constant, we conjecture that this mecha-
nism accounts for a sizable part of the observed discrepancy.
At the same time, we would like to stress that our main result
is the very existence of a mechanism for the emergence of
a chimera state, rather than an analytical description of its
boundaries that holds for any value of the dynamical param-
eters. The bifurcations corresponding to the phase boundaries
are further analyzed in Appendix E.

III. DISCUSSION

Beyond the specific examples discussed above, intrinsic
frustration exerts a profound influence on system dynamics in
more general settings. For instance, chimera states persist in
Kuramoto models of order higher than three and are robust
with respect to the presence of weak first- or second-order
couplings. This phenomenon is not confined to globally cou-
pled networks either, as it also emerges in random networks
and brain-structural ones. Furthermore, the necessary dynam-
ical asymmetry is not limited to an uneven distribution among
a few fixed points but can also arise from imbalances across
multiple coherent regions. These findings collectively estab-
lish the additional asymmetry induced by intrinsic frustration
as a fundamental feature of higher-order complex networks.
The numerical simulation supporting these findings is pre-
sented in Appendixes F-H.

In summary, we presented a mechanism to induce the
appearance of chimera states in the third-order Kuramoto
model. This is a true higher-order effect, as it is caused by
the ability of interactions of order greater than 2 to intro-
duce inherent asymmetries that are absent when considering
only first- or second-order ones, and which originate from
intrinsic frustration. In particular, we show how, when the nat-
ural frequencies of the oscillators are bimodally distributed,
intrinsic frustration can disrupt their symmetry, causing os-
cillators with frequencies close to the two peaks to exhibit
distinct dynamical behaviors, giving rise to a chimera. This
phenomenon is not found in pairwise models or pure tri-
adic ones, which instead preserve the dynamical symmetry
of frequency-symmetric ensembles. Consequently, intrinsic
frustration is essential to understand the collective dynamics
of higher-order coupled systems.
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APPENDIX A: DIFFERENT FREQUENCY DISTRIBUTIONS

1. Bimodal Gaussian and bimodal uniform distributions

For analytical clarity, we used above a bimodal Lorentzian
frequency distribution to derive an Ott-Antonsen low-
dimensional reduction of the model. To assess the robustness
of the results, we carried out simulations replacing each
Lorentzian peak with Gaussian and uniform components of
comparable width. Notice that, as reported in Fig. 1, we al-
ready know that the uniform distribution still gives rise to the
chimera state.

Specifically, the functional forms of the distributions we
considered are

@ =3 [ e WQ)Z] (A1)
w)= —| ———e 22 — e a2
8a 2[V2nA 2 A

for the Gaussian frequencies and

1

2u(@) = —[1jo-wmi<a) + Hotami<al ]

4A (A2)

for the uniform ones. In both cases, A controls the width
of each peak and 1 is the indicator function. The chimera
state is observed for both distributions, as shown in the phase
diagrams illustrated in Fig. 5.

2. Symmetric unimodal distribution

We have seen that, in the bimodal case, the asymmetry of
the initial phase distribution induces a chimera state. However,
a form of dynamical asymmetry also appears for symmet-
ric unimodal populations. To illustrate this, we consider the
mean-field form of the nth-order Kuramoto model

0i = wi — K,R" sin(n(6; — ©)) (A3)
under a symmetric unimodal Lorentzian frequency distribu-
tion g(w) with vanishing mean, width A = 1, and initial
phases placed at 0, 27 /3, and 47 /3 with population ratio
9 :1:0. Then, we vary the coupling strength K, and measure
the collective rotation rate § = % argz, where z = Re'® =
¥ >_;¢. To avoid ill-defined phases, we only consider
when the magnitude of the order parameter satisfies |z| > 0.1.
As shown in Fig. 6, we find that in the first- and second-
order Kuramoto models (n =1 or n = 2), at steady state,
Q =~ 0. Conversely, for Kuramoto models of order higher
than 2 (n =3 and n =4), the collective frequency satis-
fies Q2 # (w) =0, so that the system develops a dynamical
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FIG. 6. Dynamical asymmetry arises in higher-order models also
with unimodal frequency distributions. The angular velocity € of
1.5 the order parameter at steady state is different from O in systems
with order of interaction n greater than or equal to 3, but it vanishes
for first-order and second-order models. The simulations used 1000
1 oscillators, integration step 103, symmetric unimodal Lorentzian
frequency distribution with vanishing mean and width A =1, and
initial phases placed at 0, 27 /3, and 47 /3 with population ratio
0.5 9:1:0. The value of Q2 is estimated from the last 30% of the
simulation trajectory.
0
To compute €2, consider the definition of order parameter,
Yy which we rewrite here for convenience:

