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ABSTRACT
This article addresses the presence of noise when solving the inverse problem of determining the material properties of an elastic
engineering structure from measured vibration data. After identifying the frequencies, material properties are determined by
solving an optimization problem. However, if the experimental frequencies are affected by noise (as often happens in practice),
this can lead to inaccuracy due to the ill-conditioning of the problem. A regularization strategy based on Tikhonov regularization
is discussed, and an automatic regularization parameter choice is introduced to deal with cases where the noise level is not known
beforehand. The algorithm is tested on three examples, including artificial models where the exact solution is known and a case
study from the Matilde donjon in Livorno, with experimental data measured by seismic stations during ambient vibration tests.
The proposed method consistently performs well across all tests, validating the reliability of the approach.

1 | Introduction

Combining ambient vibration monitoring and finite element
(FE) modeling through suitable model updating procedures
allows us to estimate the boundary conditions and mechani-
cal material properties of engineering structures made of linear
elastic materials [1, 2]. Model updating is an inverse problem
in which some experimental data measured on the structure
are exploited to calibrate its numerical counterpart. Application
of FE model updating to engineering structures and histori-
cal buildings involves the solution of a constrained minimum
problem whose objective function is generally expressed as the
discrepancy between experimental and numerical quantities,
such as natural frequencies and mode shapes [3–8], which
depend on unknown parameters, such as mechanical properties
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and mass densities of the constituent materials. Since the depen-
dence of frequencies and mode shapes on the unknown param-
eters is nonlinear, model updating is a nonlinear least squares
problem. The deterministic approach relying on calculating local
or global minima of the above objective function is prone to the
well-known drawbacks of inverse problems, like ill-posedness
and ill-conditioning. The sensitivity of model updating to errors
and uncertainties can undermine the robustness and reliability
of the numerical procedures adopted for its solution.

Such inconveniences in inverse problems can be avoided by
using regularization techniques like the Tikhonov regulariza-
tion, mainly adopted for solving linear ill-posed problems [9–13].
Within this approach, the objective function is penalized by a
term that incorporates prior information on the solution and

International Journal for Numerical Methods in Engineering, 2025; 126:e70113 1 of 14
https://doi.org/10.1002/nme.70113

https://doi.org/10.1002/nme.70113
https://orcid.org/0000-0002-7358-5607
https://orcid.org/0000-0002-2467-569X
https://orcid.org/0000-0002-3416-771X
https://orcid.org/0000-0002-6545-1748
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1002/nme.70113
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fnme.70113&domain=pdf&date_stamp=2025-09-04


depends on a regularization parameter that must be suitably
determined. Applications of Tikhonov regularization to the non-
linear least squares problems typical of FE model updating
are more recent and currently represent a challenging research
topic [14–23].

The probabilistic approach based on Bayes’ theorem offers an
alternative to deterministic model updating [24–34]. In the
Bayesian model updating, the unknown solution to the inverse
problem is a random variable described using its distribution.
Within this framework, the parameters’ calibration involves max-
imizing the conditional probability of the parameters based on
known random output measurements. The maximization is done
by considering a prior probability distribution for the parameters,
which reflects the engineer’s judgement. Choosing these priors
involves a subjective decision, which makes the Bayesian method
similar to Tikhonov regularization in deterministic model updat-
ing [30]. Introducing an informative penalty term is equivalent to
expressing an a priori belief about the solution and has a crucial
role in the regularization approach.

In this article, particular attention has been devoted to the
study and development of a robust method able to overcome
the well-known drawbacks affecting inverse problems, like
ill-posedness and the consequent possible significant changes in
the output due to minimal input perturbation (the experimen-
tal frequencies and mode shapes). Adopting regularization tech-
niques [12] to avoid misleading material properties identification
and recover meaningful solutions has been investigated. Regular-
ization is then applied to some simulated case studies, a criterion
based on computing the Jacobian’s Singular Value Decomposi-
tion (SVD) is considered, and the meaningfulness of solutions is
examined.

The regularization techniques presented in this paper rely on
an algorithm for the FE model updating based on the construc-
tion of the local parametric reduced-order models embedded
in a trust-region scheme and implemented in NOSA-ITACA, a
non-commercial FE code developed by the authors [35–37]. The
algorithm [38–40] exploits the structure of the stiffness and mass
matrices, and the fact that only a few of the smallest eigenval-
ues have to be calculated. The procedure enables the compu-
tation of eigenvalues and eigenvectors, thus solving the mini-
mum problem very efficiently. Besides reducing the overall com-
putation time of the numerical process and enabling the accu-
rate analysis of large-scale models with little effort, the proposed
algorithm allows for getting information on the solution’s relia-
bility and sensitivity to noisy experimental data [38].

The article is structured as follows. In Section 2, we recall the
FE model updating problem, introduce the Tikhonov regulariza-
tion [10–12], and discuss an efficient strategy for estimating the
optimal regularization parameter 𝜆. Section 3 analyzes two rep-
resentative numerical examples and a real case study, the Matilde
donjon in the Old Fortress in Livorno, Italy. We demonstrate that
when noise pollutes the measured data, the estimated values of
material properties may be meaningless, and a proper choice of
a regularization parameter 𝜆 in a Tikhonov-based approach can
cure this problem. Moreover, we show that the strategy proposed
in Section 2 for choosing the regularization parameter provides

excellent results and improves reliability for the model updating
scheme under consideration.

2 | Deterministic Model Updating
and Tikhonov Regularization

Using experimental modal properties of a structure makes it pos-
sible to calibrate its FE model via model updating procedures. The
goal of FE model updating is to determine the unknown charac-
teristics of a structure, such as materials’ properties and boundary
conditions, by matching experimental and numerical frequencies
and mode shapes [2].

The model updating problem can be formulated as an opti-
mization problem by assuming that the stiffness K(x) and mass
M(x) matrices of the FE model depend on a parameter vector x
belonging to the box Ω ⊂ ℝ𝑝. Solving the generalized eigenvalue
problem

K(x) v(x) = 𝜔2(x) M(x) v(x) (1)

allows us to calculate the frequencies 𝑓𝑀1 (x) = 𝜔1(x)∕2𝜋,
. . . , 𝑓𝑀

𝑞
(x) = 𝜔𝑞(x)∕2𝜋 and the corresponding eigenvectors

v𝑀1 (x), . . . , v𝑀
𝑞
(x). To calibrate the FE model, we have to deter-

mine the optimal value of x ∈ Ω that minimizes the function

𝜙(x) =
𝑞∑
𝑖=1
𝑤2
𝑖
[𝑓𝑖 − 𝑓𝑀𝑖 (x)]2 (2)

which measures the distance between the experimental frequen-
cies 𝑓𝑖 and the numerical counterparts 𝑓𝑀

𝑖
(x). Scalars 𝑤𝑖 are the

weights that should be given to each frequency in the optimiza-
tion scheme (usually, 𝑤𝑖 = 1 or 𝑤𝑖 = 𝑓−1

𝑖
, for 𝑖 = 1, . . . , 𝑞).

