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Nonlinearity-driven topology via spontaneous symmetry breaking
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Topology and nonlinearity are deeply connected. However, whether topological effects can arise solely from
the structure of nonlinear interaction terms, and the nature of the resulting topological phases, remain to large
extent open questions. Here we consider a chain of parametrically driven quantum resonators coupled only via
weak nearest-neighbor cross-Kerr interaction, without any quadratic tunneling term. We show that, when the
drive overcomes a critical threshold value, the system undergoes a transition from the atomic limit of decoupled
oscillators to a symmetry-broken topological phase. The topology is determined by the interplay of local and
nearest-neighbor Kerr nonlinearities, yielding a nontrivial bulk-boundary correspondence. In the topological
phase, we derive analytical approximations for the low-energy spectrum, identifying the conditions to observe

topological edge modes.

DOI: 10.1103/q2br-g63y

In classical and quantum many-body systems, phase tran-
sitions between states with different symmetries are described
by local order parameters. The scaling properties of these
parameters near the transition allow for the identification of
universal features and the classification of critical behavior
[1]. Unlike symmetry-breaking phases, topological phases are
defined not by local order parameters but by global topo-
logical invariants [2-4]. In the absence of nonlinearities,
topological band theory provides a unifying framework for
characterizing topological phases in quantum materials [5]
and photonic systems [6] enabling the description of topolog-
ical phenomena such as quantized transport [7,8] and gapless
edge states [9,10].

Going beyond quadratic Hamiltonians, nonlinear interac-
tions can profoundly influence topological systems [11]. For
example, interactions can modify or destroy existing topolog-
ical effects [12—14], perturb boundary modes [15-17], or give
rise to topologically ordered phases [18-23]. These phenom-
ena demonstrate the deep connection between topology and
nonlinearity. However, whether topological effects can arise
solely from the structure of nonlinear interaction terms, and
the nature of the resulting topological phases, remain to large
extent open questions. Aside from its fundamental relevance,
answering these questions is crucial to properly characterize
topological effects and discover novel topological materials.

Quantum resonators are ideal systems for exploring
both topological properties [24] and nonlinear quantum
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phenomena [25,26]. In these systems, driven-dissipative
quantum phase transitions are striking manifestations of non-
linearity as experimentally demonstrated in Refs. [27-31]
following the prediction of Refs. [32-36]. Specifically, when
the quadratic part of the effective resonator potential becomes
unstable, quantum resonators display a finite-component
quantum phase transition [37-39]. Nonlinearities, even van-
ishingly small, are then essential in establishing a stable phase
[40]. Upon crossing the critical point, the system transitions
from a low-excitation phase, to a symmetry-broken highly
populated state.

Parametric quantum resonators are a class of systems
where such instabilities occur and typically originate from
two-photon generation processes. They can be realized in a
variety of settings [35] ranging from nanomechanical systems
[35,41] to optical oscillators [42-45] and superconducting
circuits [31]. Their applications range from the encoding of
Schrodinger cat qubits [46—48], to quantum sensing [49-52]
and large-scale simulations [53]. In all these frameworks,
systems of multiple parametric quantum resonators have been
shown to enable novel interesting functions including dissi-
pative bath engineering [54], hyperspin encoding [55], and
collective quantum sensing [56] as well as the simulation of
nonequilibrium quantum phases [57]. Several models have
been proposed in recent years to investigate topological prop-
erties in arrays of bosonic resonators. These models extend
standard topological tight-binding Hamiltonians by adding
parametric processes [58,59], counter-rotating terms [60],
local nonlinear interactions [61-64], and the breaking of time-
reversal symmetry through external fields [65,66].

In this work, we adopt an alternative approach and inves-
tigate a setting in which effective topological bands emerge
from spontaneous symmetry breaking (SSB) across a finite
component quantum phase transition in each resonator of the
lattice. We consider a chain of parametric quantum resonators
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FIG. 1. Model. Sketch of the parametric quantum resonator
chain with staggered cross-Kerr interactions [see Eqs. (1) and (2)].

featuring weak nonlinearities, local Kerr and staggered cross-
Kerr terms, without any direct quadratic coupling between
the resonators. We focus on the properties of the system
above threshold, where the quadratic potential is unstable.
We show that nonlinear interaction terms can induce a tran-
sition from the atomic limit of decoupled oscillators to a
nontrivial fopological phase. We analyze the nature of the
emerging Bogoliubov bosonic oscillations around equilibrium
solutions. The system features different equilibrium phases
including a density-wave phase characterized by localized
excitations, and a homogeneous phase with dispersive Bogoli-
ubov modes described by a Hamiltonian whose bulk structure
is reminiscent of the Su-Schrieffer-Heeger (SSH) model [67].
Interestingly, this Hamiltonian displays parametric tunnel-
ing terms and is not homogeneous along the chain, yielding
nontrivial topological properties and bulk-boundary corre-
spondence.

