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We compute the scattering angle for a scalar neutral probe undergoing unbound motion around
a Topological Star, including self-force effects. Moreover we identify the ‘electro-magnetic’ source
of the background as Papapetrou Field compatible with the isometries and characterize Topolog-
ical Stars by studying their sectional curvature, geometric transport along special curves and the
gravitational energy content in terms of the super-energy tensors.

I. INTRODUCTION

As in any physical systems with local symmetry, ob-
servables in gravity are related to gauge-invariant quan-
tities. For a standard two-body system (a pair of
massive, spinning objects) in General Relativity (GR)
one considers usually energy and angular momentum
as fundamental gauge-invariant quantities, but there ex-
ist related ones like redshift, period and periastron ad-
vance for bound motion or the scattering angle for un-
bound motion. Recently gravitational scattering has be-
come particularly important because the scattering angle
can be computed by using different approaches: Post-
Newtonian (PN), summarized e.g. in Ref. [1], and Post-
Minkowskian (PM), started long ago with a number of
seminal papers [2–5] and recently reappraised (and pop-
ularized) by Ref. [6], approximations on the classical GR
side, Effective-Field-Theory (EFT) see e.g. [7–10], and
finally Amplitudes (AMP) from the high energy physics
side (see e.g., [11–21]). Actually, the last years have wit-
nessed a positive synergy between the two approaches
which have been also used to make predictions and also
check the results of one approach against the other (see
e.g., [22, 23]).

Remarkably, waveforms and other observables can
be also determined exploiting the relation between the
wave equations governing gravitational perturbations
and quantum Seiberg-Witten curves for N = 2 super-
symmetric gauge theories [24–33]

Here we study scattering processes in an electro-
vacuum spacetime, namely in the case in which the source
of the spacetime is not a neutral black hole (BH) but has
an electromagnetic structure. Our aim is that of identi-
fying interesting signatures of the structure of the bodies
involved in the scattering process.

We will mainly focus on the spacetime of a
Top(ological) Star (TS) which – for a specific choice of the
parameters – is a smooth horizonless solution of Einstein-
Maxwell theory in D = 5, briefly reviewed in Section IV

[34–43]. We will identify the electro-magnetic source in
terms of a Papapetrou Field [44], compatible with the
Killing structure (isometry) of the background, as dis-
cussed in Section II, and characterize TS by studying
their sectional curvature, geometric transport along spe-
cial curves and gravitational energy content for a natural
observer’s choice, i.e. a static observer, in terms of the
super-energy tensors, introduced by Bel and Robinson
long ago [45–49] and reviewed in Section III.

We will then discuss the scattering process of a neu-
tral, massive, spinless test particle moving on an equa-
torial geodesic. We will provide explicit, analytic results
for the scattering angle (a natural gauge-invariant quan-
tity characterizing the process) by using a large angular
momentum expansion limit. First, in Section IV, we will
consider simple geodetic motion that can be restricted
to the equatorial plane thanks to spherical symmetry.
Then, in Section V, relying on our recent study for un-
bound orbits in the background of a Top Star [42], we will
include scalar self-force effect that correct the geodetic re-
sult quite significantly. As a sanity check we will compare
our results with the well-known ones for a Schwarzschild
BH that represents a ‘limit’ of the TS solution. We will
compute both the conservative and the dissipative parts
of the scattering angle.

We will conclude in Section VI with comments on the
inclusion of GW or electromagnetic emission in order to
compute gravitational and electromagnetic self-force ef-
fects and massless scalar emission and draw some direc-
tions for future investigation in the case of Rotating Top
Stars where most of the work is still in progress. Some
cumbersome formulae can be found in the associated an-
cillary file.

https://arxiv.org/abs/2506.04876v1
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II. KILLING VECTORS AND PAPAPETROU
FIELDS

Consider a static and spherically symmetric metric of
the type

ds2 = −ft(r)dt
2 + fr(r)dr

2 + fΩ(r)(dθ
2 + sin2 θdφ2)

+ (D − 4)fy(r)dy
2 , (2.1)

with coordinates (t, r, θ, φ, y) adapted to the Killing sym-
metries of the spacetime, that may be viewed as a non-
vacuum solution of Einstein equations with sources. Here
D denotes the spacetime dimension: 4 in GR but 5 in the
case of a Top(ological) Star (TS) spacetime, that will be
the main focus of our analysis starting from Section IV.
Sometimes, to ease comparisons of the TS spacetime with
other 4D spacetimes we will consider a D = 4 TS metric,
i.e., a 4D spacetime with metric the one induced on the
leaves y =constant.
Noticeably, when the background admits as a source an

electromagnetic field, the latter is simply related to the
Killing structure of the spacetime, in the sense that the
vector potential A has components (eventually separated
in their dependence on r and θ) only along the Killing
directions[65]

A = At(r, θ)dt +Aφ(r, θ)dφ . (2.2)

Let us recall that the Killing vectors themselves play a
role in this context. In fact, if ξ is a Killing vector field
then by definition (since ξ(α;β) = 0 and hence ξα;β = Fαβ

is antisymmetric, and satisfies Maxwell’s equations with
sources,

Fαβ
ξ ;β = Rα

βξ
β = Jα . (2.3)

Fαβ
ξ is termed a Papapetrou Field (PF) [44], and in vac-

uum (Rαβ = 0) they are such that Fαβ
ξ ;β = 0. PF have

been used to analyze exact solutions of Einstein’s field
equations, and in the study of black holes in the pres-
ence of external electromagnetic fields [50]. In particular,
it turns out that the Kerr-Newman electromagnetic field
is a PF generated by the time-like Killing vector field of
the Kerr metric. Moreover, PFs provide us with a link
between the Killing symmetries and the algebraic struc-
ture of the spacetime, which is a subject treated only
occasionally in the literature [44, 51].
This relationship can be found by studying the align-

ment of the principal directions of the PF with those of
the gravitational field, i.e., of the Riemann tensor (which
in vacuum reduces to the Weyl tensor). In this sense, a
remarkable example is the type D Kerr metric: the prin-
cipal directions of the PF associated with the time-like
Killing vector field coincide with the two repeated princi-
pal directions of the spacetime. This link between Killing
symmetries and algebraic structure represents a powerful
tool for the study (and the search) of vacuum gravita-
tional fields. Combining two such fields with coefficient
functions one may find conditions such that source-free
Maxwell’s equations be satisfied.

III. SUPER-ENERGY TENSORS

The main interest of our present investigation is the
spacetime of a TS which we can also characterize by
studying their gravitational energy content in terms
of super-energy tensors, as those due to Bel and Bel-
Robinson long ago [45–49, 52–59] .
The Bel and Bel-Robinson tensors are built with the

Riemann tensor and the Weyl tensor, respectively, and
are both divergence-free in vacuum spacetimes, where
they coincide. Their mathematical properties are re-
viewed, e.g., in Refs. [55, 58]. We will consider the fol-
lowing gravitational (Bel) super-energy tensor (see Eq.
15.29 of Ref. [60])

T (g)
αβ

γδ = RαρβσR
γρδσ + ∗Rαρβσ

∗Rγρδσ , (3.1)

defined in terms of the Riemann tensor Rαργδ and its left
dual

∗Rαρβσ =
1

2
εαργδR

γδ
βσ , (3.2)

which is more natural in the case of nonempty space-
times. In an empty spacetime, the latter tensor is de-
fined exactly in the same way by using the Weyl tensor
and enjoys the following properties

1. It is symmetric and traceless in all pair of indices;

2. It is divergence-free ∇αT
(g)α

βγδ = 0.