The minimum problem we must solve is a nonlinear least
squares problem, and the numerical procedure implemented in
the NOSA-ITACA code to minimize the function 𝜙 is based
on a trust region scheme [39, 40]. By modifying the Lanczos’
projection scheme used to compute the first (smallest) eigen-
values (and corresponding eigenvectors), we obtain local para-
metric reduced-order models that, embedded in the trust-region
scheme, are the basis for an efficient algorithm that minimizes
the objective function 𝜙 in Ω.

As an inverse problem, model updating is affected by drawbacks
like ill-posedness and possible significant changes in the opti-
mal parameters due to minimal perturbation of the experimen-
tal frequencies. We then investigate regularization techniques,
including Tikhonov’s approach, to avoid the well-known incon-
veniences characterizing inverse problems.

The following subsection recalls the Tikhonov regularization for
linear and nonlinear least squares problems [11]. The application
to the nonlinear least squares problem arising from minimizing
the objective function (2) in Ω is dealt with in Section 2.2; cri-
teria for selecting the regularization parameter are discussed in
Section 2.3.

2 of 14 International Journal for Numerical Methods in Engineering, 2025

 10970207, 2025, 17, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.70113 by C
N

R
 Pisa, W

iley O
nline L

ibrary on [04/09/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



2.1 | Tikhonov Regularization for the Linear
and Nonlinear Least Squares Problems: General
Results

Let us consider the linear least squares problem

min
y∈ℝ𝑛

||Ay − b′||22 (3)

where || ⋅ ||2 denotes the Euclidean norm, A is a full-rank 𝑚 × 𝑛
real matrix with𝑚 ≥ 𝑛, and b′ ∈ ℝ𝑚 is the data vector affected by
an unknown error 𝜹b,

b′ = b + 𝜹𝒃 (4)

with b the error-free part of b′.

The solution to problem (3) satisfies the normal equations
A𝑇Ay = A𝑇b′ and is

y′ = (A𝑇A)−1A𝑇b′ = y𝑏 + (A𝑇A)−1A𝑇 𝜹b (5)

with y𝑏 the solution corresponding to the error-free vector b.
When A𝑇A is ill-conditioned, its inverse can have a huge norm
and therefore cause an undesired amplification of the input noise
𝜹b. Therefore, to determine an approximation of y𝑏, instead of (3),
it is preferred to consider the penalized problem

min
y∈ℝ𝑛

[||Ay − b′||22 + 𝜆2||y||22] (6)

with 𝜆 ∈ ℝ and solve the shifted normal equation (A𝑇A +
𝜆2I𝑛)y = A𝑇b′, whose solution is

y′
𝜆
= (A𝑇A + 𝜆2I𝑛)−1A𝑇b′ = y𝑏

𝜆
+ (A𝑇A + 𝜆2I𝑛)−1A𝑇 𝜹b (7)

with y𝑏
𝜆

the solution corresponding to b and I𝑛 the 𝑛 × 𝑛 identity
matrix. Penalizing problem (3) and then shifting the matrix A𝑇A
with the parameter 𝜆2 can be interpreted as applying a low-pass
filter to the singular values of A that mitigates their effect on
amplifying the noise 𝜹b. Indeed, let

A = U𝚺V𝑇 =
𝑛∑
𝑗=1
𝜎𝑗u𝑗v𝑇𝑗 (8)

be the singular value decomposition (SVD) of A, and assume for
simplicity that 𝑚 = 𝑛 and A is symmetric, then we have

y′ − y𝑏 =
𝑛∑
𝑗=1

v𝑗
u𝑇
𝑗
𝜹b
𝜎𝑗

, y′
𝜆
− y𝑏

𝜆
=

𝑛∑
𝑗=1

v𝑗
𝜎2
𝑗

𝜎2
𝑗 + 𝜆2

u𝑇
𝑗
𝜹b
𝜎𝑗

(9)

The quantity
𝜎2
𝑗

𝜎2
𝑗
+𝜆2 introduced in Equation (9) and called

Tikhonov filter factor is close to 1 for 𝜎𝑗 ≫ 𝜆 and well-

approximated by
𝜎2
𝑗

𝜆2 for 𝜎𝑗 ≪ 𝜆. Hence, for singular values 𝜎𝑗 ≫ 𝜆

the filter factor has almost no effect on that part of the solution.
On the other hand, if 𝜎𝑗 ≪ 𝜆 the filter factor is small and damps
the amplification effect of 𝜎−1

𝑗
, replacing it with a milder 𝜆−1.

We remark that passing to normal equations and considering
A𝑇A in place of A is usually not recommendable from the
perspective of numerical stability since the conditioning of the

problem is squared, and the amplification of the perturbations
is generally much more severe. Hence, although we discuss nor-
mal equations for theoretical reasons, our implementation will be
based on the SVD, which is mathematically equivalent but does
not present this issue.

Let us now assume that the components 𝛿𝑏𝑖, 𝑖 = 1, . . . , 𝑚 of 𝜹b are
independent, normally distributed random variables with zero
mean and variance 𝜎2 [41]. Then 𝜹b is a random vector with zero
mean and covariance matrix 𝜎2I𝑚

𝔼[𝜹b] = 𝟎, 𝔼[𝜹b𝜹b𝑇 ] = 𝜎2I𝑚 (10)

From Equation (7), we get that y′
𝜆
− y𝑏

𝜆
is also a random vector

with zero mean and covariance matrix

𝔼[(y′
𝜆
− y𝑏

𝜆
)(y′

𝜆
− y𝑏

𝜆
)𝑇 ]

= 𝜎2(A𝑇A + 𝜆2I𝑛)−1A𝑇A(A𝑇A + 𝜆2I𝑛)−1

=
𝑛∑
𝑗=1

𝜎2𝜎2
𝑗

(𝜆2 + 𝜎2
𝑗 )2

vjv𝑇j ≺
𝜎2

𝜆2 I𝑛 (11)

where≺ denotes the ordering over positive definite matrices [42];
as a consequence, the spectral norm of the covariance matrix is
bounded by 𝜎2∕𝜆2. Choosing 𝜆 larger than the variance of the
noise yields an error y′

𝜆
− y𝑏

𝜆
concentrated around its (zero) mean.