FIG. 5. The chimera state induced by intrinsic frustration also
arises for bimodal Gaussian and bimodal uniform frequency distri-
butions. The values of Rt + R~ at steady state show the chimera
state emerging when the frequency distribution of the oscillators is
bimodal Gaussian (left) and bimodal uniform (right). Both panels
show the state of the system at time 7 = 20. The simulations used
1000 oscillators, integration step 10~ peak width A = 1, and initial
phases set at 0, 27 /3, and 47 /3 with population ratio 9 : 1 : 0.

asymmetry despite the symmetry of g(w). These results show
that, even with a symmetric unimodal frequency distribution,
an asymmetry in the initial phase distribution can induce
dynamical asymmetry for interaction orders greater than,
whereas the corresponding lower-order models retain the dy-
namical symmetry.

APPENDIX B: VELOCITY-PHASE RELATION

To derive the relation between velocity and phase of the
oscillators in the standing-wave state, start by noticing that,
in the reference frame chosen, a vanishing phase corresponds
to the center of the two synchronous clusters. This position
differs from the average phase ®; of the system by a constant,
which means that the angular velocity of the reference frame
is equal to the angular velocity €2; of the average phase of the
system.

N
. 1 .
— 0, _ i0;
z1 = Rie I—NZe : (B1)
j=1
Differentiating this equation, we get
|
21 =Rie'® +iR €0, = N Zie‘efej, (B2)
j=1
which we can solve for ®; obtaining
N
SO i(0;-01) 4.
@1_1—+er( 6. (B3)

However, the angular velocity ®, is a real quantity. In turn,
the first term in the right-hand side of the equation above is
purely imaginary. Thus, we can write

Q) =0, =RV,

N

1 (6 0V
= v, 2 e,
j=1

N
1 .

= NR, ]E:l cos(; — ©1)06;. (B4)

In the approximation we use, the oscillators in each syn-

chronization cluster have the same phase, and, in the reference
frame chosen, the phases of two clusters are on the opposite
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of the other. Then, indicating the phases of the clusters with 6 and —6, the equation above can be rewritten as

N
N
Q= NRI gcos(e ©1)0], 5+ D cos(=0 =06,

Jj= 2—H

- L{ﬁ cos (0 — ©1)[wo — KR} sin (3(0 — ©1))] + %vcos (=0 — ©[wy — KRjsin (3(~0 — ®1))]}

NR | 2

= L{wo[cos((e — ©) +cos (8 4+ ©1)] — KRj[cos (8 — ©)sin (3(8 — ©;)) — cos (8 + ©)sin (3(6 + ©))]},

2R,

(B5)

where we have used Eq. (2). Note that, with our assumptions, the partial order parameter of the oscillators in each region is

proportional to cos 8. Thus, we can write R;

Q=
2R cos 6

— KR cos® 0[cos (6 — ©1)sin (3(0 — ©1)) — cos (6 + ©y)sin (3(6 + ©1))]1},

= Rcos 0, rewrite the equation for 2 as

{wo[cos (8 — ®1) + cos (6 4+ Oy)]

(B6)

and compute the angular velocity of the synchronized group rotating in the positive direction as

w, =0 — Q) = wy — KR cos® §sin (3(6 — O))) — Q.

This relation is illustrated in Fig. 3. Note that the angular
velocity of the negatively rotating synchronous cluster is the
opposite of the angular velocity of the positively rotating one.

APPENDIX C: OTT-ANTONSEN
APPROXIMATION EQUATIONS

1. Evolution of 6; in terms of z;

To apply the Ott-Antonsen method, we need to obtain a few
auxiliary results. The first is a rewriting of Eq. (2), which we
start as

b = w; + KRS (0073
ei301-30) _ o=i(30,-36)

= w; + KR} > : (CD)

Now, from Eq. (B1), using the fact that R; is real, we obtain
Ry = 7179 =z}, (C2)

where * indicates complex conjugation. Then, substituting
these expressions into the previous equation, we get

ei - Z:;) e1(739 ) 2*261(30 )] (C3)

