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Two-dimensional second-order topological insulators are characterized by the presence of topo-
logically protected zero-energy bound states localized at the corners of a flake. In this paper we
theoretically study the occurrence and features of such corner states inside flakes in the shape of
a convex polygon. We consider two different models, both in Cartan class IITA, the first obeying
inversion symmetry and the other obeying a combined 7/4 rotation symmetry and time-reversal
symmetry (C‘Z T) By using an analytical effective model of an edge corresponding to a massive
Dirac fermion, we determine the presence of a corner state between two given edges by studying the
sign of their induced masses and derive general rules for flakes in the shape of a convex polygon. In
particular, we find that the number of corner states in a flake is always two in the first model, while
in the second model there are either 0, 2 or 4. To corroborate our findings, we focus on flakes of
specific shapes (a triangle and a square) and use a numerical finite-difference approach to determine
the features of the corner states in terms of their probability density. In the case of a triangular
flake, we can change the position of corner states by rotating the flake in the first model, while in
the second model we can also change their number. Remarkably, when the induced mass of an edge
is zero the corresponding corner state becomes delocalized along the edge. In the case of a square
flake and the model with C§T symmetry, there is an orientation of the flake with respect to the

crystal axes, for which the corner states extend along the whole perimeter of the square.

I. INTRODUCTION

In recent years, there has been a growing interest in
topological states of matter. One prominent example
is Topological Insulators (TI)[IH4]. These materials are
characterised by a gapped band-structure that cannot
be adiabatically connected, that is without closing the
gap, to the atomic-limit of a trivial band insulator. In
TIs, the protection of the topological state is provided by
time reversal symmetry. A striking consequence of band
topology is the bulk-boundary correspondence: the d — 1-
dimensional surface of a d-dimensional TI hosts gapless
excitations described by a massless Dirac Hamiltonian.
These excitations are topologically protected from dis-
order that preserves the time-reversal symmetry of the
system. In a two-dimensional TI, the gapless excitations
are the helical edge states that give rise to the spin Hall
effect[5, [6].

Another class of topological materials are Higher-
Order Topological Insulators (HOTI)[7HII]. A n-th or-
der TT in d dimensions obeys a generalised bulk-boundary
correspondence: it hosts gapless boundary states in d—n
dimensions. For example, a three dimensional second-
order TT hosts one-dimensional conducting states at the
hinges between different sides. The general concept is
that the effective boundary Hamiltonian of a HOTI is

that of a Dirac fermion with a mass gap which changes
sign on different boundaries giving rise to localised mid-
gap excitations at the phase boundary[10,[12H22]. A large
number of different models for HOTIs, characterised by
different underlying symmetries and topological invari-

ants, have been proposed|8-12] [14, 23H27], just to men-
tion the earlier works in the literature.

So far there have been a few candidate systems and
materials predicted to be a HOTI, such as twisted bi-
layer graphene[28], graphdiyne[l5], breathing Kagome
and pyrochlore lattices|26], phosforene27], WTes and
MoTeq[29], antiperovskite materials[30], in cubic semi-
conductor quantum wells[T9] and induced by a magnetic
field in Quantum Spin Hall systems[IT] [17, 22] 26}, B3T].
Remarkably, a few materials have been observed to be-
have as a HOTI. These are bismuth[I3], BisBr4[32, B3],
and WTey[34], [B5]. Furthermore, HOTIs have been re-
alised with classical waves in phononic, photonic and cir-
cuit systems (see Ref. [7] for a review).

