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Plasmonic systems, such as metal nanoparticles, are widely used in different application areas, going from
biology to photovoltaics. The modeling of the optical response of such systems is of fundamental importance
to analyze their behavior and to design new systems with required properties. When the characteristic
sizes/distances reach a few nanometers, non-local and spill-out effects become relevant and conventional
classical electrodynamics models are no more appropriate. Methods based on the Time-Dependent Density-
Functional Theory (TD-DFT) represent the current reference for the description of quantum effects. However,
TD-DFT is based on knowledge of all occupied orbitals whose calculation is computationally prohibitive to
model large plasmonic systems of interest for applications. On the other hand, methods based on the Orbital-
Free (OF) formulation of TD-DFT, can scale linearly with the system size.

In this Review, OF methods ranging from semiclassical models to the quantum hydrodynamic theory,
will be derived from the linear response TD-DFT, so that the key approximations and properties of each
method can be clearly highlighted. The accuracy of the various approximations will be then validated for the
linear optical properties of jellium nanoparticles, the most relevant model system in plasmonics. OF methods
can describe the collective excitations in plasmonic systems with great accuracy and without system-tuned
parameters. The accuracy on these methods depends only on the accuracy on the (universal) kinetic energy
functional of the ground-state electronic density. Current approximations and future development directions

will be indicated.

I. INTRODUCTION

Plasmonic systems are at the forefront of the current
research in nanoscience, with applications in many dif-
ferent areas' " including biosensing®, photovoltaics®, and
nanoimaging?. The collective motion of valence electrons
creates a intense resonance in the absorption spectrum
(the plasmon peak) which largely enhance the local elec-
tric fields'*. Plasmonics effects are not only related
to conventional metals (e.g. silver and gold)®, but are
also present in other systems such as graphene?, heavily-
doped semiconductors'®'! and refractory materials'2.
The modeling of plasmonic systems is thus of fundamen-
tal importance to analyze their physical properties and
to design new systems. Plasmonic systems can be de-
scribed with different theoretical/computational meth-
ods depending on the size of the system, the required
accuracy and on the available computational resources.

The most used theoretical/computational methods in
plasmonics are schematically reported in Fig. 1, together
with their main features, which are described hereafter:

i) The most conventional approach is to employ
the classical electrodynamic theory based on Maxwell’s
equations'315 often also indicated as local response
approximation (LRA). In this case plasmonic systems
are described with a dielectric constant in a piecewise-
constant approximation (PCA): inside the volume of a
plasmonic object a spatially uniform local dielectric con-
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stant €(w), which is usually taken from bulk experimen-
tal value, is assumed. Then Maxwell’s equations can be
solved in the frequency-domain or in the time-domain
and using volume or boundary methods!**®. Main lim-
itations of classical electrodynamics are well known'®:
non-local and spill-out effects are not included, so that
it can only be applied when the nanoparticle dimen-
sions or the characteristic distances (e.g. the gap in a
metal dimer) are larger than 1-2 nm. Nevertheless, there
are many extensions which try to include quantum ef-
fects into a local model, such as the quantum-corrected-
model'”, methods which uses nonlocal dipoles'®1?. and
the Feibelmann parameters approach2%2!. For a recent
review, see Ref. 22.

i) In addition to non-local and spill-out effects, the
PCA classical electrodynamics neglects the atomistic de-
tails of the plasmonic nanoparticle?>24. Atomistic ef-
fects can be included using the Dipole Interaction Model
(DIM)?5731 which is a classical electrodynamics volume
method. This approach describes the plasmonic system
atom-by-atom. Each atom has a dynamic polarizability
which can be defined in different ways, but it is fixed for a
given atom or it may also depend also on the neighboring
atoms?’. In general, the DIM approach doesn’t include
non-local and spill-out effects. Recently a DIM extension
including quantum effects has been presented>2.

iii) Non-local effects in plasmonics can be included us-
ing the Hydrodynamic-Theory (HT), which is an exten-
sion of the classical approach with spatially non-local
dielectric constant. For the description of plasmonic
nanoparticles, this approach is usually combined with
the hard-wall (HW) condition, which is the equivalent
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Figure 1. Characteristics of the most used theoreti-

cal/computational methods for plasmonics: i) the classical
electrodynamics is based on a local dielectric constant in a
continuum (i.e. without atomistic details) approximation; ii)
the Dipole Interaction Models (DIM) includes atomistic de-
tails, yet with a local description; iii) the Hydrodynamic The-
ory (HT) includes a non-local dielectric constant with a con-
tinuum Hard-Wall (HW) formulation (no atomistic extension
exists); iv) the Quantum Hydrodynamic Theory (QHT) can
describes both non-local and spill-out effects and it is mostly
used for continuum systems (jellium); v) the Time-Dependent
Orbital-Free Density Functional Theory (TD-OFDFT) has
the same feature of QHT, but it has been usually applied in
real-time and to atomistic systems; vi) the Time-Dependent
Density-Functional Theory (TD-DFT) is the current reference
method for plasmonics and include non-locality, spill-out as
well as all electron-hole excitations, and it can been applied
to both atomistic and continuum (jellium) systems.

of the PCA in classical electrodynamics. The HT orig-
inates from the Bloch linearized hydrodynamical model
of the electron gas333*. First application of HT model
to non-uniform metals dates back to the 1970s3° 39 and
closed-form analytic solutions exist for the homogeneous
sphere?®!.  Thanks to more advanced computational
implementations*?43, the HT-HW has been recently ap-
plied to describe non-local effects in different plasmonic
systems**®* which are considered continuum objects
as in the PCA scheme (no extension considering atom-
istic effects exists). The HT describes only the va-
lence electrons and an additional classical dielectric con-
stant can be added to describe core electrons for real
metals?6:53:55 The HT-HW also predicts the experimen-
tal blue-shift of the plasmon resonance in silver nanopar-
ticles, when decreasing the radius?®-°6. However, similar
blue-shift is also predicted in simple-metals nanoparti-
cles, where instead a red-shift must be observed: this
incorrect HT-HW behavior is related to the missing spill-
out effects®” 5.

iv) The Quantum Hydrodynamic Theory (QHT)
approach, which is one of the main topics of the
present Review, allows us to compute collective ex-
citations including both non-local and spill-out ef-
fects. QHT methods have been largely used in plasma
physics®©96. for magnetoplasmonics®” %9, for plasmonic

response properties of metal nanoparticles of differ-
ent geometries®°%7075 as well as for surfaces”® and
strongly coupled plasmonic structures”>8%81, It has been
shown that the QHT can predict plasmon resonance in
noble and simple metal nanoparticles, matching very well
with TD-DFT calculations®® 775, There are also other
works on the development of the QHT that consider the
viscous contribution of electron fluid®%-#2:83 and formu-
lation for nonlinear phenomena® 87, Currently, QHT is
mostly applied in the frequency-domain and using jellium
models.

v) The QHT can also be reformulated within
the Time-Dependent Orbital-Free Density-Functional-
Theory (TD-OFDFT)3:8893.267  The TD-OFDFT is
the dynamical extension of the OF-DFT?* 99 which is
the original formulation of DFT0 and it allows us to
compute the ground-state density directly from the ex-
ternal potential. TD-OFDFT can also be considered a
reformulation of the hydrodynamics equations using a
complex-valued wavefunction88:101-103  TD-OFDFT ap-
proaches have been applied to model atomistic metallic
systems using real-time propagation8893:103-109 ' Degpite
QHT and TD-OFDFT are computationally different and
usually applied in different contexts and with different
approximations, from a theoretical point-of-view QHT
and TD-OFDFT coincide, as it will be shown in this Re-
view.

vi) Finally, the Time-Dependent Density-Functional
Theory (TD-DFT)M0ML is currently the reference
method for calculation of optical properties in plas-
monic systems. The TD-DFT is based on a previous
ground-state Kohn-Sham (KS) calculation?®112:113 and
then optical properties can be computed either in a real-
time propagation scheme''* 116 or using a linear-response
formalism!' 1117118 I the last years different methods
and algorithms have been developed!!? 127 in order to
reduce the computational cost. Note that TD-DFT also
considers all electron-hole excitations, not only collec-
tive excitations, as it is in general the case for methods
in i)-v). Considering that exchange-correlation (XC) ef-
fects are not so crucial for the description of the response
of metallic systems'?8, as the plasmon peak is mostly
dominated by Coulomb effect, very accurate results can
also be obtained using local or semilocal XC functionals.
TD-DFT methods have been used to model plasmonic
systems using all atomistic details'?6:129-155 a5 well as
to model jellium-like systems*?-29,146,151,156-165 T T).
DFT all occupied orbitals need to be computed, thus
atomistic calculations are currently limited to plasmonic
systems with a diameter up to 4 nm!26,129-145,147-155
For spherical systems in the jellium approximation much
larger systems have been considered (diameter up to 10
nm)?%:166.

The present Review describes the various OF meth-
ods and approximations, reviewing the old and recent
literature and indicates possible paths for future inves-
tigations. This Review is mostly focused on the linear-
response in the quasi static (non-retarded) approxima-



tion and thus only longitudinal response will be consid-
ered, which is usual approximation used in TD-DFT1!,
and it is valid when the size of the plasmonic system is
smaller than the incident wavelength.

cr(a))

Figure 2. Flow-chart for the computation of the absorption
spectrum o(w) from the ground-state external potential vext
and the time-dependent applied potential vapp. A first path
(TD-DFT) computes all KS orbitals from vext and then the
interacting density-density response x. From x and vapp(w)
the first-order induced density n'(w) can be computed. A
second path (QHT) computes directly the ground-state den-
sity from vext and then the induced density directly from n®
without using KS orbitals. Finally the absorption spectrum
can be computed from n'(w) in both paths.

A detailed comparison between QHT and TD-DFT
will be presented, showing the advantages and limita-
tions. A schematic flow-chart comparing QHT and TD-
DFT is reported in Fig. 2. From the external ground-
state potential vext(r) the ground-state electronic den-
sity n°(r) can be computed, using either KS or OF-DFT
methods. With the KS theory, all occupied orbitals are
computed, which can be then used as input quantities in
TD-DFT, to compute the interacting density-density re-
sponse function x(r,r’,w). Using the QHT, it is instead
possible to compute directly the first-order induced den-
sity as a function of the frequency w of the applied field:
the first order density n!(r,w) contains all the informa-
tion to compute the absorption spectrum o(w). Note that
the absorption spectrum computed from QHT contains
(with the usual approximations) only collective excita-
tions (i.e. plasmons) and thus it is very well suited to re-
place TD-DFT for the calculation of optical properties of
plasmonics systems, where electron-hole excitations are
usually not required.

This Review is organized as follows: In Sect. II the
orbital-based TD-DFT methods will be described. In
particular, the focus will be on the linear-response with
periodic perturbation for the calculation of the absorp-

tion spectrum. Three different formulations of TD-DFT
will be discussed: the Sternheimer equation (Sect. IIC),
the Casida method (Sect. IID) and the Dyson equation
(Sect. IIE). Another formulation, the Madelung trans-
formation, will be presented in Sect. III. The TD-DFT
in the Madelung representation (i.e. phase and density
instead of complex-valued orbitals) represents the start-
ing point for the introduction of OF methods. In the
Madelung representation a difference between periodic
and finite systems in the linear-response regime will be
highlighted and an alternative derivation of the homo-
geneous electron gas (HEG) response will be presented.
In Sect. IV the OF methods of relevance in plasmon-
ics will be discussed. In Sect. IV A we recall how the
collective-motion of electrons is valid only with an har-
monic external potential, which is an approximation for

jellium nanospheres and equivalent to classical electrody-

namics. In Sect. IV B the high-frequency semiclassical
approximation will be derived. Then the OF-DFT meth-
ods will be discussed in Sect. IV C and IV D. When the
Madelung transformation is applied to TD-OFDFT and
in the frequency-domain, the method is usually named
QHT which will be discussed in Sec IV F. In particular,
the QHT approximation for the HEG will be investigated
in Sect. IV G. A further approximation is the HT-HW,
which neglects spill-out effects, and it will be discussed
in Sect. IVH. In the last part of this Review, Sect. V,
we will present QHT results for jellium nanospheres, the
most relevant model systems for nanoplasmonics. We
will discuss three hot topics for the current research: the
Landau damping V A, the critical frequency V B and the
spill-out effect V C. Finally, a global summary and future
directions will be presented in Sect. VI.

Il. ORBITAL-BASED METHODS
A. TD-DFT

In TD-DFT!0:111 the time-dependent KS electronic
density (real-valued) is

ij

where ¢;(r,t) are KS orbitals and f; are occupation num-
bers. For simplicity we consider closed-shell systems,
where f; = ng = 2 for orbital energies below the Fermi
level, and f; = 0 above it. At finite temperature f; fol-
lows a Fermi statistics'!?.

Each time-dependent KS orbital ¢;(r,
following TD-KS equation:

8¢)j (I‘, t) ~

LHT = H(r, t)qﬁ](r,t) =

(;T +Vi(r, t)) 6;(r,1) = (2)

(r,0)9;(r, 1), (1)

t) satisfies the

(4 + v ) + vl 1) + Ava(,0)) 05(0,0) 3)



where ﬁ(r, t) is a semilocal operator due to the presence
the kinetic energy operator 7' = — h;zz and 7 is a scaling
parameter for the kinetic energy (e.g. it can be an ef-
fective mass); vexs(r) is the external ground-state poten-
tial, vegr[n(-,t)](r) the effective potential containing the
Coulomb (u) and exchange correlation (XC) (vy) term,
and vupp(r,t) is the external applied time-dependent po-
tential scaled by the parameter .

