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❚❤❡ ♣❛♣❡% ✐' ♦%❣❛♥✐③❡❞ ❛' ❢♦❧❧♦✇✿ ✐♥ ❙❡❝3✐♦♥ ✷ ❛ ❝♦♥3✐♥✉♦✉'✲3✐♠❡ ♠♦❞❡❧ ♦❢ '3❛❣❡✲'3%✉❝3✉%❡❞ ♣♦♣✉❧❛3✐♦♥✾✹

❞②♥❛♠✐❝' ✐' ♣%❡'❡♥3❡❞❀ ♠♦❞❡❧' ▼✵✱ ▼✶✱ ▼✷✱ ❛♥❞ ▼✸ ❛%❡ ❝♦♠♣❛%❡❞ ✐♥ ❙❡❝3✐♦♥ ✸ ✉'✐♥❣ ❛ '❡3 ♦❢ ❣❡♥❡%❛❧✾✺

❜✐♦❞❡♠♦❣%❛♣❤✐❝ ❢✉♥❝3✐♦♥'✱ %❡❛❧✐'3✐❝ ❢♦% 3❤❡ ❜✐♦❧♦❣② ♦❢ ♣❡'3'✱ ❜✉3 ♥♦3 ❝❛❧✐❜%❛3❡❞ ❢♦% ❛ '♣❡❝✐✜❝ ♣❡'3❀ ✐♥✾✻

❙❡❝3✐♦♥ ✹✱ ❛♥ ❛♣♣❧✐❝❛3✐♦♥ 3♦ 3❤❡ ❝♦❞❧✐♥❣ ♠♦3❤ ✐' ❝♦♥'✐❞❡%❡❞✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝3✐♦♥ ✺ '♦♠❡ ❝♦♥❝❧✉❞✐♥❣✾✼

%❡♠❛%❦' ❝❛♥ ❜❡ ❢♦✉♥❞✳✾✽

✷✳ ❚❤❡ ♠❛'❤❡♠❛'✐❝❛❧ ♠♦❞❡❧✾✾

❚❤❡ ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ✐' ❜❛'❡❞ ♦♥ ❛ '②'3❡♠ ♦❢ ♣❛%3✐❛❧ ❞✐✛❡%❡♥3✐❛❧ ❡G✉❛3✐♦♥' 3❤❛3 ❛❧❧♦✇' 3♦ ♦❜3❛✐♥

3❤❡ 3❡♠♣♦%❛❧ ❞②♥❛♠✐❝' ♦❢ ❛ '3❛❣❡✲'3%✉❝3✉%❡❞ ♣♦♣✉❧❛3✐♦♥ ❛♥❞ 3❤❡ ❞✐'3%✐❜✉3✐♦♥ ♦❢ 3❤❡ ✐♥❞✐✈✐❞✉❛❧' ♦♥

♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡ ✇✐3❤✐♥ ❡❛❝❤ '3❛❣❡✳ ▲❡3

φi(t, x)dx = ♥✉♠❜❡% ♦❢ ✐♥❞✐✈✐❞✉❛❧' ✐♥ '3❛❣❡ i ❛3 3✐♠❡ t ✇✐3❤ ❛❣❡ ✐♥ (x, x+ dx)✱

i = 1, 2, ..., s✱ ✇❤❡%❡ s ✐' 3❤❡ ♥✉♠❜❡% ♦❢ '3❛❣❡'✳ ❙3❛❣❡' ❢%♦♠ 1 3♦ s− 1 ❛%❡ ✐♠♠❛3✉%❡ '3❛❣❡'✱ ❛♥❞ '3❛❣❡
s %❡♣%❡'❡♥3' 3❤❡ %❡♣%♦❞✉❝3✐✈❡ '3❛❣❡ ✭❛❞✉❧3 ✐♥❞✐✈✐❞✉❛❧'✮✳ ❚❤❡ ✈❛%✐❛❜❧❡ t ❞❡♥♦3❡' 3❤❡ ❝❤%♦♥♦❧♦❣✐❝❛❧ 3✐♠❡

✇❤✐❧❡ x ✐' ❛ ❞❡✈❡❧♦♣♠❡♥3❛❧ ✐♥❞❡① ✇❤✐❝❤ %❡♣%❡'❡♥3' 3❤❡ ♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡ ✐♥❞✐❝❛3✐♥❣ 3❤❡ ❞❡✈❡❧♦♣♠❡♥3

♦✈❡% 3✐♠❡ ❬✺✱ ✻✱ ✼✱ ✶✷❪✳ ❚❤❡ ❢✉♥❝3✐♦♥' φi(t, x) ❛❧❧♦✇ 3♦ ♦❜3❛✐♥ 3❤❡ ♥✉♠❜❡% ♦❢ ✐♥❞✐✈✐❞✉❛❧' ✐♥ '3❛❣❡ i ❛3

3✐♠❡ t✿

N i(t) =

∫

1

0

φi(t, x)dx.

❲❡ ❝♦♥'✐❞❡% ❛ '3♦❝❤❛'3✐❝ ❛♣♣%♦❛❝❤ ✇❤✐❝❤ ❛❧❧♦✇' 3♦ 3❛❦❡ ✐♥3♦ ❛❝❝♦✉♥3 3❤❡ ✈❛%✐❛❜✐❧✐3② ♦❢ 3❤❡ ❞❡✈❡❧♦♣♠❡♥3✶✵✵

%❛3❡ ❛♠♦♥❣ 3❤❡ ✐♥❞✐✈✐❞✉❛❧' ❬✻✱ ✼❪✳ ❚❤❡ ❞②♥❛♠✐❝' ✐' ❞❡'❝%✐❜❡❞ ✐♥ 3❡%♠' ♦❢ 3❤❡ ❢♦%✇❛%❞ ❑♦❧♠♦❣♦%♦✈✶✵✶

❡G✉❛3✐♦♥' ❬✶✺✱ ✾❪✶✵✷

∂φi

∂t
+

∂

∂x

[

vi(t)φi − σi∂φ
i

∂x

]

+mi(t)φi = 0, t > t0, x ∈ (0, 1), ✭✶✮

[

vi(t)φi(t, x)− σi∂φ
i

∂x

]

x=0

= F i(t), ✭✷✮

[

−σi∂φ
i

∂x

]

x=1

= 0, ✭✸✮

φi(t0, x) = φ̂i(x), ✭✹✮

✇❤❡%❡ i = 1, 2, ...s✱ vi(t) ❛♥❞ mi(t) ❛%❡ 3❤❡ '♣❡❝✐✜❝ ❞❡✈❡❧♦♣♠❡♥3 ❛♥❞ ♠♦%3❛❧✐3② %❛3❡' ❛''✉♠❡❞ ✐♥❞❡♣❡♥✲✶✵✸

❞❡♥3 ♦❢ 3❤❡ ❛❣❡ x✱ φ̂i(x) ❛%❡ 3❤❡ ✐♥✐3✐❛❧ ❞✐'3%✐❜✉3✐♦♥'✱ ✇❤✐❧❡ σi
❛%❡ 3❤❡ ❞✐✛✉'✐♦♥ ❝♦❡✣❝✐❡♥3'✱ ❛''✉♠❡❞✶✵✹

3✐♠❡ ✐♥❞❡♣❡♥❞❡♥3✳ ❚❤❡ ❜♦✉♥❞❛%② ❝♦♥❞✐3✐♦♥ ❛3 x = 0 ❛''✐❣♥' 3❤❡ ✐♥♣✉3 ✢✉① ✐♥3♦ '3❛❣❡ i✱ ✇❤✐❧❡ 3❤❡✶✵✺

❜♦✉♥❞❛%② ❝♦♥❞✐3✐♦♥ ❛3 x = 1 ♠❡❛♥' 3❤❛3 3❤❡ ♦✉3♣✉3 ✢✉① ❢%♦♠ '3❛❣❡ i ✐' ❞✉❡ ♦♥❧② 3♦ 3❤❡ ❛❞✈❡❝3✐✈❡✶✵✻

❝♦♠♣♦♥❡♥3 vi(t)φi(t, 1) ❬✺❪✳ ❚❤❡ 3❡%♠' F i(t)✱ ✇❤❡♥ i > 1✱ ❛%❡ 3❤❡ ✐♥❞✐✈✐❞✉❛❧ ✢✉①❡' ❢%♦♠ '3❛❣❡ i− 1 3♦✶✵✼

'3❛❣❡ i ❛♥❞ ❛%❡✶✵✽

F i(t) = vi−1(t)φi−1(t, 1), i > 1, ✭✺✮

✇❤✐❧❡ 3❤❡ 3❡%♠ F 1(t) ✐' 3❤❡ ❡❣❣' ♣%♦❞✉❝3✐♦♥ ✢✉①✳ ❲❡ ❝♦♥'✐❞❡% 3❤%❡❡ ❞✐✛❡%❡♥3 ❢♦%♠✉❧❛3✐♦♥ ♦❢ 3❤❡✶✵✾

%❡♣%♦❞✉❝3✐♦♥ 3❡%♠✿✶✶✵

✹
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• ❋❡❝✉♥❞✐'② ❞❡♣❡♥❞❡♥' ♦♥ '❤❡ ❛❞✉❧' '❡♠♣❡/❛'✉/❡✲❞❡♣❡♥❞❡♥' ❞❡✈❡❧♦♣♠❡♥'✳ ■' ❝❛♥ ❜❡ ❡✐'❤❡/ ♠♦❞❡❧✶✶✶

▼✵ ♦/ ▼✶✱ ✇❤❡/❡ '❤❡ '❡/♠ F 1(t) ✐: ❣✐✈❡♥ ❜②✶✶✷

F 1(t) = vs(t). ✭✻✮

❚❤❡ ❛❞✉❧': ♣/♦❞✉❝❡ ❡❣❣: '❤/♦✉❣❤ '❤❡✐/ ❞❡✈❡❧♦♣♠❡♥' ❛♥❞ ❡❛❝❤ ❛❞✉❧' ❣✐✈❡: /✐:❡ '♦ ❛ :✐♥❣❧❡ ❡❣❣✶✶✸

❞✉/✐♥❣ '❤❡ ✇❤♦❧❡ ♣❤②:✐♦❧♦❣✐❝❛❧ ❧✐❢❡✳ ❚❤✐: /❡:✉❧': ✐♥ ❛ ❝♦♥:'❛♥' ✐♥♣✉' ✢✉① ✐♥ ❡❛❝❤ :'❛❣❡✳ ■' ✐:✶✶✹

✇♦/'❤✇❤✐❧❡ '♦ ♥♦'❡ '❤❛' '❤✐: ❢♦/♠✉❧❛'✐♦♥ ❞♦❡: ♥♦' '❛❦❡ ✐♥'♦ ❛❝❝♦✉♥' ❛ ❞✐✛❡/❡♥' ❡❣❣: ♣/♦❞✉❝'✐♦♥✶✶✺

✇✐'❤ /❡:♣❡❝' '♦ '❤❡ ♣❤②:✐♦❧♦❣✐❝❛❧ ❛❣❡✳✶✶✻

• ❋❡❝✉♥❞✐'② ❞❡♣❡♥❞❡♥' ♦♥ ♣❤②:✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ■♥ '❤✐: ❝❛:❡ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ♠♦❞❡❧ ▼✷✮ ✇❡✶✶✼

❝♦♥:✐❞❡/ '❤❡ ❛❣❡✲❞❡♣❡♥❞❡♥' ✢✉①✶✶✽

F 1(t) =

∫

1

0

f(x) φs(t, x) dx, ✭✼✮

✇❤❡/❡ f ❞❡:❝/✐❜❡: '❤❡ ♦✈✐♣♦:✐'✐♦♥ ♣/♦✜❧❡ ✇✐'❤ /❡:♣❡❝' '♦ '❤❡ ♣❤②:✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ❆❧:♦ ✇✐'❤ '❤✐:✶✶✾

❢♦/♠✉❧❛'✐♦♥ ✐' ✐: ♣♦::✐❜❧❡ '♦ /❡:❝❛❧❡ '♦ ♦♥❡ '❤❡ ♥✉♠❜❡/ ♦❢ ❡❣❣: ♣/♦❞✉❝❡❞ ❜② ❡❛❝❤ ❛❞✉❧' ❢❡♠❛❧❡✳✶✷✵

◆♦'❡ '❤❛' ✐♥ '❤✐: ❝❛:❡ ♥♦ '❡♠♣❡/❛'✉/❡ ❞❡♣❡♥❞❡♥❝❡ ✐: ♣/❡:❡♥'✳ ❍♦✇❡✈❡/✱ ✐' ✐: ❦♥♦✇♥ '❤❛' '❤❡ ❡❣❣:✶✷✶

♣/♦❞✉❝'✐♦♥ ✐: ✐♥✢✉❡♥❝❡❞ ❜② '❡♠♣❡/❛'✉/❡✱ ❛♥❞ ✐♥ ❛ ❞✐✛❡/❡♥' ✇❛② ✇✐'❤ /❡:♣❡❝' '♦ ✭✻✮✳ ❋♦/ '❤✐:✶✷✷

/❡❛:♦♥✱ ✇❡ ✇❛♥' '♦ ❞❡❛❧ ✇✐'❤ ❛ ✢✉① ✇❤✐❝❤ ❞❡♣❡♥❞: ♦♥ ❜♦'❤ '❡♠♣❡/❛'✉/❡ ❛♥❞ ♣❤②:✐♦❧♦❣✐❝❛❧ ❛❣❡✳✶✷✸

• ❋❡❝✉♥❞✐'② ❞❡♣❡♥❞❡♥' ♦♥ ♣❤②:✐♦❧♦❣✐❝❛❧ ❛❣❡ ❛♥❞ ♦♥ '❡♠♣❡/❛'✉/❡✳ ■♥ '❤✐: ❝❛:❡ ✭❛❧:♦ ✐♥❝❧✉❞❡❞ ✐♥✶✷✹

♠♦❞❡❧ ▼✷✮ F 1(t) ✐: ❣✐✈❡♥ ❜②✶✷✺

F 1(t) = b(T (t))

∫

1

0

f(x) φs(t, x) dx, ✭✽✮

✇❤❡/❡ b(T (t)) ✐: '❤❡ '❡♠♣❡/❛'✉/❡ ❢✉♥❝'✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ '❤❡ ❝❤/♦♥♦❧♦❣✐❝❛❧ '✐♠❡ '/♦✉❣❤ '❤❡ '❡♠✲✶✷✻