2. Density function

Next, we consider the system in the limit of a very large
number of oscillators. In this regime, we can approximate
the distribution of oscillators with a continuous formalism,
introducing a function (0, w, t) that describes the density of
oscillators with phase within an infinitesimal interval centered

B7)

(

on 6 and natural frequency within an infinitesimal interval
centered on w. To proceed, write f as a Fourier series,

fO, 0. 1) = g )(1 + an(w e + fi¥ (o, t)e“”9),

(e2))

where g(w) is the distribution of natural frequencies of the
oscillators. Further, decompose f into symmetric and asym-
metric components with respect to a ZT” periodicity, so that

f(9,a),t):fs(G,a),t)—l—fa(@,a),t), (CS)
and the symmetric component satisfies
2w

[0, 0,8) = fs <9 + R , t). (Co)

Note that this implies that the symmetric component is given
by the Fourier modes that are integer multiples of 3, so that

fs(evwvt) = ?

oo
% <l + Zf;m(wa t)e3im9 +f’;*m((,(),t)e_3im0>.

m=1
(€7

Finally, make the ansatz that each Fourier coefficient whose
index is a multiple of 3 decays geometrically:

fom(@,1) = d" (o, 1). (C8)

3. Continuity equation

Because the number of oscillators is conserved, f must
satisfy the continuity equation

. 0 .
f+ %(fe) =0. (C9)
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To solve it, we compute each term individually. Using Eq.
(C4), the first one is

f = @ (1 + ; ait(ﬁ(a)’ t)einH +f,1*(a), l‘)e—ine)>7

(C10)
|

(f@) 9( (w)(1 +an(w Ne" + f*(w, e 1/19) {w+ g[zfei(’”) 1*361(39)]})’

n=1

where we have used Eq. (C3). Now, note that the function
being differentiated in the equation above is a combination of
terms in €. Specifically, the coefficient of the generic €3’
. ~ o 37 .
term is  f3,, + %zf Sames — gz’f Jf3m—3, which, because of the
ansatz in Eq. (C8), becomes wa™ + %zfam“ Kz*3am 1
Thus, the derivative of the ¥ term with respect to 6 is
K K )
3im( wa™ + —zla" T — =z ) e, (C13)
2i 2i
The continuity equation in Eq. (C9) requires the sum of
all the coefficients of equal powers to vanish. This is true in

J

where the coefficients whose indices are multiples of 3 satisfy

0 4 0

gl = ﬁ“m =ma"'a, (C11)
because of the Ansatz in Eq. (C8). The second term, instead,
is

(C12)

(

particular for the total coefficients of all the 3" terms. Thus,
we have

K
m— 3 3 m+l _ x3 m—1) _ ,
ma™ 'a + 1m(a)a + = 2 —2iz1 a

4. The third-order parameter

In the continuum approximation, the third-order parameter z3 can be expressed as

2 () ) 2 0 g(a)) o . ) . ) )
= / / O, 0, t)dwe do =/ / 14D fw.0)e" + fr(w. 1) dwe™ |e¥ do,
0 —00 0 —00 2z =1

where we have used Eq. (C4). However, the integral fozn
27 . Thus, the equation above reduces to

2 00 o0
a= [ [ E2(Fwne ) doe a0 = [ g ©ndo
0 —00 -

(C14)
which implies
3K 3K
a + 3iwa + 7z§a2 — TZI =0. (C15)
(C16)

e d0 always vanishes except when n = 0, in which case its result is

(C17)

where we have used Eq. (C8). In our model, we assume a bimodal distribution of natural frequencies given by the sum of two
Lorentzians, with the peaks at +w( and half-width at half maximum A. This distribution, given by Eq. (9), can be rewritten as

ga)(]( )

Substituting this equation into Eq. (C17), we obtain

The two integrals above can be evaluated using the residue
method, using as a contour the infinite semicircle of the lower
half plane, oriented clockwise. This yields 2mia*(+wy —
iA, t), where the positive sign holds for the first integral and
the negative one for the second. Substituting this into the
equation above, we obtain

= (a*(wy —iA, 1) + a*(—wy — iA, 1)).