A similar argument carries over to more general nonlinear least
squares problems if they are sufficiently smooth around the min-
imum point. Consider the nonlinear least squares problem

min
y∈ℝ𝑛

||h(y) − b′||22 (12)

with b′ in Equation (4) and h a nonlinear vector function. We
denote by y𝑏 the solution corresponding to the error-free vector
b, then y𝑏 satisfies the necessary optimality condition

𝐷h(y𝑏)𝑇 (h(y𝑏) − b) = 0 (13)

where𝐷h denotes the Jacobian of h.

For a small perturbation 𝜹b we can estimate the corresponding
optimum by using the expansion

h(y) = h(y𝑏) +𝐷h(y𝑏)(y − y𝑏) + 𝑂(||y − y𝑏||22) (14)

Using the above affine approximation for h(y) and writ-
ing the necessary minimality conditions, one retrieves the
Gauss–Newton method, and we can use one step as an estimate
for the modified solution y′ as follows:

y′ ≈ y𝑏 +
[
𝐷h(y𝑏)𝑇𝐷h(y𝑏)

]−1
𝐷h(y𝑏)𝑇 𝜹b (15)

where we have used the optimality condition (13), and dropped
second-order terms.

The formula (15) retains the same structure of the normal
equations for the linear case, with the Jacobian 𝐷h(y𝑏) in place
of the matrix A, which is not surprising since they have been
obtained by locally linearizing the objective function. This allows
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us to recover the filtering interpretation of the Tikhonov regular-
ization by writing

y′ − y𝑏 ≈
𝑛∑
𝑗=1

v𝑗
u𝑇
𝑗
𝜹b
𝜎𝑗

, 𝐷h(y𝑏) =
𝑛∑
𝑗=1
𝜎𝑗u𝑗v𝑇𝑗 (16)

where the right formula indicates the SVD of the Jacobian at y𝑏.

Adding a penalty term in Equation (12) leads to the following
approximation

y′
𝜆
− y𝑏

𝜆
≈

𝑛∑
𝑗=1

v𝑗
𝜎2
𝑗

𝜎2
𝑗
+ 𝜆2

u𝑇
𝑗
𝜹b

𝜎𝑗
(17)

analogous to (9)2. Hence, up to higher-order terms, we recover
exactly the upper bound of (11).

The next section shows the application of the Tikhonov approach
to the nonlinear least squares problem arising in the model updat-
ing of linear elastic structures.

2.2 | Tikhonov Regularization for FE Model
Updating

This section aims to show that a regularization strategy can be
beneficial in the presence of noisy frequencies.

Assuming that the experimental frequencies vector f =
(𝑓1, . . . , 𝑓𝑞)𝑇 is contaminated with a noise 𝜹f, setting f′ = f + 𝜹f
and Φ(x) = (𝑓𝑀1 (x), . . . , 𝑓𝑀

𝑞
(x))𝑇 , the model updating problem

consists in finding a minimizer to the objective function

𝐹 (x) = ||Φ(x) − f′||22 (18)

This function, obtained from Equation (2) setting 𝑤𝑖 = 1 and
replacing f with f′, is smooth everywhere with the only possi-
ble exception of points where frequencies become multiple, when
only continuity is preserved. Smoothness enables the develop-
ment of efficient methods, like the one proposed by the authors,
based on a trust-region approach tuned for the case of structural
analysis and presented in [38, 39].

The ideal situation would be to have 𝜹f = 0, so the solution
of the optimization problem coincides with the actual parame-
ters. However, real-world measurements are subject to noise and
uncertainties, so we need to deal with the fact that f is affected by
an error 𝜹f.

We have stressed that the addition of 𝜹f can be “amplified” by the
solution of the inverse problem. It is possible to mitigate this error
amplification by adding a penalty term to the objective function,
using a Tikhonov approach

𝐹𝜆(x) = 𝐹 (x) + 𝜆2||x − x̂||22 (19)

where 𝜆 ≥ 0 is the Tikhonov parameter and x̂ is chosen as an ini-
tial estimate for unknown material properties. We can note that
two extreme cases can occur:

1. If 𝜆 = 0, then (19) reduces to the original optimization
problem (18). Hence, we expect it not to be robust against
noise.

2. If 𝜆 is large, say in the limit for 𝜆 → ∞, then the term 𝐹 (x)
becomes negligible, and the minimum of 𝐹𝜆(x) will be x̂,
completely ignoring the values of the frequencies.

Clearly, both these behaviors are undesirable. However, there
exists a “trade-off” choice of the parameter 𝜆 such that the noise
is filtered effectively, but at the same time, the solution computed
is not biased to be close to x̂. We will later refer to this value of
𝜆 as the optimal regularization parameter for the problem under
consideration.

Whenever the standard deviation of the noise is known, the
parameter can be chosen using the Discrepancy Principle [43,
44]; if computing the SVD is feasible, one can choose 𝜆 of
the same order as the smallest singular values of interest [14,
45]. Several other techniques are available for large-scale prob-
lems, such as the Generalized Cross Validation (GCV) method
[14, 45–48], the L-curve method [14, 49–51]. These will not
be of interest in our context, where the number of parame-
ters is small, and computing the SVD of the Jacobian is always
feasible.

The algorithm presented in the [38, 39] has been suitably mod-
ified to solve the optimization problem given by 𝐹𝜆(x) instead
of 𝐹 (x). The algorithm has been tested on the two simple yet
meaningful examples described in Section 3, where this opti-
mal regularization parameter can be immediately recognized. In
particular, the numerical procedure has been used to compute
the solutions in problems where the exact solution is known
explicitly, under the effect of noise, with different regularization
parameters.