♣❡/❛'✉/❡ T ✳ ❲✐'❤ '❤✐: ❝❤♦✐❝❡✱ ✇❡ ❛/❡ ❛❜❧❡ '♦ ❞❡:❝/✐❜❡ ❛ ❢❡❝✉♥❞✐'② /❛'❡ ✇❤✐❝❤ ✈❛/✐❡: ✇✐'❤ ❜♦'❤✶✷✼

'❡♠♣❡/❛'✉/❡ ❛♥❞ ♣❤②:✐♦❧♦❣✐❝❛❧ ❛❣❡✳✶✷✽

■♥ '❤❡ '✇♦ ❧❛:' ❝❛:❡: ✭♠♦❞❡❧ ▼✷✮✱ ❝❤♦♦:✐♥❣ ❛♣♣/♦♣/✐❛'❡❧② '❤❡ ♣/♦✜❧❡ ♦❢ '❤❡ ❢✉♥❝'✐♦♥ f ✐' ✐: ♣♦::✐❜❧❡ '♦✶✷✾

❛❝❝♦✉♥' ❢♦/ ❛ ♣/❡✲♦✈✐♣♦:✐'✐♦♥ ♣❡/✐♦❞ ✐♥ '❤❡ ❢❡❝✉♥❞✐'② ❢✉♥❝'✐♦♥ ❛✈♦✐❞✐♥❣ '❤❡ ✐♥'/♦❞✉❝'✐♦♥ ♦❢ ❛ ❢✉/'❤❡/✶✸✵

:'❛❣❡ '❤❛' ✐♥❝/❡❛:❡: '❤❡ ♥✉♠❜❡/ ♦❢ ❞✐✛❡/❡♥'✐❛❧ ❡M✉❛'✐♦♥: ❛♥❞ '❤❡♥ '❤❡ ❝♦♠♣❧❡①✐'② ♦❢ :②:'❡♠ ✭✶✮✳✶✸✶

✸✳ ❆♥❛❧②'✐' ♦❢ ♠♦❞❡❧' ▼✵✱ ▼✶✱ ▼✷✱ ▼✸✶✸✷

■♥ '❤✐: :❡❝'✐♦♥ ✇❡ ❡①♣❧♦/❡ '❤❡ ❡✛❡❝': ♦♥ '❤❡ ♦✉'❝♦♠❡: ♦❢ ❞✐✛❡/❡♥' ❢♦/♠✉❧❛'✐♦♥ ♦❢ '❤❡ ♣❤❡♥♦❧♦❣✐❝❛❧✶✸✸

♠♦❞❡❧✳ ❋♦/ '❤❡ ♣✉/♣♦:❡ ♦❢ ❡①♣❧♦/✐♥❣ '❤❡ ❡✛❡❝': ♦❢ ❢❡❝✉♥❞✐'②✱ ♠♦/'❛❧✐'②✱ ❛♥❞ ❛❣❡ ❞✐:'/✐❜✉'✐♦♥ ♦❢ '❤❡✶✸✹

✐♥✐'✐❛❧ ❝♦♥❞✐'✐♦♥ ✐♥ ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧:✱ ✇❡ /❡❢❡/ '♦ ❛ ❣❡♥❡/✐❝ ♣♦✐❦✐❧♦'❤❡/♠ :♣❡❝✐❡: ❝❤❛/❛❝'❡/✐③❡❞ ❜②✶✸✺

❛ :'❛❣❡✲:'/✉❝'✉/❡❞ ♣♦♣✉❧❛'✐♦♥ ❞②♥❛♠✐❝: ❞❡♣❡♥❞❡♥' ♦♥ '❤/❡❡ ❜✐♦❞❡♠♦❣/❛♣❤✐❝ ❢✉♥❝'✐♦♥: ✭❞❡✈❡❧♦♣♠❡♥'✱✶✸✻

♠♦/'❛❧✐'② ❛♥❞ ❢❡❝✉♥❞✐'②✮ ❛♥❞ ❝♦♠♣♦:❡❞ ❜② s = 4 :'❛❣❡:✿ ❡❣❣: ✭i = 1✮✱ ❧❛/✈❛❡ ✭i = 2✮✱ ♣✉♣❛❡ ✭i = 3✮✶✸✼

❛♥❞ ❛❞✉❧': ✭i = 4✮✳ ❚♦ /✉♥ '❤❡ ♠♦❞❡❧ ✇❡ ♥❡❡❞ '♦ :♣❡❝✐❢② :♦♠❡ ♣❛/❛♠❡'❡/: ❛♥❞ ❢✉♥❝'✐♦♥: ✐♥✈♦❧✈❡❞ ✐♥✶✸✽

:②:'❡♠ ✭✶✮✕✭✹✮✳ ■♥ ♥❡①' :✉❜:❡❝'✐♦♥✱ ✇❡ ❡①♣❧✐❝✐' ❛ ❢✉♥❝'✐♦♥❛❧ ❢♦/♠ ❢♦/ ❡❛❝❤ ❜✐♦❞❡♠♦❣/❛♣❤✐❝ ❢✉♥❝'✐♦♥✳✶✸✾

❚❤❡♥✱ ✇❡ ✇✐❧❧ ♣/❡:❡♥' '❤❡ ❝♦♠♣❛/✐:♦♥ ♦❢ '❤❡ ❢♦✉/ ♠♦❞❡❧: ✉:✐♥❣ '❤❡:❡ ❜✐♦❞❡♠♦❣/❛♣❤✐❝ ❢✉♥❝'✐♦♥:✳✶✹✵

✸✳✶✳ ❇✐♦❞❡♠♦❣*❛♣❤✐❝ ❢✉♥❝2✐♦♥3 ❛♥❞ ❛❣❡ ❞✐32*✐❜✉2✐♦♥ ♦❢ 2❤❡ ✐♥✐2✐❛❧ ❝♦♥❞✐2✐♦♥ ✐♥ ♣❤②3✐♦❧♦❣✐❝❛❧ ♠♦❞❡❧3✶✹✶

❇✐♦❞❡♠♦❣/❛♣❤✐❝ ❢✉♥❝'✐♦♥: /❡♣♦/'❡❞ ✐♥ '❤✐: :❡❝'✐♦♥ ❛/❡ ♥♦' ❝❛❧✐❜/❛'❡❞ ♦♥ ❞❛'❛ ♦❢ ❛ ♣❛/'✐❝✉❧❛/ :♣❡❝✐❡:✱✶✹✷

❜✉' '❤❡② ❛/❡ /❡❛❧✐:'✐❝ ❢♦/ ❛ ♣♦✐❦✐❧♦'❤❡/♠ :♣❡❝✐❡:✳✶✹✸
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❋✐❣✉$❡ ✶✿ ❉❡✈❡❧♦♣♠❡♥/ $❛/❡ ✭1/days✮ ❛3 ❢✉♥❝/✐♦♥ ♦❢ /❡♠♣❡$❛/✉$❡ ✭◦C✮ ❢♦$ /❤❡ ❢♦✉$ ❜✐♦❧♦❣✐❝❛❧ 3/❛❣❡3 ♦❢ /❤❡ ♣♦♣✉❧❛/✐♦♥✳

✸✳✶✳✶✳ ❉❡✈❡❧♦♣♠❡♥+✶✹✹

❋♦" ❛❧❧ %❤❡ (%❛❣❡(✱ ✇❡ ❝♦♥(✐❞❡" ❛ ❇"✐1"❡✲✶ ❢✉♥❝%✐♦♥ ❬✹❪✱ ❛❧"❡❛❞② ✉(❡❞ %♦ ❞❡(❝"✐❜❡ %❤❡ ❞❡✈❡❧♦♣♠❡♥% "❛%❡✶✹✺

❢✉♥❝%✐♦♥ ♦❢ ♣❡(% ♣♦♣✉❧❛%✐♦♥( ❬✶✹✱ ✶✽✱ ✷✻❪✶✹✻

v(t) =

{

aT (T − Tm)
√
TM − T , Tm ≤ T ≤ TM

0, ♦%❤❡"✇✐(❡✳

✭✾✮

■♥ ✭✾✮✱ a ✐( ❛♥ ❡♠♣✐"✐❝❛❧ ❝♦♥(%❛♥%✱ Tm ❛♥❞ TM ❛"❡ %❤❡ ❧♦✇❡" ❛♥❞ %❤❡ ❧❡%❤❛❧ %❡♠♣❡"❛%✉"❡ %❤"❡(❤♦❧❞(✳✶✹✼

❚❤✐( ♥♦♥❧✐♥❡❛" ♠♦❞❡❧ ✐♥✈♦❧✈❡( %❤"❡❡ ♣❛"❛♠❡%❡"( ❛♥❞ ✐% "❡♣"♦❞✉❝❡( ❛ (❤❛"♣ ❞❡❝❧✐♥❡ ❛❜♦✈❡ %❤❡ ♦♣%✐♠❛❧✶✹✽

%❡♠♣❡"❛%✉"❡(✱ ❛♥ ❛(②♠♠❡%"② ❛❜♦✉% %❤❡ ♦♣%✐♠❛❧ %❡♠♣❡"❛%✉"❡( ❛♥❞ ❛♥ ✐♥✢❡❝%✐♦♥ ♣♦✐♥%✳ ❖%❤❡" ❛♥❛❧②%✐❝❛❧✶✹✾

❢♦"♠( ❢♦" %❤❡ ❞❡✈❡❧♦♣♠❡♥% "❛%❡ ❢✉♥❝%✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✸✱ ✸✶❪✳✶✺✵

■♥ %❤❡ ♥✉♠❡"✐❝❛❧ (✐♠✉❧❛%✐♦♥(✱ %❤❡ ✈❛❧✉❡( ♦❢ %❤❡ ♣❛"❛♠❡%❡"( "❡♣♦"%❡❞ ✐♥ ❚❛❜❧❡ ✶✱ ❢♦" ❡J✉❛%✐♦♥ ✭✾✮✱ ❤❛(✶✺✶

❜❡❡♥ ❝♦♥(✐❞❡"❡❞✳ ❚❤❡ ❝♦""❡(♣♦♥❞✐♥❣ ❞❡✈❡❧♦♣♠❡♥% "❛%❡ ❢✉♥❝%✐♦♥( ❢♦" %❤❡ ❢♦✉" (%❛❣❡( ❛( ❢✉♥❝%✐♦♥ ♦❢✶✺✷

%❡♠♣❡"❛%✉"❡ ❛"❡ ✐❧❧✉(%"❛%❡❞ ✐♥ ❋✐❣✉"❡ ✶✳✶✺✸

i = 1 i = 2 i = 3 i = 4

a 1.5 · 10−4 4 · 10−5 5 · 10−5 5 · 10−5
Tm (◦C) 9 9 9 9
TM (◦C) 38 38 38 38

❚❛❜❧❡ ✶✿ :❛$❛♠❡/❡$3 ♦❢ /❤❡ 3/❛❣❡✲3♣❡❝✐✜❝ ❞❡✈❡❧♦♣♠❡♥/ $❛/❡ ❢✉♥❝/✐♦♥ ✐♥ ✭✾✮ ❢♦$ /❤❡ ❢♦✉$ 3/❛❣❡3✿ ❡❣❣3 ✭i = 1✮✱ ❧❛$✈❛❡ ✭i = 2✮✱
♣✉♣❛❡ ✭i = 3✮ ❛♥❞ ❛❞✉❧/3 ✭i = 4✮✳
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✸✳✶✳✷✳ ❋❡❝✉♥❞✐+②✶✺✹

❋❡❝✉♥❞✐'② ❝❛♥ ❜❡ ❢✉♥❝'✐♦♥ ♦❢ ❡✐'❤❡. '❡♠♣❡.❛'✉.❡ ♦. ♣❤②1✐♦❧♦❣✐❝❛❧ ❛❣❡ ♦. ❜♦'❤✳ ❍❡.❡ ✇❡ ❝♦♥1✐❞❡. ❞✐✛❡.❡♥'✶✺✺

♦✈✐♣♦1✐'✐♦♥ ♣.♦✜❧❡1 ✇✐'❤ .❡1♣❡❝' '♦ '❤❡ ♣❤②1✐♦❧♦❣✐❝❛❧ ❛❣❡ ♦❢ ❛♥ ❛❞✉❧'✳ ❚♦ ❡①♣.❡11 ❛♥❛❧②'✐❝❛❧❧② '❤❡✶✺✻

❢❡❝✉♥❞✐'② ❛1 ❢✉♥❝'✐♦♥ ♦❢ '❤❡ ♣❤②1✐♦❧♦❣✐❝❛❧ ❛❣❡✱ ✇❡ ♥❡❡❞ '♦ ❦♥♦✇ 1♦♠❡ >✉❛♥'✐'✐❡1 1'.✐❝'❧② ❝♦♥♥❡❝'❡❞✶✺✼

'♦ '❤❡ 1❤❛♣❡ ♦❢ '❤❡ ❢❡❝✉♥❞✐'② .❛'❡ ❢✉♥❝'✐♦♥✿ '❤❡ ❛❣❡ x∗ ❛' ✇❤✐❝❤ '❤❡ ♣❡1' ❤❛1 '❤❡ ♠❛①✐♠✉♠ ❡❣❣1✶✺✽

♣.♦❞✉❝'✐♦♥✱ ❛♥❞ '❤❡ ♣❤②1✐♦❧♦❣✐❝❛❧ ❛❣❡ xe ❛' ✇❤✐❝❤ ❛♥ ❛❞✉❧' ❤❛1 ❛❧.❡❛❞② ♣.♦❞✉❝❡❞ '❤❡ 99% ♦❢ '❤❡ ♠❡❛♥✶✺✾

'♦'❛❧ ♥✉♠❜❡. ♦❢ ❡❣❣1 ne ❧❛✐❞ ❜② ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛' ❛ ✜①❡❞ '❡♠♣❡.❛'✉.❡✳✶✻✵

❲❡ ❝♦♥1✐❞❡. ❤❡.❡ '❤❡ ❢✉♥❝'✐♦♥ f ❛♣♣❡❛.✐♥❣ ✐♥ ✭✼✮ ❛♥❞ ✭✽✮✱ ♣.♦♣♦.'✐♦♥❛❧ '♦ ❛ ❜❡'❛ ❞❡♥1✐'② ❢✉♥❝'✐♦♥✶✻✶

f(x) = αxβ(1− x)γ , ✭✶✵✮

✇❤❡.❡ '❤❡ ♣❛.❛♠❡'❡.1 α, β, γ ❛.❡ ❡1'✐♠❛'❡❞ 1✉❝❤ '❤❛'✶✻✷

f(x∗) ≥ f(x) ∀x ∈ [0, 1],

∫ xe

0

f(x)dx = 0.99ne,

∫

1

0

f(x)dx = ne. ✭✶✶✮

❋✉♥❝'✐♦♥ ✭✶✵✮ ✐1 ❞❡✜♥❡❞ ♦♥ '❤❡ ✐♥'❡.✈❛❧ [0, 1] ❛♥❞ ✐' 1❡❡♠1 1✉✐'❛❜❧❡ '♦ ❞❡1❝.✐❜❡ '❤❡ ❢❡❝✉♥❞✐'② ❛1 ❢✉♥❝✲✶✻✸