Indeed, the analogous quantity (Bel-Robinson) defined
in terms of the Weyl tensor Cαβγδ and its dual carries
a similar information, but without any reference to the
spacetime sources. We will not insist on studying explic-
itly the differences between these two tensors (already
discussed in the literature [55, 58]), and take the Bel
tensor as bearer of (qualitative, more than quantitative)
information concerning the observer-dependent gravita-
tional energy and momentum content of a given space-
time (and a given observer).
As it is well known, in analogy with electromagnetism,

by using the Bel tensor one can introduce the super-
energy density and super-momentum density (or super-
Poynting, spatial) vector [45–48] with respect to a given
observer with 4-velocity u

E(g)(u) = T
(g)
αβγδu

αuβuγuδ ,

P(g)(u)α = P (u)ǫαT
(g)
ǫβγδu

βuγuδ . (3.3)

with u unitary, timelike and future-pointing and P (u) =
g + u⊗ u the projection operator orthogonally to u.
It is convenient to introduce the notation

Xαβ...u
α = Xuβ... (3.4)

for indices contracted with u and to recall the notion of
electric and magnetic parts of the Riemann tensor

E(u)αβ = Rαµβνu
µuν = Rαuβu ,

H(u)αβ = ∗Rαµβνu
µuν = ∗Rαuβu . (3.5)
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We have then

E(g)(u) = RuρuσR
uρuσ + ∗Ruρuσ

∗Ruρuσ ,

= E(u)ρσE(u)
ρσ + H(u)ρσH(u)

ρσ ,

P(g)(u)α = P (u)ǫα(RǫρuσR
uρuσ + ∗Rǫρuσ

∗Ruρuσ)

= P (u)ǫα(RǫρuσE(u)
ρσ + ∗RǫρuσH(u)

ρσ) .

(3.6)

Here E(u)ρσ is spatial with respect to u (any contraction
with u vanishes), symmetric (but not tracefree), while
H(u)ρσ is spatial with respect to u and not symmetric
(but tracefree). A useful method to work with tensors
in index-free notation when one needs to split their sym-
metric and antisymmetric parts is the following

HS(u) ≡ [H(u)(αβ)] ,

HA(u) ≡ [H(u)[αβ]] . (3.7)

Therefore

E(g)(u) = Tr [E(u) · E(u)]
+ H(u)ρσ[H(u)

(ρσ) + H(u)[ρσ]] ,

= Tr [E(u) · E(u) + Tr [HS(u) · HS(u)]
− Tr [HA(u) · HA(u)] , (3.8)

where matrix multiplication is meant as a contraction of
the rightmost lower index of the first tensor with leftmost
upper index of the second,

[A ·B]α
γ = AαβB

βγ , Tr[A ·B] = [A ·B]α
α . (3.9)

Let us now recall that a spatial antisymmetric 2-tensor
can be fully represented by a vector, labeled by a V (ex-
actly as the magnetic field 2-tensor is equivalent to a
corresponding vector), i.e.,

[HA(u)]αβ = εuαβγ [HV(u)]
γ , (3.10)

with εuαβγ = uδ εδαβγ the unit volume 3-form in the
local rest space (LRS) of the observer u. With the above
3-form one can also define a spatial cross product for two
symmetric spatial tensor fields (A,B)

[A×u B]α = εuαβγA
β
δ B

δγ . (3.11)

We can further manipulate the term

Tr [HA(u) · HA(u)] = εuαβγ [HV(u)]
γεu

βαρ[HV(u)]ρ

= −2δργ [HV(u)]
γ [HV(u)]ρ

= −2|HV(u)|2 . (3.12)

Finally, one writes

E(g)(u) = Tr [E(u) · E(u)] + Tr [HS(u) · HS(u)]
+ 2|HV(u)|2 , (3.13)

which is the gravito-electromagnetic counterpart (1 + 3
split version) to the familiar electromagnetic field energy

E(em)(u) = |E(u)|2 + |H(u)|2 . (3.14)

Proceeding along the same lines one can compute the
1 + 3 split version of the super-momentum. However, as
discussed below, its spatial part vanishes identically and
we will not insist on formal analogies any further and
pass to consider TSs.

IV. TOP STAR METRIC

A Topological Star (TS) is described by the following
D = 5 metric

ds2 = −fs(r)dt
2 +

dr2

fs(r)fb(r)

+ r2(dθ2 + sin2 θdφ2) + fb(r)dy
2 , (4.1)

with

fs,b(r) = 1− rs,b
r

. (4.2)

The coordinate y is compact y ∼ y + 2πRy. The met-
ric (4.1) is a magnetically charged solution of D = 5
Einstein-Maxwell system of equations, where the elec-
tromagnetic field is given by

A = −P cos θdφ , F = P sin θdθ ∧ dφ , (4.3)

and with

P 2 =
3rbrs
2κ2

5

, (4.4)

representing the magnetic charge. Moreover, F 2 =

−FαβF
αβ = 2P 2

r4 and

∗F =
2P

r2
dt ∧ dr ∧ dy , (4.5)

and

Tµν = − P 2

2r4
gµν +

P 2

r2
[δθµδ

θ
ν + sin2 θδφµδ

φ
ν ] . (4.6)

Actually, with this form of the metric there exist two
different regimes: 1) black string (BS): rb < rs, with
an event horizon at r = rs; 2) TS: rs < rb, a smooth
horizonless solution if y is periodically identified with

period 2πRy (Ry = 2r
3/2
b /(rb − rs)

1/2). Furthermore,
stability against (metric) linear perturbations requires
rb < rs < 2rb in the BS case and rs < rb < 2rs in
the TS one [34–36].
After dimensional reduction to D = 4, the solution

shows a naked singularity and has a mass

G4MTS =
rs
2

+
rb
4
, (4.7)

with

8πG4 = κ2
4 =

κ2
5

2πRy
=

8πG5

2πRy
. (4.8)
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Hereafter we will set G4 ≡ G = 1 = c. For rb = 0,
and thus rs = 2GMTS, the resulting singular solution is
Schwarzschild BH×S1. Often we will find it convenient
to denote rs = 2M , rb = αrs = 2αM , with M a common
length scale, not to be confuse with MTS, the mass of the
TS, unless for rb = 0. In fact,

G4MTS =
rs
4
(α+ 2) =

M

2
(α+ 2) . (4.9)

A. Sectional curvatures

Let us consider the following sections of the TS space-
time:

1. t− r section, with (Lorentzian) 2-metric

(2)ds2 = −fs(r)dt
2 +

dr2

fs(r)fb(r)
. (4.10)

The associated Kretschmann invariant is

(2)Kt−r = RαβγδR
αβγδ =

r2s(4r − 5rb)
2

4r8
, (4.11)

showing a geometrical role for the radius r = 5
4rb.

