
Boundary detection through dynamic polygonsA. Pievatolo�CNR-IAMI, Italy. Peter J. GreenyUniversity of Bristol, UK.Revised version, 30 May 1997AbstractA method for the Bayesian restoration of noisy binary images portraying an objectwith constant greylevel on a background is presented. The restoration, performed by�tting a polygon with any number of sides to the object outline, is driven by a newprobabilistic model for the generation of polygons in a compact subset of R2, whichis used as a prior distribution for the polygon. The simulation from the prior and thecalculation of the a posteriori mean of greylevels are carried out through reversible jumpMCMC computation. Two examples of restoration of synthetic images are presented.Keywords and phrases: Bayesian object restoration, probability distribution of poly-gons, reversible jump MCMC computation.1 IntroductionA di�cult task in the restoration of an image portraying objects is the recovery of theirboundaries. This can be done at a low level (e.g. using an edge detector, see Rosenfeld andKak, 1982) or at a high level, trying to embed into the restoration process more complexinformation regarding the shape of objects, a form of pattern restoration.In this article we will try to recover the boundary of a single object starting from anoisy version of it, relying on the prior information that the boundary is a closed and non-intersecting curve in the plane, that is, �tting a polygon to the object. In doing this, wecan use more information than that required by a simple edge detector (such as the gradientof greylevel intensity, whose nature is essentially local), because a polygon, besides thisinformation, conveys the idea of connectivity between the pairs of its vertices (not dependingon their distance), and the global idea of closed curve.Related approaches to this problem have been attempted by several authors. In all casessome kind of curve in the plane is used to introduce prior information about the outline ofobjects in a Bayesian image analysis framework.The deformable template model of Grenander et al. (1991) is based upon the deformationof a template, a polygon with a �xed number of sides of variable length, to �nd the optimum�CNR-IAMI, via Amp�ere 56, 20131 Milano, Italy.E-mail: marco@iami.mi.cnr.ityDepartment of Mathematics, University of Bristol, Bristol BS8 1TW, UK.E-mail: P.J.Green@bristol.ac.uk 1



�t to the object. Grenander and Miller (1994) generalize this to a variable number of objectsand use jump-di�usion sampling to explore the state space of deformations.In Qian and Mardia (1995) and in Mardia et al. (1997), a template model is employedfor the recognition of multiple objects with occlusions.Mardia and Qian (1993), and Qian et al. (1996) use a star-shaped polygon, that is, onefor which the line segment joining each vertex to some �xed internal point lies entirely withinthe polygon. The main di�erence between these two papers is that in the �rst the restorationis chosen as the best possible �t to a known template belonging to a library of templates,while in the second the prior knowledge is contained in some smoothness properties of theobject outline. In this respect, our paper is closer in spirit to the second of these.Storvik (1994) reverses the problem, by considering a polygon with a variable number ofsides with a �xed length, located on the pixel sides of the digitised image, thus obtaining amore 
exible curve, but with a possibly unnecessarily high number of sides (such as stair-likecon�gurations).Our approach aims to achieve 
exibility in shape modelling and parsimony at the sametime, by considering polygons with any number of sides of any length. The choice of thenumber of sides of the polygon can be viewed as a choice between di�erent models, for whichthe reversible jump MCMC algorithm of Green (1995) is particularly suitable.A di�erent way of modelling object contours makes use of marked point processes aspriors, with the advantage that one can exploit the well known properties of these processes,but the disadvantage given by the limitations in the shape of objects one can consider (Bad-deley and Van Lieshout, 1993). Rue and Syversveen (1995) and Rue and Hurn (1997) �nda way around this di�culty by combining the template and marked point process approachto handle scenes containing variable numbers of objects of di�erent types.Other papers in which the emphasis is on boundary detection are the papers by Gavinand Jennison (1997), and by Helterbrand et al. (1994), but their perspective is more in thetradition of the line site process proposed by Geman and Geman (1984), with a constraintof connectedness imposed on the edges and no limitations on the number of objects. Gavinand Jennison's edges lie inside the pixels and are to be joined together to form closed curves,while Helterbrand et al. locate the edges on the pixel themselves and use the classical clique-based Markov random �eld models for lattices (see e.g. Besag, 1986) to put zero probabilityon non-connected con�gurations.Finally, Cli�ord and Nicholls (1994) developed a method for the restoration of polygonalimages, based on a model for random polygonal patterns in the plane by Arak et al. (1993)which will be sketched in the next Section. With the same theory, Nicholls (1996) builds amodel for image analysis characterized by mosaic-like partitioning of the image domain withtriangular tiles.In the following Section we describe a statistical model that can produce polygons withany number of sides, and we show the connection between our model and the templatemodel of Grenander et al. (1991). In Section 3 we review the reversible jump algorithmdeveloped by Green (1995) which will be used for the restoration process and we show howto implement the algorithm in practice for this problem. Finally, in Section 4 we describethe result of an experiment into the restoration of two synthetic pictures. A brief discussionconcludes the paper.
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2 The modelWe will tackle the problem of the restoration of an object via the Bayesian approach (seee.g. Besag, 1986) that is classical in statistical image analysis, focussing our attention onthe outline of the object only, so that we can also regard our procedure as a binary imagerestoration.We are given a noisy image digitised into M � N square pixels, whose centers havecoordinates (i; j), i = 1; : : : ;M , j = 1; : : : ; N . The rectangle containing the image can thusbe de�ned as D = [0:5;M + 0:5]� [0:5; N + 0:5]. The object splits D into two sets, O andOc, the set of the points inside the object and its complement. The set O is assumed to besimply connected. If we decide to regard a pixel as being inside O when this is true for itscentral point, we obtain the corresponding partition for the pixels; note that there is loss ofinformation in discretization, so the same partition of the pixels can be produced by manydi�erent objects.We assume that the observed image (data) has been produced by the following model:zij = �ij(O) + "ij i = 1; : : : ;M; j = 1; : : : ; N (1)where �ij(O) = ( �1 if (i; j) 2 O�0 if (i; j) =2 O "ij i:i:d: N(0; �2):The values of �1, �0 and � are assumed known in this article. This model has also been usedin this form by Storvik (1994) and in a more general form by Qian et al. (1996), with twogeneric functions f1(i; j) and f0(i; j), whose value had to be estimated, in the place of �1and �0.Our aim is to recover the object boundary by �tting to it a polygon v. Following theBayesian approach, we will de�ne a prior distribution on the set of all polygons entirelycontained in D, and for a restoration use some functional of the posterior distribution of v:p(v j z) / p(z j v) �(v)where z = fzij; i = 1; : : : ;M; j = 1; : : : ; Ng, p(z j v) is the likelihood from model (1) whenv is the true polygon, and �(v) is the prior distribution of the polygon.The steps needed to properly carry out the Bayesian analysis are to de�ne a space ofclosed polygonals, construct a measure space based on it and then to take the same spacerestricted to polygons as a representation space.We call polygonal with k sides (k � 3) a vector v = (v1; : : : ; vk) 2 Dk, where all the pairsof vertices (vi; v(imodk)+1), i = 1; : : : ; k, are connected. There are 2k vectors in Dk whichrepresent the same polygonal, corresponding to k clockwise and k anticlockwise equivalentrelabellings; we denote the set of these 2k labellings by Lk and its elements by l = (l1; : : : ; lk).We also introduce the equivalence relationship ' and declare v 2 Dk to be equivalent tov0 2 Dk (v ' v0) if there exist l 2 Lk such that vi = v0li , i = 1; : : : ; k. Our representationspace for polygonals is now the quotient space Ek = Dk= ' with elements [v].A measure space based on Ek is obtained as follows. Let us introduce the functionf : Dk ! Ek which maps v into [v]. Letting B(Dk) be the Borel �-algebra on Dk, andletting B(Ek) be the �-algebra generated by the class of sets ff(A)g, where A 2 B(Dk),3



