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Type 2 diabetes progresses slowly and may be reversed through lifestyle changes, but quantifying the long-term
impact of regular physical activity remains challenging due to sparse longitudinal data. Mechanistic models offer
a powerful tool by simulating metabolic processes over extended timescales. However, multi-scale formulations
that capture both the short-term effects of exercise sessions and the slow evolution of disease tend to be compu-
tationally demanding, limiting their practical use in personalized decision support.

To address this limitation, we derived a reduced version of a two-scale model that captures the short- and
long-term effects of physical activity on blood glucose regulation. By analytically averaging the short-term ef-
fects induced by exercise, we developed a homogenized formulation that transmits the average contribution of
physical activity to the slower glucose-insulin dynamics. This reduction preserves the key model dynamics while
decreasing computational complexity by almost a factor 2000. We prove that the approximation error remains
bounded and confirm the model’s accuracy through a parameter-based simulation study.

The resulting model provides a mathematically grounded reduction that retains key physiological mechanisms
while enabling fast long-term simulations. This substantial computational gain makes it suitable for integration
into medical decision support systems, where it can be used to design and evaluate personalized physical activity

plans aimed at reducing the risk of type 2 diabetes.

1. Introduction

The progression to type 2 diabetes is asymptomatic, develops over
years, and may often be reversed with adequate lifestyle changes [1,2].
Personalized recommendations on modifiable risk factors, such as phys-
ical activity, are crucial for preventing or delaying the disease progres-
sion [3]. However, longitudinal data capturing the regular impact of
physical activity over many years remain scarce, making data-driven as-
sessment of long-term effects infeasible in practice. Mechanistic models
offer a way to bridge this gap by simulating the complex physiological
mechanisms over long timescales.

Ordinary differential equation models (ODEs) have been widely used
to model glucose-insulin interactions, capturing effects ranging from
a minute-scale [4,5] to long-term dynamics spanning years or even
decades [6-9]. Early minimal models focused on short-term glucose and
insulin interactions, using a few state variables [4,10]. Extensions ex-
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panded these approaches to include the short-term effects of physical
activity [5]. Building on these foundations, a growing range of models
captures complex metabolic and inflammatory processes across multi-
ple time-scales [11-13]. Models for long-term disease progression in-
tegrate beta-cell dynamics that account for the long-term interactions
between glucose and insulin [6]. Subsequent extensions introduce ad-
ditional state variables to better capture the progression over several
years or even decades [7,14,15]. However, these long-term progression
models do not incorporate the effects of physical activity on the glucose-
insulin dynamics.

Recently, this gap was filled by a model capturing the short- and
long-term effects of regular physical activity on blood glucose regulation
in terms of twelve ODEs on two timescales [8,9]. This model allows for
a mechanistic description of how long-term physiological processes are
influenced by the integral effects of physical activity. The model is able
to estimate the long-term benefits of physical activity in a variety of
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conditions and includes inter-individual variability, for example in
terms of response to exercise, exercise program structure and adherence
rates, and individual level of risk [9]. As such, the model may be the ba-
sis for deriving personalized physical activity recommendations to pre-
vent the progression to type 2 diabetes. However, due to its multi-scale
nature, repeated simulations remain computationally intensive, limit-
ing its practical use in decision-support. This calls for a model reduction
that preserves the mechanistic grounding while enabling fast, scalable
simulation to support clinical decision-making.

A powerful approach to reducing the complexity of multi-scale differ-
ential equation models is homogenization [16-20]. It applies to systems
with dynamics across multiple scales, such as high-frequency oscilla-
tions over time or distinct spatial patterns. The goal is to replace the
short-scale oscillations with a smoothed or averaged solution to yield
an effective, simplified model that captures the macroscopic dynamics.
Common applications include material science [21] and fluid dynam-
ics [22]. Although traditionally used for partial differential equations,
homogenization techniques can also be effectively applied to ODEs [23].

In this work, we derive a reduced version of a model that exam-
ines the long-term effects of physical activity on blood glucose regula-
tion [8,9], applying principles from homogenization theory to obtain a
system of seven ODEs (reduced from twelve). This reduced model pre-
serves the essential long-term influence of physical activity on type 2 di-
abetes progression while being computationally efficient. We prove the
boundedness of the approximation error and inspect it in a numerical
simulation study. Our approach leads to a fast approximation of the full
model, enabling the efficient prediction of type 2 diabetes progression
as a function of physical activity and facilitating personalized physical
activity plans for risk reduction. To the best of our knowledge, this is
the first application of homogenization theory to mechanistic models
of type 2 diabetes progression, linking model reduction with clinically
relevant long-term simulations.

The remainder of this paper is structured as follows: In Section 2, we
present a scaled version of the full model to improve numerical stability
and establish the existence and uniqueness of solutions. Section 3 details
the reduction of the short-term state variables and provides a proof of
error bounds. In Section 4, we present a numerical comparison of the
original and reduced models across various parameters and initial con-
ditions. Finally, Section 5 discusses the implications and contributions
of this work.

2. A scaled model for the effect of regular physical activity on
type 2 diabetes progression

The system of ODEs under investigation operates on two timescales.
The short-term equations describe how the glucose-insulin regulation
mechanism is influenced during a physical activity session on a minute-
scale. These dynamics exhibit a periodic pattern, repeating with every
physical activity session. The long-term equations describe the evolution
of glucose regulation over years, parametrized at a day-scale. These dy-
namics are modulated by physical activity through a coupling with the
short-term system.

2.1. Model formulation

We present a scaled, coupled version of the original model formula-
tion for improved numerical stability [24]. The detailed technical steps
to transform the original system into the scaled version managing the
multiple scales are provided in Appendix A.