2. r − φ section, with (Euclidean) 2-metric

(2)ds2 =
dr2

fs(r)fb(r)
+ r2dφ2 . (4.12)

The associated Kretschmann invariant is

(2)Kr−φ =
[(rs + rb)r − 2rsrb]

2

r8
, (4.13)

showing a geometrical role for the radius r =
2rsrb

(rs+rb)
= 2

1

rs
+ 1

rb

.

3. r − y section, with (Euclidean) 2-metric

(2)ds2 =
dr2

fs(r)fb(r)
+ fb(r)dy

2 . (4.14)

The associated Kretschmann invariant is

(2)Kr−y =
r2b (4r − 5rs)

2

4r8
, (4.15)

showing a geometrical role for the radius r = 5
4rs,

namely rs ↔ rb exchange their roles when passing
from (2)Kt−r to (2)Kr−y, as expected.

B. Static observers, split of the Riemann and
super-energy tensors

Let us consider the constant y section of the TS space-
time. With the Riemann tensor induced on this hyper-
surface we can form the super-energy as measured by the
static observer,

u =
1√−gtt

∂t . (4.16)

1.5 2.0 2.5 3.0
r

0.002

0.006

0.01

ℰ
(g) TS

FIG. 1: super-energy as measured by the static observer and
stored on the leaves y = constant for a TS spacetime plotted
as function of the radial coordinate r for rb = 1 and rs =
0.8. The extrema are located at rmax = 3rb

2
(corresponding

to E (g)TS(rmax) = 16
2187α6r4s

≈ 0.004682) and rmin = 11rb
9

(corresponding to E (g)TS(rmin) =
1594323

311794736α6 r4s
≈ 0.003273).

We find

E(g)TS(u) =
(24r2 − 56rrb + 33r2b )r

2
s

16r8

=
3r2s
2r6

− 7αr3s
2r7

+
33α2r4s
16r8

, (4.17)

with rb = αrs, as above.
It dimensionless version Ê(g)TS = r4sE(g) TS is then con-

veniently written as

Ê(g) TS =
3

2
x6 − 7α

2
x7 +

33α2

16
x8

=
3

2
x6

(

1− 7

3
αx+

11

8
α2x2

)

≡ Ê(g) Schw A(αx) , (4.18)

where we have defined x = rs
r . With respect to the case

α = 0 (Schwarzschild on the leaves y = constant) we have
here the amplifying factor

A(αx) = 1− 7

3
αx+

11

8
α2x2 , (4.19)

continuously increasingly with a parabolic behavior start-
ing for the value 1

24 = 0.0416̄, obtained for αx = 1, cor-
responding to r = rb.

C. Geometric transport along special orbits

Special insight into the gravitational field of the TS is
obtained by studying particles’ motion. In this subsec-
tion we will consider timelike, equatorial circular orbits
in the t− φ 2-plane at fixed radius r = r0 > rb, not nec-
essarily geodesics, i.e. characterized by the four velocity

Ucirc = Γ(∂t +Ω∂φ) , (4.20)
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with

Γ =

[

1− rs
r0

− Ω2r20

]−1/2

, (4.21)

and parametric equations

t = Γτ , r = r0 , θ =
π

2
, φ = ΓΩτ , y = y0 .

(4.22)
Here Ω is a free parameter which defines the family of

these orbits, existing if

−Ω∗ ≤ Ω ≤ Ω∗ , (4.23)

with

Ω∗ =
1

r0

(

1− rs
r0

)1/2

. (4.24)

For instance, when Ω = Ωg =
√

rs/(2r30) the orbits are
geodesics.
Let us introduce an orthonormal frame adapted to the

static observers (4.16)

et̂ = u =
1√−gtt

∂t , er̂ =
1√
grr

∂r , eθ̂ =
1√
gθθ

∂θ ,

eφ̂ =
1

√
gφφ

∂φ , eŷ =
1

√
gyy

∂y . (4.25)

Instead of the Ω parametrization it can be convenient to
have a velocity parametrization writing

Ucirc = γ(et̂ + veφ̂) , (4.26)

such that

Γ =
γ√−gtt

, v =

√
gφφ√−gtt

, (4.27)

where now the physical velocity (signed magnitude of
the relative velocity of Ucirc with respect to the static
observers) varies as v ∈ [−1, 1]. Finally, the acceleration
of such orbits is purely radial

a(Ucirc) = ∇Ucirc
Ucirc

=
Γ2fs(r0)fb(r0)

r20
(M − Ω2r30)∂r , (4.28)

and changes its sign at Ω = Ωg (i.e., it is directed radially
inward only at those radii and those frequencies such that
Ω > Ωg).

1. Parallel transport

Consider a generic vector X = Xα∂α and study the
equation for parallel transport of X along Ucirc,

dXα

dτ
+ Γα

µνX
µUν

circ = 0 . (4.29)

the transport is trivial for the θ and φ components of
X and reduces to Xθ(τ) = Xθ(0) and Xy(τ) = Xy(0).
We can then assume Xθ(0) = Xy(0) = 0. The other
components are such that

dX t̂

dτ
= − rs

2r20
Γ
√

fb(r0)X
r̂ ,

dX r̂

dτ
= ΓΩ

√

fs(r0)fb(r0)X
φ̂ − rs

2r20
Γ
√

fb(r0)X
t̂ ,

dX φ̂

dτ
= −ΓΩ

√

fs(r0)fb(r0)X
r̂ , (4.30)

where the hat-components are taken with respect to the
natural frame (4.25). In fact, along the above equatorial
circular orbit

Xt(τ) =
X t̂(τ)
√

fs(r0)
, Xφ(τ) =

X φ̂(τ)

r0
,

Xr(τ) = X r̂(τ)
√

fs(r0)fb(r0) ,

Xθ(τ) =
1

r0
X θ̂(τ) , Xy(τ) =

X ŷ(τ)
√

fb(r0)
.(4.31)

The system (4.30) can be conveniently written as

dX t̂

dτ
= −AX r̂ ,

dX r̂

dτ
= BX φ̂ −AX t̂ ,

dX φ̂

dτ
= −BX r̂ , (4.32)

with

A =
rs
2r20

Γ
√

fb(r0) ,

B = ΓΩ
√

fs(r0)fb(r0) , (4.33)

and

ζ = A2 − B2 =
Γ2fb(r0)(−r40Ω

2fs(r0) +
r2s
4 )

r40
. (4.34)

These equations decouple simply by differentiating the
radial one with respect to τ and using in it the other two
equations, obtaining

d2X r̂

dτ2
= ζX r̂ . (4.35)

As in the case of black holes [61], the solutions are of
the type

1. A spatial rotation from the initial data for all Ω
such that ζ < 0;

2. A boost for all Ω such that ζ > 0;

3. A null rotation for Ω = ± rs

2r2
0

√
fs(r0)

, corresponding

to ζ = 0.
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For example, in the case ζ < 0 we find

d2X r̂

dτ2
= −|ζ|X r̂ , (4.36)

which implies

X r̂(τ) =
X r̂ ′(0)
√

|ζ|
sin(

√

|ζ|τ) +X r̂(0) cos(
√

|ζ|τ) , (4.37)

a periodic function with (minimum) period 2π√
|ζ|
. A num-

ber of k full orbital revolutions corresponds to

2πk = ΓΩτ∗ , k ∈ Z , (4.38)

and therefore

X r̂(τ∗) =
X r̂′(0)
√

|ζ|
sin(

√

|ζ|2kπ
ΓΩ

) +X r̂(0) cos(
√

|ζ|2kπ
ΓΩ

) .