then it is easy to show that f is a measurable function from (Dk;B(Dk)) to (Ek;B(Ek)), itbeing su�cient to prove that, for any given A 2 B(Dk), f�1(f(A)) belongs to B(Dk). Thuswe take as a measure space for k-sided polygonals the space (Ek;B(Ek); �k), where�k(A) = 12k ZDk I(v 2 f�1(A)) dv1 : : : dvk A 2 B(Ek): (2)Here I(�) is the indicator function of an event.If we set Ck = f[v] 2 Ek : [v] is a polygong and prove that Ck is measurable, then ameasure space of polygons is immediately de�ned as (Ck;Fk; �k), where Fk = fA 2 B(Ek) :A � Ckg. To prove this, we need the following notations:gqq0(v) = min(i;j);i6=j d(q vi + (1� q) vi+1; q0 vj + (1� q0) vj+1)where d(�; �) is the Euclidean distance, and q; q0 2 (0; 1); for an integerm, f1=m; : : : ; 1�1=mgis the set of rational numbers ranging between these two extremes by a step of 1=m. Thefact that Ck is measurable comes from considering thatf�1(Ck) = \m�1 [n�1 \q;q02f 1m ;:::;1� 1mg�v 2 Dk : gqq0(v) > 1n� :Indeed, being gqq0(�) a continuous function from Dk into R, g�1qq0(1=n;+1) is open, so it isBorel, and f�1(Ck) itself is Borel, having been obtained by countable unions and intersectionof Borel sets.The measure space for all polygons with any number of vertices is thus (C;F ; �), whereC = S1k=3Ck, F = U1k=3Fk, and, for a given A 2 F , �(A) = P1k=3 �k(A). We say thatA 2 F if A = [1k=3Ak, Ak 2 Fk for all k � 3.We do not know if �(C) is �nite, but we can de�ne a prior density on C with respect to�(�) which we can show to be proper:�([v]) / expf��k
 � �k kXi=1(�i(v)� �)2g (3)where � and � are non-negative, 
 is a parameter to be speci�ed later, and �i(v) representsthe angle interior to the i-th vertex of [v] in radians.This density is invariant with respect to the position, the orientation and the size of thepolygon, so it is a shape density. The term containing the angles penalises strongly irregularpolygons and its minimum points, for �xed k, are all the regular polygons in D with k sides.It is also evident that the minimised value of this term tends to zero as k !1, so, if it wasthe only term in the distribution, the upper limit points of the distribution would be all thecircles inD. If 
 was positive, the term �k
 would increasingly penalise an increasing numberof vertices, contributing to assigning a higher probability to \parsimonious" polygons.We now have to look for some su�cient conditions on 
 for the prior distribution to beproper, because otherwise in this particular case the posterior distribution will be improper.>From now on we will make a constant use of integrations with respect to � and with respectto Lebesgue measure; in order to keep the notation simple, we will always use v as integrationvariable even when [v] would be needed, it being clear which space one is integrating over.Denoting the right member of (3) by expf�U(v)g, we have4