The effective potential is a non local functional of the
density (indicated by [n(-,t)]), due to the presence of the
Coulomb potential energy

(1)) = ¢ [ & (1)

Note that the classical electrostatic potential Vg, (r,t) of
the charge density (—e)n(r,t) is u(r)/(—e); throughout
this work we use Gaussian units.

For the XC potential we consider only semi-local XC
functionals, and thus vy.[n(r,t)], i.e. a semi-local op-
erator of the density. Note that we are also consider-
ing TD-DFT in the adiabatic approrimation, i.e. the
time-dependence of veg[n (-, t)](r) is only due to the time-
dependence of the density'!!. These approximations are
accurate enough for the description of (large) plasmonic
systems.

Correspondingly, in the stationary ground-state we
have:

A = (31 4 v s) + a0l 0) ) 60
= €2¢§)(r> ) ()

where (b?(r) are ground-state KS orbitals and the ground-
state density is

no(r) = an(r) = ijqb?*(r)(bg(r) , (6)

n(r',t)

EErk

with n9(r) being ground-state orbital densities. Ground-
state orbitals can be in general complex-valued; in the
case of finite systems, ground-state KS orbitals are real-
valued. Without the external time-dependent applied
potential the KS orbitals have a simple time-dependent
evolution

¢j(r,t) = qb?(r) exp (—%egt) , (7)

and the density is stationary, i.e. n(r,t) = n°(r).
Left-multiplying Eq. (3) by f;¢](r,?), summing over
all occupied orbitals and taking the imaginary part we
obtain:
on(r,t)
ot

where the time-dependent KS current is

=-V-J(r,t), (8)

J(r,t) = ij-]j(fat) =

Z fi nim% [(bj* (r, t)V(bj(r,t)] . (9)

4

Eq. (8) is the continuity equation, which can also be
obtained from the equation of motion'!!

on(r,t) L

s = L@ ), AL 2) , (10)

where the many-electron density operator is

o) = 3260 — 1), (11)
k

the many-electron Hamiltonian is H(t) = 3, H(ry,t)
and the time-dependent density can be expressed as
n(r,t) = (®(t)| p(r) |®(¢)). Here and in Eq. (10) P(t)
is the Slater determinant made of orbitals ¢;(r, ).

In a similar way, the many-electron current operator
is:

I = 5

- kaé(r*rk) +5(r7rk)vka (12)
2inm .

and J(r,t) = (®(t)] J(r)|®(t)). The corresponding
equation of motion for the current is'

oJ(r,t L 4 ?
00 L @) (0, o) [00) , (13)
ot h
which can also be written ag;110:111,167,168
oJ(r,t) B _i _
ot = nmn([‘, t)VVs(l",t) Q(I‘,t) ’ (14)

where Vi (r, t) is defined in Eq. (3) and Q(r,t) is a vector
function 1167169 Ttg explicit expression in terms of KS
orbital quantities J;(r,t) and n;(r,t) will be derived in
Section III. Taking the divergence of Eq. (14) and using
Eq. (8) we have:

on(r,t) 1
= %v.(n(r, HVVi(r, 1))+ V- Q(r,t), (15)

which is known as the hydrodynamical formulation of
TD-DFTH167-170 - and it will be analyzed in the KS
scheme in Sect. III. Note that Eq. (15) is not an
explicit differential equation for the time-dependent KS
density n(r,t), as the term Q(r,t) depends on orbital-
based quantities. In section IV orbital-free approxima-
tions for Q(r,t) will be discussed.

While Egs. (3,8,14,15) describe the full time-dynamics,
including non-linear effects, in this Review, we will focus
on the linear response.

B. Linear Response

To study the linear-response regime, we consider the
small \ case and we can always set!!8

¢;(r,t) ~ e TP (r) + Ad)(r, ) + O(N?)),  (16)



where the first-order orbital ¢}(r,t) is complex-valued
and time-dependent. In a similar way, for the density we
can set:

n(r,t) = n’(r) + Mn'(r,t) + O(\?), (17)

where the first-order density is, using Eq.

(1):
Zf] 18)

Note that n'(r,t) integrates to zero as the total number
of electrons does not change. For the current we have
also

(16) in Eq.

Zf}?éR ¢O le*

J(r,t) =~ I%r, t) + AT (r,t) + O(\?) , (19)
with

I(r,t) = ng (69" (r) Vel (r)] (20)

Tt = nmglz (e mvelen

o, t>v¢2<r>)] . (21)

Note that JO(r, t) vanishes only in the case of real-valued
ground-state orbitals, i.e. for finite systems.
For the effective potential we can also set:

vert [n(-, 1)) (r) & ve[n° ()] (r) +
XK [n° ()]t (x,t) + O(N?) (22)

where the effective kernel contribution is:

S ver[n° (- nt(-,t)](r

Rl Ot e, = 203010 e
’rLO )r

= [ . @

Note that for non-local operators in real space we use the
shorthand

Kn(r) = / d*r' K (r,r")n(r'). (25)

The effective kernel Kog[n°(-)] contains the Hartree and
the XC contributions. For the Hartree term we have
simply K(r,r’) = ﬁ, which does not depend on the
density. Thus, in the case of semi-local approximation
for the XC (considered in this work), the effective kernel
becomes

~ ~ e2

Keg[n°()] = Keg[n’(r)] = + Kye[n° ()], (26)

[r =]

where the semi-local dependence of n°(r) is only in the
XC term. An important relation, considering the inverse

of the Laplacian operator, is

V2 (Keff

+V? (I?xc

[n°(r)]n!(r, t)) = —4re’nt(r,t)

()l (r,)) (27)

which will be used in the following sections.
With the above definitions, we obtain from Eq. (3) the
first-order TDKS' equation:

0pL(r,t
Lﬁ%) + e(;qﬁjl (r,t)

= ﬁ(r7t)¢}(r’t)
65 (1) Ke[n° (x)n (v, 8) + vapp (r, )65 (r), (28)

which is the main equation for the next three subsections.
Eq. (28) is a system (one equation for each occupied
orbital j) of differential equations in qﬁ}(r,t). Note that

without the term Keﬂnl, which includes contributions
from all orbitals, each ¢} (r,t) behaves independently.

Eq. (28) can also be rewritten in a more symmetric
form multiplying by (b?* (r) and using Eq. (5):

200 o

= O*r—Al,r 71'1. EAQ*I-
- (@- 0176} r.0) — o). T 76 ))

+ n9(r) Kegg [n” (1)]n" (v, 1) + vapp(r, )nd(r) . (29)

This equation doesn’t depend directly on the ground-
state potentials (vVext (r),ve[n°(+)](r)) nor on eigenvalues.
However, these dependencies are implicitly encoded in
the ground-state orbitals.

From Eq. (28) or Eq. (29) three different methods
can be derived: the Sternheimer equation, the Casida
method and the Dyson equation.

C. Periodic perturbation and the Sternheimer equation

We now consider a perturbation (real-valued)

Vapp (1, £) = Vapp (1, +0)e 8 4 Vo (1, —w)e ™=
(30)

where £ is a small positive number and
Vapp (£, ) = Vapp (r, —w)" . (31)

Then the first-order orbitals (complex-valued) can be
written as

0} (x,1) = G (x, +w)e' ! ~F! 4 gl(r, —w)e ™~ F!(32)

and the first order orbital density, Eq. (18), becomes:



with
A} (r, +w) = 63" (1)g} (r, +w) + I (r)g}* (r, —w) ,(34)
i} (r, —w) = ¢9" ()9} (r, —w) + ¢ (r)$1* (r, +w)
= 75 (r, +w)* . (35)

Inserting Eqgs. (32) and (30) in Eq. (28) we obtain two
(i.e. for £) equations

(Fhw — 16) + €) = H ()@ (r, +w) =

(e [n® ()] (x, %) + Vapp(r, %) ) 95(x) , (36)
where
Al dw) = > fifi)(r, £w) . (37)
J
Eq.  (36), the main equation of the Sternheimer

method 118171172

tial equations in ¢~J1(r

is a system of 2N coupled differen-
, w) which needs to be solved self-
consistently due to the dependence from ﬁ; (r,+w), which

depends on qﬁ} (r, £w). The main advantage of the Stern-
heimer equation is that only occupied orbitals are re-
quired, thus avoiding the expensive calculations of virtual
orbitals.

D. Casida

The Casida method''"'!17 can be directly derived from
Eq. (36), using the expansion

W)=Y Xja(@)el(r) (38)

virt.

o (r, ~w) Z (39)

so that the first order density is:

virt

kaZXk:s

+ Yks(wwk(r)cﬁg*(r) : (40)

Inserting Eqgs. (38) and (39) in Eq. (36) and multiplying
to the left by an unoccupied orbital ¢9*(r) and integrat-
ing over the space, we obtain:

(r)g2(r)

(hw + L€) jt = hw?ijt +
virt

<Z fr Z KijrsXps + Ktj,skYks> +VE o (4
k

(hw + €)Yy = hy Vi +

virt

<Z Tk Z Kt] stk'S + Kt] kaYkS) V_* ) (42)

where hw; = (¢} — €9) > 0 and
v = / Brel (1) Vapp (r, +0)80() = V7™ (43)
Kjons = / / @ dPr " (1) 89 (') Ko (1) 63" (£)6(x)
- Kt*]7Sk) ’ (44)

and for simplicity we dropped the w dependence of X, Y
and V. Egs. (41) and (42) represent a linear system of
equations with the unknown X;; and Yj; coefficients.

Note that for finite systems the ground-state orbitals
are real-valued, thus also the linear system of equations
is real-valued, and X;; and Yj; can be taken real-valued.
It can be solved for each w, or setting f/app(r, +w) to zero,
to compute the resonance excitation energies solving the
eigenvalue problem!!1117;

virt.
22N B Y Y Kkl Zi
k s

= (Mw)*Zji (45)

with Zj; = /Qur /wl;(Xje + Vi), Note that Eq. (45) is
valid only for adiabatic semilocal-XC functionals, as the
ones considered in this work!!'.  Then the transition
density of excited state M with excitation energy AS)ys
is:

virt

r)=> firy (X
k s

The Casida method is widely applied for computing
excitation energies in molecules'™. On the other hand,
it is not very efficient for plasmonics systems, where the
number of excited states required to describe the plasmon
peak rapidly increases with the size of the system!23.

is FYEDARE)e(r) . (46)

E. Dyson Equation and the Optical Absorption

Let’s consider the Green’s function

Go(r,r'; E), defined by the equation:

operator

<ﬁ°<r> —(E+ @)Go(r,r';m — b —v). (47)
which has an explicit expression in terms of ground-state
orbitals and eigenvalues:

all *

r') gy (r)
ZE-l—Lf—eO’ (48)

where the sum over ¢ is over all (occupied and virtual)
orbitals. Eq. (36) can be thus rewritten using the above



Green’s function as:
all 0%
L 3. (r)dg" (r')
ol(r, +w) / d*r Z o

)) ¢9<r'> . (49)

(Keﬁ’ [n°(r)]At (v, +w) + Vapp(r, +w
and Eq. (34) can be finally expressed as
At (r, tw) = /dsr’xs(r,r’w) X

x (Realn® (0 (', +w) + Vapp(r,+w) ), (50)

where the mnon-interacting density-density response is
given by

rrw

R B(r)d)" (x)dg ()" (')
ijz+ +hw+e — )+ i€

R )
hw — €) + €9 + 1€ '

(51)

Note that in Eq. (51) the summation over ¢ can be lim-
ited to virtual orbital only, as the double summation over
occupied orbitals vanishes.

Eq. (51) allows us to compute the first order density
with respect to the total potential, i.e.

= )A(s(w)‘/s(r?w) ) (52)

using the shorthand of Eq. (25).

The interacting density-density response ¥ (w), instead
describes the first-order density with respect to the ex-
ternal applied potential

al(r, +w)

X(w)f/app(rv +w) . (53)

) are then connected via the Dyson

(e, +w) =
Eq. (52) and (53
equation
X(@) = Xs (@) + Xs(w )K,
= (I = Xs(w) Kest[n (1“)]) "X s( ) (54)
(Xs (@) Kegt [n°(r)])’

m=0

A common approximation for the interacting density-
density response is the Random-Phase-Approximation
(RPA)1L17 in which only Coulomb effects are included
in Keg[n®(r)].

The calculation of response properties using the Dyson
equation is quite efficient to model plasmonics systems.
The non-interacting response function ys is not com-
puted using directly the expression in Eq. (51), which
requires the knowledge of all virtual orbitals. Instead it
can be computed as!'®6:17

Xs(r,r'w) =Y f ( + 5 (r)g" (r)Go(r, r's €] + hw)
J

+ 05 (1) (1) GG (r, 1y € — ﬁw)) o (56)

where the Green’s function is obtained from Eq. (47)
for each E by matrix inversion so that xs(r,r’,w) can be
computed from occupied orbitals only. Then the Dyson
equation, Eq. (54) can be solved, again with a matrix in-
version. For spherical plasmonics systems, this approach
is very efficient!56:158:165

The interacting density-density response ¥ (w) has an
expansion similar to Eq. (51):

()
Z++h¢d Qar + 1€

rrw

*

 pu(0)pu ()
how + Qo + 067

where the sum over M means a sum over all excited-
states and pps(r) are defined in Eq. (46). Eq. (57) can
be obtained directly from Eq. (54) and (51), as shown in
Refs. 124 and 176.

