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Abstract

On a compact interval, we introduce and study a whole family of wavelets depending
on a free parameter that can be suitably modulated to improve performance. Such
wavelets arise from de la Vallée Poussin (VP) interpolation at Chebyshev nodes, gen-
eralizing previous work by Capobianco and Themistoclakis, who considered a special
parameter setting. In our construction, both scaling and wavelet functions are inter-
polating polynomials at some Chebyshev zeros of 1st kind. Contrarily to the classical
approach, they are not generated by dilations and translations of a single mother func-
tion and are naturally defined on the interval [—1, 1] to which any other compact
interval can be reduced. In the paper, we provide a non-standard multiresolution anal-
ysis with fast (DCT-based) decomposition and reconstruction algorithms. Moreover,
we state several theoretical results, particularly on convergence, laying the foundation
for future applications.

Keywords Polynomial wavelets - de la Vallée Poussin interpolation -
Fast decomposition and reconstruction algorithms

1 Introduction

Nowadays myriads of wavelet functions are known within a well established theory that
classically involves dilations and translations of a single (scaling or wavelet) mother
function on the whole real axis, as discussed in [I, I]. In adapting such a theory to a
compact interval, various techniques are typically used (periodization, zero-padding
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etc.) that, bringing us back to the real axis, may cause problems at the boundaries of
the interval, as noted in [I].

To avoid such problems, several polynomial scaling and wavelet functions have
been constructed without relying on a mother function for dilation and translation,
but taking particular combinations of orthogonal polynomials that naturally fit on the
interval of interest (see, e.g., [I, I, I, ., ]). According to [I], by appropriately
increasing the degree of the considered basis polynomials, they give rise to a non-
standard multi-resolution analysis based on the theory of orthogonal polynomials and
known results in approximation theory.

In this paper we focus on particular polynomial wavelets introduced in [I] and based
on the de la Vallée Poussin type interpolation (shortly VP interpolation) at Chebyshev
zeros of the first kind. This interpolation method was originally proposed [.], and
has been further explored in [.,p., ., .]. Motivated by its recent applications in
image processing ], in the numerical quadrature of the Hilbert transform [,

.], and in the numerical solution of integro-differential equations [I ., .], in this
.

paper we want to present a generalization of the wavelets introduced in

As shown in [lMll], the main peculiarity of VP interpolation is that it depends, in
addition to the number of nodes 7, also on a free integer parameter 0 < m < n that,
appropriately chosen, can improve the pointwise approximation using the same n data
points.

In [l] this freedom is lost by setting m = n/2 and consequently assuming »n even.
The main novelty we introduce is to maintain the arbitrariness of m and therefore of
n.

In order to provide the reader with all the necessary tools for future applications, the
theoretical results obtained in [I] are generalized and/or improved here, and new ones
are also added. Finally, by generalizing the decomposition/reconstruction formulas
presented in [I], we get efficient, DCT based algorithms.

The outline of the paper is the following. SectionMcollects all the notation and pre-
liminary results we use, Sectionllis about the scaling functions and VP interpolation,
Section Mregards wavelets and their properties, Section llprovides the decomposition
and reconstruction algorithms, Section ll contains the proofs, and finally, Section ll
deals with conclusions.

2 Notation and preliminary results

For any n € N, we denote the set of first kind Chebyshev zeros of order n as follows

2k — D
0§ ———,

X,,:{x,’f:c o k=1,...,n}, n € N.

One can easily check that X,, C X3, holds Vn € N. Hence, setting

Y2n=X3,,—X,,={y,’j,k:l,...,Zn}, neN,
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we have the following decomposition
X3, =X, UYy, and X,NYy, =0, Vn e N. )

In the paper, we consider functions that can be sampled in the previous node sets. As
functional norms, we consider

Sup|x|§1 |f(x)|, ifp = 00,
1y =1 , ,
(/ |f(x)|pIU(x)dx) ,if 1 < p < o0,
-1

where, throughout the paper, w denotes the Chebyshev weight of the first kind

w(x) = x| < 1.

1
V1=x2
Moreover, we denote by C° = C[—1, 1] the space of all continuous functions in

[—1,1]and we set L, = Li)[—1, 11 ={f : | fll, < oo}. In the case p = 2 thisis a
Hilbert space equipped with the scalar product

1
</f.g >L5,=/1 Fgx)wx)dx.

Therefore, in the paper we say that the functions f, g are orthogonal iff < f, g > 2=
0.

Besides the previous continuous norms, for any n € N, we also consider the discrete
norms

Y
- = lal?) 1= p <o, . .
llanller = n = Ya, = (a1, ...,a,) € R".

max |ak|7 p =00,
1<k=<n

In the sequel, we denote by P, the set of all algebraic polynomials of degree at most
n=20,1,2,...,and by

Ei(f)p = jnf If =Pl 1=p=oo, n=01.

the error of best (uniform or L%)) approximation of f in IP,.
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In the special case of the uniform norm, we recall that the Weierstrass approximation
theorem ensures that

lim Ey(floo =0,  VfeC’ )

v[iith a convergence order depending on the smoothness degree of f, as discussed in
1.

In particular, we consider the class Lip, of Holder continuous functions on [—1, 1]
with exponent « €]0, 1], the class C® of all functions that are s—times continuously
differentiable in [—1, 1], and the class C*% of functions f € C® with f&) € Lip,.
According to ﬂ], for these smoothness classes we recall that, as n — oo, we have

Om™9) if felLipy,, O<a<l,
Ey(f)eo = Om™) if fecCs, s €N, 3)
On=—"7%) if feC™, seN, 0O<ac=<l.

Throughout the paper, we denote by p,, the orthonormal Chebyshev polynomial of the
first kind and degree n, namely

J1/m iftn =0,
Pn(x) = cos(n arccos x) x| <1, n=0,1,... 4)
! V2J7 iftn > 0,

and by K, the Darboux kernel
n
Ky(x,y) =Y ps@)ps(), x,yel-11, n=01,..,
s=0

which is the reproducing kernel in P, satisfying

1
/ K DGOy = f(, Vxel-L1L YfePn )

A crucial role in the paper is played by the following de la Vallée Poussin (shortly VP)
mean of the Darboux kernels

n+m—1
v y) =5 > Kex,y), nmeN, m<n, xyel-11], (6

r=n—m

and the related symmetric polynomial kernel

@;"(x,y)zgv;"(x,y), n,meN, m<n, x,ye[-1,1]. @)
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According to [., .], we recall that the VP kernel v}’ can also be interpreted as a
filtered Darboux kernel of order n + m — 1 since we have

n+m—1
vl Yy = > pr()pr(), ®)
r=0
where
1 if 0<r<n-—m,
lu‘n,r:: wlf n_m<r<n+m, (9)
2m ]
0 otherwise.