ZC expf�U(v)g�(dv) = 1Xk=3 12k ZDk I(v 2 Ck) expf�U(v)g dv1 : : : dvk� 1Xk=3 12k ZDk maxv2Dk expf�U(v)g dv1 : : : dvk� 1Xk=3 12k ZDk expf��k
 � �4�2k2 g dv1 : : : dvk� 1Xk=3  MN expf��k
�1gkpk !k (4)As MN > 1, the series (4) converges if and only if 
 � 1, provided exp(�) > MN when
 = 1. Keeping in mind (1) and (3), the posterior distribution of the polygon turns out tobe p(v j z) / expf��k
 � �k kXi=1 (�i(v)� �)2 � 12�2 MXi=1 NXj=1 (zij � �ij(v))2g (5)where we have substituted the actual object v to the generic object O in the argument of�ij(�).Our prior model appears to be related to the construction derived by Arak el al. (1993).In that case one simulates two independent Poisson point processes, the �rst in the interior ofthe image rectangle and the second on its perimeter, and creates a graph by connecting pairsof vertices subject to the constraint that V , Y , T and I-shaped vertices only are allowed.Provided an appropriate measure on all point patterns has been de�ned, it is possible toexplicitly calculate the normalisation constant and some moments. Moreover, a consistencyproperty holds: the process one observes in a window is de�ned on all R2.The process we use is similar to one that could be de�ned as an Arak process conditionedon the fact that no points have been observed on the perimeter, V -vertices only are allowedand only the graphs with non-intersecting edges are admissible.The density (3) can also be rewritten by extending the theoretical framework used byGrenander, Chow and Keenan (1991) to de�ne a probability distribution on the deforma-tions of a given simple closed curve (template) belonging to a space of �xed dimension (suchas Ck with k �xed). Every polygon belonging to a set Ck is obtainable by deforming aregular polygon �v(k) with k vertices and �xed labelling (template) by applying to each ofits sides k functions (s1; : : : ; sk) belonging to a group of transformations S. If we prede�nea sequence of templates f�v(k); k � 3g, we can de�ne the prior distribution for the trans-formations themselves instead of that for the vertices, thus modifying the support of theprior distribution to the set S = S1k=3 Sk, where Sk = fs 2 Sk : s �v(k) is a polygong, ands �v(k) = (s1 �v1(k); : : : ; sk �vk(k)). We can then rewrite (3) as a product of acceptor functionsdepending on s as follows:�(s; �v(k)) / expf��k
g kYi=1A(si�1; si; �v(k)) (6)where A(si�1; si; �v(k)) = expf��k [�(si�1 �v(k)i�1; si�1 �v(k)i ; si �v(k)(imodk)+1)� �]2g;5



s0 = sk, �v(k)0 = �v(k)k and �(�) measures the interior angle formed by the vertex identi�edby its three arguments. The densities (3) and (6) have the Markovian property that thedistribution of a side (identi�ed by its vertices in (3) and by the relative s function in (6))conditioned to the other sides and to the number of sides depends only on its adjacent sides.In what follows we will use neither this approach nor that of Cli�ord and Nicholls forthe synthesis and the restoration of objects, but we will use model (3), which is simpler andmore immediate for the kind of application we are considering here.3 Application of the reversible jump algorithm to ob-ject restorationThe posterior distribution (5) allows one to calculate di�erent kinds of restoration, such asthe point of maximum a posteriori (MAP) probability densitymaxv p(v j z)or the posterior mean of the state of every pixel with respect to the polygon1Xk=3 12k ZDk �ij(v) I(v 2 Ck) p(v j z) dv1 : : : dvk= �1 Pr(v 3 i) + �0 Pr(v 63 i) i = 1; : : : ;M; j = 1; : : : ; N; (7)which corresponds to the posterior probability that the polygon includes a given pixel when�1 = 1 and �0 = 0. The posterior mean of v cannot be de�ned usefully, because it isimpossible to average a variable which ranges over spaces of di�erent dimension, and theMAP restoration does not carry a very meaningful information, so we have chosen to use(7) for our restoration, because it has the desirable feature of not being dependent on thedimension of the space in which the polygon lies.Since we cannot calculate (7) directly, it is necessary to simulate a Markov chain withstate space C and with (5) as equilibrium distribution, and then calculate1nsweep � n0 nsweepXn=(n0+1) �ij(v(n)) (8)as an approximation of (7). The sequence fv(n)g is the sequence of polygons v(n) obtainedduring the simulation, nsweep is the number of sweeps, and n0 is the length of the burn-inperiod.The problem we have just stated cannot be solved with ordinary MCMC methods (e.g.the Metropolis-Hastings algorithm, see Tierney, 1994), because the chain must visit spaces ofdi�erent dimension and switch from one to another. The reversible jump algorithm proposedby Green (1995), gives a solution by suitably modifying the Metropolis-Hastings algorithmto work in general state spaces. In the remainder of this Section, we describe how a re-versible jump algorithm can be constructed for our problem; a detailed measure-theoreticspeci�cation of the resulting transition kernels is deferred to the Appendix.Assuming that the current state is v 2 Ck, we move to di�erent states only through slightchanges, so that we can easily check whether the move has led the chain to an admissiblestate. We do this by choosing among two move types for moving to v0 2 Ck0.6



