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Abstract
The voter model is an extremely simple yet nontrivial prototypical model of ordering dynamics,
which has been studied in great detail. Recently, a great deal of activity has focused on long-range
statistical physics models, where interactions take place among faraway sites, with a probability
slowly decaying with distance. In this paper, we study analytically the one-dimensional long-range
voter model, where an agent takes the opinion of another at distance r with probability∝ r−α. The
model displays rich and diverse features as α is changed. For α> 3 the behavior is similar to the
one of the nearest-neighbor version, with the formation of ordered domains whose typical size
grows as R(t)∝ t1/2 until consensus (a fully ordered configuration) is reached. The correlation
function C(r, t) between two agents at distance r obeys dynamical scaling with sizeable corrections
at large distances r> r∗(t), slowly fading away in time. For 2< α⩽ 3 violations of scaling appear,
due to the simultaneous presence of two lengh-scales, the size of domains growing as t(α−2)/(α−1),
and the distance L(t)∝ t1/(α−1) over which correlations extend. For α⩽ 2 the system reaches a
partially ordered stationary state, characterised by an algebraic correlator, whose lifetime diverges
in the thermodynamic limit of infinitely many agents, so that consensus is not reached. For a finite
system escape towards the fully ordered configuration is finally promoted by development of large
distance correlations. In a system of N sites, global consensus is achieved after a time T∝ N2 for
α> 3, T∝ Nα−1 for 2< α⩽ 3, and T∝ N for α⩽ 2.

1. Introduction

Understanding the evolution of systems far from equilibrium is a central issue of modern physics and
beyond. In this framework, phase-ordering—the process whereby a multiphase system demixes—is perhaps
the most studied and better understood phenomenon, with applications ranging from alloys, fluids and
other physical systems [1–3] to population dynamics [4]. With short-range interactions, the ordering
process is characterised by the increase of a typical length R(t), associated to the size of demixed regions,
known as coarsening. A notable example is the Ising model with Glauber kinetics quenched to low
temperatures, where R(t)∝ t1/2. This growth phenomenon is usually characterized by a dynamical scaling
symmetry that, in a nutshell, means that R(t) is the only relevant length scale present in the system and that
the whole effect of elapsing time is the mere increase of such length, leaving all other features of the system
unchanged. Stated differently, two configurations at different times look statistically similar if lengths are
measured in units of R(t). This particular symmetry is reflected in the behavior of physical observables
among which the equal-time correlation function. For a binary system described by boolean variables, or
spins, {Si}= {±1}, defined on sites i = 1, . . . ,N of a d-dimensional lattice, this is defined as
C(r, t) = ⟨Si(t)Sj(t)⟩, where r is the i− j distance. When phase-ordering occurs well away from a critical
point, the above symmetry, implies, for sufficiently long times,
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C(r, t) = f

(
r

R(t)

)
, (1)

where f (x) is a scaling function with limits f(x→ 0) = 1 and f(x→∞) = 0.
Despite the rather good level of comprehension of these processes in systems with short-range

interactions, less in known when they are long-range [1, 5–12], because computer simulations are
numerically demanding and analytical approaches are scarce. In particular, considering the paradigmatic
case where the coupling between spins decays algebraically as r−α, a first important distinction must be
made between the so called weak long-range case [13], when α > d and the interaction is integrable, and the
strong long-range situation with α⩽ d. In the former case the behavior of the system is generally similar to
that of the the corresponding short-range case, and an analogous pattern characterised by growing domains
is found, associated to the dynamical scaling symmetry. At a more quantitative level, there exists a
characteristic value αSR > d above which scaling exponents, such as the one regulating the growth of the
length R(t)∝ t1/z, keep the same value of the corresponding model with nearest neighbor (NN) interactions,
whereas they change and become α-dependent below αSR. In the 1d Ising model, for instance, it is
αSR = 2 [5, 9, 11, 12]. The situation changes dramatically when entering the strong long-range regime with
α < d, because in this case some of the very fundaments of statistical mechanics, notably additivity, break
down and a physically very different behavior is expected [14–16]. It must be observed, indeed, that the
extreme limit α→ 0 corresponds to the mean-field case where, by definition, domains cannot exist and
equilibration occurs through a completely different mechanism, without any coarsening. There must exist,
therefore, a radical change of behavior when α is lowered. However, while for the equilibrium critical
properties such a crossover to a mean-field like behavior is known to take place upon crossing a well defined
value of α, for the dynamical properties the situation is possibly less simple and much less is known [7].