We consider the system of ODEs

d [yl(t,u)] _ [fl(t,u,yl)

=:f(t,u, (€8]
a |yayp] = [Byayn)| = G

d .
5)’(1,'4) 1=

for 0 < 7 < 1,4, together with the initial condition y(0) = y,. The control
u(t) is a periodic continuation of a Heaviside function, defined for n € N
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periods as
1 forkv<t<kv+s$,

u(r) 1= @
0 forkv+é<t<(k+1v,

where k =0,...,n— land . := nv. The parameter v denotes the period
length of physical activity and refers to the time between the start of two
consecutive sessions, and § is the duration of a physical activity session.
The vector y; contains the short-term equations and comprises 5 state
variables

Y1 :=[V0,, Gy, Gy I, IL6]T

that satisfy the following ODEs

Vo, 2,0(u(t) — VO,)
Aa,(VO, = Gy)
Ay (VO, = Gp)
hag(VO, — 1)
IL6 | | Akye(VO, — IL6)

G,
d| F
=g Gy |= =:fi(t,u,yy), 3
IC

together with the initial conditions y;(0) =[0,0,0,0, 0]7. Details on
the constant scaling parameter A, and the other parameters 0, a,,
ay, ag and ke are given in Appendix B. The short-term variables
[VO,, Gy, Gy, I, IL6]T capture the immediate physiological responses
to physical activity. Specifically, oxygen consumption (VO,) drives the
other variables during exercise. The rate of increase in hepatic glucose
production (G,,) and glucose uptake by working tissues (G,;) reflect
the acute demand for glucose during activity. The rate of increase in
insulin removal from circulation (1,) is enhanced by exercise, while the
rate of release of Interleukin-6 (IL6), classically pro-inflammatory but
functioning as an anti-inflammatory myokine during exercise [25], ac-
counts for its anti-inflammatory effects. These short-term equations are
parametrized such that the numerical solution of y; increases as soon as
physical activity starts and decays fast once it stops again. This yields a
periodic pattern of the solution y, with period v, with all components
remaining bounded within a fixed range for all 7 € [0, #,,4].

The vector y, summarizes the long-term equations and comprises 7
state variables,

¥2 1= [VL, S, 5T, B, 1,G1",

that satisfy the following ODEs

VL] hy (VL, IL6)
Sy hs, (S, VL)
J al T he (T, G)
=TT mEne =6ty @
B hy(B,VL,T,%,G)
1 hy,1,,T,%,B,G)
| G | |h6(G.Gyp. G St D) |

together with the scaled initial conditions
¥2(0) = [0, 1,T;,Zy;, 1, 1,117
The right hand side functions are defined as follows:
hyp(VL, IL6) 1= A,k (IL6 — VL),
hg (S VL) = dA(VL)%:_—;SISI,
T

G)-T
he, G = DL

T

I,2,G)-X
hs(s.T,G) 1= AL D2
D>
p,(VL,I.%,G) - a,(VL,G) B
TB

hy(I,1,T,%,B,G) :=r;(T,%,G)B — I — Ap ;I
hG(G, Gy, G = 46,,Gup) = (g + A5 1 SIT)G.

hp(B,VL,I',Z,G) :=

)

wp Gprs St 1) 1= ;3 + Ao, G
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Fig. 1. Structure of the full model y(z, u). The control u (dotted) influences the
short-term state variables grouped together in y,(#,u) (dashed) which, in turn,
influence the long-term state variables grouped together in y,(r,y,) (solid).

These functions include six auxiliary functions d,, g,, s,, p,, a, and r,
that are written out in detail in Eq. (A.1) in Appendix A. These auxiliary
functions are compositions of Hill-type functions and fractions incorpo-
rating exponential functions. Again, a list of all the parameters intro-
duced are listed in Appendix B.

The long-term equations capture the behavior of glucose regulation
over a time span of years. Due to the feedback structure of the sys-
tem and the boundedness of the short-term variables y,(7), these state
variables remain bounded over time for the selected set of parameters.
The core of this subset of equations lies in the variables [VL, B, I,G]",
modeling the glucose-insulin (G and I) negative feedback loop. This
feedback mechanism involves the action of beta cells (B), responsible
for insulin release. The variable VL accounts for the long-term effects
of physical activity on beta cells and insulin sensitivity (S;) promoted
by Interleukin-6 (IL6). This variable bridges the two timescales in the
model. Furthermore, the state variables I" and X model mechanisms that
link the effects of B on the negative feedback loop between G and I [7].

A visualization of all the state variables, the control and their inter-
play is given in Fig. 1.

As can be seen, the coupling between the short- and long-term vari-
ables is one-way: the long-term dynamics depend on the short-term vari-
ables, but not vice versa. This one-way coupling simplifies real-world
disease progression, where disease advancement, decline in stamina
due to aging or comorbidities may impair physical activity habits. For
further insights into the biological interpretation of this model, we
make reference to the original publications [8,9] and the preceding
works [5,7,25].

2.2. Existence and uniqueness

To prove existence and uniqueness of the solution we use standard
arguments from the theory of ODEs. The Picard-Lindel6f theorem, which
requires the right-hand side f in Eq. (1) to be continuous in ¢ and
Lipschitz-continuous in the state variables, guarantees local existence
and uniqueness of a solution given the initial condition y,.

The Lipschitz-continuity with respect to the state variables can easily
be verified. In System (3), the right hand sides of the short-term equa-
tions are linear in each state variable, ensuring Lipschitz-continuity.
For System (4), the Lipschitz-continuity of the auxiliary functions has
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been established in Appendix A, which directly implies the Lipschitz-
continuity of f,(,y;,y,).

