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Viscoelastodynamics of swelling porous solids
at large strains by an Eulerian approach

Tomas Roubl'ée & Ulisse Stefanelli@@

Abstract. A model of saturated hyperelastic porous solids at large strains is formulated and
analysed. The material response is assumed to be of a viscoelastic Kelvin-Voigt type and
inertial effects are considered, too. The flow of the diffusant is driven by the gradient of
the chemical potential and is coupled to the mechanics via the occurrence of swelling and
squeezing. Buoyancy effects due to the evolving mass density in a gravity field are covered.
Higher-order viscosity is also included, allowing for physically relevant stored energies and
local invertibility of the deformation. The whole system is formulated in a fully FEulerian
form in terms of rates. The energetics of the model is discussed and the existence and
regularity of weak solutions is proved by a combined regularization-Galerkin approximation
argument.

Keywords: poroelasticity, elastodynamics, finite strains, squeezing/swelling, multipolar con-
tinua, transport equations, Galerkin approximation.
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1 Introduction

The poromechanics of deformable media is a classical part of continuum mechanics of solids,
bordering with fluid-solid mechanics and mixtures, and having a vast application ground,
from petroleum engineering, to geology, soil and rock mechanics, polymers, etc. Correspond-
ingly, literature is abundant, see, e.g., the monographs [L0/[11,133], and a whole hierarchy of
models is available [10,27], tailored to the description of different aspects at different scales.

In this paper we focus on a simple phenomenological model describing the flow of a diffu-
sant in a saturated poroelastic permeable medium under the assumption that the diffusant
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flux is governed by Fick’s law (here, to be possibly referred as Darcy’s law, for the setting is
purely mechanical). We assume the systems to be isothermal and consider the coupled evo-
lution of the solid and of a single fluid, whose content plays the role of an internal variable.
Indeed, the case of the phenomenological model under scrutiny here is justified if, among
many other simplifications, the flow of a fluid through the solid is quasistatic and sufficiently
slow (i.e., in particular no inertial effects in the diffusant are considered) and viscous effects
in the fluid are neglected.

We focus on the case of possible large strains and use the multiplicative decomposition
of the total deformation gradient into an elastic strain and a swelling distortion. This is
indeed a classical assumption, especially in connection with swelling in soft materials (like
gels) under large strains, see, e.g., [3,[7H9,12H14,20] or [2] for the coupling with inelastic
strain (reflecting plasticity or creep). The swelling distortion can be modeled, alternatively
to the multiplicative decomposition of the total strain, by adopting the Biot model [6] for
the large strains, as used in [I7.28] for neo-Hookean material.

The liquid content may influence not only the stress-free configuration through the men-
tioned swelling distortion but also the elastic response. In particular, this amounts in model-
ing elastic softening effects. An everyday example of such phenomenon is the soaking of dried
legumes which exhibit remarkable swelling accompanied with elastic softening by increasing
wetting.

A specific feature of the model is that it is fully Fulerian, i.e., it is formulated in actual
coordinates instead of a referential ones. In the frame of the analysis of hyperelastic solid
response this is not common. Still, it allows for some simplification, for it avoids the need
for implementing pullback/pushforward of fileds from the reference to the actual configu-
ration, ultimately simplifying transport coefficients. Let us note however, that alternative
Lagrangian formulations have been considered in [30H32] or [19, Sect.9.6]. In spite of the
above mentioned specific analytic intricacies, in contrast with our current Eulerian one, these
Lagrangian models allow for a possible treatment of nonhomogeneous Dirichlet conditions
on the solid.

Additional remarkable features of our model are its fully dynamical nature, including the
description of inertial forces (thus allowing for elastic wave propagation), the attainment of
local noninterpenetrability (in the sense that the deformation gradient is invertible every-
where), and the possibility of considering physically relevant stored energies (i.e., nonconvex
and not necessarily bounded for degenerating Jacobian of the deformation).

Extensions to multi-porosity or multi-component flows, as well as combinations with
additional processes featuring other evolving internal variables (as porosity or damage or an
inelastic strain) is possible but not considered here. In addition, one could include thermal
effects by considering also heat generation and transfer, possibly with phase transitions.
For a metal-hydrid phase transition (coupled possibly with magnetic effects and ferro-to-
paramagnetic phase transformation) within hydrogen diffusion in metals see [32].

The model is formulated and its energetics is presented in Section 2l The existence of
weak solutions is then shown in Section Bl Here, we follow a regularization and Galerkin



approximation strategy. This is combined with trasport theory by a regular velocity field.

2 The model

We devote this section to the presentation of the model and its energetics. After some
preparation, these are to be found in Subsection 2.4] and 2.5 respectively.

Before going on, let us introduce the main notation used in this paper, as in the following
table:

v velocity (in m/s), A(z) swelling stretch

0 mass density (in kg/m?), ¢ = p(F,, z) stored energy (in J/m3=Pa),

F = F, F; deformation gradient, u chemical potential (pore pressure, in Pa)

F, elastic strain, m mobility (diffusion) coefficient (in m3s/kg)
F;, = \(z)I swelling distortion, e(v) = +Vo' + 1V small strain rate (in s71),
z diffusant content ¢ = ((z,-) viscosity dissipation potential,

Tiot = T+D Cauchy stress (in Pa) g external load (gravity acceleration in m/s?),
T elastic (conservative) stress f traction load (in N/m?),

D viscous (dissipative) stress (1) convective derivative

Table1. Summary of the basic notation.

2.1 Geometric preliminaries

Let us start by recalling some basic notion from the general theory of large deformations in
continuum mechanics. Note that we limit ourselves in introducing some minimal frame, to
serve the sole purpose of presenting the model. In particular, no completeness is claimed
and we refer the reader. e.g., to [16,21] for additional material.

Assume to be given the deformation y : Ix2 — R4 d = 1,2,3, where I = [0,7] and
T > 0 is some final time. For all given times t € I, the deformation maps the reference
configuration 2 C R? of the deformable body to its actual configuration y(t, £2), a subset
of the physical space R%. In what follows, we indicate referential coordinates by X € 2
and actual coordinates by x € RY. By assuming y(t, -) to be globally invertible, we indicate
the inverse by &(t,-) = y~1(t,-) : y(t,2) — §2; standardly £ is called the return (or the
reference) mapping or sometimes inverse motion.

Let ) indicate any physical quantity (scalar, vectorial, tensorial), supposed to be attached
to a specific point @ of the deformed body at a specific time . The quantity ) can be
expressed in referential coordinates as Qg (¢, X) by letting

(2.1) Qr(t, X) = Q(t, y(t, X)).

Equivalently, given any physical quantity @y (scalar, vectorial, tensorial), supposed to be
attached to a specific referential position X at a specific time ¢ one can express it in actual
coordinates as Q(t, ) by posing

(2.2) Qt, z) = Qu(t,&(t, ).
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We call @ and Qg the Fulerian and the Lagrangian or referential representations of the
quantity, respectively.

Given y = (y1,. .- Ya), we define the deformation gradient F'y and the referential velocity
vy as

(Fult X)) = go—(t.X) and wy(t,X) = Ly(t X)

for indices running from 1 to d. Here and in the following we indicate with d/d¢ the derivative
with respect to time of a time dependent function, as opposed to the symbol % which denotes
the partial time derivative. In the specific case of vy (t, X) these two derivatives obviously
coincide. The corresponding Eulerian representations from (2.2) are

(2.3) F(t,z) = Fy(t,&(t,x)) and v(t,x) = va(t,€(t,x)) .

The Eulerian velocity v is then used to define the material derivative q(t,x) of any scalar
Eulerian quantity ¢(t, ) as

q(t,x) = %q(t,w) + Vq(t,x)v(t,x) = (% + (v(t,ac)-V))q(t,a:) ,

where the differentiation V is, of course, taken with respect to actual coordinates. Simi-
larly, one defines the material derivative of a vectorial or tensorial quantity by arguing on
coordinates. In particular, this allows us to check that

d d .
(2.4) ZQu(t, X) E 20l y(t, X)) = Q(t, @)
dt dt
For any sufficiently smooth quantity ). In particular, we have that
(25) é(ta) = St y(t.X) = $X =0
. ) - dt 7y ) - dt - .

Note that property (2.4) in particular implies the product rule (Q1Q2)* = Qng + Qng.
By applying the classical chain rule we get that

q Fell: X)) = Xk (t,X) = 0Xy Ot (¢ X)
o avm- @D (%Z-
_ i 9y, _
= Sy (1. X)) 1. X) = (Vo(1,2)), Pt X)

where, here and below, we use the summation convention over repeated indices. Owing to
relation (2.4)), the latter reads in Eulerian coordinates as

(2.6) F(t,x) = Vou(t,z) F(t, z).

From here on, we formulate the model in terms of the velocity v and the deformation gradient
F only, without explicit reference to the deformation y. Note that y can be reconstructed by
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taking the inverse of &, which is solving equation (23] and is at least locally injective. The
geometric relation (2.6]) will then guarantee that F' = Vy for the reconstructed deformation.
Both operations are admissible in our regularity frame, see Definition 3.1 later on, hinging
on the invertibility of the return mapping &. In case £ happens to be globally injective,
the reconstruction of v and F' can be globally performed. Note however that such global
injectivity is not granted by the model, given the assumed boundary conditions, which are
not fixing tangential deformations. On the other hand, if boundary deformation were fixed
and invertible, we could resort to the classical theory in [4[I8] and deduce global injectivity.