In this paper we give a contribution by solving analytically the voter model [17] with algebraic
interactions in one dimension. Voter dynamics is defined in terms of the same spin variables of the Ising
model with the difference that a spin Si takes the value of another Sj, chosen at random among its nearest
neighbors. At variance with the corresponding Ising model, this rule does not obey detailed balance and,
hence, it is not possible to define an Hamiltonian, except for the one-dimensional case when the voter and
the Ising model at T= 0 can be mapped onto each other. The voter model with nearest-neighbor interactions
is an extremely interesting model for several reasons: it is one the few nontrivial out of equilibrium dynamics
that can be solved exactly in any dimension [18]; it undergoes a coarsening process in the absence of surface
tension, thus exhibiting nontrivial critical properties [19–21]; in social dynamics it is a paradigmatic model
for the formation of consensus [22, 23]. Here we consider a long-range one-dimensional voter model, with
spin Si taking the value of another Sj, chosen at distance r with probability P(r)∝ r−α. Considering the
process starting from a disordered configuration, our study enlightens a rich pattern of different behaviors,
where the scaling symmetry takes different forms and is characterised by different exponents as α is changed,
or is violated in different ways. The transition to the mean-field regime is, itself, interesting and
unconventional. The one-dimensional voter model with long-range interactions had been introduced and
studied numerically before [24]. Our analytical results confirm and complete some of the findings of that
work, while correcting some conclusions which were extrapolated from simulations.

Before presenting, in the next sections, the analytical solution of the model, we summarise below the
main results, discussing also how they are organised into the various parts of this article. We start, in the next
section 2, by defining the model, discussing the main observables we will consider, and deriving the
evolution equation for C(r, t), in terms of which the problem can be analytically studied. Section 3 is devoted
to the solution of the model in the case α> 3. It is found that αSR = 3 and, hence, for α> 3 the behavior is in
the same universality of the short-range model. Indeed one finds that in this case the growth law is
R(t)∝ t1/2. One also observes the scaling form (1), with f (x) a monotonically decreasing function of
exponential type; however this is true only up to x∝ x∗(t) =

√
(α− 3) ln t. Beyond this value equation (1) is

yet obeyed but with respect to another length L(t)∝ t3/(2α), and with an algebraic decay f(x)∝ x−α of the
scaling function. This behavior gradually transforms into the standard one as time elapses, because x∗(t)
increases and the large-x form is pushed to regions where correlations are negligible. However, note that this
process is logarithmically slow and further depressed as α→ 3. In the following section 4 the solution of the
model is derived for 2< α⩽ 3. In this case one has a violation of scaling: two distinct growing lengths are
present. This occurs because of the behavior of the correlation function at r= 1. Let us remind that
C(r= 1, t) is directly related to the density of interfaces ρ(t) in the system (adjacent anti-aligned spins) and
that ρ−1 is the size of domains. In this range of α-values one finds ρ−1(t)∝ t(α−2)/(α−1) whereas the size of
correlated regions grows∝ t1/(α−1). Note that now, at variance with the previous case with α> 3, scaling is
not progressively recovered as time goes by. Finally, the case with 0< α⩽ 2 is discussed in section 5. The
new feature, addressed in section 5.1, is now that in the infinite-size limit a stationary state is reached,
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characterised by lack of consensus, and exhibiting correlations extending to very long distances, as testified
by the slow algebraic decay of C(r)∝ r−(2−α), for 1< α⩽ 2, or C(r)∝ r−α for 0⩽ α⩽ 1. Similar
non-equilibrium stationary states are commonly observed in systems with strong long-range interactions.
The stationary state is preceded by a coarsening stage, as discussed in section 5.2. Section 6 contains a
discussion of the dependence of physical quantities on the sizeN of the system. Indeed, due to the long-range
nature of the interaction, for α⩽ 2 even intensive quantities turn out to depend on N, a fact that has
important consequences, for instance, on the time to reach consensus, which is studied in section 7. The last
section, section 8, contains a summary of the results obtained, some comparison with other coarsening
models, and a perspective for future investigations.

2. The model and its dynamical equation

The voter model is defined in terms of boolean (or spin) variables Si =±1, where i = 1, . . . ,N runs over the
sites of a one-dimensional lattice with periodic boundary conditions. In an elementary move a randomly
chosen variable Si takes the state of another, Sj, chosen at distance r with probability P(r) = 1

2Z r
−α, where

Z=
∑N/2

r=1 r
−α. The probability to flip Si in a single update can than be written as

w(Si) =
1

2N

N/2∑
r=1

P(r)
∑

k=[[i±r]]

(1− SiSk) , (2)

where the factor 1/N describes the probability to randomly pick up Si. The symbol [[. . . ]]means that the
boundary conditions must be correctly taken into account, so, for instance, [[i+ r]] = i+ r−N if i+ r> N.
For an n-spin correlator it is easy [25] to obtain d

dt ⟨Si1Si2 · · ·Sin⟩=−2⟨Si1Si2 · · ·Sin ·
∑n

m=1wα(Sim)⟩ which,
specified for n= 2, gives

N
d

dt
⟨Si (t)Sj (t)⟩=−2⟨Si (t)Sj (t)⟩+

N/2∑
r=1

P(r)

 ∑
k=[[i±r]]

⟨Sj (t)Sk (t)⟩+
∑

q=[[j±r]]

⟨Si (t)Sq (t)⟩

 . (3)

In the following, as customary, we measure time in units of N, namely in Monte Carlo steps per spin, hence
N d

dt →
d
dt on the l.h.s. of the previous equation and, assuming space translation invariance, one arrives at a

closed equation for the correlation function

d

dt
C(r, t) =−2C(r, t)+ 2

N/2∑
ℓ=1

P(ℓ) [C([[r− ℓ]] , t)+C([[r+ ℓ]] , t)] , (4)

where, due to the chosen boundary conditions,

[[n]] =

{
|n|, if |n|⩽ N/2
N− |n|, if |n|> N/2.