The control u(7), however, is discontinuous at time points where the
Heaviside function (2) changes values, whenever t = kv+ 6 or t = (k +
I)v for k =0,...,n— 1. Despite this, in the initial interval 7 € [0, §] all
the conditions for the Picard-Lindelof theorem are satisfied and there
exists a unique solution given the initial condition y,. For subsequent
intervals, such as ¢ € (8, v), we restart the system using the final value for
y from the previous interval as initial condition, again yielding existence
and uniqueness in the interval. By iteratively restarting the system, we
extend existence and uniqueness to the entire interval ¢ € [0,7,,4] for a
given initial condition y,.

3. Model reduction for computational speedup

When numerically solving the model introduced in Section 2, the
short-term equations require the numerical solver to take small time
steps, in the order of minutes, to capture the periodic physical activity
dynamics. Even advanced stiff solvers must resolve the periodic patterns
in the short-term equations. In our experiments, enforcing a maximum
step size of 1 h was necessary to ensure that the stiff solver does not
skip control transitions. When simulating several years of diabetes pro-
gression, this timestep constraint results in computationally intensive
simulations, especially if many repetitions are required.

Instead of passing on the short-term effects encapsulated in y; to the
long-term effects described in y,, we aim to replace these fast fluctu-
ations with constant values that represent the average contribution of
the short-term effects to y,. This reduction follows the idea of periodic
averaging [18]. In this case, the averaging procedure can be carried out
analytically due to the structure of the control function u(¢) and the form
of the short-term dynamics.

3.1. Average solution of the short-term equations

In the interval [0, 5], where u(¢) = 1 and y,(0) = 0, the analytical so-
lution for System (3) is given by:

VO, (t) 1 —e~hot
Gpr(t) I+c(thay) —cr(t;ap)
Vi =] G [=]| 1+cta) -ty |,
ING) 14 ¢t a6) — cp(t; ag)
IL6(1) L+ (k) — et Ky 6)

with the two auxiliary functions

e—i,m‘,

e t;m) = ef”e“r"’ and o (t;7) 1= ef where 7 # 0.

In the interval (8, v), where u(f) = 0 and the initial condition is given by
evaluating the previous solution at 7 = §, the analytical solution for the
System (3) is given by:

Voz(t) (82195 _ l)e—/llgt
Gpr(t) —c3(t;0p) + ¢4t )
yi() = Gup(t) = —c3(tray) teyltsay) |
I —c3(1; ag) + ¢4 (15 ag)
IL6(1) —c3(t5 kye) + 4t Ky6)

where we introduce
3t m) 1= (e’lf(’)‘s - l)cl(t;:z) and ¢t n) = (e’lf’“s - 1)02(1‘;71'),

again to write the parameters in compact form. The steps leading up to
these solutions are given in Appendix C.

In the next interval, [v,v + 6], we proceed analogously, noting that
y1(v) is close to zero. Note that the four parameters ay, a4, ag and y; ¢
are much smaller than 0 (see Appendix B), such that 0 <y,(#) < 1 holds
for 7 € [0, T]. This procedure could be continued in order to construct a
semi-analytical solution of the short-term equations. This would reduce
the number of ODEs required to be solved from twelve to seven. How-
ever, since these semi-analytical solutions are not constant in time, the
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solver would still need to take small time steps to resolve their contri-
bution to the slow ODEs.

Hence, we calculate the average p of y;() in the interval [0, v), de-
fined as

v 5 v
B :=1/ YI(I)C]Z=1</ yl(t)dt+/ yl(t)dt>.
v Jo v 0 5

A calculation, with details in Appendix C, yields

Hyo, 8+ e H0v(1 - eM9) /(A,0)
HG,, . 5+ ¢ (@)
R=|He, =7 6+c,(ay) )
Hi, 5+ c,(ag)
HiLe 8+ ¢, (kL)

where we introduce

0 —A; v A d T
—_— t 1 - t -
(L - et) 1,00 —1)

again with z # 6. Note that this function is independent of .

ehov (1 - eﬂ,(éé),

3.2. Reduced model

We use p to approximate the oscillating behavior of the short-term
effects described by y; and introduce an approximation y to System (1):

_d[ no ]z[ fi. ¥

= | YU | =Fa.9). )
dt |y,(t,y1) fz(l,yl,)’z) y

d .
=3
i)

for 0 < t < 1,4, together with an initial condition defined below. For yj,
we define a mock system

0

EE

d . d S~
EYI(I) =% =1,y

o >_§Q

)

with the initial conditions y;(0) := p. The right hand side for y, remains
as written out in System (4), but now gets the inputs from yj:

(VL] hy; (VL,IL6)
S hg (S VL)
a._a|f i, &) -
=g E = hAz(/Z\,F:\G) ~ =6(1.¥1.¥2), (6)
B hp(B,VL,T,%,G)
T h(I.1,.T.5,B,G)
1G] 66,6 G, S0, D)

with the previously given initial conditions. Note that §(r) no longer di-
rectly depends on u(f), because the control only influences the system
via its parameters. The existence and uniqueness of solutions to Sys-
tem (5) directly follows from the existence and uniqueness shown in
Section 2.2. From a numerical perspective, it is not necessary to solve
System (5) explicitly. Instead, we can directly solve System (6), using
the fact that y;(f) = p for 0 < ¢ <7 4.

In classical homogenization and averaging theory, the separation of
scales is typically introduced through a small parameter ¢ such that fast
dynamics evolve on the scaled time 7/e. In our formulation, the constant
parameter 4, plays a similar role to 1/e. To stay consistent with the
physiological interpretation of the model, we keep the notation 4, and do
not study the asymptotic limit 4, - . Instead, we focus on a practical
reduction of the system for fixed values of A,, relevant to the long-term
effects of regular physical activity.