(4.39)
A relation for “holonomy invariance” can then be written
assuming

√

|ζ|2πk
ΓΩ

= 2nπ , n ∈ Z , (4.40)

ensuring X r̂(τ∗) = X r̂(0). Eq. (4.40) can be also written
as

√

|ζ|
ΓΩ

=
n

k
, (4.41)

defining special frequencies/radii where this condition is
satisfied. [Note that a negative Ω is allowed and corre-
sponds to a circular orbit rotating clockwise.] A numer-
ical study of Eq. (4.41) is shown in Fig. 2.

2. Fermi-Walker transport

Let us assume that the vector X defined above (ig-
noring θ and y components) is also orthogonal to Ucirc,
namely

Xt(τ) =
Ωr20
fs(r0)

Xφ(τ) , (4.42)

and let us study the Fermi-Walker transport law of X
along Ucirc

P (Ucirc)α
β∇Ucirc

Xβ = 0 . (4.43)

The evolution equations read

dX φ̂

dτ
= Γ3Ω

√

fs(r0)fb(r0)

(

1− 3M

r0

)

X r̂ ,

dX r̂

dτ
= Γ

√

fb(r0)
√

fs(r0)

(

1− 3M

r0

)

X φ̂ , (4.44)

FIG. 2: The LHS of Eq. (4.41) is plotted as a function of
Ω ∈ [−Ω∗,Ω∗] for α = 5/4, r0 = 5M , M = 1. The numerical
value of Ω∗ in this case is 0.1549. The dotted line superposed
corresponds to the right-hand-side of Eq. (4.41) with n = 1,
k = 4.

leading to

d2X r̂

dτ2
+Ω2

fwX
r̂ = 0 , (4.45)

where

Ωfw = Γ2Ω
√

fb(r0)

∣

∣

∣

∣

1− 3M

r0

∣

∣

∣

∣

. (4.46)

The solution for X r̂ in this case corresponds in general
to a rotation or a null rotation (at r0 = 3M) (but never
a boost). For example, if r0 6= 3M

X r̂(τ) =
X r̂′(0)

Ωfw
sin (Ωfwτ) +X r̂(τ) cos (Ωfwτ) ,(4.47)

and one can study again the holonomy invariance prop-
erties.

D. Hyperbolic-like geodesic motions and the
scattering angle

The geodesics of the metric (4.1) can be derived from
the Lagrangian density

L =
1

2
gαβẋ

αẋβ , (4.48)

where a dot denotes differentiation with respect to an
affine parameter λ related to the proper time by τ = λm
with m the mass of the particle (probe). The correspond-
ing Hamiltonian reads

H =
1

2
gµνPµPν , Pµ =

∂L
∂ẋµ

, (4.49)
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with mass-shell condition H = −m2/2.
The conserved momenta are denoted as

Pt = −E, Py = p, Pφ = J . (4.50)

The geodesic equations can be separated by introducing
the Carter-like constant K, so that

P 2
r =

E2r3

(r − rb)(r − rs)2
− K2

(r − rb)(r − rs)

− r2(p2r + (r − rb)m
2)

(r − rb)2(r − rs)
,

P 2
θ = K2 − J2

sin2 θ
. (4.51)

Due to the spherical symmetry of the background, we can
focus on the equatorial motion only without loss of gen-
erality, θ = π

2 (Pθ = 0) so that K = J . Furthermore, we
will limit our considerations to the case p = 0, implying

p2r ≡ P 2
r

m2
=

Ê2r̂3 − (j2 + r̂2)(r̂ − 2)

(r̂ − 2α)(r̂ − 2)2
. (4.52)

where we have defined the dimensionless quantities

Ê =
E

mc2
, j =

cJ

GMm
, r̂ =

c2r

GM
, (4.53)

(mostly used with c = 1) besides

rs
M

= 2 ,
rb
rs

= α . (4.54)

We will also write Ê = γ following standardly used no-
tation. Finally, let us pass from r̂ to w = 1

r̂ , so that

p2r(1− 2w)2 =
Ê2 − (j2w2 + 1)(1− 2w)

(1− 2αw)
. (4.55)

From Eqs. (4.49), we obtain

dr

dτ
=

pr(r − rb)(r − rs)

r2
,

dφ

dτ
=

Mj

r2
=

j

Mr̂2
, (4.56)

that is

dr

dτ
= pr(1− 2αw)(1 − 2w) ,

dφ

dτ
=

j

M
w2 . (4.57)

Consequently

dφ

dr̂
=

w2j

pr(1− 2αw)(1 − 2w)
, (4.58)

and

dφ

dw
= − j

pr(1− 2αw)(1 − 2w)
. (4.59)

Using Eq. (4.55) we find

dφ

dw
= − j

√
1− 2αw

√

Ê2 − (j2w2 + 1)(1− 2w)
, (4.60)

equivalent to

dφ

dr
=

∂pr
∂j

. (4.61)

The scattering angle follows from integration along the
full orbit,

χ+ π

2
=

∫ wmax

0

j√
1− 2αw

dw
√

Ê2 − (j2w2 + 1)(1− 2w)
.

(4.62)

where wmax = wmax(Ê, j) is the largest solution of

Ê2 − (j2w2 + 1)(1− 2w) = 0 . (4.63)

We can proceed now evaluating Eq. (4.60) in the large
j expansion limit. Let us rewrite conveniently the argu-
ment of the square root denoting Ê2 − 1 = 2Ē

D = Ê2 − (j2w2 + 1)(1− 2w)

= 2Ē + 2w − j2w2 + 2j2w3

= 2j2(w − w1)(w − w2)(w − w3) . (4.64)

In a large j expansion limit one finds

w1 =
1

2
− 2(1 + 2Ē)

j2
− 8(1 + 6Ē + 8Ē2)

j4

− 64(1 + 10Ē + 30Ē2 + 28Ē3)

j6
+O

(

1

j8

)

,

w2 =

√
2Ē

j
+

1 + 2Ē

j2
+

20Ē2 + 12Ē + 1

2
√
2j3

√
Ē

+
4
(

8Ē2 + 6Ē + 1
)

j4

+
3696Ē4 + 3360Ē3 + 840Ē2 + 40Ē − 1

16
√
2j5Ē3/2

+
32
(

28Ē3 + 30Ē2 + 10Ē + 1
)

j6
+O

(

1

j7

)