(5)

From C(r, t) a correlation length can be extracted as

L(t) =

∑N/2
r=0 rC(r, t)∑N/2
r=0 C(r, t)

. (6)

Another length scale can be naturally introduced. The density of domain walls (anti-aligned adjacent spins)
is given by

ρ(t) =
1

2
[1−C(r= 1, t)] . (7)

The characteristic size of the domains is given by ρ(t)−1. When scaling holds it must be ρ(t)−1 ∝ L(t);
however, as we will see, violations of dynamical scaling may occur, leading to different evolutions of the two
length scales.

Equation (4) is exact. Based on it we will determine in the following sections the behavior of C, starting
from a fully disordered initial state, considering separately the various ranges of α values.
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Figure 1. L(t) is plotted against time t, for different values of α (see legend). Data are obtained by solving numerically
equation (4) with N= 103. Dashed lines (with corresponding color as numerical data) are the analytical results of equations (11),
(21) and (34). In the inset a comparison is shown, for α= 2.5 and α= 1.8, with a larger system with N= 104 (dot-dashed lines).
Note that all curves saturate to N/4, which corresponds, according to equation (6), to the fully ordered state.

3. Caseα > 3

For large enough α it seems natural to search for a solution with properties similar to the NN case. Recalling
that for NN the scaling property holds [25], we plug the ansatz C(r, t) = f[r/L(t)] into equation (4), obtaining

−xf ′ (x)
L̇(t)

L(t)
=−2f(x)+ 2

N/2∑
ℓ=1

P(ℓ){f(|x− y|)+ f([[x+ y]])} (8)

with x= r
L(t) and y= ℓ

L(t) . Let us now focus on the small-x region. Assuming that f (x) decays fast, the
dominating contributions to the sum on the r.h.s. of equation (8) are provided by the values y≃ x and y≃ 0,
in the first and second term, respectively. Considering x small, the condition y≃ x implies that y is small as
well. Hence we can Taylor-expand the functions on the r.h.s. of equation (8) to second order in y, thus
obtaining

−xf ′ (x)
L̇(t)

L(t)
=

2f ′ ′ (x)⟨ℓ2⟩
L(t)2

, (9)

where

⟨ℓ2⟩=
N/2∑
ℓ=1

ℓ2P(ℓ) (10)

is the second moment of the distribution of interaction distances. Note that equation (9) is valid only for
α> 3, otherwise ⟨ℓ2⟩ diverges. In order for any explicit time-dependence to cancel out in equation (9) one
must have

L(t) = Dt1/2, (11)

where D is a constant. This behavior is very clearly observed in figure 1 where this quantity has been plotted
after solving numerically equation (4). After an initial transient, the curves for α> 3 show L(t) growing as in
equation (11) before saturating when L(t) approaches N, when the finite size is felt and the system reaches
consensus, namely a fully ordered state (see section 7 on this topic).

The scaling function must then obey the following equation

x20
2
f ′ ′ (x)+ xf ′ (x) = 0, (12)

with x0 =
2⟨ℓ2⟩1/2

D . The solution is

f(x) = c1 erf

(
x

x0

)
+ c2, (13)
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Figure 2. Collapse plot, for α= 3.5, of the correlation function C(r, t) as a function of x= r/L(t) (main plot), or x= r/L(t)
(inset). L(t) is computed using equation (6) and L(t) as defined below equation (16). System size is N= 104. The curves are for
values of t ranging from 102 to 103 in steps of 102.

where c1, c2 are constants and erf(x) = 2√
π

´ x
0 e

−t2 dt. Fixing the constants using limx→0 f(x) = 1 and

limx→∞ f(x) = 0, one finds

f(x) = erfc

(
x

x0

)
, (14)

where erfc(x) = 1− erf(x). Let us remark that all the above is valid for small x and hence also for r= 1. Then,
recalling the definition (7), one finds ρ(t)∝ L(t)−1. A further comment is in order: we have used above the
boundary condition limx→∞ f(x) = 0 despite the fact that the present solution is valid only for small x. This
is however justified because the validity of the solution extends up to a certain x∗(t) which, as shown below,
diverges with time (see equation (17)). Hence the boundary condition becomes correct for increasingly
larger times.

Let us now investigate the large-x behavior. The function C([[r− ℓ]], t) in equation (4) has a peak of
unitary height for ℓ= r. It can be verified for consistency at the end of the calculation that for large x such a
peak dominates the sum over ℓ and the entire r.h.s. in equation (4). Expanding f (x) (in equation (14)) to
leading order to evaluate this term near ℓ= r, f(x)≃ 1− 2/

√
π (x/x0), and approximating in this way the

sum in equation (4), one arrives at

Ċ(r, t)∝ x0P(r)L(t) , (15)

leading to

C(r, t) =

(
a

r

L(t)