3.3. Approximation error
We show that the error introduced by the homogenization proce-

dure is bounded over a finite time horizon, for a fixed separation of
timescales determined by the parameter A,. Rather than analyzing the
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asymptotic limit, we quantify the approximation at physiologically rel-
evant parameter values. To this end, we define the vector-valued L*®
norm as follows:

&l Lo ((0.1nq)) = max { ess sup |g,(l)|}

o re[0,tepg]

for a function g € L*([0, f.,q], R™). This error reflects the largest devia-
tion across all state variables over the time horizon.

Theorem 1. Let y(¢,u) as introduced in System (1) and y(t) as introduced
in System (5). Then there exists a constant C depending on t,,q such that

ly(t,w) = Ol Lo (qo,1,q) S Cena)-

Proof. We can split the error as follows:

Ny, w) = FOll oo r0.4,,41 = Max {lly1t.w) = V1Ol o,
ly2(, y1) = %20, )7\1)||1_°°([0,tmd])}~

Since yj(f) = p by construction, we can bound the first part directly:

ly1 . w) = 1Ol oo,y = I1y2 1) = Bl oo ((01pqpy = 1T = Rll Lo

end

where we used that y; (#,u) € [0, 1] due to the scaling and that every ele-
ment of p is smaller than 0.5. In the L®-norm, this error is independent
of t,,q by construction, but larger than it would be in L?-norm for ex-
ample.

For the second part, we first note that

62t ¥1,¥2) = £2(6, Y1, ¥l oo o101 <L ll¥1 = Fill oo 010
+Lallyz = V2l oo qorgygd
<Lyl = pllge
+Lallyz = Fall Lo o)

with Lipschitz constants L; and L,. This holds by definition of the
Lipschitz-continuity of f,. We now invoke the Gronwall-Lemma in its
differential form to bound [ly,(t, y1) = ¥2(t, ¥l L= (10,1, @nd get that

1
1y2(t.¥0) = $2(t. FDl Lo 01000 < Lalll = ol s / Plati-s) g5
0

for t € [0, #,,4]. A calculation yields

t
I¥2(t.¥1) = ¥ YD oo,y < Ll = mll Lo eLz’/ el ds
0

L
= L—;nl—uuw(e“’—l)

for 1 € [0, 4. It follows that

Iyt u) — y(l)llL“’([OJem{]) < Clleng)-
0O

A related proof can be found in Sanders et al. [18, Section 2.8], which
presents a classical averaging result in the asymptotic regime £ — 0. In
contrast, our setting assumes a fixed separation of timescales via the
parameter A, ~ 1/¢. Rather than analyzing the asymptotic limit, we aim
to establish a practical error bound for physiologically relevant values of
A, over a finite time horizon. The bound in Theorem 1 therefore depends
on t.,4 and reflects the cumulative effect of replacing the periodic short-
term dynamics with their average.

4. Numerical results

The reduced model provides a significant computational speedup
compared to the full model, as it does not require resolving minute-
scale dynamics. This allows the numerical solver to take time steps on
the order of days rather than minutes. Furthermore, the numerical re-
sults underline that the two systems behave very similarly, as presented
in the following.
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- — Full 0.001
L2 0500
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© 0.000 - LILLL 0.000 0.000
>
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; 1.000
- — Full 0.050 305
0 0.950 == tom | :
B 0.900 ' 0:890
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- 0.900
0 10 20 30 0 10 20 30 0 10 20 30

Time (Days)

Fig. 2. Illustration of the numerical solution of the full model (solid lines) and the reduced model (dashed lines) for all 12 state variables for one month. All the

parameters are chosen as outlined in Appendix B.
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2 —— Hom || 0750
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0w
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8
= 1.100
]
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ki
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[1)]
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T 3.000 D =

2.000 /
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x‘# il
/
—— Full
— = Hom
500 1000 1500

Time (Days)

Fig. 3. Solution at basal times (moments of the start of physical activity) of the full model (solid lines) and the reduced model (dashed) for five years. All the

parameters are chosen as outlined in Appendix B.

4.1. Ilustration

System (1) with the standard parameters listed in Appendix B is
stiff. To numerically solve it, we use a fifth-order implicit Runge-Kutta
method and constrain the step size of a maximum of 1 h to not skip the
control transitions at the start and end of a physical activity session. An
illustration of the numerical solutions for one month of the full and the
reduced model can be found in Fig. 2.

To examine the long-term behavior of both the full and the reduced
model, we focus on the solutions at basal times, referring to the moments
of the start of physical activity. Fig. 3 presents the solutions over a five-
year period.

4.2. Simulation study

To assess the speedup and the approximation error made by reduc-
ing the system, we vary six parameters and three initial conditions, re-

sulting in 19683 parameter configurations, and simulate the full and
the reduced model over a 5-year period. Following the definition of
the approximation error in Section 3.3, we define the maximal devi-
ation at basal times between the two systems over 5 years for sim-
ulation i as E}’asal. This metric captures the largest discrepancy be-
tween the two systems and thus provides a conservative upper bound
on the approximation error. We also consider the pointwise error at 5
years, El,sy. Since classification into normoglycemia or type 2 diabetes

is based on glucose thresholds, we use EI.Sy to check whether the re-
duced model does not incorrectly classify subjects as normoglycemic
when the full model would indicate type 2 diabetes. Details on the
parameters and the error measures can be found in Appendix D. All
simulations were performed using the solve_ivp implementation with
method = ’Radau’ from the scipy package on a computing server
equipped with a 64 core AMD EPYC 7763 CPU and one Nvidia GeForce
RTX 4090 GPU.
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Fig. 4. Box plot showing the distribution of the maximal deviation E'** between the full and the reduced model across 19 683 simulations.
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Fig. 5. Box plot showing the distribution of the deviation E,.5 ¥ between the full and the reduced model across 19 683 simulations at 5 years.