Moreover, setting r = arccos(x) and T = arccos(y), we have the following compact
trigonometric form, as shown in [., p-282]

vt (x,y) =

1 sin[m(t — t)]sin[n(t — 1)] n sin[m(t + )] sin[n(t + 1)]
dm '

sin?[(r — 1)/2] sin?[(t + 7)/2]
(10)

By using this trigonometric form, we easily deduce

1 T . .
1 | sin[nt] sin[mt]|
V(x, y|w(y)dy < / dt, x| <1,
/_1| n Ny = — s |x|

and applying the following estimate shown in [. p-100]

1 T | sin[nt] sin[mt]| 4 n+m-—1
dt = —log| ——— o),
4m /_n sin2[1/2] o208 = — | TOd)

we obtain that

n+m—

1} + O(), Vx| <1, (11)
2m

: 4
/Jﬂmwmwwzﬁm%

holds for all pairs of integers 0 < m < n.
The VP kernel v} defines the VP operator

1
o, f(x) =/ v o fMwdy,  Ixl <1, (12)
-1
that satisfies the following invariance property

o'f=f VfePinm, (13)

@ Springer



Numerical Algorithms

as easily follows from (@)—@.
In the sequel, we consider the Lebesgue constants of the VP operator, defined as
the following operator norms

cp= sup o fllp, 1=p=oo. (14)
Hf”pzl

Note that such constants generally depend on n and m, and the notation ¢, (n, m)
is also used to underline this dependence when different degrees are involved (see
Section .

In the limit cases p = 1 and p = oo, by (l), we have

! 4 n+m—1

€1 = Coo = maX/ vy (e, MIw(y)dy = — log [—] +0), (15)
lxl=1'J_1 T 2m

while the interpolation theorem in weighted L? spaces (cf. [., Corollary 2.2], see

also [.]) yields

cp < const. - Co, 1 <p<oo. (16)

3 Scaling functions and VP interpolation

Contrary to the standard definition, we do not take a unique function to dilate and
translate for generating the scaling functions, but for arbitrarily fixed n, m € N with
n > m, we set the following n polynomials

L (x) = PN (xf, x):zv,’l”(x,’f, X), k=1,...,n, xe[-1,1]. (17)
’ n

as scaling functions of order n and parameter m.

We recall that these polynomials have already been introduced in the literature as
Jfundamental VP polynomials, and have been studied in several papers (see [. .]
and the references therein).

Similarly to fundamental Lagrange polynomials interpolating at X,,, they are lin-
early independent and, according to [i Eq. (2.10)], they satisfy the interpolation

property

‘I’Zik(xz)ﬂh’k:{(l)zzi hok=1,...,n, O<m<n. (18)

Besides k, they depend on the integers 0 < m < n where n indicates the resolution
degree, i.e., the number of the interpolation nodes in X,, and m is a free parameter
that can be arbitrarily chosen in {1, 2, ..., n — 1} without destroying the interpolation
property (Hl.

In Fig. M we see how this additional parameter can soften the typical oscillating
behavior of the fundamental Lagrange polynomial. Moreover, by Fig.ll, we see each
scaling function QDZ” « is welllocalized around the Chebyshev node x;’ where it assumes
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Fundamental Lagrange pol n =27 and k = 14 12 Scaling function forn =27, k=14,and m= 5

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5

Scaling function for n =27, k=14, and m = 21

1

1.2

5 Scaling function forn =27, k=14, and m = 13

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5

1

Fig.1 The oscillating behavior of the fundamental Lagrange polynomial compared to the fundamental VP

polynomials with several m

its maximum value (=1). Finally, Fig. Bl shows how such localization increases as n

increases.

Other properties of the scaling functions are summarized in the following theorem,

where we point out that (e) improves a recent estimate stated in [. Thm. 6.1].

Theorem 3.1 Forall n,m € N with n > m, we have the following

1
(a) f x‘Y®ﬁk(x)w(x)dx=%(xf)‘Y, s=0,1,....n—m, k=1,...,n
-1

n
(b) x* :Z(x,’(’)SQDka(x), s=0,1,....n—m, xe[-1,1]
k=1

() 1< P lloo<2  k=1....n
) = <o gh <271 Te, 1<p<oco,  k=1...n

= nkllp = 5 oo = ) )

n

—1
(e) Y | ()] < [1 +on ”*L] oo < (L +4m)coe, x| < L.
’ n
k=1
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Scaling functionforn=9, §= 0.7, and k=8 14 Scaling functionforn=9, 6= 0.7, and k=6
——scaling function . ——scaling function
1.2r value at the Chebyshev nodes x |1 12r value at the Chebyshev nodes x | |

021 0.2
-1 —0‘.5 0 0.‘5 1 -1 —0‘.5 0 0.‘5 1
14 Scaling fur?ction forn = 9, 0= 0.7‘, andk=4 14 Scaling fuqction forn = 9, 0= 0.7‘, and k=2
——scaling function —scaling function
1.2r value at the Chebyshev nodes x |1 1.2r value at the Chebyshev nodes x |1
11
0.8r
061
0.4
0.2
Op————————5— =~
-0.2r b -0.2r
-1 -0‘.5 0 O.‘5 1 -1 -0‘.5 0 0.‘5 1

Fig.2 The scaling functions for different values of k and fixed m = [6n|

(f) Forany a, = (ai,...,a,) € R", 1 < p < o0, and%—i—#:lwehave

R n+m—171 _
lnllew = | iy x| < ex [1 +2m T} Il (19)
gl < | Sy aly| < e +am) addo. (20)

The scaling functions of a given order n € N and parameter m < n generate the
following approximation space

v :span{gb,'{fk, k=1,...,n}, dim V)" = n. (21)

By the previous properties, this space is nested between classical polynomial spaces
as follows
Pu—m SV CPuym—1, Vn,meN, m<n. (22)

Moreover, the scaling functions in (il constitute an interpolating Riesz basis of Vit
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Scaling function of level j =1 for 6 = 0.7 1o Scaling function of level j =2 for 0 = 0.7

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Scaling function of level j = 3 for 6 = 0.7 Scaling function of level j = 4 for 6 = 0.7

0.8

061

04r

0.2

0 — —

02f ] 021

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig.3 Scaling functions for different values of n = 3/ with fixed m = 1On]

It is also known that an orthogonal basis of V) is given by the following polyno-
mials, as proved in [I, Thm. 2.2]

1 pr(x) if 0<r=<n-m,
x) := " " ) (23)
lin,rpr(x) - Mn,2n_rp2n—r(x) if n—m<r<n.
Setting
1 1 1 if 0<r<n-—m,
U;”’r =< CDZZ', s q):';r >L%,: m2 + (n _ r)2 (24)
B if n—m<r <n,
m
we have
WlJ— m m
<®,, . Oy >p2= 8r.s "V ps r,s =0,..,n—1.