)−α

, (16)

where a is a constant and L(t)∝ x1/α0 t3/(2α). This is again a scaling form of the type (1) but with respect to a
different length scale L(t) (in place of L(t)) and with a different, algebraic, scaling function. Hence, for large
but finite times, the scaling pattern given by equation (14) extends only up to a time-dependent value
x∗(t) = r∗/L(t), after which the correlation function crosses over from an exponential to an algebraic decay.
The crossover point can be found by matching the two scaling forms (14) and (16) and using the behavior of

the erfc function for large argument, erfc(x)≃ e−x2

x
√
π
, finding

x∗ (t)∝
√
(α− 3) ln t. (17)

As time elapses the preasymptotic large-distance behavior is pushed to larger and larger distances and, at
the same time, to smaller and smaller values of the correlation. But this process is logarithmically slow and,
moreover is less and less effective as α→ 3, where a different solution, discussed below, comes into play. The
main part of figure 2 confirms that scaling holds for a slowly increasing interval of x values. For larger x the
decay is power-law as x−α, according to equation (16), but curves for different times do not perfectly fall
onto each other. This is because for x> x∗ scaling occurs with respect to the different length L(t) (defined
below equation (16)) and, indeed, using this scaling length in the inset of the figure one finds an excellent
collapse for large x (but not for small x).
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Figure 3. Collapse plot, for α= 2.5, of the correlation function C(r, t) as a function of x= r/L(t) where L(t) is computed using
equation (6). System size is N= 104. The curves are for values of t ranging (in steps of 102 time units) from 102 to 103. The green
dashed line is the behavior (18).

4. Case 2< α ⩽ 3

As noted before, the behavior found in the previous section breaks down for α⩽ 3, as ⟨ℓ2⟩ diverges. We now
show that for 2< α⩽ 3 the correlation function C(r, t) for r≫ 1 obeys a scaling form analogous to the one
in equation (16), namely

C(r, t)≃ f(x) = (ax)−α
, (18)

with x= r/L(t), but with a scaling length L(t) growing differently from L(t) (see equation (21)).
As before, also in this case the term containing C([[r− ℓ]], t) provides the dominant contribution to the

r.h.s. of equation (4) for r≫ 1 (it can be checked for consistency at the end of the calculation). Writing the
sum as an integral, such a term, denoted as S(x, t), reads

S(x, t)≃ 2L(t)

ˆ N/2L(t)

1/L(t)
dyP [yL(t)]C(|x− y|L(t) , t) , (19)

with y= ℓ/L(t).
The integral is dominated by the region around the peak of the integrand at y≈ x, whose height is

P[xL(t)]C(0, t) = L(t)−α(2Z)−1x−α and whose width, according to equation (18), is of order a−1. Hence

S(x, t)≃ L(t)1−α x−α

aZ
. (20)

Then, still considering large r, we can insert the form (18) into the l.h.s. of equation (8), and evaluate the
r.h.s. by the expression (20). The x-dependence of both the l.h.s. and the r.h.s. is the same. Imposing any
explicit time-dependence to cancel out, the growth-law

L(t) = Bt1/(α−1) (21)

is obtained, with

B= a

[
2(α− 1)

αZ

]1/(α−1)

. (22)

The behavior (21) is well reproduced by the numerical solution of equation (4), as shown in figure 1 for
the case with α= 2.5.

In addition, figure 3 confirms that scaling holds and that the scaling function decreases as equation (18)
for large x.

Now we turn our attention to the value at r= 1 where, clearly, equation (18) cannot hold asymptotically.
We recall that the density of interfaces (anti-aligned adjacent spins) ρ is related to C(r= 1, t) by
C(r= 1, t) = 1− 2ρ. In appendix A it is shown that

ρ(t)∼ k ′

2
L(t)−β

, (23)

6
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where k′ is a constant. Hence the size of domains ρ−1 and the length L grow differently and scaling is violated.
Unfortunately, the analytical determination of β turns out to be very difficult, therefore we have carefully
investigated this point numerically. The results of this study, presented in appendix B, provide evidence that
β = α− 2. (Consistently, for this value of β we find k ′ = (−α2 + 4α− 3)/(5−α)> 0). This implies

ρ−1 (t)∝ t(α−2)/(α−1). (24)

Note that the growth exponent matches the short-range value 1/2 as α→ 3. Conversely, the growth exponent
vanishes as α→ 2, signalling that, as shown in the next section, for α⩽ 2 the system reaches a
partially-ordered non-equilibrium stationary state.

5. Case 0 ⩽ α ⩽ 2

For α⩽ 2 in the thermodynamic limit N→∞ consensus is not reached (see below), while it is reached for
any finite N if we take the t→∞ limit first: the two limits do not commute.