2.3 | Automatic Selection of the Regularization
Parameter

Consider the regularized objective function 𝐹𝜆(x) defined in
Equation (19). Note that x′

𝜆
minimizes 𝐹𝜆(x) if and only if x′

𝜆
min-

imizes the function 𝑇𝜆(x), with

𝑇𝜆(x) = ||Φ𝜆(x) − f′
𝜆
||22 (20)

where

Φ𝜆(x) =

[
Φ(x)
𝜆x

]
, f′

𝜆
= f𝜆 +

[
𝜹f
0

]
, f𝜆 =

[
f
𝜆x̂

]
(21)

From Equation (21)1, we get

𝐷Φ𝜆(x
𝑓

𝜆
) =

[
𝐷Φ(x𝑓

𝜆
)

𝜆I𝑝

]
(22)

and then

𝐷Φ𝜆(x
𝑓

𝜆
)𝑇𝐷Φ𝜆(x

𝑓

𝜆
) = 𝐷Φ(x𝑓

𝜆
)𝑇𝐷Φ(x𝑓

𝜆
) + 𝜆2I𝑝 (23)
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with x𝑓
𝜆

the solution corresponding to f𝜆. Therefore, using𝐷Φ𝜆 in
place of𝐷h in Equation (16) yields again the filtering interpreta-
tion

x′
𝜆
− x𝑓

𝜆
≈

𝑛∑
𝑗=1

v𝑗
𝜎2
𝑗

𝜎2
𝑗 + 𝜆2

u𝑇
𝑗
𝜹f
𝜎𝑗

(24)

This result can guide our selection of the regularization param-
eter 𝜆. If a priori information on the noise level is available,
then taking 𝜆 ≈ 𝜎1

||𝜹f||||f|| is a good choice. This controls the error
terms from the above equation without deviating too much from
the original problem and is based on the discrepancy principle
already mentioned before [43, 44]. However, when this informa-
tion is not available, we can still devise an effective strategy by
introducing automatic parameter regularization.

In view of (24), we have to choose 𝜆 slightly larger than the
smallest singular value to smooth the noise in the low frequen-
cies. In our implementation, this has been done by the following
heuristic:

𝜆 = 𝜏max
{

10−3𝜎max(𝐷Φ(x)), 𝜎min(𝐷Φ(x))
}

(25)

for an approriate 𝜏 > 1. If 𝜏 is large, then the solution will be
altered by the regularization process, but the method will be
able to withstand a larger level of noise. For the case studies
examined in this paper, the value 𝜏 = 1.2 has been verified to
be reasonably reliable. The scalar 10−3 is a safeguard to avoid
choosing a parameter that is too small and unable to filter real-
istic noise levels in case of singular (or close to singular) Jaco-
bians. Note that this is not a particularly aggressive filtering:
Higher values for 𝜆 might be preferable for more significant
noise levels.

A different strategy might enable the development of an even
more robust method for high-noise settings. In particular, it can
be beneficial to incorporate knowledge about the noise level if it
is available.

As we see in the numerical experiments, this conservative choice
can provide a beneficial effect.

This choice is made in the spirit of the truncated SVD, or TSVD,
often used in regularization problems [10], and has been embed-
ded in the trust-region solver based on Lanczos projections devel-
oped in [38, 39].

Note that the regularization parameter defined in this way
depends on the point x.

In addition, one may draw a connection between this approach
and the Levenberg–Marquardt method [52, 53], obtained by reg-
ularizing the Jacobian during the Gauss–Newton steps. Nev-
ertheless, we stress a fundamental difference between these
two approaches. In the Levenberg–Marquardt method, the reg-
ularization is meant to improve the convergence behavior,
both in speed and robustness, but the optimization problem
is left unchanged, and it is desired that the parameter 𝜆

disappears at the end of the process. In our approach, we
aim to modify the optimization problem and look for the
minimum of a modified problem, which is less subject to

noise. A comparison between the two approaches is provided
in Section 3.

Concerning the choice of 𝜆, we have verified that modifying its
value at every regeneration of the model in the trust region solver
leads to poor convergence properties: The fact that the underly-
ing optimization problem is changed while the method is running
leads to oscillation close to the solution. This kind of choice is
sometimes referred to as non-stationary Tikhonov regularization.
Therefore, we have devised a relaxation strategy that works as fol-
lows. At every step, a new parameter 𝜆(new) is chosen according to
the TSVD criterion; then, we set 𝜆 = 𝛾𝜆(new) + (1 − 𝛾)𝜆(old), where
𝜆(old) is the parameter used in the previous step. The parameter 𝛾
has been chosen as 0.15, as this has been verified to provide good
performance.

Finally, to make the strategy reliable and robust, we note that
in the optimization problems under consideration, the magni-
tude of the parameters is highly non-homogeneous. For instance,
Young’s moduli are usually in the interval [108, 1010] (if measured
in Pa), whereas mass densities range in [102, 104] (if measured
in kg

m3 ). Therefore, it does not make sense to consider perturba-
tions in absolute value because their effect might differ signif-
icantly depending on the parameter they are affecting. To take
this effect into account, we perform a local analysis of the scaled
problem

𝐺(z) = ||Φ(Dz) − f ′||2w,2, z = D−1x, ||s||w,2 =
√

s𝑇D2
ws (26)

where D is a diagonal matrix with the magnitude of the entries
in the vectors x on the diagonal and Dw = diag(𝑤1, . . . , 𝑤𝑞), with
𝑤𝑖 the weights introduced in Equation (2). Thus, the parameter
vector is always close to the vector of all ones, and relative pertur-
bations to the parameters are measured. The scaling matrix Dw is
employed to consider different weights given to the frequencies
in the optimization problem. The choice of the diagonal matrices
with the weights to guarantee relative accuracy on the frequen-
cies is discussed in more detail in [39].

3 | Numerical Experiments and a Real Case
Study

The algorithm described in the previous section was imple-
mented in MATLAB R2022b and integrated into the finite
element code NOSA-ITACA. In this section, we validate the
proposed regularization approach by analyzing two numerical
examples and a real case study. All results were obtained on an
Intel Core i7-9700K PC running at 3.60 GHz x 8 with 16 GB of
RAM, 64-bit. We introduce some notations used in the following
subsections. We denote by x𝑓0 a minimum point of the objective
function (18) (no regularization) in the absence of noise. For a
fixed noise level 𝛿, we replace the frequencies 𝑓𝑖 with the per-
turbed ones

𝑓 ′
𝑖
= 𝑓𝑖(1 + (2 rand − 1)𝛿), 𝑖 = 1, . . . , 𝑞 (27)

with rand the Matlab function returning a random scalar drawn
from the uniform distribution in the interval (0,1). Given the reg-
ularization parameter 𝜆 and the initial estimate x̂, we denote by
x′
𝜆

a solution of (19) calculated by using the noisy data 𝑓 ′
𝑖

and
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consider the maximum relative errors 𝜖𝜆 (depending on 𝛿) and 𝜖
defined as

𝜖𝜆 = max
𝑖=1, . . . ,𝑝

|𝑥′
𝜆𝑖
− 𝑥𝑓0𝑖|
𝑥
𝑓
0𝑖

(28)

𝜖 = max
𝑖=1, . . . ,𝑝

|𝑥𝑖 − 𝑥𝑓0𝑖|
𝑥
𝑓
0𝑖

(29)

To analyze the results of the automatic selection procedure
described in Section 2, for each noise level 𝛿, we calculate the
maximum relative error 𝜖𝛿 as follows. For 𝛿 fixed, we run 100
analyses using the perturbed frequencies defined in Equation
(27). For each analysis, the optimal value of 𝜆 is chosen accord-
ing to the selection procedure described above, and the corre-
sponding solution x′

𝜆
and maximum relative error 𝜖𝜆 defined in

Equation (28) are calculated. The maximum relative error 𝜖𝛿 is
defined as the maximum of the quantities 𝜖𝜆 over the 100 opti-
mal values of 𝜆 in the regularized case, and as the maximum of
the quantities 𝜖0 over the 100 runs in the case without regular-
ization. In all the examples described below, the starting point of
the iterative process characterizing the trust-region scheme [39]
coincides with the initial estimate x̂.