Moreover, according to [I, Eq. (2.15)], the change of bases is given by the following
formula

-
Py (x) = Zpr(xk T, k=1,...n (25)
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Due to (ll, any function f, sampled at X,,, can be projected onto the approximation
space V' by taking the polynomial

VIifx) = Zf(x,’:)(ﬁ,’l'fk(x), n>meN, xel[-1,1], (26)

k=1

that interpolates f at X, i.e.
Vit f(xp) = fxg), h=1,...,n, n>meN. 27)
Also, note that we trivially have
fevi—f=V"'f (28)

and in particular
VI'P=P, VYPeP, ,. (29)

Moreover, by (ll, the polynomial (ll can be expanded in terms of the orthogonal
functions (il as follows

n—1

J_ n
Vi f(x) = ch,r®ﬁr x), cnr= |:% Z f(x,z’)pr(x,z’)i| . VYn>meN.
r=0 k=1

(30)
In the literature, this polynomial is already known as the VP polynomial interpolatin

and its approximation properties have been studied in several papers (see, e.g., [Il,

] and the references therein).

Here, we recall that it offers several advantages over the classical Lagrange polyno-
mial interpolating f at the same nodes, especially in the case of functions a.e. smooth
with isolated singularities. In such a case, as discussed in [.], one can take advan-
tage of the presence of the free parameter m < n that can be suitably modulated to
attenuate the Gibbs phenomenon and improve the point-wise approximation keeping
the number of nodes fixed.

As regards the uniform approximation, from (Il and Thm. Il we easily deduce
the following estimate of the theoretical error

Entm—1(Foc = If = V" flloo < CEp—m(f)oo. 3D

where C := 1 + (1 4+ 47)coo-
Moreover, if we are using corrupted data, say

fof = fah+e,  k=1,...,n,

then, by Thm lll we get
1 . = -
E||6n||zp <V f =V flp <Cléaller, 1< p <o, (32)
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where C := (1 +4m)c,, % + # =1l,and€, = (ef, ..., €)).
In the previous estimates, we observe that, contrary to n which is determined by
the number of nodes, the parameter m can be freely chosen in {1, ...,n — 1}. But,

as n — oo, the asymptotic estimates ()@l imply a logarithmic growth of the
constant C in (ll) —(@l, unless we take m growing at the same order. Indeed, we have

1<2200) = ¢, =0(), 1<p<oo, Va,meN. (33)
m

In the literature, a common choice is to take m = |6n] with 6 €]0, 1[ arbitrarily fixed.
In such a case, in (ll) —@. C is an absolute constant (only depending on 6) and we
also have that (n = m) behaves as n. Hence, by (ll) and @), we get

lim [f =V flle=0. V¥feC’ Vo€, 1l (34)
m = |0n]

where the convergence order is comparable with the convergence rate of E,(f)oc-
In particular, recalling (@, for arbitrarily large n € N and m = |0n] with fixed
6 €]0, 1[, we have

n~* if f € Lipy, 0<ac<l,
lf =V flleo<Cin*® if feC’, seN, (35)
nSTYif f e C, seN, O0<a=<l,

where C > 0 is a constant independent of n, m but depending on 6 €]0, 1[ and f.

Finally, we recall that by using the samples of f at X, we can simultaneously
approximate also the derivatives of f in [—1, 1] by means of the derivatives of the VP
polynomial V" f given by

VrHO@ =3 reh (@) @, k<1

k=1

For brevity, we omit the details about the computation of the derivatives of the scaling
function basis, referring the interested reader to [.]. Here, we only recall the error
estimate proved in [., Thm. 5.3].

Theorem 3.2 Let n,m € N be arbitrarily large but such that n/m € [a, b] holds,
where b > a > 1 are independent of n and m. If f € C* for some s € N then we
have

1FO — (V" HO o < r=0,1,...,s, (36)

= s
n2s—r

where C > 0 is independent of n, m.
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4 Wavelet functions and detail spaces

The starting point for the construction of our wavelets is given by the following inclu-
sion
Vi cVy, VYn>meN, (37)

which easily follows from (il and P,,,,—1 C P3y—p.
By taking into account (ll, for all integers n, m € N with n > m we define the
detail or wavelet space V)" as the orthogonal complement of V" in V5, , namely

Vi, =V @W," and V'1W", Vn >m e N. (38)

Wavelet functions are generally defined as localized basis functions that generate the
detail spaces. Since dim V) = n implies that dim W, = 2n, we expect 2n wavelets
for any resolution degree n € N and any integer parameter 0 < m < n.

Recalling @ and (ll, it comes natural to define the interpolating wavelet functions
of order n and parameter m as those basis functions of W', say

Wyt = span{yy, k=1,...,2n}, (39)

satisfying the following interpolation property on the nodes set Y2, = X3, — X,
Ve OR) = Sn ks h,k=1,...,2n, 0<m<n. (40)
We note that (Il and (il uniquely determine the interpolating wavelets 1/;)2’? - Lheir

explicit form is given below in terms of the polynomial kernel introduced in @.

Theorem 4.1 Foralln, m € Nwithn > m, the interpolating wavelets defined by (D
and (W have the following analytic form

n
Y () = Q5 G x) = Y e e G x),  k=1,....2n.  (4])
h=1

We point out that similarly to the scaling functions, the wavelets are also not generated
from translations and dilations of a mother wavelet. The notation wr’l'f « underlines their
dependence on the resolution level n, on the free parameter m, and on the node y;
around which they are maximally located.
In Fig. B we see each interpolating wavelet function ngf « 1s well localized around
the Chebyshev node y;'. Figurellshows how this localization increases as n increases.
Below, we give other properties of the previous interpolating wavelets.

Theorem 4.2 Let n,m € N be arbitrarily fixed withn > m. Forallk = 1, ...,2n,
the first n — m moments of the interpolating wavelets )", are zero, i.e.