5.1. Stationary state
When the thermodynamic limit is taken first, for 1< α⩽ 2, a non-trivial stationary state is attained, with

Cstat (r) = κ r−(2−α), (25)

for r≫ 1, where κ is a constant, see appendix C.1. Note that, using the expression (25) in equation (6) and
transforming the sum into integrals one easily obtains the correlation length in the stationary state as

Lstat =
α− 1

2α
N. (26)

This quantity diverges in the thermodynamic limit showing the absence of a typical length in such a state.
For α< 1, as shown in appendix C.2, the stationary state behaves as

Cstat (r) = κ ′ (N) r−α (27)

with

κ ′ ∝ N−(1−α). (28)

This is well reproduced by numerical integrations of equation (4).
Repeating the calculation as before one finds again Lstat diverging as N:

Lstat =
1−α

2(2−α)
N. (29)

In figure 4, C(r, t) obtained by a numerical solution of equation (4) is plotted against r at different times,
for α= 3/2 and for α= 3/4. It is seen that C(r, t) is time-independent and obeys the analytic stationary
forms (25) and (27) for sufficiently small values of r. Conversely, some evolution takes place at large r which,
in a finite system, eventually restores dynamics leading to consensus in a time T(N) that will be determined
in section 6. However, such incipient kinetics is pushed towards larger and larger values of r as N is increased,
as it can be seen in figure 4 for the case α= 3/4. This is the mechanism whereby a fully stationary state is
obtained in the thermodynamic limit.

5.2. Approaching the stationary state
As seen in the previous section 5.1, the correlation length Lstat ∝ N in the stationary state is huge. Then, since
L(t) starts microscopic initially, it has to grow in the regime preceding stationarity, which happens by means
of coarsening. Such growth is present for any value of 0⩽ α⩽ 2, however, as we shall see, its duration tcoars is
extensive in N only for 1< α⩽ 2. Then, at least in this range of α, this regime is relevant and worth to study,
which we do here.

Since the stationary state is highly correlated, it can be expected that such correlations start to develop at
small distances, to proceed then to progressively larger values of r as time elapses, until full stationarity. This
is clearly seen in figure 5, where it can be appreciated that C(r, t) approaches Cstat starting from small values
of r.

7
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Figure 4. C(r, t) is plotted against r for α= 3/2 (left panel) and α= 3/4 (right panel). Different curves correspond to different
times, increasing from bottom to top (left panel: t= 1300,1400, · · · ; right panel: t= 1.5,2,2.5, . . . ). Dashed green lines are the
analytical behaviors (25) and (27). On the left panel the system size is N= 105, while the two groups of curves on the right panel
correspond N= 105 and N= 106.

Figure 5. C(r, t) is plotted against r (left panel) or against x= r/L(t) (right panel) at different times from t= 5 to t= 100 in steps
of∆t= 5 (different colors, bottom–top) for α= 3/2. This range of times corresponds to a ballistic increase of L(t). System size is
N= 106. The dashed blue line corresponds to the stationary form (25), while the green line is the behavior (18). In the inset we
plot C(r, t)[1+ q/L(t)], with q= 5 · 104, against x (same data as main figure, see text for discussion).

In the coarsening regime we are studying, the term containing C(|r− ℓ|, t) dominates on the r.h.s. of
equation (4), as in previous cases. The important contribution in this term occurs at small |r− ℓ| where we
can use the stationary form (25). Then it reads

0⩽r−ℓ⩽L(t)∑
ℓ

P(ℓ) Cstat (|r− ℓ|) , (30)

where, invoking scaling, we have truncated the sum to values of ℓ such that |r− ℓ|⩽ L(t) because, after that
value, the stationary form is abandoned and a faster and integrable decay of C is obeyed (see figure 5). Such
decay, indeed, will be readily shown to be algebraic as r−α. Actually, instead of |r− ℓ|⩽ L(t), in
equation (30) we have considered only the region r− ℓ⩽ L because the part with ℓ− r⩽ L(t) contributes
negligibly to the sum because of the decrease of P(ℓ). Changing variable tom= r− ℓ we have

L(t)∑
m=0

P(r−m) Cstat (m) . (31)

For r≫ L(t), P(r−m)≃ P(r) so we have

P(r)

L(t)∑
m=0

Cstat (m) = P(r)

1+ L(t)∑
m=1

Cstat (m)

 , (32)
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where we have taken the term withm= 0 out of the sum (because Cstat(r= 0) = 1 and is not described by
equation (25)). Now we evaluate the sum using the explicit stationary form (25), finding a divergence
with L as

kP(r)L(t)α−1 ∝ L(t)−1 x−α, (33)

with x= r/L(t). Replacing the whole r.h.s. of equation (8) with this result we get a ballistic increase

L(t) = At, (34)

of the correlation length and a scaling function as in (18) for large x (for small x, as noted already, one has
C(r, t) = Cstat(r)).

The behavior of C(r, t), with its large-x scaling (18), can be appreciated in figure 5. Note that, in the right
panel, one sees a poor collapse of the curves, indicating important preasymptotic corrections. Actually, in the
inset, it is shown that a tentative correction of the form C(r, t)[1+ q/L(t)] = f(x), with q a fitting parameter,
provides a good collapse.

The growth (34) can be clearly seen in figure 1 (cases with 0< α⩽ 2). From this figure one sees a
glimpse of ballistic growth also for α< 1, which however we do not consider analytically here since the
duration tcoars of such coarsening is microscopic, at variance to the case 1< α⩽ 2, where it is of order Nα−1,
as it will be shown at the end of section 6.

6. Size dependence in the coarsening stage

In coarsening systems with short-range interactions the finite size of the sample starts to be felt when the
typical growing domain size has become comparable to the system size. This time is progressively delayed
upon increasing the system size; before it, intensive quantities are independent of N, for large N.