The existence of the mid-gap boundary states in HO-
TIs is a consequence of the bulk topology[16]. However,
the properties of these states depend on the microscopic
model of the material and the boundary. In this pa-
per, we focus on the corner states of second-order two
dimensional HOTIs. We study two different models for
the bulk HOTI: one that preserves inversion symmetry



and the second that preserves the combined symmetry
CiT, where T is time-reversal and C§ the rotation by
7 /4 about the z axis. Both models belong to Cartan class
AIIl, i.e. time-reversal and charge-conjugation symme-
tries are broken but there is an additional chiral anti-
symmetry[36, B7]. Our results are specific to this class.
We consider a flake in the shape of a convex polygon
and study the position and features of the corner states.
Our main findings are that, for the model with inver-
sion symmetry, the number of mid-gap corner states is
always two, whereas, for the model with C7T symmetry,
the number of corner states can be changed by modify-
ing the shape or orientation of the flake with respect to
the crystal axes, and it is possible to completely elim-
inate the corner states. Remarkably, in the case of a
square flake, for a particular orientation with respect to
the crystal axes the corner states extend along the whole
perimeter of the square. Finally, a circular flake can be
seen as the limit of a convex regular polygon when the
number of sides goes to infinity. For both models, there
are well-localised (corner) states on the circumference at
positions determined by the zeros of the induced mass.

The paper is organised as follows: In Section [[I we
introduce the models of the two-dimensional HOTTs con-
sidered here. In Section [TAl we derive the effective
Hamiltonian for an arbitrary linear edge and in [[IB| we
discuss the condition for the formation of a zero-energy
state localised at the corner between two adjacent edges.
In Section [[T] we compare the predictions of the analyt-
ical model of Section [[TB] with the results obtained by
solving the quantum-confinement problem by means of
a finite-difference method. Finally in Section [[V] we will
draw some conclusions.

II. MODEL AND FORMALISM

In this section we introduce two continuous model for a
two-dimensional HOTI. We describe the two-dimensional
HOTT by the Hamiltonian H = Hrr + Hyyar. The
Hamiltonian Hrr describes a T1I

Hrqp :m(lA{)O'QTz + A(f%ax + kyoy) Ty, (1)

where Ak is the momentum operator, 7; is the i-th Pauli
matrix in orbital space and o; the i-th Pauli matrix in
spin-space. For convenience we have defined

m(k) = mg + mok>. (2)

For the sake of definiteness, we assume mqg < 0, mo > 0,
and A > 0. The Hamiltonian Hr; supports gapless edge
states. These edge states are gapped by the term Hy yr)-
We consider two models

C
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FIG. 1. Schematic description of a linear edge (red) and of
the rotated coordinate system (x|, x1). The edge is located at
x1 = L, as shown. The rotation angle o defines the direction
of the edge.

with B > 0 and C' > 0. The Hamiltonians of models
I and II belong to Cartan class AIIL. Time reversal and
charge conjugation symmetry are broken while there is a
chiral anti-symmetry, represented by the operator 0,7,
that is {H,0,7,} = 0, with {...} denoting the anticom-
mutator. All the results derived in the following pertain
to a 2D HOTTI in this Cartan class[36], B7] . Model I has
inversion symmetry and describes the presence of a Zee-

mann field [I1], [I6] in the direction %(f{ +y). Here,

inversion symmetry implies ZH(k)ZT = H(—k), with
1 = oo7.. Model II has been introduced in Ref. [12]
and has the combined symmetry C’ZT, where 7' is the
time-reversal operator and C‘j’ the rotation operator by
/4 along the z axis. We have chosen model I due to its
simplicity and the fact that can be implemented in a spin
Hall system with an in-plane magnetic field, and model
IT as it is a very common model in this field.