1
/ CYwx)dx =0 s=0,1,....n—m, k=1,...,2n (42)
-1
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5 Wavelet function for j =2, #=0.7,and k=15 5 Wavelet function for j =2, 6=0.7,and k = 11
——wavelet function ——wavelet function
15} values at the nodes y, |1 15t values at the nodes yy |1

05
0 ——o—o64
-05r
-1t
15 : : : 15 : : :
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Wavelet function for j=2, #=0.7,and k=9 5 Wavelet function forj=2, 6=0.7,and k=3
——wavelet function ——wavelet function
15¢ values at the nodes y 1 15t values at the nodes yp 1

05 o5t
0 b

05 05
1 A

e 05 0 05 1 e 05 0 05 1

Fig.4 The interpolating wavelet functions for different values of k and fixed m = [0n]

Moreover; they form a Riesz basis of the details space W) satisfying the following
inequalities for any vector by, = (by, ..., ba,) € R2

2n
Cillbanller < | Y _baryi|| < Cum) |boller.  1<p<o0,  (43)
k=1 P

where C(n,m) = Co(1 + log2 =), and Cy, C2 > 0 are absolute constants independent
ofn,m, l;z,,.

In the case that n, m € N satisfy (l], by @l we get that
m m P T
IV, klloo ~ 1 and [l Nl ~ o l<p<oo, (44)

hold for any k = 1, ..., 2n, where the notation @ ~ b means that there exist two
absolute constants Cy, C, > 0 (independent of n, m, k) such that C1a < b < Cja.

We conclude the section with the following theorem that states the analog of (ll)—
(. providing an orthogonal basis of the detail space W!" with the related change of
basis formula.
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Wavelet function of level j =1 Wavelet function of level j =2

T 05 0 05 1 T 05 0 05 1

15 ngelet functign of level j‘= 3 15 Wayelet functipn of level i‘= 4
1t 1r
057 05¢
051 05 j
-1 . - : -1 - ' '
-1 -0.5 0 0.5 1 -1 0.5 0 0.5 1

Fig.5 Wavelet functions for different values of n = 3/

Theorem 4.3 Forall n, m € N with m < n, the polynomials

Mt P2n—r (X) + 147 5, Pr (X)), n<r<n+m,
lﬂmJ_(x)= pr(x), n+m<r<3n-—m,
n,
S (X)) = 15, . pr(X) — 145, 6, Pon—r(x), 3n —m < r < 3n,
(45)
constitute an orthogonal basis of W' satisfying
1L 1L
<Vnyr Vns 2=V,  rs=n,..3n-1
where
m?+ (n —r)?
——, n<r<n-+m,
N n 2m?
U;’fr=<1/;,’1’fr ¢;’fr >p= 1, r=n or n+m=<r<3n-—m,
m? 4+ (3n —r)?
——F 5 3m—m<r<3n
2m
(46)
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In such a basis, the interpolating wavelets generating W' can be expanded as follows

3n—1

1
Y @) =" pra Wy, (). k=1.....2n, (47)
r=n
where
Pn(y,?), r=n,

x| 2rO%) + prza—r (), n<r=<3n-—m, r#2n,
Pr.k = ?

" PGP + V2P, r=2n,

Pr(y;?) + //L;Zr_znpr—Zn(y]?) - M;f,4,,_,174n—r(yg), 3n—m<r <3n.
(48)

5 Decomposition and reconstruction algorithms

Due to (ll. for arbitrarily fixed n, m € N with m < n, any function f3, € Vj! can
be uniquely decomposed as

f3n = fn + 8, with fn € V,T and 8on € W,T (49)

On the other hand, using the scaling and wavelet bases introduced in the previous
sections, the functions in (ll) are uniquely determined by their respective scaling and
wavelet coefficients.

In the following subsections, we provide the decomposition and reconstruction
formulas that lead to a fast computation of these coefficients.

We begin with the case where the orthogonal bases (l) and (@l are fixed in V"
and W) resp. Then we focus on the more involved case where interpolating scaling
and wavelet bases are used.

In the former case, as expected, the formulas will be based on quasi orthogonal
matrices. In the latter case, the formulas stated in [I Section 4] will be generalized to
our setting. Even if they do not involve orthogonal matrices, fast algorithms will be
obtained also in this case.

5.1 The orthogonal case

With respect to the orthogonal bases (l) and (il any function f,, € V" and any
82n € WI are uniquely determined by the coefficient vectors

-1 1 1 7L 1 1
a, =(a0,...,a”71) GR" and bzn Z(b'l,...,b3n71),

@ Springer



Numerical Algorithms

defined by
ol 1 1 1
Fu0) =D @ on () =G - By, = (@, .. om )T
k=0
3n—1 L L I
g2n(x) = Z bkllﬁ,?fk (x) = bé_n ) I/Irf_’ wr% = (W;ern LR wirﬁ%—l)T'

k=n

The next theorem provides the decomposition and reconstruction formulas relating
the vector (sz-, bj-n) to the vector Zz%n defining f3, = f, + gon W.r.t. the orthogonal
basis of V5, . The matrices in such formulas are based on the following elements

L L
Skj=<®pp, P >, k=0,...,n—1, j=0,....3n—1,
wej=<ype P4 >, k=n,...3n—1,  j=0,....3n-1L
By () and (@l we easily get
Sk.j» 0<k=<n-—m, 0<j<3n—m,
Skj = Mn a8k =ty oy i Sjom—tsn—m<k<n+m, 0=j<3n—m,
0, O0<k<n-1, 3n—m < j < 3n,
(50)
and
ik I 5B on—ks n Sk <n+m, 0<j<3n—m
wk,j:
Ok, js n+m<k<3n, 0<j<3n.
(51)

Theorem 5.1 Under the previous setting, the decomposition and reconstruction for-

mulas are . B
@k, by) =ax,M™'  and ay, = @k, by,)M, (52)

where the matrix M € R3*3" and its inverse M~ have the following entries at the
row (k + 1) and the column (j + 1), fork, j =0,...,3n — 1,

Sj.k

. if 0<j<n,
1 sk,j if 0<k<n, | Vi, j f 0=j
Mk’j:v : ' and M~ j = w
g | wej iff n<k<3mn, Jk if n<j<3n
Un, j

(53)

. L 1 .. . .
with v, ; = ||<I>Z1j ||% and v, ; = ||1/f,’,nj II% explicitly given in (D and (D,
respectively.
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5.2 The interpolating case

Now let us consider the interpolating scaling and wavelet bases functions, i.e.
Vi =span{®), : k=1,...,n} and W' =span{y,’; : k=1,...,2n}.