When interactions are sufficiently long-ranged, due to the one-to-all character of the coupling, there can
be a size dependence at any time [26]. In the following we show that, in the present model, this happens for
α⩽ 2, and we determine such N dependence for the quantity L(t) in the coarsening stage. As a byproduct,
this will allow us to estimate, in the next section, the consensus time T(N), i.e. the time taken by the
dynamics to reach a fully ordered configuration in a system of size N.

For large L, equation (6) can be written, by using equation (1) and transforming the sums into
integrals, as

´ N
2L(t)
1

L(t)
xf(x) dx

´ N
2L(t)
1

L(t)
f(x) dx

= 1. (35)

The N dependence comes in due to the upper integration extremes. The previous sections showed that, in
the coarsening stage, for large x it is f(x)∼ (ax)−α for any value of α. Then, for α> 2, the integrals converge
as the upper integration extremum diverges with N→∞, which is consistent with having an N-independent
integrand, and hence L is independent of N. This can be appreciated in the inset of figure 1 for the case with
α= 2.5 (blue curve). The comparison between the two sizes N= 103 and N= 104 shows that the two curves
start superimposed and then separate only when L(t) in the smaller system starts saturating when it becomes
of the order of the system size. This is the typical scenario one encounters in a short-range system.

For 1< α⩽ 2, after changing variable to z= ax in equation (35), leading to

1

a

´ aN
2L(t)
a

L(t)
zf(z) dz

´ aN
2L(t)
a

L(t)
f(z) dz

= 1, (36)

one sees that the integral in the numerator diverges as
[

aN
L(t)

]2−α

. Let us note now that, because of the

form (18) of the scaling function, L and amust share the same N-dependence. Indeed, if this were not true,
in the thermodynamic limit N→∞ one would have C≡ 1 or C≡ 0 for any r> 0 at finite times, which is
unphysical. Using this fact, one has a N2−α divergence in the numerator of equation (36). The denominator,
instead, is constant (in N). Then, in order for the N dependence to drop out from the l.h.s. of equation (36)
it must be L(t)∝ N2−α. As discussed at the beginning of this section, this size dependence is different from

9
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the one usually displayed by short-range systems, because it occurs at any time t> 0, as it can be appreciated
in the inset of figure 1 in the case α= 1.8.

For α⩽ 1 both the integrals in the numerator and in the denominator of equation (36) diverge with N at
the upper extreme so that, proceeding as before, the l.h.s. turns out to behave as N

L(t) , leading to L(t)∝ N.
In summary

L(t)∝


N0, α > 2,
lnN, α= 2,
N2−α, 1< α < 2,
N/ lnN, α= 1,
N, α < 1,

(37)

where we have made explicit the logarithmic corrections occurring for the boundary values α= 1 and α= 2.
Note the unusual fact of L growing unboundedly in the thermodynamic limit N→∞ even at finite times for
α⩽ 2. Furthermore, for α< 1, L reaches the system size in a time of order N0 and hence there is not a real
coarsening stage extending in time as N gets large.

We have checked that all these results are very well reproduced by a numerical integration of equation (4).
To conclude this section, let us compute the duration of the coarsening stage for α⩽ 2. Using

equation (34), with A∝ N according to equation (37), stipulating that coarsening ends when L(t)≃ Lstat one
readily obtains the coarsening duration

tcoars ∝ Nα−1 (38)

for 1< α⩽ 2. This result shows that coarsening is a macroscopic phenomenon for α> 1.

7. Consensus time

In the following we discuss the time T(N) taken by the model to reach consensus. For α> 2, when ordered
domains are well defined and coarsen, T(N) can be obtained from the same condition L(t= T)≃ N as for
short range interactions, namely consensus is achieved when the typical size of correlated regions reaches the
system size. For α< 2, instead, consensus is not reached although L≃ N, because spins inside ordered regions
can frequently flip by interacting with very far ones. As a consequence, the reaching of the consensus occurs
via a global symmetry breaking as in mean-field and the consensus time is proportional to N. In summary:

T(N)∝


N2, α > 3,
Nα−1, 2< α⩽ 3,
N/ lnN, α= 2,
N, α < 2,

(39)

The consensus time T(N) is a suitable quantity to check the validity of our approach by comparing
analytical predictions (39) with numerical simulations, i.e. evolving the spins according to a standard Monte
Carlo procedure with the transition rates (2). Results in figure 6 indicate a very good agreement, which
confirms the correctness of the whole analytical approach.

8. Conclusions

In this paper we have studied analytically the ordering kinetics of the one-dimensional voter model with
long-range interactions. This provides clear conclusions that are very difficult to extract from numerical
simulations alone, particularly when the decay of interactions with distance becomes slow, because of scaling
violations, massive finite-size effects and strong noise. Indeed, the same problem was considered in [24],
where the authors, based solely on numerical simulations, arrived at partially different conclusions. For
instance, they find that the exponent regulating the time-decay of the interface density attains the NN value
for α⩾ 6, whereas we find that this happens for α⩾ 3, see equation (24).