The first order density is the key quantity for the cal-
culation of the absorption spectrum of finite systems.
In the case of the dipole approximation (i.e. when the
wavelength of the exciting light is larger than the size of
the system), the applied potential is simply Vapp(r) =
er - E,pp. Then we have

(57)

1 pa(r) das
W) = — § AT M
M (r)dy,
— PATCM ) LR,
hw—l—QM—i—Lf) PP (58)

where the dipole moment of excited state M is:
dy = /dsr’(fe)r’pM(r')* , (59)
and the induced dipole moment on the system is
plw) = /d3r(—€) it (r, +w) = a(w)  Eapp , (60)

with the polarizability tensor given by

a(w) = —62//d3r’d3r r'x(r, v’ w)r” (61)
- ( n dj,dj,
v +hw — Qpp + 1€
d d*T
__ TM%m ) (62)
fw + Qpp + &
The (isotropic) photo-absorption cross-section is then
4w Tr ‘y[g( )}
olw) = T2
c 3

which can also be expressed as

(63)

2
e Zfoﬁcgs W), (64)

nmc



where the (adimensional) oscillator strength f$5¢ of the
state M is

ral il N 39M|dM|2 (65)
and g¢(w) approximates the Dirac delta function for
& — 0. Thus the oscillator strength does not de-
pend on the broadening and a well-known sum rule
(Thomas-Reiche-Kuhn sum rule) is satisfied: the sum
of the oscillator strength of all excited states equals the
number of electron in the system!!!.

We finally recall the definition of the exact many-body
dielectric constant 1174177

et w) =6 —1)+ /d3 n X0 x'w) ,(66)

v —r”|

and the widely used RPA dielectric constant

P r W) =6(r — 1) — /d3 n X1, w) .(67)

]

Note that the many-body dielectric constant differs from
the classical electrodynamics one defined by'3

Pgr(r,w) = /d3r XeL(r, v/, w)E¥ (r,w) , (68)
6EL(ra r,7w) =1+ 47TXEL(ra rlvw) ’ (69)

where xgr(r,r’,w) is the non-local dielectric susceptibil-
ity, Pgr(r,w) is the polarization field and E&f(r,w) is
the total electrostatic field. The relation between the
two definitions is described in detail in Refs. 177 and
178.

Il. THE MADELUNG TRANSFORMATION

All the TD-DFT formulations of Sect. II are based on
complex-valued time-dependent KS orbitals. It is also
possible to make a transformation considering the phase
and the modulus of the orbitals. Using the Madelung
ansatz!' ™

T (e I R

where both S; and n; = |¢;|* are real-valued, the current
of orbital j can be reformulated as:

1
Ji(r,t) = n—mnj(r,t)VSj(r,t) =

1
%”j( p;(r,t),
(71)

where we use the definition of the momentum p; = V.5;.
Using the relation:

1/ Fan()] _
f(r)n(r)
Tly/n(r)] T] fx)]  n? Vf(r)Vn(r)
=T i dm fwnm )

we obtain

lfqﬁj(r’t) 1 7%
W = ;U [n(r,t)]
1
+ %WSJ(I‘J)P -
h VSj(I‘ t)an(r,t)

ot 2mn n;(r,t) ’ (73)

h
LEV2SJ (I‘, t)

where the von-Weiszacker (vW) potential®*180 is

Win(. 2 2. /n(r)
vW[n(r)]:M— h u (74)

Sn(r)  2m n(r)

R [Vn(@)|? K Vn(r)

8m  n(r)? am n(r) (75)
and the vW energy?4180 i
TV [n()] = ;m Pr 'ZZEB ;—m/d?’rw\/n(r)F.

(76)
The vW potential in the central quantity in the hydrody-
namical formulation of TD-DFT and in plasma physics
is called quantum Bohm potential®® 6. Using Eqs. (70)
and (73) in Eq. (3) we obtain the following two equa-

tions:
W _ _nimv [p; (x, )n; (x, 1)) (77)
= -V Jj(r,t), (78)
asjét - _2771m|Pa(1” 1) = v [n;(r,1)]

r, 1) {79)

for the imaginary and real part, respectively. Egs.
(77,79) are also known as hydrodynamical formulation
of the time-dependent KS equations'®!. Eqs. (77,79)
can be also reformulated as Eq. (15) as shown hereafter:

Taking the gradient of Eq. (79) we can obtain the
time-dependent equation for p;, i.e.

op;(r,t) 1
ot + nmpJ (r,

— lan~I‘ U r
v<n [](,t)]—i- ext()

OV -pj(r,t) =

Feg [+, £)](r) + Avapp (r, t)) : (80)

Multiplying Eq. (80) by n;(r,t) and using Eq. (77), we



obtain a time-dependent equation for J;(r,t)

aJ]‘(I‘,t) - 1 ) 2 )
at - nj(r,t)v"]](r’t)l ‘J](I‘,

_minnj(r, Hv (;vw[nj(r,t)o

)2V

n; (I‘, t)

1
0009 (v 5) 4 vl (1) 4 (0
(s1)

Finally summing over all occupied orbitals and using Eq.
(3), we obtain the definition of Q(r,t) introduced in Eq.
(14)

V|J (r,t)> + |J;(r,t)]*V

“ 25

](I‘,t)
1
+> fi—n,(r,)V(=0"[n;(r,1)]) . 82
Ejj]mnx VE (et (82)
Thus Q(r,t) is a semilocal functional of n;(r,t) and

J;(r,t). While Egs. (77,79) describe the full-dynamics
in terms of n;(r,t) and S;(r,t), Egs. (78,81) employ
n;(r,t) and J;(r,¢). In both cases these are complicated
non-linear differential equations, which can be simplified
in the linear-response regime.

A. Linear response

In the case of small perturbation, in addition to the
definitions in Sect. IIB we have:

Sj (I‘, t) =

The phase S (r) takes into account just the sign of the
ground-state orbital wavefunction (in case of real-valued
orbital), or the full phase, in case complex-valued or-
bitals, i.e.

S9(x) — 9t + ASf(x,t)+... . (83)

$(r) = | /nd(r)eF S ) (84)

Note that in this case there is a fixed ground-state current

1

J9(r) = —n)(x)VS)(r), (85)

with

an-J?(r) = Vn?(r)-VS’?(r) ( )VQSO( ) =0 (86)

due to the continuity equation. The following relation
also holds

1 1 )
5vw[n9(r)} +V(r,t)=¢ — %—m VS?(I‘)l , (87)

which is the real, static part of Eq. (73).

Using Egs. (17,84,83) in Eq. (70), we have:

¢j(r,t) =e” Feiter S (@) <,/n9(r) —i—)\%,/n?(r)S;(r t)
n;(r,?) 2 % 10
A O(\ e ré (1
o >> () +

Lo 1 J( )
+)\h¢j(r)5j( t) + A2¢0*( )
Comparing with Eq. (16) we have

O(AQ)) . (88)

nji(r,t)
2¢9*(x) 7

and Eq. (18) is verified. Eq. (89) is the central equation
which connects a description in terms of complex-valued
first-order KS orbitals ¢1( t) to a description in terms of
real-valued nj(r,t) and Sj(r,t). The first order current
is

0}(rt) = £69(r)S} (1) + (89)

I (r,1) = —nd(1) VS (r,

Lo 0
g O+ ol V() L (90)

which can also be obtained using (89) in Eq. (21).
Using Egs. (83) and (17) in Eqgs. (77) and (79), and
taking the first order in )\, we finally obtain:

onj(r,t) VSi(r,t) VS (r)
o = -V nTng(r) +n}(r,t)n7m ,
(91)
85}(1’,75) s 0 L
ot — Kot [n"(r)]n"(r,1) — vapp(r, 1)
LRVt e
77K [ (r)]n; (r,t)
VSt V), (92)
where we used the vW kernel contribution:
. SoW n9(r
KW[ng(r)]nl(r,t) = /d?’r'(m([)(i_/())]n}(r',t) (93)
d
= avw[ (r) + An(r,t)] - (94)
a Ty /nd(r) + Anl(r)] 05)
dX nd(r) + Anj(r)] o
WP} 7] = b Tl o)
— J no \/7 (96)

B2 (Vnd(r)-Vni(r) VZnI(r) |
4m nf(r)? n?(r)? n;(x)
VAR L V)
~wr T e > (97)

J



The vW kernel is the central term in the linear-
response hydrodynamical formulation of TD-DFT: the
different expressions of the vW kernel in Eqs. (94-97) will
be used in the following to analyze the various orbital-free
approximations.

Egs. (91) and (92) are fully equivalent to the TD-DFT
equations, and, again, the equations are coupled due to
the presence of the term K.g[n°(r)]. We will now further
analyze Egs. (91) and (92) in the frequency-domain.

B. Periodic perturbation

With a time-dependent periodic perturbation we have,
in addition to the definitions in section (II C):

Sl(r,t) = S;(r, —|—w)e“"t*%t + S} (r, —w)e*““t*%t ,

(98)
and thus, from Eq. (89):
¢~1.(r +w) = iqbq(r)Sl(r +w) + EM (99)
() = R85 0
B g8, ) + L) g
Gl ) = 08} ) 5 ™ (100

With a periodic perturbation Egs. (91,92) become:

£ . B VSi(r, +w)
(e — ﬁ)"} (r,+w) = -V lnmng(r)
+5(r, +w)vii£r) ; (101)
(b — %)s;(r, +w) = —Regln® ()il (r, +w)
Vagp (e, ) = KV ()} . +4)
—LVS}(r, +w) - VS?(P) . (102)

nm

These are the main, general equations, for the Madelung
transformed TD-DFT equations in the linear-response
regime and in the frequency-domain. These equations
contain the term VS9(r) which can be neglected only for
finite systems. In fact, this term vanishes only if ground-
state orbitals are real-valued. For all other cases, e.g. for
HEG, it must be retained. In Appendix A we will show
that the exact density-density response for the HEG (the
Lindhard function®®17®) can be indeed obtained from
Egs. (101) and (102).

In the case of finite systems, Egs. (101,102) can be
joined together, taking the gradient of Eq. (102) so that
VS]1 (r,+w) is present in both equations and can be sim-
plified. Thus we obtain:

10

&\ . 1
_ (w2 + LQwh> njl(r, +w) = %v. n;(r)

\Y < Z kaeff[nO(r)]’FLi(r, +w) + Vapp(r, +w)
k

+L1gw [n9 ()]} (x, +w)> , (103)

Ui

where we ignored the term proportional to £2. Eq. (103)
is a system of coupled equations, as Eq. (36), and re-
produces exactly the TD-DFT results for finite systems.
Thus solving Eq. (103) we can obtain 7} (r, +w) directly,
without even knowing S} (r,4w). This is a relevant ad-
vantage in terms of efficiency and simplicity. At first
sight, it is not so obvious that Eq. (103) reproduces ex-
actly the the orbital-based TD-DFT methods in sections
IIC, IID, ITE: the latter, in fact, employ KS eigenvalues,
which are instead not present in Eq. (103). In Appendix
B this equivalence, in case of real-valued ground-state
orbitals, is demonstrated exactly. Without the external
applied potential, V,pp(r, +w), Eq. (103) is an eigenvalue
equation in ﬁjl (r,4+w) which can be solved to compute
all the excited states (i.e. normal modes). This is simi-
lar to the Casida equation, see Eq. (45), but no virtual
orbitals/eigenvalues are required, as it can be solved di-
rectly in real-space. The size of the matrix is the number
of occupied orbitals times the number of grid points (or
real-space basis functions). For a simplified formulation
see Sect. IVF 2.

Multiplying by f; and summing over all occupied or-
bitals we obtain:

1
nm

— <w2 + L2w§) (e, +w) = V- [n%r)

V (Keln ()] (r. +) + Vapp(r. ) ) | +

1
n*m

)

V- [Z fjng(r)v(kw[ng(r)]ﬁ;(r, —Hu))

(104)

which is not an explicit function of the total induced
density n'(r,+w) as the last term contains an explicit
dependence on the orbitals. Thus the last term has a
complicated spatial and frequency dependence and it is
the central term in to be approximated in orbital-free
methods.

IV. ORBITAL-FREE METHODS

The TD-DFT methods described in Sect. II and III
require the knowledge of all occupied orbitals. This is
computationally prohibitive for the description of large



plasmonic systems. Despite many different optimizations
and algorithms have been developed to reduce the com-
putational cost™0127:182 methods which are not based
on the orbitals, can be much more efficiently used for
plasmonics applications, where the interest is in the ac-
curate calculation of the plasmon energy resonances and
their properties.

In this section different orbital-free methods will be
discussed from a theoretical point of view.

A. The Harmonic Potential Theorem and the Classical
Response of Jellium Spheres

Let’s assume that each time-dependent orbital can be
expressed as:

¢;(r,t) = en SN0 (r — Ax(t)) =

~ (=% + AS(r, t)))¢g?(r —Ax(t)) , (105)

o

where x(¢) is a time-dependent translation vector and
A scales the externally applied perturbation. Eq. (105)
means that the phase is the same for all orbitals and
that the time-dependent effect on each orbital is just a
spatial translation, and this translation is the same for
all orbitals. In this way an uniform, collective motion is
described. This is, of course, a strong approximation and
in the following it will be discussed when this ansatz is
valid.

Using Eq. (105) we have a strong simplification of all
quantities introduced in the previous sections, namely:
the time-dependent total KS density, Eq. (1), becomes:

n(r,t) = n’(r — Ax(t)), (106)

the first order density, Eq. (18):

n'(r,t) = ino(r — Ax(t))

N =-Vn'(r) - x(t),

A=0
(107)
and the current, Eq. (71):

J(r,t) = A\ (r,t) = Lno(r —x(t))VSi(r,1) .

o (108)

We also have, from Eq. (74):
K2 V29 (r — Ax(t))
"2 0 — (D)

= 6? - cht(I‘ - )\X(t)) - UCH[TLO(')](I' _ )\X(t)) ’(109)

lUWn-r =
; [n;(r,t)]

where we simply translated in space Eq. (5). Thus the

vW kernel contribution is, from Eq. (94):

LW ) nd (e 1) = S 2" (n0(x) + Al
e [ (r)]n; (r, 1) ann ((nj(r) + Anj(r,1)) -
= Vext (r) - X() + Vveg[n°()](r) - x(t) , (110)
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and, interestingly, does not depend on the orbital index
j. Thus, Eq.(104) will also be independent from j, i.e. it
will become an orbital-free method.