1. Move type 1 (\perturb"): for all k � 3, with probability mk we propose a new position� for a randomly chosen vertex i of the polygon, i = 1; : : : ; k, sampling it from theproposal density q(�; i; v); we denote the modi�ed polygon by v(i;�). This is a regular�xed-dimension Metropolis-Hastings move, so the acceptance probability is�1(v; v(i;�)) = min(1; �(v(i;�))q(vi; i; v(i;�))�(v)q(�; i; v) ) :2. Move type 2 (\change space"). For this move type we need some additional notation:for any given vertex i, i = 1; : : : ; k, we denote by i+ the vertex following i, according toeither a clockwise or anticlockwise ordering of vertices. Move type 2 works as follows:(a) for all k � 3, with probability bk we add a new vertex at position �, between tworandomly chosen consecutive vertices i and i+. The new position is de�ned as� = (vi + vi+)=2 + u �b(i; v), where u is drawn from a standard bivariate normaldensity �2(�), and �b(i; v) is a standard deviation to be de�ned in the Appendix.The modi�ed polygon is denoted v(i;�) as in the \perturb" move.(b) for all k � 4, with probability dk we delete a randomly chosen vertex i and joinits two adjacent vertices, and denote the new state by v�i. When k = 3 and thismove type is selected we do nothing and resample the move type.The acceptance probability for the \change space" move is obtained by the applicationof Green's (1995) result. The general result is quite abstract, but there is a particular casewhich we now state in a general notation. Suppose the state space is a collection of Euclideanspaces of di�erent dimension, and that the state variable x has a density g(�) with respectto the Lebesgue measure for any given dimension. A move from x to a state y in a higherdimensional space is proposed by drawing an auxiliary variable w from some density h(�)and setting y = y(x; w), where y(�; �) is an invertible function. The acceptance probabilityfor this move is min(1; g(y) t(y)g(x) t(x) h(w) �����@ y(x; w)@x @w �����) ;where t(x) is the probability of choosing the move \change space" when in state x.Going back to our problem, we see that g(v) = �(v)=2k is a density with respect to theLebesgue measure, as its base measure (2) is actually calculated on elements of B(Dk). If wetook this density as it stands in the calculation of the acceptance probability, we would losethe identi�ability of the polygons, since there are 2k elements in Dk which correspond to agiven k-side-polygon [v]. A way round this di�culty is to give a polygon a unique labelling,e.g., by assigning label 1 to the vertex with higher abscissa, and assigning the other labelsin clockwise order. The resulting density of a k-side-polygon [v] is then 2k g(v) = �(v) onthe subset of Dk containing the label-ordered vectors.Setting also t(v) = bk=k, t(v(i;�)) = dk+1=(k + 1) and h(u) = �2(u), the acceptanceprobability for move type 2 is then�2(v; v(i;�)) = min(1; �(v(i;�)) dk+1 k�(v)�2(u) bk (k + 1) �����@ v(i;�)@u @v �����) ;where the ratio k=(k + 1) comes from the random scan of vertices.7



Naturally mk + bk + dk = 1 8 k � 3. Notice that we have not imposed any explicitconstraint on the support of the proposal densities and this implies that the new proposedstate might be a self-intersecting polygon or a polygon with some vertex out of D. The samecould happen after the deletion of a vertex. However, the acceptance probability is zero inthis situation, so there is not a problem. The advantage of this method is that we do not needto explicitly impose any constraint of closeness or non-intersection of polygons within theprobability distribution, because the admissibility of the con�guration is controlled duringthe execution of the reversible jump algorithm, simply refusing the illegal con�gurations.But there are two disadvantages: checking the admissibility of the proposed con�gurationsis time consuming; the variance of q(�; i; v) and �2b (�; �) must be carefully speci�ed becauseif they were too high too many illegal con�guration would be proposed, while if they weretoo low, the algorithm would be too \timid", slowing down in both cases the convergence toequilibrium of the chain.As for the convergence itself, we show in the Appendix that this chain has � as anequilibrium distribution and is also Harris-recurrent.4 Experiments