3.1 | Arch on Piers

Consider the arch on piers sketched in Figure 1, modeled via
NOSA-ITACA using 336 plane strain 4-node quadrilateral ele-
ments [36]. We assume that the structure clamped at the base
is made of the three different materials shown in Figure 1, con-
stituting the arch and the pillars, whose Young’s moduli, mass
densities, and Poisson’s ratios are

𝐸𝑒1 = 3.250 GPa, 𝐸𝑒2 = 5.0 GPa 𝐸𝑒3 = 4.800 GPa (30)

𝜌𝑒1 = 1800
kg
m3 , 𝜌𝑒2 = 2200

kg
m3 𝜌𝑒3 = 2100

kg
m3 (31)

𝜈𝑒1 = 0.2, 𝜈𝑒2 = 0.2 𝜈𝑒3 = 0.1 (32)

We calculate the structure’s first five frequencies 𝑓𝑖 (expressed in
Hz) using the material properties assigned above

f = (9.58, 14.87, 23.17, 39.17, 62.84)𝑇 (33)

and we fix the mechanical characteristics of material 1 (the arch).
Then, for a fixed noise level 𝛿, we consider the perturbed fre-
quencies 𝑓 ′

𝑖
, 𝑖 = 1, . . . , 5 defined in Equation (27) and for x =

(𝐸2, 𝜌2, 𝐸3, 𝜌3)𝑇 , we calculate the minimum of (19) in the box Ω
defined by the following inequalities

1.0 ≤ 𝐸2, 𝐸3 ≤ 9.0, 103
≤ 𝜌2, 𝜌3 ≤ 3.0 × 103 (34)

We choose as initial estimate x̂ the midpoint of Ω,

x̂ = (5.0, 2.0 × 103, 5.0, 2.0 × 103)𝑇 (35)

FIGURE 1 | The arch on piers (lengths in meters).

FIGURE 2 | Arch on piers – Maximum relative error 𝜖𝜆 for different
noise levels 𝛿 vs. the regularization parameter 𝜆 and initial estimate x̂ =
(5.0, 2.0 × 103, 5.0, 2.0 × 103)𝑇 .

(the units have been omitted for notation convenience), thus
the maximum relative error of x̂ defined in Equation (29) is 𝜖 =
10%, with

x𝑓0 = (𝐸𝑒2 , 𝜌
𝑒
2, 𝐸

𝑒
3 , 𝜌

𝑒
3)
𝑇 = (5.0, 2.2 × 103, 4.8, 2.1 × 103)𝑇 (36)

Figure 2 reports the value of the maximum relative error 𝜖𝜆
defined in Equation (28) as a function of 𝜆, for 𝛿 = 0.0% and
𝛿 = 2.15%.

We note that as the regularization parameter 𝜆 grows, the dif-
ference of the errors 𝜖𝜆 for the two noise levels disappears, as
expected: The solution converges to the chosen x̂, and therefore
the maximum relative error converges to 10%. On the other hand,
when no regularization is used, the case with noise has a much
higher error, greater than 40%. When using a good choice of the
regularization parameter, it is possible to take the error down to
less than 5%.

6 of 14 International Journal for Numerical Methods in Engineering, 2025
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FIGURE 3 | Arch on piers – Maximum relative error 𝜖𝜆 for different
noise levels 𝛿 vs. the regularization parameter 𝜆 and initial estimate x̂ =
(6.75, 2.25 × 103, 6.75, 2.25 × 103)𝑇 .

With reference to Figure 2, for 𝛿 = 2.15%, the optimal value of the
regularization parameter is 𝜆 = 11.24 and the minimum point of
the objective function (19) is

x′
𝜆
= (4.93, 2.14 × 103, 4.95, 2.14 × 103)𝑇 (37)

with a maximum relative error 𝜖𝜆 = 3.04%.

Figure 3 reports the value of the maximum relative error 𝜖𝜆 as a
function of 𝜆, for another choice of the initial estimate

x̂ = (6.75, 2.25 × 103, 6.75, 2.25 × 103)𝑇 (38)

In this case, the maximum relative error 𝜖 is about 25%. For this
choice of x̂ and for 𝛿 = 2.15%, the optimal value of the regulariza-
tion parameter is 𝜆 = 6.27 and the minimum point is

x′
𝜆
= (4.96, 2.09 × 103, 4.66, 2.21 × 103)𝑇 (39)

with a maximum relative error 𝜖𝜆 = 5.32%.

The results of the automatic selection procedure described in
Section 2 are reported in Figure 4, which plots the maximum
relative error 𝜖𝛿 defined at the beginning of this Section, as a func-
tion of the noise level 𝛿, with (black line) and without (grey line)
regularization.

The beneficial effect of the regularization is evident: For noise
levels less than 0.6%, 𝜖𝛿 is about 4.7%, whereas, without regular-
ization, 𝜖𝛿 reaches 50%.

We note that, for high levels of noise, regularization yields results
on par with the standard approach, and is not particularly benefi-
cial. This is consistent with the typical behavior of Tikhonov regu-
larizations [49]: A larger regularization parameter is required for
higher noise levels, and while this effectively mitigates the noise,
it also visibly modifies the recovered solution.

To assess the effectiveness of the proposed method, we com-
pared it with the standard Levenberg–Marquardt implemen-
tation available in MATLAB (the lsqnonlin function). In

FIGURE 4 | Arch on piers – Maximum relative error 𝜖𝛿 vs.
the noise 𝛿; comparison between the unregularized method, the
Levenberg–Marquardt method and the automatic parameter selection
with initial estimate x̂ = (5.0, 2.0 × 103, 5.0, 2.0 × 103)𝑇 .