'✐♦♥ ♦❢ ♣❤②1✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ❉✐✛❡.❡♥' ♦✈✐♣♦1✐'✐♦♥ ♣.♦✜❧❡1✱ ❝♦..❡1♣♦♥❞✐♥❣ '♦ ❞✐✛❡.❡♥' ✈❛❧✉❡1 ♦❢ x∗ ❛♥❞ xe✱✶✻✹

❛.❡ .❡♣♦.'❡❞ ✐♥ ❋✐❣✉.❡ ✷✳ ■♥ ❋✐❣✉.❡ ✷✭❛✮✱ ✐♥❞✐✈✐❞✉❛❧1 ❡♥'❡.✐♥❣ ✐♥ '❤❡ ❛❞✉❧' 1'❛❣❡ ❜❡❝♦♠❡ ✐♠♠❡❞✐❛'❡❧②✶✻✺

.❡♣.♦❞✉❝'✐✈❡ ❛♥❞ '❤❡ ♣❡❛❦ ♦❢ ♦✈✐♣♦1✐'✐♦♥ ✐1 ✐♥ '❤❡ ✜.1' ♣❛.' ♦❢ '❤❡ ❛❞✉❧' ♣❤②1✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ■' .❡♣.❡1❡♥'1✶✻✻

❛ ❝❛1❡ ✇✐'❤ ♥♦ ♣.❡✲♦✈✐♣♦1✐'✐♦♥ ♣❡.✐♦❞✳ ■♥ '❤❡ ❝❛1❡1 ♦❢ ❢❡❝✉♥❞✐'② .❡♣.❡1❡♥'❡❞ ✐♥ ❋✐❣✉.❡1 ✷✭❜✮ ❛♥❞ ✷✭❝✮✱✶✻✼

❛❞✉❧'1 1'❛.' ❧❛'❡. ✐♥ ♣❤②1✐♦❧♦❣✐❝❛❧ ❛❣❡ '♦ ♣.♦❞✉❝❡ ❡❣❣1✳ ❚❤❡ ✐♥✐'✐❛❧ ♣❡.✐♦❞ ✐♥ ✇❤✐❝❤ '❤❡② ❞♦ ♥♦' ♣.♦❞✉❝❡✶✻✽

❡❣❣1 ❝❛♥ ❜❡ 1❡❡♥ ❛1 ❛ ♣.❡✲♦✈✐♣♦1✐'✐♦♥ ♣❡.✐♦❞✳ ❚❤✐1 ✇❛② '♦ ♠♦❞❡❧ '❤❡ ❢❡❝✉♥❞✐'② .❛'❡ ✐1 ✉1❡❢✉❧ ✐♥ ❝❛1❡✶✻✾

♦❢ ❡①✐1'❡♥❝❡ ♦❢ ❜♦'❤ ♣.❡✲♦✈✐♣♦1✐'✐♦♥ ❛♥❞ .❡♣.♦❞✉❝'✐✈❡ ❛❞✉❧'1 ❤❛✈✐♥❣ '❤❡ 1❛♠❡ ❞❡✈❡❧♦♣♠❡♥' ❢✉♥❝'✐♦♥✶✼✵

✇✐'❤♦✉' ✐♥'.♦❞✉❝✐♥❣ ❛ ❢✉.'❤❡. 1'❛❣❡ ♦❢ ♣.❡✲♦✈✐♣♦1✐'✐♦♥ ❛❞✉❧'1✳ ❋❡❝✉♥❞✐'② ♣.♦✜❧❡1 ❧✐❦❡ '❤❡ ♦♥❡1 .❡♣♦.'❡❞✶✼✶

✐♥ ❋✐❣✉.❡1 ✷✭❛✮ ❛♥❞ ✷✭❜✮ ❛❧1♦ ❛❧❧♦✇ '♦ ✐♥❝❧✉❞❡ ❛♥ ❡✈❡♥'✉❛❧ ♣♦1'✲♦✈✐♣♦1✐'✐♦♥ ♣❡.✐♦❞ ❢♦. '❤❡ ❛❞✉❧' 1'❛❣❡✳✶✼✷

■♥ '❤❡ ♣.♦✜❧❡ ✷✭❝✮ '❤❡ ♣❡❛❦ ♦❢ '❤❡ ♦✈✐♣♦1✐'✐♦♥ ✐1 1'.♦♥❣❧② ❞❡❧❛②❡❞✱ ❛♥❞ ✐' ✐1 1✉✐'❛❜❧❡ '♦ ❡♠♣❛'❤✐③❡ '❤❡✶✼✸

❡✛❡❝'1 ♦❢ ❛ ❧❛'❡ .❡♣.♦❞✉❝'✐♦♥ ♦. ❛ ❧♦♥❣ ♣.❡✲♦✈✐♣♦1✐'✐♦♥ ♣❡.✐♦❞✳✶✼✹

✶✼✺

■' ✐1 ❛❧1♦ ♣♦11✐❜❧❡ '♦ ❝♦♥1✐❞❡. ❛ ❞❡♣❡♥❞❡♥❝❡ ♦❢ '❤❡ ❢❡❝✉♥❞✐'② ❢✉♥❝'✐♦♥ ♦♥ '❡♠♣❡.❛'✉.❡✱ ❛1 ✐♥ ✭✽✮ ✇❤❡.❡✶✼✻

b(T ) ✐1 '❤❡ '❡♠♣❡.❛'✉.❡ ♣.♦✜❧❡✳ ❆ ♣♦11✐❜❧❡ ❡①♣.❡11✐♦♥ ❝❛♥ ❜❡ ❣✐✈❡♥ ❜② '❤❡ ♣❛.❛❜♦❧❛ ❬✶✼✱ ✷✶❪✶✼✼

b(T ) =











1−
(

T − TL − T0

T0

)2

, TL ≤ T ≤ TL + 2T0,

0, ♦'❤❡.✇✐1❡,

✭✶✷✮

✇❤❡.❡ TL ❛♥❞ TL+2T0 ❛.❡ '❡♠♣❡.❛'✉.❡ '❤.❡1❤♦❧❞1 ❢♦. '❤❡ ❡❣❣ ♣.♦❞✉❝'✐♦♥✱ ❞❡'❡.♠✐♥✐♥❣ '❤❡ '❡♠♣❡.❛'✉.❡✶✼✽

.❛♥❣❡ ✐♥ ✇❤✐❝❤ ❡❣❣1 ❛.❡ ❧❛✐❞✱ ✇❤✐❧❡ '❤❡ ♦♣'✐♠❛❧ '❡♠♣❡.❛'✉.❡ ✐1 TL+T0✳ ❯1✉❛❧❧②✱ '❤❡ '❡♠♣❡.❛'✉.❡ ✐♥'❡.✈❛❧✶✼✾

♦❢ ❡❣❣1 ♣.♦❞✉❝'✐♦♥ ✐1 ❡♥❝❧♦1❡❞ ✐♥ '❤❡ '❡♠♣❡.❛'✉.❡ ✐♥'❡.✈❛❧ ♦❢ ♣♦1✐'✐✈❡ ❞❡✈❡❧♦♣♠❡♥' ♦❢ ❛❞✉❧'1 [Tm, TM ]✳✶✽✵

■♥ '❤❡ ♥✉♠❡.✐❝❛❧ 1✐♠✉❧❛'✐♦♥1✱ ♣❛.❛♠❡'❡.1 ✈❛❧✉❡1 ♦❢ '❤❡ ♦✈✐♣♦1✐'✐♦♥ ♣.♦✜❧❡ ♦❜'❛✐♥❡❞ ✇✐'❤ ne = 100 ❛.❡
.❡♣♦.'❡❞ ✐♥ ❚❛❜❧❡ ✷✱ ✇❤✐❧❡ ❢♦. '❤❡ '❡♠♣❡.❛'✉.❡ ♣.♦✜❧❡ ✇❡ ❝❤♦♦1❡

TL = 18.3 ◦C, T0 = 6.5 ◦C.

✶✽✶

✼



 1 

 2 

 3 

 4 

 5 

 6 

 7 

 8 

 9 

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

0 0.2 0.6 0.8 1

✭❛✮ x∗ = 0.2, xe = 0.6

0 0.2 0.6 0.8 1

✭❜✮ x∗ = 0.6, xe = 0.8

0 0.2 0.6 0.8 1

✭❝✮ x∗ = 0.8, xe = 0.95

❋✐❣✉)❡ ✷✿ ❉✐✛❡)❡♥0 ♦✈✐♣♦4✐0✐♦♥ ♣)♦✜❧❡4 ✭7✉❛❧✐0❛0✐✈❡✮✳

x∗ = 0.2, xe = 0.6 x∗ = 0.6, xe = 0.8 x∗ = 0.8, xe = 0.95

α 2.86245 · 104 2.3949016 · 109 2.190076 · 105
β 1.8 13.9 10.2
γ 7.2 9.27 2.55

❚❛❜❧❡ ✷✿ :❛)❛♠❡0❡)4 ♦❢ 0❤❡ ♦✈✐♣♦4✐0✐♦♥ ♣)♦✜❧❡ ❢♦) ❞✐✛❡)❡♥0 ✈❛❧✉❡4 ♦❢ x∗ ❛♥❞ xe ♦❜0❛✐♥❡❞ ❢♦) ne = 100✳

✸✳✶✳✸✳ ▼♦%&❛❧✐&②✶✽✷

❚❤❡ ♠♦%&❛❧✐&② %❛&❡ ✐+ ❞❡+❝%✐❜❡❞ ❜② ❛ ❜❛&❤&✉❜ +❤❛♣❡❞ ❢✉♥❝&✐♦♥ ❬✸✻❪✿ &❤✐+ ❛❧❧♦✇+ &♦ ❤❛✈❡ ❛ +♠❛❧❧ ♠♦%&❛❧✐&②✶✽✸

%❛&❡ ❢♦% ❛ ❢❛✈♦%❛❜❧❡ %❛♥❣❡ ♦❢ &❡♠♣❡%❛&✉%❡+✱ ❛♥❞ ♠♦%&❛❧✐&② %❛&❡ &❤❛& %❛♣✐❞❧② ✐♥❝%❡❛+❡+ ♦✉&+✐❞❡ &❤✐+ ✐♥&❡%✈❛❧✳✶✽✹

❚❤❡ ❝♦♠♠♦♥ ❡①♣%❡++✐♦♥ ❝❤♦+❡♥ ❢♦% &❤❡ ♠♦%&❛❧✐&② %❛&❡ ❢♦% ❛❧❧ &❤❡ +&❛❣❡+ ✐+✶✽✺

m(T ) = µ
(

b+ cT + d(Tc − T )4
)

, ✭✶✸✮

✇❤❡%❡ µ = 0.005, b = 0.00015, c = 0.07, d = 0.002✱ ✇❤✐❧❡ &❤❡ ♣❛%❛♠❡&❡% Tc ✐+ ❝♦♥+✐❞❡%❡❞ ❞✐✛❡%❡♥& ❢♦%✶✽✻

❡❛❝❤ +&❛❣❡✳ ❚❤❡ ❛++✉♠❡❞ ✈❛❧✉❡+ ❛%❡ %❡♣♦%&❡❞ ✐♥ ❚❛❜❧❡ ✸✱ ✇❤✐❧❡ &❤❡ ❝♦%%❡+♣♦♥❞✐♥❣ ♣%♦✜❧❡+ ❛%❡ +❤♦✇♥✶✽✼

✐♥ ❋✐❣✉%❡ ✸✳ ■& ✐+ ✇♦%&❤✇❤✐❧❡ &♦ ♥♦&❡ &❤❛& ✐♥ ♦✉% +✐♠✉❧❛&✐♦♥+✱ &❤❡ ♠♦%&❛❧✐&② ❤❛+ ❡✛❡❝& ♦♥❧② ❛❢&❡% ❛✶✽✽

✜①❡❞ ❞❛&❡ ✭❡✳❣✳✱ ▼❛② 1st ✐♥ &❡♠♣❡%❛&❡ %❡❣✐♦♥+✮✱ ❝♦%%❡+♣♦♥❞✐♥❣ &♦ ❛ ❞❛&❡ ✐♥ ✇❤✐❝❤ &❤❡ ✐♥❞✐✈✐❞✉❛❧+ ❤❛✈❡✶✽✾

♦✈❡%❝❛♠❡ &❤❡ ❞✐❛♣❛✉+✐♥❣ +&❛❣❡✳✶✾✵

i = 1 i = 2 i = 3 i = 4

Tc (
◦C) 22 20 18 23

❚❛❜❧❡ ✸✿ :❛)❛♠❡0❡) Tc ♦❢ 0❤❡ 40❛❣❡✲4♣❡❝✐✜❝ ♠♦)0❛❧✐0② )❛0❡ ❢✉♥❝0✐♦♥ ✐♥ ✭✶✸✮ ❢♦) 0❤❡ ❢♦✉) 40❛❣❡4✿ ❡❣❣4 ✭i = 1✮✱ ❧❛)✈❛❡ ✭i = 2✮✱
♣✉♣❛❡ ✭i = 3✮ ❛♥❞ ❛❞✉❧04 ✭i = 4✮✳

✸✳✶✳✹✳ ■♥✐&✐❛❧ ❝♦♥❞✐&✐♦♥0✶✾✶

❉✐✛❡%❡♥& ✐♥✐&✐❛❧ ❝♦♥❞✐&✐♦♥+ ✭✹✮ ✇✐❧❧ ❜❡ ❝♦♥+✐❞❡%❡❞ ❜② ❞❡✜♥✐♥❣ &❤❡ ❞✐+&%✐❜✉&✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧+ ❛❧♦♥❣✶✾✷

♣❤②+✐♦❧♦❣✐❝❛❧ ❛❣❡ ✐♥ ❡❛❝❤ +&❛❣❡ ❛& &❤❡ ✐♥✐&✐❛❧ &✐♠❡ t0✳ ■❢ &❤❡ ✐♥✐&✐❛❧ &✐♠❡ ✐+ ❏❛♥✉❛%② 1st✱ ♦♥❧② &❤❡✶✾✸

♦✈❡%✇✐♥&❡%✐♥❣ +&❛❣❡ ✇✐❧❧ ❤❛✈❡ ♥♦♥ ③❡%♦ ✈❛❧✉❡✳ ■♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❝♦♥+✐❞❡% &❤✐+ ❝❛+❡✱ +&❛%&✐♥❣ &❤❡✶✾✹

