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Abstract
On a compact interval, we introduce and study a whole family of wavelets depending
on a free parameter that can be suitably modulated to improve performance. Such
wavelets arise from de la Vallée Poussin (VP) interpolation at Chebyshev nodes, gen-
eralizing previous work by Capobianco and Themistoclakis, who considered a special
parameter setting. In our construction, both scaling and wavelet functions are inter-
polating polynomials at some Chebyshev zeros of 1st kind. Contrarily to the classical
approach, they are not generated by dilations and translations of a single mother func-
tion and are naturally defined on the interval [−1, 1] to which any other compact
interval can be reduced. In the paper, we provide a non-standard multiresolution anal-
ysis with fast (DCT-based) decomposition and reconstruction algorithms. Moreover,
we state several theoretical results, particularly on convergence, laying the foundation
for future applications.

Keywords Polynomial wavelets · de la Vallée Poussin interpolation ·
Fast decomposition and reconstruction algorithms

1 Introduction

Nowadaysmyriads ofwavelet functions are knownwithin awell established theory that
classically involves dilations and translations of a single (scaling or wavelet) mother
function on the whole real axis, as discussed in [2, 5]. In adapting such a theory to a
compact interval, various techniques are typically used (periodization, zero-padding
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etc.) that, bringing us back to the real axis, may cause problems at the boundaries of
the interval, as noted in [3].

To avoid such problems, several polynomial scaling and wavelet functions have
been constructed without relying on a mother function for dilation and translation,
but taking particular combinations of orthogonal polynomials that naturally fit on the
interval of interest (see, e.g., [1, 8, 9, 11, 21]). According to [8], by appropriately
increasing the degree of the considered basis polynomials, they give rise to a non-
standard multi-resolution analysis based on the theory of orthogonal polynomials and
known results in approximation theory.

In this paperwe focus on particular polynomialwavelets introduced in [1] and based
on the de la Vallée Poussin type interpolation (shortly VP interpolation) at Chebyshev
zeros of the first kind. This interpolation method was originally proposed [22], and
has been further explored in [19, 20, 23, 24]. Motivated by its recent applications in
image processing [13–15], in the numerical quadrature of the Hilbert transform [16,
17], and in the numerical solution of integro-differential equations [6, 12, 18], in this
paper we want to present a generalization of the wavelets introduced in [1].

As shown in [23], the main peculiarity of VP interpolation is that it depends, in
addition to the number of nodes n, also on a free integer parameter 0 < m < n that,
appropriately chosen, can improve the pointwise approximation using the same n data
points.

In [1] this freedom is lost by setting m = n/2 and consequently assuming n even.
The main novelty we introduce is to maintain the arbitrariness of m and therefore of
n.

In order to provide the reader with all the necessary tools for future applications, the
theoretical results obtained in [1] are generalized and/or improved here, and new ones
are also added. Finally, by generalizing the decomposition/reconstruction formulas
presented in [1], we get efficient, DCT based algorithms.

The outline of the paper is the following. Section 2 collects all the notation and pre-
liminary results we use, Section 3 is about the scaling functions and VP interpolation,
Section 4 regards wavelets and their properties, Section 5 provides the decomposition
and reconstruction algorithms, Section 6 contains the proofs, and finally, Section 7
deals with conclusions.

2 Notation and preliminary results

For any n ∈ N, we denote the set of first kind Chebyshev zeros of order n as follows

Xn =
{
xnk = cos

(2k − 1)π
2n

, k = 1, . . . , n
}
, n ∈ N.

One can easily check that Xn ⊂ X3n holds ∀n ∈ N. Hence, setting

Y2n = X3n − Xn = {ynk , k = 1, . . . , 2n}, n ∈ N,
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we have the following decomposition

X3n = Xn ∪ Y2n and Xn ∩ Y2n = ∅, ∀n ∈ N. (1)

In the paper, we consider functions that can be sampled in the previous node sets. As
functional norms, we consider

∥ f ∥p =

⎧
⎪⎪⎨

⎪⎪⎩

sup|x |≤1 | f (x)|, if p = ∞,

(∫ 1

−1
| f (x)|pw(x)dx

) 1
p

, if 1 ≤ p < ∞,

where, throughout the paper, w denotes the Chebyshev weight of the first kind

w(x) = 1√
1 − x2

, |x | < 1.

Moreover, we denote by C0 = C[−1, 1] the space of all continuous functions in
[−1, 1] and we set L p

w = L p
w[−1, 1] = { f : ∥ f ∥p < ∞}. In the case p = 2 this is a

Hilbert space equipped with the scalar product

< f , g >L2
w
=
∫ 1

−1
f (x)g(x)w(x)dx .

Therefore, in the paper we say that the functions f , g are orthogonal iff< f , g >L2
w
=

0.
Besides the previous continuous norms, for any n ∈ N, we also consider the discrete

norms

∥a⃗n∥ℓp =

⎧
⎪⎪⎨

⎪⎪⎩

(
π

n

n∑

k=1

|ak |p
) 1

p

, 1 ≤ p < ∞,

max
1≤k≤n

|ak |, p = ∞,

∀a⃗n = (a1, . . . , an) ∈ Rn .

In the sequel, we denote by Pn the set of all algebraic polynomials of degree at most
n = 0, 1, 2, . . ., and by

En( f )p = inf
P∈Pn

∥ f − P∥p, 1 ≤ p ≤ ∞, n = 0, 1, ..,

the error of best (uniform or L p
w) approximation of f in Pn .
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In the special case of the uniformnorm,we recall that theWeierstrass approximation
theorem ensures that

lim
n→∞ En( f )∞ = 0, ∀ f ∈ C0, (2)

with a convergence order depending on the smoothness degree of f , as discussed in
[7].

In particular, we consider the class Lipα of Hölder continuous functions on [−1, 1]
with exponent α ∈]0, 1], the class Cs of all functions that are s–times continuously
differentiable in [−1, 1], and the class Cs,α of functions f ∈ Cs with f (s) ∈ Lipα .
According to [7], for these smoothness classes we recall that, as n → ∞, we have

En( f )∞ =

⎧
⎨

⎩

O(n−α) if f ∈ Lipα, 0 < α ≤ 1,
O(n−s) if f ∈ Cs, s ∈ N,
O(n−s−α) if f ∈ Cs,α, s ∈ N, 0 < α ≤ 1.

(3)

Throughout the paper, we denote by pn the orthonormal Chebyshev polynomial of the
first kind and degree n, namely

pn(x) = cos(n arccos x)

{√
1/π if n = 0,

√
2/π if n > 0,

|x | ≤ 1, n = 0, 1, .... (4)

and by Kn the Darboux kernel

Kn(x, y) =
n∑

s=0

ps(x)ps(y), x, y ∈ [−1, 1], n = 0, 1, ....,

which is the reproducing kernel in Pn satisfying

∫ 1

−1
Kn(x, y) f (y)w(y)dy = f (x), ∀x ∈ [−1, 1], ∀ f ∈ Pn . (5)

A crucial role in the paper is played by the following de la Vallée Poussin (shortly VP)
mean of the Darboux kernels

vmn (x, y) =
1
2m

n+m−1∑

r=n−m

Kr (x, y), n,m ∈ N, m < n, x, y ∈ [−1, 1], (6)

and the related symmetric polynomial kernel

$m
n (x, y) =

π

n
vmn (x, y), n,m ∈ N, m < n, x, y ∈ [−1, 1]. (7)
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According to [23, 25], we recall that the VP kernel vmn can also be interpreted as a
filtered Darboux kernel of order n + m − 1 since we have

vmn (x, y) =
n+m−1∑

r=0

µm
n,r pr (x)pr (y), (8)

where

µm
n,r :=

⎧
⎪⎪⎨

⎪⎪⎩

1 if 0 ≤ r ≤ n − m,

m + n − r
2m

if n − m < r < n + m,

0 otherwise.

(9)

Moreover, setting t = arccos(x) and τ = arccos(y), we have the following compact
trigonometric form, as shown in [19, p.282]

vmn (x, y) =
1

4πm

[
sin[m(t − τ )] sin[n(t − τ )]

sin2[(t − τ )/2] + sin[m(t + τ )] sin[n(t + τ )]
sin2[(t + τ )/2]

]
.