A. Linear edge

In this subsection, we derive the effective Hamiltonian
for a generic linear edge. We consider a linear edge at a
distance L from the coordinate origin. The direction of
the edge with respect to the crystal is defined by the angle
« by which we need to rotate the coordinate axes, so that
the new coordinates, z|| and x are, respectively, paral-
lel to the edge and perpendicular to it pointing outwards
(away from the region with the HOTI). A schematic de-
scription of the edge and of the rotated coordinate system
is shown in Fig. |1} We take « in the interval [0,27). The
coordinate transformation is described by

(2)-(3 (). w



It is important to notice that this transformation affects
only the spatial coordinates and leaves the spinor basis
unchanged. This implies that in the different coordinate
systems corresponding to different edges (different values
of ), the meaning of the spinor components remains the
same. In the new coordinate system, the Hamiltonians
read

Hry :m(iﬂ”,/;L)O'oTZ + A {]AC” (cos(a)oy, + sin(a)oy)

+hy (—sin(a)o, + cos(a)ay)} Tx (6a)
Hyi = (0 +.0,) (6b)

Hyinn =B [cos(Qa)(l%f_ - I;ﬁ) + QSin(Zoz)l%”l%J_} 00Ty-
(6¢)

We consider the semi-plane z; € (—oo, L], i.e. with
boundary at x; = L. We start by taking Hyyar = 0

and ];H = 0. In this case the edge states are at zero energy
and read:

200 =278 () el ()
plzL — L)

D, 0) =
| 72> \/§
where we have introduced the basis {|7,0)}, with 7 €
{+,—}and o € {1,]}. The function p defining the trans-
verse profile of the edge states is

(|+a¢>+€7ia|*a1\>) ’ (8)

1

pla) = 1 (M7 = *-7) (9)

with IV being a normalisation factor and

. A+ A2 4 dmomes

A
* 2m2

(10)

For the sake of simplicity, we assume that the parameters
are such that Ay = A\* = k+ig and k > 0 (similar results
can be obtained when both Ay are real).

Now, we include first-order linear terms in lAcH and
Hyppan in Egs. as a perturbation. Computing
the matrix elements of the perturbation on the basis
{|®a,1),|Pu,2)} we obtain the effective Hamiltonian for
the surface states

). an

where the mass term for the two models are given by

—Ak iMy ) (a)e ™
HH:<, | it
e _zMI,(II) (a)ew‘ Ak“

Mi(a) =C'sin(a — w/4) (12)
My (o) = — Beos(202)(k* + ¢%) (13)
The Hamiltonian Eq. describes massive Dirac

fermions, with a mass term that depends on the direction
of the edge, a.

We now study the character of the states for k| = 0. To
this end, we diagonalise H, s for kj = 0 and we obtain
the energies +Myr) and —Mygy). The corresponding
eigenstates, written in the basis {|7,0)}, are given by

vy (@) =

N =

(4,1 — €= 1) —ie™ |+, 1) —il— 1),
(14)
)

lv_(a)) = = (|4, 1) — "|—, 1) +ie" |+, 1) +i|—, 1)) .

(15)

N =

B. Corner states

We now investigate the possible formation of the topo-
logical state at the crossing of two edges defined by angles
a1 and az. To be specific, we want to find out whether
there is a gap inversion between the Hamiltonians H,, g
and H,, .. In order to do so, it is important to compare
the eigenstates. We notice that the eigenstates relative
to =My (rry(a1) and F My (1) (ez) are orthogonal, namely

(o4 ()|v— () = (v_(ar) v (a2)) = 0.

On the contrary, the eigenstates relative to My (a1)
and £M;pry(az) overlap as

(s (@)l (02) = (o (@)l (a2)) = 5 (14 o).

Therefore, we can expect a corner state to form where
these two states meet if their masses Mj)(a1) and
M rry(az) have different signs. We can conclude that
a band inversion occurs if

Sign[MI(H)(al)] 7é sign[MI(u) (0[2)]. (16)

Remarkably, the form of Eq. implies another impor-
tant piece of information, namely the corner states decay
differently along the two adjacent edges. In fact, the de-
cay length along an edge characterised by the angle « is
simply

A
e~ || o

In particular, if My (a) — 0 the corner state is no
longer localised in the corner but it extends along the
edge with vanishing mass.