This paper is organized as follows. In Sec. I, we define the
Hamiltonian for the chain of nonlinear resonators illustrated
in Fig. 1 and discuss the relevant parameter space. In Sec. II,
we analyze the single-cell phase diagram to characterize the
phase transition, the fundamental mechanism underlying the
emergent topological properties of the lattice. In Sec. III,
we derive analytical solutions for the bulk ground states and
demonstrate the onset of a nontrivial Zak phase within the
symmetry-broken regime. The properties of the localized edge
modes are examined in Sec. IV. Finally, concluding remarks
and the broader implications of this work are presented in
Sec. V.

I. MODEL

We consider a chain of 2N Kerr resonators with frequency
o and parametric driving A, as sketched in Fig. 1. We as-
sume that nearest-neighbor resonators are coupled only via
cross-Kerr interaction terms. Introducing bosonic creation and
annihilation operators, the system Hamiltonian can thus be
written as the sum of two terms as H = H; + Hc where H,
describes a chain of decoupled parametric Kerr resonators
(h=1)

. A
HL = Z |:w CrnCIn + E(C;nc}rn + H'C') +eL C;nc;"clncmil’

1<n<N
I1€{A. B}
(D
while H¢ accounts for cross-Kerr nonlinearities,
N
_ i il T il
Hc = E [€1 CpnCAnCp, CBn 1 €2 CAn+1CAn+1CBnCBl1]7 (2)

n=1

where we note that the local Kerr intensity €, is homogeneous
while the cross-Kerr nonlinearity has a staggered struc-
ture. Starting from the Hamiltonian H we can define three

adimensional parameters, respectively indicated as g, u, and
3, that govern the physics of the model. The parameter g sets
the distance from the instability for each resonator and it reads
as

g=""" 3)
2€r
with A > w. The parameters p and § define the structure of
the nonlinearity and they are given by
_ete _e—-a

=—— and §= .
# 2€r € + €

“

II. SINGLE CELL

To understand how the topological symmetry-broken phase
emerges, it is useful to start by setting the intercell cross Kerr
to zero €; = 0 and considering a single resonator pair. The
ground state |G) can be obtained by exact numerical simula-
tions. We plot in Fig. 2 the squared modulus of the Husimi
function Q(«, B) = («, B|G) for different values of the ratios
AJw and p, with «, B € C identifying the coherent states of
the two resonators.

For A <« w the ground state is essentially the vacuum and
O(a, B) is a Gaussian centered in « = 8 = 0 as shown in
Fig. 2(a). As XA increases, the ground state becomes more
and more squeezed. However, as long as A < w, the func-
tion Q(«, B) remains localized around « = 8 = 0. When A
overcomes the threshold w, the vacuum state becomes un-
stable and three distinct regimes emerge, as illustrated in
Figs. 2(b)-2(d).

When cross-Kerr interaction dominates over the local one,
i.e., for u > 1, Q(a, B) has of four maxima located at {+ig, 0}
and {0, £ig}, as shown in Fig. 2(d). In this case, it is energet-
ically favorable to frustrate cross-Kerr interaction by creating
an inhomogeneous semiclassical ground state, consistent with
the findings of Ref. [68]. In this regime, each lobe of the
Husimi function represents a single-mode squeezed state,
and the corresponding quadratic Hamiltonian does not couple
modes in the two resonators.

When the local Kerr interaction dominates, for i < 1, both
resonators are equally excited and the maxima of Q(«, )
shift to {4ig, +ig}, where g = g/(u + 1), as depicted in
Fig. 2(b). In this regime, each lobe of the Husimi function
represents a two-mode squeezed state, indicating an effective
coupling between the two resonators in the quadratic Hamil-
tonian. Eventually, for © = 1, the maxima of the Husimi
function lie on a circle of radius g as shown in Fig. 2(c).
Figure 2 therefore illustrates how, for €, = 0, the structure of
the ground state, the squeezing properties, and consequently
the nature of the Bogoliubov excitations change across the
three regimes.

III. FULL CHAIN

A similar symmetry-breaking transition is observed in the
extended system, when the intercell cross-Kerr terms are
present €; # 0. In this case, the homogeneous and inhomo-
geneous regimes are reminiscent of the homogeneous and
density wave phases found in the extended Bose-Hubbard
model in the limit of vanishingly small tunneling [69,70].
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FIG. 2. Single-cell Husimi function. (a)-(d) Ground state Husimi
function of a pair of resonators. Parameter values: (a) A = 0 and
€1 = ¢r; (b)~(d) L = 2w and, €; = ¢; (b), €; = 2¢; (), and €; = 3¢,
(d). In all panels we set €, = 0.02 w. Numerical results obtained
with 50 Fock states per resonator, Husimi function normalized to its
maximum. (e) Normalized interlobe weight (red) and KL divergence
with a Gaussian ensemble (blue). The SSB regime is highlighted in
green.

