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ABSTRACT

This paper deals with the blind separation ang
récanstruction of sonrce signals from thejr mixtures with
unknown coefficients, in the practical case where noise

Source separation problem within the ICA approach, ie,
assuming statistically independeni source signals, and
reformulate it in the framework of Bayesian estimation, In
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. IN TRODUCTION

Blind source separation (BSS) is a recent emergent
topic in signal processing, and even moge Tecent in image
processing  and computer vision. It congists in
reconstructing and separating a set of unknown signals
from a set of mixtures, when no knowledge is assumed
about mixing  coefficients, The most known
application example of BSS is the so-called "cocktail-
party” problem in Speech recognition, Other applications
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Component Analysig {ICA) methods, Most of thege
methods were developed in the case of noiselesg data, angd
differ in the manner they enforce Independence, The
Maximum Likelihood (ML) method
separable joint source distribution, the method  of
maximization of the mutual information [2] uses the
Entropy as a measure of independence,

minimization of contrast functions exploit
high-order statistics 1o ensure independence {3]. The strict
relationships among these methods have been investigated
as well [4,5], and some fast and efficient algorithms have
been proposed [6]. The requirement of independence can
be verified in some practical applications, but in many
cases there can be a clear evidence of correlation among
the sources {e.g. in face recognition). Although some of
the proposed algorithms have been experimentally shown

been developed (107, which can account for noise as well.
In[11,12,13] the Bayesian approach has been proposed as
2 sofution to blind source separation, based on Maximum
A Posterion (MAP) estimation for both the sources and
the mixing matrix. Moreover, in [13] it is shown that
Bayesian estimation provides ifyi

Source separation, within which the other approaches can
be viewed as special cases,

In this paper we address the blind source séparation
problem in the case where the noise is present on the data,
We retain the independence consiraint of the ICA

Bayesian formulation is exploited to account for available
knowledge we may possess about the problem in general
and about the sources in particular. Thus, besides




ng the independence of the sources, we allow for
orrelation inside each single source, and describe
rrelation by using the Markov Random Field
'}, or, equivalently, the Gibbs distribution formalism,
We:show how such a medeling of the source signals,
vhich is however application-dependent, increases
obustness of the estimates against noise in the data, both
or the sources and the mixing matrix. For the joint
maximization of the posterior probability with respect to

| the unknowns, we propose a computational scheme
ere, within an overall simulated annealing algorithm,
e coefficients of the mixing matrix are updated via the
Metropolis algorithm and the sources are estimated
through deterministic algorithms.

2. BSS THROUGH MAP ESTIMATION

According to the BSS formatism, the data generation
" model we consider is given by:

x(1) = As(t) + n(t) =1,2,...T (2.1)

where x(t) is the vector of the measurements, §(1) is the
vector of the unknown sources, and n(t) is the noise or
measurement error vector, at time t, and A js the unknown
mixing matrix. We assume at the moment the same
number N of measured and source signals, so that A is 4
NXN matrix. Considering the noise to be whitc and
Gaussian with zero mean, the likelihood is given by:

P(x]A,s)=

- 'zl;exp =3 D (st - x)) = (st - 20)

1

(2.2)
where x={x(1),..., (T}, s={s(1),.., s(T)}, & is the
covariance matrix of the noise, assumed to be time-
dependent, and Zs is the normalizing constant,

According to the Bayesian approach, a prior
distribution can be assigned to both A and s, and a
posierior distribution can be derived in the forim:

P P
P(A,s|x) = DEIAOP(AP(s) 2.2)

P(x)

This posterior distribution accounts for all information
we have about the problem, and hopefully allows us to
define a single solution, for instance as the global
maximizer of the posterior itself (MAP estimate). To
enforce independence of the sources, we assume a
factorized prior for s:

P(s) = Hpi (s;)

where the single P; is the distribution of the i-th source,
and has to be chosen on the basis of known properties of
8. In particular, as it will be further developed later on, we
adopt Gibbs distributions, related to Markov Random

;
8
i
i
3

(2.3)
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Field models, to describe global or local properties of .
regularity for the sources. This will be shown to increase
the robustness of ICA against noise on the data.