III. RESULTS

We use the condition Eq. to predict the number
and positions of corner states for a HOTI flake with the
shape of a convex polygon. We also solve the confine-
ment problem numerically by means of a finite-difference
method and compare the analytical predictions to the
full numerical results.



We express energies in units of |mg| and lengths in
units of Ry = A/|mg|. To apply the finite-difference
method, we introduce a square discretization grid with
lattice constant a. We find that accurate results are
found for a = 0.1Rg. For the numerical calculations we
use the following values of the parameters

[mo c
B = 3/4 o] 3/4.

Let us now discuss what happens when we change the
direction of a given side ¢ of a polygon, while keeping
the directions of the other sides fixed. Since one or both
adjacent sides need to change length (note that we are
not performing a rotation of the polygon), the polygon
will change shape. In particular, we are focusing on the
transformation a?'® — aP°V in which the mass associ-
ated to the side i changes sign, i.e. sign(My)(aj°")) #
sign( My (o™

mo
mo F = 11/40,

o). First, we consider the case where the
two adjacent sides have masses of equal sign, namely
sign(Mrr) (1)) = sign(Myar(aiy1)). If before chang-
ing «; there were no corner states at the two ends of
side i, then after the change there are two corner states.
Vice versa, if initially there were two corner states, af-
ter the change there are no corner states. The second
case is when the two adjacent sides have masses of oppo-
site sign, sign(Mym)(@i-1)) # sign(Myan(@it1)). Let’s
assume that sign(Myp(ai—1)) # sign(Miar(a9'?)). In
this case, before the change there is a corner state at the
junction between the sides i — 1 and ¢ and no corner state
at the junction between the sides i and i + 1. After the
change, the corner state moves to the junction between
the sides ¢ and 74 1. In general, we can conclude that by
changing the direction of one side of a polygon the num-
ber of corner states changes by 0,-2, or +2. In a similar
fashion, it can be shown that in general the number of
corner states is always even.

A. Model I (inversion symmetry)

In this section we deduce some general properties of
corner states in a convex polygon based on Egs. and

(1L2):
I(a) The number of corner states is always two.

The maximum number of corner states in a convex poly-
gon is determined by the number of zero of the induced
mass Mip)(a) in the interval [0,27). In the case of
Mi(«), Eq. has only two zeros for « € [0, 27), namely
at /4 and (5/4)7, and it is positive when 7/4 < a <
(5/4)mw. From this follows that no convex polygon can
have all sides with the same sign of the induced mass.
In Figs. P] and [3] we show the density plots of the total
probability density pr(z,y) for the two lowest (close to
zero) mid-gap states, for flakes of two different shapes.
Fig. 2] refers to three triangular flakes of the same shape
and dimensions but with different orientations with re-
spect to the crystal axes. The annotation in the figure

indicates the value of the induced mass along the different
edges (negative values in red). In the flake of Fig. [J[(a),
there are two mid-gap corner states as shown by the prob-
ability density. By slightly rotating clockwise the triangle
(not shown), one still finds the two corner states located
at the angles at the base, but with different values of
the induced masses. When the rotation reaches the sit-
uation described in Fig. [2b), the induced mass vanishes
on one edge and the corresponding corner state extends
along the length of the entire edge. Increasing the ro-
tation angle further as shown in Fig. c), the induced
mass changes sign on one edge and the two corner states
will then change positions, one is located at one base an-
gle and the other at the vertex angle. In Fig. [2(c), it is
particularly evident that the corner states decay with a
different decay length along the different edges. We have
extracted the decay lengths for the different edges from
the total probability density computed numerically and
we find an excellent agreement with Eq. . In Fig.
we show results for two square flakes of the same dimen-
sion but with different orientations with respect to the
crystal axes. In Fig. a), where the sides are parallel to
the axes, the probability density is concentrated at the
top-left and bottom-right corners. Analogously to the
case of a triangle, a clockwise rotation of the square by
an angle less than 7 /4 will not change much (the corner
states will still remain located at the two corners). When
the rotation angle is m/4, we obtain the special case of
Fig. b) where the induced mass M} = 0 on two edges.
In this case the two topological states extend along the
edges with zero mass.