FIGURE 5 | Arch on piers – Average relative error 𝜖𝛿 vs.
the noise 𝛿; comparison between the unregularized method, the
Levenberg–Marquardt method and the automatic parameter selection
with initial estimate x̂ = (5.0, 2.0 × 103, 5.0, 2.0 × 103)𝑇 .

Figure 4, the dashed grey line represents the error 𝜖𝛿 calcu-
lated using the Levenberg–Marquardt method. The regularizing
effects provided by the Levenberg–Marquard approach [53] are
not satisfactory in this experiment, where it produces results com-
parable to our algorithm without regularization.

Figure 5 is analogous to Figure 4, but here the error 𝜖𝛿 is calcu-
lated as the average of 𝜖𝜆 over the 100 optimal values of 𝜆 (average
relative error). For this alternative definition of 𝜖𝛿 , the effect of
the regularization is evident: For noise levels below 0.8%, 𝜖𝛿 is
approximately 2.6%, whereas, without regularization, it reaches
20%. The Levenberg–Marquardt method performs better than
our algorithm without regularization, but its results remain infe-
rior to those obtained using the proposed approach with auto-
matic regularization.

A Levenberg–Marquardt scheme incorporating built-in regular-
ization could potentially achieve results on par with the method
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proposed here; some preliminary ideas in this direction are dis-
cussed in [52]. Nevertheless, our approach maintains the advan-
tage of relying on a local trust-region model, which proves effec-
tive across a broader range of parameters and thus requires fewer
function evaluations, as previously demonstrated in [39]. In sup-
port of this, we observed in our experiments that the number
of function evaluations for the Levenberg–Marquardt method
ranged from two to approximately twenty times that required by
the proposed approach.

3.2 | Domed Temple

Let us consider the domed temple depicted in Figure 6. The
structure is made up of four 14-meter-high pillars and an
octagonal-shaped cloister vault five meters high, resting on
a drum inscribed on a 10 × 11 meters rectangle. The FE
model of the structure has 31,052 8-node brick elements and
41,245 nodes [36].

The four constituent materials are shown in Figure 6: Material
1 (red) for the vault, 2 (cyan) for the upper part of the drum, 3
(green) for the lower part of the drum, and 4 (grey) for the pillars.
Their mechanical properties are

𝐸𝑒1 = 3.0 GPa, 𝜌𝑒1 = 1800
kg
m3

𝐸𝑒2 = 4.0 GPa, 𝜌𝑒2 = 2000
kg
m3 (40)

𝐸𝑒3 = 3.500 GPa 𝜌𝑒3 = 1900
kg
m3

𝐸𝑒4 = 5.0 GPa 𝜌𝑒4 = 2200
kg
m3 (41)

𝜈𝑒
𝑗
= 0.25, 𝑗 = 1, . . . , 4 (42)

FIGURE 6 | Domed temple. Different colors represent different
materials.

The corresponding first ten frequencies (expressed in Hz) are

f = (2.19, 2.23, 3.76, 3.83, 4.32, 4.60, 4.72, 8.26, 8.30, 9.21)𝑇 (43)

As done for the arch on piers, we used f to calculate the optimal
value of the parameters vector x = (𝐸1, 𝜌1, 𝐸2, 𝜌2, 𝐸3, 𝐸4, 𝜌4)𝑇 ,
which minimizes the objective function (19), assuming that 𝜌3
and 𝜈𝑗 are fixed and x belongs to the box Ω

2.0 ≤ 𝐸1, 𝐸2, 𝐸3, 𝐸4 ≤ 6.0, 1.6 × 103
≤ 𝜌1, 𝜌2, 𝜌4 ≤ 2.4 × 103

(44)
This example is particularly challenging because material 3
weakly affects the frequencies [40]. Such weak dependency
implies the ill-conditioning of the inverse problem and small
changes in the frequencies will cause significant changes in the
optimal material parameters.

As in the case of the arch on piers, for a fixed level of noise 𝛿 and
a fixed value of the regularization parameter 𝜆, we have calcu-
lated the minimum point x′

𝜆 ∈ Ω of the objective function (19),
where the perturbed frequencies 𝑓 ′

𝑖
, 𝑖 = 1, . . . , 10, are calculated

according to Equation (27). The initial estimate of x̂ is the middle
point of Ω

x̂ = (4.0, 2.0 × 103, 4.0, 2.0 × 103, 4.0, 4.0, 2.0 × 103)𝑇 (45)

and the maximum relative error of x̂ with respect to the parameter
vector

x𝑓0 = (3.0, 1.8 × 103, 4.0, 2.0 × 103, 3.5, 5.0, 2.2 × 103)𝑇 (46)

is 𝜖 = 33.3%.

The results of the minimization are reported in Figure 7, which
shows the plots of the maximum relative error 𝜖𝜆 defined in
Equation (28) as a function of the regularization parameter 𝜆, for
three values of the relative noise 𝛿 added to the frequencies. We
emphasize that the value of the regularization parameter 𝜆 that
minimizes the maximum relative error 𝜖𝜆 depends on the noise
level. In particular, as the noise level 𝛿 increases, the optimal

FIGURE 7 | Domed temple – Maximum relative error 𝜖𝜆 for different
noise levels 𝛿, vs. the regularization parameter 𝜆 and initial estimate x̂ =
(4.0, 2.0 × 103, 4.0, 2.0 × 103, 4.0, 4.0, 2.0 × 103)𝑇 .
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parameter 𝜆 also increases. This behavior is not unexpected and
can be understood by looking at (24): As the noise level increases,
larger singular values provide non-negligible perturbations in the
output, and therefore, it is necessary to apply a more aggressive
filtering strategy by increasing the value of the parameter 𝜆.

With reference to Figure 7, for 𝛿 = 2.51%, the optimal value of
the regularization parameter is 𝜆 = 0.114636 and the minimum
point of the objective function (19) is

x′
𝜆
= (3.39, 1.71 × 103, 3.89, 2.0 × 103, 3.93, 5.07, 2.24 × 103)𝑇 (47)

with a maximum relative error of 𝜖𝜆 = 12.9%. For 𝛿 = 0.63%, the
optimal value of the parameter is 𝜆 = 0.039966 and the minimum
point is

x′
𝜆
= (3.39, 1.76 × 103, 4.42, 2.13 × 103, 3.96, 4.97, 2.24 × 103)𝑇 (48)

with a maximum relative error 𝜖𝜆 = 13.2%. Finally, for 𝛿 = 0.01%,
the optimal value of the regularization parameter is 𝜆 = 0.033529
and the minimum point is

x′
𝜆
= (3.16, 1.86 × 103, 4.13, 2.10 × 103, 3.68, 5.13, 2.26 × 103)𝑇 (49)

with 𝜖𝜆 = 5.44%.