1 1 1 1
[ — + — — - ] (C18)
(w— a)o)—lA (w—wy) +1iA (0w + wg) —1A (w+ wy) +1A
[ 1 0 1 1
3=z —/ — — — |a*(w, t)dw
2271 J_oo | (@ — @) —1A (0 — wp) +1A
- /°° : : “(w,1)d (C19)
i) @+ w) —id  (@+wp) +ia |1
[
equation as
3+ + z3—
B=— (C21)
Substituting this into Eq. (C15) yields
. 3K, .
3y = — > (113Z§+ — Zl) 3(A —iwo)za4,
(C20) 3K
= —T(ZT%; —2}) = 3(A +iwp)zs—,  (C22)

Introducing the partial third-order parameters z3. = a*(wg —
iA,t) and z3_ = a*(—wy —iA,t), we can rewrite the last

which is the system in Eq. (10).
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APPENDIX D: CALCULATION OF z;
AS A FUNCTION OF z3

To solve the system in Eq. (10), we need to find a relation-
ship between z; and z3 that closes the dynamical equations.
We derive this relationship from theoretical calculations of
the partial order parameters within each synchronous region
and then solve it numerically. Specifically, we first derive
the relationship between the partial order parameters z;,, and
23,p for a stable system with symmetric unimodal natural fre-
quency distribution centered at 0. Then, assuming that the two
peaks in the bimodal system are dynamically independent, we
apply this relationship to derive the connection between the
global order parameters z; and z3. The detailed derivation is
presented below.

Consider oscillators that are phase locked within a sin-
gle stable region 6 € [§ - % g + 1. Using®; — B = % as

J

reference, the dynamics of the oscillators is described by
6 = wi — Q21 — KR} sin(36; — B), (D1

where €2; is the angular velocity of the order parameter z;. In
the phase-locked state, 6; = 0, and therefore

wi = Q1 + KR sin(36; — ). (D2)
In the thermodynamic limit, this yields
dw = 3KR; cos(30 — B)de. (D3)

Also, 0 ¢ [g - % § + %] corresponds to € [Q —
KR%, Q)+ KR-;’]. Then, assuming a symmetric unimodal
natural frequency distribution g(w), centered at 0, the partial
order parameters are

KR} 5+%
Ri,= / eg(w)dw = 3KR; ﬁ cos 0 cos(30 — B)g(KR; sin(30 — B) + €,)d6, (D4)
—KR} B_x
R;, = / e o(w)dw = 3KR? / cos(30) cos(360 — ,B)g(KRf sin(360 — 8) + Ql)de. (D5)
—KR} 5-%

As can be seen from Fig. 2, under the new scaling all
clusters collapse to the same position. This implies that the
phase ®3 of the order parameter in this scale effectively
describes the central position of the oscillators within each
cluster. Consequently, we approximate €2; as the angular ve-
locity of an oscillator whose phase is exactly % Furthermore,
since the locked region is centered around the peak of g(w) at
o = 0, we approximate the natural frequency of this repre-
sentative oscillator as 0. Substituting 6; = % and w; = 0 into
Eq. (2) yields the specific relation Q; ~ KR; sin 8. Drifting
oscillators are in a rotating state and their contribution to the
order parameters is approximately 0. Then, we vary R; in [0,
1], compute the two integrals above, and obtain paired data
(R3,, Ry ;). These data are then fitted to describe the relation
R1 , = F(R3,). This function F encapsulates the relationship
between the partial first-order and third-order parameters for
oscillators in each stable region. For the whole system, the
first-order order parameter is obtained from the three clusters
according to

2 2
i®
1 = § VYpil,p = E YpR1pe ™",
p=0 p=0

where y,, represents the proportion of oscillators belonging to
the pth cluster. A key simplification then arises from the sym-
metry of the system. As mentioned above, if the oscillators
have the same frequency distribution, their phase distributions
in the stable regions are identical up to a constant phase shift
of ZT” This means that the partial nth order parameters in
different regions have identical magnitudes R, , and phase
differences of 2”7”, where the factor of # is due to the scaling

transformation. Thus, we can write

(Do)

O3, =030+ 2pm. D7)

(
Applying this to the third-order parameter, we obtain

2 2

i(® 2 i

3= Z Vpid,p = Z YpR3 pe @302 = Ry 190 (D8)
p=0 p=0

This result confirms that the global third-order phase is
equal to the phase of the cluster, as are the magnitudes
of the global third-order parameter and of the cluster
third-order parameter. In formulas, ®3 =03, and
R3 = R3 ,. Furthermore, since the oscillators within each
synchronization region form a single coherent cluster
and do not exhibit any deflection effect, which requires
an asymmetric distribution among multiple clusters, the
phase of the first-order parameter for each cluster is
simply ©;, = % Combined with the phase relationship
of Eq. (D7), we obtain O, = w Substituting
this and R;, = F(R3) into the expression for z; yields

2
. ©3+427p
a =Y yF(Rye

p=0

2

i93 j2zp

= F(R3)e'3 E ype' 3
p=0

— F(Ry)Cel 2, (DY)

where C = Z,z):o ypeiz{% describes the phase distortion in-
duced by the asymmetric distribution.