(a) (b)Figure 1: A 64� 64 test image (a) and a noisy version of it (b) according to model (1) with�1 = 1, �0 = 0 and �2 = 0:5As an application of the method we have tried to restore a 64� 64 arti�cial picture with acentral body, whose dimensions are not too small compared to the dimension of the entireimage, and some tiny extensions. The picture is shown in �gure 1a, with both the objectand its de�ning contour; the noisy version, produced by model (1) with �1 = 1, �0 = 0and �2 = 0:5, is in �gure 1b, A method based on ordinary smoothing techniques would8



probably shorten or even cause the extensions to part from the central body, while ourmethod, exploiting the additional information that the image portrays only one object andthe connectivity among the polygon vertices, has succeeded in recovering these features,starting from a very poor initial con�guration (a square located more or less at the centreof the object).Three restorations of �gure 1b appear in �gure 2 with hyperparameters � = 3, 
 = 1:6,and � taking the values 0.3, 0.9 and 1.5 from left to right. The algorithm parameters were setto mk = bk = dk = 1=3 8k � 3, and the proposal variances as explained in the introductorypart of the Appendix. Fifty thousand sweeps were performed with a burn-in period of 5000sweeps. A single restoration took about 18 minutes of CPU time on a Sun 4/40 workstationat 1.7 mega
ops. The restoration with the lowest error rate is in �gure 2b. The error ratesare based throughout (except for �gure 5) on thresholding the restored image at 0.5, so theyare the fraction of misclassi�ed pixels. This is done primarily for purposes of comparisonamong di�erent methods, whose results are described in the following. A 
avour of the priorbeliefs expressed by the values of hyperparameters for each restoration is given in the bottomrow of �gure 2 where the last realizations from a chain simulating the prior are shown.

(a) (b) (c)

(d) (e) (f)Figure 2: Three restorations of �gure 1b compared to the true outline and three realizationsfrom chains simulating the prior (d), (e), (f). Parameter values are � = 3, 
 = 1:6 for allpictures; � is 0.3, 0.9 and 1.5 in columns 1, 2 and 3. The error rates are 2.2% (a), 1.49%(b), 2.05% (c). The square in (b) is the starting con�guration.That convergence to equilibrium is satisfactory for the purpose of restoration is shownby the sequence of the number of pixels inside the polygon (�gure 3) for the run of �gure2b. 9
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Figure 3: The sequence of the fraction of pixels inside the polygon during the run whichproduced �gure 2bThe starting con�guration was found automatically, by simply producing a smoothedversion of the noisy image with a running mean performed by a 5�5 window and thresholdingthe result to two greylevels. Considering the resulting image as a bivariate probabilitydistribution on D, we have calculated its two marginal means and variances (say mx, my,�2x and �2y) and then have taken as initial con�guration the square [mx� 2 �x]� [my � 2 �y].The same procedure without smoothing and thresholding did not produce any meaningfulresult.A comparison of our method with pixel-based methods for image restoration appears in�gure 4. In all cases an Ising model with parameter � was used as prior distribution onthe true binary greylevel. The three restorations in the top row have been performed usingthe Gibbs sampler (Geman and Geman, 1984), whereas those in the bottom row are ICMrestorations (Besag, 1986). The centre restorations with � = 1:2 have the lower error rate,whereas the other two values of � are 0.4 and 2.0. The parameter � in �gure 2 has thesame relative variation, so the pictures can be compared. It is evident that the additionalinformation embodied in model (3) has a dramatic e�ect in the restoration.The above experiments show that our method is not very sensitive to changes in theparameter � of the order of about 70%. A similar conclusion is also valid for 
 and �. Ofcourse, if we allow the hyperparameters to range in much wider intervals (0 � � � 10,0:0001 � � � 6 and 1:0001 � 
 � 6) the range of behaviours shown in �gure 2 is magni�ed.A value for � that is too small produces a restoration with small acute peaks protruding fromand into the true object border, whereas small � and 
 (giving a very di�use prior for thenumber of vertices) cause the number of vertices to explode, as the polygon tends to followthe outline of every pixel with a higher greylevel. On the contrary, a high � oversmoothssharp angles, and high � and 
 cut them o�. Other experiments (not reported here) suggestthat variations of � or 
 a�ect the �nal restoration much more than variations in �, which canresult into a more or less smooth object boundary, but with its essential features preserved.10



(a) (b) (c)