We point out that, even in the absence of noise in the frequen-
cies, introducing a regularization parameter and minimizing the
function (19) instead of (18) makes it possible to reduce the maxi-
mum relative error 𝜖𝜆 for suitable values of 𝜆, as shown in Figure 7
(blue line).

Figure 8 reports the results of applying the automatic selection of
the regularization parameter to the domed temple. With (black
line) and without (grey line) regularization, when the noise level
approaches 10%, the error 𝜖𝛿 exceeds 50%. The regularization
introduces a slightly larger error when there is no noise, but it
is much more resistant to noise in the data. In the case of reg-
ularization, for values of 𝛿 less than 1.13%, the error 𝜖𝛿 remains
below 17.2%, unlike the case without regularization, in which 𝜖𝛿
exceeds 48.0%.

FIGURE 8 | Domed temple – Maximum relative error 𝜖𝛿 vs.
the noise 𝛿; comparison between the unregularized method and
the automatic parameter selection with the initial estimate x̂ =
(4.0, 2.0 × 103, 4.0, 2.0 × 103, 4.0, 4.0, 2.0 × 103)𝑇 .

3.3 | The Matilde Donjon in Livorno (Italy)

The Matilde donjon, shown in Figure 9 (left), is a fortified keep
belonging to the Fortezza Vecchia (Old Fortress) near the ancient
Medici Port of Livorno (Italy). Information about its geometry
and the mechanical properties of the constituent materials is pro-
vided in [54] and [40]. In October 2017, an ambient vibration
monitoring experiment was carried out on the tower (Figure 9,
right) in collaboration with the Seismic Observatory of Arezzo
(INGV). The ambient vibrations were monitored for a few hours
via SARA SS20 seismometric stations arranged in different lay-
outs with a sampling rate of 100 Hz. Six natural frequencies and
mode shapes were identified by using the Stochastic Subspace
Identification covariance-driven method (SSI–cov) [55] imple-
mented in the MACEC software [56]. The resulting experimental
frequencies (expressed in Hz) are

f = (2.68, 3.37, 6.21, 8.10, 10.04, 11.95)𝑇 (50)

The FE mesh of the tower shown in Figure 10 consists of 52,560
isoparametric 8-node brick elements and 64,380 nodes, for a total
of 193,140 degrees of freedom. The model includes the tower,
constituted by an inner part (red circular ring) and an outer
part (grey circular ring), and a portion of the Fortress’s sur-
rounding walls made of different materials denoted by material 1
(the green walls), material 2 (the cyan wall) and material 3 (the
blue walls). The bases of the tower and lateral walls are fixed,
and the ends of the walls are prevented from moving along the
X and Y directions.

A Global Sensitivity Analysis (GSA) has been performed through
the SAFE Toolbox [57] linked to NOSA-ITACA to investigate
how variations in Young’s moduli and mass densities influence
the numerical frequencies. The Elementary Effects Test (EET
method [58]) is used to evaluate the sensitivity indices, assum-
ing that the nine input parameters (Young’s modulus 𝐸𝑡 of the
tower and mass densities 𝜌𝑡,𝑖 and 𝜌𝑡,𝑒 of the inner and outer por-
tions of the tower, Young’s moduli and the mass densities of the
materials 1, 2 and 3, denoted by 𝐸𝑚,1, 𝜌𝑚,1, 𝐸𝑚,2, 𝜌𝑚,2, 𝐸𝑚,3, 𝜌𝑚,3)
have a uniform probability distribution function, and adopting
the Latin Hypercube method [59] as sampling strategy. The global
sensitivity analysis (GSA) conducted in [40] and summarized in
Figure 11 shows that the elastic moduli of the tower and wall 1
strongly influence the frequency variation compared to the oth-
ers. In particular, the tower’s Young’s modulus impacts all fre-
quencies except for the third, which is heavily affected by the
modulus 𝐸𝑚,1.

The numerical procedure described in the previous section, in the
absence of regularization, has been used in [40] to estimate the
values of Young’s modulus 𝐸𝑡 of the tower and Young’s moduli
(𝐸𝑚,𝑗 , 𝑗 = 1, 2, 3) of the masonry constituting the Fortress walls,
with x = (𝐸𝑡, 𝐸𝑚,1, 𝐸𝑚,2, 𝐸𝑚,3)𝑇 belonging to the set Ω defined by
the following inequalities

1.0 ≤ 𝐸𝑡 ≤ 5.0, 1.0 ≤ 𝐸𝑚,𝑗 ≤ 6.0, 𝑗 = 1, 2, 3 (51)

with Young’s moduli expressed in GPa. The Poisson’s ratio of
masonry is fixed at 0.2, the mass density of the tower’s walls
is fixed at 1800 kg/m3 and 2000 kg/m3 for the inner and outer
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FIGURE 9 | The Matilde donjon (left) and the seismic station on the roof terrace in October 2017 (right).

FIGURE 10 | Matilde donjon – FE discretization of the donjon and
Fortress walls.

layers, respectively, and the mass density of the side walls is
2000 kg/m3.

The optimal parameter vector obtained in the absence of noise
(𝛿 = 0) and without regularization (𝜆 = 0, objective function
(18)) is

x𝑓0 = (2.152, 5.808, 5.532, 2.095)𝑇 (52)

As pointed out in [40] and confirmed by the sensitivity anal-
ysis, the reliability of 𝐸𝑡 and 𝐸𝑚,1 is guaranteed. At the same
time, the properties of the materials constituting the remaining

FIGURE 11 | Matilde donjon – EET sensitivity indices for the first six
frequencies and nine parameters.

walls are marked by uncertainty. The values obtained can be con-
sidered acceptable as the most significant uncertainty affects a
part of the structure, the right sidewall, whose geometric char-
acteristics (thickness, height, composition), connection degree
with the tower, and dynamic properties are unknown. Regardless,
the optimal parameter values obtained can describe the global
dynamic behavior of the tower.

Table 1 summarizes the numerical frequencies 𝑓𝑀
𝑖

of the tower
corresponding to the optimal parameter vector in Equation (52)
and their relative errors |Δ𝑖| with respect to the experimental
counterparts 𝑓𝑖, for 𝑖 = 1, . . . , 6; |Δ𝑖| varies between 2% and 3%,
except for the third and sixth frequencies.

Figure 12 reports the regularization results. The objective func-
tion (19) has been minimized in the setΩ defined in Equation (51)

10 of 14 International Journal for Numerical Methods in Engineering, 2025
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TABLE 1 | Matilde donjon – Experimental frequencies f and numer-
ical frequencies f𝑀 calculated at the optimal parameter vector x𝑓0 .