+✐♠✉❧❛&✐♦♥ ❢%♦♠ ❏❛♥✉❛%② 1st✳ ■♥ ❋✐❣✉%❡ ✹ ✇❡ ❝❛♥ +❡❡ ❞✐✛❡%❡♥& ❝❤♦✐❝❡+ ❢♦% &❤❡ ✐♥✐&✐❛❧ ❞✐+&%✐❜✉&✐♦♥ ✇✐&❤✶✾✺

%❡+♣❡❝& &♦ &❤❡ ♣❤②+✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ■♥ &❤❡ ✜%+& ❝❛+❡✱ ✐♥❞✐✈✐❞✉❛❧+ ❛%❡ ❡J✉❛❧❧② ❞✐+&%✐❜✉&❡❞ ✐♥ &❤❡ ✜%+& ❤❛❧❢✶✾✻
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❋✐❣✉$❡ ✸✿ ▼♦$*❛❧✐*② $❛*❡ ✭1/days✮ ❛0 ❢✉♥❝*✐♦♥ ♦❢ *❡♠♣❡$❛*✉$❡ ✭◦C✮ ❢♦$ *❤❡ ❢♦✉$ 0*❛❣❡0✳

x

0 0.5 1

φ
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,
x
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x

0 0.5 1

x

0 0.5 1

x
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❋✐❣✉$❡ ✹✿ ■♥✐*✐❛❧ ❞✐0*$✐❜✉*✐♦♥0 ✇✐*❤ $❡0♣❡❝* *♦ *❤❡ ♣❤✐0✐♦❧♦❣✐❝❛❧ ❛❣❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧0 ✐♥ *❤❡ ♦✈❡$✇✐♥*❡$✐♥❣ 0*❛❣❡✳

♦❢ "❤❡ ♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡❀ "❤✐' ♠❡❛♥' "❤❛" ♦✈❡1✇✐♥"❡1✐♥❣ ✐♥❞✐✈✐❞✉❛❧' ❡♥"❡1 ❞✐❛♣❛✉'❡ ✇❤❡♥ ②♦✉♥❣✱ "❤❡♥✶✾✼

"❤❡② ✇✐❧❧ ♥❡❡❞ ❛ ❧♦♥❣ ♣❡1✐♦❞ "♦ ❝♦♠♣❧❡"❡ "❤❡ ❞❡✈❡❧♦♣♠❡♥" ✐♥ "❤❡ ♦✈❡1✇✐♥"❡1✐♥❣ '"❛❣❡✳ ■♥ "❤❡ '❡❝♦♥❞✶✾✽

❝❛'❡✱ ✐♥❞✐✈✐❞✉❛❧' ❛1❡ ❡8✉❛❧❧② ❞✐'"1✐❜✉"❡❞ ♦♥ "❤❡ ✇❤♦❧❡ ✐♥"❡1✈❛❧ ♦❢ "❤❡ ♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡✱ ♠♦❞❡❧✐♥❣ ❛✶✾✾
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-❡❧❛*✐✈❡ *♦ *❤❡ ❞✐%*-✐❜✉*✐♦♥ ♦❢ *❤❡ ✐♥✐*✐❛❧ %*❛❣❡ ♦✈❡- *❤❡ ✇❤♦❧❡ ♣❤②%✐♦❧♦❣✐❝❛❧ ❛❣❡ ✐♥*❡-✈❛❧✳ ❚❤❡ ❛❞✉❧*✷✸✺

❞②♥❛♠✐❝% ♦❜*❛✐♥❡❞ ✇✐*❤ *❤❡ ❜❡*❛ ❞✐%*-✐❜✉*✐♦♥ ♦❢ *❤❡ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ✭♠❛❣❡♥*❛ ❝♦♥*✐♥✉♦✉% ❧✐♥❡✮ ❝-♦%%❡%✷✸✻

*❤❡ ❞②♥❛♠✐❝% -❡❧❛*✐✈❡ *♦ *❤❡ ✉♥✐❢♦-♠ ❞✐%*-✐❜✉*✐♦♥ ♦❢ *❤❡ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ♦✈❡- *❤❡ ✐♥*❡-✈❛❧ ❬✵✱✶❪ ✭❧✐❣❤*✷✸✼

❜❧✉❡ ❝♦♥*✐♥✉♦✉% ❧✐♥❡✮✳ ▼♦-❡ ❞❡❧❛② ✐% ♦❜%❡-✈❡❞ ❢♦- *❤❡ ❝✉-✈❡ ✇✐*❤ ❛ ✉♥✐❢♦-♠ ❞✐%*-✐❜✉*✐♦♥ ♦❢ *❤❡ ✐♥✐*✐❛❧✷✸✽

❝♦♥❞✐*✐♦♥ ♦✈❡- *❤❡ ✜-%* ❤❛❧❢ ♦❢ *❤❡ ♣❤②%✐♦❧♦❣✐❝❛❧ ❛❣❡ ✭-❡❞ ❞❛%❤❡❞ ❧✐♥❡✮ ❜❡❝❛✉%❡ *❤❡ ✐♥❞✐✈✐❞✉❛❧% ❡①✐* ❢-♦♠✷✸✾

❞✐❛♣❛✉%❡ ✇❤❡♥ ②♦✉♥❣ ❛♥❞ *❤✉% ♠♦-❡ *✐♠❡ ✐% -❡7✉✐-❡❞ *♦ ❝❤❛♥❣❡ %*❛❣❡ ✇✐*❤ -❡%♣❡❝* *♦ *❤❡ ❞✐%*-✐❜✉*✐♦♥%✷✹✵

♦❢ *❤❡ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ♣-❡✈✐♦✉%❧② ❝♦♥%✐❞❡-❡❞✳ ❚❤❡ ♠♦%* ❞❡❧❛②❡❞ ❝✉-✈❡ ✐%✱ ♦❜✈✐♦✉%❧②✱ *❤❡ ♦♥❡ ✇✐*❤ ✐♥✐✲✷✹✶

*✐❛❧ ❝♦♥❞✐*✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧% ♦❢ ❛❣❡ ③❡-♦ ✇❤✐❝❤ -❡7✉✐-❡ ♠♦-❡ *✐♠❡ *♦ ❝♦♠♣❧❡*❡ *❤❡ ❞❡✈❡❧♦♣♠❡♥* ✐♥ *❤❡✷✹✷

♦✈❡-✇✐♥*❡-✐♥❣ %*❛❣❡✳✷✹✸

❚❤❡ ❧❛-❣❡- ❣❛♣ ❛♠♦♥❣ *❤❡ ❞✐✛❡-❡♥* ❝✉-✈❡% ✐% ✐♥ *❤❡ ✜-%* ❛❞✉❧* ❣❡♥❡-❛*✐♦♥✱ ✇❤✐❧❡ *❤❡ ❣❛♣ *❡♥❞% *♦✷✹✹

❞❡❝-❡❛%❡ ✐♥ *❤❡ ♥❡①* ❣❡♥❡-❛*✐♦♥% ♦❢ ❡❛❝❤ %*❛❣❡✳ ❙*❛-*✐♥❣ ❢-♦♠ *❤❡ ♣✉♣❛❧ %*❛❣❡✱ *❤❡ ❡✛❡❝*% ♦❢ ❞✐✛❡-❡♥*✷✹✺

✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥% ❛-❡ ♠♦-❡ ❡✈✐❞❡♥* ❢♦- *❤❡ ✢✉① ✐♥ *❤❡ ♥❡①* %*❛❣❡✱ *❤❛* ✐% ♦♥ *❤❡ ✜-%* ✢② ♦❢ *❤❡ ❛❞✉❧* %*❛❣❡✷✹✻

❛❢*❡- *❤❡ ✇✐♥*❡- %❡❛%♦♥✳ ❚❤❡ ❡✛❡❝*% ❞❡❝-❡❛%❡ ❢♦- *❤❡ ✜-%* ❡❣❣ ❛♥❞ ❧❛-✈❛❧ ❣❡♥❡-❛*✐♦♥%✱ *❤❡♥ *❤❡ ❣❛♣ ❛♠♦♥❣✷✹✼

❞✐✛❡-❡♥* ❝✉-✈❡% -❡♠❛✐♥ ❛♣♣-♦①✐♠❛*❡❧② ❝♦♥%*❛♥* ❢♦- ❛❧❧ *❤❡ ❣❡♥❡-❛*✐♦♥% ♦❢ ❡❛❝❤ %*❛❣❡✳ ◗✉❛♥*✐*❛*✐✈❡❧②✱✷✹✽

❢♦- *❤❡ ❛❞✉❧* %*❛❣❡✱ *❤❡-❡ ✐% ❛ ❣❛♣ ♦❢ ❛♣♣-♦①✐♠❛*❡❧② ✷✹ ❞❛②% ❜❡*✇❡❡♥ ♠♦❞❡❧ ▼✶ ✇✐*❤ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥✷✹✾

✉♥✐❢♦-♠❧② ❞✐%*-✐❜✉*❡❞ ♦✈❡- *❤❡ ✐♥*❡-✈❛❧ ❬✵✳✺✱✶❪ ♦❢ *❤❡ ♣❤②%✐♦❧♦❣✐❝❛❧ ❛❣❡ ❛♥❞ ♠♦❞❡❧ ▼✵✳ ❋♦- *❤❡ ❡❣❣ %*❛❣❡✷✺✵

*❤❡ ❣❛♣ ✐% ❛♣♣-♦①✐♠❛*❡❧② ✶✹ ❞❛②% ❜❡*✇❡❡♥ ♠♦❞❡❧ ▼✶ ✇✐*❤ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ❜❡*❛ ❞✐%*-✐❜✉*❡❞ ♦✈❡- ❬✵✱✶❪✷✺✶

❛♥❞ ♠♦❞❡❧ ▼✵✳ ❈♦♥%✐❞❡-✐♥❣ *❤❡ ❝✉-✈❡% ♦❜*❛✐♥❡❞ ❢♦- ❛♥ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ✉♥✐❢♦-♠❧② ❞✐%*-✐❜✉*❡❞ ♦✈❡- ❬✵✱✶❪✷✺✷

✭❧✐❣❤* ❜❧✉❡ ❝♦♥*✐♥✉♦✉% ❧✐♥❡%✮ ❛♥❞ ❛♥ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ❜❡*❛ ❞✐%*-✐❜✉*❡❞ ♦✈❡- ❬✵✱✶❪ ✭♠❛❣❡♥*❛ ❝♦♥*✐♥✉♦✉%✷✺✸

❧✐♥❡✮✱ ✇❡ ♥♦*✐❝❡ *❤❛*✱ ❡①❝❡♣* ❢♦- *❤❡ ❛❞✉❧* ✜-%* ❣❡♥❡-❛*✐♦♥✱ *❤❡ ♦✉*❝♦♠❡% ❛-❡ %✐♠✐❧❛-✳ ❚❤❡♥✱ *❤❡-❡ ❛-❡✷✺✹

♥♦ ❝♦♥%✐❞❡-❛❜❧❡ ❞✐✛❡-❡♥❝❡% ✐♥ *❤❡ ❞②♥❛♠✐❝% ✇✐*❤ -❡%♣❡❝* *♦ ❛ ✉♥✐❢♦-♠ ♦- ❛ %②♠♠❡*-✐❝ ♥♦♥ ✉♥✐❢♦-♠✷✺✺

❞✐%*-✐❜✉*✐♦♥ ♦✈❡- *❤❡ ✇❤♦❧❡ ♣❤②%✐♦❧♦❣✐❝❛❧ ❛❣❡ ✐♥*❡-✈❛❧✳ ❚❤❡ ♦♥❧② ❞✐✛❡-❡♥❝❡ ✐% *❤❡ %❧♦♣❡ ♦❢ *❤❡ ✜-%* ❛❞✉❧*✷✺✻

❣❡♥❡-❛*✐♦♥✳✷✺✼

❚❤❡ ❝♦♠♣❛-✐%♦♥ ❛♠♦♥❣ ❞✐✛❡-❡♥* ❞✐%*-✐❜✉*✐♦♥% ♦❢ *❤❡ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ❛-❡ -❡♣♦-*❡❞ ✐♥ ❚❛❜❧❡ ✹✳✷✺✽

■♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ❊✛❡❝*

✉✳❞✳ [0.5, 1] ■♥ ❛❞✈❛♥❝❡ ✇✳-✳*✳ ▼✵

✉✳❞✳ [0, 1] ■♥ ❛❞✈❛♥❝❡ ✇✳-✳*✳ ▼✵ ❛♥❞ ❞❡❧❛②❡❞ ✇✳-✳*✳ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥

✉✳❞✳ [0.5, 1]
❙✐♠♠❡*-✐❝ ❇❡*❛ ■♥ ❛❞✈❛♥❝❡ ✇✳-✳*✳ ▼✵✱ %✐♠✐❧❛- *♦ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ✉✳❞✳ [0, 1]✱

❝❤❛♥❣❡ ✐♥ *❤❡ %❧♦♣❡ ♦❢ *❤❡ 1st ❣❡♥❡-❛*✐♦♥ ❢♦- *❤❡ %*❛❣❡ ❛❢*❡-

*❤❡ ♦✈❡-✇✐♥*❡-✐♥❣

✉✳❞✳ [0, 0.5] ■♥ ❛❞✈❛♥❝❡ ✇✳-✳*✳ ▼✵✱ ❞❡❧❛②❡❞ ✇✳-✳*✳ ❛❧❧ *❤❡ ♦*❤❡- ❝❛%❡%

❚❛❜❧❡ ✹✿ ❈♦♠♣❛+✐-♦♥ ❛♠♦♥❣ ❞②♥❛♠✐❝- ❜❡❤❛✈✐♦✉+ ❢♦+ ❞✐✛❡+❡♥8 ❝❛-❡- ♦❢ ❞✐-8+✐❜✉8✐♦♥ ♦❢ ✐♥✐8✐❛❧ ❝♦♥❞✐8✐♦♥ ✐♥ ♠♦❞❡❧ ▼✶ ✭✉✳❞✳

♠❡❛♥- ✏✉♥✐❢♦+♠❧② ❞✐-8+✐❜✉8❡❞✑✱ ❛♥❞ ✇✳+✳8✳ ♠❡❛♥- ✏✇✐8❤ +❡-♣❡❝8 8♦✑✮✳

✸✳✷✳✷✳ ▼♦❞❡❧ ▼✷✷✺✾

■♥ ❋✐❣✉-❡% ✽✕✶✵ ✐♥ *❤❡ ❆♣♣❡♥❞✐①✱ %*❛-*✐♥❣ ❢-♦♠ ❛♥ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥ ♦❢ ♣✉♣❛❡ ✉♥✐❢♦-♠❧② ❞✐%*-✐❜✉*❡❞✷✻✵