(d) (e) (f)Figure 4: Restorations of �gure 1b with the Ising model as prior with parameter � takingvalues 0.4, 1.2 and 2 in columns 1, 2 and 3. First row: Gibbs sampler restorations, witherror rates 5.10% (a), 4.22% (b), 8.13% (c). Second row: ICM restorations with error rates5.27% (d), 3.98% (e), 6.03% (f).Another question of interest is to establish whether there is a real advantage in varyingthe number of vertices, since one could think of using a �xed number which can suit di�erentsituations. In �gure 5 three di�erent runs of our algorithm with � = 3, � = 0:9 and 
 = 1:6(top row) are compared to three other runs of the same algorithm in space C14 with nochange of space allowed (m14 = 1). The number 14 is the a posteriori mean number ofvertices from the run which produced �gure 2b, so it is optimal in some sense. We see thatthe top row restorations have a lower error rate on average and look also better visually,due to the additional \model averaging" capabilities. Here the error rate is the expectedposterior number of misclassi�ed pixels, which can be calculated from the estimated posteriorprobabilities of inclusion of each pixel in the polygon.One can envisage more complicated situations than model (1) to describe the observationprocess which do not alter the basic message of this article. If �0 and �1 were unknown itwould be fairly straightforward to de�ne a prior distribution on them (which should beindependent from that of the polygon for the problem to be tractable) and add a step to theMCMC algorithm for their updating. A texture image could be dealt with by de�ning twoappropriate Markov random �elds (see e.g. Dubes and Jain, 1989) for modelling the textureinside and outside the polygon (and conditionally on it), even if it appears to be quite acumbersome task both in programming and computationally.A blurred image with superimposed noise could be restored successfully simply by using11



(a) (b) (c)

(d) (e) (f)Figure 5: Top row: three runs of the reversible jump MCMC algorithm with � = 3, � = 0:9and 
 = 1:6. Error rates: 1.82% (a), 1.56% (b), 1.63% (c). Bottom row: as the top row butwith k = 14 and m14 = 1. Error rates: 1.75% (d), 1.95% (e), 1.87% (f)the correct likelihood function, assuming that the blurring parameters are known (as it isoften the case). In �gure 6, we show instead an image blurred by a moving average with a3 � 3 window and with superimposed i.i.d. Gaussian noise (�2 = 0:5), and its restorationmade with the likelihood for the unblurred case, compared to the true outline.A di�erent set of problems is related to the nature of the true image, which could containmultiple objects or objects not wholly contained in the observation window. The �rst authoris working on a generalisation of the present setting to allow multiple objects: the density fora given con�guration is based upon the product of densities like (3), with an interaction termdepending on the area of the model window contained in more than one object; the numberof objects can be varied in a fashion similar to that of vertices. Of course, the colouringinside each object must be modelled in the same way, as the polygons are allowed to overlap.A simple way to restore partially visible objects is to use as D a window which is biggerthan the observation window, and to allow the polygon to visit the resulting outer band withjust the prior information, whereas inside the window the observational information wouldcontinue to be used. In �gure 7 the result of such an experiment is shown, along with thecurrent polygon at the last sweep. Our method is evidently quite robust to the truncationof the data.
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Figure 6: A blurred noisy image and its restoration5 DiscussionIn this paper we have illustrated a method for the restoration of a noisy binary imageportraying a single object whose outline is entirely de�ned by a polygon (with an inde�nitenumber of sides). The computing machine provided by the reversible jump MCMC algorithmwas used to perform the restoration, exploiting the capability of the algorithm of switchingbetween spaces of di�erent dimension, that is, of drawing inference about the number ofsides of the polygon to be �tted to the object.The problem setting was as simple as possible: the values of the two greylevels present inthe original image, and the noise variance were assumed known, and there was no problemof estimation of the parameters of the prior distribution. Indeed, it is not possible to �nd amaximum pseudo-likelihood estimate of the parameters in (3) without a preliminary guessabout the true underlying polygon.Thus many other routes should be tried. First, the likelihood model should be extendedto more general situations, substituting �0 and �1 with unknown function to be estimated,as, for example, in Qian et al. (1996). A generalisation of the noise process would alsobe possible, but all the additional e�orts in modelling would be justi�ed only if motivatedby a practical application, whereas the main scope of this article is to illustrate a simpleway to generate polygons in the plane and to show the capabilities of the reversible jumpMCMC methodology in the context of Bayesian image analysis. Second, this setting shouldbe extended to allow multiple objects in the image, which is by no means trivial. Third, wemight improve the implementation of the reversible jump algorithm to accelerate convergenceto equilibrium, e.g. by choosing less blindly the vertex visiting scheme or the probabilities ofthe move types. Fourth, a full Bayesian approach could allow us to include in the restorationprocess the estimation of prior parameters, provided we are able to de�ne some hyperpriorsfor the parameters which describe meaningfully our prior expectations about the shape ofthe polygon.
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Figure 7: A partially visible noisy object and its restorationAppendixTransition kernelsWe give here a complete measure-theoretic construction of the kernel for the Markov chaindescribed in Section 3, for exploring the space C. In the proofs of irreducibility and Harris-recurrence we adapt to our case the method followed by Geyer (1997) for the simulation ofspatial point processes.Here we allow the multiple labelling of the same polygon, so we must be say precisely whatwe mean by v(i;�) and v�i. Letting v = (v1; : : : ; vk) we set v(i;�) = (v1; : : : ; vi; �; vi+1; : : : ; vk)and v�i = (v1; : : : ; vi�1; vi+1; : : : ; vk), with the obvious adjustments when i = 1 or i = k.Also, i� and i+ are the labels of the vertices preceding and following i, according to thecurrent ordering of labels (clockwise or anticlockwise).Assuming that the current state is v 2 Ck, the complete kernel for a transition to a setA 2 F can be written as a mixture of three kernels:P (v; A) = mk P1(v; A) + bk P2(v; A) + dk P3(v; A): (9)The components of the kernel are as follows, with zero acceptance probabilities for pro-posed moves to non-admissible states. The �rst component of the mixture is de�ned byP1(v; A) = 1k kXi=1 ZR2 q(�; i; v)�1(v; v(i;�)) I(v(i;�) 2 A \ Ck) d�+I(v 2 A) s1(v); (10)where s1(v) = 1k kXi=1 ZR2 q(�; i; v) [1� �1(v; v(i;�))] d�14