I(b) In a circle there are only two localised surface

states located along the directions %(—fc +y) and

(%),
In Fig. [d{(a), we show the total probability density for the
two mid-gap states of a circle. The position of the corner
states is determined by the zeros of Mi(a) in Eq. (12).
The circle can be seen as the limit of a regular polygon
when the number of sides goes to infinity. To elucidate
this point, in Fig. b), we show results for an octagonal
flake.

B. Model II (C;T symmetry)

We now repeat the analysis of the previous section for
model II. The results are obviously different as the func-
tional form of Mji(«) is different than Mj(a). We now
discuss some general properties.

II(a) The number of corner state can be 0, 2, or 4.

The maximum number of corner states in this case is de-
termined by the number of zeros of My(«) in the interval
[0, 27), which is equal to four.

For this model of HOTTI it is possible to find a tri-
angular flake that has zero corner states. In Fig. [5] we
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FIG. 2. We show the total probability density, pr, for the two
mid-gap states of a flake described by model I, with the shape
of an isosceles triangle of base of length 20Ry and base angles
of /5. The three panels correspond to different orientations
with respect to the crystal axes. The outline of the flake
is indicated by a solid line. The edges have been annotated
with the corresponding values of M in units of |mg| (negative
values are in red for ease of reading). For the orientation of
panel (a), the two corner states have energies =~ 21075|my|
and are well localised. For the orientation of panel (b), the
two mid-gap states have energies ~ +7 x 10~ *|mg|. However,
as M1 = 0 on one of the edges, the corresponding corner state
extends along the entire edge. For the orientation of panel
(c¢) the two mid-gap states have changed location and have
energies = +4.7 x 10™*|myo|.
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FIG. 3. We show the total probability density, pr, for the
two mid-gap states of a square flake of side 10Ry described
by model I. The two panels correspond to two possible orienta-
tions with respect to the crystal axes. The outline of the flake
is indicated by a solid line. The edges have been annotated
with the corresponding values of M in units of |mg| (negative
values are in red for ease of reading). For the orientation of
panel (a), the two corner states have energies ~ £5x107°|my|
and are well localised. For the orientation of panel (b), the
two mid-gap states have energies ~ £1.2 x 1074\m0\. How-
ever, as M1 = 0 on two of the edges, the corresponding corner
states extends along the entire edge.

show results for two triangular flakes of same shape and
dimensions but different orientations with respect to the
crystal axis. In the flake of Fig. a), there are two, well-
localized, mid-gap corner states. The probability density
associated with these states decays differently along the
various edges of the system, in agreement with Eq. .
On the other hand, for the flake of Fig. [fb), there are
no mid-gap corner states (as predicted by the analytical
model: the induced masses of all edges are positive).

II(b) In a rectangular flake there are always four corner
states.

In Fig. [6] we show results for two square flakes. In the
total probability density in Fig. @(a), we clearly see the
four corner states. Notice that pr(z,y) is concentrated
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FIG. 4. We show the total probability density, pt for the
two mid-gap states of a flake described by model I, with the
shape of circle of radius 10Ry (a) and of an octagon of side
10(1 + g)*%Ro (b). The outline of the flake is indicated
by a solid line. The edges have been annotated with the
corresponding values of Mi in units of |mo| (negative values
are in red for ease of reading).

in the corners, but faint tails are present and extend to-
wards the center of the square. In general, a rotation of
the square only leads to slight changes in the probability
distribution pr(z,y): the tails do not continue to point
toward the center, instead they align along the directions
%(:I:f(—l—:l:y) (not shown). In Fig.[6(b), we show the case
when the mass term My vanishes on all edges. The four
mid-gap states extend over the entire edge of the flake,
effectively forming an extended edge state.