♦✈❡- *❤❡ ✐♥*❡-✈❛❧ ❬✵✱✶❪✱ ✇❡ -❡♣-❡%❡♥* *❤❡ ♥♦-♠❛❧✐③❡❞ ✐♥❝♦♠✐♥❣ ✢✉① ✐♥ ❡❛❝❤ %*❛❣❡ ❢♦- ✈❛-✐♦✉% ❢❡❝✉♥❞✐*②✷✻✶

♣-♦✜❧❡% ✭❡7✉❛*✐♦♥% ✭✻✮✱ ✭✼✮ ❛♥❞ ✭✽✮✮ ❛♥❞ ❝♦♠♣❛-❡ *❤❡♠ *♦ ♠♦❞❡❧ ▼✵✳ ❉✐✛❡-❡♥* ❣❡♥❡-❛*✐♦♥% ❛-❡ ❡✈✐❞❡♥*✷✻✷

✐♥ *❤❡ ❣-❛♣❤%✳ ❚♦ ❜❡**❡- %❤♦✇ *❤❡ ❣❛♣ ❛♠♦♥❣ ❞✐✛❡-❡♥* ❝✉-✈❡%✱ ✇❡ ❡♥❧❛-❣❡✱ ❛% ❛♥ ❡①❛♠♣❧❡✱ *❤❡ %❡❝♦♥❞✷✻✸

❣❡♥❡-❛*✐♦♥ ♦❢ *❤❡ ❧❛-✈❛❧ %*❛❣❡✳✷✻✹
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❲❡ ♥♦$❡ $❤❛$ $❤❡ ✜()$ ❛❞✉❧$ ❣❡♥❡(❛$✐♦♥ ✐) ❡/✉❛❧ ❢♦( ❡❛❝❤ ❢❡❝✉♥❞✐$② ❢♦(♠✉❧❛$✐♦♥✱ ✇❤✐❧❡ )$❛($✐♥❣ ❢(♦♠ $❤❡✷✻✺

✜()$ ❡❣❣) ❣❡♥❡(❛$✐♦♥ $❤❡(❡ ❛(❡ ❞✐✛❡(❡♥❝❡) ✐♥ $❤❡ ♦✉$❝♦♠❡)✳ ■♥ ❞❡$❛✐❧✱ ✇✐$❤ $❤❡ ♦✈✐♣♦)✐$✐♦♥ ♣(♦✜❧❡ ✭✷✭❛✮✮✷✻✻

✭❋✐❣✉(❡ ✽✮✱ $❤❡ ❞②♥❛♠✐❝) ♦❢ $❤❡ ♠♦❞❡❧ ✭✼✮ ✭❜❧✉❡ ❞❛)❤❡❞ ❧✐♥❡✮ ❛(❡ ✐♥ ❛❞✈❛♥❝❡ ✇✐$❤ (❡)♣❡❝$ $♦ $❤❡ ♦♥❡) ♦❢✷✻✼

♠♦❞❡❧ ✭✻✮ ✭❧✐❣❤$ ❜❧✉❡ ❝♦♥$✐♥✉♦✉) ❧✐♥❡✮ ❛♥❞ ♠♦❞❡❧ ▼✵ ✭❣(❡❡♥ ❞❛)❤❡❞✲❞♦$$❡❞ ❧✐♥❡✮✱ ❛♥❞ $❤❡ ❣❛♣ ✐) ✉♣ $♦✷✻✽

❛♣♣(♦①✐♠❛$❡❧② ✶✵ ❞❛②) ❛♥❞ ✶✾ ❞❛②) (❡)♣❡❝$✐✈❡❧② ♦♥ $❤❡ )❡❝♦♥❞ ❧❛(✈❛❧ ❣❡♥❡(❛$✐♦♥✳ ❲✐$❤ $❤❡ ♦✈✐♣♦)✐$✐♦♥✷✻✾

♣(♦✜❧❡ ✭✷✭❜✮✮ ✭❋✐❣✉(❡ ✾✮ ♠♦❞❡❧ ✭✻✮ ✐) ✐♥ ❛❞✈❛♥❝❡ ✐♥ $❤❡ ✜()$ ♣❛($ ♦❢ $❤❡ ❞②♥❛♠✐❝) ❛♥❞ ❞❡❧❛②❡❞ ✐♥ $❤❡✷✼✵

)❡❝♦♥❞ ♣❛($ ✇✐$❤ (❡)♣❡❝$ $♦ ♠♦❞❡❧ ✭✼✮✱ ❜✉$ $❤❡ ❣❛♣ ✐)✱ ✐♥ ❣❡♥❡(❛❧✱ )♠❛❧❧❡( $❤❛♥ ✐♥ $❤❡ ♣(❡✈✐♦✉) ❝❛)❡✳✷✼✶

▼♦(❡✈♦❡(✱ ♠♦❞❡❧ ▼✵ ✐) ❛❧✇❛②) ❞❡❧❛②❡❞ ✇✐$❤ (❡)♣❡❝$ $♦ $❤❡ ♦$❤❡( ♠♦❞❡❧) ❛♥❞✱ ❛❧)♦ ❢♦( ▼✵✱ $❤❡ ❣❛♣ ✐)✷✼✷

)♠❛❧❧❡( $❤❛♥ ✐♥ $❤❡ ❝❛)❡ ♦❢ ♦✈✐♣♦)✐$✐♦♥ ♣(♦✜❧❡ ✭✷✭❛✮✮✳ ■♥ ❝❛)❡ ♦❢ ♦✈✐♣♦)✐$✐♦♥ ♣(♦✜❧❡ ✭✷✭❝✮✮ ✭❋✐❣✉(❡ ✶✵✮✱✷✼✸

$❤❡ ❞②♥❛♠✐❝) ♦❢ $❤❡ ♠♦❞❡❧ ✭✼✮ ✐) ❞❡❧❛②❡❞ ✇✐$❤ (❡)♣❡❝$ $♦ $❤❛$ ♦❢ ♠♦❞❡❧ ✭✻✮✱ ❛♥❞ $❤❡ ❞❡❧❛② ✐) ✉♣ $♦✷✼✹

❛♣♣(♦①✐♠❛$❡❧② ✶✵ ❞❛②) ✐♥ $❤❡ ✜()$ ♣❛($ ♦❢ $❤❡ ❞②♥❛♠✐❝) ❢♦( $❤❡ )❡❝♦♥❞ ❧❛(✈❛❧ ❣❡♥❡(❛$✐♦♥✳ ■♥ $❤✐) ❝❛)❡✱✷✼✺

▼✵ ✐) ✐♥✐$✐❛❧❧② ❞❡❧❛②❡❞ ❢♦( $❤❡ ✜()$ ❣❡♥❡(❛$✐♦♥✱ )✐♠✐❧❛( ✐♥ $❤❡ )❡❝♦♥❞ ❣❡♥❡(❛$✐♦♥ ❛♥❞ ✐♥ ❛❞✈❛♥❝❡ ✐♥ $❤❡✷✼✻

$❤✐(❞ ❣❡♥❡(❛$✐♦♥ ✇✐$❤ (❡)♣❡❝$ $♦ ♠♦❞❡❧ ✭✼✮✳✷✼✼

■♥❞❡♣❡♥❞❡♥$❧② ♦❢ $❤❡ ♦✈✐♣♦)✐$✐♦♥ ♣(♦✜❧❡✱ $❤❡ ♣♦♣✉❧❛$✐♦♥ ❞②♥❛♠✐❝) ♦❜$❛✐♥❡❞ ✉)✐♥❣ ♠♦❞❡❧ ✭✽✮✮ ✇✐$❤ ❛✷✼✽

$❡♠♣❡(❛$✉(❡ ❞❡♣❡♥❞❡♥$ ❢❡❝✉♥❞✐$② ✭(❡❞ ❞♦$$❡❞✲❧✐♥❡ ❧✐♥❡✮ ❤❛) ❛ ❧✐$$❧❡ ❞❡❧❛② ✇✐$❤ (❡)♣❡❝$ $♦ $❤❡ ❞②♥❛♠✐❝)✷✼✾

♦❢ $❤❡ ♣♦♣✉❧❛$✐♦♥ ♦❜$❛✐♥❡❞ ✉)✐♥❣ ♠♦❞❡❧ ✭✼✮ ✇✐$❤ ❛ ❢❡❝✉♥❞✐$② ♦♥❧② ❞❡♣❡♥❞❡♥$ ♦♥ ♣❤②)✐♦❧♦❣✐❝❛❧ ❛❣❡ ✭❜❧✉❡✷✽✵

❞❛)❤❡❞ ❧✐♥❡✮✳ ❚♦ )✉♠♠❛(✐③❡ $❤❡ (❡)✉❧$) ♦❜$❛✐♥❡❞✱ ❝♦♠♣❛(✐)♦♥) ❛♠♦♥❣ ❞✐✛❡(❡♥$ ♠♦❞❡❧) ❛(❡ (❡♣♦($❡❞ ✐♥✷✽✶

❚❛❜❧❡ ✺✳✷✽✷

▼♦❞✳ L(♦❢✳ ✷✭❛✮ L(♦❢✳ ✷✭❜✮ L(♦❢✳ ✷✭❝✮

✭✻✮ ❉❡❧❛②❡❞ ✇✳(✳$✳ ♠♦❞✳

✭✼✮✱ ✭✽✮✱ ❞✐✛❡(❡♥❝❡ ♦❢

)♦♠❡ ❞❛②)✳ ■♥ ❛❞✈❛♥❝❡

✇✳(✳$✳ ♠♦❞❡❧ ▼✵✳

■♥ ❛❞✈❛♥❝❡ ✐♥ $❤❡ ✜()$

♣❛($ ♦❢ $❤❡ ❞②♥❛♠✐❝)✱

❞❡❧❛②❡❞ ✐♥ $❤❡ )❡❝♦♥❞

♣❛($ ✇✳(✳$✳ ♠♦❞✳ ✭✼✮✱

✭✽✮✳ ■♥ ❛❞✈❛♥❝❡ ✇✳(✳$✳

♠♦❞❡❧ ▼✵✳

■♥ ❛❞✈❛♥❝❡ ✇✳(✳$✳ ♠♦❞✳

✭✼✮✱ ✭✽✮✱ ❞✐✛❡(❡♥❝❡) ♦❢

)♦♠❡ ❞❛②)✳ ■♥ ❛❞✈❛♥❝❡

✇✳(✳$✳ ♠♦❞❡❧ ▼✵✳

✭✼✮ ■♥ ❛❞✈❛♥❝❡ ✇✳(✳$✳ ♠♦❞✳

✭✽✮✱ )♠❛❧❧ ❞✐✛❡(❡♥❝❡) ❜❡✲

$✇❡❡♥ ✭✼✮✱ ✭✽✮✳ ■♥ ❛❞✲

✈❛♥❝❡ ✇✳(✳$✳ ♠♦❞❡❧ ▼✵✳

■♥ ❛❞✈❛♥❝❡ ✇✳(✳$✳ ♠♦❞✳

✭✽✮✱ )♠❛❧❧ ❞✐✛❡(❡♥❝❡) ❜❡✲

$✇❡❡♥ ✭✼✮✱ ✭✽✮✳ ■♥ ❛❞✲

✈❛♥❝❡ ✇✳(✳$✳ ♠♦❞❡❧ ▼✵✳

■♥ ❛❞✈❛♥❝❡ ✇✳(✳$✳ ♠♦❞✳

✭✽✮✱ )♠❛❧❧ ❞✐✛❡(❡♥❝❡) ❜❡✲

$✇❡❡♥ ✭✼✮✱ ✭✽✮✳ ❙✇✐$❝❤✲

✐♥❣ ♣♦)✐$✐♦♥ ❢(♦♠ ❛❞✲

✈❛♥❝❡❞ $♦ ❞❡❧❛②❡❞ ♦♥

$❤❡ 2nd ❣❡♥❡(❛$✐♦♥ ✇✳(✳$✳
♠♦❞❡❧ ▼✵✳

✭✽✮ ❉❡❧❛②❡❞ ✇✳(✳$✳ ♠♦❞✳

✭✼✮✱ )♠❛❧❧ ❞✐✛❡(❡♥❝❡) ❜❡✲

$✇❡❡♥ ✭✼✮✱ ✭✽✮✳ ■♥ ❛❞✲

✈❛♥❝❡ ✇✳(✳$✳ ♠♦❞❡❧ ▼✵✳

❉❡❧❛②❡❞ ✇✳(✳$✳ ♠♦❞✳

✭✼✮✱ )♠❛❧❧ ❞✐✛❡(❡♥❝❡) ❜❡✲

$✇❡❡♥ ✭✼✮✱ ✭✽✮✳ ■♥ ❛❞✲

✈❛♥❝❡ ✇✳(✳$✳ ♠♦❞❡❧ ▼✵✳

❉❡❧❛②❡❞ ✇✳(✳$✳ ♠♦❞✳

✭✼✮✱ )♠❛❧❧ ❞✐✛❡(❡♥❝❡) ❜❡✲

$✇❡❡♥ ✭✼✮✱ ✭✽✮✳ ❙✇✐$❝❤✲

✐♥❣ ♣♦)✐$✐♦♥ ❢(♦♠ ❛❞✲

✈❛♥❝❡❞ $♦ ❞❡❧❛②❡❞ ♦♥

$❤❡ 2nd ❣❡♥❡(❛$✐♦♥ ✇✳(✳$✳
♠♦❞❡❧ ▼✵✳

❚❛❜❧❡ ✺✿ ❈♦♠♣❛+✐-♦♥ ❛♠♦♥❣ ❞②♥❛♠✐❝- ❜❡❤❛✈✐♦✉+ ❢♦+ ❞✐✛❡+❡♥8 ❝❛-❡- ♦❢ 8❤❡ ❢❡❝✉♥❞✐8② ❢✉♥❝8✐♦♥ ✐♥ ♠♦❞❡❧ ▼✷ ✭✇✳+✳8✳ ♠❡❛♥-

✏✇✐8❤ +❡-♣❡❝8 8♦✑✮✳ ❙❡❡ ❋✐❣✉+❡- ✽✕✶✵ ✐♥ 8❤❡ ❆♣♣❡♥❞✐①✳

✶✷



 1 

 2 

 3 

 4 

 5 

 6 

 7 

 8 

 9 

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

✸✳✷✳✸✳ ▼♦❞❡❧ ▼✸✷✽✸

■♥ "❤✐% %❡❝"✐♦♥✱ ✇❡ ✐♥"+♦❞✉❝❡ "❤❡ ♠♦+"❛❧✐"②✱ ✐♥ ❛❞❞✐"✐♦♥ "♦ ❛ ❢❡❝✉♥❞✐"② ❞❡♣❡♥❞❡♥" ♦♥ "❡♠♣❡+❛"✉+❡ ❛♥❞✷✽✹