and q(�; i; v) is a bivariate normal density with mean v and standard deviation �p(i; v) =d(vi�; vi+)=c. The function d(�; �) denotes the Euclidean distance, whereas c is a constant tobe de�ned later.Recalling that in the \change space" move � = (vi + vi+)=2 + u �b(i; v), the secondcomponent of the kernel isP2(v; A) = 1k kXi=1 ZR2 �2(u)�2(v; v(i;�)) I(v(i;�) 2 A \ Ck+1) du+I(v 2 A) s2(v); (11)where s2(v) = 1k kXi=1 ZR2 �2(u) [1� �2(v; v(i;�))] duand �b(i; v) = d(vi; vi+)=c.The third component of the kernel isP3(v; A) = 1k kXi=1 �3(v; v�i) I(v�i 2 A \ Ck�1) + I(v 2 A) s3(v); (12)where s3(v) = 1k kXi=1[1� �3(v; v�i)]:Notice that the acceptance probabilities appearing in the kernels are unspeci�ed. Ofcourse, they will turn out to be those already de�ned.The proposal variances �2p(�; �) and �2b (�; �) allow with high probability moves that areconsistent with the local con�guration of the polygon; for example, if we have to add avertex between two vertices very near to each other, we concentrate the probability masson a small set of possible positions, thus avoiding a too high probability of the occurrenceof self-intersecting polygons. The constant c appearing above must be chosen to ful�l thiscondition of coherence to the local con�guration. A simple criterion is to select c so that anew vertex is added between two vertices with a �xed probability (say 0.95) in the squarewith center (vi + vi+)=2 and with side d(vi; vi+), in which case c = p20.Once the acceptance probabilities �i(�; �); i = 1; 3, have been de�ned so that the kernelhas �(v) as an invariant distribution and it is irreducible and aperiodic, we obtain a Markovchain with �(v) as equilibrium distribution for �-almost all starting points v 2 C. Such achain is positive recurrent; if it is also Harris recurrent the convergence to equilibrium occursfor all starting points (see Tierney, 1994, for a proof of these assertions).InvarianceA su�cient condition for the invariance is the reversibility condition for all pairs of setsA;B 2 F : ZA �ZB P (v; dv0)� �(v)�(dv) = ZB �ZA P (v0; dv)� �(v0)�(dv0): (13)15



Letting Q = bk P2 + dk P3, a su�cient condition for (13) is that P1 be reversible andQ be reversible. The reversibility of P1 is immediately clear from the fact that P1 is themixture of k kernels, where the i-th kernel a�ects the i-th vertex only. Since the label iidenti�es a unique vertex as the chain switches from A to B and vice versa, the i-th kernelcan be considered as a regular �xed-dimension Metropolis-Hastings kernel, with acceptanceprobability �1(�; �) as in Section 3.The check for reversibility of Q is greatly simpli�ed if we notice that we can always writeA = Ak1 [ : : : [ Akm and B = Bl1 [ : : : [ Bln , where Aki 2 Fki, i = 1; : : : ; m, and Blj 2 Flj ,j = 1; : : : ; n, for some integers m and n. Since all the sets Aki are disjoint as well as the setsBlj , the reversibility becomesmXi=1 nXj=1 ZAki ZBlj �(v)Q(v; dv0)�(dv) = nXj=1 mXi=1 ZBlj ZAki �(v0)Q(v0; dv)�(dv0):The only nonzero terms in the sums above are those for which jki� ljj � 1, so, we just needto check that ZAki ZBlj �(v)Q(v; dv0)�(dv) = ZBlj ZAki �(v0)Q(v0; dv)�(dv0) (14)for all pairs ki � lj that meet this condition. Since the form of the kernel does not dependon the values of ki and lj, we take either ki = lj = k or ki = k and lj = k + 1.The �rst case is easily dealt with. If there exist ki = lj = k, we obtain in both membersof (14) the probability of not moving from Ak \Bk.When ki = k and lj = k + 1, let us take sets A = Ak � Ck and B = Bk+1 � Ck+1. Sincethe term containing P3 vanishes at the �rst member of (14), as well as the term containingP2 at the second member, we getZA ZB �(v) bk P2(v; dv0)�k(dv) = ZB ZA �(v0) dk+1 P3(v0; dv)�k+1(dv0) (15)Substituting to P2 and P3 their de�nition and rewriting the integrals with respect to theLebesgue measure we getkXi=1 ZDk ZR2 bkk �(v)2k �2(u)�2(v; v(i;�)) I(v 2 A) I(v(i;�) 2 B) du dv= k+1Xj=1 ZDk+1 dk+1k + 1 �(v0)2(k + 1) �3(v; v0�j) I(v0 2 B) I(v0�j 2 A) dv0Observe that all the terms in the sum at the �rst member of the above equation areequal, and the same holds for the terms at the second member. This is because in the i-thintegral at the �rst member the index i identi�es all the vertices of a given con�guration asv ranges over Dk. The same holds for any j in the second member. So, for an arbitraryvalue of i and j = i+ the above equation simpli�es toZDk ZR2 bk �(v)k �2(u)�2(v; v(i;�)) I(v 2 A) I(v(i;�) 2 B) du dv= ZDk+1 dk+1 �(v0)k + 1 �3(v0; v0�i+)I(v0 2 B) I(v0�i+ 2 A) dv016