(10)
By using this trigonometric form, we easily deduce

∫ 1

−1
|vmn (x, y)|w(y)dy ≤ 1

4πm

∫ π

−π

| sin[nt] sin[mt]|
sin2[t/2] dt, |x | ≤ 1,

and applying the following estimate shown in [26, p.100]

1
4πm

∫ π

−π

| sin[nt] sin[mt]|
sin2[t/2] dt = 4

π2 log
[
n + m − 1

2m

]
+O(1),

we obtain that

∫ 1

−1
|vmn (x, y)|w(y)dy = 4

π2 log
[
n + m − 1

2m

]
+O(1), ∀|x | ≤ 1, (11)

holds for all pairs of integers 0 < m < n.
The VP kernel vmn defines the VP operator

σm
n f (x) =

∫ 1

−1
vmn (x, y) f (y)w(y)dy, |x | ≤ 1, (12)

that satisfies the following invariance property

σm
n f = f , ∀ f ∈ Pn−m, (13)
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as easily follows from (5)–(6).
In the sequel, we consider the Lebesgue constants of the VP operator, defined as

the following operator norms

cp = sup
∥ f ∥p=1

∥σm
n f ∥p, 1 ≤ p ≤ ∞. (14)

Note that such constants generally depend on n and m, and the notation cp(n,m)

is also used to underline this dependence when different degrees are involved (see
Section 6).

In the limit cases p = 1 and p = ∞, by (11), we have

c1 = c∞ = max
|x |≤1

∫ 1

−1
|vmn (x, y)|w(y)dy = 4

π2 log
[
n + m − 1

2m

]
+O(1), (15)

while the interpolation theorem in weighted L p spaces (cf. [10, Corollary 2.2], see
also [25]) yields

cp ≤ const . · c∞, 1 < p < ∞. (16)

3 Scaling functions and VP interpolation

Contrary to the standard definition, we do not take a unique function to dilate and
translate for generating the scaling functions, but for arbitrarily fixed n,m ∈ N with
n > m, we set the following n polynomials

$m
n,k(x) = $m

n (x
n
k , x) = π

n
vmn (x

n
k , x), k = 1, . . . , n, x ∈ [−1, 1]. (17)

as scaling functions of order n and parameter m.
We recall that these polynomials have already been introduced in the literature as

fundamental VP polynomials, and have been studied in several papers (see [19, 20]
and the references therein).

Similarly to fundamental Lagrange polynomials interpolating at Xn , they are lin-
early independent and, according to [1, Eq. (2.10)], they satisfy the interpolation
property

$m
n,k(x

n
h ) = δh,k =

{
1 h = k
0 h ̸= k

h, k = 1, . . . , n, 0 < m < n. (18)

Besides k, they depend on the integers 0 < m < n where n indicates the resolution
degree, i.e., the number of the interpolation nodes in Xn , and m is a free parameter
that can be arbitrarily chosen in {1, 2, . . . , n− 1} without destroying the interpolation
property (18).

In Fig. 1 we see how this additional parameter can soften the typical oscillating
behavior of the fundamental Lagrange polynomial. Moreover, by Fig. 2 , we see each
scaling function$m

n,k is well localized around theChebyshev node x
n
k where it assumes
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Fig. 1 The oscillating behavior of the fundamental Lagrange polynomial compared to the fundamental VP
polynomials with several m

its maximum value (=1). Finally, Fig. 3 shows how such localization increases as n
increases.

Other properties of the scaling functions are summarized in the following theorem,
where we point out that (e) improves a recent estimate stated in [20, Thm. 6.1].

Theorem 3.1 For all n,m ∈ N with n > m, we have the following

(a)
∫ 1

−1
xs$m

n,k(x)w(x)dx = π

n
(xnk )

s, s = 0, 1, . . . , n − m, k = 1, . . . , n.

(b) xs =
n∑

k=1

(xnk )
s$m

n,k(x), s = 0, 1, . . . , n − m, x ∈ [−1, 1].

(c) 1 ≤ ∥$m
n,k∥∞ ≤ 2, k = 1, . . . , n.

(d)
π

n p ≤ ∥$m
n,k∥

p
p ≤ 2p−1π

n
c∞, 1 ≤ p < ∞, k = 1, . . . , n.

(e)
n∑

k=1

|$m
n,k(x)| ≤

[
1+ 2π

n + m − 1
n

]
c∞ ≤ (1+ 4π)c∞, |x | ≤ 1.
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Fig. 2 The scaling functions for different values of k and fixed m = ⌊θn⌋

(f) For any a⃗n = (a1, . . . , an) ∈ Rn, 1 ≤ p < ∞, and 1
p + 1

p′ = 1 we have

∥a⃗n∥ℓ∞ ≤
∥∥∥
∑n

k=1 ak$
m
n,k

∥∥∥
∞

≤ c∞

[
1+ 2π

n + m − 1
n

]
∥a⃗n∥ℓ∞ , (19)

1
1+ 4π

∥a⃗n∥ℓp ≤
∥∥∥
∑n

k=1 ak$
m
n,k

∥∥∥
p

≤ cp′(1+ 4π) ∥a⃗n∥ℓp . (20)

The scaling functions of a given order n ∈ N and parameter m < n generate the
following approximation space

Vm
n = span{φm

n,k, k = 1, . . . , n}, dim Vm
n = n. (21)

By the previous properties, this space is nested between classical polynomial spaces
as follows

Pn−m ⊆ Vm
n ⊂ Pn+m−1, ∀n,m ∈ N, m < n. (22)

Moreover, the scaling functions in (21) constitute an interpolating Riesz basis of Vm
n .
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Fig. 3 Scaling functions for different values of n = 3 j with fixed m = ⌊θn⌋

It is also known that an orthogonal basis of Vm
n is given by the following polyno-

mials, as proved in [1, Thm. 2.2]

$m ⊥
n,r (x) :=

{
pr (x) if 0 ≤ r ≤ n − m,

µm
n,r pr (x) − µm

n,2n−r p2n−r (x) if n − m < r < n.
(23)

Setting

νmn,r =< $m ⊥
n,r , $m ⊥

n,r >L2
w
=

⎧
⎪⎨

⎪⎩

1 if 0 ≤ r ≤ n − m,

m2 + (n − r)2

2m2 if n − m < r < n,
(24)

we have

< $m ⊥
n,r , $m ⊥

n,s >L2
w
= δr ,s · νmn,r , r , s = 0, ..., n − 1.

Moreover, according to [1, Eq. (2.15)], the change of bases is given by the following
formula

$m
n,k(x) =

π

n

n−1∑

r=0

pr (xnk )$
m ⊥
n,r (x), k = 1, . . . , n. (25)
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Due to (18), any function f , sampled at Xn , can be projected onto the approximation
space Vm

n by taking the polynomial

Vm
n f (x) =

n∑

k=1

f (xnk )φ
m
n,k(x), n > m ∈ N, x ∈ [−1, 1], (26)

that interpolates f at Xn , i.e.

Vm
n f (xnh ) = f (xnh ), h = 1, . . . , n, n > m ∈ N. (27)

Also, note that we trivially have

f ∈ Vm
n ⇐⇒ f = Vm

n f (28)

and in particular
Vm
n P = P, ∀P ∈ Pn−m . (29)

Moreover, by (25), the polynomial (26) can be expanded in terms of the orthogonal
functions (23) as follows

Vm
n f (x) =

n−1∑

r=0

cn,r$m ⊥
n,r (x), cn,r =

[
π

n

n∑

k=1

f (xnk )pr (x
n
k )

]

, ∀n > m ∈ N.

(30)
In the literature, this polynomial is already known as the VP polynomial interpolating
f and its approximation properties have been studied in several papers (see, e.g., [19,
20] and the references therein).

Here, we recall that it offers several advantages over the classical Lagrange polyno-
mial interpolating f at the same nodes, especially in the case of functions a.e. smooth
with isolated singularities. In such a case, as discussed in [23], one can take advan-
tage of the presence of the free parameter m < n that can be suitably modulated to
attenuate the Gibbs phenomenon and improve the point-wise approximation keeping
the number of nodes fixed.

As regards the uniform approximation, from (29) and Thm. 3.1 we easily deduce
the following estimate of the theoretical error

En+m−1( f )∞ ≤ ∥ f − Vm
n f ∥∞ ≤ CEn−m( f )∞, (31)

where C := 1+ (1+ 4π)c∞.
Moreover, if we are using corrupted data, say

f̃ (xnk ) := f (xnk )+ ϵnk , k = 1, . . . , n,

then, by Thm.3.1, we get

1
C

∥ϵ⃗n∥ℓp ≤ ∥Vm
n f − Vm

n f̃ ∥p ≤ C∥ϵ⃗n∥ℓp , 1 ≤ p ≤ ∞, (32)
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where C := (1+ 4π)cp′ , 1
p + 1

p′ = 1, and ϵ⃗n = (ϵn1 , . . . , ϵ
n
n ).