♣❤②%✐♦❧♦❣✐❝❛❧ ❛❣❡ ✇✐"❤ ♣+♦✜❧❡ ✷✭❛✮✳ ❯%✐♥❣ ❛♥ ✐♥✐"✐❛❧ ❝♦♥❞✐"✐♦♥ ♦❢ ✶✵✵ ♣✉♣❛❡ ✉♥✐❢♦+♠❧② ❞✐%"+✐❜✉"❡❞ ♦✈❡+✷✽✺

"❤❡ ♣❤②%✐♦❧♦❣✐❝❛❧ ❛❣❡ ✐♥"❡+✈❛❧ [0, 1] ❛♥❞ ❛♣♣❧②✐♥❣ "❤❡ ♠♦+"❛❧✐"② %"❛+"✐♥❣ ❢+♦♠ ▼❛② 1st✱ "❤❡ ❞②♥❛♠✐❝% ❛+❡✷✽✻

✐♥ ❛❞✈❛♥❝❡ ✇✐"❤ +❡%♣❡❝" "♦ "❤❡ ❞②♥❛♠✐❝% ♦❜"❛✐♥❡❞ ✇✐"❤ "❤❡ ❢❡❝✉♥❞✐"② ❡@✉❛❧ "♦ ❛❞✉❧" ❞❡✈❡❧♦♣♠❡♥" ♦❢✷✽✼

♠♦❞❡❧ ▼✶ ✭❋✐❣✉+❡ ✶✶✮ ❛♥❞ "❤❡ ❣❛♣ ✐% ♦❢ "❤❡ ♦+❞❡+ ♦❢ %♦♠❡ ❞❛②% ✐♥ "❤❡ %❡❝♦♥❞ ❣❡♥❡+❛"✐♦♥ ♦❢ "❤❡ ❧❛+✈❛❧✷✽✽

%"❛❣❡✳ ❚❤✐% ✐% ❥✉%"✐✜❡❞ ❜② "❤❡ ❢❛❝" "❤❛" ✐❢ "❤❡ ✐♥❞✐✈✐❞✉❛❧% ❝❛♥♥♦" ❞✐❡✱ ❛♥❞ ♠♦+❡ "✐♠❡ ✐% +❡@✉✐+❡❞ ❜❡❢♦+❡✷✽✾

❛❧❧ ✐♥❞✐✈✐❞✉❛❧% ❝❤❛♥❣❡ "❤❡ %"❛❣❡✳✷✾✵

✹✳ ❆♣♣❧✐❝❛(✐♦♥ (♦ ❛ ❝❛+❡ +(✉❞②✿ (❤❡ ♣❤❡♥♦❧♦❣② ♦❢ (❤❡ ❝♦❞❧✐♥❣ ♠♦(❤✷✾✶

❚♦ ❢✉+"❤❡+ ❡①♣❧♦+❡ "❤❡ ❝♦♥%❡@✉❡♥❝❡% ♦❢ ❞✐✛❡+❡♥" ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❢♦+♠✉❧❛"✐♦♥%✱ ✇❡ ❝♦♥%✐❞❡+ ❛ ❝❛%❡✷✾✷

%"✉❞② ♦❢ ❛ ❦❡② ♣❡%" ✐♥ ❛♣♣❧❡ ♦+❝❤❛+❞%✱ "❤❡ ❝♦❞❧✐♥❣ ♠♦"❤ ❈②❞✐❛ ♣♦♠♦♥❡❧❧❛ ✭❧❡♣✐❞♦♣"❡+❛✿ ❚♦+"+✐❝✐❞❛❡✮✷✾✸

❬✽❪✳✷✾✹

❆% %"❛"❡❞ ✐♥ ❬✷❪✱ ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧% ❤❛✈❡ ❜❡❡♥ ❛❧+❡❛❞② ✉%❡❞ "♦ ♣+❡❞✐❝" ♠❛♥② ♣❤❡♥♦❧♦❣✐❝❛❧ ❡✈❡♥"% +❡❧❛"❡❞✷✾✺

"♦ "❤❡ ❞❡✈❡❧♦♣♠❡♥" ♦❢ "❤❡ ❞✐✛❡+❡♥" %"❛❣❡% ♦❢ "❤❡ ❝♦❞❧✐♥❣ ♠♦"❤ ❛♥❞ "♦ +❡❣✉❧❛"❡ ♣❡%"✐❝✐❞❡ "+❡❛"♠❡♥"% "♦✷✾✻

❝♦♥"+♦❧ "❤❡ ❝♦❞❧✐♥❣ ♠♦"❤✳✷✾✼

❲❡ %❤♦✇ ❤♦✇ "❤❡ ✐♥"+♦❞✉❝"✐♦♥ ♦❢ ❢❡❝✉♥❞✐"② ✐♥ ❛ ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❛♥❞ "❤❡ ❝❤❛♥❣❡ ✐♥ "❤❡ ❞✐%"+✐❜✉"✐♦♥✷✾✽

♦❢ "❤❡ ✐♥✐"✐❛❧ ❝♦♥❞✐"✐♦♥ ❝❛♥ ✉%❡❢✉❧❧② ♠♦❞✐❢② "❤❡ ❞②♥❛♠✐❝% "♦ ❜❡""❡+ ❞❡%❝+✐❜❡ "❤❡ ❜❡❤❛✈✐♦✉+ ♦❢ +❡❛❧ ✜❡❧❞✷✾✾

❞❛"❛ "❤❛♥ "❤❡ ❜❛%✐❝ ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ▼✵✳ ❆♥ ✉♥♣✉❜❧✐%❤❡❞ ❞❛"❛%❡" ♦❢ ♣♦♣✉❧❛"✐♦♥ ❞②♥❛♠✐❝% ❧✐♠✐"❡❞✸✵✵

"♦ "❤❡ ❛❞✉❧" %"❛❣❡ ❝♦❧❧❡❝"❡❞ ✐♥ ❛♥ ❛♣♣❧❡ ♦+❝❤❛+❞ ❧♦❝❛"❡❞ ✐♥ ●❛♠❜❡❧❧❛+❛ ✭❘❛✈❡♥♥❛✮✱ ❛ ✢❛" +❡❣✐♦♥ ♦❢✸✵✶

■"❛❧②✱ ❞✉+✐♥❣ "❤❡ ②❡❛+ ✷✵✶✼ ✐% ❝♦♥%✐❞❡+❡❞✳ ❚❤❡ ❡①♣❡+✐♠❡♥"❛❧ ✜❡❧❞ ✇❛% ♥♦" "+❡❛"❡❞ ✇✐"❤ ✐♥%❡❝"✐❝✐❞❡% "♦✸✵✷

❛✈♦✐❞ ❡✛❡❝" ♦♥ ♣❡%" ♣♦♣✉❧❛"✐♦♥ ♣❤❡♥♦❧♦❣② ❛♥❞ ❞②♥❛♠✐❝%✳ ❆ %❡" ♦❢ ❤♦✉+❧② "❡♠♣❡+❛"✉+❡% ❢+♦♠ "❤❡ ❝❧♦%❡%"✸✵✸

✇❡❛"❤❡+ %"❛"✐♦♥ ♦❢ ❙❛♥ R✐❡"+♦ ✐♥ ❱✐♥❝♦❧✐ ✭❘❛✈❡♥♥❛✮✱ ❛♣♣+♦①✐♠❛"❡❧② ✺ ❑♠ ❢❛+ ❢+♦♠ ●❛♠❜❡❧❧❛+❛✱ ✐% ✉%❡❞✳✸✵✹

❲❡ ❝♦♥%✐❞❡+ ✐♥ ♦✉+ ♠♦❞❡❧ ❢♦+♠✉❧❛"✐♦♥✱ ❢♦✉+ %"❛❣❡% ✭s = 4✮❀ "❤❡ ✐♥✐"✐❛❧ ♣♦♣✉❧❛"✐♦♥ ✐% ♣❧❛❝❡❞ ✐♥ "❤❡ ❧❛+✈❛❧✸✵✺

%"❛❣❡ ✇❤✐❝❤ ✐% "❤❡ ♦✈❡+✇✐♥"❡+✐♥❣ %"❛❣❡✳ ❆% ❞❡✈❡❧♦♣♠❡♥" +❛"❡ ❢✉♥❝"✐♦♥%✱ ❢♦+ ❛❧❧ "❤❡ %"❛❣❡%✱ ✇❡ ❝❤♦♦%❡✸✵✻

▲❛❝"✐♥ ❢✉♥❝"✐♦♥% ❬✷✹❪✿✸✵✼

v(T ) =







exp(ρT )− exp

(

ρTmax −
Tmax − T

∆

)

, T ≤ Tmax,

0, T > Tmax.

✭✶✹✮

R❛+❛♠❡"❡+% ♦❢ "❤❡ ❞❡✈❡❧♦♣♠❡♥" +❛"❡ ❢✉♥❝"✐♦♥% ❛+❡ ❡%"✐♠❛"❡❞ ❜② ♠❡❛♥% ♦❢ ❛ ❧❡❛%" %@✉❛+❡ ♠❡"❤♦❞ ✉%✐♥❣✸✵✽

"❤❡ ❞❛"❛ ♦❜"❛✐♥❡❞ ✐♥ ❧❛❜ ❝♦♥❞✐"✐♦♥ ❛" ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ✐♥ ❬✶❪ ❛♥❞ ❡%"✐♠❛"❡❞ ✈❛❧✉❡% ❛+❡ +❡♣♦+"❡❞ ✐♥ ❚❛❜❧❡✸✵✾

✻✳✸✶✵

i = 1 i = 2 i = 3 i = 4

ρ 0.173 0.151 0.160 0.119
Tmax (◦C) 36.759 37.094 37.763 42.905

∆ 5.771 6.628 6.238 8.353

❚❛❜❧❡ ✻✿ '❛(❛♠❡*❡(+ ♦❢ *❤❡ +*❛❣❡✲+♣❡❝✐✜❝ ❞❡✈❡❧♦♣♠❡♥* (❛*❡ ❢✉♥❝*✐♦♥ ✐♥ ✭✶✹✮ ❢♦( *❤❡ ❢♦✉( +*❛❣❡+ ♦❢ ❈②❞✐❛ ♣♦♠♦♥❡❧❧❛✿ ❡❣❣+

✭i = 1✮✱ ❧❛(✈❛❡ ✭i = 2✮✱ ♣✉♣❛❡ ✭i = 3✮ ❛♥❞ ❛❞✉❧*+ ✭i = 4✮✳

❚❤❡ ❢❡❝✉♥❞✐"② ❢✉♥❝"✐♦♥ ❞❡♣❡♥❞% ♦♥ ❜♦"❤ "❤❡ ♣❤②%✐♦❧♦❣✐❝❛❧ ❛❣❡ ❛♥❞ "❤❡ "❡♠♣❡+❛"✉+❡✳ ❚❤❡ ♣❛+❛♠❡"❡+%

✐♥ ❢♦+♠✉❧❛% ✭✶✵✮ ❛♥❞ ✭✶✷✮ ❛+❡ ❡%"✐♠❛"❡❞ ❢+♦♠ ❞❛"❛ ✐♥ ❬✶❪✳ ■♥ ♣❛+"✐❝✉❧❛+✱ ✇❡ ❝❤♦%❡ "❤❡ ♦✈✐♣♦%✐"✐♦♥ ♣+♦✜❧❡
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❝♦""❡$♣♦♥❞✐♥❣ *♦ ❋✐❣✉"❡ ✷✭❜✮✱ *❤❛* ❛❧❧♦✇$ *♦ *❛❦❡ ✐♥*♦ ❛❝❝♦✉♥* ❛ ♣"❡✲♦✈✐♣♦$✐*✐♦♥ ♣❡"✐♦❞✱ ❛$ ✐♥❞✐❝❛*❡❞

❜② *❤❡ ❡①♣❡"✐♠❡♥*❛❧ ❞❛*❛✳ ❲❡ $❡* α = 1 ❛♥❞ ✇❡ ✜* *❤❡ ♣❛"❛♠❡*❡"$ β, γ ✐♥ ✭✶✵✮ ❜② ✐♠♣♦$✐♥❣ *❤❡

❝♦♥$*"❛✐♥*$ ✐♥ ✭✶✶✮ ✇✐*❤ ne = 1✳ ❚❤❡♥ ✇❡ ✉$❡❞ *❤❡ ❞❛*❛ ♦♥ *❤❡ ♠❡❛♥ ♥✉♠❜❡" ♦❢ ❡❣❣$ ❧❛✐❞ ❜② ❛ ❢❡♠❛❧❡

❛* ❞✐✛❡"❡♥* ❝♦♥$*❛♥* *❡♠♣❡"❛*✉"❡$ (Tk, n
k
e), k = 1, . . . , N, ✭❬✶❪ ❛♥❞ "❡♣♦"*❡❞ ✐♥ ❚❛❜❧❡ ✼✮ *♦ ❡$*✐♠❛*❡

♣❛"❛♠❡*❡"$ TL, T0 ✐♥ ✭✶✷✮✳ ❋✐♥❛❧❧②✱ ✇❡ ✜♥❞ α ✐♥ ✭✶✵✮ *❤❛* $♦❧✈❡ *❤❡ ♣"♦❜❧❡♠

min
α>0

N
∑

i=k

(
∫

1

0

f(x)b(Tk)dx− nk
e

)2

.

Tk (◦C) 20 25 27 30
nk
e 48.846 89.250 66.316 20.182

❚❛❜❧❡ ✼✿ ▼❡❛♥ ♥✉♠❜❡+ ♦❢ ❡❣❣/ ❧❛✐❞ ❜② ❛ ❢❡♠❛❧❡ ❛3 ❞✐✛❡+❡♥3 ❝♦♥/3❛♥3 3❡♠♣❡+❛3✉+❡/ Tk ♦❜3❛✐♥❡❞ ✐♥ ❧❛❜ ❝♦♥❞✐3✐♦♥ ❛3

✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ❬✶✱ ♣❛❣✳ ✷✸✺❪✳

❲❡ ♦❜*❛✐♥✿

α = 2.064 · 109, β = 13.9, γ = 9.267, TL = 17.755 ◦C, T0 = 6.499 ◦C.