To investigate the emergence of the topological phase, we
focus on the homogeneous regime u < 1 that features an
effective quadratic coupling between the resonators above
threshold, as it will be clear in the following. To derive an-
alytical solutions, we will take the limit in which all Kerr
and cross-Kerr nonlinearities are small, and the low-energy
spectrum is well described by a Gaussian approximation [40].
Fluctuations beyond this approximation arise from two main
sources: the overlap between different lobes of the Husimi
function and non-Gaussian features within each lobe. The
validity of the Gaussian approach can therefore be assessed
by estimating two quantities defined for a pair neighbor-
ing resonators. The first is the normalized interlobe weight
maxg |Q(0, B)I>/ max ) |Q(e, B)|?, describing the overlap

between adjacent lobes, and the second is the Kullback-
Leibler divergence between the Husimi function and the
corresponding Gaussian ensemble, serving as Gaussianity
test. The results, shown in Fig. 2(e) for different values of
the ratio A/w, demonstrate that the Gaussian description is
accurate sufficiently far from the instability.

Within the Gaussian framework, we start by determining
the semiclassical equilibrium points which identify the posi-
tions of the maxima of the Husimi function. We thus introduce
the displaced operators

— and CBn = dBn - IBn (5)

in the Hamiltonian H and we choose the complex numbers
o, and B, so that all terms linear in d4, and dp, vanish and
the resulting quadratic Hamiltonian is positive definite. By
doing so one can show that ¢, and B, are purely imaginary
and satisfy the following equations:

2> + (1= 8) [Bal* + 1 (1 +8) o IP = 287, (6)

CAan = dAn

218217 + (1= 8) laa* + e (1 4 8) i1 |* = 28%. (7)

The above equations are invariant under ¢, - —«, and g, —
— B, yielding 22V degenerate semiclassical ground states. This
degeneracy stems from the boson-parity preserving nature of
the Hamiltonian H.

When the system is sufficiently far from the transition,
g > 1, the Husimi function of the chain consists of 22V dis-
connected lobes, analogous to the two-resonator case shown
in Fig. 2(b). In this regime, we can describe the dynamics of
Gaussian fluctuations around single semiclassical solutions by
a quadratic Hamiltonian of the form

A
H, = Z { Z [szmd}nd,n + T’(d,nd,,, + H_c.)i|

n 1

+ [Jln(d;”dBn - dAndBn) + JZn(d);nJrldBn - dAnJrldBn)
fHecl } (8)

where the tunneling terms Jj, and Jp, are given by Jj, =
€1lon Byl and Jo, = €2|a,+1Bu], while the renormalized fre-
quencies and driving amplitudes read as 4, = A + 2¢z|a,|?
and Ay, = A — 2¢|a, % Analogous relations hold for g,
and Ag, with «, replaced by B,. The particular choice of the
symmetry-broken semiclassical ground state, e.g., satisfying
Im[ee,] = Im[B,] > 0, only affects the phase of the tunneling
term and the squeezing direction and it can be reabsorbed in a
redefinition of the dj, operators. What is more important, the
amplitudes «,, and B,, solving Egs. (6) and (7), are larger near
the edge sites and decay to a constant in the bulk, as shown in
Fig. 3(a).

This implies that the Hamiltonian H, has an inhomoge-
neous structure along the chain which alters its symmetries.
In particular, even at small u, H, does not preserve the
chiral symmetry but retains the inversion symmetry de-
fined by a, = byy1—n, by — an+1—n- These unconventional
symmetry properties play a crucial role in the topological
classification of the system and allow to interpret the boundary
behavior of H, within the framework of fragile topological

155415-3



COPPO, LE BOITE, FELICETTI, AND BROSCO

PHYSICAL REVIEW B 113, 155415 (2026)

So@ e =1l g
1'0, .‘-O-a.-IoloIololoIoIoIoIoloIoIoIol.I.Io..-..
0.8f = ‘
0.6f
1 5 10 15 20 25
n

FIG. 3. Full-chain semiclassical ground state and spectrum.
(a) The semiclassical solutions |«,| and |8,| for u = 0.9, § = 0.5,
and N = 25 cells. (b) Bulk band structure as a function of § for
u = 0.1. (c) Spectrum as a function of § for © = 0.1 and N = 25.
Each line identifies an energy level. Dashed green lines indicate
quasidegenerate levels emerging near the upper band.

insulators [15,71,72]. In this setting, topology manifests via
a spectral flow across the energy gap, as illustrated by the
dashed green lines in Fig. 3(c), when § is tuned from negative
to positive values. Boundary modes in the middle of the gap
are instead absent. The amplitude of the gap and the overall
structure of spectrum of the Hamiltonian H, depend on both
the parameter i and § which, controlling the structure of the
interaction terms, determine the correlation length of the semi-
classical solution as shown in the Appendix A. In particular,
for small u, one can define a wide bulk region where H, is
homogeneous and can be diagonalized by switching to k space
and performing a Bogoliubov transformation. By doing so,
in Appendix A, up to constant terms, in the bulk we obtain
Hy=3%,, &/ C;kan where C;k and Cy with n € {+, —} are
creation and annthilation operators of Bogoliubov excitations,

and the energies Ski can be cast as

1 14682 1-282
5,§=wH\/m<1iu\/ T+ cosk>, 9)

with oy = 2 /A(A — w). The spectrum of Bogoliubov excita-
tions has a gap A ~ p|§| that vanishes for €, = €}, as shown
in Fig. 3(b). The topological properties of the two bands for
6 # 0 can be then characterized via the Zak phase