Finally, for the effective potential and kernel we have,
from Eq. (23):

vert [, £))(r) = ver[n° (-)] (x — Ax(t)) (111)
Keg[n° (0)]nj (r, 1) = ver[n°() + An' (-, )] (r)]
= —Vuer[n°()](r) - x(t) . (112)

With the above definitions we can now determine x(t)
and S'(r,t). Actually, when considering the linear-
response of finite systems, there is no need to determine
St(r,t), as we can use Eq. (172) directly, and in the
frequency-domain.

The first order density in the frequency-domain can be
expressed as:

Al(r, w) = —Vn'(r) - x(+w) , (113)

and using Egs. (107,110,112), the exact Eq. (104) be-
comes
£

<w2 + szh) vnl(r) - x(fw) =

- nim (Vno(r) - V(Vext (r) - x(£w))

410 (£) V2V (Vexs (1) - x(Fw))

+Vn0(r) - VVipp (r, £w) 4+ n°(r)V2Vopp (T, :I:w)) (114)

The LHS of Eq. (114) is linear in Vn?(r), whereas the
RHS depends on terms with Vn'(r) and n%(r). If the
terms proportional to n°(r) vanish, then Vn°(r) can be
simplified completely. This happens if and only if the
external potential is:

Vext (L) = %rT K-r, (115)

i.e. an harmonic confinement, with the matrix K having

the dimension of a density, and, in addition, the applied
potential must be of the type er - Enp, f(t). With these
conditions only the first and the third term at the RHS of
Eq. (114) remain, and thus we have (simplifying Vn'(r)):

2
((w2 + Qw%g - ;mg) x(+w) = %Eapp ,

(116)
i.e. a forced harmonic-oscillator. This is the Harmonic
Potential Theorem (HPT)!L1837185  which is usually
demonstrated considering the phase S(r,t), whereas it is
here derived from the hydrodynamical formulation for fi-
nite systems, where no phase is required. The HPT thus
states that with an harmonic external potential and a
dipole-liked applied potential, the translation vector x(t)
is given by the simple forced harmonic-oscillator solution
in Eq. (116). In these conditions the electronic density



oscillates classically, following x(t). Interestingly the dy-
namics is also independent from the number of electrons
and from the electron-electron interaction.

For spherical systems, we have K = k[ and thus x(t)

(and the first order density response) has a pole at

|k
Wres = €4 ——
nm

which is a collective excitation (a plasmon) as all elec-
trons move with the same phase.

The HPT has also attracted large interest in
plasmonics'® 190 Let’s consider a jellium sphere with
Wigner-Seitz radius r, (i.e. a positive background den-
sity 7 = 3/(47r3) and N, electrons. The radius of the

jellium nanosphere is R = N. / 37‘3. Jellium nanospheres
represent a widely used model to describe plasmonic ef-

(117)

fects in metal nanoparticles?®:5%:75:151,156-165  Egy 3 jel-
lium nanosphere the external potential is
3e2N, e’k
ext (1 < R) = — C 4 2 118
vexe(r < B) = =222+ & (118)
N
Vext(r > R) = 77‘ , (119)
with
poNe 1 _mwy (120)
COR3 3 32
where the plasma frequency is:
47e?n0
wp = - (121)

The potential is thus parabolic only inside the sphere. If
we consider Eq. (118) to be valid everywhere, then from
Eq. (117) we have

Wy 1
= = WLSPR
3/2 ’
Ts

Wres = —= =
V3

which is the classical localized surface plasmon resonance

(122)

(LSPR) frequency of a dielectric sphere'®!. The resulting
induced density is thus:
fipr(r, +w) = —=Vn'(r) - E - L
T\ <ppnmw2+2Lw%_w%SPR )
(123)
and the polarizability is, from Eq. (60):
e 1

3 0
agpr(w)=¢ [ d°rr-Vn (r)—
w=c/ et ——

_ el L (124)
MM w2+ 2w ~ wispr

The resulting photo-absorption cross section is thus ex-
actly the classical results obtained from the Drude clas-

12

sical solution of a nanosphere!®!:

4 las
o(w) = ?w%[aHpT(w)] = 0% (w) (125)
47 epL(w) — 1 22 R3w?
= "Im|R? = P
c [ epr(w) + 2 3c @)
2712 e?
=N f(w), 126
T Nf() (126)
where
flw) =2 w (127)
T (w? — wigpr)? + w22’
and the Drude macroscopic dielectric constant is:
Drud wy
eQrude()y =1 - —2 | 128

Note that the function f(w) has a maximum at w =
wrspr and in the high-frequency limit we have f(w —
00) = 27/(7w?). The broadening parameter v used in
the Drude dielectric constant must be

§
’Y - Qh 9
so that Eq. (125) is verified. Eq. (129) thus defines a
direct relation with the broadening used in TD-DFT.

In Fig. 3 we report the TD-DFT photo-absorption
cross-section for a jellium sphere with N.=1074 electrons
and rs = 4 (which corresponds to the density of sodium).
The radius is R = 2.17nm. Computational details for
these calculations are reported in Appendix C. The KS
and the HPT densities are also reported in the inset.
The HPT density is more compact than the KS density,
due to the full parabolic confinement: note that the KS
density decays exponentially, while the parabolic confine-
ment generates a Gaussian decay.

Comparing the TD-DFT absorption spectrum with the
classical one in Fig. 3 we can see three different effects:
i) the plasmon peak in TD-DFT is at 3.22 eV, i.e. red-
shifted with respect to the classical results wrspr=3.40
eV, ii) the TD-DFT plasmon peak is broader, iii) there
is a broad shoulder at higher energy (around 4-5.5 eV
in the plot) which is named called Bennett state!®2 196,
which will discussed in more details in section VC. All
these effects are usually named quantum-effects, but, as
shown here, they originate directly from the anharmonic
effects of the external potential!®6-190,

It is also worth highlighting that the same TD-DFT
absorption spectrum with the parabolic confinement can
be obtained with different electron-electron interaction
(e.g. different Coulomb interaction or XC term). If we
scale veg by a parameter § € [0..1], the resulting KS
eigenvalues and the ground-state density obtained from
the self-consistent KS calculation will clearly depend on
6. With § = 0, all the KS eigenvalues (both occupied and
virtual) will be exactly the ones of the text-book three-
dimensional harmonic oscillator, i.e. equally spaced by

(129)
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Figure 3. Normalized (by oo = mR?) photo-absorption spec-
trum of a jellium nanosphere with N.=1074 electrons and
Ts 4 (R=2.17 nm), using different methods: TD-DFT,
classical electrodynamics with coincides with the HPT in TD-
DFT, the semiclassical (SCA) approaches with two different
densities (see text for details). In the HPT spectrum the
external potential is from Eq. (118) for all r. The inset
shows the KS, HPT and the model ground-state densities.
The model density is defined by Eq. (145). The broadening
parameter is £=33 meV.

hwres. With 8 = 1, the electrostatic screening will be
very large and all KS eigenvalues will collapse in a very
small energy range.

The resulting ground-state density will also be very
different for different 6. Nevertheless, the TD-DFT ab-
sorption spectrum will always coincide with the classical
one. As the final TD-DFT spectrum does not depend on
0, we can just focus on the case with § = 0. It is easy to
see that the absorption spectrum originates from transi-
tions form the (degenerate) highest-occupied molecular
orbital (HOMO) to the (degenerate) lowest-unoccupied
molecular orbital (LUMO), which must have a difference
of +1 in the angular momentum and an energy difference
of exactly fiw,.s. Despite the collective motion involves
all electrons, only few transitions contribute to the ab-
sorption spectrum. From the Casida’s equation point-
of-view, see Sect. IID, it means that the kernel contri-
butions (which need also to be scaled with ¢) will com-
pensate for the differences in the KS orbitals. From the
hydrodynamic formulation of TD-DFT, e.g. Eq. (104),
we have that different ground-state densities generate the
same absorption spectrum. In other words, the ground-
state density is not a good (unique) indicator and, in-
stead, the external potential more directly determines
modifications in the absorption spectrum. Thus vex(r)
can be used directly to develop OF approaches. This is
similar to the developments in the potential-functional
DFT197’198.

Another important aspect of the data reported in Fig.

=)
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3, is that the TD-DFT and the classical absorption spec-
tra coincide at high-frequency.

B. The High-Frequency Limit and the Semiclassical
Approximation

In the high-frequency limit we have that the non-
interacting density-density response behaves as (see Ap-
pendix D):

1

WMS(LI‘/) s

Xs(r, v/, w — 00) = (130)

with
M (r,v') =

all

Z 1Y 2(eq — IR (x) 6y (x) by ()67 (x')] - (131)

We have the same limit also for the interacting density-
density response:

1
(hw +1€)?

as the x has the same high-frequency limit of x,, as can
be seen from Eq. (55): the terms in the sum in m decay
as 1/w?™ 1 thus only the term in m = 0 (i.e. ) con-

tributes to the high-frequency limit. It is also possible to
show that:111,168,176,199,200

X(I‘,I‘/,w — OO) = MS(I‘,I‘/) ’ (132)

Xs(r,r',— 00) = x(r, v, w — o)

1 0 /
mvr [ (r)Ve]d(r — 1), (133)

which is a semilocal operator and functional of the
ground-state density. A simple derivation of this rela-
tion is given in see Appendix D, without using commuta-
tor algebra!l1:168,176,199,200 " Thyg in the high-frequency
limit, we have an orbital-free approximation for the
density-density response.

Using Eq. (133) in Eq. (50) we obtain:

—(w? + 2L%w)ﬁ1 (r, +w)

1 . _
A (n(r)V] (Keﬁr[no(r)]ﬁl (r, +w) + vapp(r)) .
(134)
Then, neglecting XC effects and introducing the elec-
trostatic field from the first-order density
1 v/dSr/GQﬁl(r/7+w)

a(r,w) = —
BeL ) == Fr

(135)
we have:

_ <w2 + 2Lw2) Naca (T, +w) =

1
i v

nm <TLO(I') (eEEL [ﬁéCA](n UJ) + eEaPP(r7 W)) 7(136)



which is named  semiclassical  approximation
(SCA)2917208 i the context of plasmonic applica-
tions. The same approximation is also used in the
field of the Bose gas, and it is named charged Boson
approximation®. In the SCA, thus only electrostatic
interactions are considered.

Using Eq. (27), Eq. (136) can also be rewritten as

2
— <w2 + QL%W — wp;r) )flécA(n +w)

1

= e (Vno(r) - eEgp [figca](r,w)

+n0(r)V2Vapp(r) +VnO(r) - VVapp(r)> , (137)

where we have introduced the (position dependent)
plasma frequency:

4me?nO(r)
— :

Note that in the SCA approach the many-body di-
electric constant (as well as the density-density response
function) is a semilocal function of the density, as the
density is not uniform in space. In fact, from Eq. (67)
we have?07:

wp(r) = (138)

BPA (e ¥ w — 0)
_ (;[_Lr)2 (r—1)
(w? + 2L%w)n

1 1

nm(w? + 2sw) v — 1| .

vnl(r’),  (139)

where we use integration by parts.

The SCA can also be reformulated in the classical elec-
trodynamics framework. In fact, using the definition of
the (classical) polarization field*?

V- Pg(r,w) = —(—e)nl(r, +w) = en'(r, +w) , (140)

Eq. (136) can be further simplified in:

PgL (I’, W) = X%‘EA (I‘, W)Eg)ﬁ (I‘, w) ) (141)

where the (local) dielectric susceptibility is:

1 wy(r)?
SCA p
rw) =—— 142
W =g e
and the total electrostatic field is

Ef = EpLlfgcal (r,w) + Eapp - (143)

Eq. (141) is a local version of the more general rela-
tion Eq. (68). Thus we obtain a Drude-like macroscopic
dielectric constant

1 2
Elgl%A(raW) = 1+47TXEL(I', w) =1-= Wp(r)

@l )
Nw(w+ 2L%)
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which generalizes Eq. (128) with a spatially dependent
plasma frequency?1:299.210 "Eq. (141) is a spatially-local
relation between Pgp (r,w) and EX (r,w). The SCA ap-
proach thus includes spill-out but the macroscopic dielec-
tric constant is local: thus it does not fit into the scheme
of Fig. 1, and it is no more widely used as it is much less
accurate than the QHT, see Sect. IVF.

In Fig. 3 we report the photo-absorption cross section
for the SCA method with two different densities: the KS
one and a model density defined as

— AO
~ 1+exp(k(r—R))’

" r0a(r) (145)

where Ay is fixed from the condition [ d*rn®(r) = N..
When x = 1.05 a.u. the model density is a good approxi-
mation to the exact KS density®”. Here, we consider also
a more compact one (k = 3 a.u), as shown in the inset of
Fig. 3.

The SCA absorption spectrum is quite accurate and it
is much broader than the classical and the TD-DFT one
and this broadening depends on the fact that the surface
of the sphere is diffuse'?1:209:210  In fact, with a more
compact density (i.e. k = 3) the broadening decreases.
In the limit of kK — oo, the density will generate a PCA-
like dielectric constant, and the classical result will be
obtained.