On average, simulating the full model over a five-year period with a
stiff solver (Radau) requires 98 s (SD 26 s). The reduced model requires
no constraint on the step size, resulting in a substantial computational
speedup. On average, one simulation over the five-year period takes
0.053 s (SD 0.01 s), corresponding to a reduction in computational time
of a factor 1914 (SD 655). This slighlty exceeds the theoretically ex-
pected speedup factor of 4, = 1440, reflecting the relationship between
the two timescales.

A box plot summarizing the distribution of EP*! across the 19683
simulations is shown in Fig. 4.

These findings underline that the maximal error across the simula-
tions remains reasonably small. A box plot summarizing the distribution
of E,,5y across the 19683 simulations is given in Fig. 5.

The pointwise error of glucose G at 5 years is small and negative in
only 5 out of 19683 simulations. This confirms that the reduced model
closely approximates the full model while achieving a 4,-fold speedup.
Furthermore, the risk of misclassification based on glucose values is min-
imal.

5. Discussion

In this work, we developed and analyzed a reduced, computationally
efficient version of a two-scale model capturing the long-term effects of
physical activity on blood glucose regulation. The reduced model re-
tains the essential dynamics of the original formulation while decreas-
ing the computational cost of simulating multi-year trajectories to type
2 diabetes. This gain in efficiency allows for extensive patient-specific

simulations and the systematic evaluation of physical activity plans in
a personalized context.

The computational speedup was achieved by analytically reducing
the original model using the periodic nature of the physical activity in-
put (control variable u). We analytically solved the short-term effects of
physical activity and passed them to the long-term dynamics as averaged
quantities. By treating the reduction as a perturbation of the right-hand
side, we proved that the approximation error remains bounded. These
results are underlined with a simulation study where nine key param-
eters were varied. This confirmed that the reduced model reproduces
the full model’s dynamics with negligible long-term discrepancies. The
resulting model lowers the simulation time of a five-year trajectory by
almost a factor 2000. Indeed, simulating a single parameter set over a
five-year period takes around 0.05 s, making the fast simulation of many
scenarios feasible.

The proposed formulation was designed to solve the original system
with minimal computational effort while maintaining accuracy. Alterna-
tive simplifications, such as using semi-analytical solutions of the short-
term equations directly or replacing the physical activity input with a
constant average input, would still require the numerical solver to take
small time steps to resolve the oscillations. In contrast, the proposed for-
mulation removes these fast variations analytically, allowing the solver
to take large time steps (i.e., days instead of minutes) and achieve a
significant computational speedup, while retaining the physiologically
meaningful link between exercise and glucose regulation.

We established formal existence and uniqueness results and in-
troduced a scaled formulation that improves numerical stability. The



L. Multerer et al.

reduction approach draws on concepts from homogenization theory
but departs from its classical asymptotic framework, which typically
examines model behavior as the timescale separation tends to infin-
ity [18,19]. In contrast, the proposed formulation assumes a fixed, phys-
iologically meaningful separation of timescales and evaluates how ac-
curately the reduced model reproduces the full system over a realistic
five-year horizon. A more formal asymptotic analysis based on averaging
theory and including convergence results would be a valuable direction
for future work.

This model formulation can only describe the physiological mech-
anisms explicitly included. As with previous formulations [8,9], the
model describes an average patient at risk of developing type 2 dia-
betes. Individual differences can be captured through several patient-
specific parameters, including insulin sensitivity. Other factors, such as
age, sex, family history of type 2 diabetes and dietary patterns, which
might also confound the physical activity adherence, are not explicitly
parametrized, but are partially embedded in the inter-individual param-
eter variability, as detailed in previous work [9]. While the patient-
specific parameters can capture a range of intrinsic patient differences,
several important physiological and pathological processes remain be-
yond the current model scope. The model does not encapsulate the inter-
play with potential comorbidities, such as infectious diseases and non-
communicable diseases. Also, for simulating longer periods than a 5-
year-window, age-dependent stamina decline should also be accounted
for. Incorporating these mechanisms would, however, increase the struc-
tural and numerical complexity of the model, which is already high due
to the nonlinear interaction terms driving the glucose-insulin dynam-
ics [26,27].

While this model has not been validated against longitudinal datasets
tracking the long-term effects of physical activity on type 2 diabetes
progression, partial validation of the full model has been achieved.
Specifically, it has been tested against data extracted from the litera-
ture, including the average effects of physical activity and the influ-
ence of inter-individual variability modeled through parameter pertur-
bations [9]. The resulting predictions are consistent with existing knowl-
edge and real-world evidence. Nevertheless, comprehensive validation
against large-scale, long-term exercise datasets remains limited due to
challenges in capturing multi-year adherence, frequency, and intensity
of physical activity. Such validation might become feasible with wear-
able technologies generating high-frequency, longitudinal data for ro-
bust calibration.

The considerable reduction in computational effort allows for the ap-
plicability of the reduced model in the field of medical decision support.
Personalized physical activity plans, along with uncertainty quantifica-
tion, can now be evaluated efficiently, for example in a Bayesian frame-
work requiring thousands of model evaluations to characterize poste-
rior distributions. This model has already been integrated into a causal
framework to assess the impact of hypothetical physical activity plans
in slowing down or preventing progression to type 2 diabetes in at-risk
individuals [28]. In this work, we used a structural causal model based
on the dynamics of this reduced model, to analyze the impact of tailored
physical activity recommendations on the 5-year-prevention of type 2
diabetes onset, in individuals with prediabetes. The computational effi-
ciency of the model enabled the generation of a broad set of simulations
in limited time, thereby allowing counterfactual inference to be per-
formed with tractable computational complexity. The results from this
work can be used as a basis to provide clinicians with patient-specific
what-if analyses and support personalized decision-making in clinical
settings.