By neglecting the term P(x) which does not depend
either on A or on s, the solution to the BSS problem can
then be defined via the following Jjoint maxirmization:

(A,8) = argn;axP(x | A,5)P(s)P(A) 2.4)

where P(s) takes on the factorized form of Eq. (2.3). As
usual in blind signal/image estimation, this joint
maximization is very hard, and needs to be reduced in
some way. The most adopted strategy is to perform it by
iteratively alternating steps of estimation with respect to A
with steps of estimation with respect to s. In formulas it is:

A¥ = argmax P(x | A,s5)P(A) (2.52)
A

s ! = argmax P(x | A¥ 5)P(s) (2.5b)
5

It can be observed that when, in agreement with the
most general assessment of a2 BSS problem, we assume a
uniform prior for A, step (2.5a) corresponds to the
solution of a least squares problem of small size (the
number N of sources and mixtures is generally low),
When some prior is adopted for A, problem (2.5a) can
loose concavity, and algorithms for non-convex
optimization must be adopted, such as simulated annealing
(SA). In this case, however, owing to the small number of
variables, even SA results to be g reasonably cheap
algorithm. Moreover, SA can be particularly suitable
when P(A) enforces constraints on A that cannot be
expressed in analytical form, such as bounds on the
admitted values, etc. The algorithm to be adopted to solve
the optimization problem (2.5b) mainly depends on the
form adopted for the Pi(s;). On the other hand, we know
from the ICA theory that the separation of the sources (at
least in the noiseless case) is possible only when at most
one of the sources is Gaussian, Thus, in geieral, probiem
(2.5b) will not be a quadratic one. However, when
appropniate, the Pi(s;)s can be chosen in such a way 1o
ensure the concavity of the function to be optimized, so
that a gradient ascent algorithm can be used. Otherwise,
still  relatively cheap algorithms  for nop-convex
optimization can be used, such as Graduated Non-
Convexity (GNC) [15], which was shown to be more
efficient than SA. In the following Section we will show
that the constraint we intend to enforce on the sources, 1.c.
correlation with respect to time, can be suitably expressed
through MRF models whose related Gibbs distributions
are suitable to be managed by GNC-like algorithms. On
the basis of this choice, we will specialize the iterative
scheme (2.5) and will propose a particular implementation
of the scheme itself that exhibits a reduced computational
complexity and for which experimental convergence can
always be obtained.



3. GIBBS PRIORS AND DERIVATION
OF THE ALGORITHM

MRF models have become very popular since the
middie '80s, especially in connection to inverse, ill-posed
problems of image processing, such asg Testoration,

make space-variant the smoothness constraint which has
to be enforced to regularize and stabilize the solutions of
inverse problems in visual reconstruction, Furthermore,
the local nature of these models allows us o define
distributed and even parallel algorithms for the
computation of the regularized solution. In this paper we
Propose to use MRF for modeling the properties of time
correlation of the independent sources in 5 BSS and ICA
context. We consider the one-dimensional case and apply
MREF to signals sampled into T time instanis,

Let us consider then the distribution of the j-th source
8(t) in our problem. According to the MRF formalism, it
must have the following Gibbsjan form:

Pi(si) = 5-expl- Uys,) G.0)
Z

where Z; is the normalizing constant and Ui(s;) is the prior

energy in the form of a sum of potential functions over the

set of cliques of interacting time instants. We consider the

set of cliques constituted of a single instant t or two

adjacent instants and t+1. We then define Ui(s)) as:

T T-1
Vi) = 3 eifitsi 0+ 3 1015505, 1+ ) (3.2)
t=]

t=]

where o and A, are positive weights, and % and ¢, are
functions to be chosen according to our eXpectation about
the probability law assigned to each sample of signal s,
and about the degree of correlation we assign to couples
of adjaceni samples of the signal, respectively. From the
ICA theory we know that, to ensure separability of the
Sources, these cannot be Gaussian, and, in many practical
ICA algorithms, the probability distribution of the source

about their nature is available. With Tespect to the choice
of @, this function (often called stabilizer) is devoted to
describe the time correlation of the j-th source, in the form
of regularity of the signal shape. This regularity s
physically plausible in many real-word applications, and,
as already said, it is an essential constraint to prevent the
being unstable when the data are
noisy, Nevertheless, the Source signals can present Some
steep fronts which must be preserved as wel, We thus
refer to stabilizers for edge-preserving image recovering,
and adapt them to the one-dimensional case. Some of the
many proposed possess the characteristic of being convex
[14], so that, if the f; are also convex, the function to be
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maximized in step (2.5b) will regu)r Concave, apq:

i an be used to perform the Optimizat;
We consider instead the most general cage of
concavity, but adopt specific Stabilizers that allows yg {5
"correct” the mild nen-concavity of the overal| function py
providing a sequence of approximations for it, according
to the GNC strategy,. :

Upon the above considerations,
computational complexity of the iterative scheme (2.5y
and ensure convergence, we PTOPOSE  a  particyfgy
implementation of such a scheme, based On an overg]]
simulated annealing for the estimation of A according tg

computed,
according to (2.5b). To this end, we first take the negative
logarithm of the distribution P(xlA,s)P(s)P(A), thus
obtaining the following energy function to be equivajently
minimized in A and s:

BA) =2 3 (450 - 0 5yt - xc0)

t

T T-1
206100+ 3 A5 (505 (04 1)- hog b

=1 =1

t (3.3)

where the constant ferms coming from the partition
functions have been neglected. A new distribution P(s.A),
to be used for simulated annealing, can thus be derived in
the following way:

—_._E(S’A)J (3.4)

1
P(s,A) = 7 exp[— .

The scheme of our algorithm is the following:

1. set k=0, s, A(K)
Losetr=], AT =k

forr=1, L

I

compute AT according to Py, (s(,4)

. set A=A (L)

B

- compute

s = arg min B, AlkD)y
13

5. set k=k+1; go back to step 2 until a termination
criterion is satisfied.

In the scheme above, the lowering to zero of the
temperature ensures the convergence of the estimation of
the mixing matrix A, in that distribution in Eq. (3.4)
becomes a Dirac function when < approaches zero, This
ensures stabilization of the Source estimates as well, since



; are compuied by minimizing the energy function
i all fixed parameters.

EXPERIMENTAL RESULTS

The efficiency of the above algorithm with respect to

the robustness of the estimates was tested on synthetic
ignals, belonging to the class of smooth or piecewise
'smooth signals. For generating these signals we did not
‘refer to any specific probability law. In these conditions,
the choice of a function f; becomes difficult. We thus
decided to enforce omly generic constraints of time
correlation for the sources, and dropped the first term
from the prior energy of Eq. (3.2).

We performed a large set of numerical experiments, by
letting the ideal matrix coefficients and the noise
realization to be selected randomly. In order to forther
reduce the computational time, we found convenient to
preprocess the data, in such a way to whiten them. To this
purpose, we applied to the data x a matrix B such that
E[Bxx'B]=I. B was then assumed as starting point for
estimating the mixing matrix. The starting point for the
sources was instead always chosen randomly. For
comparison purpose, in all cases we also computed the
solutions of the Fast ICA algorithm.

In Figures 1 and 2, we provide the results of two of the
experiments performed, for the case of two sources and
two data signals. In the experiment of Figure 1 we
considered two step signals, of different scale, and added
to their mixtures a 10% of noise. For these signals we
found out convenient to assume as model a stabilizer with
cdge-preserving properties, for which we previously
derived a family of approximations and a GNC-like
algorithm [16]. The general form of this stabilizer is given

by:
i/
(1) = TWK

where parameter A represents the threshold for the
intensity gradient above which a steep front is Tikely to be
present in the signal. We used two different values of the

A parameter for the two signals, due to their different
scale. It is qualitatively evident the better fidelity of the
separated signals to the original ones, with respect to the
; results of the Fast ICA algorithm, that are much more
noisy. We also computed the root mean squared error
! (RMSE)} between the ideal mixing matrix and the
estimated one. We obtained for this experiment values of
the RMSE around 0.046 for the Fast ICA and 0.03 for our
method,

(4.1)

In the second experiment, shown in Figure 2, we
considered as data a2 random mixture between a step signal
and a sinusoidal signal, still added of a 10% of noise. For
the first signal we adopted the same stabilizer as for the
previous experiment, while for the sinusoidal signal we
considered a simple parabola of the intensity gradient,
which enforces global smoothness. Also in this case the
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reconstructions obtained with our method are much more
robust against noise than those produced by the Fast ICA,
and the RMSE between the ideal and the estimated mixing
matrix is around 0.0157.

In all our experiments, we verified that the order in
which we assign the prior to the signals is reflected in the
order of the reconstructions, so that this approach does not
present one of the typical ambiguities of BSS, i.e. possible
permutation.
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Fig. 1 — From top to bottom: original signals, mixed and
noisy signals, reconstructions obtained by using the Fast
ICA algorithm, reconstructions obtained by using the
MAP estimation method,

5.  CONCLUSICONS

We proposed a Bayesian formulation of ICA
technigues for blind source separation, in the case where
the data arc noisy. We considered MRF models for the
source signals which are suitable to describe both the
independence of the sources themselves and the local time
correlation for each single source. We proposed to
implement alternating maximization for the joint MAP
estimation of the mixing matrix and the sources by means
of a simulated annealing scheme employing the
Metropolis algorithm for the updating of the mixing
matrix, and a deterministic algorithm for the updating of
the sources, at each temperature. We experimentally
verified that the introduction of @ priori information about
the time correlation of the sources can increase robustess
of the estimates against noise in the data,
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Fig. 2 — From top to bottom: original signals, mixed and
noisy signais, reconstructions obtained by using the Fast
ICA algorithm, reconstructions obtained by using the
MARP estimation method.
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