The SCA is valid when the frequency is (much) higher
than the single-particle level spacing, see Appendix D.
For nanoparticles this condition can be reformulated as
follows: the SCA absorption spectrum is valid for ener-
gies (much) higher than the peak in the non-interacting
absorption spectrum (i.e. computed with ys instead on
X). The non-interacting spectrum is reported in Fig. 4,
and it has a maximum at about 0.3 eV, i.e. about one
order of magnitude smaller than the main plasmon peak,
thus demonstrating the quite good accuracy of the SCA,
see Fig. 3. The large difference between the full TD-
DFT spectrum and the non-interacting one shows the
importance of the electron-electron interaction.

Finally, we consider the high-frequency (hf) limit in
the case in which electrostatic effects are also neglected.
Using Eq. (133) in Eq. (61) we have (using integration
by parts)

e2N,
oM(w) = —— e (146)
= nm(w? + QL%(JJ)‘
where N, is the total number of electrons: Eq. (146) is
valid for any finite object of any shape and of any den-
sity. The related high-frequency photo-absorption cross
section is thus

4w
3c

_ 4me?N, 26 (147)

hf —
o (w) = )
() enm w?

S[Tr o (w)]

which coincides with the high-frequency limit of the clas-
sical nanosphere and it is reported in Fig. 4 demonstrat-
ing that all the photo-absorption spectra have the same
high-frequency behavior.
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Figure 4. Normalized (by oo = 7TR2) photo-absorption spec-
trum of a jellium nanosphere with N.=1074 electrons and
Ts 4 (R=2.17 nm), using different methods: TD-DFT,
non-interacting TD-DFT, classical electrodynamics and the
high-frequency limit of Eq. (147). The broadening parameter
is £=33 meV.

C. Orbital-Free Density Functional Theory

In the section IV B the ground-state density is left un-
specified, while in the HPT the spectrum does not di-
rectly depends from n°(r), but from the external poten-
tial. To achieve more accurate results the ground-state
density must be determined, eventually in an orbital-free
approach. The ground-state OF-DFT is based on the
Euler equation®496:99

0T [n" ()]

N (148)

+vert[n”(1)](x) = 1o,

which is an integro-differential equation for n°(r) and
the chemical potential p keeps the total number of elec-
trons fixed. The non-interacting KE functional T [n°(-)]
is not known exactly as an explicit functional of the den-
sity. Finding the accurate approximations for T[n°(-)]
is a DFT challenge?!! and it is the subject of heavy
investigations?'? 229,

Exact expressions for T, [n°(+)] are known for one-/two-
electron systems and for the HEG. In the former case,
Ts[n°(-)] = TV [n°(r)], see Eq. (76), with the potential
given by Eq. (75) and the kernel given by Eq. (97).

For the HEG we have the Thomas-Fermi
(TF)94:113,230.231  expressions for the energy, poten-
tial and kernel, respectively:

TI () = h—Q /d3rikp(r)2n0(r) (149)

s m 10

STIFO()]  Rm? 5
TFy, 0 s 2
= 2 = 1
V()] = S = ke (150)
. R 1kp(r)? K2 7?
KR ()] = —< =— 151
)] =-3% D e (151)
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where the Fermi wavevector is kp(r) = (372n%(r))/3,

see Appendix A. A general class of KE functionals
{564,226,232,233.

1
—T +aT["
nw

Ty (152)

where 0 < 77‘7{,1 < 1. Most common approximations are
summarized in Tab. I. TFvW has both o = 1 and nyw =
1. GE2 stands for the second-order gradient expansion!!?
and it is used Ref. 58. hTFvW is an high-frequency
functional, which will be discussed in Sect. IV G 2.

o Nw

TF 1 o~
vW 0 1
TFvW 1 1
GE2 1 9
hTFvW 5/3 1

Table I. Common approximations for the class of KE func-
tionals defined in Eq. (152) with the corresponding values for
the a and nw parameters.

With the functional in Eq. (152), Eq. (148) can be
rewritten as?3423%

HOF(r)\/n0(r) =

_ (1T o™ [n0(x)] + v [n°<->1<r>) )

nw

— j1y/n() (153)

where we used Eq. (74). Thus the parameter 7, the ef-
fective mass in the Hamiltonian in Eq. (5), can be used
equivalently to describe a fraction of the vW functional
(n = nw). Eq. (153) is an eigenvalue equation, where
only the lowest eigenvalue needs to be determined. With-
out a fraction of the vW functional (e.g. if Ty is just the
TF functional) we have that n — oo and Eq. (153) is no
longer an eigenvalue equation but it is equivalent to Eq.
(148), and it is a non-linear equation in n%(r).

A more fundamental expression of the KE functional
15215235,

T, =T}" +Tp, (154)

where Ty is the Pauli KE energy, which is a positive quan-
tity: in fact, Ts > Ty, where the equality is only for one
and two electron systems. In this case we can fix n =1
obtaining:

HOF(r)/n0(r) =

= (7 + O O)(E) + v ) ®) VAT = /)

(155)
where the Pauli potential is given by:
0Ty[n°()]
070(. — 2ol VI
(e = et (156)



In Eq. (156) we assumed that the most general (i.e. non-
local) expression for the Pauli KE. With the approxi-
mation in Eq. (152), the Pauli potential is a semilocal
functional:

=av ™ [n%(r)] + <1 - 1) oWl (r)],  (157)
nw

so that Eq. (153) and Eq. (155) are equivalent and Eq.

(155) can be applied also in the case ny — 0.

Many different non-local KE functionals have been
also developed?!4:220:225,:236-243 ' 1jy4inly for the electronic
structure of extended systems. However, these
non-local functionals are numerically more complicated
for the description of finite systems than semilocal
functionals?26:22% and have been applied only recently
for linear-response problems®?:21:93:104,108 = Fop oround-
state calculations, non-local functionals are (mostly)
based on the exact (or approximate) linear response
of the HEG (the static Lindhard function), which is
defined in the periodic space. Some methods have
been presented?36:244246 t¢ represent the static Lindhard
function in real space: however, either the implementa-
tion is numerically cumbersome or it is approximated.
Therefore, an exact real-space description of the static
Lindhard function remains problematic and Lindhard-
based nonlocal functionals are much better suited for ex-
tended periodic systems. Thus calculations for isolated
systems, usually required for many plasmonic applica-
tions, can only be performed in the periodic space with
the use of a very large unit-cell (to avoid interactions
of periodic replicas), which largely increases the compu-
tational cost. Semilocal KE functionals can be instead
efficiently applied to both isolated and periodic systems:
however, they cannot reproduce exactly the static Lind-
hard function®®228, In Refs. 228 and 247 possible so-
lutions which combine a real-space description with an
accurate Lindhard function representation have been pro-
posed.

D. Time-Dependent Orbital-Free DFT

Once the ground state density n°(r) is obtained from
OF-DFT, its time-dependent extension can be used to
calculate excited states. The most general form of the
Time-Dependent Orbital-Free DFT (TD-OFDFT) can
be defined by the equation

n220l) (;ﬂveﬂ[n(-,wr) el 000
+Vdyn [n(7 -)}(I‘, t) + Vapp (I‘, t)) (;5(1‘, t) ) (158)
where the density is
n(r7 t) = ¢(r7 t)*¢(r= t) ’ (159)

16

and the wavefunction is

o(r,t) = exp(%S(r,t))\/n(r,t) . (160)

The wavefunction ¢(r,t) is a bosonic wavefunction, i.e.
all electrons are in the same state. In Eq. (158) we use
a general formalism in which either n = nw # 1 and
v, = avTF or n =1 and v, = vy, as discussed in Sect.
IV C. The term vP[n(-,t)](r) is named static KE poten-
tial and it is the KE potential used in the ground-state
OF-DFT calculation, here applied to the time-dependent
density. The term vaqyn[n(:, -)](r,t) represents a dynamic
KE potential’®, which can be non-local in both time and
space, and it will be discussed more in detail in the fol-
lowing.

It can be shown that a dynamic KE potential exists
so that Eq. (158) reproduces the exact dynamics of the
many-particle systems, i.e. all the excited states can be
described??:93:248  For one and two-electron systems, this
is trivial as vP[n(-,t)](r) = 0 and vayn[n(-,-)](r,t) = 0. A
numerical verification will be presented in Sect. IV F. For
other systems, neither vP[n(-,t)](r) nor vayn[n(-,-)](r,t)
are known exactly, and must approximated. Different
approximations to the TD-OFDFT form in Eq. (158)
have been introduced.®%:88-91:93:267 and applied to plas-
monic systems in the time domain®%93:1037109 " For ex-
ample, Eq. (158) is equivalent to the Time-Dependent
TF approach of Ref. 88 with n =1, v, = v™ — " and
Vayn[n(-, )] (r,t) = 0.

In the static case, e.g. using semilocal KE func-
tionals, only collective excitations are obtained, which
are the ones more relevant in plasmonics. More re-
cent approaches are based on the dynamical Lindhard
function?91:93:267 i e the exact linear-response of the
HEG. These approaches are thus exact in the limit of in-
finitely large metal nanoparticles, whereas their accuracy
for finite systems has not been yet accurately tested for
jellium nanoparticles with different sizes”’ but only for
selected atomistic systems!04-108

Finally, we also note that, the TD-OFDFT ap-
proach can also be considered as a reformulation of
the hydrodynamics equations using a complex-valued
wavefunction88:101-103

E. Linear-Response TD-OFDFT

While most of the TD-OFDFT implementations and
applications in plasmonics have been carried out using
real-time propagators®®93:103-109 " Jinear-response TD-
OFDFT methods can also be derived. The orbital-based
TD-DFT methods discussed in section II can be refor-
mulated considering only one occupied orbital

¢(r7t) = ¢1 (I‘,t) ) (161)
and the additional potential terms, vP[n(-,t)](r) and
vdyn[n(+,)](r,t). In the linear response regime the ad-



ditional potential terms can be written as (see Eq. (24)):

vyl )], 1) = / dr R [n0(), ¢ — 7ln(r,7) |
(162)

(- 1)](x) = v [n’()](x) + AKP[p°()]n! (x,t) , (163)
where K9 [n0(.),t — 7] is a dynamic kinetic kernel®
(vanishing in the static case), which depends only on
ground state density and on the time. The static KE ker-
nel KP[n%(-)] is, in general, a non-local operator. How-
ever, there are only few attempts to use non-local KE
functionals®!93:104:108 for plasmonics applications.

The three TD-DFT approaches namely the Stern-
heimer equation, Eq. (36), the Casida eigenvalue equa-
tion, Eq. (45), and the Dyson equation, Eq. (54), can be
applied as well in TD-OFDFT with the following modi-
fications:

Ken[n(r)] = Keg[n(1)] + K?[n°()] + Kayn[n®(-),w] ,

(164)

H(r) — HOF(r), (165)
eg — e?F , (166)
() = ¢F " (x) . (167)

The eigenvalues appearing in Eqgs. (36,45,51) and the
virtual orbital appearing in Egs. (45,51) are no more
obtained from KS equation, Eq. (5), but are obtained
from

HO (r)g7 (r) = €27 677 (r) (168)
where the lowest state is
OF(r) = /nO(r) (169)

and higher states represent excited-state densities?4.

Note that the Casida approach can only be applied
in the case of static KE functional, otherwise, when the
kernel contribution depends on the frequency, the matrix
must be diagonalized iteratively,: this is similar to the
case of a frequency dependent XC kernel'!'. A Casida
TD-OFDFT approach has been recently implemented in
the DFTpy code'®?.

In general, OF reformulation of linear-response meth-
ods are not common for plasmonic applications where,
instead, QHT approaches are more often employed.

F. Quantum Hydrodynamic Theory

When the TD-OFDFT equations are solved using
the Madelung transformation in the frequency-domain,
the approach is wusually named quantum hydrody-
namic theory (QHT) or quantum hydrodynamic (QHD)
model,?8760,64-66,250-254 The main QHT equations can be
directly derived from Eq. (77) and (80) considering that
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there is only one state and the additional potential terms,
vP[n(-,t)](r) and vayn[n(-,-)](r,t), obtaining:

W _ 7nimv [P (r, )n(r,0)] | (170)
w + nimp(r,t)v -p(r,t) =

=9 () + v D10 + Aeugr,8) + 0 0]

+0P[n(, D))(r) + vagn[n(:, ~)](r,t)> : (171)

Note that ground-state orbitals can always be taken
real-valued (as there is only one orbital), thus in the
linear-response frequency-domain regime the simplified
expression in Eq. (103) can be used. With only one
orbital, and the additional potential terms, Eq. (103)
becomes:

2 g ~1 _ 1
_ <OJ + 2Lwh> nQHT(r,+W) = %V .

[n%r)
v (f«eﬁ (00 () (5, +0) + Vapp(r, +0)

+Kkin[n° (), w]idyur(r, +w)) , (172)

where we use nér to indicate the (approximated) den-
sity obtained from the QHT approach and all KE terms
have been collected into

Riin[n®(),] = %KW[n%r)} + RP[n0()]

+ K’dyn[no(-),w} . (173)

In the case of the static KE functional of Eq. (152)
using n = 1 we have

Kyin [no(')v w] =
= L RO @) + aR T [n0(r) .
nw

A wvalue of n # 1 can also be used when
modeling the effective mass for plasmonic effects in
semiconductors?®2-256,

Note also that in Eq. (172) we used the symbol £ to in-
dicate the broadening parameter for the QHT equations,
and it is worth to highlight the difference with respect to
the one used in TD-DFT (indicated as §). See Sect. VA
for a more detailed discussion on the broadening param-
eter.