By using the elementary identity 0 = & (F F;') = (L Fp)F;' + Fy (L F;') and relation
(24), we also get

(2.7) (F~Y(t,2)) = —F'(t,z)Vo(t, z).

We now use equations (Z.6)) and (2.7) with equivalence (Z.4)) and Jacobi’s formula < det A(t) =

det A(t) tr(A(¢) L A(t)), valid for any sufficiently smooth map ¢ — A(t) with A(t) invert-

ible, in order to get

(2.8) (det F)* = %det F = (det Fy) tr (Fgl%FR)
%D (det F)tr(F'VoF) = (det F) divo.

Moving from the latter, we also get that

(2.9) < L ) d( 1 ):_(detFR)tr(F;%FR) div v

detF) — dt\det F, (det Fy)? T detF

2.2 The governing equations

The state of the deformable body undergoing deformation and swelling is classically described
in terms of the actual density o(t, ), the deformation y(t, x), and the scalar variable z(¢, x)
expressing the pointwise solvent content in Eulerian coordinates. The evolution of the body
is then described by the system

(2.10a) % + div (ov) =0,
(2.10b) 0v — div Tior = 09,
(2.10c) z —div(mVpu) = 0.

Here, relations (2.I0a))-(2.10D) are the classical conservation of mass and momentum,
where T, represents the total Cauchy stress and g is the gravity accelleration. The kinetic
relation (ZI0d) describes the transport and diffusion of the solvent content, in dependence
of the gradient of the chemical potential pu, which is additionally modulated by the mobility
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coefficient m. Costitutive choices for the quantities Tiy, 4, and m are made in Subsection
below.

Relations (ZI0) are to be fulfilled in the deformed domain y(¢,{2) for t € I and have
to be complemented by initial and boundary conditions, see Subsection [2.4] below. Let us
anticipate that we impose the impenetrability condition v-n = 0, where n represents the
outward unit normal at the boundary of the deformed domain. Note that this condition,
although possibly being restrictive with respect to some applications, greatly expedits the
analysis, for it guarantees that y(¢, 2) = (2 for all times t € I. In particular, one is actually
asked to solve (2.10) on the cylinder Ix (2.

Before moving on, let us observe that the mass balance (2.I0a) can be equivalently
rewritten as 9 + odivo = 0. One can hence use (Z8) in order to compute

(odet F)* = odet F + o(det F)* = (0 + odivw) det F = 0.
This in particular entails that gy (-, X ) det Fi(-, X) is constant in time for all X € (2. Hence,
or(t, X)) det Fp(t, X) = 0x(0, X ) det Fip(0, X).
Passing to Eulerian variables the latter gives
o(t,z) det F(t,x) = 0(0, ) det F(0, x).

In particular, provided that relation (2.6]) holds one can equivalently replace the continuity
equation (2.10a) and the initial condition o(0,x) = go(x) by

oo(x) det F(0, a:)

(2.11) olt,@) = det F'(t, x)

For the sake of later use, we define gy(x) := go(x)det F(0,x), which is given in terms of
initial data only.

2.3 Constitutive relations

Let us now fix our constitutive choices in relations (2.I0a))-(2.10d), leading to the final for-
mulation of our model in (224]), below.

We start by classically assuming that the deformation strain can be multiplicative de-
composed as

(2.12) F=F.F,

Here, F, denotes the elastic strain whereas F, is the strain associated with swelling. As
swelling effects are usually assumed to be purely volumetric and isotropic, we let

(2.13) F = \2)I



where the smooth scalar “swelling” function A : [0,1] — (0,4+0c0) indicates the stress-free
reference volume at solvent-content level z and I is the identity second-order tensor.
We also assume the total stress T}, to be additively decomposed as

(2.14) Tw=T+D,
where D and T denote the viscous (dissipative) and the inviscid (conservative) stresses,
respectively.
In order to specify constitutive relations, we introduce the stored energy in the actual
configuration
(2.15) (Fe,2) — / P(Fe,2) + 09 (2) dz.
0

By using (ZI2) with (ZI3) so that F, = F/\(z) one can rewrite equivalently the stored
energy in terms of F' as

(F,z2) — [)@(%,z) + o1 () A .

Here, ¢ is the hyperelastic energy density and dp1; : R — {0, +00} denotes the indicator
function of the interval [0, 1] (namely, djo1;(2) = 0if z € [0,1] and dj91)(2) = 400 otherwise),
which in particular forces z to take value in [0, 1] only.

We define the chemical potential p by taking the variation of the stored energy with
respect to z, namely

/
(2.16) W e @Q(%,z) — YR <%,z>:Fi2L(Zz)) + Np1y(2).

Here, primes denote (partial) differentiation and Njy 1 is the subdifferential in the sense of
convex analysis of djo 1], namely the (multivalued) normal cone to [0, 1] given by Njg1j(2) =0
if z € (0, 1), N[O,l](z) = [0,—|—OO) if z =1, N[OJ}(Z) = (—O0,0] if 2 =0, and N[OJ}(Z) = (if
z ¢ [0,1].

In order to specify the conservative stress T we start by computing the first Piola-
Kirchhoff stress Py(X) taking the variation with respect to F'y of the stored energy in
referential variables, namely,

(Fu2) /Q d%,mm) det Fo(X) + 81 (20(X)) dX,

where we have used z(X) = z(y(X)). We get

Py(X) = (%,mm) det Fy(X)



where ¢ indicates the derivative of ¢ in its first variable. Use now the classical position
Ty, = (det F)"'P,F, to conclude that

T, = @ap}; (%, zR> F!+ @(%, zR)I.

In actual variables, the latter reads

1 F F
2.17 T=—¢p(~,2)F" —— z)I.
(2.17) O ()\(z) ) FT S0<A(z) %)
The constitutive equation for D can be obtained deduced from a z-dependent dissipation
potential
(2.18) v / ((zie(v)) + 2| Ve(v) de
Q

for some given dissipation density ¢ by taking its variation with respect to e(v), namely,
(2.19) D = (/(z;e(v)) — div(v|Ve(v)|P"*Ve(v)).

The occurrence of the higher-order v-term corresponds to assuming that the body behaves
as a so-called nonsimple material. This follows the theory by E. Fried and M. Gurtin [15],
as already anticipated in the general nonlinear context of multipolar fluids by J. Necas
at al. [23-25] or solids [26,[35], as inspired by R. A. Toupin [34] and R. D. Mindlin [22].
Such higher-order term in the dissipation ensures that Vv belongs to Ll (I; L°°(§2; R%*4))
(weakly* measurable), which guarantees the Lipschitz continuity of v(¢, -), almost everywhere
in time. This will turn out crucial in many technical points later on, in particular in the
estimates (312), (314), and ([BI8). Note that, by dropping such regularity requirement,
the treatment of the transport problem becomes nontrivial due to the possible onset of
singularities, whose occurrence in solids may be debatable [1].

Eventually, we assume the mobility m to be positive function depending on F, and z,
namely, m = m(Fy, z).

2.4 The model

Following the discussion leading to relation (2.I1]), in the following we equivalently recast the
system (ZI0) in terms of the variables (v, F, z) by dropping the mass conservation equation
(2I0a) and requiring the geometric relation (2.6]) instead. Taking also the constitutive

relations (2.I7)-(2.I6) and (2.19) into account we get

(2.20a) ov =div(T+D) + og with o=
1, [ F . F

T= m(ppc <W’Z>F —i—go(m,z)I,
and D = (.(z;e(v)) —div(v|Ve(v)|P2Ve(v)),

Or
det F’
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(2.20b) F = (Vv)F,
(2.20c) 3 = div (m(%, 2) Vi)
with u € ¢ (%,z) ~ ¥R (%,z):FM + Njgyy(2).

A2(z)
We complement the system with the boundary conditions

(2.21a) vn=0, ((T+D)n-— divs(1/|Ve('v)|”_2Ve('v)n))T =71,
(2.21b) Ve():(n@n) =0, and m(F/\(2),2)Vun+xu=nh,

where the (d—1)-dimensional surface divergence is defined as

. . Oe
(2.22) divy = tr(V,) with V,e =Ve — T

where tr(-) is the trace of a (d—1)x(d—1)-matrix and Vj denotes the surface gradient. Let
us again remark the crucial role of the impenetrability boundary condition v-n = 0, indeed
allowing system (2.20) to be formulated in the fixed set.

We introduce the short-hand notation

(2.23) @(F,z)zgp(%,z) and ﬁ@(F,z)zm(%,z).

This allows to rewrite (2.20)) in terms of F' instead of F,. Thus (2.20) can equivalently be
written in terms of (v, F, z, ) as

(2.24a) o0 = div(T+D) +0og with o= deiRF, T = Gp(F,2)F + 3(F, )1,

and D = (;(21e(v)) — div(v|Ve(v)[*Ve(v)),

(2.24b)  F = (Vo)F,
(2.24c¢) =div(m(F,2)Vu) with pe @L(F,z)+ Nigqy(2) -

The last boundary condition in (2.2I]) can be rewritten correspondingly as

m(F,z2)Vun + »u = h.