In the previous estimates, we observe that, contrary to n which is determined by
the number of nodes, the parameter m can be freely chosen in {1, . . . , n − 1}. But,
as n → ∞, the asymptotic estimates (15)–(16) imply a logarithmic growth of the
constant C in (31) –(32), unless we takem growing at the same order. Indeed, we have

1 <
n
m

= O(1) 6⇒ cp = O(1), 1 ≤ p ≤ ∞, ∀n,m ∈ N. (33)

In the literature, a common choice is to takem = ⌊θn⌋with θ ∈]0, 1[ arbitrarily fixed.
In such a case, in (31) –(32), C is an absolute constant (only depending on θ ) and we
also have that (n ± m) behaves as n. Hence, by (31) and (2), we get

lim
n → ∞
m = ⌊θn⌋

∥ f − Vm
n f ∥∞ = 0, ∀ f ∈ C0, ∀θ ∈]0, 1[, (34)

where the convergence order is comparable with the convergence rate of En( f )∞.
In particular, recalling (3), for arbitrarily large n ∈ N and m = ⌊θn⌋ with fixed

θ ∈]0, 1[, we have

∥ f − Vm
n f ∥∞ ≤ C

⎧
⎨

⎩

n−α if f ∈ Lipα, 0 < α ≤ 1,
n−s if f ∈ Cs, s ∈ N,
n−s−α if f ∈ Cs,α, s ∈ N, 0 < α ≤ 1,

(35)

where C > 0 is a constant independent of n,m but depending on θ ∈]0, 1[ and f .
Finally, we recall that by using the samples of f at Xn we can simultaneously

approximate also the derivatives of f in [−1, 1] by means of the derivatives of the VP
polynomial Vm

n f given by

(Vm
n f )(r)(x) =

n∑

k=1

f (xkk )
(
$m

n,k
)(r)

(x), |x | ≤ 1.

For brevity, we omit the details about the computation of the derivatives of the scaling
function basis, referring the interested reader to [20]. Here, we only recall the error
estimate proved in [20, Thm. 5.3].

Theorem 3.2 Let n,m ∈ N be arbitrarily large but such that n/m ∈ [a, b] holds,
where b ≥ a > 1 are independent of n and m. If f ∈ C2s for some s ∈ N then we
have

∥ f (r) − (Vm
n f )(r)∥∞ ≤ C

n2s−r , r = 0, 1, . . . , s, (36)

where C > 0 is independent of n,m.

123



Numerical Algorithms

4 Wavelet functions and detail spaces

The starting point for the construction of our wavelets is given by the following inclu-
sion

Vm
n ⊂ Vm

3n, ∀n > m ∈ N, (37)

which easily follows from (22) and Pn+m−1 ⊂ P3n−m .
By taking into account (37), for all integers n,m ∈ N with n > m we define the

detail or wavelet spaceWm
n as the orthogonal complement of Vm

n in Vm
3n , namely

Vm
3n = Vm

n ⊕ Wm
n and Vm

n ⊥Wm
n , ∀n > m ∈ N. (38)

Wavelet functions are generally defined as localized basis functions that generate the
detail spaces. Since dim Vm

n = n implies that dimWm
n = 2n, we expect 2n wavelets

for any resolution degree n ∈ N and any integer parameter 0 < m < n.
Recalling (1) and (18), it comes natural to define the interpolating wavelet functions

of order n and parameter m as those basis functions of Wm
n , say

Wm
n = span{ψm

n,k, k = 1, . . . , 2n}, (39)

satisfying the following interpolation property on the nodes set Y2n = X3n − Xn

ψm
n,k(y

n
h ) = δh,k, h, k = 1, . . . , 2n, 0 < m < n. (40)

We note that (39) and (40) uniquely determine the interpolating wavelets ψm
n,k . Their

explicit form is given below in terms of the polynomial kernel introduced in (7).

Theorem 4.1 For all n,m ∈ N with n > m, the interpolating wavelets defined by (39)
and (40) have the following analytic form

ψm
n,k(x) = $m

3n(y
n
k , x) −

n∑

h=1

$m
n,h(y

n
k )$

m
3n(x

n
h , x), k = 1, . . . , 2n. (41)

We point out that similarly to the scaling functions, the wavelets are also not generated
from translations and dilations of a mother wavelet. The notationψm

n,k underlines their
dependence on the resolution level n, on the free parameter m, and on the node ynk
around which they are maximally located.

In Fig. 4, we see each interpolating wavelet function ψm
n,k is well localized around

the Chebyshev node ynk . Figure 5 shows how this localization increases as n increases.
Below, we give other properties of the previous interpolating wavelets.

Theorem 4.2 Let n,m ∈ N be arbitrarily fixed with n > m. For all k = 1, . . . , 2n,
the first n − m moments of the interpolating wavelets ψm

n,k are zero, i.e.

∫ 1

−1
xsψm

n,k(x)w(x)dx = 0 s = 0, 1, . . . , n − m, k = 1, . . . , 2n. (42)
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Fig. 4 The interpolating wavelet functions for different values of k and fixed m = ⌊θn⌋

Moreover, they form a Riesz basis of the details space Wm
n satisfying the following

inequalities for any vector b⃗2n = (b1, . . . , b2n) ∈ R2n

C1∥b⃗2n∥ℓp ≤
∥∥∥∥∥

2n∑

k=1

bkψm
n,k

∥∥∥∥∥
p

≤ C(n,m) ∥b⃗2n∥ℓp , 1 ≤ p ≤ ∞, (43)

where C(n,m) = C2(1+ log2 n
m ), and C1, C2 > 0 are absolute constants independent

of n,m, b⃗2n.

In the case that n,m ∈ N satisfy (33), by (43) we get that

∥ψm
n,k∥∞ ∼ 1 and ∥ψm

n,k∥
p
p ∼ π

2n
, 1 ≤ p < ∞, (44)

hold for any k = 1, . . . , 2n, where the notation a ∼ b means that there exist two
absolute constants C1,C2 > 0 (independent of n,m, k) such that C1a ≤ b ≤ C2a.

We conclude the section with the following theorem that states the analog of (23)–
(25), providing an orthogonal basis of the detail spaceWm

n with the related change of
basis formula.
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Fig. 5 Wavelet functions for different values of n = 3 j

Theorem 4.3 For all n,m ∈ N with m < n, the polynomials

ψm ⊥
n,r (x)=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

µm
n,r p2n−r (x)+ µm

n,2n−r pr (x), n ≤ r < n + m,

pr (x), n + m ≤ r ≤ 3n − m,

$m ⊥
3n,r (x) = µm

3n,r pr (x) − µm
3n,6n−r p6n−r (x), 3n − m < r < 3n,

(45)
constitute an orthogonal basis ofWm

n satisfying

< ψm ⊥
n,r ,ψm ⊥

n,s >L2
w
= vmn,rδr ,s, r , s = n, .., 3n − 1,

where

vmn,r =< ψm ⊥
n,r ψm ⊥

n,r >L2
w
=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

m2 + (n − r)2

2m2 , n < r < n + m,

1, r = n or n + m ≤ r ≤ 3n − m,

m2 + (3n − r)2

2m2 , 3n − m < r < 3n.

(46)
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In such a basis, the interpolating wavelets generatingWm
n can be expanded as follows

ψm
n,k(x) =

3n−1∑

r=n

ρr ,k ψm ⊥
n,r (x), k = 1, . . . , 2n, (47)

where

ρr ,k =
π

3n

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

pn(ynk ), r = n,

pr (ynk )+ p|2n−r |(ynk ), n < r ≤ 3n − m, r ̸= 2n,

p2n(ynk )+
√
2p0(ynk ), r = 2n,

pr (ynk )+ µm
n,r−2n pr−2n(ynk ) − µm

n,4n−r p4n−r (ynk ), 3n − m < r < 3n.
(48)

5 Decomposition and reconstruction algorithms

Due to (38), for arbitrarily fixed n,m ∈ N with m < n, any function f3n ∈ Vm
3n can

be uniquely decomposed as

f3n = fn + g2n, with fn ∈ Vm
n and g2n ∈ Wm

n . (49)

On the other hand, using the scaling and wavelet bases introduced in the previous
sections, the functions in (49) are uniquely determined by their respective scaling and
wavelet coefficients.