II(c) In a circle there are four localised surface states
located along the directions f(ix ++y).

In Fig. [7] we show the total probability density for the
four mid-gap states of a circle. The position of the corner
states is determined by the zeros of Myr(«) in Eq. ( .
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FIG. 5. We show the total probability density, pr, for the
two corner states (a) and for the four states with lowest ab-
solute value of energy (b) of a flake described by model II,
with the shape of an isosceles triangle of base of length 20Ro
and base angles of w/5. The two panels correspond to two
possible orientations with respect to the crystal axes. The
outline of the flake is indicated by a solid line. The edges
have been annotated with the corresponding values of Mt
in units of |mo| (negative values are in red for ease of read-
ing). For the orientation of panel (a), there are two corner
states, as predicted by the mass inversion, which have energies
~ £5.2 x 107*|mo| and are well localised. For the orientation
of panel (b), there are no mid-gap states. The four states
closest to the zero energy have energies ~ +0.625|mo].

the right-hand side of each panel, we show the energy spec-
trum of the flake. The energy of the levels corresponding to
the probability density in the main plots, is shown by a solid
magenta line. The bulk gap for the Hamiltonian Hrp is given

by min {|m0|, \/—A—2 (mo + %;‘%)] if the square root is real

ma
and by |mo| otherwise. For the parameters used in the nu-
merical simulation, the bulk gap is equal to = 0.575 |mg| and
is indicated by a blue dashed line.

IV. CONCLUSIONS

We have presented a study of the corner states in a
flake of HOTTI of convex polygonal shape. The Hamil-
tonian of the second-order TI in Cartan class AIII has
been constructed by starting from a Hamiltonian that de-
scribes a TT and adding to it an additional term to induce
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FIG. 6. We show the total probability density, pr, for the
four mid-gap states of a square flake of side 10Ry described
by model II. The two panels correspond to two possible ori-
entations with respect to the crystal axes. The outline of
the flake is indicated by a solid line. The edges have been
annotated with the corresponding values of Mir in units of
|mo| (negative values are in red for ease of reading). For
the orientation of panel (a), the four corner states have ener-
gies ~ 4.8 x 107*|mo| and are well localised. For the ori-
entation of panel (b), the four mid-gap states have energies
~ +4.7 X 1072|m0\. However, as M = 0 on all the edges,
the corner states extend along the entire perimeter.

a gap in its edge states. We have considered two different
gapping Hamiltonians: the first one has inversion symme-
try, while the second one obeys the combined symmetry

7

C’jT. The results depend on the functional dependence
of the induced mass, My 11y, on the angle o and they are
specific for the particular gapping Hamiltonians consid-
ered here. The model with inversion symmetry shows
always two mid-gap (zero energy) corner states, irrespec-
tive of the shape (as long as it is convex) of the flake. For
special orientations of the flake, when the induced mass
vanishes along a side, the corresponding corner state ex-
tends along the entire side. The model with the com-
bined symmetry C77T exhibits a richer behaviour, with
the number of zero-energy corner states in a flake being
zero, two, or four. The case of zero corner states does not
imply an exception to the generalised bulk-boundary cor-
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FIG. 7. We show the total probability density pr for the four
mid-gap states of a flake described by model II, with the shape
of circle of radius 10Ry. The outline of the flake is indicated
by a solid line.

respondence, since the shape of the flake does not possess
the same symmetry as the crystalline symmetry that pro-
tects the second-order topological phase. In a rectangular
flake made of a HOTI with the combined symmetry C;T
there are always four corner states. It is also possible to
choose the orientation of the flake such that the induced
mass vanishes on all sides. In this special case, the four
corner states are fused together to form a state which ex-
tends along the entire perimeter of the flake — something
unexpected for a second-order TI. Finally for both mod-
els, a circular flake shows localised (corner) states on the
circumference at positions determined by the zeros of the
induced mass.
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