2.5 Energy balance

Let us present the energy balance underlying system (2.24]) by testing the three equations
respectively by v, S = @p(F,z), and p and adding up. After integrating by parts using
v-n =0, The terms —divT-v and uz are to be treated jointly as follows

(2.25) / T:Vv+ puzde = / S:(Vu)F + p(F, 2)divo + pz de
0 7

/aF(F, 2):F + 3(F, 2)divo + L(F, 2)3 da
02
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d

=— [ o(F,z)dx + / VG(F,z)v + @(F,z)divoede .
dt J, 0

-~

= /- @(F,z‘jvnds =0

The dissipative terms div D-v and pdiv(m(F, z)Vu), resulting by testing (2.24d) by v
and (2.24d) by p, can be treated by using twice the Green formula over {2 and once a surface
Green formula over I'. Specifically, using the short-hand notation = v|Ve(v)|P?Ve(v),
we have

(2.26) /Qdiv Dwv+ zpdx = /Qdiv <C¢;(Z§ e(v)) — divﬁ) v+ pdiv(m(F, 2)Vu) de
- /F (g;(z;e(v)) - divﬁ):(v@n) +(F, 2)ViendS
-/ (c (z5e(v) — divs)ie(v) + @(F, 2|Vl da
/ H:(non) g (2 e(v)) — div Hn — divs(n~5§)> v+ m(F, 2)VndS

/g 2 e(v)):e(v) + v|Ve() + M(F, )|Vl de,

where we also used the decomposition of Vv = (n-Vv)n+ V,v into its normal and tangential
parts.
Since under (2.24]) we have mass conservation (2.10al) as well, we can compute

D0, ov  Odolv]*  ov [v]?
ga) =g+ 55— v v s

By integrating this over {2 and using the Green formula and v-n = 0, we obtain

(2.28) 4 g|’u|2dx:/ gva—v —l—gv-(v-V)vdx—/ Q|'v|2'v-nd5:/ ov-vdr.

(2.27)

In particular, the inertial force gv tested by v can be treated by (2Z.28) while the gravity
force density og yields directly the power of the gravitational field og-v.
Eventually, one obtains the energy balance

d
— |'v|2 + @(F,z2) dx —i—/ (2 e(v)):e(v) + v|Ve(v)|P dx
dt H/_d/ _
store d1551pat10n rate
léllane(%fgl}cf energy due to viscosity
(2.29) +/ m(F, 2)|Vul* dz +/ sp® dS = 0og-v dx + fv +hp dS.
QS r 2~ I~~~
dissipation rate dis@gt/ion power of power of chemical
due to diffusion rate of influx gravity field traction  influx

3 The analysis by Faedo-Galerkin semi-discretization

We consider the Cauchy problem for the system (2.20) with boundary conditions (2.21]). For
this, we prescribe the initial conditions

(3.1) Vg =vo, Fl_y=Fy, and z|,_o=2.
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In the following, we assume {2 C R" to be a nonempty, open, bounded, connected set
with Lipschitz boundary I" := 0f2. We will use the following standard notation for Lebesgue
and Sobolev spaces. Namely, LP({2; R™) denotes the Banach space of Lebesgue measurable
functions 2 — R"™ whose p-power of the Euclidean norm is integrable and W*?(£2;R")
is the space of LP(§2;R") functions whose derivatives of order k are in LP(£2; R"*). We
indicate WP(2;R?) := {v € W??(2;R?%); v-n =0 on I'} and use the short-hand notation
H* = Wk2 Given a Banach space X and I = [0, 7], we use the notation LP([; X) for the
Bochner space of Bochner measurable functions I — X whose norm is in LP(I), and H'(I; X)
for functions I — X whose distributional derivative is in L?(I; X). The spaces C(I; X) and
Cy(I; X) indicate continuous and weakly continuous functions I — X, respectively. Dual
spaces are denoted by (+)

*

and p' = p/(p—1) indicates the conjugate exponent, with the
convention p’ = oo for p = 1 and p’ = oo for p = 1. For p < d, we indicate by p* the
exponent from the embedding W1P(£2) C LF" (£2), i.e. p* = pd/(d—p). Occasionally, we will
use LP (I; X) for weakly* measurable functions I — X for nonseparable spaces X which
are duals to some other Banach spaces (specifically for L>((2)).

The energy balance ([2.29) delivers formal a-priori estimates. Aiming at making this
rigorous, we start by specifying our assumptions on the data. By indicating by GL*(d) the
space of dxd matrices with positive determinant, we ask for the following.

(3.2a) ¢ : R 5 (—00,400], ¢ € CY(GL™(d) x R) Ik > 0 such that

o(F,,z) > k/det F, for all F, with det F, > 0,
o(F,, z) = 400 for det F, <0, and

F
2 Q(F, 2) = gp(m, z) strongly convex, uniformly w.r.t F', namely,
VF € GL*(d), 29, 21 € [0,1], 0 €]0,1] :
~ ~ . K
P(F, 021 + (1-0)20) < 05(F, z1) + (1-0)5(F, 20) — §|21—Zo|2>

3.2b) p>d,
3.2¢) (:Rx ngxrff — R continuously differentiable, ((z,-) convex,
3.2d) > 0V(z,e) e RxRYY: Zlel* < ((z,e) < (1+]e]) /2,

A€ CHR)NW°(R) and inf A >0,
m: R> x R — R continuous and bounded with infgixa,zm >0,
3.2g) geL'(LL®(RY), felX(I;LN(IGRY), he LX(LLY(D),
) we € LA(;RY), Fo e WY (02;RYY) | 20 € W (2), o € WV(2), r>d,
with minsdet Fo >0 and mingo, > 0.

Note that the concrete form of ¢(F, z) will actually be relevant only for z € [0, 1]. Still, as
in the proof of Proposition 3.4 such constraint is penalized, we are asked to define ¢ also for
outside the interval [0, 1] in ([B:2al), and similarly also for ¢ and m.

Before moving on, let us show that conditions (B.2al) can be realized in some physically
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relevant situation. To this aim, let A be positive. For all F, with det F, > 0 let the Ogden-
type energy density be defined as

p(Fe,z) = fi(2)(F. F') + f2(2)g2(Cof (F. F.')) + f3(2)gs(det Fe) +

dF()

where h is uniformly convex, g;, f; are smooth, nonnegative, convex, with ¢;(0) = 0, for
i = 1,2,3. Indeed, the uniform convexity of z +— @(F,z) with respect to F from (B.2al)
follows from the uniform convexity of A and from the convexity in z of all other terms.
Such convexity can be checked by noticing that all such terms have the form n(F,,z) =
f(2)g(H(F,)) where H is a s-homogeneous function. In particular,

i) = (55:2) =16 (G )

Under general assumptions on f and ¢, convexity can be directly checked by computing the

second derivative with respect to z. To simplify notation, assume H to be scalar valued
(which is the case for i = 3) and compute

o Lz . H(F) 9s () H(F)\ H(F)N(z)
772(1'70,2) UP (}\(2)7 ) f ( )g<()\(z))5) 2 f( )g (()\(Z))S) ()\(Z S 1
() H(F)\ H(F)\'(2) ofs B H(F)\ H(F)(N(2))?
f=)g ((A(z))&) DGyt T T DA <<A<z>>s) ()P

)

(A(z))s) ((s+) ()N (2))* =2 ()N (2)A(2) = F(2)N"(2)A(2)) -
As ¢/(r)r > g(r) > 0, the latter is nonnegative under appropriate assumptions on A and f,
for instance, if f is nonincreasing and A is nondecreasing and concave.

In order to obtain a-priori estimates from (2:29), a number of technical points have to
be faced. One first issue is estimation of the gravity force pg when tested by the velocity v,
which can be estimated by the Holder/Young inequality as

Or Or
. wdz = gd <H
(33) /999” v /Q det VOIS | G T

(o
-2 det F'

2
vt H\/E"mem;Rd)) 91l

_ Or 0
- HgHLm(Q;Rd)/QQdetFjL 2ol da.

The integral on the right-hand side can be then treated by the Gronwall lemma, by relying
on the kinetic-energy term and the fact that the stored energy controls 1/ det F', i.e., (B.:2al).
In order to apply the Gronwall lemma one needs the qualification (3.2g)) for g.

A second technical issue is estimation of the boundary term f-v, which will follow along
the lines of relation (3.34]) below, which in turn hinges on a bound on 1/p, cf. (B.5DI).

L2(@) H\/E’UHLQ(Q;[M) HgHLOO(Q;[Rd)
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Eventually, [, huudS can be estimated by 1l s oy 1l gy < ||h||L4/3(F /040l
||h||i4/3 /5 + NIV pul3, (@ra) T 5N||u||L2(F Where N mdlcates the square of the norm of
the trace operator H'(£2) — LA(I').

Under assumptions (3.2)), the energy balance (2.29)) thus implies the a-priori estimates

(3.4a) Vel o r12(mny < C
(3.4b) lo(Fe s 2 e iy < €
(3.4c) le()l 2 wraraxay < C
(3.4d) 2l 2o (rx2) < €, and
(3.4e) el 2 o) < €

where, here and in the following, for the sake of notational simplicity the symbol C' is used
to indicate any positive constant just depending on data and possibly varying form line to
line. In case of need, we will indicate the dependence of such constant on specific parameters
by using subscripts.