The bimodal distribution used in our treatment can be con-
sidered as a combination of two unimodal distributions. Since
the two peaks are sufficiently separated in frequency, we treat
the dynamics of the two peaks as approximately independent,
and the partial order parameters for each peak are expected
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FIG. 7. The phase boundaries in the diagram of Fig. 4(a) corre-
spond to three different types of bifurcation. Panels (a)—(d) represent
four typical dynamical states of the system: (a) synchronized state,
(b) standing-wave state, (c) chimera state, and (d) incoherent state.
Panel (e) represents the coexistence of the standing-wave and syn-
chronized states. Blue and red denote the two order parameters z.
and z_, respectively. Solid (hollow) dots represent stable (unstable)
fixed points and solid (dashed) circles correspond to stable (unstable)
limit cycles. The bifurcation types are saddle node (SN), saddle node
of limit cycles (SNLC), and homoclinic (HC).

to follow the same functional relationship derived for the
unimodal case and given by Eq. (D9). Thus,

934

zip = F(R3)Ce' 5, (D10)

2 =F(Ry.)Ce ¥, (D11)

where R34 and ®;. are the amplitude and phase of z31. The
constant C is the same for both peaks because the relative
distribution of oscillators among the three clusters within each

K=190

K=181

peak is identical, so that y,4 = y,,_ for all p. The global order
parameter is then obtained by averaging the contributions
from the two subpopulations, using

I
2= 5@ +21-)

3+

= L(F(Ry)Ce ™ + F(Ry_)Ce ). (DI2)

In the numerical integration of Eq. (10), we close the dynam-
ical system by substituting this relation for z; as a function of
z3 at each time step.

APPENDIX E: BIFURCATION ANALYSIS

The theoretical analysis yields a set of dynamical equations
involving two complex variables, z31, which contain numeri-
cally fitted functions. These terms make it difficult to perform
a rigorous analytical bifurcation analysis. Therefore, taking
the case shown in Fig. 4(a) as an example, we analyze the
bifurcation behavior by examining the dynamics of z31 in a
rotating frame defined by z3¢, as illustrated in Fig. 7. This
approach, validated by direct numerical simulations, allows
us to reconstruct the essential bifurcation diagram.

Figure 7 shows five representative dynamical states of the
system and their transitions, namely, the synchronized state
[panel (a)], the standing-wave state [panel (b)], the chimera
state [panel (c)], and the incoherent state [panel (d)], as well
as a very small tristable region [panel (e)]. In this region [panel
(e)], our analysis predicts the coexistence of a stable fixed
point (synchronized state) and a limit cycle (standing-wave
state). However, this limit cycle is, in fact, unstable. Because
of the limitations of our theoretical analysis, the system is
inevitably driven away from this unstable orbit and transitions
to the stable chimera state [panel (c)]. Thus, this region is not
observed in the phase diagram shown in the Fig. 4.

The blue and red colors denote the order parameters z34
and z3_, respectively. Solid dots represent stable fixed points,
hollow dots represent unstable fixed points, solid circles corre-
spond to stable limit cycles, and dashed circles correspond to

K=177

FIG. 8. Formation of limit cycles near the homoclinic bifurcation. The synchronized manifold of z;_ is plotted in the reference frame of
73+ for wy = 70 at different coupling strengths K. The phase is divided by 3 for clarity. Hollow circles indicate saddle points. Dashed lines
indicate unstable manifolds, computed by forward integration (Euler method) of initial conditions displaced along the unstable eigenvector.
Solid lines indicate stable manifolds, computed by backward integration along the stable eigenvector. Solid dots indicate stable fixed points.
(a) At K = 190, before the bifurcation, the unstable and stable manifolds do not intersect, and no limit cycle exists. (b) At K = 181, near
the critical point, the unstable and stable manifolds nearly coincide, forming a limit cycle. (¢c) At K = 177, after the bifurcation, the unstable

manifold forms a closed curve, indicating the formation of a limit cycle.
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Largest eigenvalue of Jacobian