In such bases any function f,, € V)" and any g2, € W," can be expanded as follows

Fo@) = ank @), ank = fulxp), (54)
k=1
2n

8 (¥) =) bux¥ (), bux = g0, (55)
k=1

and they are uniquely determined by the scaling and wavelet coefficient vectors:
dn = ( )ER", by = by2n) € R
ap Ap,1y -+ n.n s 2n n,1s -+« 0n2n .

As regards f3, = f, + gon, of course, () holds with n replaced by 3n. However,
using the decomposition (ll), we decompose the scaling vector @3, € R, determining
fan, into the vectors

iy, =(a},...,a) eR" and a5 =(a],...,d,) e R™,
defined by
n 2n
fn () =) a @5 (px) + Y al O, (0F . x). (56)
k=1 k=1
We remark that
x,’f:x%’,t’_l, k=1,...,n, (57)
implies that
r ny __ 3n _ _
ay = fin(xy) = fnlxzp_) = aznse—1, k=1,...,n, (58)

so that the 2nd, 5th, ...,(3n — 1)—th entry of az,, form the vector 53/,1 , while the remaining
entries of a3, form the vector a).

The following theorem generalizes a previous result in [I] and provides the decom-
position and reconstruction formulas to compute the vectors @, and by, from as,
decomposed as in (). and vice versa.

Theorem 5.2 For all pairs of positive integers m < n, the basis coefficients defined
by DA, for f3, = f, + gon, are related as follows:
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. ) 1 .
Reconstruction formulas With ®}' = defined in (), we have
efFork=1,...,n

2n —1
b4 1
@ =ank = — > bas Y prEOPT G, (59)
efFork=1,...,2n
aj =bnx+ = Zan . Zcb SO0 P, (60)

Decomposition formulas With v)', defined in (M), we have
efork=1,...,n

r r r @ Ky
ank—3l Z Zp(xk)P(x) z;uzp(xk) (y) (6

s=1 r=0 r=0 nr

efork=1,...,2n

n n—1 2n —1

d>Z’, OO prxg) <I>’" )d> (y§‘)
bk =af -3 | > a, AP DL IR
s=1 r=0 s=1 r=0

(62)

Following the derivation described in [l], if we change the order of the summations
in the previous formulas (ll)-@ then both the decomposition and reconstruction
algorithms can be described in the following 4 steps where, for brevity, we omit the
notation of the parameters n, m that do not vary and set

PR ) Le— e ,m o— m
ak=dnk,  be=bpk, xji=xj,  yji=y;, o ovei=vl, qri=9,

DECOMPOSITION ALGORITHM:

n
Step l.Computearzzga;pr(xs), r=0,....,n—1.
n
=1
S2n T
Step 2. Compute B, = Z 3—a;’q,(ys), r=0,....,n—1.
n
=1
= o+ B
Step 3. Compute a; = Z ;pr(xk), k=1,...,n.
r=0 vr
n—1 o +'3
Step 4. Compute by = aj — Y ———q,(yi), k=1,...,2n.
r=0 vr
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RECONSTRUCTION ALGORITHM:

n
Step l.Computearzzzasp,(xs), r=0,....,n—1.
n

s=1

2n
Step 2. Compute g, = Z zbsq,(ys), r=0,...,n—1.
n
s=1

n—1

Step 3. Compute a; = ax — Zﬂrp,(xk), k=1,..n.
r=0
n—1

Step 4. Compute a = b + Y _argr(yi),  k=1,....2n.
r=0

Because p, is the Chebyshev polynomial of degree r and also g, = @} rJ_ is defined in
@ by means of Chebyshev polynomials, using the trigonometric form of the Cheby-
shev polynomials @, all the steps of the previous decomposition and reconstruction
algorithm can be computed efficiently, i.e., using O(n logn) flops.

Indeed, if we use the Matlab definition for the several kinds of DCT (discrete cosine
transformation) then, in both the algorithms, Step 1 can be computed as a DCT of type
2 and length n while Step 2 as a DCT of type 2 and length 3n, Step 3 can be based on
the DCT of type 3 and length n, and, finally, Step 4 can be computed using a DCT of
type 3 and length 3n.

Finally, we point out that given the sampling at the Chebyshev nodes of order
N = no3’™* with ng € N, the previous decomposition and reconstruction formulas
can be iterated Jmax times. Moreover, taking into account that the nodes do not
depend on m, at each decomposition step we can also choose a different m, but we
have to remember the choice we make since in reconstruction we have to use the same
m. In particular, once the value of 6 is fixed, 6 €]0, 1[, at each resolution level n we
can choose m = |0n].

In Fig. B we illustrate an example of three decomposition steps for the function
f(x) = sin(6x) + sign(sin(x + exp(2x))) by taking m = |0.7n] at each level n.
Starting from n = 64 - 33 = 1728, we first project f onto V" by computing the
VP interpolant fi728 := V," f from the sampling of f at X,. Hence we iteratively
decompose f1728 as follows

f1728 = f576 + 81152
= fio2 + g384 + g1152
= fo4 + 8128 + 8384 + g1152-

Note that we kept & = 0.7 constant over the different levels but we could have chosen
a different value for 6 at each different level.
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Original function

VP interpolant for n = 1728

2 2
151 151
1t 17
2 . . . 2 .
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Approximation after 3 decomposition steps ’ Details at decomposition step 1
05
0 [
-05r
3 . . . q . . .
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
15 Details at decomposition step 2 15 Details at decomposition step 3
1t 1
05 051

| | 0 u

-0.5¢F -0.5
-1 - : ' -1 . . -

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Fig. 6 VP interpolation and wavelet decomposition for the function f(x) = sin(6x) + sign(sin(x +
exp(2x)))

6 Proofs
Proof of Theoremilll

e The identity (a) trivially follows from (ll) and (ED—@D.
e To prove (b), first we use (ll and then apply the Gaussian rule

1 n
T
flP(y)w(y)dy = E P(x}), VP Py,
- k=1
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to the polynomial
P(y)=y vm(x V) € Pyqnpm—1 € Poy1,

for all x € [—1, 1], getting

n n

1
X = / Y w()dy = %Z(x,?)fvz’(x,?,w =D (@) ().

k=1 k=1

e To prove (c), we note that 1 = @), (x{)| < [|®}"; [loc. On the other hand, by (@l
we get the following trigonometric form of the scaling functions

O () = 1 |:s1n[m(t —t)]sin[n(t — )] n sin[m(r + )] sin[n(r + 1] )]:|

4mn sin?[(t — 1]') /2] sin?[(t + 1) /2]

(64)
where we set t = arccos x and #;' = arccos(xy).
Hence, (c) follows from @@l by taking into account that

in[NO
'“m Ll wNeN voe© 20

2N sin[0/2]

e Regarding (d), the case p = 1 can be proved as follows by applying (a) with s = 0,
and (B