The �nal step is to make a change of variable in the second integral above, lettingv0 = v(i;�), so that v0�i+ = v. The second integral is nowZDk ZR2 dk+1 �(v(i;�))k + 1 �3(v(i;�); v)I(v(i;�) 2 B) I(v 2 A) �����@ v(i;�)@u @v ����� du dvfrom which we easily see that �2(�; �) must be as in Section 3 and �3(�; �) is the same butwith the acceptance ratio changed to its reciprocal. The Jacobian is found to be equal to�2b (i; v).Aperiodicity and irreducibilityThe kernel (9) is clearly aperiodic, since there is a positive probability that self-intersectingpolygons be proposed from any current state v; these will always be rejected so the state ofthe chain will remain unchanged.Turning to irreducibility, we only need to check that the kernel is irreducible with respectto some measure ' that is positive on only one set with measure � positive, for exampleC3 (see Meyn and Tweedie, 1993, proposition 4.2.2 and theorem 10.4.9). In other words,we must show that from any state v the chain goes to a triangle with positive probability.Since there is at least one sequence of deletions of vertices that reduces any given polygonto a triangle, this happens with positive probability if we take dk to be bounded away fromzero by a constant d and there exists a lower bound to �3(�; �). In fact, we take also bk to bebounded away from zero by b, so that there is a constant � such that bk=dk+1 > �.To �nd the lower bound to �3(�; �), set v0 = v(i;�) and notice that�(v0)=�(v) < expf�� (4
 � 3
) + � �2g = Mso �3(v0; v) � min(1; bk�2(u) (k + 1)dk+1 k �2b (i; v)M) :Since both the components of u and �2b (i; v) have an upper bound for any possible move,there is a constant R such that �2(u)=�2b (i; v) > R and we have�3(v0; v) � � RM :Harris recurrenceProving Harris-recurrence is much more involved. A su�cient condition for it is the driftcondition (Meyn and Tweedie, 1993, theorem 9.1.8). The drift condition says that given a�-irreducible kernel P , if there is a small set A 2 F and a function unbounded o� small setsV : C !R+ such that ZC V (v0)P (v; dv0) � V (v) 8v =2 Athen P is Harris-recurrent.A set A 2 F is small if there exist a nonzero measure ' and an integer n such thatP n(v; B) � '(B) 8v 2 A and 8B 2 F :17



A function V : C ! R+ is unbounded o� small sets if for any positive number l > 0 theset fv : V (v) � lg is small.Then we must �nd a small set for our transition kernel P . One such set is C�k = fv 2C : k(v) � kg, where k(v) denotes the number of vertices in v. Indeed let us take m � kand let v 2 C�k; then we havePm(v; C3) � ZC3 P k(v)�3(v; dv0)Pm�k(v)+3(v0; C3):The probability P (v0; C3) is bounded from below by d3, when v0 2 C3, so Pm�k(v)+3(v0; C3) >dm�k(v)+33 . The above integral reduces then todm�k(v)+33 P k(v)�3(v; C3)where the second factor is also bounded from below by Jk(v)�3=k(v)!. The constant J canbe set to J = d � RMas a consequence of the lower bounds on dk and on �3(�; �), whereas the term k(v)! comesfrom the random scan of vertices. One is then allowed to state that for all v 2 C�kPm(v; C3) > (d3 J)mm!(recall thatm > k(v)) which coincides with C�k being a small set when '(C3) = (d3 J)m=m!.Now we are in the position to prove the drift condition. First we set V (v) = Hk(v), withH > 1, as a function unbounded o� small sets like C�k. Second we notice that�2(v; v(i;�)) � expf��[(k + 1)
 � k
 ] + ��2g� R = r(k):Third, we calculate the drift for Hk(v). After some calculations, this is found to beZC V (v0)P (v; dv0) = Hkmk+bk (Hk + Hk+1 �Hkk kXi=1 ZR2 �2(u)�2(v; v(i;�)) du)+dk (Hk + Hk�1 �Hkk kXi=1 �3(v; v�i))� Hk (mk + bk + bk r(k) (H � 1) + dkH) (16)Since r(k) tends to zero as k goes to in�nity and bk and mk are bounded away from 1, theterm in braces in (16) can be made less than 1 for all k greater than some large enoughk0. Thus, if we take the small set Ck0, the drift condition is satis�ed for this set withV (v) = Hk(v) and P is Harris-recurrent. 18
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