,

w3 = −
√
2
√
Ē

j
+
2Ē+1

j2
−20Ē2+12Ē+1

2
√
2j3

√
Ē

+
4
(

8Ē2 + 6Ē + 1
)

j4

− 3696Ē4 + 3360Ē3 + 840Ē2 + 40Ē − 1

16
√
2j5Ē3/2

+

+
32
(

28Ē3 + 30Ē2 + 10Ē + 1
)

j6

+ O

(

1

j7

)

, (4.65)
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with wmax = w1 which we also express in terms of γ

wmax =
1

2
− 2γ2

j2
+

8γ2(1− 2γ2)

j4

− 32γ2
(

7γ4 − 6γ2 + 1
)

j6
+O

(

1

j8

)

. (4.66)

It is natural to introduce the new variable ξ = w
wmax

and

the small quantity ǫ defined as [62]

ǫ =
2

j
√
2Ē

, (4.67)

so that

ξ =
w

wmax
= w

[

2 + 4ǫ2Ē
(

2Ē + 1
)

+ 16ǫ4Ē2
(

6Ē2 + 5Ē + 1
)

+ 16ǫ6Ē3
(

96Ē3 + 112Ē2 + 42Ē + 5
)

]

+ O(ǫ8) , (4.68)

where ξ (now, in the large j expansion limit) varies from
0 to 1. In ξ = 1 the integral is singular and one should
consider its finite part.
The complete TS result reads

χ(α, γ, j) + π

2
=

∞
∑

k=1

χk(α, γ)

jk
, (4.69)

where we used Ê2 − 1 ≡ γ2 − 1 = 2Ē (i.e., Ê = γ) as
the energy parameter. Here χk = χk(α, γ) with a specific
structure at the various orders in j, and are summarized
in Table I and there are no limitations to extend the
expansions lo larger orders in 1/j. The limit α → 0
reproduces the well-known Schwarzschild result.
An example of numerical study of the scattering angle

(without self force corrections) is shown in Fig. 3.

V. INCLUDING SCALAR SELF FORCE
EFFECTS

Self force affects the particle’s (geodesic) four velocity
with O(q2) modifications. Denoting the particle’s four
velocity as uα(τ) with τ the proper time parameter, the
equations of motion read

Duα

dτ
= uµ∇µu

α =
Fα

m
≡ F̂α(τ) . (5.1)

Here, both u and F have components only along t, r, φ
and 1) uα is timelike and unitary: u ·u = −1, while 2) F
is orthogonal to u: F · u = 0. This implies

gtt(u
t)2 + grr(u

r)2 + gφφ(u
φ)2 + 1 = 0 , (5.2)

from which

(ur)2 = − gtt
grr

(ut)2 − gφφ
grr

(uφ)2 − 1

grr
, (5.3)

-10 -5 5 10

-10

-5

5

10

J=5

Jc=3.97

FIG. 3: Scattering orbit in a TS spacetime for the following
choice of parameters: j = 5, Ē = 2, rb = w−1

b = 1 and
rs = 0.8. With this choice of parameters, the critical radius
(dashed circle) and the critical angular momentum are rc =
1.24 and jc = 3.97.

and

utF
t + urF

r + uφF
φ = 0 , (5.4)

from which

F r = − ut

ur
F t − uφ

ur
Fφ . (5.5)

Note that the force terms only exist along the particle’s
orbit. Therefore, the metric coefficients in Eq. (5.3) are
meant to be restricted to the particle’s world line. The
equations of motion yield the following coupled system
of differential equations

dt

dτ
= ut ,

dr

dτ
= ur ,

dφ

dτ
= uφ ,

duα

dτ
+ Γα

µνu
µuν = F̂α , (5.6)

where

Γα
µν = Γα

µν(x)
∣

∣

x=x(τ)
(5.7)

are (known) functions of the coordinates, to be restricted
to the particle’s world line. Eqs. (5.6) are conveniently
written in terms of covariant components. More pre-
cisely,

uσ
dgασ

dτ
+gασ

duσ

dτ
+gασ

(

gσµ,ν − 1

2
gµν,σ

)

uµuν = gασF̂σ .

(5.8)
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TABLE I: Coefficients of the expansion in powers of α = rb/rs of the scattering angle in a TS spacetime, from α0 (Schwarzschild)
to α4. Note that the αn contributions starts by j−n implying that the final result is a large-j expansion of the exact result
whereas α does not need to be taken as small.

χ1
2γ2

−1√
γ2

−1
+ α

√

γ2 − 1

χ2
3
8
πα2

(

γ2 − 1
)

+ 1
4
πα

(

3γ2 − 1
)

+ 3
8
π
(

5γ2 − 1
)

χ3
5
3
α3

(

γ2 − 1
)3/2

+ α2
√

γ2 − 1
(

4γ2 − 1
)

+
α(8γ4

−8γ2+1)√
γ2

−1
+ 64γ6

−120γ4+60γ2
−5

3(γ2
−1)3/2

χ4
105
128

πα4
(

γ2 − 1
)2

+ 15
32
πα3

(

5γ4 − 6γ2 + 1
)

+ 9
64
πα2

(

35γ4 − 30γ2 + 3
)

+ 15
32
πα

(

21γ4 − 14γ2 + 1
)

+ 105
128

π
(

33γ4 − 18γ2 + 1
)

χ5
21
5
α5

(

γ2 − 1
)5/2

+ 7
3
α4

(

γ2 − 1
)3/2 (

6γ2 − 1
)

+ 2α3
√

γ2 − 1
(

16γ4 − 12γ2 + 1
)

+
α2

(

4γ2(3−4γ2)2−2
)

√
γ2

−1

+
α(8(48γ6

−112γ4+84γ2
−21)γ2+7)

3(γ2
−1)3/2

+
630γ2+32(56γ6

−180γ4+210γ2
−105)γ4

−21

5(γ2
−1)5/2

χ6
1155
512

πα6
(

γ2 − 1
)3

+ 315
256

πα5
(

γ2 − 1
)2 (

7γ2 − 1
)

+ 525
512

πα4
(

γ2 − 1
) (

21γ4 − 14γ2 + 1
)

+ 25
128

πα3
(

21γ2
(

11γ4 − 15γ2 + 5
)

− 5
)

+ 105
512

πα2
(

429γ6 − 495γ4 + 135γ2 − 5
)

+ 315
256

πα
(

143γ6 − 143γ4 + 33γ2 − 1
)

+ 1155
512

π
(

221γ6 − 195γ4 + 39γ2 − 1
)

Eq. (5.8) for α = t becomes

ut
d ln gtt

dτ
+

dut

dτ
+ gtt,ru

tur = F̂t ,

dut

dτ
= F̂t . (5.9)

Similarly, for α = φ

duφ

dτ
= F̂φ . (5.10)

The equation for ur, instead, is more involved

ur
d ln grr

dτ
+

dur

dτ
+

(

grµ,ν −
1

2
gµν,r

)

uµuν = F̂r

dur

dτ
− 1

2
gµν,ru

µuν = F̂r , (5.11)

and can be cast in the suggestive form

dur

dτ
= F̂ g

r + F̂r , (5.12)

where

F̂ g
r =

1

2
gµν,ru

µuν . (5.13)

Equivalently, Eq. (5.11) can be replaced by the normal-
ization condition (5.3).
We can solve the equations of motion perturbatively.