QHT approaches with static semilocal KE function-
als have been largely applied to model different prop-
erties of plasmonic systems with different shapes and
dimensions®85%:70-87

Eq. (172) represents the main QHT equation: it is a
differential equation for 7y (r, +w) which uses as in-

put only n%(r). When the n%(r) is exactly the one ob-
tained from Eq. (148) with the same KE functional used

(174)



for the response then the method is called self-consistent
QHT®®(sc-QHT). In Ref. 58 the GE2 kinetic energy func-
tional has been used. However, approximations for the
KE functional in the response equations can be differ-
ent from the ones used for the ground-state calculations.
As shown in Refs. 59 and 75 one can use the exact KS
density n°(r) = n%g¢(r) in the QHT equation. In this
case a comparison with the TD-DFT results is clearer,
as the quality of the approximations for the KE func-
tional in the response can be directly verified, without
error cancellation effects originating from approximated
ground-state density. However, the advantage of the sc-
QHT method is to have an unique scheme to compute
both the ground- and the excited-state properties. In ad-
dition, the sc-QHT with a static KE satisfies the HPT:
in fact, the same proof on Sect. (IV A) remains valid if
Ve is replaced by veg + v, while for a dynamical KE
this is not directly verified?®7:2°8, A limitation is that
the OF-DFT calculation for large systems might have
convergence problems, despite recent progress?®®.

Eq. (172) is an equation directly for the total density
gy (1, +w). Comparing Eq. (104) with Eq. (172) we
see that an equivalence can be obtained only if

1 % % —
? zj: n?(r)V (KW[n?(r)]n; (r, —l—w)) =

= L0 @)V Rl (), i (r, +0))

; (175)

In the case of just on orbital (i.e. one or two electron
system, we have T, = 0 and thus Kqyn[n°(-),w] = 0,
and the QHT coincides with TD-DFT by construction,
meaning also that the dynamical KE vanishes for one
and two-electron systems, as already discussed in Sect.
IVD. This is shown numerically in Fig. 5 where we
compare TD-DFT with QHT-vW and QHT-TFvW. The
QHT-vW spectrum overlaps with the TD-DFT one, and
all peaks are exactly reproduced. Small differences are
due to numerical details on the implementation, see Ap-
pendix C.

For other systems the equivalence in Eq. (175) can
hardly be obtained: Kayn[n°(:),w] should have a very
complicated spatial and frequency-dependence, as the
frequency dependence of each orbital ijl (r,+w) differs
from each other and from 7! (r, +w) of the total density.
As discussed in Sect. IVD, an exact vgyn[n(:,-)](r,t)
must exist, so that not only collective excitations but
all excitations could be reproduced. However, finding
an exact expression for Kqyn[n®(+),w] is a challenge:
Vayn[n(,-)](r,t) can depend only on the total n® and n',
but not on the single orbitals n and n}, which are not
available in an orbital-free framework. Eq. (175) can be
used to build novel orbital-free approximations starting
from systems where the reference TD-DFT results are
available.
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Figure 5. Normalized (by oo = 7TR2) photo-absorption spec-
trum of a jellium nanosphere with N.=2 electrons and rs = 4,
using TD-DFT, QHT-vW and QHT-TFvW. The broadening

parameter is £ = £€=50 meV.

1. Connection with Electrodynamics

With the definitions in Sect. IVB, Eq. (172) can be
simplified in
2

wy(r) 1 2 £ _
ypeos eVka(r,w)—i— w —|—2Lwh PpL(r,w) =

wp(r)? g
- Zﬂn E%E(r’w)v

(176)

where all the non-classical effects (kinetic-exchange-
correlation) are collected into:
szc(r7 +w) =
~ - V- PEL r,w
= (Roeln®(0)] + Kianln(), ) LT BT )

- (177)

Note that Eq. (176) coincides with Eq. (136) if Ggye = 0.

While in the SCA, we have a local relation between
Pgr(r,w) and E¥f (r,w), see Eq. (141), when the kinetic-
exchange-correlation effects are included, Eqs. (176,177)
must be solved in Pgp,(r,w): in this case the relation be-
tween Pgr(r,w) and E (r,w) is clearly non-local. Ac-
tually this relation is semi-local when semi-local KE and
XC functionals are employed, i.e. conventional approx-
imations for Gy,. depend only on V - Pgp(r,w) and its
derivatives.

Eq. (135) and (176) are valid in the quasi-static ap-
proximation for Maxwell’s equations. In the retarded
case (176) must be coupled with!'3

4rw?

2

2
w
V x V x E¥ (r,w) — C—QEfff(r,w) = PpL(r,w) .
(178)
We recall that in this work, we are always considering the
non-retarded quasi-static limit of Maxwell’s equations,
i.e. only the longitudinal part of the dielectric constant,

which is valid in the case of small nanoparticles'!!.
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2. Eigenvalues Equation

The QHT equation, Eq. (172), can also be solved with-
out any external applied potential. If the dynamical po-

tential is neglected and £ = 0 an eigenvalue equation is
obtained?:253,260,

(179)

where

L)) =~V -

nOI‘
TAMIEC

V(Keﬁ[no(r)] + Kkin[no(-),w = O])f(r)l . (180)

The operator L is real-valued, but it not symmetric and
eigenvalues are real-valued or complex-conjugated. Sim-
ilar eigenvalue equation has been derived for the Bose
gas?%l. Diagonalizing Eq. (179), we obtain that the po-
sition of the peaks in the QHT absorption correspond to
the real part of the eigenvalues. In the case of the SCA,
no bound state will be present as the operator £, does
not include any differential operator, see Eq. (137).

Eq. (179) resembles the Casida eigenvalue equation,
see Eq. (45), as in both equations the square of the ex-
citation energy is present. However, as also discussed in
Sec. III B, Eq. (179) does not include any information on
virtual orbitals nor on eigenvalues. Eq. (179) is thus very
efficient for the calculation of the QHT absorption spec-
trum, as only few eigenvalues need to be computed, and
eigenvalues only represent collective excitations. How-
ever, Eq. (179) is not very common in plasmonics, where
the retarded electrodynamics solution is often required
and/or with additional frequency-dependent dielectric
constant representing the bound electrons®®.

G. Orbital-Free Homogeneous Electron Gas

As a main application of QHT, we analyze in this sec-
tion the HEG, which is the main model system in plas-
monics. The HEG has been largely investigated in the
hydrodynamic formalism?62 266, In the HEG the ground-
state density is uniform n°(r) = 7% Thus Eq. (172)
simplifies to

_ (oﬂ + L2w7§> figur (r, +w) =

1 . -
ﬁO%VQ <0Keff [ﬁo}flém(r, +w) + Vapp(r, +w)

+IA(kin [’ﬁ’o ) w} ’;LlQHT (I‘, -HU))

n’ 2-1 n’ -
= —Qn—mélme nour (T, +w) + n—mv Vapp (T, +w)
70 R .
+:—mv2(eKXC [7%] + Kon[2®, @]) ity (r, +w0) ,(181)
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where we used Eq. (27) and we scaled the effective inter-
action (Hartree and XC) with a parameter 6 (the non-
interacting response can be obtained setting § = 0). In
Eq. (181) the quantities Kog[7i°], Kpin [0, ], Kyc[70] are
semilocal operators (i.e. include V, VZ,...). Using a pe-
riodic spatial perturbation, see Eq. (A8), the first order
density can be written as:

AguT (v, +w) = Ngur(a, +w) exp(+uq 1), (182)

and the QHT equation becomes:
2,9 £\ -1 _9770 Aol
W+ wy figur (4, tw) = o e ngur(d, +w)
=0
n
+lal* —Vo(a)
nm

ﬁO
o lal? (Ol (@) + Kiin[%, (@) ) by (0 o)
(183)

In Eq. (183), the quantities K,.[1°](q), Kgin[n°,w](q)
are now simple functions of q. In particular the vW

kernel is
B g2 B2 322 3q2
KW—O - - 3 _ 7 :KTF_Oi
@) = 7078 = =3 [ }4/@ ’
(184)
while the TF kernel is just a constant
h2r?
K™ R0 = : 185
) = (185)
Finally, the QHT linear response is:
=1
QHT i (q, +w)
X QW) =~/ =
6 ( ) VO(q)
UJ2
1 e
2 ¢ )
Ame? (2 4 20%) — 202 — (LB2,(q) + L AR(a,w))lal
(186)
with
2.(@) = 2 Kyl (187)
e q - 47T€2 XC[n ] q K
2
Br(a,w) = L5 Kpin[n’, w](aq) - (188)
2

4de
In the case of the functional in Eq. (174) the expression

for 32 is very simple:

49 (189)

where the Fermi velocity is vp = hkp/m.
We now consider the non-interacting (¢ = 0) and then
the interacting (§ = 1) response.



1. Non-Interacting HEG

The linear-response of non-interacting HEG is:

QHT (o o) 1 Iqlz%’i (190)
Xs q,w) = ) = .
Ame® (2 +12w8) — B2 (g, w)|q|?

Note that for the particular case of the HEG. the equiv-
alence in Eq. (175) is exactly verified, see Eq. (A7) and
Eq. (184).

As previously observed, Eq. (104) is not appropriate
for the HEG and it doesn’t reproduce the exact Lindhard
function (y%™?).176. However, thanks to the dynamic
kinetic contribution, the exact Lindhard function can be
obtained from Eq. (190) using

1

F 2. Lind
3 . (191)

~wpx M quw)”

nw?
2 4e?

Bi(q,w) = +q7(1 + QWg)
The exact expression in Eq. (191) is, however, of little
interest for real applications, as it is quite cumbersome to
calculate and it is valid only for the HEG. In particular,
no exact real-space representation of the Lindhard func-
tion exists, which complicates the description of finite
systems, as already discussed at the end of Sect. IV C.
Here, we analyze in more details the class of semilocal
functionals in Eq. (152).
At high-frequency the exact Lindhard response be-
haves as
X?ind(q’w N OO) _ ﬁ0q2 _ OJZ |q|2

= — 192
mw?  4re?2 w? ' (192)
where we used Eq. (133) and n = 1.

On the other hand in this limit, the QHT response,
behaves as

2 2
QHT N _ Y lq] 1
Xs (qv w OO) Ame2 w277 ( 93)
directly from Eq. (190) and assuming that

Bi(q,w)/w?* — 0. Thus any QHT approach must
use 7 = 1 to satisfy the high-frequency behavior, i.e.
only with the full vW functional the high-frequency
limit can be recovered.

In the opposite, static limit (w = 0) we have:

1w 1

QHT - _ = —
O = T 520,0) T Knliyw = 0(@)
(194)

Using the approximation in Eq. (152), we obtain:

T @.0)! = oK+ K () - (195)

These results can be compared with inverse Lindhard
which behaves at small and large wavevectors as?®:

—xE (- 0,007 = K™%+ S KV [2%)(a) , (196)

—xE(q 00,07 = KW [af](@) — SKT (A% .(197)
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Thus to reproduce the Lindhard behavior with the func-
tional in Eq. (152) different values of a and 7 are
required®®?! in different regions of q and w. With the
condition n = 1 both the high-frequency and the high-
wavevector region are well reproduced. The second term
in Eq. (197) is not very important because the vW term
largely dominates the high wavevector region.

A comparison of Y®HT(q,w) for the SCA (i.e.
B%(q,w) = 0), QHT-TF, QHT-TFvW and QHT-hTFvW
approximation with respect to the exact Lindhard func-
tion is reported in Fig. 6 (for the definition of hTFvW
see Tab. I and the next subsection). At high frequency,
the behavior for the real part, see Fig. 6b) is correctly
reproduced for all methods. The SCA diverges for small
frequencies, while all QHT approaches show a well de-
fined peak in the imaginary part in contrast to the broad
electron-hole continuum in the exact Lindhard response.
This peak originates directly from the ”bosonic” behav-
ior of the QHT approach, in which all electrons occupy
the same orbitals, whereas in the exact description there
is a band of states with different k. Note that the width
of QHT peak is directly related to the broadening pa-
rameter &, whereas the broad electron-hole continuum is
almost independent from &.

In general, semilocal KE approximations are not ac-
curate for the frequency-dependent non-interacting re-
sponse, and some non-local approximations have been
presented recently®%:°1:93:267  with a complicated struc-
ture in real space and which can be treated only in
Fourier space. Clearly, these methods reproduce, by con-
struction, the Lindhard response with much greater accu-
racy: the method in Ref. 90 employs a fitting procedure
with many parameters, method in Ref. 91 an analytical
expression with some exact constraints, methods in Refs.
93 and 267 an expansion in frequency.

The accuracy of semilocal KE functionals is, however,
much better for the interacting response.

2. Interacting HEG

For the interacting HEG, a common approximation is
the RPA, i.e.
Ame®  ina

q,w) = (1—TX

Lind—RPA(
q

(@.w)” X" (q,w) -
(198)
RPA is in general not very accurate for the HEG, and
research for an accurate XC kernel is an hot topic in
DFT2687270'
The QHT-RPA approximation is obtained using § = 1
and 52.(q) = 0 in Eq. (186). The QHT-RPA dielectric
constant can be obtained directly from Eq. (67):

B 4me?
EQHT RPA(q7W) = (1 - |q|2 X?fOT(q’ OJ))

X

2
“p

=1- (199)

n
(w? +2w3) — (552 (a,w))|al?
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Figure 6. Imaginary (a) and real (b) part of the density-

density response function (xs) from different approaches.
In the plots we used atomic units, w,=1, q=(3/4)kr and

£€=£=0.05 a.u.

In the limit of vanishing q and with n = 1 we obtain the
Drude dielectric constant defined by Eq. (128) and Eq.
(129).