In the following subsections, we provide the decomposition and reconstruction
formulas that lead to a fast computation of these coefficients.

We begin with the case where the orthogonal bases (23) and (45) are fixed in Vm
n

and Wm
n resp. Then we focus on the more involved case where interpolating scaling

and wavelet bases are used.
In the former case, as expected, the formulas will be based on quasi orthogonal

matrices. In the latter case, the formulas stated in [1, Section 4] will be generalized to
our setting. Even if they do not involve orthogonal matrices, fast algorithms will be
obtained also in this case.

5.1 The orthogonal case

With respect to the orthogonal bases (23) and (45) any function fn ∈ Vm
n and any

g2n ∈ Wm
n are uniquely determined by the coefficient vectors

a⃗⊥
n = (a⊥

0 , . . . , a
⊥
n−1) ∈ Rn and b⃗⊥

2n = (b⊥
n , . . . , b

⊥
3n−1),
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defined by

fn(x) =
n−1∑

k=0

a⊥
k $m ⊥

n,k (x) = a⃗⊥
n · $⃗⊥

n , $⃗⊥
n = ($m ⊥

n,1 , . . . ,$m ⊥
n,n )T ,

g2n(x) =
3n−1∑

k=n

b⊥
k ψm ⊥

n,k (x) = b⃗⊥
2n · ψ⃗⊥

n , ψ⃗⊥
n = (ψm ⊥

n,n , . . . ,ψm ⊥
n,3n−1)

T .

The next theorem provides the decomposition and reconstruction formulas relating
the vector (a⃗⊥

n , b⃗
⊥
2n) to the vector a⃗⊥

3n defining f3n = fn + g2n w.r.t. the orthogonal
basis of Vn

3n . The matrices in such formulas are based on the following elements

sk, j = < $m ⊥
n,k , $m ⊥

3n, j >L2
w
, k = 0, . . . , n − 1, j = 0, . . . , 3n − 1,

wk, j = < ψm ⊥
n,k , $m ⊥

3n, j >L2
w
, k = n, . . . , 3n − 1, j = 0, . . . , 3n − 1.

By (23) and (45) we easily get

sk, j =

⎧
⎪⎪⎨

⎪⎪⎩

δk, j , 0 ≤ k ≤ n − m, 0 ≤ j ≤ 3n − m,

µm
n,kδ j,k − µm

n,2n−kδ j,2n−k, n − m < k < n + m, 0 ≤ j ≤ 3n − m,

0, 0 ≤ k ≤ n − 1, 3n − m < j < 3n,
(50)

and

wk, j =
{
µm
n,kδ j,k + µm

n,2n−kδ j,2n−k, n ≤ k < n + m, 0 ≤ j ≤ 3n − m,

δk, j , n + m ≤ k < 3n, 0 ≤ j < 3n.
(51)

Theorem 5.1 Under the previous setting, the decomposition and reconstruction for-
mulas are

(a⃗⊥
n , b⃗

⊥
2n) = a⃗⊥

3nM
−1 and a⃗⊥

3n = (a⃗⊥
n , b⃗

⊥
2n)M, (52)

where the matrix M ∈ R3n×3n and its inverse M−1 have the following entries at the
row (k + 1) and the column ( j + 1), for k, j = 0, . . . , 3n − 1,

Mk, j =
1

ν3n, j

⎧
⎨

⎩

sk, j if 0 ≤ k < n,

wk, j if n ≤ k < 3n,
and (M−1)k, j =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

s j,k
νn, j

if 0 ≤ j < n,

w j,k

vn, j
if n ≤ j < 3n,

(53)

with νn, j = ∥$m ⊥
n, j ∥22 and vn, j = ∥ψm ⊥

n, j ∥22 explicitly given in (24) and (45),
respectively.
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5.2 The interpolating case

Now let us consider the interpolating scaling and wavelet bases functions, i.e.

Vm
n = span{$m

n,k : k = 1, . . . , n} and Wm
n = span{ψm

n,k : k = 1, . . . , 2n}.

In such bases any function fn ∈ Vm
n and any g2n ∈ Wm

n can be expanded as follows

fn(x) =
n∑

k=1

an,k$m
n,k(x), an,k = fn(xnk ), (54)

g2n(x) =
2n∑

k=1

bn,kψm
n,k(x), bn,k = g2n(ynk ), (55)

and they are uniquely determined by the scaling and wavelet coefficient vectors:

a⃗n = (an,1, . . . , an,n) ∈ Rn, b⃗2n = (bn,1, . . . , bn,2n) ∈ R2n .

As regards f3n = fn + g2n , of course, (54) holds with n replaced by 3n. However,
using the decomposition (1), we decompose the scaling vector a⃗3n ∈ R3n , determining
f3n , into the vectors

a⃗ ′
3n = (a′

1, . . . , a
′
n) ∈ Rn and a⃗ ′′

3n = (a′′
1 , . . . , a

′′
2n) ∈ R2n,

defined by

f3n(x) =
n∑

k=1

a′
k$

m
3n(x

n
k , x)+

2n∑

k=1

a′′
k$

m
3n(y

n
k , x). (56)

We remark that
xnk = x3n3k−1, k = 1, . . . , n, (57)

implies that

a′
k = f3n(xnk ) = f3n(x3n3k−1) = a3n,3k−1, k = 1, . . . , n, (58)

so that the 2nd, 5th, ...,(3n−1)–th entry of a⃗3n form the vector a⃗ ′
3n , while the remaining

entries of a⃗3n form the vector a⃗ ′′
3n .

The following theorem generalizes a previous result in [1] and provides the decom-
position and reconstruction formulas to compute the vectors a⃗n and b⃗2n from a⃗3n
decomposed as in (56), and vice versa.

Theorem 5.2 For all pairs of positive integers m < n, the basis coefficients defined
by (54)–(56), for f3n = fn + g2n, are related as follows:

123



Numerical Algorithms

Reconstruction formulas With $m ⊥
n,r defined in (23), we have

• For k = 1, . . . , n

a′
k = an,k − π

n

2n∑

s=1

bn,s
n−1∑

r=0

pr (xnk )$
m ⊥
n,r (yns ). (59)

• For k = 1, . . . , 2n

a′′
k = bn,k +

π

n

n∑

s=1

an,s
n−1∑

r=0

$m ⊥
n,r (ynk )pr (x

n
s ). (60)

Decomposition formulas With νmn,r defined in (24), we have
• For k = 1, . . . , n

an,k =
π

3n

⎡

⎣
n∑

s=1

a′
s

n−1∑

r=0

pr (xnk )pr (x
n
s )

νmn,r
+

2n∑

s=1

a′′
s

n−1∑

r=0

pr (xnk )$
m ⊥
n,r (yns )

νmn,r

⎤

⎦ . (61)

• For k = 1, . . . , 2n

bn,k = a′′
k−

π

3n

⎡

⎣
n∑

s=1

a′
s

n−1∑

r=0

$m ⊥
n,r (ynk )pr (x

n
s )

νmn,r
+

2n∑

s=1

a′′
s

n−1∑

r=0

$m ⊥
n,r (ynk )$

m ⊥
n,r (yns )

νmn,r

⎤

⎦ .

(62)

Following the derivation described in [1], if we change the order of the summations
in the previous formulas (59)-(62) then both the decomposition and reconstruction
algorithms can be described in the following 4 steps where, for brevity, we omit the
notation of the parameters n,m that do not vary and set

ak=an,k, bk=bn,k, x j := xnj , y j := ynj , νr := νmn,r , qr := $m ⊥
n,r .

Decomposition Algorithm:

Step 1. Compute αr =
n∑

s=1

π

3n
a′
s pr (xs), r = 0, . . . , n − 1.

Step 2. Compute βr =
2n∑

s=1

π

3n
a′′
s qr (ys), r = 0, . . . , n − 1.

Step 3. Compute ak =
n−1∑

r=0

αr + βr

νr
pr (xk), k = 1, . . . , n.

Step 4. Compute bk = a′′
k −

n−1∑

r=0

αr + βr

νr
qr (yk), k = 1, . . . , 2n.
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Reconstruction Algorithm:

Step 1. Compute αr =
n∑

s=1

π

n
as pr (xs), r = 0, . . . , n − 1.