To this end let us write

t(τ) = tg(τ) + δt(τ) , r(τ) = rg(τ) + δr(τ) ,

φ(τ) = φg(τ) + δφ(τ) , (5.14)

where δxα(τ) denote deviations from geodesic values.
Consequently

uα = uα
g +

dδxα

dτ
,

uα = gαβ

(

uβ
g +

dδxβ

dτ

)

. (5.15)

Explicitly

ut = −E − fs
dδt

dτ
+

rs
r2g

E

fs
δr

≡ −E + δut ,

uφ = L+ r2g
dδφ

dτ
+

2L

rg
δr

≡ L+ δuφ ,

ur =
1

fsfb

drg
dτ

+
1

fsfb

dδr

dτ

+
(2fbfs − fs − fb)

rgf2
s f

2
b

drg
dτ

δr

≡ 1

fsfb

drg
dτ

+ δur , (5.16)

where

fs,b = 1− rs,b
rg(τ)

, (5.17)

and

∂rgtt|r=rg =
rs
r2g

, ∂rgrr|r=rg =
(2fbfs − fs − fb)

rgf2
s f

2
b

.

(5.18)
Note that the quantities δuα are defined from the previ-
ous relations, namely

δut = −fs
dδt

dτ
+

rs
r2g

E

fs
δr ,

δuφ = r2g
dδφ

dτ
+

2L

rg
δr ,

δur =
1

fsfb

dδr

dτ
+

(2fbfs − fs − fb)

rgf2
s f

2
b

drg
dτ

δr , (5.19)

in the sense that they are not obtained by lowering in-
dices of the corresponding contravariant quantities δuα

(in fact, only the components of the full object uα have



10

a meaning when the indices raised and lowered with the
metric).
Using the normalization condition (5.3) (instead of the

radial equation which would give an equivalent but sec-
ond order equation) we find the following first order equa-
tion for δr

dδr

dτ
= −fbfsL

r2g
drg
dτ

δuφ − Efb
drg
dτ

δut

− 1

2

(2fbfs − fs − fb)

rgfbfs

drg
dτ

δr

+
1

2

(2L2f2
s + rgrsE

2)fb

r3gfs
drg
dτ

δr . (5.20)

Here, from Eqs (5.9) and (5.10), we have also

δut(τ) =

∫ τ

−∞

dτF̂t ≡ −E(τ) ,

δuφ(τ) =

∫ τ

−∞

dτF̂φ ≡ L(τ) , (5.21)

where the duplicated notation δut = −E(τ) and δuφ =
L(τ) is more standard in the literature and is a reminis-
cent of the physical meaning for these quantities (energy
and angular momentum). It is convenient to introduce
the compact notation

Kg(τ) = −1

2

(2fbfs − fs − fb)

rgfbfs

drg
dτ

+
1

2

(2L2f2
s + rgrsE

2)fb

r3gfs
drg
dτ

,

KF(τ) = −fbfsL

r2g
drg
dτ

∫ τ

−∞

dτF̂φ

− Efb
drg
dτ

∫ τ

−∞

dτF̂t

= −fbfsL

r2g
drg
dτ

L(τ) + Efb
drg
dτ

E(τ) , (5.22)

so that Eq. (5.20) becomes

dδr

dτ
= KF(τ) +Kg(τ)δr(τ) , (5.23)

with solution

δr(τ) = C1Kg(τ) +Kg(τ)

∫ τ

−∞

KF(τ
′)

Kg(τ ′)
dτ ′ , (5.24)

where C1 is an integration constant and we have defined

Kg(τ) = exp

(
∫ τ

−∞

Kg(τ
′)dτ ′

)

, (5.25)

or, passing from τ to t and then to T = vt/b, according
to the relation

dτ =
dt

ut(t)
=

b

v

dT

ut(T )
, (5.26)

Kg(T ) = exp

(

b

v

∫ T

−∞

Kg(T
′)

dT ′

ut(T ′)

)

. (5.27)

The choice C1 = 0 (equivalent to limτ→−∞ δr(τ) = 0)
leads to the final form of the solution

δr(τ) = Kg(τ)

∫ τ

−∞

KF(τ
′)

Kg(τ ′)
dτ ′ , (5.28)

or, in terms of the dimensionless variable T

δr(T ) =
b

v
Kg(T )

∫ T

−∞

KF(T
′)

Kg(T ′)

dT ′

ut(T ′)
, (5.29)

The temporal and azimuthal components of the four ve-
locity lead to the energy and angular momentum losses
by the particle during the scattering process as functions
of τ

−ut(τ) = Ê− −
∫ τ

−∞

F̂tdτ ≡ Ê− + E(τ) ,

uφ(τ) = L̂− +

∫ τ

−∞

F̂φdτ ≡ L̂− + L(τ) , (5.30)

where Ê− = E/(mc2) and L̂− = L/m are the specific
energy and angular momentum of the particle. Note
that, in units of c = 1 = G, Ê− dimensionless and

j = L
mcGM

c2

= c
GM L̂ dimensionless. Since t and φ are asso-

ciated with the Killing vectors of the background metric
we will never need t(τ) and φ(τ) to be O(q2) corrected in
order to evaluate the metric along the orbit of the source.
Consequently, the background metric is not perturbed

but the orbit of the particle is modified by the self force,

uφ(τ) =
uφ(τ)

r(τ)2 sin2(θ(τ))
=

uφ(τ)

r(τ)2
. (5.31)

The scattering angle χ is defined as

χ+ π =

∫ ∞

−∞

dτ
dφp

dτ
=

∫ ∞

−∞

dτ uφ(τ) , (5.32)

and therefore

χ+ π =

∫ ∞

−∞

dτ
L̂− + L(τ)

[rg(τ) + δr(τ)]2

= L̂−

∫ ∞

−∞

dτ

[rg(τ) + δr(τ)]2
+

∫ ∞

−∞

dτ

r2g(τ)
L(τ)

= L̂−

∫ ∞

−∞

dτ

r2g(τ)

(

1− 2
δr(τ)

rg(τ)

)

+

∫ ∞

−∞

dτ

r2g(τ)
L(τ) . (5.33)

We can distinguish the geodetic value

χg + π = L̂−

∫ ∞

−∞

dτ

rg(τ)2
, (5.34)
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TABLE II: Useful compact notation.

fn
1

(T2+1)n

f̃n
T

(T2+1)n

fask
n

arcsinhk(T )

(T2+1)n

f̃ask
n

Tarcsinhk(T )

(T2+1)n

fat0 arctan(T ) + π
2

fat1
n

arctan(T )

(T2+1)n

f̃at1
n

Tarctan(T )

(T2+1)n

f log
n

Log(1+T2)

2(1+T2)n

with

L̂− = b
√

γ2 − 1 = bγv , (5.35)

from the O(q2) self force corrected value

δχSF = −2L̂−

∫ ∞

−∞

δr(τ)dτ

rg(τ)3
+

∫ ∞

−∞

L(τ)dτ
r2g(τ)

≡ δχ
(r)
SF + δχ

(φ)
SF . (5.36)

Passing from τ to T we find

δχ
(φ)
SF =

b2

v2

∫ ∞

−∞

dT

ut(T )r2g(T )

∫ T

−∞

dT ′

ut(T ′)
F̂φ(T

′) ,(5.37)

and

δχ
(r)
SF = −2L̂−

∫ ∞

−∞

dτ

r3g(τ)
δr(τ)

= −2b2γ

∫ ∞

−∞

dT

ut(T )r3g(T )
δr(T ) , (5.38)

where δr(T ) is given in Eq. (5.28).
Defining the dimensionless charge

q̂ =
q√
rsm

, (5.39)

by using the results of Ref. [40] the structure of the self
force components is the following

F̂t = q̂2
(rs
b

)2 1

b

{

v3[F
(0,0)
t (T ) + vF

(0,1)
t (T ) + . . .]