❚❤❡ ❡✛❡❝*$ ♦❢ ♠♦"*❛❧✐*② ❛"❡ ❤❡"❡ ♥❡❣❧❡❝*❡❞✱ ❜❡❝❛✉$❡ "❡❧✐❛❜❧❡ ❞❛*❛ ❢♦" ❡$*✐♠❛*✐♥❣ ♠♦"*❛❧✐*② "❛*❡ ❢✉♥❝*✐♦♥✸✶✶
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✇✐*❤ ❣"❡② ♣♦✐♥*$✮✳✸✶✹

❆$ "❡♣♦"*❡❞ ✐♥ ❬✷✷❪✱ ✇❡ $❡* *❤❡ ✐♥✐*✐❛❧ ❝♦♥❞✐*✐♦♥$ $✉❝❤ *❤❛* *❤❡ ❝♦❞❧✐♥❣ ♠♦*❤ ♦✈❡"❝♦♠❡$ *❤❡ ✇✐♥*❡"✸✶✺

❛$ ❛ ❢✉❧❧✲❣"♦✇♥ ❞✐❛♣❛✉$✐♥❣ ❧❛"✈❛✳ ❲❡ $*❛"* ❢"♦♠ ♠♦❞❡❧ ▼✶✱ ✇✐*❤ ❢❡❝✉♥❞✐*②✭✻✮✱ ❛♥❞ ✐♥✐*✐❛❧ ♣♦♣✉❧❛*✐♦♥✸✶✻
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❞❡♣❡♥❞❡♥# ♦♥ #❡♠♣❡"❛#✉"❡ ❛♥❞ ♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡ ✭❡8✉❛#✐♦♥ ✭✽✮✮✿ #❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ #❡♠♣❡"❛#✉"❡ ✐'✸✷✵

♦❢ #❤❡ ❢♦"♠ ✭✶✷✮✱ ✇❤✐❧❡ #❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡ ✐' ♦❢ #❤❡ #②♣❡ "❡♣"❡'❡♥#❡❞ ✐♥ ❋✐❣✉"❡ ✷✭❜✮✸✷✶

#♦ #❛❦❡ ✐♥#♦ ❛❝❝♦✉♥# #❤❡ ♣"❡✲♦✈✐♣♦'✐#✐♦♥ ♣❡"✐♦❞ ♦❢ '✉❝❤ '♣❡❝✐❡' ❬✶❪✳ ■♥ #❤✐' ✇❛② ✇❡ ❛"❡ ❝♦♥'✐❞❡"✐♥❣ ❛✸✷✷

❝♦♠❜✐♥❡❞ ✉'❡ ♦❢ ♠♦❞❡❧ ▼✶ ✭✉♥✐❢♦"♠❧② ❞✐'#"✐❜✉#✐♦♥ ♦♥ #❤❡ '❡❝♦♥❞ ❤❛❧❢ ♦❢ #❤❡ ♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡✮ ❛♥❞✸✷✸

▼✷ ✭❢❡❝✉♥❞✐#② ✭✽✮✮✱ ♦❜#❛✐♥✐♥❣ #❤❡ ❞❛'❤❡❞✲❞♦##❡❞ ❧✐♥❡ ✐♥ ❋✐❣✉"❡ ✻✳ ❍♦✇❡✈❡"✱ ✐♥ ❜♦#❤ ❝❛'❡' #❤❡ '❧♦♣❡ ♦❢✸✷✹

#❤❡ ✜"'# ❛♥❞ '❡❝♦♥❞ ❛❞✉❧# ❣❡♥❡"❛#✐♦♥' ♦❢ #❤❡ ✜❡❧❞ ❞❛#❛ ✐' ♥♦# ✇❡❧❧ "❡♣"♦❞✉❝❡❞✳ ❚❤❡♥✱ #♦ ❝❤❛♥❣❡ #❤❡✸✷✺

'❧♦♣❡✱ ✇❡ ♠♦❞✐❢② #❤❡ ✐♥✐#✐❛❧ ❝♦♥❞✐#✐♦♥ ❜② ❝♦♥'✐❞❡"✐♥❣ ✶✵✵ ❧❛"✈❛❡ ✉♥✐❢♦"♠❧② ❞✐'#"✐❜✉#❡❞ ✐♥ ❛❧❧ #❤❡ ✐♥#❡"✈❛❧✸✷✻

♦❢ #❤❡ ♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡ ✐♥ #❤❡ ♣"❡✈✐♦✉' ❝❛'❡'✿ ✇❡ ❛"❡ '#✐❧❧ ❝♦♥'✐❞❡"✐♥❣ ♠♦❞❡❧ ▼✶ ✭❞♦##❡❞ ❧✐♥❡✮ ❛♥❞ ❛✸✷✼

❝♦♠❜✐♥❛#✐♦♥ ♦❢ ▼✶ ❛♥❞ ▼✷ ✇✐#❤ ❢❡❝✉♥❞✐#② ✭✽✮ ✭'♦❧✐❞ ❧✐♥❡✮✳ ❚❤❡ '✐♠✉❧❛#❡❞ ❞②♥❛♠✐❝' ✭❞♦##❡❞ ❛♥❞ '♦❧✐❞✸✷✽

❧✐♥❡'✮ '❤♦✇ ❛ '❛#✐'❢❛❝#♦"② ✜# ❢♦" ❜♦#❤ #❤❡ ✜"'# ❛♥❞ '❡❝♦♥❞ ❣❡♥❡"❛#✐♦♥' '✐♥❝❡ #❤❡② ♠♦✈❡ ❢♦"✇❛"❞ ✇✐#❤✸✷✾

"❡'♣❡❝# #♦ #❤❡ ♣"❡✈✐♦✉' ❝❛'❡' ✭❞❛'❤❡❞ ❛♥❞ ❞❛'❤❡❞✲❞♦##❡❞ ❧✐♥❡'✮✳ ❙✐♠✉❧❛#✐♦♥' '❤♦✇ #❤❛# ❛ ❝❤❛♥❣❡ ✐♥ #❤❡✸✸✵

❞✐'#"✐❜✉#✐♦♥ ♦❢ #❤❡ ✐♥✐#✐❛❧ ♣♦♣✉❧❛#✐♦♥ ♦✈❡" ♣❤②'✐♦❧♦❣✐❝❛❧ ❛❣❡ ♣"♦❞✉❝❡' ❜♦#❤ ❛ '❤✐❢# ❛♥❞ ❛ '❧♦♣❡ ❝❤❛♥❣❡✸✸✶

✐♥ #❤❡ ❛❞✉❧# ❞②♥❛♠✐❝' ♦❢ ❈②❞✐❛ ♣♦♠♦♥❡❧❧❛✱ ✇❤✐❧❡ #❤❡ ✐♥#"♦❞✉❝#✐♦♥ ♦❢ #❤❡ ❢❡❝✉♥❞✐#② ❢✉"#❤❡" ❞❡❧❛②' ❢♦"✸✸✷

'♦♠❡ ❞❛②' #❤❡ ❛❞✉❧#'✳✸✸✸

✺✳ ❈♦♥❝❧✉❞✐♥❣ +❡♠❛+❦0✸✸✹

■♥ #❤✐' ♣❛♣❡" ✇❡ ❛♥❛❧②③❡ ✈❛"✐♦✉' ❢♦"♠✉❧❛#✐♦♥' ♦❢ ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧' ❞❡'❝"✐❜✐♥❣ #✐♠❡ ✈❛"✐❛#✐♦♥ ♦❢ #❤❡✸✸✺

'#❛❣❡ '#"✉❝#✉"❡ ♦❢ ❛ ♣♦✐❦✐❧♦#❤❡"♠ ♣♦♣✉❧❛#✐♦♥✳ ❚❤❡ ❛✐♠ ✐' #♦ ❝♦♠♣❛"❡ ♠♦❞❡❧ ♣❡"❢♦"♠❛♥❝❡ ✐♥ "❡❧❛#✐♦♥✸✸✻
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❋✐❣✉$❡ ✻✿ ❈✉♠✉❧❛,✐✈❡ ♣❡$❝❡♥,❛❣❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧4 ❡♥,❡$✐♥❣ ✐♥ ,❤❡ ❛❞✉❧, 4,❛❣❡ ❢♦$ ,❤❡ ♣❡4, ❈②❞✐❛ ♣♦♠♦♥❡❧❧❛ ✳ ❉❛4❤❡❞ ❧✐♥❡✿

♠♦❞❡❧ ▼✶ ✇✐,❤ ❢❡❝✉♥❞✐,② ✭✻✮ ❡>✉❛❧ ,♦ ❛❞✉❧, ❞❡✈❡❧♦♣♠❡♥,✱ ❛♥❞ ✉♥✐❢♦$♠ ✐♥✐,✐❛❧ ❞✐4,$✐❜✉,✐♦♥ ♦❢ ♦✈❡$✇✐♥,❡$✐♥❣ ✐♥❞✐✈✐❞✉❛❧4

♦♥ ,❤❡ 4❡❝♦♥❞ ❤❛❧❢ ♦❢ ,❤❡ ♣❤②4✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ❉♦,,❡❞ ❧✐♥❡✿ ♠♦❞❡❧ ▼✶ ✇✐,❤ ❢❡❝✉♥❞✐,② ✭✻✮ ❛♥❞ ✉♥✐❢♦$♠ ✐♥✐,✐❛❧ ❞✐4,$✐❜✉,✐♦♥ ♦❢

♦✈❡$✇✐♥,❡$✐♥❣ ✐♥❞✐✈✐❞✉❛❧4 ♦♥ ,❤❡ ✇❤♦❧❡ ✐♥,❡$✈❛❧ ♦❢ ,❤❡ ♣❤②4✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ❉❛4❤❡❞✲❞♦,,❡❞ ❧✐♥❡✿ ♠♦❞❡❧ ▼✷ ✇✐,❤ ❢❡❝✉♥❞✐,② ✭✽✮

❞❡♣❡♥❞❡♥, ♦♥ ,❡♠♣❡$❛,✉$❡ ❛♥❞ ♦♥ ♣❤②4✐♦❧♦❣✐❝❛❧ ❛❣❡ ✭✇✐,❤ ♣$♦✜❧❡ ✷✭❜✮✮✱ ❛♥❞ ✉♥✐❢♦$♠ ✐♥✐,✐❛❧ ❞✐4,$✐❜✉,✐♦♥ ♦❢ ♦✈❡$✇✐♥,❡$✐♥❣

✐♥❞✐✈✐❞✉❛❧4 ♦♥ ,❤❡ 4❡❝♦♥❞ ❤❛❧❢ ♦❢ ,❤❡ ♣❤②4✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ❙♦❧✐❞ ❧✐♥❡✿ ♠♦❞❡❧ ▼✷ ✇✐,❤ ❢❡❝✉♥❞✐,② ✭✽✮ ❞❡♣❡♥❞❡♥, ♦♥ ,❡♠♣❡$❛,✉$❡

❛♥❞ ♦♥ ♣❤②4✐♦❧♦❣✐❝❛❧ ❛❣❡ ✭✇✐,❤ ♣$♦✜❧❡ ✷✭❜✮✮✱ ❛♥❞ ✉♥✐❢♦$♠ ✐♥✐,✐❛❧ ❞✐4,$✐❜✉,✐♦♥ ♦❢ ♦✈❡$✇✐♥,❡$✐♥❣ ✐♥❞✐✈✐❞✉❛❧4 ♦♥ ,❤❡ ✇❤♦❧❡

✐♥,❡$✈❛❧ ♦❢ ,❤❡ ♣❤②4✐♦❧♦❣✐❝❛❧ ❛❣❡✳ ❚❡♠♣❡$❛,✉$❡4 ♦❢ ❛ ✇❡❛,❤❡$ 4,❛,✐♦♥ ✐♥ ❙❛♥ G✐❡,$♦ ✐♥ ❱✐♥❝♦❧✐ ✭■,❛❧②✮ ♦❢ ,❤❡ ②❡❛$ ✷✵✶✼✳

❉❛② ✵ ❝♦$$❡4♣♦♥❞4 ,♦ ❏❛♥✉❛$②✱ 1st✳

 ♦ ❛##✉♠♣ ✐♦♥# ❛♥❞ ♣*♦❝❡##❡# ♦♥ ✇❤✐❝❤  ❤❡ ♠♦❞❡❧ ✐# ❜✉✐❧ ✳ ■♥ ♣❛* ✐❝✉❧❛*✱ # ❛* ✐♥❣ ❢*♦♠  ❤❡ ❜❛#✐❝✸✸✼

❢♦*♠✉❧❛ ✐♦♥ ✐♥ ✇❤✐❝❤ ♦♥❧②  ❡♠♣❡*❛ ✉*❡✲❞❡✈❡❧♦♣♠❡♥ *❛ ❡ ❢✉♥❝ ✐♦♥ ✐# ❝♦♥#✐❞❡*❡❞ ❛♥❞ ❛❧❧  ❤❡ ✐♥❞✐✈✐❞✉❛❧#✸✸✽

♦❢  ❤❡ ✐♥✐ ✐❛❧ ♣♦♣✉❧❛ ✐♦♥ ❤❛✈❡ ♣❤②#✐♦❧♦❣✐❝❛❧ ❛❣❡ ③❡*♦✱ ✇❡ ✐♥✈❡# ✐❣❛ ❡❞  ❤❡ ❡✛❡❝ ♦❢  ❤❡ ✐♥ *♦❞✉❝ ✐♦♥ ♦❢✸✸✾

❢❡❝✉♥❞✐ ② ❛♥❞ ♠♦* ❛❧✐ ② *❛ ❡ ❢✉♥❝ ✐♦♥#✱ ❛# ✇❡❧❧ ❛#  ❤❡ ❝❤❛♥❣❡ ✐♥  ❤❡ ✐♥✐ ✐❛❧ ❝♦♥❞✐ ✐♦♥# ✐♥  ❡*♠# ♦❢ ❛❣❡✸✹✵

❞✐# *✐❜✉ ✐♦♥ ♦❢  ❤❡ ✐♥❞✐✈✐❞✉❛❧# ❡♥ ❡*✐♥❣ ✐♥  ❤❡ ♦✈❡*✇✐♥ ❡*✐♥❣ # ❛❣❡✳ ❚❤❡ *❡❢❡*❡♥❝❡ ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❢♦*✸✹✶

 ❤✐# ❛♥❛❧②#✐# ✐# ♦❜ ❛✐♥❡❞ ❛# ❛ #✐♠♣❧✐✜❝❛ ✐♦♥ ♦❢  ❤❡ ❞❡♠♦❣*❛♣❤✐❝ ♠♦❞❡❧ ❢♦* # ❛❣❡ # *✉❝ ✉*❡❞ ♣♦♣✉❧❛ ✐♦♥#✸✹✷