1
%:/_ k(x)w(x)dx </ |<I>nk(x)|w(x)dx = —/ [vy! (xg, x)|w(x)dx < EcOO

For 1 < p < oo, the statement can be deduced from the (already proved) case
p = 1. More precisely, settmg + — = 1, by the Holder’s inequality we have

% 1 % s
% S/ [} () w(x)dx < (/ |(I>mk(x)|pu)(x)dx) (/ 1 w(x)dx) =19 llp 77",

that proves the left-hand side inequality. Moreover, recalling (c), we get

1
@5 —/1 |®7 (o) [Pw(x)dx 52"_1/ |7 ()l w(x)dx < 277! ;Coo,

which concludes the proof of (d).
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e In order to prove (e), we recall that for all algebraic polynomials Q the following
Marcinkiewicz—type inequality holds (see, e.g. [lll, Lemma 6.2])

1
1 »
[ §j|Q<x )|P] <1+2ndegn(Q))[/ |Q(x>|f’w(x)dx] . l=p<cc.
-

(65)

By (ll and (ll we get (e) as follows

n n 1

T n+m-—1
E |®) ()] = o E loy' (g, x)] < [1 + 27 T] /1 vy (v, x)|w(y)dy
k=1 k=1 -

—1
[Hzn L}w

n

IA

e Finally, let us prove (f). To this end, we set for brevity
F(x) = Zakcb W), xel-11],

and observe that a; = F(x}) holds for k = 1, ..., n by virtue of (il .
Consequently, by using (¢), we get (ll as follows

ldnlle = max |F(x{)| < max |[F(x)| < max Y |ax®), (x)]
1<k<n |x|<1 |x|<1 = ’

IA

n

n
= N n+m-—1
lainlle (lr;fllg ) :|<1>:;ik(x)|) < lan e [1 i 271—] oo
k=l

Moreover, applying (l) with Q = F, we have

1
n »
R T n+m-—1
||an||w=(nZ|F<xz>|f’) s(1+2nf> IFll, <(+4m) | Fllp.  1<p < oo,
k=1

which proves the first inequality in (ll. To prove the second one, we recall that the
/
dual space of LY is LY where % + % = 1. Consequently, there exists a function

G e Lff)/ such that

1 1 1
||F||p=(/l|F<x)|"w(x>dx) =/1F(x)G(x)w(x)dx, IGl,y = 1.
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Using the definitions of F and o, G, this means that

1Fl, == Zak / VI (el DGO dx = = Zak[a GO,

k 1

Hence, for p = 1, we conclude

n

T - >

£l = m]leIO,f"G(XZ)I <; > Iakl> < lloy' Glissllanller < coolldnller-
k=1

Similarly, for 1 < p < oo, by Hélder’s inequality and (ll), we get

1
n » n rd
T T ’
IFl, < (; > |ak|p> (; > |a,':16(xz)|l’)
k=1 k=1

< lldnller (1 +4m)ll0y" Gl pr < llanller (1 + 47)c)y.

<&
Proof of Theoremll Since ", € V5, by (D we get
3n
Y () =Y (P (x) = Z Y (e @, (", x)
Jj=1 j=1
2n
=D Y O PL (. x) + Zw (D (! ),
h=1
and using (Il we obtain
n
Y () = @5 (7 x) + Y Ui () @ (e ). (66)
h=1
Hence, (Il follows once proved that
Y = =M Oh,  h=1,...n  k=1,...,2n. (67)
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This is a consequence of ", L ®", . Indeed, using @D, @, and (@ we have
O=<(D:lnh w:lnk >L2

< @y 5,005 > 12 +Z‘/fn k(7)< @y, D5, (6. > 12

j=1
T
= 3 | OIPI00 + Z Y (Do [0 1)
L j=1
T B n
= 3 | P00 + 2D, o)
L j=1
T m n m n
=3, (@54 00 + ¥k ()],
that yields (. &
Proof of Theoremlll The identity (lll trivially follows from ", LV and P, C
Z4 '
In order to prove (ll, we note that the polynomial
2n
Fx)=Y by,  xel[-1.1],
k=1

belongs to Vi . Hence, by (ll, it can be written as

3n
F(x)=VI"F(x) = }:FLQHQM] x), xel-1,1],

where, due to (l) and (ll, we have

F(y}’;)zbhv lf 3 _yh,h_l,...,zn,
F(x") = 2n (68)
FOep) ==Y et ), if X" =xfl h=1,....n.
k=1

On the other hand, if we apply (il replacing n with 3n, and use Y»,, C X3,,, then for
any algebraic polynomial Q we get

1
2n P ,
[%Zigw”} 5<1+2 g(Q))U 'Q(X)"’w(x)d"} s
k=1

(69)
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In particular, (ll) implies that

2n

b4 n+m—1 !
Z|<I>nh<yk)| = ;Z|vz1(xz,yz)|s3<1+2n7)/l|v,';1(x’,:,x>|w<x>dx

k=1
(3 + 4”)600(,1’ m)v

IA

and

2n 2n
F = by @), < b o,
POl = ; C@rp )| = ma | k|<kZI| h(yk>|)

IA

(3 + 471 coo (n, m)||bay || g0

hold forany h =1,...,n
Using these estimates and Thm. Il we get

3n
_ 3n
[max [FORI = 1 Flloe = max ZF(x )P, ()

b2 [l e

IA

(1 4 47)coo (30, m)( max |F(x3”)|)
= (1+4n)coo(3n,m)max{1max [F(p)l, mai( |F(xZ)|}

= (1 +4m)cooBn, m) max { [Baullese, (3 + 47)co0 (1, m) [banlle |
< 3+ 47) oo (3n, m)coo (n, m) |2l e

that proves (il for p = co

Now, let us prove (ll) when 1 < p < oo. For brevity, in the sequel we denote by
C a positive constant that can take different values at different occurrences but it is
always independent of n, m, bs,.

The left-hand side inequality in @l can be deduced from @, Y2, C X3, and
the left-hand side inequality in (lll), as follows

S l=

- 2n % T 3n
7 _ ny\(p v 3nyp
||bzn||eﬂ—<2n};|’7(yh)|> <C 3H;IF()€,~ W =ClIF],.