+
rs
b
[F

(1,0)
t (T ) + vF

(1,1)
t (T ) + . . .]

}

,

F̂r = q̂2
(rs
b

)2 1

b

{

v[F (0,0)
r (T ) + vF (0,1)

r (T ) + . . .]

+
(rs
b

) 1

v
[F (1,0)

r (T ) + vF (1,1)
r (T ) + . . .]

}

,

F̂φ = q̂2
(rs
b

)2 {

v[F
(0,0)
φ (T ) + vF

(0,1)
φ (T ) + . . .]

+
(rs
b

) 1

v
[F

(1,0)
φ (T ) + vF

(1,1)
φ (T ) + . . .]

}

, (5.40)

as well as

rgeo(T )

b
=
√

1 + T 2 + r1(T )ǫ+ r2(T )ǫ
2 +O(ǫ3) ,

φ(T ) = arctan(T ) + ǫφ1 + ǫ2φ2 +O(ǫ3) ,

ut(T ) = 1 + ut
1(T )ǫ+ ut

2(T )ǫ
2 +O(ǫ3) , (5.41)

where the various coefficients have an expansion in v and
are listed in Table III below.

Recalling the geodesic (unperturbed) values

ut = γPN,6 + 2v2γPN,4ǫf1/2 ,

ur = vγPN,4f̃1/2

− ǫv

(

4αv2(v2 + 2) + v4 + 4v2 − 8

8
f̃1

+
4αv2(v2 + 2) + 9v4 + 20v2 − 8

8
fas1
3/2

)

,

uφ =
v

b
γPN,4f1

+
ǫv

b

(

4αv2(v2 + 2) + 9v4 + 20v2 − 8

4
f̃as1
2

+ 2γPN,4f3/2
)

, (5.42)

where the notation γPN,n, [γ−1]PN,n stands for γ =

1/
√
1− v2, γ−1 PN expanded up to O(vn) included, we

find

δr(T )

q̂2rs
= ǫv[δr(1,1)(T ) + v2δr(1,3)(T )]

+ ǫ2v[δr(2,1)(T ) + v2δr(2,3)(T )] + . . .(5.43)

with

δr(1,1)(T ) = −1

3
f1/2 ,

δr(1,3)(T ) = −f̃1 −
7

30
f1/2 −

2

3
αf̃1 −

α

3
f1/2 ,

δr(2,1)(T ) = −1

6
fat0

√

1 + T 2 +
1

3
+

1

6
f̃1/2

− 1

3
f1 +

1

3
f̃as1
3/2 ,

δr(2,3)(T ) = − 1

180
fat0(45α− 14)

√

1 + T 2 − 1

10

+ (
1

3
α+

1

9
)fat1

1/2 − (
1

45
+

1

4
α)f̃1/2

+
1

10
f1 +

1

3
(3 + 2α)fas1

1

− 2(
2

3
α+ 1)f̃3/2 −

23

30
f̃as1
3/2

− 2

3
(3 + 2α)fas1

2 . (5.44)

We relegate more accurate expansions for all these quan-
tities to an associated supplemental material file.
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TABLE III: List of the various coefficients entering the PM expansion of the unbound geodesics in the TS spacetime, in powers
of ǫ = rs

2bv2 . Note that r(0) = rmin, i.e., T = 0 corresponds to the turning point, where the minimum approach distance is

reached by the massive probe, rmin = b
[

1− ǫ+ 1
2
ǫ2(1− 4v2η2)

]

+O(ǫ3).

r1
b

−1 + f̃as1
1/2 − v2(α+ 3)f̃as1

1/2

r2
b

1
2
f1/2 + f̃as1

1 + 1
2
fas2
3/2 + v2

[

− 2f1/2 − 2(α+ 3)f̃as1
1 − (α+ 3)fas2

3/2

]

+v4
[

− 3
2

(

α2 + 2α+ 5
)

f̃at1
1/2 + (α+ 3)2f̃as1

1 + 1
2
(α+ 3)2fas2

3/2

]

φ1 f̃1/2 + fas1
1 + v2

[

(α+ 1)f̃1/2 − (α+ 3)fas1
1

]

φ2 2fas1
3/2 − f̃as2

2 + v2
[

(α+ 3)f̃1 + 2(α+ 3)f̃as2
2 − 2(α+ 4)fas1

3/2 + (α+ 3)
(

fat0 − π
2

)

]

v4
[

1
4

(

3α2 + 2α+ 3
)

f̃1 − 3
2

(

α2 + 2α+ 5
)

fat1
1 − (α+ 3)2f̃as2

2 + 2(α+ 3)fas1
3/2 + 1

4

(

3α2 + 2α+ 3
) (

fat0 − π
2

)

]

ut
1 2v2f1/2 + v4f1/2

ut
2 2v2(f1 − f̃as1

3/2) + v4(5f1 + (5 + 2α))f̃as1
3/2

A. Conservative/Dissipative self force: components
at O(ǫ)

The conservative sector of the forces at the leading PM
(i.e., O(ǫ)) order reads

F̂ cons
t =

q̂2rsǫ

b2
(α+ 2)v5f̃3 ,

F̂ cons
r =

q̂2rsǫ

b2
(α+ 2)

1

3
v6
(

−2f3/2 + 16f5/2 − 17f7/2
)

,

F̂ cons
φ =

q̂2rsǫ

b
(α+ 2)v4

[

2

3
v2f̃3 −

(

1 +
13

6
v2
)

f̃2

]

,

(5.45)

so that [66]

∆Fα =

∫ ∞

−∞

Fα(T )dT , (5.46)

gives

∆F̂ cons
t = 0 ,

∆F̂ cons
r = −4q̂2v6rs

15b2
(α+ 2)ǫ ,

∆F̂ cons
φ = 0 . (5.47)

The dissipative sector of the forces again at the leading
PM (i.e., O(ǫ)) order is given by

F̂ diss
t =

q̂2rsǫ

b2
v4
(

−20v2

3
f7/2 +

(−30α+ 121)v2 + 30

30
f5/2 +

(10α+ 13)v2 − 10

15
f3/2

)

,

F̂ diss
r =

q̂2rsǫ

b2
v3c

(

(6α+ 1)v2

3
f̃3 +

−(10α+ 13)v2 + 10

15
f̃2

)