Step 2. Compute βr =
2n∑

s=1

π

n
bsqr (ys), r = 0, . . . , n − 1.

Step 3. Compute a′
k = ak −

n−1∑

r=0

βr pr (xk), k = 1, .., n.

Step 4. Compute a′′
k = bk +

n−1∑

r=0

αr qr (yk), k = 1, . . . , 2n.

Because pr is the Chebyshev polynomial of degree r and also qr = $m ⊥
n,r is defined in

(23) by means of Chebyshev polynomials, using the trigonometric form of the Cheby-
shev polynomials (4), all the steps of the previous decomposition and reconstruction
algorithm can be computed efficiently, i.e., using O(n log n) flops.
Indeed, if we use the Matlab definition for the several kinds of DCT (discrete cosine
transformation) then, in both the algorithms, Step 1 can be computed as a DCT of type
2 and length n while Step 2 as a DCT of type 2 and length 3n, Step 3 can be based on
the DCT of type 3 and length n, and, finally, Step 4 can be computed using a DCT of
type 3 and length 3n.

Finally, we point out that given the sampling at the Chebyshev nodes of order
N = n03Jmax with n0 ∈ N, the previous decomposition and reconstruction formulas
can be iterated Jmax times. Moreover, taking into account that the nodes do not
depend on m, at each decomposition step we can also choose a different m, but we
have to remember the choice we make since in reconstruction we have to use the same
m. In particular, once the value of θ is fixed, θ ∈]0, 1[, at each resolution level n we
can choose m = ⌊θn⌋.

In Fig. 6, we illustrate an example of three decomposition steps for the function
f (x) = sin(6x) + sign(sin(x + exp(2x))) by taking m = ⌊0.7n⌋ at each level n.
Starting from n = 64 · 33 = 1728, we first project f onto Vm

n by computing the
VP interpolant f1728 := Vm

n f from the sampling of f at Xn . Hence we iteratively
decompose f1728 as follows

f1728 = f576 + g1152
= f192 + g384 + g1152
= f64 + g128 + g384 + g1152.

Note that we kept θ = 0.7 constant over the different levels but we could have chosen
a different value for θ at each different level.
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Fig. 6 VP interpolation and wavelet decomposition for the function f (x) = sin(6x) + sign(sin(x +
exp(2x)))

6 Proofs

Proof of Theorem 3.1
• The identity (a) trivially follows from (17) and (12)–(13).
• To prove (b), first we use (13) and then apply the Gaussian rule

∫ 1

−1
P(y)w(y)dy = π

n

n∑

k=1

P(xnk ), ∀P ∈ P2n−1, (63)
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to the polynomial

P(y) = ysvmn (x, y) ∈ Ps+n+m−1 ⊆ P2n−1,

for all x ∈ [−1, 1], getting

xs =
∫ 1

−1
ysvmn (x, y)w(y)dy = π

n

n∑

k=1

(xnk )
svmn (x

n
k , x) =

n∑

k=1

(xnk )
s$m

n,k(x).

• To prove (c), we note that 1 = |$m
n,k(x

n
k )| ≤ ∥$m

n,k∥∞. On the other hand, by (10)
we get the following trigonometric form of the scaling functions

$m
n,.k(x) =

1
4mn

[
sin[m(t − tnk )] sin[n(t − tnk )]

sin2[(t − tnk )/2]
+ sin[m(t + tnk )] sin[n(t + tnk )]

sin2[(t + tnk )/2]

]

,

(64)
where we set t = arccos x and tnk = arccos(xnk ).
Hence, (c) follows from (64) by taking into account that

∣∣∣∣
sin[Nθ ]

2N sin[θ/2]

∣∣∣∣ ≤ 1, ∀N ∈ N, ∀θ ∈ (0, 2π).

• Regarding (d), the case p = 1 can be proved as follows by applying (a) with s = 0,
and (15)

π

n
=
∫ 1

−1
$m

n,k(x)w(x)dx ≤
∫ 1

−1
|$m

n,k(x)|w(x)dx = π

n

∫ 1

−1
|vmn (xnk , x)|w(x)dx ≤ π

n
c∞.

For 1 < p < ∞, the statement can be deduced from the (already proved) case
p = 1. More precisely, setting 1

p′ + 1
p = 1, by the Hölder’s inequality we have

π

n
≤
∫ 1

−1
|$m

n,k(x)|w(x)dx ≤
(∫ 1

−1
|$m

n,k(x)|pw(x)dx
) 1

p
(∫ 1

−1
w(x)dx

) 1
p′

= ∥$m
n,k∥p π

1
p′ ,

that proves the left-hand side inequality. Moreover, recalling (c), we get

∥$m
n,k∥

p
p =

∫ 1

−1
|$m

n,k(x)|pw(x)dx ≤ 2p−1
∫ 1

−1
|$m

n,k(x)|w(x)dx ≤ 2p−1π

n
c∞,

which concludes the proof of (d).
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• In order to prove (e), we recall that for all algebraic polynomials Q the following
Marcinkiewicz–type inequality holds (see, e.g. [20, Lemma 6.2])

[
π

n

n∑

k=1

|Q(xnk )|p
] 1

p

≤
(
1+2π

deg(Q)

n

)[∫ 1

−1
|Q(x)|pw(x)dx

] 1
p

, 1≤ p < ∞.

(65)
By (65) and (15) we get (e) as follows

n∑

k=1

|$m
n,k(x)| =

π

n

n∑

k=1

|vmn (xnk , x)| ≤
[
1+ 2π

n + m − 1
n

] ∫ 1

−1
|vmn (y, x)|w(y)dy

≤
[
1+ 2π

n + m − 1
n

]
c∞.

• Finally, let us prove ( f ). To this end, we set for brevity

F(x) =
n∑

k=1

ak$m
n,k(x), x ∈ [−1, 1],

and observe that ak = F(xnk ) holds for k = 1, ..., n by virtue of (18) .
Consequently, by using (e), we get (19) as follows

∥a⃗n∥ℓ∞ = max
1≤k≤n

|F(xnk )| ≤ max
|x |≤1

|F(x)| ≤ max
|x |≤1

n∑

k=1

|ak$m
n,k(x)|

≤ ∥a⃗n∥ℓ∞

(

max
|x |≤1

n∑

k=1

|$m
n,k(x)|

)

≤ ∥a⃗n∥ℓ∞

[
1+ 2π

n + m − 1
n

]
c∞.

Moreover, applying (65) with Q = F , we have

∥a⃗n∥ℓp =
(

π

n

n∑

k=1

|F(xnk )|p
) 1

p

≤
(
1+2π

n + m − 1
n

)
∥F∥p ≤(1+4π)∥F∥p, 1≤ p < ∞,

which proves the first inequality in (20). To prove the second one, we recall that the
dual space of L p

w is L p′
w where 1

p + 1
p′ = 1. Consequently, there exists a function

G ∈ L p′
w such that

∥F∥p =
(∫ 1

−1
|F(x)|pw(x)dx

) 1
p

=
∫ 1

−1
F(x)G(x)w(x)dx, ∥G∥p′ = 1.
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Using the definitions of F and σm
n G, this means that

∥F∥p = π

n

n∑

k=1

ak

∫ 1

−1
vmn (x

n
k , x)G(x)w(x)dx = π

n

n∑

k=1

ak[σm
n G(xnk )].

Hence, for p = 1, we conclude

∥F∥1 ≤ max
k

|σm
n G(xnk )|

(
π

n

n∑

k=1

|ak |
)

≤ ∥σm
n G∥∞∥a⃗n∥ℓ1 ≤ c∞∥a⃗n∥ℓ1 .

Similarly, for 1 < p < ∞, by Hölder’s inequality and (65), we get

∥F∥p ≤
(

π

n

n∑

k=1

|ak |p
) 1

p
(

π

n

n∑

k=1

|σm
n G(xnk )|p

′
) 1

p′

≤ ∥a⃗n∥ℓp (1+ 4π)∥σm
n G∥p′ ≤ ∥a⃗n∥ℓp (1+ 4π)cp′ .