0 [T dk f
W= [ 5 GICkACHIG) (10)
Z T
where |G) denotes the ground state of H,. In Appendix A we
obtain ¢ziak =+1 for§ > 0 and ¢§ak = 0 for § < 0, reminis-
cent of the SSH model. However, differently from the SSH
model, a nonvanishing ¢z, does not correspond to the emer-
gence of protected modes at the boundaries due to the absence
of chiral symmetry. Instead, as discussed above, the system
exhibits a spectral flow [72]. This manifests in the appearance
of two additional levels aligned with the lower edge of the
upper band for €, > €;. These levels are degenerate due to
inversion symmetry but are not protected by the gap, and their
wave functions extend over the entire lattice.

The emergence of these levels can be understood focusing
on the limit § = 1. In this case, the Hamiltonian H describes
a chain composed of N — 1 resonator pairs, forming the bulk,
and two isolated sites at the edges. In the bulk pairs, SSB leads
to the appearance of a bosonic “Higgs-like” mode, whose
energy wy does not depend on the strength of the nonlinear
interactions, according to Eq. (9), and of a “Goldstone-like”
mode with energy wy+/(1 — w@)/(1 4+ ), vanishing in the
limit © = 1. The edge sites instead have a single mode
with energy wpy. Consequently, at § = 1, the edge mode and
the Higgs-like bulk modes are degenerate. In this scenario
any finite value of €; couples all degenerate modes caus-
ing the spreading of the edge modes across the whole chain
(see Appendix B).

We refer to the bulk modes as “Higgs” and “Goldstone”
since, for © = 1, they arise from the breaking of the continu-
ous O(2) symmetry, as displayed in Fig. 2(d), and reminiscent
of the SSB in the sigma model yielding a massive “Higgs”
boson, with mass independent of the quartic term (at tree
level), and a massless Goldstone boson [73,74].

As we noted above, at u = 1 the ground state of the sys-
tem changes from a density wave to a homogeneous phase.
Interestingly, this point also marks a transition in the nature of
the Gaussian modes which are nondispersive and nontopolog-
ical in the density-wave phase. We note in particular that for
@ > 1, ahomogeneous ground state would lead to an unstable
lower band as one can understand by looking at Eq. (9),
analogous to what happens in the dimer. The topology of the
Gaussian Hamiltonian (8) is thus not a trivial consequence
of the staggered structure of the nonlinear interaction terms
but arises from a delicate interplay of correlation and spon-
taneous symmetry breaking. The peculiar mechanism leading
to the inhomogeneous structure of the Gaussian Hamiltonian,
stemming from the nonlocal nature of the nonlinearities and
responsible for the emergence of fragile topology, may extend
beyond the weakly interacting regime. For instance, boundary
effects become particularly pronounced in strongly correlated
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FIG. 4. Restoring the bulk-boundary correspondence. (a) Spec-
trum as a function of § for u = 0.1, N = 25, and §, = 0.02 A. The
dashed green and red lines indicate topological and impurity-induced
boundary modes, respectively. (b) Dependence on § of the correla-
tion length £ in the two cases. Solid lines are analytical fits given,
for topological modes, by the SSH-like behavior, and, for impurity
induced, by perturbation theory.

systems, where screening is typically more efficient in the
bulk (see, e.g., [75,76]) and correlations are naturally nonlo-
cal, supporting the view that the phenomenology discussed
here could, under suitable conditions, persist in strongly inter-
acting regimes.

IV. EDGE MODES

The fragile nature of the topological phase of system ulti-
mately stems from the degeneracy of the edge and Higgs-like
bulk modes, which, in turn, arises from the nonhomogeneous
structure of Hj, it should be possible to restore it by introduc-
ing a small nonuniform correction to the quadratic part of the
Hamiltonian H, thereby making A, more homogeneous. This
can be achieved by reducing the driving on the left and right
boundary sites by adding the following term to H:

8Hy, = —8; (c},ch, + chyepy +He), (11)

with §; < A. The correction § H; modifies the structure of the
semiclassical ground state, leading to the emergence of two
isolated modes in the spectrum of the quadratic Hamiltonian,
as shown in Appendix B and in Fig. 4(a) for §, = 0.02 A.
These modes appear both around § = 1 and —1. In the topo-
logical phase (§ > 0), the two modes remain isolated from the
rest of the spectrum. In contrast, in the topologically trivial
phase (§ < 0), they stay isolated only as long as €; < §,. This
highlights the different effect of the correction §H, in the
two phases. To understand this point it is useful to consider
the behavior of the semiclassical ground state of H close to

6 =—1 and 1. In the first case, it is homogeneous and a
finite &, introduces an impurity, giving rise to nontopological
localized modes. On the other hand, as explained above, at
8 = 1 the ground state is inhomogeneous, therefore introduc-
ing 6H, reduces the inhomogeneity and favors the emergence
of the topological modes. The different origins of the local-
ization in the two phases describes a nontrivial bulk-boundary
correspondence which is captured by the behavior of the
localization length &, as shown in Fig. 4(b). In the topolog-
ical phase, £ follows an SSH-like behavior £~ o log (€, /€),
whereas in the trivial phase, standard perturbation theory
yields a correlation length which diverges when § reaches a
threshold value (see Appendix B).