As p > d, estimate (B.4d) prevents the onset of singularities for the quantities transported
by the velocity field. In particular, due to qualification of F\y and gy = gy / det F in (3.2h),
it yields the estimates

(358) || Fllm(wirmacsy < Ch, H <c,,

det F HLOO(I;WW"(Q))

1

(3.5b) ol oo (i) < Cry  and H— <C, forany 1l <r < +4o0,

HLOO(I Wi (02))

see the arguments in the proof of Lemmas 3.2 and B3] below. From (3.4a) and (3.5h), we
then also have

‘%HLOO(IXQ) sC.

Based on the formal a-priori estimates (B.4)-(3.5]) we now specify a notion of weak solu-
tion. In particular, we replace the inertial force v in (2.20a) by using the equality

(3.5¢) ||U||Loo(1;L2(Q;Rd)) < H\/EUHLOO(I;L?(Q;Rd))

(3.6) o0v = gt(g'v) +div (ov ® v),

as well as (0) = gp/ det Fy. Noteworthy, this formula has exploited the continuity equation
(2.10al).

Definition 3.1 (Weak solutions to (2.20)). We call quintuple (o,v,F,z,u) € L>®(Ix2)
X(LP(I; W2P(2;RY)) N Oy (I; L2(02))) x L®(Ix2; R>4)) x C(I; L2($2)) x L*(I; HY(2)) a
weak solution to the system (2.20) with initial and boundary conditions (2.21)) and (B.1))
ifvm =0, det F > 0 and 0 = gp/det F a.e. on Ix02, o(F,2),0.(F,z) € LY(Ix$2),
Op(F,2) € LY(Ix2;R™Y) | 2 is valued in [0, 1], v(0) = vy,

(3.72) /0 79 ((aF(F, AFT + (2 e(v)) — gv@v);w — ov- g—; + B(F, 2)(div D)
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T T
+ v|Ve(v)|P?Ve(v)Ve(v ) daedt = // 0g-v dxdt + // fodSdt
oJr
holds for any v € C®(Ix$2;R?) with v-n =0 and v(T) =0 = v(0),
Tr 98 -~ -~ -
(3.7b) //F— + ((div v)F+(V'v)F):S + F:((v-V)S)dedt = —/ F(:S(0)dzx
0Jo O 0

holds for any S € C=(Ix(2;R™?) with S§(T) = 0,

(3.7¢) // m(F, z2)Vu-Vz — zg— — zdiv(vz) dedt + / / xpz dSdt

/,uoz d:c—i—//hzdet

holds for any zZ € C®(Ix£2) with Z(T) = 0, and

(3.7d) // 1) (Z—z) dedt > 0

holds for any z € L*>(Ix{2) valued in [0, 1].

If the velocity field v is in L1(I; W5H*°(£2; RY)), one classically obtain that regularity of
the initial datum is preserved along the flow (2.24h). We provide a rigorous statement in
the following lemma, as well as a proof based on Galerkin approximations.

Lemma 3.2 (Flow of F). Let p > d and r > 2. Then, for any v € L*(I;W?P(£2;R))
with v-n = 0 and any Foy € WL (Q2; R, there exists a unique weak solution F &
Co (L WET(2; R&A))y 0 WHL(T; L (£2; R*D)) to ([2.240) in the sense of (B.7DH). The esti-
mate

(38) ||F’|L°°(I;W1’T(Q;Rd><d))ﬁlel(I;LT(Q;RdXd)) < Q:<||vvHLl(I;WLP(Q;RdXd))7 ||F0||W1’T(Q;Rd><d)>

holds with some € € C(R?), equation ([2.24R) holds a.e. on Ix§2, and F € C(Ix{2;R>?),
Moreover, the mapping

(3.9) v F o LY W2P(0;RY)) — L(1; W (02; R™*4))

is (weak,weak*)-continuous. If in addition det Fo > 0 on 2, then det F > 0 on Ix$2; i.e.,
min,, 5 det F' > 0 uniformly with respect to bounded velocity fields v, namely, for any R > 0
there exists 0 > 0 such that

(310) ||V'U||L1(I wi, P(QRdXd < R = I}IiléldetF > 5
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Proof. Let us start by assuming v € L?(I; W?P(§2; R?)); the weaker integrability setting of
v € LYI; W?P(2; R?)) will be recovered later in the proof.
Consider the following parabolic regularization of (2.24%)

(3.11) F = (Vv)F + ediv(|VF|"2VF),

by complementing it by the additional boundary condition (VF)n = 0. We tackle the
regularized problem (BII)) by means of a Faedo-Galerkin approximation. Assume to be
given a sequence of nested finite-dimensional subspaces {Uy}ren whose union is dense in
WLr(§2; R¥™4). Without loss of generality, we can ask for Fy € U;. The classical existence
theory for systems of ordinary differential equations ensures that one can find a solution
t € [ — Fi(t) € Uy of the Galerkin-approximated problem for any k; more precisely, local
in time existence needs to be combined with maximal prolongation on the whole interval I,
on the basis of the L>-estimates below).
Testing (the Galerkin approximation of) (3.1 by F'; we can estimate

d
(P4
le’U
_ / (Vo) Purs + W0 s < 2 190l e e Il s

where we used the calculus

/(’U-V)Fk:Fk dx :/ |F1.[*(v-n)dS
Q r 1
—/Fk:(v-V)Fk + (div o) |[Fy? do = —5/(divv)|Fk\2dw,
Q 2
together with the boundary condition v-n = 0. Note in particular that, in order to perform

the latter integration by parts, the integrability of v is required, besides the regularity of
Vw. By the Gronwall inequality we obtain the estimate

(313) ||Fk||L°°(I;L2(Q;RdXd)) S C Wlth ||VFk||Lr-([XQ;Rdxd><d) S Cf_l/r

At the Galerkin-discretization level, another legitimate test for (31I) is 2Fj. This
allows us to estimate
OF,|?
ot

OF,
dot 25 [ VR de= [ ((Vo)Fs - 09)F) 5 do

< ||VUHL°°(Q;]RdXd)||FkHL2(Q;]RdXd)

(3.14)

T aFk
+CT||v||%oo(Q;Rd) (1“— ||VFk||Lr(Q;Rd><d H

L2(£2;R4x4)

Note that we used here that r > 2. As v € L*([; W?P(£;RY)) C L*(I; L=(§2;R?)), the
already obtained estimate (3.13), and the Gronwall inequality imply that

oOF
(315) H k < Cel/(re) and ||VF]€||L°°(I;LT(Q;RdXdXd)) S C’el/(TE) .

L2(2x ;Rdxd)
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Keeping ¢ > 0 fixed, the above estimates allow us to pass to the limit as & — oo by
standard arguments for quasilinear parabolic equations; realize that all lower-order terms are
linear while the last, highest-order quasilinear term in (BI1]) is (even uniformly) monotone
and its limit passage (exploiting compact embedding and Minty’s trick or strong convergence)
is easy, cf. e.g. [29, Ch.8]. The limit is a weak solution to the initial-boundary value problem
for (BI0), which we denote by F. € H(I; L*(2;R™%)) N L=(I; Whr(2; R?*4)). As this
solution is unique, no extraction of subsequences is actually needed and the whole sequence
{F}}.en converges to F'.; the uniqueness for v given is easy by the uniform monotonicity of
the quasilinear term and by handling the lower-order terms by Green formula as in (3.12))
and the Gronwall inequality.

Recalling now that

OF .
(3.16) H + (v-V)F. — (Vv)F. < e/
ot L2(Ix ;R4 d)
by comparison in (B.I1]) we also obtain
(3.17) |ediv(IVF[" >V F )| 2 paxay < Ce'/0).

Note that this estimate degenerates for ¢ — 0. Still, we have that div(|VF.|"2VF.) €
L*(Ix$2; R™4) 5o that ([B.1T)) is solved almost everywhere. In particular, we can legitimately
test it by div(|[VF.|""2VF,). Since p > d, we have p~ + (r*)~! + (+/)7! < 1, and thus by
the Holder and Young inequalities, we can estimate

(3.18)
M Lop ) de < i/ Lyvr de+5/ div([VF.[ 2V F.) da
dt o' c - dt nr c 0 c c

- ‘/QV(w-V)Fa = (Vo)F.){(|VF[*VF.) dz

_ /Q VF.|(VF.0VF.)e(v) — %\vpevdivu
— ((Vv)VF. + (V*v)F.):([VF.|"*VF.)dz
< CT||Vv||L°°(Q;RdXd)||VFE||TLT'(Q;R‘1X‘1X‘1)
£ V0 gty |l o [V P2 e
< CIV0 ] gy | TFl e
+ CTNHszHLP(Q;RdXdXd) | Fe|| 22 (2;maxay (1+’|VF€’|TLT'(Q;RdXdXd)>
+ CTNHvszLP(Q;RdXdXd) IVF||7 (oraxaxay ,
where we used p > d in order to get Vo € WhP(£2;R&>4) C L>®(£2;R¥>4) as well as the
computation

/V((U-V)Fg):|VF€|T‘2VF€dw
2
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_ / V. 2(VF.0VF.):e(v) + (vV)VF.|VF.2VF. dz
02

:/|VF€|T"v-ndS+/ (|VF€|T_2(VF€®VF€):€(’U)
g 7 (dive)|VE| - (r—1)|VFE|7”‘2VFEE(v-V)VF€> da

VF.|" , VF.|"

= / VE| vn dS+/ |VF.|"?(VF.@VF.)e(v) — (div v)u da

r T Q
Again, the boundary integral above vanishes since

v-n = 0. For the last inequality in (3.18)), we have used ||F€HLT*(Q;Rdxd) < N(Fell 2 (qpaxay +
||VF€||LT(Q_Rdxd)), where N is the norm of the embedding W17 (£2) c L™(£2) if W1 (£2) is
endowed with the norm || - [|z2() + |V * || r2ra)-

One can thus apply the Gronwall inequality to (BI8]). Correspondingly, by using the
former estimate in (3.I3) and the regularity of the initial datum Fy € W (2;R%*9) one
obtains the estimates

(319&) ||VF€||Loo([;Lr(_Q;Rd><d><d)) S C and
(3.19b) |div(|[VF|" >V F )| 2(1x gmaxa) < Ce /2.