♦

Proof of Theorem 4.1 Since ψm
n,k ∈ Vm

3n , by (28) we get

ψm
n,k(x) =

3n∑

j=1

ψm
n,k(x

3n
j )$m

3n, j (x) =
3n∑

j=1

ψm
n,k(x

3n
j )$m

3n(x
3n
j , x)

=
2n∑

h=1

ψm
n,k(y

n
h )$

m
3n(y

n
h , x)+

n∑

h=1

ψm
n,k(x

n
h )$

m
3n(x

n
h , x),

and using (40) we obtain

ψm
n,k(x) = $m

3n(y
n
k , x)+

n∑

h=1

ψm
n,k(x

n
h )$

m
3n(x

n
h , x). (66)

Hence, (41) follows once proved that

ψm
n,k(x

n
h ) = −$m

n,h(y
n
k ), h = 1, . . . , n, k = 1, . . . , 2n. (67)
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This is a consequence of ψm
n,k⊥$m

n,h . Indeed, using (66), (13), and (18) we have

0 = < $m
n,h,ψ

m
n,k >L2

w

= < $m
n,h, $m

3n(y
n
k , ·) >L2

w
+

n∑

j=1

ψm
n,k(x

n
j ) < $m

n,h, $m
3n(x

n
j , ·) >L2

w

= π

3n

⎡

⎣σm
3n[$m

n,h](ynk )+
n∑

j=1

ψm
n,k(x

n
j )σ

m
3n[$m

n,h](xnj )

⎤

⎦

= π

3n

⎡

⎣$m
n,h(y

n
k )+

n∑

j=1

ψm
n,k(x

n
j )$

m
n,h(x

n
j )

⎤

⎦

= π

3n

[
$m

n,h(y
n
k )+ ψm

n,k(x
n
h )
]
,

that yields (67). ♦

Proof of Theorem 4.2 The identity (42) trivially follows from ψm
n,k⊥Vm

n and Pn−m ⊂
Vm
n .
In order to prove (43), we note that the polynomial

F(x) =
2n∑

k=1

bkψm
n,k(x), x ∈ [−1, 1],

belongs to Vm
3n . Hence, by (28), it can be written as

F(x) = Vm
3n F(x) =

3n∑

j=1

F(x3nj )$m
3n, j (x), x ∈ [−1, 1],

where, due to (40) and (67), we have

F(x3nj ) =

⎧
⎪⎪⎨

⎪⎪⎩

F(ynh ) = bh, if x3nj = ynh , h = 1, . . . , 2n,

F(xnh ) = −
2n∑

k=1

bk$m
n,h(y

n
k ), if x3nj = xnh , h = 1, . . . , n.

(68)

On the other hand, if we apply (65) replacing n with 3n, and use Y2n ⊂ X3n , then for
any algebraic polynomial Q we get

[
π

3n

2n∑

k=1

|Q(ynk )|p
] 1

p

≤
(
1+2π

deg(Q)

3n

)[∫ 1

−1
|Q(x)|pw(x)dx

] 1
p

, 1≤ p < ∞.

(69)
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In particular, (69) implies that

2n∑

k=1

|$m
n,h(y

n
k )| =

π

n

2n∑

k=1

|vmn (xnh , ynk )|≤3
(
1+2π

n+m−1
3n

)∫ 1

−1
|vmn (xnh , x)|w(x)dx

≤ (3+ 4π)c∞(n,m),

and

|F(xnh )| =
∣∣∣∣∣

2n∑

k=1

bk$m
n,h(y

n
k )

∣∣∣∣∣ ≤ max
1≤k≤2n

|bk |
( 2n∑

k=1

|$m
n,h(y

n
k )|
)

≤ (3+ 4π)c∞(n,m)∥b⃗2n∥ℓ∞

hold for any h = 1, . . . , n.
Using these estimates and Thm. 3.1 we get

∥b⃗2n∥ℓ∞ = max
1≤h≤2n

|F(ynh )| ≤ ∥F∥∞ = max
|x |≤1

∣∣∣∣∣∣

3n∑

j=1

F(x3nj )$m
3n, j (x)

∣∣∣∣∣∣

≤ (1+ 4π)c∞(3n,m)

(
max

1≤ j≤3n
|F(x3nj )|

)

= (1+ 4π)c∞(3n,m)max
{

max
1≤h≤2n

|F(ynh )|, max
1≤h≤n

|F(xnh )|
}

≤ (1+ 4π)c∞(3n,m)max
{
∥b⃗2n∥ℓ∞ , (3+ 4π)c∞(n,m)∥b⃗2n∥ℓ∞

}

≤ (3+ 4π)2c∞(3n,m)c∞(n,m)∥b⃗2n∥ℓ∞ ,

that proves (43) for p = ∞.
Now, let us prove (43) when 1 ≤ p < ∞. For brevity, in the sequel we denote by

C a positive constant that can take different values at different occurrences but it is
always independent of n,m, b⃗2n .

The left-hand side inequality in (43) can be deduced from (68), Y2n ⊂ X3n , and
the left-hand side inequality in (20), as follows

∥b⃗2n∥ℓp =
(

π

2n

2n∑

h=1

|F(ynh )|p
) 1

p

≤ C

⎛

⎝ π

3n

3n∑

j=1

|F(x3nj )|p
⎞

⎠

1
p

≤ C∥F∥p.

Finally, let us prove the right-hand side inequality in (43) for any 1 ≤ p < ∞.
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Note that the right-hand side inequality in (20) and (68) imply

∥F∥p =

∥∥∥∥∥∥

3n∑

j=1

F(x3nj )$m
3n, j

∥∥∥∥∥∥
p

≤ (1+ 4π) cp′(3n,m)

⎛

⎝ π

3n

3n∑

j=1

|F(x3nj )|p
⎞

⎠

1
p

≤ C cp′(3n,m)

⎡

⎢⎣

(
π

3n

2n∑

h=1

|F(ynh )|p
) 1

p

+
(

π

3n

n∑

h=1

|F(xnh )|p
) 1

p

⎤

⎥⎦

≤ C cp′(3n,m)

⎡

⎢⎣

(
π

2n

2n∑

h=1

|bh |p
) 1

p

+
(

π

n

n∑

h=1

|F(xnh )|p
) 1

p

⎤

⎥⎦ .

Hence, to complete the proof we are going to prove that

(
π

n

n∑

h=1

|F(xnh )|p
) 1

p

≤ C cp′(n,m)

(
π

2n

2n∑

k=1

|bk,n|p
) 1

p

.

To this aim, first we note that (68) and (65) imply

(
π

n

n∑

h=1

|F(xnh )|p
) 1

p

=

⎛

⎝π

n

n∑

h=1

∣∣∣∣∣

2n∑

k=1

bk$m
n (x

n
h , y

n
k )

∣∣∣∣∣

p⎞

⎠

1
p

≤ C

⎛

⎝
∫ 1

−1

∣∣∣∣∣

2n∑

k=1

bk$m
n (x, y

n
k )

∣∣∣∣∣

p

w(x)dx

⎞

⎠

1
p

.

Then, setting 1
p + 1

p′ = 1, and recalling that

∀ f ∈ L p
w, ∃g ∈ L p′

w s.t . ∥g∥p′ = 1 and ∥ f ∥p =
∫ 1

−1
f (x)g(x)w(x)dx,
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by using (12), Hölder’s inequality, (69) and (16), we conclude

(
π

n

n∑

h=1

|F(xnh )|p
) 1

p

≤ C

⎛

⎝
∫ 1

−1

∣∣∣∣∣

2n∑

k=1

bk$m
n (x, y

n
k )

∣∣∣∣∣

p

w(x)dx

⎞

⎠

1
p

= C
∫ 1

−1

( 2n∑

k=1

bk$m
n (x, y

n
k )

)

g(x)w(x)dx

= C
[

π

n

2n∑

k=1

bk σm
n g(ynk )

]

≤ C
(

π

n

2n∑

k=1

|bk |p
) 1

p
(

π

n

2n∑

k=1

∣∣σm
n g(ynk )

∣∣p′
) 1

p′

≤ C
(

π

2n

2n∑

k=1

|bk |p
) 1

p ∥∥σm
n g
∥∥
p′

≤ C
(

π

2n

2n∑

k=1

|bk |p
) 1

p

cp′(n,m).

♦

Proof of Theorem 4.3 By the definition, for any r , s = n, . . . , 3n − 1, we trivially
deduce that

< ψm ⊥
n,r , ψm ⊥

n,s >L2
w
= δr ,s ·

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

m2 + (n − r)2

2m2 , n < r < n + m,

1, r = n or n + m ≤ r ≤ 3n − m,

m2 + (3n − r)2

2m2 , 3n − m < r < 3n.