-80

106 108 110 112K114 116 118 120

FIG. 9. The convergence of the leading eigenvalue of the Jaco-
bian shows the emergence of a saddle node bifurcation. The largest
nontrivial eigenvalue of the Jacobian matrix, evaluated at the stable
fixed point, is plotted against the coupling strength K for w, = 40.
As the system approaches the SN bifurcation point (K. ~ 105.9), this
eigenvalue approaches 0, characteristic of the collision and annihila-
tion of a stable and an unstable fixed point.

unstable limit cycles. When plotting z3. (blue), the direction
of z3_ is taken as the reference frame, and when plotting z3_
(red), the direction of z3, is taken as the reference frame,
each showing a projection of the system dynamics. For cases
where the magnitude of z3; (z3—) approaches 0, the phase
loses its meaning, so the original reference frame is chosen
when plotting z3_ (z34).

When the system transitions from the synchronized state
[panel (a)] to state [panel (e)], a homoclinic (HC) bifurcation
occurs. In this process, oscillators that moved away from the
unstable manifold of the saddle point (hollow dot) return to it
along the stable manifold, forming a limit cycle, as shown in
Fig. 8. The stable and unstable manifolds of the saddle point
in the figure were computed numerically using the standard
Euler method to integrate the dynamical equations forward

and backward in time along the corresponding eigenvectors,
respectively.The transition from the synchronized state [panel
(a)] to states (b), (c), or (d) occurs via an SN bifurcation.
Figure 9 demonstrates this by showing the dominant eigen-
value of the Jacobian matrix associated with the stable fixed
point. This is achieved by first solving for the fixed point x*
in the ®;_ rotating frame across a range of values of K, and
then evaluating the Jacobian of the resulting two-dimensional
subsystem (for z3,, with z3_ fixed) at x* using a central
finite-difference method. The convergence of the leading
real eigenvalue toward O serves as a numerical signature of
the impending saddle-node bifurcation.

When the system changes from the standing-wave state
[panel (b)] to the chimera state [panel (c)], z3— undergoes a
saddle node of limit cycles (SNLC) bifurcation, in which the
stable and unstable limit cycles merge and vanish, resulting in
z3— approaching 0. The evidence for this is that an estimate of
the dominant Floquet multiplier approaches 1 at the transition
point, as shown in Fig. 10(a). This estimate was obtained
by perturbing the stable limit cycle (found using the Euler
method) and quantifying the rate of exponential convergence
of the trajectory back to the cycle over subsequent periods,
effectively capturing the multiplier governing the SNLC bifur-
cation. Finally, as the chimera state [panel (c)] evolves toward
the incoherent state [panel (d)], z3+ also experiences an SNLC
bifurcation, where the stable and unstable limit cycles collide
and disappear. The evidence for this is similar to that of z3_,
as shown in Fig. 10(b), and the system eventually enters an
incoherent state.

APPENDIX F: OTHER INTERACTION ORDERS

For our treatment, we focused on a pure four-body model
as a minimal, analytically transparent description of the mech-
anism valid when the four-body coupling dominates (K,
K3 — 0). Here, we examine how lower-order terms affect the
phenomenon by adding a pairwise (first-order) coupling with
strength K| and a three-body (second-order) coupling with

(a)

0.95

Floquet Multiplier

0.9

K 100 102 104 106 108 110

C

K

(b)
0.95

0.9
0.85
0.8

0.75

07— ‘ ‘ ‘ ‘ |
K 80 8 84 8 8 9

c
K

FIG. 10. The convergence of the Floquet multipliers provides evidence for the emergence of saddle node of limit cycles bifurcations. The
evolution of the estimated dominant Floquet multiplier for the limit cycles of z3_ and z3, is shown for wy = 100. The estimate was obtained by
applying a small perturbation to the stable limit cycle (found via the Euler method) and computing the rate of exponential convergence of the
trajectory over some periods. This rate provides a direct measure of the magnitude of the dominant Floquet multiplier. (a) For z;_ at K. =~ 98.1,
the multiplier approaches +1, signaling an SNLC bifurcation. (b) A similar behavior is found for z3, at K. & 78.6. The fitted curves are guides

for the eye.
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FIG. 11. The chimera state induced by intrinsic frustration is
robust with respect to the presence of lower-order interactions. The
values of Rt + R~ at steady state show the chimera state emerging
even in the presence of first-order (left) and second-order (right)
interactions, so long as they do not completely dominate the system.
In the left-hand panel, the second-order coupling K; is set to 0; in
the right-hand panel, the first-order coupling K; is set to 0. Both
panels show the state of the system at time 7" = 20. The simulations
used 1000 oscillators, integration step 1073, Lorentzian frequency
distribution with width A = 1, and initial phases set at 0, 27r /3, and
47 /3 with population ratio 9 : 1 : 0.