The limit passage for € — 0 in the linear terms is then straightforward and the quasilinear
regularizing term in ([B.II) converges to 0 as &(/?) for ¢ — 0 due to (3I9h). Alterna-
tively, one can observe that when tested by S € L"(I; Wi (£2;R%*4)) and by using (3.19al),

quasilinear regularizing term converges to 0 even faster as

T
‘ / /Q e|VF.|"*VF.iVS dzdt| < e VF|7 1, gmaxaxa VS rramaxaxay = O(€) .
0

In any case, the limit for ¢ — 0 solves the original nonregularized initial-boundary value
problem for (2.24D). As this equation is linear, the solution is unique and no extraction of
subsequences is needed in the ¢ — 0 limit passage.

Estimate (3.I3]) on %Fa does not pass to the limit as ¢ — 0. Still, we can argue by
comparison in 2F = (Vv)F — (v-V)F and get the estimate

(3.20) <C.

LY(L;L7 (2Rdxd))

%

In particular, (2.24D) holds a.e. on I x (2. By the embedding
L®(L W (02; R n Wh(T; LM (02, R>Y) € C(Ix 2; R,

we also have that F € C'(Ix2; R¥*%).

The (weak,weak®)-continuity of the mapping v — F' is easy to obtain. Let v, — v
weakly in L*(1; W?2P(£2;R%4)) and let F,, be the corresponding unique solutions of (2.24%)).
Starting from the bound 3.20) on F, in WY(I; L"(£2;R**%)) (which indeed depends on
|vnll L1 (w2 (2rixay)), one applies the Aubin-Lions theorem obtaining strong convergence of
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F, in LY(I; L™ ~¢(£2; R™9)) for any 0 < € < 1. Then, we simply pass to the limit in (2.24h))
in its weak formulation (B.7D]) as n — oo.

Recall that Fg € W (£2; R™>4) ¢ L°(2;R™9). If det Fy > 0 on 2, Fy* exists and is
bounded on 2. In fact we have that Fi;' € W7 (£2; R?™*9) as

CofFo\ Cof '(F\) B Cof (Fo)Cof (Fy)
det Fy ] det Fy det F(Q)

VF;' = v( )VFO € L7(§2; R dxdy .

We can then apply the above arguments to the flow equation (Z7) for the inverse F~', as
well. In particular, we obtain that F~! is bounded on Ix 2, so that 1 / det F' stays positive
and bounded away from 0. O

A scalar-valued variant of Lemma [3.2 holds for the continuity equation (2.10al). Its weak
formulation corresponds to the integral identity

Tr ov
(3.21) 0— + ov-Vudadt = [ 0ov(0)dx
0Jo Ot 7

for any v € C1(Ix{2) with v(T) = 0. We state this Lemma without proof, for the sake of
completeness and later reference.

Lemma 3.3 (Flow of 9). Let p > d and r > 2.Then, for any v € L'(I; W*P(£2; R?)) with
vn =0 and any oo € WH(02), there exists a unique weak solution o € Cy(I; WH(£2)) N
WUL(I; L7(£2)) to (2I04) in the sense of (321 and the estimate

(3.22) ||Q||L°°(I;W1»7“(.Q))OWU(I;L”"(Q)) < Q:<||vv||L1(I;W1vP(Q;RdXd))’ ||QO||W1»7“(Q)>
holds with some € € C(R?). Moreover, o € C(Ix2) and the mapping
(3.23) v o LN, W2P(02;RY)) — L(1; W (02))

is (weak,weak*)-continuous. If in addition gy > 0 on 2, then o > 0 on Ix 2 uniformly with
respect to bounded velocity fields v, namely, for any R > 0 there exists d > 0 such that

(3.24) HVUHLl(I;WLP(Q;RdXd)) <R = Ilnl})_l 0=>0.
X

We are now in the position of stating the main result of this section.

Proposition 3.4 (Existence and regularity of weak solutions). Under assumptions (3.2))
there exits a weak solution (o,v, F,z, 1) to the initial-boundary-value problem ([2.20)-(2.21)
with [BJ)) in the sense of Definition Bl Moreover,

F € H'(I; L' (£; R™),

2 € LN HY(Q) N HY(I; H' (2)),

0=ox/det F € H'(I; L"(£2)),

ov € LYI; WHH(2;RY) n W (I, WP (02, RY)*).
Eventually, the energy dissipation balance ([2.29) holds integrated on the time interval [0, 1]
foranyt e I.
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The remainder of the paper is devoted to a proof of the latter existence statement.
This hinges upon a nested regularization and Galerkin space-approximation procedure. In
particular, nonlinearities firstly are replaced by regularizations. Then, the PDE problem
is reduced to an ODE system by resorting to finite dimensional subspaces. The crucial
point here is that the (weak formulations of the) momentum equation (2.24al) and of the
diffusion equation (Z24d) will be space discretized. The continuity equation ([B.2I]) and the
flow equation for F' will not be space discretized, in order to take advantage of Lemmas
and

Proof. As mentioned, the proof relies on subsequent approximations and is here divided into
steps, for better clarity.

Step 1: Regularization. Since r > d, we can choose € > 0 small enough so that all fields F’
fulfilling the formal estimate (3.5al) satisfy

1
(3.25) det F>¢ and |F|< - ae.on Ix{2.
£

Correspondingly, we may perform a regularization of the stress in (2.20) by considering a
smooth cut-off (-, z) of the original stored energy density ¢ defined as

(3.26) ve(Fe,2) = x-(A(2) Fe ) (e, 2)
1 for det FF > ¢ and |F| < 1/e,
0 for det FF < e/2 or |F| > 2/e,
with . (F) =

<€3—2(2detF — 5)2 — %(2detF — 5)3> X
X (3(e|F| — 1) = 2(e|F| — 1)) otherwise.

We moreover make use of the notation @.(F,z) = x.(F)p(F,z). Note that also ., p. €
CHR™ x R) if ¢ € CHR¥? x R). Moreover, [@.], the Cauchy stress (F,z) — T. =
(@)% (F,2)F" + §.(F,2)I, and the driving pressure 7. = [{.]" are bounded, continuous.
In fact, T. and 7. vanish as an effect of the choice of y. if F' “substantially” violates the
bounds (B.25)), specifically if det F' < ¢/2 or |F'| > 2/e. It is also important to notice that
the strong convexity of @(F',-) is not inherited by @.(F',-), which is why we are forced to
resort to a regularization of the diffusion equation (3.29d) below.

The multivalued mapping Ny ,(-) in ([2.24d) is approximated via the standard Yosida
approximation

k(z—1) ifz>1,
(3.27) Ni(z) = 0 if0<z<1,
kz if z <O0.

Note that k£ € N is the index of the Galerkin approximation of the momentum equation as
well, see Step2 below.
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We moreover regularize the singular nonlinearity 1/ det(-), showing up in the right-hand-
side of the momentum equation, although simultaneously the mass-density continuity equa-
tion is considered for the inertial term. To this aim, we introduce the short-hand notation

(3.28) det. F' := max(det F,¢),

Eventually, we regularize also the diffusion equation for z. Altogether, the regularized system
reads as follows

(3.29a) % = —div(ev),
o ‘ L Org
(3.29b) a(gv) + div(pv®v) = div(T.+D) + dot. F

with T. = [p.)%(F,2)FT + G.(F,2)I

and D = (/(z;e(v)) — div(v|Ve(v)[P*Ve(v)),
(3.29¢) F = (Vv)F,
(3.20d) % =div (m(F, 2Vt (1—X5(F))Vz> with g = [BL(F, 2) + Ni(2) .

The boundary conditions for ([3.29h) are as in (2.2I)) while the condition for the diffusion
equation (i.e., the last condition in (221])) is now modified as

(3.30) (m(F, )V + (1—X€(F))Vz) n+ e+ (1—xe(F))z = h.

Note that the terms with factor 1—x.(F) in (3.29d) and (330) vanish if F complies with
the bounds (3:25). On the other hand, they ensure the strong monotonicity of the diffusion
operators and the coercivity of the boundary conditions, even when the approximate solution
violates these bounds and thus the cut-off [¢.], may degenerate.