V. CONCLUSION

In this work, we considered a nonlinear many-body
bosonic chain where parametric driving induces a quantum
phase transition. In the symmetry-broken phase, the presence
of staggered cross-Kerr terms gives rise to an emergent frag-
ile topological phase characterized by a spectral flow. These
results demonstrate that topological effects may arise not only
from standard quadratic tunnelings but also from nonlinear
interaction terms. The conceptual relevance of the results
thus goes far beyond the simple model studied here, and
extends to more complex topological structures characterized
by different symmetries, dimensions, and interaction regimes.
Among the most interesting extensions, the dissipative case is
essential for the realistic modeling of physical systems. Ex-
periments carried in various platforms already demonstrated
the SSB transition for dissipative resonators [27-31] and for
Rabi systems [77,78]. In these cases, the steady state of the
open system and the ground state of the underlying closed
system [37—40] have remarkable similarities. Accordingly, we
expect that the mechanism for nonlinearity induced topology
discussed in this work will not be hindered by dissipation. The
mechanism studied here could then give rise to a rich variety
of nonlinear driven-dissipative topological phenomena.
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APPENDIX A: PERIODIC CHAIN

In this appendix, we provide details regarding the results
for the chain under periodic boundary conditions (PBC) and
show that, for small values of w, these results also hold for
open boundary conditions (OBC) in a wide bulk region where
the semiclassical solution remains homogeneous.
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1. Semiclassical ground state

Let us consider the chain of 2N nearest-neighbor Kerr res-
onators described by Eqgs. (1) and (2). For A > w and u < 1,
the amplitudes «,, B, identifying the semiclassical ground
states are purely imaginary and satisfy Eqgs. (6) and (7). It is
useful to define the parameter T > 0 via

2
sinh? (i) _ -t (Al)

2t 1—-682"°
and rewrite the equations as
(lotns1l” + la1* = 2 o) = |l + 8 = 0
(A2)

4sinh* (1)

forn=2,...,N,and
1-6 1+
2 __ _ 2
1B* =& M[ 5 ol + —

forn=1,...,N.In general, Eq. (A2) is solved by

8 2
g1 (A3)

laa)? =& +cre™ +cret, (A4)

with the constants ¢y, ¢; fixed by OBC, i.e., ay4; =0 and
Bo = 0. The parameter 7 thus takes the meaning of a corre-
lation length which describes the semiclassical ground-state
inhomogeneity along the chain. Using Egs. (6) and (7), the
condition By = O can be rewritten as

(3o (5 o

2

1—
-1l (AS)
Substituting into Eq. (A4) and considering also Eq. (A3), we

find
4 N+1- —n
leta|* = gz[l_e sinh <—+ n) +1-e (5 )],
T

1Bul? = lotns1-nl?, (A6)

with R = peV/*[(1 — 8) e!/* + (1 + 8)]. Figure 5 shows that
the correlation length t can be used to determine the extension
of a “bulk region,” where the ground state stays essentially
homogeneous, i.e., |o,|> ~ |B,]|* ~ &. Note that the length T
depends on p and § as shown in Fig. 6. When p approaches
1, T exponentially increases and the size of the bulk region is
reduced. On the other hand, if © <« 1, t tends to zero and all
the chain, except the first and last sites, can be considered as
the bulk.

Note that, as one would expect, the mentioned homoge-
neous bulk solution can be obtained by neglecting boundary
effects and imposing PBC

N1 = O,

oy = Qo, (A7)

which, substituting into Eq. (A4), yields to ¢; = ¢; = 0 such
that
|l = 1Ba)* = - (A8)

The second line of Eq. (A7) is equivalent to By = By via
Eq. (A3).

1.4

1.2

s lanl/g = |B.l/7

[LQ*menenencncncncncncncncncncncncncacncncncncncnens®
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u=01

. bulk .

FIG. 5. The OBC semiclassical ground states for a chain of
N = 25 cells with § = 0.5 and different values of . The magenta
lines indicates the bulk regions, 107 <n <N+1—-107.