Future extensions of the full model should incorporate dietary pat-
terns as time-varying control inputs affecting glucose production. In its
present form, the model assumes an average dietary intake, that can
be manipulated to modify overall intake and modulate the balance be-
tween training and diet. More detailed formulations could explicitly ac-
count for the effects of nutritional intake on model parameters, as diet
modulates both metabolic rates and training efficacy, at the expense of
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increased complexity. Also, feedback loops affecting the physical activ-
ity profiles due to stamina decline or comorbidities represent another
promising direction, where homogenization theory could be applied to
more complex model structures.

In summary, this work introduces a mathematically grounded and
computationally efficient formulation of a physiologically detailed glu-
cose regulation model. By leveraging homogenization principles, we
achieve a reduction that enables fast, accurate long-term simulations
and extends the model’s usability to personalized type 2 diabetes risk
prediction. More broadly, this approach illustrates how mechanistic
models in systems biology can benefit from mathematical reduction and
analysis techniques to achieve both rigor and scalability.

6. Code availability

The code supporting this work is publicly available at:
https://gitlab-core.supsi.ch/dti-idsia/Homogen_ODEs_T2D
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Appendix A. Scaling of the model

We adopt the following notation: state variables are represented by
capital letters, using either Greek or Latin characters. Parameters, which
are always constant in time, are consistently denoted by lowercase Greek
letters and may include subscripts. Functions are written as lowercase
Latin letters, and also may include subscripts.
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A.1. Scaling of the short-term equations

We rescale the original system [8,9] based on the magnitude of the
state variables and introduce a unified timescale. The equations on a
minute-scale read

%VOZ = Qu(t) — VO,,

d

EGPT =a, V0, - a,G,,

d

aGup =a3V0; — a4Gyp,

d

ale =asV0, —agl,
%ILG = kgr VO, — k11 6IL6,
d

VL =IL6-KVL,

with the initial conditions being 0 for all the equations. The control u(r)
is introduced as

o ¢ for 0 <t < duration (min),
u =
0 for duration (min) < 7 < period length (min),

where ¢ is the physical activity intensity. The period length refers to
the time between the start of two consecutive physical activity sessions.
Note that the state variable VL is included in this set of equations be-
cause it was originally parameterized in minutes and hence requires
the short-term scaling. However, since it has a long-term effect we will
include it in the long-term equations for the homogenization further be-
low.

The original units of the state variables, along with their description,
are given in Table A.1.

Table A.1
Short description and units of the short-term state variables in their
unscaled form.

Variable Description Unit

Vo, Oxygen consumption during exercise given in %
G Incremental hepatic glucose production mg/(kg min)
Gy, Increased glucose uptake by working tissues mg/(kg min)
1, Incremental insulin removal #U/ml

IL6 Concentration of IL-6 in the muscle pg/ml

VL Integral effect of IL-6 released during exercise  (pg/ml) min

To solve these ODEs simultaneously with the long-term equations
defined at a daily timescale, we first convert the short-term equations
to days. Additionally, we scale the state variables to be dimensionless.
Following standard procedures for the scaling of ODEs [24], we intro-

==, Q€ (1.V0,.G,.Gyp. I, IL6, VL}.
t Q

Substituting into both sides of the unscaled system and rearranging
yields

d——
d—Vo2 =1 </1 u(4, t)—0V02>

a /1
A,( V0, - a,G,,

a3/1
/1,< ; "1 V0, - a,G, >
G

aSﬁVO —
,1,< Vo, - a6Ie>,

KsrAyo
,1,< 2y0,

—VL =4 IL61L6 Kﬁ>_

- KIL6E>v
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The initial conditions are 0 for all equations, hence no scaling is nec-
essary. We now select the scaling constants as specified in Appendix B.
Note that the choice of 4, transforms the time from minutes to days. All
the other constants are chosen to make the state variables unitless and
to scale the system to take values in the interval [0, 1]. We conclude the
scaling of the short-term state variables by noting that, to include them
in the long-term equations, they must be rescaled to their original units.
In particular, state variables with minute-based units must be converted
to days as follows:

9 = AyGyrs G 1= 4,Gyy, VLI 1=

VL
G5 - - .

T

A.2. Auxiliary functions for the long-term equations

We provide a concise overview of the set of auxiliary functions orig-
inally introduced in the appendix of the publication by Ha et al. [7]. We
first define the two functions g, and g, as follows:

x”2

gp(x;my, my) 1= , for z; € R*, 7, € 2N*,

X7 +
”1

. +
™ 7r4e‘(x"’2)/”3 for =), 7y, w3,y € R,

qo(X3 1y, 7y, 703, My) 1=

where x € R. Under the listed constraints on the constants, both func-
tions are Lipschitz-continuous and bounded in x. With these functions
at hand, we define the following auxiliary functions, following the no-
tation of the original publications wherever possible. A list of all the
parameters introduced here can be found in Appendix B. The first set of
functions is based on the Hill-type function g,:
m(G) = g,(G; ap, 2),
(T, Z,G) = 2, (m(G) + T aygg. 2),
PVL.T.Z,G) = by (rT. 2. G): ap, 4) (1 + £, 4, (VL: ., 2)),

a(VL.G) = <amath (m(G); . 6) + aB> (1 — La,(VLi k. 2)).

It can be shown that all of these functions are Lipschitz-continuous with
respect to all of their arguments. Furthermore, it can be verified that the
functions m, p and a are bounded. The function r is only bounded if ¥ is
bounded.

The second set requires the function g,:

860(G) = 4.(G: Vinax: Vs Yo 1) — 7ps
S1sRoo (s 2 G) = 4 (F(1, 2, G = Ky5); G1sRmaxs O1sRs» OIsRn» OISRk )
SMoo(G) =1- qe(m(G - Kns); OMmax® ©Ms> OMn> o-Mk)’

5600, 2, G) = S15R00 (> 2o G) S0 (G) + 0.