strength K5. Then, the equation of the system becomes
. K )
9,’ = w; + N ZSIH(QJ' — 91)
J
K; .
+ 2 > sin(6; + 6 — 26;)
ok
K; .
+ > sin(0; + 6 + 6, — 36;). (F1)

Jik,1

Introducing the complex order parameter z = Re'® =
% szy:l e'%, the dynamics reduce to

0; = w; — KiRsin(6; — ©) — K>2R? sin(2(6; — ©))
— K3R?sin(3(6; — ©)). (F2)

1200 2
1000
15
800
' 600 1
400 |
0.5
200
0 0
0 200 400 600 800
“o

FIG. 12. The chimera state induced by intrinsic frustration
emerges for interaction orders greater than 3. The values of RT + R~
at steady state show the chimera state emerging also in the fourth-
order model. The state of the system is shown at time 7 = 20. The
simulations used 1000 oscillators, integration step 10~*, Lorentzian
frequency distribution with width A = 1, and initial phases set at 0,
/2, w, and 37 /2 with populationratio9 : 1 : 0 : 0.

Assigning the initial phases of the oscillators to be 0, 27 /3,
and 4 /3 with population ratio 9 : 1 : 0, and fixing wy = 50,
we carried out numerical simulations to quantify the differ-
ence in synchronization levels between the two groups of
oscillators for different values of the coupling strengths Kj,
K>, and Kj. The results, illustrated in Fig. 11, show that when
the lower-order couplings are weak enough, increasing them
lowers the threshold value of K3 at which the chimera state
emerges. Mechanistically, pairwise or triadic interactions in-
crease the mobility of oscillators across multiple fixed points,
so the two frequency-symmetric groups acquire an asymmet-
ric phase distributions. This erodes the symmetry present in
the initial distribution and amplifies the dynamical asymme-
try. When the lower-order coupling K; or K, becomes strong
enough, it controls the fixed-point distribution, suppressing
the intrinsic frustration generated by the presence of multiple
fixed points. As a result, the associated symmetry breaking
disappears and the system settles into a standing-wave or a
fully synchronized state.

The dynamical asymmetry described above is not limited
to triadic couplings. In fact, it also arises for interaction orders
higher than 3. As a concrete example, consider the fourth-
order Kuramoto model,

N
. K
b = w; + N—i > sin(9), + 60, + 0, + 60, — 46).
J1sj2: 3. ja=1
(F3)
The dynamics of this model is described by
0; = w; — K4R* sin(4(6; — ©)). (F4)

This system possesses four fixed points, equally spaced on
the circle. We initialize oscillators at these four fixed points
with an asymmetric ratio 9 : 1 : 0 : 0 and directly solve Eq.
(F4), finding the emergence of a chimera state, as reported in
Fig. 12.
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FIG. 13. Dynamical asymmetry arises even in Erd8s-Rényi random networks. The partial order parameters of the two subpopulations
of oscillators associated with the positive and negative frequency peaks, RT and R~, show the existence of a dynamical asymmetry in the
third-order Kuramoto model on Erds-Rényi graphs for asymmetric initial conditions. The coupling strength used is K = 25, the peaks of the
natural frequency distribution are centered at 5, the width of the peaks is A = 0.1, the numerical integration step is 0.1, and the initial phases
are placed at three equidistant points on the circle, namely, 0, 27 /3, and 47 /3. Panel (a) has a starting population ratio 9 : 1 : 0, for which the
positively rotating group attains stronger synchrony. The ratio in panel (b) is 9 : 0 : 1, for which the negatively rotating group attains stronger
synchrony. The ratio for panel (c) is 1 : 0 : 0, for which the two groups exhibit comparable synchrony.