Step 2: Galerkin approximation. We perform a Galerkin approximation separately of the
momentum equation (B3.29b]) and of the diffusion equation for z (8.29d). On the other
hand, we do not approximate in space the continuity equation (3.29al) and the flow equation
(29d) for F' but rather rely respectively on Lemmas B.3] and for their weak solutions.
The Galerkin approximations of equations (3.29b]) and (3.29d) are kept independent, in order
to be able to pass separately to the limit in Steps 6 and 4, respectively.

Specifically, we use a nested finite-dimensional subspaces {Vj }ren whose union is dense
in W22(£2;R%) for the momentum equation (3.290). Note that these spaces are indexed
by the same k € N used in (3.29d]) for the regularization of the normal-cone mapping. In
addition, we perform a Galerkin approximation of the diffusion equation (3.29d) by using
a second collection of nested finite-dimensional subspaces {Z;};cy whose union is dense in
H'(£2). Without loss of generality, we may assume vy € V; and 2z € Z;.

The space approximation of the solution of the regularized system (3.29]) will be denoted
by

(le,vkl,Fkl, Zkl) I — Wl’r(.Q) X Vk X Wl’T(Q;RdXd) X Zl.
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Existence of such space-approximated solution can be obtained via the standard existence
theory for first-order systems of ordinary differential equations: local-in-time existence fol-
lows from smoothness, also in connection with Lemmas and B3] Then, global existence
on the whole time interval [0, T'] results from the standard successive-prolongation argument,
on the basis of the uniform-in-time estimates proved below.

Let us once again stress that the continuity equation (3.29a)) is not space discretized.
This allows us to test it by |vg|? so that identity (3.6]) is at disposal also at the Galerkin
level. On the other hand, it is to be emphasized that also the equation for p in ([8.29d) is
not space discretized: the corresponding i is therefore not valued in Z; and thus is not a
legitimate test function for the diffusion equation (3.29d).

Step 3: First a-priori estimates. A basic estimate follows by testing the Galerkin approxi-
mation of the momentum equation (3.29b]) by vy, taking advantage of the (not discretized!)
continuity equation (3:29a)) tested by |vy|?/2, and by testing the Galerkin approximation of
the diffusion equation ([3.29d)) by 2.

The continuity equation (3:29al) tested by |vg|?/2 can be used in ([B.6), here written in
terms of gy and vy, in order to exploit the formulas (2.27)-(2.28) to obtain the rate of
kinetic energy. A crucial observation is that, due to the presence of the cut-offs det. and .,
the equations ([B.29—c) can be estimated independently of z, i.e., independently from the
estimate of the diffusion equation ([3.29d)). Specifically, from the Galerkin approximation of
(3.29h) tested by vy we obtain the identity

d
(3.31) — %\vm? dx + / CL(z;e(vp)):e(vy) +v|Ve(v)|P de

&t /2 Y

org
= W — T2 i dS
/Qdets Fkl'vkl rie(vg) +/Ff Vi

where
(3.32) T = @) (Fr, 26) iy + Po(Fray 200) I .

Due to Lemmas and with v = v;; and with the fixed initial conditions F'y and
00, we may define the nonlinear operators § : I x LP(I; W2P(£2; RY)) — WL (§2; R¥*9) and
R: I x LP(L;WEP(2;RY)) — WT(02) by

(333) Fkl(t) = S(t, Ukl) and le(t) = %(t, 'vkl) .

Since we have that p > 2, we can estimate

(3.34) /f"vkl dS < || fllorriray | vall Lo (e
r
< NHfHLl(F;Rd)(||vkl||L2(F;Rd)+ ||Ve(vkl)||Lp(g;Rdxdxd))
< ClFI gy + 1 F Npr ey (1 [vnll2opa)) + Ol Ve(wi) I, gpaxaxay

v/ 0Vl 2 pay
v/min g

S CHinzl([‘JRd)_'_ ||f||L1(F;Rd) (1+ ) + 6Hve(’vkl)’|ip(g;[@dxdxd) )
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where N depends on the norm of the trace operator WP(2) — L>(I') and the Korn-
inequality constant, while C' depends on N and ¢ > 0, which can be chosen arbitrarily.
By the Gronwall inequality, we obtain the estimates

(3358“) ||e(vkl)||L2(I;W1vP(Q;RdXd)) < C and H V levleL"O(I;LZ(Q;Rd)) < C7

and, since gy, is uniformly bounded away from 0, from (B.24)) together with (B3.35al), we also
have that

(335b) ||vkl||L°°(I;L2(.Q;Rd)) S C.

Next, we use the strong convexity of @(F,-), cf. (8.2a]), in order to drop momentarily
equation pg = [@:|.(Friy 2z11) + Ni(2r) which holds a.e. on Ix{2. Indeed, this equation
should otherwise be tested by Zzi;, which would not be a legitimate test at the Galerkin-
approximation level. By computing the gradient , we have

(3.36) Vi = ([@)L. (Fri, 21) + &) Vo + (@) b, (Fra, 2) VF - with & € Nj(21) -

Note that N, € W»°(R) and the (generalized) derivative N}, indeed jumps (i.e., is set-
valued) at z = 0 and z = 1. On the other hand, we nevertheless have that 0 < & < 1/k.
Substituting this into ([3.29dl), we obtain an initial-boundary-value problem for z;, namely,
(the Galerkin approximation of)

Ju = (m(sz, 21) ([P (F oty 20) +6m) + 1= (Frt) )Vzkl + [@el . (Frt, 211) VF gy

= m(Fy, 2r1), “Jliformly” positive
with respect to (Fgi, zk1)

and with the boundary condition j,;-n + sy = h. It is now allowed to test (8.37) in its
Galerkin approximation by zx;, which leads to the identity

(3.38)

1d
§&||Zkl||i2(9)+/m(szaZkl)|VZkz|2d$+/%Mklzklds
2 r

= / [@5]/1/;172(171]“, zkl)E(VFkl(X)VzM) — ('vkl-Vzkl)zkl dx + / %hzkl + (1—X5(Fkl))zzl dS
(9} r
2

div Vil dx —|—/ %hzkl — @ Ve'n dS,
r

where also the Green formula in {2 has been used. It is important that the term scpy 2z =
31X (F1) 0 (Fri, 21) 21 + (1—x(F1)) 2%, can be estimated from below by d]z|? — 1/4 for
sufficiently small § > 0, depending on the strong convexity of (F,-), cf. (8.2al), so that the
boundary term |’ 7 #hz dS in (3.38) can be estimated by using also the coercive left-hand-

|2kt |®

= / Bl (Fris 21) { (VF i@V 20) +
0

side term f r iz dS. Using the boundary condition vy-m = 0 and the Gronwall and the
Holder inequalities, we obtain the estimate

(3.39) 12kl Loe 1,200 L2 (02)) < ©
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From this, we also obtain an information about g = [@]%(F ki, 2x1) + N (2r1):
(3.40) [ bktll oo (1,220 A 220111 (2)) < Ck

Step 4: Limit passage for | — oo. By the obtained a-priori estimates and the sequential
weak™ compactness of balls in the involved spaces, we can standardly use the Banach selec-
tion principle [B, Chap.III, Thm. 3] (i.e., a special form of the Alaoglu-Bourbaki principle
devised later for nonmetrizable situations) and extract some not relabeled subsequence and
(or, Viey Fiy ziey i) + I — WE(£2) x Vi x W (£2; RP>*4) x H(£2)? such that

(3.41a) Okl — Ok weakly™® in  L°(I; W (2)) N WYP(I; L™ (£2)),

(3.41b) vy — vy, weakly* in L°°(I; L*(£; R%)) N L*(1; WP(2; R%)),

(3.41c)  Fyu — Fj  weakly® in L>(I; W' (£2; R™) N HY(I; L*(02; R™4)),

(3.41d)  zm — 2 weakly™* in L°°(I; L*(2)) N L*(I; H'(£2)),

(3.41e) gl —> Lk weakly™* in L°°(I; L*(£2)) N L*(I; H'(£2)) .

Recalling that r» > d, by the Aubin-Lions Lemma we also have that
(3.42a) Okl — Ok strongly in C'(Ix{2)

and Fy; — F}, strongly in C(Ix{2;R%9). By comparison in the equation in ([3.29d)) we
obtain a bound on %zkl, implying that

(3.42b) 2k — 2 strongly in L*(Ix(2) for any 1 < s <2+4/d,

cf. 29, Ch.8]. Thus, by the continuity of the corresponding Nemytskii (or here simply
superposition) mappings, also the conservative part of the regularized Cauchy stress and the
diffusivity and the regularized pore pressure in the diffusion equation converge, namely,

(3.42¢) T.p— Tep = [0:)p(Fr, zk)Fk + @ (Fk, zx)I  strongly in L¢(1x(2; ]RdXd),
(3.42d) m(Fx, z51) — m(F, z) strongly in L¢(Ix{2),
(3420) [P (Fusa0) — (B (F i ) strongly in L*(Ix(2),

for any 1 < ¢ < oco. It is important to notice that
(3.43) V(orvi) = Voru@vy + 0, Vo

is bounded in L*®(I; L"(£2;R¥%)) due to the already obtained bounds [B.I3) and ([3.22).
Therefore, opvy converges weakly® in L>°(1; W1 (£2;R?)). In fact, the limit of gy can
be identified as gpv) because we already showed that gy converges strongly in (8.42al) and
vy converges weakly due to (3.410).