Again, it is clear that all of these functions are Lipschitz-continuous and

bounded in all of their arguments, as long as all of the parameters are
positive.

A.3. Scaling of the long-term equations

The long-term equations are written down in the original publication
as follows:

dg <951‘SI><1 g yLday >
dr! s, 3anI+VLday ’

d 80(G)-T

_ =2
dr T

dy _5uEG) -

T T ’

dp_ p(VLI T, %, G) — a(VLIY, G) B
dro Tp ’
4, 20 p o,

dr v

d d; d;

30 =r+ —(G = Gy) = (g + S11G,
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Table A.2
Short description and units of the long-term state variables
in their unscaled form.

Variable  Description Unit

M Insulin sensitivity ml/(uU day)
r Shift of the glucose dependence ~ —

h Insulin secretion capacity uU/ (ug day)
B Beta cell mass mg

I Serum insulin concentration #U/ml

G Plasma glucose concentration mg/dl

with initial conditions S(0) = Sy, T'(0)=T,, Z(0)=X,, B(0)= B,
1(0) = 1, and G(0) = G, The five auxiliary functions g, s, p, a and r
have been defined above. The original units of the introduced long-term
state variables, along with their description, are given in Table A.2.
Again, we introduce the following scaling of the state variables

a:=2 ae(s.I.5B.1.G).
Ao

The chosen scaling parameters, along with all the parameters intro-
duced, are listed in Appendix B. Note that + does not require scaling
since we want to solve the final system in days. For simplification, we
introduce the following auxiliary functions:

4,(VE) = - Hs(%) ,
AS' KnSl + (}LVL/A,)VL

p— 1 p—
81(G) = 3-8 (46G),

= %sm(irl_", 155, A, G)

) (A1)
z

) = p((y/A)VL, 4T, AsZ, AGG),
a,(VL,G) := a((Ayp/4)VL, 4cG),

)

Ap == =
= mr(arr, 152, A6G).
We furthermore define the following constants:

2 _ /‘lIe ._ Po
I = o PA ST
c A A

2
Mg 1= —

= . Agy i=Ag 4.
A0g St Si A

After substituting the scaling parameters and rewriting, we obtain the
following system of ODEs:

dt T

- I,%,G)-%
ds _ 5;( ) ,
dr Ty

— VL,T,%.G) - a;,(VL,G) —
4z _ P ) —ai )B,
dr Tp
d_ j—

d u— —_— —_— —_—
wC =t A0 (A6, Gpr = A, Gup) = (1o + A5 1 S DG,

together with the initial conditions S$;(0) =1, I'(0) = T'y/¥max =: Tos»
2(0) = Zo/61srRmax = 0> BO) =1, I(0) = 1 and G(0) = 1.

Appendix B. Parameters

All parameters in this appendix are taken from the full model publi-
cations [8,9] and the references therein. A list of the parameters intro-
duced in the short-term equations (y;) can be found in Table B.1.
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Table B.1

Parameters related to the control u(r) (top),
the system of ODEs for y, (middle) and the
scaling of y, (bottom). Standard values or
the formula and the respective units are
given in columns 2 and 3 [8,9].

Parameter  Definition Unit

v 3 day

5 60/1440 day

& 50 %

[4 0.8 1/min

a 0.00158 mg/(kg min?)
a, 0.056 1/min

ay 0.00195 mg/(kg min?)
a, 0.0485 1/min

as 0.00125 #U/(ml min)
ag 0.075 1/min

KSR 0.045 pg/(ml min)
Kie 0.004 1/min

A 1440 min/day

vo, I3 given in %
i, Ayo, a1/ mg/(kg min)
Ae,, Ayo, a3/, mg/(kg min)
Ar, Ayo, @5/ uU/ml

ALs Ayo, Ksr/KiLe pg/ml

Table B.2

Parameters used for the auxiliary func-
tions building upon g, (top) and the aux-
iliary functions building upon ¢, (bot-
tom). Standard values or the formula and
the respective units are given in columns
2 and 3 [8,9].

Parameter  Definition  Unit

ay 150 mg/dl

1SR 1.2 -

Drnax 4.55 1/day

ap 41.77 uU/(ug day)
¢ 10 -

Ky 10°/4, (pg/ml) day
@y 9 1/day

ay 0.44 -

ag 0.8 1/day

& 10 -

Yimax 0.2 -

¥s 99.9 -

Ta 1 -

Yo 0.1 -

Ko 75 mg/dl
OsRmax 600 nU/(ug day)
O1sRs 0.1 -

Olsrn 0.1 -

OISRk 1 -

OMmax 1 -

Ons 0.2 -

Opn 0.02 -

Omik 0.2 -

OB 3 1U/(ug day)

The parameters related to the state variable VL are reported below
together with the long-term state variables. The physical activity param-
eters v and § need to be chosen to allow for a maximum of 400 min of
exercise per week, the intensity parameter & needs to lie within [0, 92]%.

A list of the parameters introduced for the auxiliary functions can be
found in Table B.2.

All of these parameters are constrained to be positive.

A list of the parameters introduced for the long-term equations can
be found in Table B.3.
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Table B.3

Parameters related to the system of ODEs for y,
(top), the scaling of y, (middle) and the initial
conditions for y, (bottom). Standard values or
the formula and the respective units are given
in columns 2 and 3 [8,9].