Finally, let us prove the right-hand side inequality in (il for any 1 < p < co.
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Note that the right-hand side inequality in (ll) and @l imply

IF1, Z F(x") oy,

p

IA

3n
T 3
(14 4n) ¢,y (3n, m) ™ E_l |F(x™)1P

T 2n % o %
< Ccp@Bn,m) <§;IF()’;,)|”> +<§}§|F(Xh)lp>

T 2n % T n %
<CepGnom) | (=D 0wl )+ (= D IF (I

h=1 h=1

Hence, to complete the proof we are going to prove that

T n % T 2n %
L ny(p , * p
(n Y IFG)] ) <Cepn,m <2n > bkl )
h=1 k=1
To this aim, first we note that (ll) and @l imply

1

n » n P\ p
i
(;anzw’) = Z Zbkcb G 0
h=1 "=t =
1
1] 2n P P
<C / ZbkCDm(x v w(x)dx
Hi=1
Then, settmg Ly , = 1, and recalling that

1
Vfely, 3gelLy st lgly=1 and |fl, =/1f(X)g(X)w(X)dx,
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by using (ll), Holder’s inequality, (l) and (), we conclude

1
p P

1] 2n
ZbkCDf(x, v w(x)dx
—1 |

1
n ?
(3 3 |F<x;:)|f’) <c
n h=1

[

A

Zka (x, yk )g(x)w(x)dx

bk G,Z"g(y;?)}

1 2n
|bk|p> (% 3 |o,:"g(y;:>|”)
k=1

»

1

P
T
hadl p m
=Cl 5.2 bl ) loell,
k=1
1
T 2n 7
<Cl==) Ibl”) cpn,m).
2n
k=1
<&
Proof of Theoreml By the definition, for any r,s = n,...,3n — 1, we trivially
deduce that
m? + (n — r)2
—_—\ n<r<n—+m,
1 1 2m?
<¢1Tr er’:ns >2=08 1, r=n or n+m<r<3n—m
m? + Bn — r)2
———3n—m<r < 3n.
2m?
. 1
Moreover, for any r = n, ..., 3n — 1, the polynomial w;l’fr belongs to VW) because,

first of all, it can be trivially expanded in terms of the orthogonal polynomials spanning
Vi

() {m@% 0<s<3n—m,
3ns X

Mgln’_ypS(x) - /’Lgnn’ﬁn—sp6l’l—s(x)7 3n—m<s < 3”7
m J_ m m J_ 1 m o3
and hence ¥,". € V3, . Furthermore, v,", " is orthogonal to V" since we have

<¢mL,©mL

nr ns >L%U=0, r=n,...,3n—1, s=0,...,n—1.
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Taking into account that dim W) = 2n, the previous arguments prove the first part of

1 . .
the statement, namely {1//,’[; , r =mn,...,3n — 1} is an orthogonal basis of WW.
Now, let us prove (-)

Forany k =n, ..., 3n— 1, taking into account that y,", € V3, by ., . .
and (D, we have

3n—1

V() = Z ‘Dan () [ Z vy k(x,,">pr<x,§”)}
3n—1
= — Z (1)3n » (X) [ZW k(yh)pr(yh) + Zl{/ (X )pr(x;l'):|

h=1
3n—1

=3, Z (D3n r (1) |:pr(y ZCD h(y )pr(xh):|

3n—1

=3, 2 5 @ [pr ) = Vi pr V)] -
r=0

Hence, by (Il and (i, we obtain

3n—1

Yl == Y d>3n,<x> (o) = V' pr D))
r=n—m-+1
3n—1

= Z q)Sn r () |:[7r(yk) - Z q>n s (y]?)zr,x] s

rnm+l

where, for brevity, we set

n
T
5= ;f;pr(x,’f)ps(xZ), r,s € N.

Taking into account that

Pn(X;rf) =0,

pan(xf) = —v2po(xD),
Po—s (X)) = —ps (), s=1,...,n—1,
Panas (X)) = —ps(x),  s=1,....n—1,
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hold forall h =1, ..., n, we can easily prove

< Ps:Pr>pz = 8s.r if0<r<n,
0 ifr =n,
Er,SZ < Ps, —P2n— r>L%)=_8s,2n—rifn<r<2ns s=0,...,n—1.
< ps, —V2po >z = =28, if r =20,

< Pss —Pr-2n >12 = —8s.r—on if 2n <r < 3n,

(70)

Consequently, by using (ll and making explicit the form of the orthogonal scaling
functions, simple computations yield the following identities

n+m—1 n—1
Sp= <1>3,,, x) [pr(yk)—Z}b (y;,’)zm}

r=n—m+1
n+m—1

= > pw [pr(y,’!)X:dﬂ’r (y;?)Em}

r=n—m+1
n—1 . mJ_ . n+m—1 J_
= Y p@ | OD = QLT ON |+ a@paOD + Y pr@) | pr OB + U5 00
r=n—m+1 r=n+1

n—1 n+m—1

= PO+ D+ Y ]pr<xmz12n, [Pr O + P2a—r )]

r=n—m+1  r=n+1

n+m—1 n+m—1
= pu@pa) Y Pans O [pons G + 2 OO+ Y pr 2, [rOE) + P2nr G)]
s=n+1 r=n+1
n+m—1
= PP+ Y [pr OGP + p2ar OO [ P20—r () + 1 5 2r ()] -
r=n+1
3n—m
= Y c1>3,”(x) [pr(yk)—szm (y,’:)zr,s}
r=n-+m
3n—m
J_ n n
= DY pr® [ PO+ O e OB |+ P2 p2n () + V2po ()]
r=n+m, r#2n
3n—m
= Y p@[pOD + Pl 0D ]+ PP O + V2001
r=n+m, r#2n

3n—1 J_ n—1 J_
Syi= Y o) [pr(yl’)—zdi,”,s (y;’)z,-.s]
r=3n—m+1 s=0
3n—1 mJ— J_
= Z <D3nr (x) pr(-}k)+q)nr 2n(yk)
r=3n—m+1
3n—1
= Y [, pr) = 1 60 Penr )] [Pr OB + 12y Pr2n OF) = 1 4 Pan—r )] -
r=3n—m+1
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In conclusion, taking into account that
" T
Yk () = i (S1+ 82+ 83),

the previous identities imply (HlD—@D. &

Proof of Theoremll First of all note that, due to orthogonality, we have the following
two—scale relations

L

3n—1 m m
1 <@, P, > 1
O ()= g ), =L (7D
j=0 1% 113
k=1,...,n,
1 1
3n—1 m m
L <Yni s @7 L L
Ui (=) R (), < L, (72)
j=0 157 113

k=n,...,3n—1,

that yield the following transformations of the basis vectors

@i =1 el -1 (D'%
L =My, and @y, =M ek (73)
wn wn
where we set
o (x) Y ()
&)n = 1/_f’n =
@5, (x) 2 (%)