While QHT-TF and QHT-TFvW do not well re-
produce the non-interacting density-density response as
shown in the previous section, the interacting one is in-
stead much well described, as shown in Fig. (7) (in the
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RPA). The big peak in the imaginary part of Y®F4 is the
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Figure 7. Imaginary (a) and real(b) part of the RPA inter-
acting density-density response function (XRPA)from differ-
ent approaches. In the plots we used atomic units, wp=1,
q = 0.6kr and £ = 0.05 a.u.

plasmon. Its position can be obtained from the zeros of
the dielectric constant in Eq. (199). For the Lindhard
the plasmon peak can be computed in series of q'76-264:

QLind—RPA(q) ~w (14 hj 97 q®) . (200)
p P m 4me?10kp

In the QHT-RPA approach, instead, the poles are exactly



given by
B 1, 1
QQUT-RPA(q)2 _ szz) i 55k(q,w)2q2 . (201)

Considering a pedagogical dynamical extension of the
functional in Eq. (152)
Kpin[n®, w] = KT [ (a + Af(w?/w?)),  (202)

with f(z) = 2/(1 + =) we obtain

QZ(?HT—RPA(
~ (L et Ata ) g
V7 8mime2kr n+1 '

The exact RPA poles in Eq. (200) can be obtained only
if

)

1 A
m+lat+A _9 ’ (204)
n+1 5

which can be verified either with

a=9/5and A=0 (205)
or with

4

azlandAZE(n+1). (206)

Using Eq. (205), i.e. without a dynamical contribution,
we obtain the h"TFvW functional, with o = 9/5, see Tab.
I. This requirement is in conflict with the static response
from Eq. (196), clearly showing the importance of the
dynamical contribution.

In Ref. 262 a similar, but complex-valued dynamical
extension, was proposed:

Kiin[n®, 0] = K™ [] <(9/5)‘*“”§> :

_ (207)
w+ L%

As shown in Fig. 7a) all the methods (including SCA)
have a well-defined plasmon peak which moves towards
the exact RPA-Lindhard one, with hTFvW being the
most accurate. In Sect. V we will verify the accuracy of
all the methods for finite nanoparticles.

H. Hydrodynamic Theory with Hard-Wall

Finally, we consider the HT-HW method already intro-
duced in Sec. I. A common approximation (HW) of the
QHT method in Eq. (176) is to neglect the spatial vari-
ation of the density, using n°(r) = n° inside a plasmonic
object and n°(r) = 0 outside. With the HW boundary
condition the local TF functional is used for the KE, i.e.

Kpin[2®, w] = oK™ [70) (208)
as the density gradient vanishes everywhere (but at the
boundary). With the TFvW functional, almost the same
results as the TF are obtained®2 %4,
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With these approximations Eq. (176) can be rewritten

as:
ﬁl%xcv vV-P 2 9 é P .
T ( : EL(r,W))+ w + Lwﬁ EL(I"W) —
wp tot
gy PEL(T ) (209)
where
wp o TF
Blae = 5 Eeln®) + oK™ %) (210)

Eq. (209) is named hydrodynamical theory (HT) model
and only in a few cases XC effects are considered?”, as
the KE energy contribution is much larger. When it
is solved together with the HW condition, it is named
HT-HW. The HT-HW has a non-local dielectric con-
stant, but no spill-out effects are included®®. The HT-
HW has been applied recently to describe non-local ef-
fects in metal nanoparticles??:4144-54.271 = The HT-HW
approach for spherical nanoparticles can be done analyt-
ically and predict a blue-shift with respect to the classi-
cal results and a series of peaks (volume plasmons) for
w > wp40’41’52’272, as shown in Fig. 8. Fig. 8 also shows
that using a = 9/5, which gives better HEG description
(see section IV G 2), further blue-shifts the spectrum thus
decreasing even more the agreement with the reference
TD-DFT spectrum.

The HT have been also applied to the case in which the
ground-state density is spatially-varying, but still keeping
the TF approximation for the KE energy!9?:264:273-276,
This approach is, however, not very accurate?64:275,

1
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Figure 8. Normalized (by oo = mR?) photo-absorption spec-
trum of a jellium nanosphere with N.=1074 electrons and
rs = 4 (R=2.17 nm), using different methods: TD-DFT, clas-
sical electrodynamics and HT-HW with two different values
of a (see text for details), and without XC. The broadening
parameter is £=£=33 meV.



V. RESULTS FOR JELLIUM NANOSPHERES

In this Section we will investigate three hot-topics (the
broadening, the critical frequency and spill-out effects)
for plasmonic nanoparticles and we will report results
using orbital-free methods in comparison with the ref-
erence TD-DFT results. We will consider model sys-
tems, i.e. jellium nanospheres, previously introduced in
Sect. IV A. Computational details for the calculations
reported in this section are reported in Appendix C.

A. Broadening

A first relevant issue when modeling plasmonic
nanoparticles with the QHT model is the broadening
parameter. When the optical spectrum of a plasmonic
nanoparticle is computed with TD-DFT the so-called
”plasmon peak” is the convolution of many (very close)
transitions, as shown in Fig 9. The TD-DFT broad-

——
5t — SmeV|
L — 33 meV .
50 meV
4 _
Cl i
© J
2 - —
1 -
L 0
b=
2.5
Energy [eV]
Figure 9. Normalized (by oo = wR?) TD-DFT photo-

absorption cross section of a jellium nanosphere with rs = 4
a.u. and Ne = 1074 electrons (R=2.17 nm), for different val-
ues of the broadening parameter &.

ening parameter £ can be quite small as it mainly de-
scribes thermal and vacuum-fluctuation effects: for £=50
meV no signature of individual transition can be seen
in the spectrum as shown in Fig. 9. This broadening,
called Landau damping, have been deeply investigated
in literature!89-191,277-286

In the QHT absorption spectrum, instead, the plasmon
peak is described by just one state (see Sect. IVF2)
and the ¢ empirical parameter directly determines the
width of the plasmon peak: for a Lorentzian shape the
full width half maximum (FWHM) is in fact 2£. Thus &
should be tuned in order to properly compare the QHT
spectrum with TD-DFT one. For metal nanoparticle the
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FWHM of the plasmon peak is!89-191,278,280-282,

2
P AptE = 4k

= 211
= — (211)

where A is a prefactor close to unity.
To achieve the result in Eq. (211), £ has been consid-

ered to be spatially dependent and modeled empirically
25287

n’(r)

a0

€ —&(r) =0.17eV (212)
Other descriptions are based on the time-dependent
current-DFT®Y or from approximations of the non-
interacting HEG2%7. Another approach is the general-
ized non-local response (GNOR)?®8 which is based on
the diffusion equation and it has been mainly applied to
the HT-HW.

We note, however, that all these investigations are
mainly related to the width of the LSPR peak, with-
out taking in consideration the width of Bennett peak,
which is much broader and close in energy to the main
plasmon peak (see next subsection). More studies are
needed in this topic, also considering the external po-
tential as main ingredient, as ¢ can be related to the
anharmonic effects!'®7-190,

B. Critical Frequency

In Ref. 59 it has been shown that the QHT absorption
spectrum of a nanoparticle, with the static KE functional
from Eq. (174), is stable only up to the critical energy

e [T
m 8 V nw

where £ is the asymptotic decay constant of the ground-
state density, i.e. n°(r) — exp(—xr) for 7 — oo. Above
this critical frequency, the induced density has an oscil-
lating behavior and the absorption spectrum is not stable
with respect to the computational domain size (L;q., see
Appendix C for more details). This feature is shown in
Fig. 10b) where we report the QHT-TFvW absorption
spectra for a large continuum set of Ly,q, (i.e. differ-
ent absorption spectra are reported on top of each other
for different L;,q.). The spectrum below fuw,. =~ 3.5 eV
is numerically stable, whereas it strongly changes above
hw.. In particular, no Bennett state can be defined (i.e.
there are many peaks which depend on the numerical
parameter L,qz)".

Note that the TD-DFT absorption spectrum, see Fig.
10a), shows some dependence from L,,q, too, as larger
L,nar means larger number of virtual orbitals and thus
larger accuracy. However, the broad shoulder at about
4.5 eV is quite stable with L,,4., as can be seen from the
difference with respect to the classical result.

To better analyze the role of the critical frequency, in
Fig. 11 we report the (colormap) QHT-TFvW absorption

(213)
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Figure 10. Normalized (by oo = mR?) photo-absorption cross
section of a jellium nanosphere with rs = 4 a.u. and N. =
1074 electrons (R=2.17 nm), for different values of Lnqz for a)
TD-DFT, b) QHT-TFvW and ¢) QHT-PGSLN. The classical
result is reported in each panel. The broadening is £=£=33
meV. QHT calculations are based on the KS density. In the
panels Li,q, is changed in the range 64 -100A.

spectra (ny = 1) for a jellium sphere using the model
density, see Eq. (145), with different values of .

As shown in Fig. 3, the reference TD-DFT spectrum
shows a plasmon peak at 3.22eV, reported as a verti-
cal dashed line in Fig. 11. The QHT absorption spec-
tra show a main plasmon peak at about 3.2 eV only for
% > 1 a.u.. Reducing the density spill-out (i.e. increas-
ing k), the QHT plasmon peak blue-shifts. For more
diffuse density (lower k), the QHT absorption spectra
are completely fragmented in several peaks. The critical
frequency line is also reported as a black line in Fig. 11.
At the right of this line the QHT absorption spectrum is
very sensitive to the computational domain size.

In Figure 12 we fix k = 1.05 a.u. and we change the ny
parameter. The model density with x = 1.05 gives results
very similar to the ones using the exact KS density®®.
Also in this case reasonable absorption spectra can be
obtained only for 1/nw > 0.8, whereas all the data at
the right of the critical frequency line are dominated by
peaks largely depending on the computational domain
size. For ny = 9, i.e. the GE2 approximation used in
the sc-QHT, the spectrum is completely corrupted.

When the density is instead computed from the
ground-state OF-DFT calculations using the same static
kinetic energy functional (self-consistent QHT), the situ-
ation changes as the effective k depends on the ny value
as shown in the inset of Fig. 13. For large ny the QHT
spectra are always computationally stable. In particular,
for nw = 9 it has also the correct plasmon peak, whereas
for nw = 1 is quite wrong. Thus the QHT-TFvW (i.e.
nw = 1) which is correct in the high-frequency limit and
gives very good results for the KS density, is instead quite

24

1.50

0.90
0.50
1.40 0.10
. -0.30
1.30 = om0
3 120 | -1.10
= | -1.50
¥ 1.10 | -1.90
-2.30
1.00 -2.70
-3.10
0.90 -3.50
-3.90

0

.80 =
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

Energy [eV]

Figure 11. QHT-TFvW absorption spectra (colormap in log
scale) for a jellium sphere with N. = 1074 and r, = 4 for
different values of k, using 7w =1 and =33 meV. The verti-
cal dashed-line indicates the energy of the reference TD-DFT
plasmon peak. The black curve is the critical frequency from
Eq. (213).
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Figure 12. QHT absorption spectra (colormap in log scale)
for a jellium sphere with N. = 1074 and r; = 4 for different
values of n = nw, using k = 1.05 and £€=33 meV. The verti-
cal dashed-line indicates the energy of the reference TD-DFT
plasmon peak. The black curve is the critical frequency from
Eq. (213).

bad using a self-consistent density. The opposite is true
for QHT-GE2 (i.e. nw =9).

These findings show that any functional of the class
defined by Eq. (152) do not represent a fundamental
solution for the calculation of the QHT absorption spec-
trum.

In Ref. 75 the Pauli-Gaussian Second-Order
Laplacian-Level with a logarithm correction (PGSLN)
KE functional has been introduced. The PGSLN func-
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Figure 13. Self-consistent QHT absorption spectra (colormap
in log scale) for a jellium sphere with N, = 1074 and rs = 4 for
different values of n = nw, using the corresponding OF-DFT
density and £=33meV. The vertical dashed-line indicates the
energy of the reference TD-DFT plasmon peak. The horizon-
tal line indicates the case of n = 9. The black curve is the crit-
ical frequency from Eq. (213). The inset shows the relation
between k and 7, from self-consistent OF-DFT ground-state
calculations.

tional is defined as”®226:

T = TSW + /dngTF(r)Fs(s(r),q(r)) ,  (214)

with
K2 3
TF(I‘) — ETO(37T2)2/3TLO(I‘)5/3 , (215)
Fy(s,q) = exp(—(40/27)s*) + B¢*> 4+ 2Bg In(1 + q/q0) ,
(216)

where the (adimensional) reduced gradient is s(r) =
|VnO(r)|/(2kp(r)n®(r)) and the (adimensional) reduced
Laplacian is ¢(r) = |V?n°(r)|/(4kr(r)*n°(r)). Following
Ref. 226 we have B=0.25, while ¢o=700, as described
in Ref. 75. The PGSLN functional well describes the
static Lindhard functional??®, considering the limitations
of semilocal functionals®®226:228  In Ref. 75 it has been
shown that QHT-PGLSN does not have any critical fre-
quency and the resulting spectrum is completely stable
with the computational domain, as shown in Fig. 10c).
The QHT-PGSLN spectrum shows only two well defined
states, the main plasmon peak and the Bennett state.
Compared to TD-DFT, QHT-PGSLN predicts the cor-
rect position of the Bennett state, but in the former it
is much more broader. Recall that in QHT-PGSLN the
FWHM of the Bennet state (as well as the main plasmon
peak) is fixed to 2¢, which is an input parameter, whereas
in TD-DFT is a composed by many excited states.
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C. Plasmon properties

The two main properties which characterize the ab-
sorption spectrum of a plasmonic nanoparticle are the
energy and the oscillator strength of the LSPR peak. As
discussed in Sect. IIE, the oscillator strength is an inte-
grated quantity, i.e. it doesn’t depend on the preselected
broadening parameter and it can be obtained from the
absorption spectrum using a fitting procedure”.