2. Quadratic Hamiltonian

According to Eq. (8), in the case of PBC and for pu < 1,
the quadratic Hamiltonian describing Gaussian fluctuations
around a single semiclassical ground state can be cast as

m-Y| ¥

A
[Q df dp, + = (indlyn + H.c.)]
n=1 | Ie{A,B}

+ [Jl (dATndBn - dAndBn) + JZ(dX’n_HdBn - dA,n+ldBn)

+ H.c.]} (A9)

y
0.0 —10

FIG. 6. The correlation length t as a function of 1 and § (loga-
rithm scale).
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with
A—w A—w
Q=A4+——-, A=L——0o
1+u 1+ u
A — 1-6 A— 1+5§
P Gt e B A G e U LRI
1+ 2 14+ 2

Given the PBC dayy1 = da1, dgy = dpo, and, being all the
parameters in (A9) homogeneous, it is natural to switch to the
k space via the discrete Fourier transform. We thus define the
ladder operators dj; = N-1/2 Zn dp, e ™, with k = 2smw /N
restricted to the first Brillouin zone (FBZ), i.e., s € [-N/2 +
1, N/2] for N even or s € [-(N — 1)/2, (N —1)/2] for N
odd, so that Eq. (A9) reads as

+ A
H, = Z Z [lekdlk + E(dlkdl,—k + H.c.)]
keFBZ | I€(A.B)

Uk (dfydp — djydy ) +Help (ALl
with
p- 1—-8 1468 _
j =Pz 0 k), (A12)
1+pun 2 2

Introducing the normal mode operators C,; and C;k defined,
forn € {+, —}, as

Cp = % (ZnAk +n % Z?]Bk)v (A13)
and the operators
Zyi = cosh (v]) dy + sinh (v]) d] _,. (Al4)
with
tanh (2v7) = A=nld (A15)
QA+ 0kl
the Hamiltonian (All) 1is diagonalized as H, =

Zk’ﬂ 5,17 C;kan, up to constant terms. The energy spectrum
is therefore described by the two bands Ski defined by
Eq. (9). Each Ski identifies a one-particle doubly degenerate
excited level due to the k — —k symmetry. Notice the levels
k = 0, m have no degeneracy. The total number of levels is
then reduced from 2N to N + 2 for N even, orto N + 1 for N
odd.

From Eq. (9) one can easily show that the Gaussian Hamil-
tonian is positive definite, indeed Ski > ( for V k € FBZ and
i < 1. This indicates that the semiclassical solution (A8) is
stable in the regime u < 1.

3. Topological invariant: Zak phase

For one-dimensional systems a widely employed topologi-
cal invariant is the Zak phase defined by

n [T dk ¥
O =i | — (GICxAC)IG). (A16)
—

The definition of the operators Z,;; given in (A14) has only
real coefficients, therefore we can use (A13) and relate the
Zak phase with the argument of J; = [Jele % ie.,

n (" n dw
—/ dk 36y = — ¢ — =n1Ind;, (0), (A17)

¢'7 —
2k om ), 2ri Ji, w

where Ind;, (0) is the winding number around the origin of
the curve Ji : (—m, m] — C and represents the total number
of times that the curve travels counterclockwise around that
point. Using Eq. (A12), we thus obtain

§>0—¢,, =n#0,

5<0— ¢l =0. (A18)

This implies that in the SSB regime A > w for u < 1, the
chain enters a topological nontrivial phase when §>0 (e;>¢€).
At the topological phase transition the band gap vanishes
according to Eq. (9).

APPENDIX B: OPEN CHAIN

Here we provide calculations for the chain with OBC and
investigate the emergence of edge states.

1. Quadratic Hamiltonian

For OBC, it is useful to rewrite the quadratic Hamiltonian (8)
as

H2 - Z [Xln,l’n’ d;ndl’n’

In,I'n'

1
+ 5 Wi didl, + Y d,ndm], (B1)

with the matrix elements Xj,, ;,» and Yy, ;v related to the semi-
classical ground state given in Eq. (A6). In this way H, can be
diagonalized via a Bogoliubov transformation introducing the
4N x 4N matrix

X Y

and numerically calculating its spectrum L i, = &,i,, with
i, = (U1, ’IZI}‘IU)v Zln( |ulnvl2 - |"Z1nv|2) = 1.

The positive eigenvalues &, identify the energy levels of
H,, that can be therefore expressed as H, = ) E,CIC, + &,
withC, = Y, (upmdi, — ’ii,wd;n) and &, a constant term. The
emerging energy spectrum is plotted in Fig. 3(c) and the
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eigenstates i, solve the following equations:

Qan ttan + Aap tian + Jin(upy — Upn) + Jon(Upn—1 — Upn—1) = € Uan,

QBn ug, + ABn ’ﬁBn + Jln(uAn - ”:[An) + J2n(MAn+1 - ’IZAn-&-l) =& Upn,

Qan tian + Aap tian — Jin(tpn — Upy) — Jon(Upp—1 — Upn—1) = —E Uan,
QBn ’IZBn + ABn Upn — Jln(uAn - ’I:[An) - J2n(uAn+1 - ’IZAn—H) - _E ”ZBn’ (B3)

where we removed the index v for the sake of a lighter nota-
tion and we used the site-dependent parameters €2;,,, Aj,, and
Ji, defined below Eq. (8). In the case of PBC the parameters
reduce to Egs. (A10). In the bulk region Eq. (B3) can be
unraveled to obtain

1
Upps1 + Ugn—1 + 2 cosh <§>MAn =0, (B4)
~ E—A
Upn = Upn
An = o

with

1 1— %2 1 1 &2
cosh?(—)=—2X y==_—(=+1)%. B
2f 1—82 " " w}
Analogous equations hold for ug,, up,. Equation (B4) is
solved by

tpn = (—1)" (wy &% 4+ w, &%), (B6)

where the constants w; and w; can be fixed imposing Eq. (B3)
right outside the bulk region. The solution (B6) describes
either localized or extended modes depending on whether &
being real or imaginary. According to Eq. (BS), it can be
shown that

EeR — &_ <E<&, (B7)

namely, an eigenstate is localized if and only if the related
energy lies inside the band gap. In this case the localization
length is given by Eq. (BS). As shown by Fig. 3(c), the OBC
energy spectrum does not feature isolated levels inside the
band gap. Therefore, even when 6 > 0, the system does not
possess localized edge modes.