Note that non singularity of M and the explicit form of M~ can be easily deduced
by introducing the following diagonal matrices

. 1 . 1 . 1
A =diag(|1®5, ;12);,  Di=diag(1®,'y 2k, D2 =diag(y,y l2)k.

and taking into account that the matrix

Dyl 0
_ -1 _ 1
0=D'MA, D_<0D2),
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is an orthogonal matrix in R37>31 gince its entries are

n,k 3n,j _
< T T >u, k=0,...,n—1,
15 M2 195, ll2
Ok,j =
1 1
r'zr,lk (bgnn]
I T >uw, k=n,....3n—1,
I N2 1195, 12
and trivially satisfy
3n—1
> 0kjOnj=dnk, hk=0,...3n—1
j=0

j=0,...,

3n—1,

In conclusion, by applying @l, we can deduce the decomposition and reconstruction

formulas (Il from

- P =
fn + g = (a#’bé_n) (1/_/, ) ( bi_n)Mq)_?J_n’
n

C'I’)J_
_ 2l Ll n
f3" - a3nq>3n - 3nM ( > ) ’

1
n

by equating the coefficients of the respective basis functions.

<&

Proof of Theoremll The proof can be achieved as in [I]. For completeness, we report

here the main steps adapted to our notation.
We start from the following two—scale relations

P (x) = O (x} x)—I—Z(D LOMPROp ), k=1,...
n
Y () = O, 0F. x) = YO, OO (R, k=1,

h=1

that in matrix form can be written as

wn,  (74)
21, (75)
(76)
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where A, € R"*2" denotes the matrix with entries
Ah,kzcbn,h(yg), h=1,...,n, k=1,...,2n,

I denotes a rectangular identity matrix of suitable dimensions with entries I, x = dp .k,
and we set

@71 () 1 () P53, (¢, %) @5, 0 %)
(Dn = s 1/fn = 5 433,1 = 5 (I)é’n =
CDT,H (x) ::211 (X) q)gnn ()C:: ’ x) q:,gnn (ygn ’ x)

From (Il we deduce

=ras

- n - L

Jn + gan = (an b2n) = (an bay) s
q)//
—3n

n

that compared with

”
—=3n

A
Jut+8m = fan= (aén 5§’n) (d) n) ,

yields the reconstruction formulas ().
Since the decomposition formulas (ll)—@l can be similarly deduced from the
inverse two scale relations

P! )
( /3/">=M—1<qn>, where M =
Q?,n \Iln

we need to investigate the form of M ~!. To this aim, setting

Gn =1+ An AZ,
we can easily check that

n

] G;! ‘ -G, 'A,
M =

(77)

ATG YT — AL G, 1A,
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Looking for a more explicit form of M !, let us observe that, by (l), @, and (@,
we get

3n
b
m _ m 3n m 3n
n,re q)n,s =12 = 5 Zq)n,r(xj )q)n,s(xj )
A

n 2n
= ;T_n [Z O () Dy () + /(Z; " (yi) P! s(y;g)}

k=1
T 2n
= E |:8r,s + ];Ar,kAs,k] 5

which proves that the entries of the matrix G, are the following

T 3n m
(Gn)r,s =+ AnAn )r,s = ; <®

m
nr,QnY>Li, r,s=1,...,n.

Thus, by using (ll, we obtain

3n 1
(Gn)r,s—;<<1>z’,,<1>;"y>u— ( )Zp,(x )pl<x"><q>m LT >,

n—1
T
(Gn)r,s:3|:zzv;z1,z pl(‘x:l)pl(x:l)}v r9s:1""7n' (78)

i=0

Using this identity and taking into account that

n n—1
T T
— D PP ) =brs =3 piGHp]), rs =1,

k=1 i=0
we can easily check that the entries of G,, ! are

n—1

_ 1| 1
(Gnl)r,s=§[;Zv7pi<x;“)pi(xs)] ros=1...n (19
n,i

i=0
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Moreover, by (@l and (), we also get that the other block matrices in (il have the
following entries

n—1

_ T 1 1
(GnlAn)r,.v = % VT Pi(xf)q’ff,,* (y;l)’ r=1,...,n, s=1,...,2n, (80)
i=0 i
n—1
_ bid 1 1
(ATG Y, s = 2T PO T, r=1,....2n, s=1,....n, (81)
20 Vni
T L 1
(A,],-G;IAn)r,: = 37 VT (Dnml (y,")<I>nml (y;‘), r,s = 1, ey 2n. (82)

i=0 i

In conclusion, by (l, the inverse two—scale relations are

(%)_ Gi' | ~Gi'An (cp)
@3, ATGU T — ATG1A, ) \¥n

G;! ‘ -G 'A,

and imply

- 7 =7 =y
(an boy) = (a3n a3n)

ArG I - AL G, tA,
which, by means of (ll)- @, yields the decomposition formulas (). <&

7 Conclusions

Without any mother function to dilate and translate, we present a family of scaling and
wavelet functions on [—1, 1] that are non-orthogonal, interpolating, and very smooth
being polynomials.

Scaling functions at a resolution level n are defined as fundamental VP polynomials
interpolating at Chebyshev zeros of the first kind and order n, whose good approxi-
mation properties are already known in the literature. They generate a non-standard
multiresolution analysis where instead of duplicating, we triplicate the resolution
degree n, introducing 2n wavelets spanning the detail space at the resolution level
n. Such wavelets are also polynomials interpolating at those Chebyshev nodes of the
scaling functions at level 3n which are missing at the resolution level 7.

Both the scaling and wavelet functions have the peculiarity of depending on a free
integer parameter m that can be arbitrarily choseninthe set {1, ..., n—1}. Inparticular,
this parameter determines the number of null moments for wavelets of level n (the
first n — m moments). For the special choicen = 2 - 3/ andm = 3/, Jj € N, we get the
scaling and wavelet functions introduced in [I] from which many ideas were taken.

Besides several theoretical results, Riesz stability is proved for scaling functions as
well as for wavelets w.r.t. the uniform norm and any L? norm weighted by the Cheby-
shev weight. Moreover, fast decomposition and reconstruction algorithms, based on
DCT, are given.
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Going along the same line, the proposed procedure could be extended to any odd
scaling factor replacing the higher resolution level 3n with 5n, 7n, etc.... Moreover,
similar results could be derived for the other Chebyshev weights of the second, third
and fourth kind, as done in [I] for a special parameter setting.

We are currently working on the applications of the wavelet framework presented
in this paper. First results concerning signal denoising and image compression can be
found in [H].
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