♣*❡#❡♥ ❡❞ ✐♥ ❬✺❪✳ ❚❤❡ ♠♦❞❡❧✱ ❞❡#❝*✐❜❡❞ ❜② ❛ #②# ❡♠ ♦❢ ♣❛* ✐❛❧ ❞✐✛❡*❡♥ ✐❛❧ ❡@✉❛ ✐♦♥#✱ ✐# ❞*✐✈❡♥ ❜②  ❤❡✸✹✸

❛♠❜✐❡♥  ❡♠♣❡*❛ ✉*❡ ❛♥❞ ❞❡#❝*✐❜❡#  ❤❡  ✐♠❡ ✈❛*✐❛ ✐♦♥ ♦❢  ❤❡ ♣❡*❝❡♥ ❛❣❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧# ✐♥ ❡❛❝❤ # ❛❣❡✱✸✹✹

 ❤✉# ✐ ❞♦❡# ♥♦ *❡@✉✐*❡ ❛♥② ❦♥♦✇❧❡❞❣❡ ♦❢  ❤❡ ♥✉♠❜❡* ♦❢ ✐♥❞✐✈✐❞✉❛❧# ✐♥ ❡❛❝❤ # ❛❣❡ ❛ ❛ ❝❡* ❛✐♥ ♣♦✐♥ ✸✹✺

✐♥  ✐♠❡  ♦ ✐♥✐ ✐❛❧✐③❡  ❤❡ ♠♦❞❡❧✱ ❛# ✐ ✐# ♥❡❡❞❡❞ ❢♦*  ❤❡ ♣❤②#✐♦❧♦❣✐❝❛❧❧②✲❜❛#❡❞ ❞❡♠♦❣*❛♣❤✐❝ ♠♦❞❡❧✳ ❚❤❡✸✹✻

❜❛#✐❝ ❢♦*♠✉❧❛ ✐♦♥ ♦❢  ❤❡ ♣❤❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧  ❛❦❡# ✐♥ ♦ ❛❝❝♦✉♥  ❤❡ ❞❡✈❡❧♦♣♠❡♥ *❛ ❡ ❢✉♥❝ ✐♦♥# ❛♥❞ ❛✸✹✼

❢❡❝✉♥❞✐ ② ♦♥❡  ♦ ♦♥❡ ✭❡❛❝❤ ❛❞✉❧ ❣❡♥❡*❛ ❡# ❛♥ ❡❣❣✮ ✇✐ ❤ ❛ ❢❡❝✉♥❞✐ ② *❛ ❡ ❡@✉❛❧  ♦  ❤❡ ❛❞✉❧ ❞❡✈❡❧♦♣♠❡♥ ✸✹✽

*❛ ❡✳ ❚❤❡ ❛❜#❡♥❝❡ ♦❢ ♠♦* ❛❧✐ ② ❣✉❛*❛♥ ❡❡#  ❤❛  ❤❡ ♥✉♠❜❡* ♦❢ ✐♥❞✐✈✐❞✉❛❧# *❡♠❛✐♥# ❝♦♥# ❛♥ ♦✈❡*  ✐♠❡✳✸✹✾

❚❤❡♥ ✐♥  ❤❡ ♠♦❞❡❧ ❛*❡ ✐♥ *♦❞✉❝❡❞ ♠♦*❡ ❝♦♠♣❧❡① ❢♦*♠✉❧❛ ✐♦♥# ♦❢  ❤❡ ❢❡❝✉♥❞✐ ② *❛ ❡ ❢✉♥❝ ✐♦♥ ❛♥❞ ❛✸✺✵

♠♦* ❛❧✐ ② *❛ ❡ ❢✉♥❝ ✐♦♥ ✐# ❛❞❞❡❞✳ ❚❤❡ ♠♦* ❛❧✐ ② ✐# ❛♣♣❧✐❡❞ ♦♥❧② ❛❢ ❡*  ❤❡ ♦✈❡*✇✐♥ ❡*✐♥❣  ❡*♠✐♥❛ ✐♦♥✳✸✺✶

❲❡ ♦❜#❡*✈❡  ❤❛  ❤❡ ✐♥ *♦❞✉❝ ✐♦♥ ♦❢  ❤❡ ❢❡❝✉♥❞✐ ② ❛# ❛ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡ ❛❞✉❧ ♣❤②#✐♦❧♦❣✐❝❛❧ ❛❣❡ ❛♥❞✸✺✷

 ❡♠♣❡*❛ ✉*❡ ❝❛♥ ❛♥ ✐❝✐♣❛ ❡ ♦* ♣♦# ♣♦♥❡  ❤❡ ❞②♥❛♠✐❝# ❞❡♣❡♥❞✐♥❣ ♦♥  ❤❡ ♦✈✐♣♦#✐ ✐♦♥ ♣*♦✜❧❡ ✇✐ ❤ *❡#♣❡❝ ✸✺✸
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❜✐♦❧♦❣✐❝❛❧ "*❛✐"+ ❝♦♥+✐❞❡*❡❞ ✐♥ "❤✐+ ♣❛♣❡* "❤❡ ❞✐+"*✐❜✉"✐♦♥ ♦❢ "❤❡ ✐♥✐"✐❛❧ ❝♦♥❞✐"✐♦♥ ♦✈❡* "❤❡ ♣❤②+✐♦❧♦❣✐❝❛❧✸✾✷
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❋✐❣✉$❡ ✼✿ ❈✉♠✉❧❛,✐✈❡ ♣❡$❝❡♥,❛❣❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧4 ❡♥,❡$✐♥❣ ✐♥ ,❤❡ ❢♦✉$ 4,❛❣❡4 ✭❡❣❣4✱ ❧❛$✈❛❡✱ ♣✉♣❛❡✱ ❛❞✉❧,4✮✳ ❈♦♠♣❛$✐4♦♥

❛♠♦♥❣ ,❤❡ ♠♦❞❡❧ ▼✵ ✇✐,❤ ❛❧❧ ,❤❡ ✐♥✐,✐❛❧ ✐♥❞✐✈✐❞✉❛❧4 ❤❛✈✐♥❣ ♣❤②4✐♦❧♦❣✐❝❛❧ ❛❣❡ ③❡$♦ ✭❜❧✉❡ ❞♦,,❡❞ ❧✐♥❡✮ ❛♥❞ ♠♦❞❡❧ ▼✶

❢♦$ ❞✐✛❡$❡♥, ✐♥✐,✐❛❧ ❞✐4,$✐❜✉,✐♦♥4 ✇✐,❤ $❡4♣❡❝, ,♦ ,❤❡ ♣❤②4✐♦❧♦❣✐❝❛❧ ❛❣❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧4 ✐♥ ,❤❡ ✐♥✐,✐❛❧ 4,❛❣❡✳ ●$❡❡♥ ❞❛4❤❡❞✲

❞♦,,❡❞ ❧✐♥❡✿ ✉♥✐❢♦$♠❧② ❞✐4,$✐❜✉,❡❞ ✐♥ ,❤❡ ✐♥,❡$✈❛❧ [0.5, 1]✳ ▲✐❣❤, ❜❧✉❡ ❝♦♥,✐♥✉♦✉4 ❧✐♥❡✿ ✉♥✐❢♦$♠❧② ❞✐4,$✐❜✉,❡❞ ✐♥ [0, 1]✳
▼❛❣❡♥,❛ ❝♦♥,✐♥✉♦✉4 ❧✐♥❡✿ 4②♠♠❡,$✐❝ ❜❡,❛✲❞✐4,$✐❜✉,✐♦♥ ✐♥ [0, 1]✳ ❘❡❞ ❞❛4❤❡❞ ❧✐♥❡✿ ✉♥✐❢♦$♠❧② ❞✐4,$✐❜✉,❡❞ ✐♥ [0, 0.5]✳ ❉❛② ✵
❝♦$$❡4♣♦♥❞4 ,♦ ❏❛♥✉❛$②✱ 1st✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥+,✹✵✶

❙✉♣♣♦$% ❜② ■◆❞❆▼✲●◆❋▼ ✐1 ❣$❛%❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞ ❜② ❈❙✳✹✵✷

❚❤✐1 $❡1❡❛$❝❤ ❤❛1 ❜❡❡♥ 1✉♣♣♦$%❡❞ ❜② ✏❋♦♥❞❛③✐♦♥❡ ❈❛$✐♣❧♦✑ ❛♥❞ ✏❘❡❣✐♦♥❡ ▲♦♠❜❛$❞✐❛✑ ✉♥❞❡$ %❤❡ ♣$♦❥❡❝%✿✹✵✸

✏▲❛ 1❛❧✉%❡ ❞❡❧❧❛ ♣❡$1♦♥❛✿ ❧♦ 1✈✐❧✉♣♣♦ ❡ ❧❛ ✈❛❧♦$✐③③❛③✐♦♥❡ ❞❡❧❧❛ ❝♦♥♦1❝❡♥③❛ ♣❡$ ❧❛ ♣$❡✈❡♥③✐♦♥❡✱ ❧❛ ❞✐❛❣♥♦1✐✹✵✹

♣$❡❝♦❝❡ ❡ ❧❡ %❡$❛♣✐❡ ♣❡$1♦♥❛❧✐③③❛%❡✑✳ ●$❛♥% ❊♠❜❧❡♠❛%✐❝✐ ▼❛❣❣✐♦$✐ ✷✵✶✺✲✶✵✽✵✳✹✵✺

❚❤❡ ❛✉%❤♦$1 ✇♦✉❧❞ ❧✐❦❡ %♦ %❤❛♥❦ ❚♦♠♠❛1♦ ❞❡❧ ❱✐1❝✐♦ ✭❈◆❘✲■▼❆❚■✮ ❢♦$ %❡❝❤♥✐❝❛❧ 1✉♣♣♦$%✳✹✵✻

❆♣♣❡♥❞✐① ❆✳ ❉②♥❛♠✐❝, ♦❢ ♠♦❞❡❧, ▼✵✱ ▼✶✱ ▼✷✱ ▼✸✹✵✼

■♥ %❤✐1 ❛♣♣❡♥❞✐① ✇❡ $❡♣♦$% %❤❡ ✜❣✉$❡1 ❢♦$ %❤❡ ❝♦♠♣❛$✐1♦♥ ♦❢ %❤❡ ❞✐✛❡$❡♥% ❞②♥❛♠✐❝1 ♦❜%❛✐♥❡❞ ❝♦♥1✐❞❡$✐♥❣✹✵✽

♠♦❞❡❧1 ▼✵✱ ▼✶✱ ▼✷✱ ▼✸✳✹✵✾
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❋✐❣✉(❡ ✽✿ ❈✉♠✉❧❛/✐✈❡ ♣❡(❝❡♥/❛❣❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧7 ❡♥/❡(✐♥❣ ✐♥ /❤❡ ❢♦✉( 7/❛❣❡7 ✭❡❣❣7✱ ❧❛(✈❛❡✱ ♣✉♣❛❡✱ ❛❞✉❧/7✮✳ ▲✐❣❤/ ❜❧✉❡

❝♦♥/✐♥✉♦✉7 ❧✐♥❡✿ ♠♦❞❡❧ ✭✻✮✱ ❢❡❝✉♥❞✐/② ❡>✉❛❧ /♦ ❛❞✉❧/ ❞❡✈❡❧♦♣♠❡♥/ ✭♠♦❞❡❧ ▼✶✮✳ ❇❧✉❡ ❞❛7❤❡❞ ❧✐♥❡✿ ♠♦❞❡❧ ✭✼✮✱ ❢❡❝✉♥❞✐/②

❞❡♣❡♥❞❡♥/ ♦♥ ♣❤②7✐♦❧♦❣✐❝❛❧ ❛❣❡ ✇✐/❤ /❤❡ ♣(♦✜❧❡ ✭✷✭❛✮✮ ✭❝♦♠❜✐♥❛/✐♦♥ ♦❢ ▼✶ ❛♥❞ ▼✷✮✳ ❘❡❞ ❞♦//❡❞ ❧✐♥❡✿ ♠♦❞❡❧ ✭✽✮✱ ❢❡❝✉♥❞✐/②

❞❡♣❡♥❞❡♥/ ♦♥ /❡♠♣❡(❛/✉(❡ ❛♥❞ ♦♥ ♣❤②7✐♦❧♦❣✐❝❛❧ ❛❣❡ ✇✐/❤ ♣(♦✜❧❡ ✭✷✭❛✮✮ ✭❝♦♠❜✐♥❛/✐♦♥ ♦❢ ▼✶ ❛♥❞ ▼✷✮✳ ■♥ /❤❡7❡ /❤(❡❡ ❝❛7❡7

✇❡ ❝♦♥7✐❞❡( ❛♥ ✐♥✐/✐❛❧ ❝♦♥❞✐/✐♦♥ ♦❢ ✶✵✵ ♣✉♣❛❡ ✇✐/❤ ♣❤②7✐♦❧♦❣✐❝❛❧ ❛❣❡ ✉♥✐❢♦(♠❧② ❞✐7/(✐❜✉/❡❞ ♦✈❡( [0, 1]✳ ●(❡❡♥ ❞❛7❤❡❞✲

❞♦//❡❞ ❧✐♥❡✿ ♠♦❞❡❧ ▼✵✳ ❚❡♠♣❡(❛/✉(❡7 ♦❢ ❛ ✇❡❛/❤❡( 7/❛/✐♦♥ ✐♥ /❤❡ ◆♦(/❤ ♦❢ ■/❛❧② ❢♦( /❤❡ ②❡❛( ✷✵✶✶✳ ❉❛② ✵ ❝♦((❡7♣♦♥❞7 /♦

❏❛♥✉❛(②✱ 1st✳
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❞❡♣❡♥❞❡♥/ ♦♥ ♣❤②7✐♦❧♦❣✐❝❛❧ ❛❣❡ ✇✐/❤ /❤❡ ♣(♦✜❧❡ ✭✷✭❜✮✮ ✭❝♦♠❜✐♥❛/✐♦♥ ♦❢ ▼✶ ❛♥❞ ▼✷✮✳ ❘❡❞ ❞♦//❡❞ ❧✐♥❡✿ ♠♦❞❡❧ ✭✽✮✱ ❢❡❝✉♥❞✐/②

❞❡♣❡♥❞❡♥/ ♦♥ /❡♠♣❡(❛/✉(❡ ❛♥❞ ♦♥ ♣❤②7✐♦❧♦❣✐❝❛❧ ❛❣❡ ✇✐/❤ ♣(♦✜❧❡ ✭✷✭❜✮✮ ✭❝♦♠❜✐♥❛/✐♦♥ ♦❢ ▼✶ ❛♥❞ ▼✷✮✳ ■♥ /❤❡7❡ /❤(❡❡ ❝❛7❡7
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