By comparison, we also obtain some information about %(gklvkl). Note indeed that
([B6) still holds for the semi-discretized system since the continuity equation has not been
space-discretized. Specifically, we have

(3.44) —(0rVk) = 0Ok — div(onVH VL)

ot
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= le'l}kl - le(’vkz'v)’vkl - ka(diV ’Ukl)’vkl - (Ukl'Vle>'vkl .

We may hence compare in (3.29D]) in order to obtain a bound on gyv.. By the compact
embedding L>=(I; Vi) N WY (I; V) € L=(I; V), we have

(3.45) Okl Vil — OkVk strongly in L°(Ix2;R%) forall1 <c < 4.

Since obviously v = (0rvk)(1/0ki), thanks to (B.13), (8.42a), and (B.45), we also have that
(3.46) Vg — Vg strongly in L°(Ix2;R?) with any 1 < ¢ < 4,.

The convergences (3.42d,e) allow to pass to the limit for [ — oo in the regularized
diffusion equation (3.29d)). The limit passage in the evolution equations (3.:29a)) and (3.29d)
follows from Lemmas and B3

For the limit passage in the momentum equation, one uses the monotonicity of the
dissipative stress D, i.e., the monotonicity of the quasilinear operator

v — div(div(|Ve(-)[F7*Ve(v)) — (2, e(v))),

and one employs weak convergence, in combination with the so-called Minty trick. We take
v € HY(I; V) and test the momentum equation by vy —v. Note that one has

(3.47)

// 0k1Vk 0 daedt = // ot (orivi) + div( le’Ukz®’Ukz)> v dadt
ok (T) v (T)-0(T) — povo-v(0) dae — // ka’Ukl + (0 VE®V): VU dedt
Q

*/Qk(T)’Uk(T)' (T') — eovo-v(0) de — //kak—+ (orvr®@vy):Vo daedt
0

T
0J

Here, we have used the fact that the term gg(T) is also bounded in W' (£2) and vy (T) is
bounded in L?(§2;R?), together with some information about the time derivatives %gkl =
—div(grvr) and %(gklvm), cf. (3:44), so that we can identify the weak limit of g (T)vg (7).
We have hence obtained that

(3.48) o (T v (T) — ok(T)vi(T) weakly in L*(2; R?).

In (3:47), we have relied on (3.45) and on the fact that 2o is well defined at the Galerkin
level and that the continuity equation is not discretized, so that the identity (B.6]) holds even
for the semi-discrete problem. This is to be used in the following calculations

(3.49)
0 < limsup (/0 /Q<V(|Ve(vkl)\p_2Ve(vkl) — |Ve(0)[P~*Ve(v)) Ve(viy—0)

l—o0
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+ (0L¢ (2, €(Vit)) —0LC (2mas e('ﬁ))):e(vkl—ﬁ)) dacdt)
= lim sup (/OT/Q (gkz(g—’l}kl)-(vkl—ﬁ) — T :V(vy—0) — 9L (211, €(V)):€ (v —0)

=0

— 1/(|Ve(i7)|p_2Ve(§)) EVe(vkl—§)> deedt + /T/ f(vp—0) det)
oJr
T
= lim sup (/ / <leg'(’vkl—5) + ok Vk10 — Te V(v —0)

l—o0

— AL (20, e(®)):e(vi—T) — v(|Ve®)P2Ve(® ))EVe('vkl—"E)) dedt

//f vy —v) dSdt — /9’“( | kl(T)|2—%|fv0\2dw)

</ / (gkg 0k—B) + 041D — TV (04—) — 0, (24, €()) (w5 —)
—v(|Ve®)|"2Ve(® )).Ve(’uk—v)> dadt

—l—/OT/Ff-(’vk—ﬁ)det_/QQk(QT)|vk(T)|2—%|fuo|2da;)

- /0 T/Q <Qk(g—'bk)~(vk—53) TV (0 =) — 0. (2, €(D)):e(vp—D)
—v(|Ve(v)P*Ve(v)) EVe(vk—6)> daedt + /OT/F f(vp—v)dSdt.

Here, we used also Vvy — Vo, weakly in L?(Ix2;R>?). Besides (Bﬂ), we also used

the weak upper semicontinuity of fQ —%le(Tﬂ’vkl )2 dx = fQ 2|\/le Yor(T)|? dz, to-
gether with the fact that, like (3.48]), we have also

(3.50) o (T)vu(T) = v/ ou(T)v(T) weakly in L*(£2; R?).

This follows since /0x(T) is bounded in WT(£2) and hinges on the boundedness of the
term % Okl = (diV 'vkl)\/@+ vkl-Vle/\/@.

By density arguments, inequality (3.49) holds for any v € LP(I;V}) so that we can
substitute v = v, + ew for w € LP(I;V}) with w(T) = 0 = w(0). This gives equality
in ([B49) and, dividing this equality by € # 0 passing with ¢ — 0, we obtain the weak
formulation of the momentum equation (3.7al), here still at its Galerkin-approximation level.

The initial condition v (0) = vq is kept in the limit, too.

Step 5: Further a-priori estimates. At this point, the only equation which is still discretized
is the momentum equation (3.29b]). We can perform the ¢ physical” test of the six equations
in (3.29) respectively by |vy.|?/2, vk, [P:]w(Fr, z) F), . pi, and 225 + V-2, thus obtaining
estimates (B.4h—c,e) and (B.5) written now for the weak solutlon (0, Vi, Fi, 2k, pix) of the
(still semidiscretized) system (3:29). By comparison, we also obtain an estimate for N (zx) =

pi — [Pe)L(F, zx). Specifically, relying on (8.39) and on the estimates ([B.4€]) and (3.5al), we
obtain
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Step 6: Limit passage for k — oo. We use sequential weak™® compactness and the Banach
selection principle as in Step 4, now also taking (3.19al) into account instead of the esti-
mate in (3I5) which was not uniform in k. For some not relabeled subsequence and some
(0,v, F, z, 1), we now have

(3.52a) o — 0 strongly in C'(Ix{2),
(3.52b) vy — v weakly* in L (I; L*(2; RY)) N L2(1; W2P(£2; RY)),
(3.52¢) Fp— F weakly™ in L (I; W (£2; R>*)) 0 HY(I; L*(£2; R™>)),
and strongly in C/(Ix2; R,
(3.52d) 2z — 2 weakly* in L°°(I; L*(2)) N L*(I; H'(12))
and strongly in L°(Ix{2) for any 1 < ¢ < 2+4/d,
(3.52¢) g —p weakly* in  L>°(I; L*(2)) N L*(I; H'(12)),
(3.52f)  Top — T. = [0)p(F,2)F '+ @.(F,2)I  strongly in L°(Ix£2; R™%),
(3.52g)  m(Fy, z) — m(F,z) strongly in L¢(Ix(2) for any 1 < ¢ < o0,
(3.52h) [P (Fk, z) — [P (F, 2z) strongly in L°(Ix{2) for any 1 < ¢ < oc.

The momentum equation (B.29h) (still regularized by ¢) is to be treated like in Step 4.
The argument which led to ([8.43]) is to be now based on the the information about the time
derivative 2 (gxvx) in a seminorm on L¥'(I; W?P(£2;R%)*) induced by a test by LP(I;V;,)
with k > ko, ko € N, or by a Hahn-Banach extension of such time derivatives, cf. [29, Ch. §].
The other terms in (3.44) are bounded in LY3(I; L?(£2;R?)). By a generalization of the

Aubin-Lions compact-embedding theorem, cf. [29, Lemma 7.7], we then obtain
(3.53) Okl Vil — Ok strongly in L°(Ix2;R?) with any 1 < ¢ < 4,

In fact, the treatment of (3.49) is to be slightly modified by using first v € H'(I;V;,) and
then, for and k& > ko, can be used for (gg, vg, Tk, 2x) in place of (ox1, Vis, Te g1y 21i) and
(0,v,T., z) in place of (gx, Vg, T: i, zx). Then, by density arguments, we can resort to some
arbitrary v € LP(I; W?2P((2;RY)).

The limit passage in the semilinear equation

0 ~
(3.54) g + v,-Vz, = div <m(Fk, zk)Vuk + (1—X€(Fk))Vzk)

towards the former equation in (3.29d)) formulated weakly is straightforward due to (3.52b—
e,g). The limit passage in the equation

(3.55) e = [Pe)l(F, z1) + Ni(21)

towards the variational inequality (3.7d)) is simple by writing the monotone function Ny, as
the derivative of the Yosida approximation ny of the indicator function 9y, ,, i.e. ng(z) =
ming<z<; [2—Z2[?/2. Thus, using convexity of ny, ([B55) can be written as the variational
inequality fOT Jo e (Z) + (=@ (Fr, 1)) (F—2,) daedt > fOT [ ni(z1) daedt for Z valued in
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[0,1]. The limit passage is by the convergence ([B.52d,e,h) and the I'-convergence of ny to
Opo,1) for k — oo.