Our solution uncovers a rather rich pattern of behaviors as α is varied. With respect to the standard
paradigm of phase-ordering in scalar systems with short-range interactions, at least two new features emerge
due to the effect of long-range interactions. The first is related to violations of dynamical scaling in its

10
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Figure 6. The consensus time (in Monte Carlo step units), computed by means of numerical simulations of the model, is plotted
against the system size N for different values of α, see legend. Every curve is an average over 104 realisations. Data points are
represented with their (very small) error bars. Continuous lines are guides for the eye. The dashed lines near each dataset (same
color) are the expected behaviors (39).

simplest formulation. Indeed, already for α> 3, where the growth exponent remains unchanged with respect
to the NN case, some sizeable scaling corrections, which are absent for nearest-neighbours interactions,
affect the large-distance behavior, although their effect is slowly suppressed as time elapses. Violations
become more severe and unescapable for α< 3, with the simultaneous presence of two ordering lengthscales,
behaving differently. The first, ρ−1, is associated to the size of growing domains and the other, L, corresponds
to the increasing range of correlations. The second new feature is the presence of long-lived non-equilibrium
stationary states, which are a hallmark of systems with long-range interactions but were never observed
before, to the best of our knowledge, in long-range classical statistical mechanical out of equilibrium spin
systems. In the present model such states are present for α< 2 and their lifetime diverges in the
thermodynamic limit.

Let us comment on the similarities and the differences between the behavior of the present model and of
the Ising model with Glauber dynamics (still in d= 1, with a coupling constant J(r)∝ r−α between spins)
after a quench to zero temperature. For NN interactions (i.e. α→∞) the two systems are equivalent. For the
algebraic interactions considered here, they still behave similarly for α > αSR, where αSR is a critical value
above which ordered regions grow as t1/2, as in the NN case. For the voter model we have shown that
αSR = 3, while it is known that in the Ising case it is αSR = 2 [5, 11, 12]. For both models, there exist another
characteristic value αLR, below which a mean-field phenomenology starts to be observed. By mean-field
phenomenology we mean, in a broad sense, that a true coarsening behavior, akin to the one observed for
short-range interactions, is not displayed. In the voter model it is αLR = 2 and the mean-field
phenomenology amounts to the presence of metastable stationary states becoming infinitely long-lived and
preventing consensus to be reached in the thermodynamic limit N→∞. In the Ising model there are no
such states and the mean-field phenomenology is manifested by the fact that, for α < αLR = 1, the statistical
ensemble is dominated by histories where ordering is achieved by aligning all the spins with the sign of the
majority in a time of order one, without formation of domains, as it happens in the fully mean-field case
(α= 0). For intermediate α values, namely for αLR < α < αSR, there is coarsening with an α-dependent
exponent, L(t)∝ t1/(1+α−αLR). This is true for both models (with the different values of αSR and αLR

mentioned above) with the important difference that in the voter model scaling is violated due to the
simultaneous presence of the extra length ρ−1(t) next to L(t), see section 5. Note also that the characteristic
values αSR and αLR are larger by one unit for the voter model with respect to the Ising one. This can be
understood as due to the fact that in the latter the interaction is mediated by the Weiss local field, which is a
quantity integrated over an extensive region, while in the former the interaction is one to one. Despite the
differences, the two models exhibit some common features; we hope that the solution presented here of the
voter model can trigger a better understanding of the kinetics of the Ising model with extended interactions,
for which a a closed equation for the correlators cannot be written. As a very final remark, let us mention
that such a closed equation can be obtained for other quantities besides the ones studied here, e.g. two-time
quantities [27], and in any dimension [28].
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Appendix A. Density of interfaces

Indicating with C1(t) the correlation C(r= 1, t) at unitary distance, for this quantity equation (4) reads

Ċ1 (t) = 2 [2S (t)−C1 (t)] , (A1)

where

2S (t) =

N/2∑
ℓ=1

P(ℓ)C(ℓ, t) (A2)

and we have performed the approximation C([[1− ℓ]], t)+C([[1+ ℓ]], t)≃ 2C(ℓ, t). Let us assume

C(ℓ, t) = e−(
ℓ

L(t) )
β

, (A3)

where β is a parameter to be determined. Plugging this form into equation (A2), assuming 0< β < 1 and
extending the sums to infinity, after taking the leading order in 1/L(t) one arrives at

2S (t) = 1− 1+ 2β+α2 − 2α(1+β)

(α+ 1− 2β)(α− 1−β)
L(t)−β

. (A4)

Recalling that the density of interfaces (anti-aligned adjacent spins) ρ is related to C1 by C1 = 1− 2ρ and
inserting equation (A4) into equation (A1), we obtain

ρ̇=−2ρ+ k ′L−β , (A5)

where k′ is the prefactor of L(t)−β in equation (A4). Since β < 1, ρ̇ is negligible with respect to both terms on
the r.h.s. and we arrive at

ρ(t)∼ k ′

2
L(t)−β

. (A6)

Appendix B. The exponent β

In this appendix we validate numerically the scaling arguments presented in appendix A assuming that the
relation between β and α is β = α− 2. We solve numerically equation (4) for the correlation function for a
system of N sites and from C(r, t) we determine the evolution of 1− 2S (using equation (A2)), of ρ(t) (using
equation (7)) and of L(t) (using equation (6)). In the figures we plot the effective exponents fitted locally
around a given time (or L) and compare them to the values predicted assuming β = α− 2. The
interpretation of the results is made difficult by the presence of large preasymptotic temporal regimes
combined with strong finite size effects. Yet the numerical evidence is sufficient to strongly support the
validity of the theoretical analysis.