Moreover, for any r = n, . . . , 3n − 1, the polynomial ψm ⊥
n,r belongs toWm

n because,
first of all, it can be trivially expanded in terms of the orthogonal polynomials spanning
Vm
3n

$m ⊥
3n,s (x) =

{
ps(x), 0 ≤ s ≤ 3n − m,

µm
3n,s ps(x) − µm

3n,6n−s p6n−s(x), 3n − m < s < 3n,

and hence ψm ⊥
n,r ∈ Vm

3n . Furthermore, ψm ⊥
n,r is orthogonal to Vm

n since we have

< ψm ⊥
n,r , $m ⊥

n,s >L2
w
= 0, r = n, . . . , 3n − 1, s = 0, . . . , n − 1.
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Taking into account that dimWm
n = 2n, the previous arguments prove the first part of

the statement, namely {ψm ⊥
n,r , r = n, . . . , 3n − 1} is an orthogonal basis ofWm

n .
Now, let us prove (47).
For any k = n, . . . , 3n−1, taking into account thatψm

n,k ∈ Vm
3n , by (30), (40), (67),

and (26), we have

ψm
n,k(x) =

3n−1∑

r=0

$m ⊥
3n,r (x)

[
π

3n

3n∑

h=1

ψm
n,k(x

3n
h )pr (x3nh )

]

= π

3n

3n−1∑

r=0

$m ⊥
3n,r (x)

[ 2n∑

h=1

ψm
n,k(y

n
h )pr (y

n
h )+

n∑

h=1

ψm
n,k(x

n
h )pr (x

n
h )

]

= π

3n

3n−1∑

r=0

$m ⊥
3n,r (x)

[

pr (ynk ) −
n∑

h=1

$m
n,h(y

n
k )pr (x

n
h )

]

= π

3n

3n−1∑

r=0

$m ⊥
3n,r (x)

[
pr (ynk ) − Vm

n pr (ynk )
]
.

Hence, by (29) and (30), we obtain

ψm
n,k(x) =

π

3n

3n−1∑

r=n−m+1

$m ⊥
3n,r (x)

[
pr (ynk ) − Vm

n pr (ynk )
]

= π

3n

3n−1∑

r=n−m+1

$m ⊥
3n,r (x)

[

pr (ynk ) −
n−1∑

s=0

$m ⊥
n,s (ynk )/r ,s

]

,

where, for brevity, we set

/r ,s =
π

n

n∑

h=1

pr (xnh )ps(x
n
h ), r , s ∈ N.

Taking into account that

pn(xnh ) = 0,

p2n(xnh ) = −
√
2p0(xnh ),

p2n−s(xnh ) = −ps(xnh ), s = 1, . . . , n − 1,

p2n+s(xnh ) = −ps(xnh ), s = 1, . . . , n − 1,
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hold for all h = 1, . . . , n, we can easily prove

/r ,s =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

< ps, pr >L2
w

= δs,r if 0 ≤ r < n,
0 if r = n,

< ps,−p2n−r >L2
w
= −δs,2n−r if n < r < 2n,

< ps,−
√
2p0 >L2

w
= −

√
2δs,0 if r = 2n,

< ps,−pr−2n >L2
w
= −δs,r−2n if 2n < r < 3n,

s = 0, . . . , n − 1.

(70)
Consequently, by using (70) and making explicit the form of the orthogonal scaling
functions, simple computations yield the following identities

S1 :=
n+m−1∑

r=n−m+1

$m ⊥
3n,r (x)

[

pr (ynk ) −
n−1∑

s=0

$m ⊥
n,s (ynk )/r ,s

]

=
n+m−1∑

r=n−m+1

pr (x)

[

pr (ynk ) −
n−1∑

s=0

$m ⊥
n,s (ynk )/r ,s

]

=
n−1∑

r=n−m+1

pr (x)

[

pr (ynk ) − $m ⊥
n,r (ynk )

]

+ pn(x)pn(ynk )+
n+m−1∑

r=n+1

pr (x)

[

pr (ynk )+ $m ⊥
n,2n−r (y

n
k )

]

= pn(x)pn(ynk )+
{

n−1∑

r=n−m+1

+
n+m−1∑

r=n+1

}

pr (x)µm
n,2n−r

[
pr (ynk )+ p2n−r (ynk )

]

= pn(x)pn(ynk )
n+m−1∑

s=n+1

p2n−s (x)µm
n,s
[
p2n−s(ynk )+ ps(ynk )

]
+

n+m−1∑

r=n+1

pr (x)µm
n,2n−r

[
pr (ynk )+ p2n−r (ynk )

]

= pn(x)pn(ynk )+
n+m−1∑

r=n+1

[
pr (ynk )+ p2n−r (ynk )

] [
µm
n,r p2n−r (x)+ µm

n,2n−r pr (x)
]
.

S2 :=
3n−m∑

r=n+m

$m ⊥
3n,r (x)

[

pr (ynk ) −
n−1∑

s=0

$m ⊥
n,s (ynk )/r ,s

]

=
3n−m∑

r=n+m, r ̸=2n

pr (x)
[
pr (ynk )+ $m ⊥

n,|2n−r |(y
n
k )

]
+ p2n(x)[p2n(ynk )+

√
2p0(ynk )]

=
3n−m∑

r=n+m, r ̸=2n

pr (x)
[
pr (ynk )+ pm|2n−r |(y

n
k )
]
+ p2n(x)[p2n(ynk )+

√
2p0(ynk )].

S3 :=
3n−1∑

r=3n−m+1

$m ⊥
3n,r (x)

[

pr (ynk ) −
n−1∑

s=0

$m ⊥
n,s (ynk )/r ,s

]

=
3n−1∑

r=3n−m+1

$m ⊥
3n,r (x)

[

pr (ynk )+ $m ⊥
n,r−2n(y

n
k )

]

=
3n−1∑

r=3n−m+1

[
µm
3n,r pr (x) − µm

3n,6n−r p6n−r (x)
] [

pr (ynk )+ µm
n,r−2n pr−2n(ynk ) − µm

n,4n−r p4n−r (ynk )
]
.
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In conclusion, taking into account that

ψm
n,k(x) =

π

3n
(S1 + S2 + S3) ,

the previous identities imply (47)–(48). ♦

Proof of Theorem 5.1 First of all note that, due to orthogonality, we have the following
two–scale relations

$m ⊥
n,k (x) =

3n−1∑

j=0

< $m ⊥
n,k , $m ⊥

3n, j >L2
w

∥$m ⊥
3n, j ∥22

$m ⊥
3n, j (x), |x | ≤ 1, (71)

k = 1, . . . , n,

ψm ⊥
n,k (x) =

3n−1∑

j=0

< ψm ⊥
n,k , $m ⊥

3n, j >L2
w

∥$m ⊥
3n, j ∥22

$m ⊥
3n, j (x), |x | ≤ 1, (72)

k = n, . . . , 3n − 1,

that yield the following transformations of the basis vectors

(
$⃗⊥

n

ψ⃗⊥
n

)

= M$⃗⊥
3n and $⃗⊥

3n = M−1

(
$⃗⊥

n

ψ⃗⊥
n

)

, (73)

where we set

$⃗n =

⎛

⎜⎜⎜⎜⎝

$m
n,1(x)
...
...

$m
n,n(x)

⎞

⎟⎟⎟⎟⎠
ψ⃗n =

⎛

⎜⎜⎜⎜⎝

ψm
n,1(x)
...
...

ψm
n,2n(x)

⎞

⎟⎟⎟⎟⎠
.

Note that non singularity of M and the explicit form of M−1 can be easily deduced
by introducing the following diagonal matrices

0 = diag(∥$m ⊥
3n, j ∥2) j , D1 = diag(∥$m ⊥

n,k ∥2)k, D2 = diag(∥ψm ⊥
n,k ∥2)k,

and taking into account that the matrix

Q = D−1M0, D =
(
D1 0
0 D2

)
,
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is an orthogonal matrix in R3n×3n , since its entries are

Qk, j =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

<
$m ⊥

n,k

∥$m ⊥
n,k ∥2

,
$m ⊥

3n, j

∥$m ⊥
3n, j ∥2

>w, k = 0, . . . , n − 1,

<
ψm ⊥
n,k

∥ψm ⊥
n,k ∥2

,
$m ⊥

3n, j

∥$m ⊥
3n, j ∥2

>w, k = n, . . . , 3n − 1,

j = 0, . . . , 3n− 1,

and trivially satisfy

3n−1∑

j=0

Qk, j Qh, j = δh,k, h, k = 0, . . . , 3n − 1.