These results show that, for interaction orders greater than ~ Drawing the natural frequencies from a symmetric bimodal
or equal to 3, an asymmetry in the initial phase distribution = Lorentzian distribution with peaks at £wy of width A, we
can lead to dynamical asymmetry regardless of the presence use G to denote the two frequency-symmetric groups, so that
of lower-order interactions. G, is the set consisting of all the oscillators whose natural
frequency was drawn from the Lorentzian peak at 4+, and
G_ is the one of all the oscillators whose frequency was
drawn from the peak centered at —wy. Then, we quantify the

To show that the emergence of the chimera state is robust coherence for the two groups by defining
with respect to the network topology, we studied the model on

APPENDIX G: DIFFERENT NETWORK TOPOLOGIES

1 .
random graphs and on a real-world biological network. za(t) = A Z el?® (G2)
+ i€Gy
1. Erdds-Rényi random graphs and Ry = |z4|. The results of the simulations of the sys-

tem, reported in Fig. 13, show that the degree of synchrony
between oscillators rotating in the two opposite directions
depends on the initial conditions, even though the natural
frequency distribution is symmetric.

To test the results on random networks, we generated an
Erdés-Rényi graph with connection probability p = 0.5 and
N =200 nodes, treating each 4-clique as a four-body in-
teraction. Defining H to be the indicator variable such that
H; jr;=1if nodes i, j, k, and [ form a clique, and O other-
wise, the dynamics are given by 2. Brain network

. K Next, we performed the same procedure on a structural

0 =wi+ — Z H; jiisin(®; + 6 + 6, —36;). (Gl)  brain network with 998 nodes [54-56], treating each 4-clique

k<l as a four-body interaction. Using the empirical adjacency

(a) (b)
0.8 1 08
0.6 0.6
o
0.4 0.4
0.2 —R, |7 0.2 —R,|1 02} —R,
R —R_ —R
0 0 0
0 10 20 30 40 50 O 10 20 30 40 50 O 10 20 30 40 50

t t t

FIG. 14. Dynamical asymmetry arises on a brain network. The partial order parameters of the two subpopulations of oscillators associated
with the positive and negative frequency peaks, R and R~, show the existence of a dynamical asymmetry in the third-order Kuramoto model
on a structural brain network for asymmetric initial conditions. The pairwise coupling strength used is K; = 3, the four-body one is K3 = 15,
the peaks of the natural frequency distribution are centered at 5, the width of the peaks is A = 0.1, the numerical integration step is 0.01,
and the initial phases are placed at three equidistant points on the circle, namely, 0, 27 /3, and 457 /3. Panel (a) has a starting population ratio
9 : 1 : 0, for which the positively rotating group attains stronger synchrony. The ratio in panel (b) is 9 : 0 : 1, for which the negatively rotating
group attains stronger synchrony. The ratio for panel (c) is 1 : O : 0, for which the two groups exhibit comparable synchrony.
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matrix A, we added a pairwise coupling strength K; for the
four-body term, resulting in the evolution equation

: K; .
0 = w; + N j;l H; j1sin(6; + 0, + 6, — 36;)

(G3)
K .
+ Z Ej A,',j sm(@,- — 6,’),

where d; is the degree of node i. With the same symmetric
bimodal Lorentzian distribution of natural frequencies, we
again computed z+ and Ry and found the different coherence
levels between the two groups. These results, illustrated in
Fig. 14, confirm that the effect is not restricted to globally
coupled networks. In fact, as long as the higher-order inter-
actions are sufficiently strong, the same symmetry-breaking
behavior appears also on more general complex networks.

APPENDIX H: MORE GENERAL INITIAL CONDITIONS

In the case we analyzed in detail, the oscillators were
initialized at three discrete phases, 0, 27 /3, and 47 /3, with
specific population ratios. Here, we relax this assumption
by adding random phase offsets A6 € [—x /3, /3] to each
group, so that oscillators are distributed within three angular
sectors of width 257 /3 on the unit circle while preserving the
same ratios. Direct simulations, whose results are illustrated

200 p)
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“o

FIG. 15. The chimera state induced by intrinsic frustration is
robust with respect to changes in initial conditions. The values of
Rt 4 R~ at steady state show the chimera state emerging also when
the initial phases of the oscillators in each group are not identical, but
are uniformly distributed over an interval of width 27 /3. The state
of the system is shown at time 7" = 20. The simulations used 1000
oscillators, integration step 10~*, Lorentzian frequency distribution
with width A = 1, and initial phases with population ratio9 : 1 : 0.

in Fig. 15, show that the chimera state persists under this
sector-wise continuous initialization. This demonstrates that
the phenomenon does not rely on point-mass initial conditions
and is robust to broader, more realistic phase ensembles.
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