,

F̂ diss
φ =

q̂2rsǫ

b
v3
(

(2α+ 7)v2f5/2 −
(50α+ 157)v2 + 10

30
f3/2

)

, (5.48)

with

∆F̂ diss
t =

q̂2rsǫ

b2
v4
(

−20v2

3

16

15
+

(−30α+ 121)v2 + 30

30

4

3
+

(10α+ 13)v2 − 10

15
2

)

,

∆F̂ diss
r = 0 ,

∆F̂ diss
φ =

q̂2rsǫ

b
v3
(

(2α+ 7)v2
4

3
− (50α+ 157)v2 + 10

15

)

. (5.49)
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B. Scattering angle

Using the results of Ref. [40] (see the associated supplemental material file), we have both a SF corrected conser-
vative (v−even) and dissipative (v−odd) values of the scattering angle δχSF as summarized below

δχcons = q̂2
rs
b

{

ǫπ(2 + α)

(

−1

8
v2 − 17

24
v4 +

25

192
v6
)

+ ǫ2
[

−2(2 + α)v2

+ v4
(

(2 + α)(−401 + 30α)

45
+

π2

8
(1 + α)(5 + α)− 16

3
(2 + α) ln(2vσφ)

)

+ v6
(

− (2 + α)(−3369 + 6550α)

1350
+ π2

(

−67

48
− 119

96
α− 23

96
α2

)

+
16

9
(2 + α) ln(2vσφ)

)]}

,

δχdiss = ǫ2q̂2
rs
b

(

2v

3
+

v3(17 + 20α)

15
+

v5

120
(−80 + 56α+ 80α2 + π2(3 + 20α))

)

. (5.50)

In the conservative scattering angle, at O(ǫ2, v4), the dimensionless scale σφ, which we used as a cut-off regulator in
the φ-component of the self-force, appears.
Actually, this scale was left explicit in the force component on purpose, in order to trace back its presence at any

moment. This occurrence is similar to what shown in Ref. [63] for the Schwarzschild conservative scattering angle, with
the difference that we here see this kind of terms already at O(ǫ2) [67]. At the same level of accuracy, in the dissipative
part of the scattering angle, such a scale does not appear. It is then “a fact” that the regularization procedure as
used here enters the complete (conservative plus dissipative) scattering angle. Therefore, if/when another approach
will compute the same quantity, a proper choice of σφ can be made to produce agreement. This circumstance by
itself motivates future investigations, in the sense that 1) looking for different regularization procedures will hopefully
offer more insights for what concerns the most suited mathematical approach to the problem; 2) the support of some
numerical analysis is needed to reach more solid conclusions. Moreover, 3) our study is limited to either low PM and
PN orders, because of the additional computational difficulties added here by the TS parameter α with respect to
the Schwarzschild case: exploring (even only numerically) higher PM-PN orders should be considered too; 4) high-
frequency expansions results should be studied externally to the MST formalism, in view of possible subtleties [68]
when exchanging the PM and PN expansions as we do in general. It is therefore clear that this analysis, besides
enriching existing discussions in the black hole cases, also poses additional questions which we leave for the future.

VI. DISCUSSION AND CONCLUDING
REMARKS

Relying on our recent study of scalar self-force effects
for unbound orbits in the background of a Topological
Star [40], we have computed the scattering angle (both
the conservative and the dissipative parts) for a small
mass neutral probe (µ ≪ M). Our main results are sum-
marized in Eqs. (5.50). The addition of self-force terms
corrects in a significant way the geodetic result in Eq.
(4.69) with coefficients χk in Table I.
We have also characterized the electromagnetic source

in terms of a Papapetrou Field compatible with the
Killing structure of the background and further charac-
terized TSs in terms of their super-energy tensors, sec-
tional curvature, and geometric transport, both ‘parallel’
and Fermi-Walker.
Extending the analysis to gravitational or (for charged

probes) electromagnetic self-force effects looks doable in

principle but rather involved in practice. On the other
hand, scalar self-force effects in ‘rotating’ TSs might be
achieved with lesser effort and will be addressed in future
works.
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[55] M. Á. G. Bonilla and J. Senovilla, M.M., “Some Prop-
erties of the Bel and Bel-Robinson Tensors,” Gen. Rel.
Grav. 29, no.1, 91-116 (1997)

[56] G. Bergqvist, “Positivity properties of the Bel-Robinson
tensor,” J. Math. Phys. 39, 2141 (1998).

[57] B. Mashhoon, J. C. McClune and H. Quevedo, “The
Gravitoelectromagnetic stress energy tensor,” Class.
Quant. Grav. 16, 1137 (1999). [gr-qc/9805093].

[58] J. M. M. Senovilla, “super-energy tensors,” Class. Quant.
Grav. 17, 2799 (2000). [gr-qc/9906087].

[59] D. Bini, R. T. Jantzen and G. Miniutti “Electromagnetic-
Like Boost Transformations of Weyl and Minimal Super-
Energy Observers in Black Hole Spacetimes,” Int. Jour.
Mod. Phys. D 11, 1439 (2002).

[60] C. W. Misner, K. S. Thorne and J. A. Wheeler, “Gravi-
tation,” W. H. Freeman, 1973, ISBN 978-0-7167-0344-0,
978-0-691-17779-3

[61] D. Bini, C. Cherubini, G. Cruciani and R. T. Jantzen,
“Geometric transport along circular orbits in station-
ary axisymmetric spacetimes,” Int. J. Mod. Phys. D 13,
1771-1804 (2004) [arXiv:gr-qc/0407004 [gr-qc]].

[62] D. Bini and T. Damour, “Gravitational scattering of
two black holes at the fourth post-Newtonian ap-
proximation,” Phys. Rev. D 96, no.6, 064021 (2017)
[arXiv:1706.06877 [gr-qc]].

[63] L. Barack, Z. Bern, E. Herrmann, O. Long, J. Parra-
Martinez, R. Roiban, M. S. Ruf, C. H. Shen, M. P. Solon
and F. Teng, et al. “Comparison of post-Minkowskian
and self-force expansions: Scattering in a scalar charge
toy model,” Phys. Rev. D 108, no.2, 024025 (2023)
[arXiv:2304.09200 [hep-th]].

[64] D. Bini, A. Geralico, C. Kavanagh, A. Pound and
D. Usseglio, “Post-Minkowskian self-force in the low-
velocity limit: Scalar field scattering,” Phys. Rev. D 110,
no.6, 6 (2024) [arXiv:2406.15878 [gr-qc]].

[65] In principle one can include a component Ay(r, θ), but
we will refrain from doing so.

[66] The relation (5.46) should not be confused with the or-
bital average of Fα, given by

〈Fα〉 =
∫

∞

−∞

Fα(τ )dτ =
b

v

∫

∞

−∞

Fα(T )
dT

ut(T )
.

[67] As already said, switching off the TS parameter α is not
sufficient to reproduce the Schwarzschild situation [63,
64], because of the different boundary conditions imposed
in the Schwarzschild case (purely ingoing conditions at
the horizon) and in the TS case (regularity at the cap).
In other words, “TS plus α → 0 is not Schwarzschild.”

[68] We thank T. Damour for raising this issue.