2. Death and revival of edge states via an effective model

The disappearance of edges states in the topological phase
can be understood by considering the spectrum at 6 = 1. In
this case, the chain is composed of N — 1 resonator pairs,
forming the bulk, and of two isolated sites at the edges.
Each bulk pair contains two modes, the Higgs-like mode
with energy wy and the Goldstone-like mode with energy

(1 — p)/(1 + ). The edge sites have instead a single
mode with energy wy so that, at § = 1, the edge modes and
the Higgs-like bulk modes are degenerate. In this scenario any
finite value of €1 (8 < 1) couples all degenerate modes causing
the spreading of the edge modes across the whole chain. To
illustrate this point we consider the following model:

N+1 N

H" = oy Y tfa+1> @ an+agly (B8)

=1 =1

[
with
{;1, {n+1 — edge creation operators,

{i=>....y — bulk creation operators.

Writing Eq. (B8) in the form (B1), the matrix Y vanishes
and X is a Toepliz tridiagonal matrix which can be exactly
diagonalized so that H{™ = Y E,y,y,, with

E + 21 cos | (B9)
v =, S s
" N+2

7 Nl .
W =‘/N—+2 IZZ]SIH (m)(l,

for v=1,...,N+ 1. All y, modes are thus delocalized
across the chain. This behavior is ultimately rooted in the
degeneracy of all the modes for ¢ = 0.

A drastic change happens when introducing a small correc-
tion 4,,, to the edge energies via

(B10)

SHE™ = =8, (¢ €1 + ¢4y tve)- (B11)

In this case, using second-order perturbation theory for
t < dy),, the energy of the edge modes becomes

12 3
— — 4+ o).
3 o(t”)

WH

(B12)

Ee = wH — 8a)H

Solving the eigenvalues equation for HS™ + SHST, it is easy to
show that, being E, < wy, the corresponding mode is expo-
nentially localized.

3. Lowering the driving at the boundaries

The energy wy of the edge modes at § = 1 depends on the
driving intensity A. It can be thus reduced by appropriately
decreasing the driving at the chain boundaries by an amount
8,.. This reduction is achieved by introducing a correction § H,,
to the Hamiltonian as in Eq. (11). In this way, for A > w, we
obtain a nonvanishing §,, leading to the emergence of two
isolated modes in the spectrum of the quadratic Hamiltonian,
as shown in Fig. 4(a). These two modes appear both in the
topological and in the trivial phase, around 6 = 1 and —1,
and lie in the band gap. They are thus localized according to
Eq. (BS). However, in the two phases, the localization arises
from different mechanisms.

(i) Topological phase. When § = 1 (¢; = 0), the semiclas-
sical ground state is inhomogeneous for §; = 0. In particular
the length (A1) tends to zero and the inhomogeneity is con-
fined to the first and last sites, i.e., |o| = By =g > &=
|tz = |Buzn| as in Fig. 7. According to Eq. (8) of the
main text, the energy of edge and bulk modes can be obtained
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1.06—
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i 5 | l‘() 15 2‘() 25

n

FIG. 7. The OBC semiclassical ground states for N = 25,5 = 1,
and §; = 0 (black) or 6, = 0.02 A (green).

diagonalizing the following Hamiltonians:

_ A,
Hi.' =Q.d'd+ ~ (dd + d'd" (B13)
with
Q. = A+ 2¢.8%,
Ao =1 —2e8,

for the edge sites d € {da, dpy}, and

_ . A
Hy' = (ddn + djdy) + 5 (dads + dpdy + Hee.)

+ Jy (didg — dudp + H.c.) (B14)
with
Q=1+ 26Lg2 s
A=x—2¢3,
h=6g,
for the bulk pairs (dg, da) € {(dBn, dan+1)}n=1....N—1. Intro-

ducing normal modes through Bogoliubov transformations,
each bulk pair contains a mode with energy wy identical to
that of the edge modes. The specific inhomogeneous structure
of the semiclassical solution in the bulk and in the edges,
quantified by the ratio g/g, leads to degenerate bulk and edges
modes in the Gaussian Hamiltonian. When the driving at
the boundaries is decreased, the inhomogeneity is reduced
(see Fig. 7) via

lay| = [Bn| = ,/1 i
o = = — ,
1 N 8 Y

and, as in Fig. 4(a), the energy of the edge modes becomes

é 1)
00D = o \/(1 - f) (1 . jw) <wq. (B16)

In this scenario, introducing a small finite value of €; does
not couple edge and bulk modes. The former are thus topo-
logically protected modes, localized according to Eq. (BY).
As long as §; is not too small, the localization length stays
well defined in the entire topological phase § > 0, and exhibits
an “SSH behavior” &1 ~ log(}—ig) [see Figs. 4(b) and 8§].
More precisely, following Eq. (BS), this behavior emerges
when x ~ 0 < £ ~ (1 4+ )~'/?, meaning that the edge state
energy lies in the center of the band gap. Notice that, in the
SSH model, § represents the imbalance between intercell and
intracell quadratic tunnelings, whereas, in our case, it corre-
sponds to the imbalance of nonlinear cross-Kerr interactions.