From the calculus in (3.44]), we can also see the information %(Qv) e L' (I; W?P(£2; RY)*)
while V(ov) € L(I; L"(2; R*D)) is like in (33).

Step 7: Removing the reqularization. Since L®(I; W' (02)) N HY(I; L*(£2)) is embedded
in C(Ix$) for r > d, F and its determinant evolve continuously in time, being valued
respectively in C'(£2; R™4) and C(§2). Let us recall that, due to (B2 and to the choice of
e > 0, the initial condition F'y (which is the initial state for the e-regularized system as well)
complies with the bounds in ([B.25]). Therefore, F' satisfies these bounds in (3.25) not only
at t = 0 but also up to a small positive time. Indeed, the e-regularization of 1/ det(-) and of
v is not active, (o, v, F, z, u) solves the original nonregularized system for some small time,
and a-priori bounds (3:25) hold. By a continuation argument, such local-in-time solution can
hence be extended to the whole time interval I. In particular, the e-regularization remains
not active for all times.

Step 8: Energy balance. Let us conclude by checking that the tests of equations (2.24])
respectively by v, S, and p and of (Z.I0a) by |v|* are legitimate, i.e., rigorously justifiable.
These in turn allow to prove the energy balance (2Z29) integrated over a current time interval
[0, ¢] via ([2.25]), [2.20), and (2.28).

The already obtained estimates ensure that F € L>®(I, Wi (2;R%4)), as well as v €
L=(I; LA($2; RY)) N L2(1; L°(2; RY)). From this we deduce (Vv)F € L%(I; L*°(§2; R%*9))
and (v-V)F € L*(I; L"(£2;R¥4)), and from these two we get 2F = (Vv)F — (v-V)F €
L2(I; L7 (£2; R¥4)). Thus, the particular terms in (2241 are in duality with § = @ (F, 2) €
L®(Ix$2; R¥™4). On the other hand, we have that ¢(F,z) € L®(Ix2) is in duality with
divv € LY(IxQ)) and p € L*(I; H'(£2)) is in duality with z € L*(I; H*(£2)*). Thus the
tests (2.25) and (2.20) can be legitimately performed.

Similarly, we can see that 20 = —(divv)o — v-Vp € L*(I; L"(£2)) is in duality with
lv|> € L*(Ix2) and gv € LP(I;W2P(2;RY)*) + L1(I; L>°(§2;RY)) is in duality with v €
LP(I; W2P(£2;RY)) N L>2(1; L2(£2; RY)). Hence, also the test ([2.28) can be rigorously per-
formed. O

Acknowledgments. Support from the Osterreichische Austauschdienst-GmbH projects CZ 04/2019
and CZ 01/2021, from MSMT CR (Ministry of Education of the Czech Republic) project
CZ.02.1.01/0.0/0.0/15-003 /0000493, from the institutional support RV0:61388998 (CR), and from
the Austrian Science Fund (FWF) projects F 65, W 1245, 14354, 15149, is gratefully acknowledged.
The authors express gratitude to the anonymous referee for valuable comments.

References

[1] G. Alberti, G. Crippa, and A. L. Mazzucato. Loss of regularity for the continuity equation
with non-Lipschitz velocity field. Annals of PDE, 5:Art.no.9, 2019.

[2] L. Anand. A Cahn-Hilliard-type theory for species diffusion coupled with large elastic-plastic
deformations. J. Mech. Phys. Solids, 60:1983-2002, 2012.

27



[3]

S. Baek and A. R. Srinivasa. Diffusion of a fluid through an elastic solid undergoing large
deformation. Intl. J. Non-Linear Mech., 39:201-218, 2004.

J. M. Ball. Global invertibility of Sobolev functions and the interpenetration of matter. Proc.
Roy. Soc. Edinburgh Sect. A, 88:315-328, 1981.

S. Banach. Théorie des Opérations Linéaires. M. Garasinski, Warszawa, 1932 (Engl. transl.
North-Holland, Amsterdam, 1987).

M. A. Biot. General theory of three-dimensional consolidation. J. Appl. Phys., 12:155-164,
1941.

S. A. Chester and L. Anand. A coupled theory of fluid permeation and large deformations for
elastomeric materials. J. Mech. Phys. Solids, 58:1879-1906, 2010.

S. A. Chester and L. Anand. A thermo-mechanically coupled theory for fluid permeation
in elastomeric materials: Application to thermally responsive gels. J. Mech. Phys. Solids,
59:1978-2006, 2011.

M. Curatolo, S. Gabriele, and L. Teresi. Swelling and growth: a constitutive framework for
active solids. Meccanica, 52:3443-3456, 2017.

J. H. Cushman. The Physics of Fluids in Hierarchical Porous Media: Angstroms to Miles.
Springer, Dordrecht, 1997.

R. de Boer. Trends in Continuum Mechanics of Porous Media. Springer, Dordrecht, 2005.

C.V. Di Leo, E. Rejovitzky, and L. Anand. A Cahn-Hilliard-type phase-field theory for species
diffusion coupled with large elastic deformations: Application to phase-separating Li-ion elec-
trode materials. J. Mech. Phys. Solids, 70:1-29, 2014.

A. D. Drozdov and J.deC. Christiansen. Constitutive equations in finite elasticity of swollen
elastomers. Internat. J. Solids Structures, 50:1494-1504, 2013.

F. P. Duda, A. C. Souza, and E. Fried. A theory for species migration in a finitely strained
solid with application to polymer network swelling. J. Mech. Phys. Solids, 58:515-529, 2010.

E. Fried and M. E. Gurtin. Tractions, balances, and boundary conditions for nonsimple
materials with application to liquid flow at small-lenght scales. Arch. Ration. Mech. Anal.,
182:513-554, 2006.

M. E. Gurtin, E. Fried, and L. Anand. The Mechanics and Thermodynamics of Continua.
Cambridge Univ. Press, New York, 2010.

W. Hong and X. Wang. A phase-field model for systems with coupled large deformation and
mass transport. J. Mech. Phys. Solids, 61:1281-1294, 2013.

S. Kromer. Global invertibility for orientation-preserving Sobolev maps via invertibility on or
near the boundary. Arch. Ration. Mech. Anal., 238:1113-1155, 2020.

M. Kruzik and T. Roubicek. Mathematical Methods in Continuum Mechanics of Solids.
Springer, Cham/Switzerland, 2019.

A. Lucantonio, P. Nardinocchi, and L. Teresi. Transient analysis of swelling-induced large
deformations in polymer gels. J. Mech. Phys. Solids, 61:205-218, 2013.

Z. Martinec. Principles of Continuum Mechanics. Birkh&user/Springer, Switzerland, 2019.

R. D. Mindlin. Micro-structure in linear elasticity. Arch. Rational Mech. Anal., 16:51-78,
1964.

28



[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]

[32]

33]

[34]

J. Necas, A. Novotny, and M. Silhavy. Global solution to the ideal compressible heat conduc-
tive multipolar fluid. Comment. Math. Univ. Carolinae, 30:551-564, 1989.

J. Necas, A. Novotny, and M. Silhavy. Global solution to the compressible isothermal multi-
polar fluid. J. Math. Anal. Appl., 162:223-241, 1991.

J. Necas and M. Ruzicka. Global solution to the incompressible viscous-multipolar material
problem. J. Elasticity, 29:175-202, 1992.

M. Ruzicka. Mathematical and physical theory of multipolar viscoelasticity. Bonner Mathe-
matische Schriften 233, Bonn, 1992.

K. R. Rajagopal. On a hierarchy of approximate models for flows of incompressible fluids
through porous solids. Math. Models Meth. Appl. Sci., 17:215-252, 2007.

E. Rohan and V. Lukes. Modeling large-deforming fluid-saturated porous media using an
Eulerian incremental formulation. Adv. Engr. Software, 113:84-95, 2017.

T. Roubicek. Nonlinear Partial Differential Equations with Applications. Birkhauser, Basel,
2nd edition, 2013.

T. Roubicek. Cahn-Hilliard equation with capillarity in actual deforming configurations. Dis-
crete Cont. Dynam. Syst. Ser. S, 14:41-55, 2021.

T. Roubicek and U. Stefanelli. Thermodynamics of elastoplastic porous rocks at large strains
towards earthquake modeling. STAM J. Appl. Math., 78:2597-2625, 2018.

T. Roubicek and G. Tomassetti. A thermodynamically consistent model of magneto-elastic ma-
terials under diffusion at large strains and its analysis. Zeit. Angew. Math. Phys., 69:Art.no.55,
2018.

B. Straughan. Mathematical Aspects of Multi-Porosity Continua. Springer, Cham /Switzerland,
2017.

R. A. Toupin. Elastic materials with couple-stresses. Arch. Rational Mech. Anal., 11:385-414,
1962.

M. Silhavy. Multipolar viscoelastic materials and the symmetry of the coefficient of viscosity.
Appl. Math., 37:383-400, 1992.

29



	1 Introduction
	2 The model
	2.1 Geometric preliminaries
	2.2 The governing equations
	2.3 Constitutive relations
	2.4 The model
	2.5 Energy balance

	3 The analysis by Faedo-Galerkin semi-discretization