𝒇𝒊 [Hz] 𝒇𝑴

𝒊
[Hz] |𝚫𝒊| [%]

Mode 1 2.68 2.76 2.99
Mode 2 3.37 3.33 1.20
Mode 3 6.21 6.51 4.83
Mode 4 8.10 7.90 2.47
Mode 5 10.04 9.81 2.29
Mode 6 11.95 11.10 7.11

FIGURE 12 | Matilde donjon (six experimental frequencies and four
unknown parameters) – Maximum relative error 𝜖𝜆 for different noise
levels 𝛿, vs. the regularization parameter 𝜆 and initial estimate x̂ =
(3.0, 3.5, 3.5, 3.5)𝑇 .

using the experimental frequencies (50) perturbed according to
(27). Figure 12 shows the maximum relative error 𝜖𝜆 for different
noise levels 𝛿 versus the regularization parameter 𝜆. The initial
estimate x̂ = (3.0, 3.5, 3.5, 3.5)𝑇 coincides with the middle point
of Ω, whose corresponding maximum relative error is 𝜖 = 67%.
Figure 12 shows that the noise 𝛿 does not affect the model updat-
ing solution; for 𝛿 = 2.51%, the choice of 𝜆 = 0.06769 reduces the
error 𝜖𝜆 from about 10% to 5.0%, the same value obtained for zero
or very low noise levels.

For this problem, the noise does not significantly impact the qual-
ity of the solution. The knowledge of 6 frequencies already deter-
mines the underlying parameters with good accuracy.

The situation is different when 5 parameters and 5 frequencies
are considered. In this new formulation of the problem, the goal
is to estimate the values of Young’s modulus 𝐸𝑡 and mass density
𝜌𝑡 of the inner and outer layers (𝜌𝑡,𝑖 = 𝜌𝑡,𝑒 = 𝜌𝑡) of the tower’s walls
and Young’s moduli𝐸𝑚,1, 𝐸𝑚,2 and𝐸𝑚,3 of the masonry constitut-
ing the Fortress walls, with x = (𝐸𝑡, 𝜌𝑡, 𝐸𝑚,1, 𝐸𝑚,2, 𝐸𝑚,3)𝑇 . belong-
ing to the set Ω defined by

1.0 ≤ 𝐸𝑡 ≤ 5.0, 1700 ≤ 𝜌𝑡 ≤ 2100, 1.0 ≤ 𝐸𝑚,𝑗 ≤ 6.0, 𝑗 = 1, 2, 3
(53)

FIGURE 13 | Matilde donjon (five experimental frequencies and five
unknown parameters) – Maximum relative error 𝜖𝜆 for different noise
levels 𝛿, vs. the regularization parameter 𝜆 and initial estimate x̂ =
(3.0, 1900.0, 3.5, 3.5, 3.5)𝑇 .

FIGURE 14 | Matilde donjon – Maximum relative error 𝜖𝛿
vs. the noise 𝛿; comparison between the unregularized method
and the automatic parameter selection with the initial estimate
x̂ = (3.0, 1900.0, 3.5, 3.5, 3.5)𝑇 .

The Poisson’s ratio of masonry is fixed at 0.2 and the mass density
of the side walls is 2000 kg/m3.

The optimal parameters vector obtained in the absence of noise
(𝛿 = 0) and without regularization (𝜆 = 0, objective function
(18)) is

x𝑓0 = (2.336, 2.069 × 103, 5.782, 3.773, 1.549)𝑇 (54)

Figures 13 and 14 report the regularization results. The objec-
tive function (19) has been minimized in the set Ω defined in
Equation (53) using the first five experimental frequencies in
Equation (50) perturbed according to (27). The initial estimate
x̂ = (3.0, 1900.0, 3.5, 3.5, 3.5)𝑇 coincides with the middle point of
Ω and 𝜖 = 126.0%. Figure 13 shows the maximum relative error
𝜖𝜆 for different noise levels 𝛿 vs. the regularization parameter 𝜆.
For 𝛿 = 2.51%, the optimal value of the regularization parameter
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is 𝜆 = 0.136645 and the minimum point of the objective function
(19) is

x𝜆 = (1.946, 1.80 × 103, 5.598, 3.762, 1.622)𝑇 (55)

with a maximum relative error 𝜖𝜆 = 16.5%. For 𝛿 = 0.63%, the
optimal value of the parameter is 𝜆 = 0.056785 and the minimum
point is

x𝜆 = (2.265, 2.15 × 103, 5.704, 3.917, 1.549)𝑇 (56)

with a maximum relative error 𝜖𝜆 = 4%. Finally, for 𝛿 = 0.01%,
the optimal value of the regularization parameter, the minimum
point, and the corresponding 𝜖𝜆 coincide with those calculated
without noise (𝛿 = 0.0).

Figure 14 reports the results of applying the automatic selection
of the regularization parameter. With (black line) and without
(grey line) regularization, when the noise level approaches 10%,
the error 𝜖𝛿 exceeds 60%. The regularization introduces a slightly
larger error when there is no noise, but it is much more resistant
to noise in the data. In the case of regularization, for values of 𝛿
less than 2.3%, the error 𝜖𝛿 remains below 8.0%, unlike the case
without regularization, in which 𝜖𝛿 exceeds 30.0%.

4 | Conclusions

This article investigates the effects of regularization on the model
updating of engineering structures. The goal is to develop a robust
method able to overcome the well-known drawbacks affecting
inverse problems, like ill-posedness and the consequent possi-
ble significant changes in the solution (the unknown mechanical
properties) due to minimal input perturbation (the experimental
frequencies).

We present a strategy for choosing a regularization parameter for
the trust-region approach based on Lanczos projections for model
updating in structural applications developed by the Authors and
implemented in the finite element code NOSA-ITACA.

Whenever information on the noise level in the input data is
available, the method can be used to select the regularization
parameter appropriately; a theoretical justification for this choice
is given using the Tikhonov regularization framework. An auto-
matic parameter selection procedure has been developed when
this information is unavailable. This procedure analyzes the
condition number of the least squares problem by looking at
the Jacobian and selects a regularization parameter that filters
the largest possible noise level without introducing significant
changes in the problem. The details needed for a reliable imple-
mentation that works well with the trust-region scheme have
been discussed, such as proper scaling of the parameters and a
relaxation procedure for updating the regularization parameter.

The automatic procedure has been tested on some non-trivial
examples where artificial noise has been added to the frequencies
and verified to be very effective.
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