In figure 7 we analyze the evolution of the effective exponent of 1− 2S as a function of lnL. Although in
a transient regime it exhibits a non-monotonic behavior, for all values of α it turns out that for long times,
before finite size effects show up (manifested by a fast decrease of the curves), the effective exponents tends
toward the expected value.
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Figure 7. Effective exponent of 1− 2S as a function of lnL for α= 2.1 (black), α= 2.25 (red), α= 2.5 (green), α= 2.75 (blue),
α= 2.9 (violet), compared with the prediction−(α− 2) (horizontal dashed lines). Different solid lines, from bottom to top, are
for N= 104, N= 3 · 104, N= 105.

Figure 8. Effective exponent of ρ as a function of ln t for α= 2.1 (black), α= 2.25 (red), α= 2.5 (green), α= 2.75 (blue), α= 2.9
(violet), compared with the prediction−(α− 2)/(α− 1) (horizontal dashed lines). Different solid lines, from bottom to top, are
for N= 104, N= 3 · 104, N= 105.

The same conclusion can be drawn when considering the evolution of the effective exponent of ρ vs ln t
(figure 8) and the effective exponent of L vs ln t (figure 9), although in this last case the preasymptotic
corrections are even stronger.
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Figure 9. Effective exponent of L as a function of ln t for α= 2.1 (black), α= 2.25 (red), α= 2.5 (green), α= 2.75 (blue), α= 2.9
(violet), compared with the prediction 1/(α− 1) (horizontal dashed lines). Different solid lines, from bottom to top, are for
N= 104, N= 3 · 104, N= 105.

Appendix C. Stationary states

C.1. Case 1< α ⩽ 2
Setting the l.h.s. of equation (4) to zero and using the form (25) in the sums, one has

Z

κ
Cstat (r) =

r−1∑
ℓ=1

ℓ−α (r− ℓ)
−(2−α)

+ r−α +

N/2∑
ℓ=r+1

ℓ−α (ℓ− r)−(2−α)
+

N/2−r∑
ℓ=1

ℓ−α (r+ ℓ)
−(2−α)

+

N/2∑
ℓ=N/2−r+1

ℓ−α (N− r− ℓ)
−(2−α)

. (C1)

Transforming the sums into integrals one obtains

Z

κ
Cstat (r) =− (r− 1)−(α−1)

(α− 1) r
+

(r− 1)α−1

(α− 1) r
+ r−α +

N
2

−(α−1) (N
2 − r

)α−1

(α− 1) r

− (r+ 1)−(α−1)

(α− 1) r
−

(
N
2 − r

)−(α−1) N
2

α−1

(α− 1) r

+
(r+ 1)α−1

(α− 1) r
−

N
2

−(α−1) (N
2 − r

)α−1

(α− 1)(N− r)
+

(
N
2 − r+ 1

)−(α−1) (N
2 − 1

)α−1

(α− 1)(N− r)
. (C2)

For r≫ 1 and r
N ≪ 1 the dominant contributions in the r.h.s. are the second and the seventh term, leading to

Z

κ
Cstat (r)≃

2

α− 1
r−(2−α), (C3)

which is consistent with our original ansatz (25).

C.2. Caseα < 1
Plugging the ansatz (27) into equation (4), and letting d

dtC= 0, one obtains

Zr−α =
r−1∑
ℓ=1

ℓ−α (r− ℓ)
−α

+ r−α +

N/2∑
ℓ=r+1

ℓ−α (ℓ− r)−α

+

N/2−r∑
ℓ=1

ℓ−α (ℓ+ r)−α
+

N/2∑
ℓ=N/2−r+1

ℓ−α (N− r− ℓ)
−α

. (C4)
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For small r, this expression is dominated by the contribution provided by the terms in the first line. There,
the sums have a prominent peak around ℓ= r. So we can evaluate them by letting ℓ−α ≃ r−α and
transforming the sums into integrals. We get

Zr−α ≃ (N/2)1−α

1−α
r−α, (C5)

which is consistent. For large r, r≲ N/2, the first sum prevails, which can be written
∑

ℓ ℓ
−αr−α, because

r≫ ℓ almost everywhere, providing again consistency.
Now we have to determine κ ′. Let us stipulate that the form (27) holds up to a certain r∗ = γN of order

N (γ < 1 is a constant). One has
∑r∗

r=1Cstat(r) = ⟨Si
∑i+r∗

j=i+1 Sj⟩= γN⟨Si⟩m= γNm2, wherem= ⟨Si⟩ is the
magnetisation and we have assumed self-averaging, i.e.

∑i+r∗

j=i+1 Sj = γNm. Since the stationary state is

disordered, one must havem∝ N−1/2, due to the central limit theorem. Hence
∑r∗

r=1Cstat(r)∝ N0 which,
with the form (27), implies κ ′ as in equation (28).
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