Let us highlight that §; cannot be nevertheless too large, as
this would cause the edge energy at § = 1 to fall outside the

(B15)

..
oo
.o

0.002 0.004 0.006 0.008 0.010
By

FIG. 8. The value §top below which the localization length of the
two modes appearing in the band gap exceeds half the chain length
N/2 (u =0.1 and N = 25). Considering Eq. (B6), if § > Srop, the
modes can be considered localized.

band gap, crossing the upper edge of the lower band. Notice
that so far we considered the case u <« 1. As u increases,
the bulk region shrinks (see Fig. 5) and restoring the edge
states requires a reduction of the driving intensities on all sites
affected by the inhomogeneity.

(ii) Trivial phase. When § = —1 (e; = 0), the semiclas-
sical ground state, for &, = 0, is homogeneous, i.e., |«,| =
|B:] = g as in Fig. 9. The entire chain, consisting of N decou-
pled pairs, can thus be considered bulk. According to Eq. (8),
the energy of all the pairs can be obtained diagonalizing the
following Hamiltonian:

_ . A
Hégl; V=@ (dyda + d;dB) + 5 (dady + dpdp +H.c.)

+J (didg — dydp + H.c.) (B17)
with
Q=r+2¢7,
A =x—2¢73%,

Ji=e g,

and (dp, d4) € {(dpn, dan)}n=1....n. The normal modes of all
the pairs are thus degenerate and any small finite value of €,
couples nearest-neighbor pairs spreading all the modes across
the whole chain according to Eq. (B9). In this case, decreasing
the driving at the boundaries introduces an impurity in the
first and last pairs, making the semiclassical ground states
inhomogeneous (see Fig. 9). The semiclassical solution on the

1.005
1 o;bla.o.o.o.olol-lol-lol -’;I-
0.995-1 6, =0 *lowl/g  ® 1Bal/7 5
0995  =002% «lal/g = BT
0‘9857 e ]
1 5 10 15 20 25

n

FIG. 9. The OBC semiclassical ground states for N = 25,
§=— 1, and §, = 0 (black) or §; = 0.02 A (red).
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boundary sites can be cast as

— — 0 &
lar| = 1Byl = 8/1 — G55

- — 5 127
1Bal = lav—1l = &8\/1 + g=50=

(B18)

yielding two spurious boundary modes with energy

2—w § 8\2
6=—D) _ ® %y (i> > < oy, (B19)

] =% 2
Dspur wH( 40—y x G

which, as in Fig. 4(a), lie in band gap. Therefore, also in this
scenario, introducing a small finite interaction €, between the
pairs does not couple boundary and bulk modes. The former
are thus localized according to Eq. (B5). Anyway the local-
ization is here induced by the impurity, and it is not related to
topology. This different nature is captured by the behavior of

0.0
-0.2
-0.4

pur

< _0.6
~0.8

-1.0
0.00

0.01

0.02 0.03 0.04

5:/A

FIG. 10. The threshold value &, above which the energy of the
boundary spurious modes violates Eq. (B7) causing their spreading
across the chain. The solid line is the analytical estimation given by
Eq. (B21).

the localization length [see Fig. 4(b)], which can be estimated
via Egs. (B5) and (B12):

g1 ~ 2arcosh

(B20)

spur

where we assumed @ = 0 (A > w) for the sake of a lighter
notation.

In Fig. 4(b), the dots are obtained via numerical exponen-
tial fits of the Hamiltonian eigenstates and the dashed lines
combining Eq. (B5) with numerical eigenvalues. The solid
lines are analytical estimations given by the “SSH behavior”
in the topological phase, or by perturbation theory in the trivial
phase, as in Eq. (B20).

The length (B20) becomes imaginary when the energy of
the spurious modes crosses the lower edge of the upper band.
This happens if J, 2 3, when the interaction becomes high

) 2\2172
\/1—p%[1—<1+u>(1—§—;—ﬁ(%?))]

1 — 82 ’

enough to overcome the impurity. Therefore, when 6 > Sgpur
with

1 Sx
Sspur ~ —14+2( —+1 )=, (B21)

% A
as shown in Fig. 10, spurious modes lose their localization and
spread across the chain. Unlike the edge modes appearing in
the topological phase, these boundary modes are thus not lo-
calized throughout the entire trivial phase, but instead exhibit
a threshold & ¢, beyond which localization is lost.
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