In conclusion, by applying (73), we can deduce the decomposition and reconstruction
formulas (52) from

fn + g2n = (a⃗⊥
n , b⃗

⊥
2n) ·

(
$⃗⊥

n

ψ⃗⊥
n

)

= (a⃗⊥
n , b⃗

⊥
2n)M$⃗⊥

3n,

f3n = a⃗⊥
3n$⃗

⊥
3n = a⃗⊥

3nM
−1

(
$⃗⊥

n

ψ⃗⊥
n

)

,

by equating the coefficients of the respective basis functions. ♦

Proof of Theorem 5.2 The proof can be achieved as in [1]. For completeness, we report
here the main steps adapted to our notation.

We start from the following two–scale relations

$m
n,k(x) = $m

3n(x
n
k , x)+

2n∑

h=1

$m
n,k(y

n
h )$

m
3n(y

n
h , x), k = 1, . . . , n, (74)

ψm
n,k(x) = $m

3n(y
n
k , x) −

n∑

h=1

$m
n,h(y

n
k )$

m
3n(x

n
h , x), k = 1, . . . , 2n, (75)

that in matrix form can be written as

(
$⃗n

1⃗n

)

=

⎛

⎝
I An

−AT
n I

⎞

⎠
(

$⃗′
3n

$′′
3n

)

, (76)
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where An ∈ Rn×2n denotes the matrix with entries

Ah,k = $n,h(ynk ), h = 1, . . . , n, k = 1, . . . , 2n,

I denotes a rectangular identity matrix of suitable dimensions with entries Ih,k = δh,k ,
and we set

$⃗n=

⎛

⎜⎜⎜⎜⎜⎝

$m
n,1(x)
...

...

$m
n,n(x)

⎞

⎟⎟⎟⎟⎟⎠
, ψ⃗n=

⎛

⎜⎜⎜⎜⎜⎝

ψm
n,1(x)
...

...

ψm
n,2n(x)

⎞

⎟⎟⎟⎟⎟⎠
, $⃗′

3n=

⎛

⎜⎜⎜⎜⎜⎝

$m
3n(x

n
1 , x)
...

...

$m
3n(x

n
n , x)

⎞

⎟⎟⎟⎟⎟⎠
, $⃗′′

3n=

⎛

⎜⎜⎜⎜⎜⎝

$m
3n(y

n
1 , x)
...

...

$m
3n(y

n
2n, x)

⎞

⎟⎟⎟⎟⎟⎠
.

From (76) we deduce

fn + g2n = (a⃗n b⃗2n)

(
$⃗n

1⃗n

)

= (a⃗n b⃗2n)

⎛

⎝
I An

−AT
n I

⎞

⎠
(

$⃗′
3n

$′′
3n

)

,

that compared with

fn + g2n = f3n = (a⃗′
3n a⃗

′′
3n)

(
$⃗′

3n

$′′
3n

)

,

yields the reconstruction formulas (59)–(60).
Since the decomposition formulas (61)–(62) can be similarly deduced from the

inverse two scale relations

(
$⃗′

3n

$′′
3n

)

= M−1

(
$⃗n

1⃗n

)

, where M =

⎛

⎝
I An

−AT
n I

⎞

⎠ ,

we need to investigate the form of M−1. To this aim, setting

Gn = I + An AT
n ,

we can easily check that

M−1 =

⎛

⎝
G−1

n −G−1
n An

AT
n G

−1
n I − AT

n G
−1
n An

⎞

⎠ . (77)
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Looking for a more explicit form of M−1, let us observe that, by (63), (1), and (18),
we get

< $m
n,r ,$

m
n,s >L2

w
= π

3n

3n∑

j=1

$m
n,r (x

3n
j )$m

n,s(x
3n
j )

= π

3n

[
n∑

k=1

$m
n,r (x

n
k )$

m
n,s(x

n
k )+

2n∑

k=1

$m
n,r (y

n
k )$

m
n,s(y

n
k )

]

= π

3n

[

δr ,s +
2n∑

k=1

Ar ,k As,k

]

,

which proves that the entries of the matrix Gn are the following

(Gn)r ,s = (I + An AT
n )r ,s =

3n
π

< $m
n,r ,$

m
n,s >L2

w
, r , s = 1, . . . , n.

Thus, by using (25), we obtain

(Gn)r ,s=
3n
π

<$m
n,r ,$

m
n,s >L2

w
= 3n

π

(π

n

)2 n−1∑

i=0

pi (xnr )pi (x
n
s )<$m ⊥

n,i ,$m ⊥
n,i >L2

w
,

i.e.,

(Gn)r ,s = 3

[
π

n

n−1∑

i=0

νmn,i pi (x
n
r )pi (x

n
s )

]

, r , s = 1, . . . , n. (78)

Using this identity and taking into account that

π

n

n∑

k=1

pr (xnk )ps(x
n
k ) = δr ,s =

π

n

n−1∑

i=0

pi (xnr )pi (x
n
s ), r , s = 1, . . . , n,

we can easily check that the entries of G−1
n are

(G−1
n )r ,s =

1
3

[
π

n

n−1∑

i=0

1
νmn,i

pi (xnr )pi (x
n
s )

]

, r , s = 1, . . . , n. (79)
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Moreover, by (79) and (25), we also get that the other block matrices in (77) have the
following entries

(G−1
n An)r ,s = π

3n

n−1∑

i=0

1
νmn,i

pi (xnr )$
m ⊥
n,i (yns ), r = 1, . . . , n, s = 1, . . . , 2n, (80)

(AT
n G

−1
n )r ,s = π

3n

n−1∑

i=0

1
νmn,i

pi (xns )$
m ⊥
n,i (ynr ), r = 1, . . . , 2n, s = 1, . . . , n, (81)

(AT
n G

−1
n An)r ,s = π

3n

n−1∑

i=0

1
νmn,i

$m ⊥
n,i (ynr )$

m ⊥
n,i (yns ), r , s = 1, . . . , 2n. (82)

In conclusion, by (77), the inverse two–scale relations are

(
$⃗′

3n

$′′
3n

)

=

⎛

⎝
G−1

n −G−1
n An

AT
n G

−1
n I − AT

n G
−1
n An

⎞

⎠
(

$⃗n

1⃗n

)

,

and imply

(a⃗n b⃗2n) = (a⃗′
3n a⃗

′′
3n)

⎛

⎝
G−1

n −G−1
n An

AT
n G

−1
n I − AT

n G
−1
n An

⎞

⎠ ,

which, by means of (79)–(82), yields the decomposition formulas (61)–(62). ♦

7 Conclusions

Without any mother function to dilate and translate, we present a family of scaling and
wavelet functions on [−1, 1] that are non-orthogonal, interpolating, and very smooth
being polynomials.

Scaling functions at a resolution level n are defined as fundamental VP polynomials
interpolating at Chebyshev zeros of the first kind and order n, whose good approxi-
mation properties are already known in the literature. They generate a non-standard
multiresolution analysis where instead of duplicating, we triplicate the resolution
degree n, introducing 2n wavelets spanning the detail space at the resolution level
n. Such wavelets are also polynomials interpolating at those Chebyshev nodes of the
scaling functions at level 3n which are missing at the resolution level n.

Both the scaling and wavelet functions have the peculiarity of depending on a free
integer parameterm that can be arbitrarily chosen in the set {1, . . . , n−1}. In particular,
this parameter determines the number of null moments for wavelets of level n (the
first n−m moments). For the special choice n = 2 ·3 j andm = 3 j , j ∈ N, we get the
scaling and wavelet functions introduced in [1] from which many ideas were taken.

Besides several theoretical results, Riesz stability is proved for scaling functions as
well as for wavelets w.r.t. the uniform norm and any L p norm weighted by the Cheby-
shev weight. Moreover, fast decomposition and reconstruction algorithms, based on
DCT, are given.
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Going along the same line, the proposed procedure could be extended to any odd
scaling factor replacing the higher resolution level 3n with 5n, 7n, etc.... Moreover,
similar results could be derived for the other Chebyshev weights of the second, third
and fourth kind, as done in [1] for a special parameter setting.

We are currently working on the applications of the wavelet framework presented
in this paper. First results concerning signal denoising and image compression can be
found in [4].
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