Parameter  Definition Unit

K —1og(0.8)/80640 1/min

Os, 0.18 ml/(uU day)
7s, 150 day

& 1.4 -

Kos, 5% 100/4, (pg/ml) day
T 2.14 day

Ty 249.9 day

Tp 8570 day

v 5 litre

K 700 1/day

2o 864 mg/(dl day)
@ 70 kg

v 117 d

oy 1.44 1/day

Ayl A (Are/ )/ % (pg/ml) day
s, Sig ml/(uU day)
Ar Vmax -

4p B, mg

Ar 1, uU/ml

A G, mg/dl

Arr Ar /A -

Pi ol A 1/day

ke 4/ (Agog) min/(mg day)
AT AsAr 1/day

VL, 0 (pg/ml) min
Siy 0.8 ml/(uU day)
I, ~0.00666 -

% 536.67 uU/ (ug day)
B, 1000.423 mg

I 9.025 pU/ml

G, 99.7604 mg/dl

Fos Lo/ Ar -

Zo; o/ ks -

The units of some parameters in Table B.3 are scaled with 4, in order
to be in days. Based on expert opinion, the initial conditions should
be in the following intervals: Sy, € [0,0.8], Iy € [-0.1,0.1], Z, € [3, 600],
B, €[0,90001, I, € [0,100], G, € [0, 600].

Appendix C. Model reduction
C.1. Analytical solution of the short-term equations

We calculate the analytical solution VO, from System (3) first in
the interval [0, 6], where the control u(f) = 1, then use the value at §
as initial condition to solve the ODEs analytically in the interval (6, v),
where u(r) = 0:

Lemma 1. The solution to VO, (1) = 4,6(1 — VO,(1)) for 0 < t < & with ini-
tial condition VO,(0) = 0 is given by

VO, (1) = 1 — e 49",

Inserting & yields VO,(8) = 1 — e~#%_ which is the initial condition for
the next interval:

Lemma 2. The solution to VO, (1) = —4,0VO,(t) for & < t < v with initial
condition VO,(8) = 1 — e~%% is given by

VO, (1) = (&M% —1)e 40,

Calculating the analytical solution for the other four state variables from
System (3) (G, G, I, IL6) follows the same steps, additionally using
the analytical solution of VO,. For the sake of simplicity, we just illus-
trate it for G,

10
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Lemma 3. The solution to Gl’x(t) = hay(1-e 4 -G, (1) for 0 <1 <6
with initial condition G,,.(0) = 0 is given by

X e 0
Gy =14+ —2o=i0r - Y mhyart,
pr() 0—(12 9—(12

Inserting 6 yields the initial condition for the next interval:
Lemma 4. The solution to
G,;r(f) _ At%((ea,eé —1)eht ~ Gpr(’))

for 6 <t < v with initial condition

2 —1,06 0 —Aap8
G,6)=1+ 105 _ 1
or () 2 2e 7 2e
is given by
0 Aoy —A a0t 2 4,06 — 4,0t
Gpr(t) 7 - ((3 1020 _ 1)(3 10l _ 0_2(0 Yo _ l)e 9L

C.2. Analytical average for the short-term equations
To calculate the average Hyo, of VO, (7) in the interval [0, v), we start
with

s 5
/ VO,(t)dt = / Lo gy = 5 — (1 - e~t9),
0 0 .0

1

v
/ VO,(t)dt = L (3’1’95 - 1) (e_”l’e‘S - e_’lfgv>
_ ﬁ(l — ehO5 4 hO (] — 8/1,95)>.

Combining these identities yields

v ) v
1 / VO, (1) dt = 1( / VO, (1) di + / VOz(t)dt)
v Jo v\Jo 5

1 1/ _
= ;<5+ E(E A,Gv(l —elteé))>.

Note that the result is approximately equal to §/v, which is the average
value of u(?).

Hyo,

For G,,, it holds that
5
0 L a) —1,05
G (dt=6———— (1 —¢ @) 4 L (] — ¢4
/0 pr A,az(e—az)( ) A,H(G—az)( )
and

v
— 0 —Aapd —Arapv Ay d )
G, (1)dt 1- 1920 4 10V (] = eM1%2
'/5 pr() o 2)( e e ( e )

a —4,06 | ,—A0v 1,08
_—= (11— t 1 1 - t .
A,O(G—az)( e 4 (1= )
And hence,
1 8 v
== G, (1) dt G, (1) dt
HG,, V</0 or (1) +/5 or (1) >
1 0 -2 PR
= - 5+—( 132V (] — Mt %2
v< L@ —ay \° (1-e ))
_ ) <e—a,ev(l_ea,95)) )
7,000 — ay)

The mean values for the state variables G,
analogously to G,,,.

wp> I and IL6 are calculated

Appendix D. Simulations for the approximation error analysis

To quantify the numerical error resulting from model reduction, we
varied six system parameters and three initial conditions, as summarized
in Table D.1.

Each parameter configuration is denoted by ©;, where i=
1,...,19683. Both systems are simulated for f.,4 = 1824 days (corre-
sponding to 5 years) and the solutions are compared every 2 days, i.e.,
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atz,,

Table D.1

Parameters (top) and initial conditions
(bottom) that are varied for the numeri-
cal evaluation of the approximation error,
resulting in 3° = 19 683 simulations.

Parameter  Values

v 2,4,6

5 30/1440,45/1440,60/1440
& 20,40,60

[} 0.18,0.28,0.38

Ts, 90,210,330

[} 50,90,130

B, 800,1000,1200

I, 5,10,15

G, 70,90,110

:=2m, where m = 1, ...,912. To quantify the approximation error,

two measures are used. The maximal deviation between the two models
over the entire time horizon under consideration,

basal . _
EPsal =

max = {Y3(t Y1, 0)) = V3t 1, 0| € R7,
m=1,..912

and the point-wise error after 5 years,

E”

= (yz(lendv Y1, G)i) - y}(zendv 19 @z)) € R7'
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