In Tab. II the energy of the LSPR peak and the asso-
ciated fo%¢ for different methods are reported and com-
pared to the TD-DFT reference results. In this analy-
sis only one model jellium sphere is considered, but the
conclusions are valid also considering spheres with dif-
ferent sizes”™®. We considered all the OF methods previ-
ously discussed, from SCA to QHT-PGSLN. Approaches
based on non-local KE functionals and the Lindhard
function??:91:93:108:267 have not yet been tested on jellium
clusters. In Ref. 91 two small clusters (N.=20 and 40)
have been considered, but without a systematic compar-
ison with other methods.

As already discussed in the previous sections, semilo-
cal QHT approaches are quite accurate in determining
wrspr- In more details, Tab. II shows that QHT-TFvW
and QHT-PGLSN are very accurate, with deviations be-
low 20 meV (data in bold in the Table), whereas all
other QHT approaches overestimate wyspr by about 50-
150 meV. Much severe overestimation is found for the
SCA[KS], classical and HT-HW methods, as previously
observed (inaccurate results are underlined in Tab. II).

On the other hand, f°°¢ is correctly described only
by the QHT-PGSLN and sc-QHT methods, whereas all
the TFvW based methods largely underestimate it (data
underlined), as discussed in Ref. 75. The HT-HW and
SCA are also very accurate for the oscillator strength,
despite wpspr is largely blue-shifted with respect to the
reference TD-DFT results.

Another very relevant plasmonic properties is the spill-
out, i.e. the spatial distribution of the first-order density
(at the plasmon resonance) outside the boundary of the
nanoparticle, which is the main advantage of the QHT
approaches with respect to classical electrodynamics and
the HT-HW. However, among QHT approaches, spill-
out can be described with different accuracy. In Fig. 14
we report the imaginary part of 2l(r,+w) at the plas-
mon peak for different methods. This quantity has been
also normalized to the photo-absorption cross section o,
in order to have the vertical axis independent from the
broadening parameter.

Fig. 14 clearly shows that the sc-QHT approach yields
a first-order density much more closer to the nanoparti-
cle edge, in contrast to QHT-TFvW which instead ac-
curately reproduces the TD-DFT profile, being almost
exact outside the nanoparticle. Fig. 14 also reports the
induced density obtained from the parabolic confinement
of Sect. IV A, which is also very close to the nanoparticle
boundary.

A quantitative parameter which describes the spill-
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Figure 14. Imaginary part of the first-order density for a

jellium nanosphere with rs = 4 a.u. and N, = 1074 electrons,
for different methods. The QHT-TFvW and QHT-PGSLN
are computed with a model density. The y-axis is normalized
to the photo-absorption cross section o.

out of the first order density is the Feibelmann d-
parameter!95-196:289,290 = The Feibelmann d-parameter
(complex-valued) for spherical systems is:

dp(w) _ [ drr?*(r — R)n* (r, +w)

d(w) = q(w) [ drr2at(r,4w) ’

(217)

where 7! (r, +w) is the radial part of 7' (r, +w), which for
dipole-excitation is:

at(r, +w) = a'(r, +w) cos(f) . (218)
The real-part of the Feibelmann d-parameter describe the
center-of-mass of the first-order density: when it is pos-
itive (negative) we have spill-out (spill-in). In classical
electrodynamics, the first order density is a Dirac delta
function at r = R, thus d(w) = 0. In HW-HT there is
only spill-in thus R[d(w)] < 0. In QHT methods R[d(w)]
is positive and at the plasmon peak f'(r, +w) is purely
imaginary, thus also ¢(w) and d,(w) is purely imaginary:
thus we have:

f drr?(r — R)S[nt(r, +w)]
Rd(w = wrspr)] = TS ) (219)

The Feibelmann d-parameter are reported in Tab. II
for different methods. As already observed in Fig. 14,
sc-QHT significantly underestimates the d-parameter.
Results are improved with QHT-PGSLN, whereas only
QHT-TFvW is very accurate.

A fourth relevant plasmonic property is the position
of the Bennett state (wg). In the QHT approaches, the
denominator vanishes at wp!?%196:264. thus the position
of the Bennett state can be obtained from the maximum
of $[d(w)], and this procedure is also valid for TD-DFT
(where the denominator doesn’t vanish but it is small).
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Method dens. wrspr  fose R[d] wp Score
[eV] [a.u.] [eV]

classical PCA 3401 1547 0 _n.p. -5
SCA KS 340 1484 <0 np. -4
SCA Mod. 3.32 148.1 0.7 n.p -2
HT-HW PCA 3535 151.3 <0 _n.p. -4
QHT-TFvW  Mod. 3.227 139.2 2.11 n.c. 0
QHT-TFvW KS 3.221 130.0 2.27 n.c. 0
QHT-hTFvW Mod. 3.264 137.0 1.74 _n.c. -2
QHT-hTFvW  KS  3.261 130.3 1.85 n.c. -2
sc-QHT OFDFT 3.268 147.4 1.60 4.60 +1
QHT-PGSL  Mod. 3.311 154.0 0.92 5.60 -1
QHT-PGSL KS 3374 154.2 0.25 5.84 -1

3.237 151.0 1.82 5.02 43
3.234 145.4 1.89 4.72 +3
3.217 1499 2.92 4.54 +4

QHT-PGSLN  Mod.
QHT-PGSLN  KS
TD-DFT KS

Table II. Plasmonic properties from different methods, which
uses different input density (KS, OFDFT, model density with
k = 1.05 a.u, PCA). From left to right: energy position of the
LSPR peak (wrspr), oscillator strength of the LSPR peak
(f°%¢), real part of the Feibelmann d-parameter at the LSPR
peak, energy position of the Bennett state wp, which can also
be not converged (n.c.) or not-present (n.p.). Data can be in
boldface, meaning very good accuracy (41 in the total score),
underlined, meaning inaccurate results (-1 in the total score),
double underlined, meaning missed property (-2 in the total
score) or standard accuracy (no change in the total score).
The total score (the sum of the score among the four proper-
ties) is reported in the last column.

In Fig. 15 where we report the real and imaginary part of
d(w), comparing TD-DFT with QHT (with the PGSLN
functional and KS density; sc-QHT behaves in a similar
way).

In TD-DFT the Bennett peak is very broad, and quite
independent from the broadening parameter £. On the
other hand in the QHT methods, the Bennett peak is
a single state and thus directly depends on the &, as
also discussed for the main plasmon peak. Note that,
at the LSPR peak, both methods are independent from
the broadening, which cancels in the ratio of Eq. (217)

The position of the Bennett peak for different meth-
ods is reported in the last column of Tab. II. As previ-
ously discussed TFvW predicts several peaks, while clas-
sical electrodynamics, SCA and HT-HW do not show any
Bennett state. QHT-PGSL shows a Bennett state but a
very high energy, close to w,”. Only sc-QHT and QHT-
PGSLN are very accurate in predicting the position of
the Bennett state®®7°.

In the final column of Table II a final score of the differ-
ent functionals are reported, as described in the caption.
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Figure 15. Feibelmann d-parameter for a jellium nanosphere
with rs=4 and N, = 1074 electrons for different methods and
broadening parameters. Upper (lower) panel reports the real
(imaginary) part. The vertical line indicates the position of
the LSPR peak.

The state-of-the-art is currently QHT-PGSLN;, using ei-
ther the model of the KS density. sc-QHT is also quite
accurate. However, sc-QHT is based on a large error
cancellation between the incorrect ground-state density
(i.e. with k &= 2.7 a.u. instead of x = 1.05 a.u.) and
approximations in KE. Further directions for the QHT
developments are indicated in the next section.

Interestingly, the QHT-hTFvW approach which is bet-
ter than QHT-TFvW for the HEG, is instead quite bad
for metal nanoparticles (total score -2). Thus KE func-
tionals which are accurate for the HEG or for the weakly
perturbed HEG, are not necessarily accurate for finite
systems, where the tail of the density (not present in
the HEG) plays an important role. Similar arguments
hold for the comparison between QHT-PGSL and QHT-
PGSLN: both KE functionals give exactly the same linear
response for the HEG, but QHT-PGSLN is much better
for finite systems.
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VI. SUMMARY AND CONCLUSIONS

In this Review the orbital-based and the orbital-free
methods for the computation of the linear response of
plasmonic systems have been analyzed. Orbital-based
TD-DFT methods are the current state-of-the-art for the
calculations of the optical properties of plasmonic sys-
tems, e.g. metallic nanoparticles with nanometer dimen-
sions. Even within the adiabatic approximation and the
semilocal XC functionals, results correctly include all the
quantum effects relevant in plasmonics. TD-DFT can be
formulated and implemented in the real-time propaga-
tion scheme or in the linear-response frequency-domain,
and the present Review focuses on the latter.

As shown in the synthesizing scheme in Fig. 16 from
the linear-response TD-DFT all the various methods de-
scribed in this Review can be derived with well defined
approximations. In the orbital-based approach linear-
response TD-DFT equations are represented in terms
of complex-valued first-order orbitals. Then we have
two main different schemes: Sternheimer and the Dyson
equation. The Casida equation is not efficient for plas-
monic systems, as too many eigenvalues need to be com-
puted to describe the plasmon peak.

With a Madelung transformation, TD-DFT can be re-
formulated in terms of real-valued orbital densities and
phases. This is named hydrodynamical formulation of
TD-DFT and it is discussed in detail in this Review,
highlighting the differences between finite systems and
periodic systems, in particular the HEG which is the
main reference model in plasmonics. For the calculation
of the linear-response of finite-systems the phases are not
required at all. The hydrodynamical formulation of TD-
DFT represents the starting point for the development
of orbital-free methods which are shown in Fig. 16 with
increasing accuracy (from the bottom to the top).

We note that the lowest two levels of accuracy (Clas-
sical and SCA) can be obtained directly from TD-DFT.
In fact, a direct connection between TD-DFT and the
classical result is the HPT which is here derived from the
hydrodynamical equations and in the context of jellium
nanospheres. When the external potential is approxi-
mated to be parabolic, then the exact TD-DFT solution
reproduces exactly the classical electrodynamics results:
the TD-DFT absorption spectrum then does not depend
anymore on the number of electrons nor on electron-
electron interaction, despite the density does. Note that
classical electrodynamics employs PCA, whereas this is
not the case in HPT, but the same absorption spec-
trum is obtained. Thus all quantum effects in plasmonic
nanoparticles originate directly from the deviation from
the parabolic potential: thus a potential-based formula-
tion (instead of density-based) formulation is an interest-
ing research direction.

Another direct derivation is related to the high-
frequency limit of TD-DFT, which is here demonstrated
without using many-electron commutator rules. In this
case the SCA is obtained. The SCA is equivalent to a



Linear Response
TD-DFT

e Ey

28

Exchange-
#'(r, ), " (r,o) n'(r, ), S\(r. ®) Kinetic correlation
Sternheimer/ Hydrodynamical D4
K
Dyson TD-DFT K,.[n(). o] s
Diffuse Density PCA Density 1 1
HEG Ko
aRle ) K [n(), @] =
QHT QHT-HW | Ko [V n® (0)}, 01,1 | K224
HTD HT-HW KR (0] 0
High-Freq |-  SCA Cla\ssical 0 0

HPT |

Figure 16. Diagram of the various orbital-free approaches, which can be derived from linear-response hydrodynamical TD-DFT.
QHT methods can either use a position-dependent diffuse density or a PCA density. The main difference among QHT methods
depends on the accuracy in the description of the KE kernel Ky;,: the accuracy increases from bottom to top. Last columns
reports the approximation for the XC functionals. See text for details.

classical electrodynamics with a diffuse density, as the
plasma frequency becomes spatially dependent, but no
quantum confinement is present.

Most of the orbital-free methods available for plas-
monics are based on the OF-DFT for the ground state
and on the TD-OFDFT for the excited state. To deter-
mine the exact ground-state density using OF-DFT, the
knowledge of the static KE functional is required. This
represents a current DFT challenge as its expression is
known in terms of KS orbitals and not as a functional
of the density, and there are recent progresses in this
field. Semilocal KE functionals cannot exactly describe
the static Lindhard response for the HEG, and non-local
functional are required, which are however, more compli-
cated to be used for finite systems.

For the optical response, TD-OFDFT can be used and
its accuracy depends also on the dynamic KE functional.
TD-OFDFT can be done is real-time or in the frequency-
domain as in TD-DFT methods. When a Madelung
transformation is applied in the frequency-domain then
the TD-OFDFT equations are usually named QHT equa-
tions.

Different QHT approaches can be derived depending
on the approximations, as shown in Fig. 16: the exact
TD-DFT can only be reproduced if Eq. (175) is sat-
isfied, which is another DFT challenge already for the
HEG. The description of the dynamical Lindhard func-
tion have been the subject of recent works®0:91:93,267
However, these HEG-based frequency-dependent QHT

methods (QHTw in Fig. 16) need an implementation
in the periodic space and do not satisfy directly the HPT
theorem.

State-of-the-art QHT are mostly based on static
semilocal KE functionals, which can be based on the
exact KS density, a self-consistent density or a model
density. The most used approach in QHT uses the TF
with a fraction 1/n of the vW functional. Recent semilo-
cal extensions to Laplacial-level KE functional are very
promising”® as these functionals do not have a critical
frequency, and thus the absorption spectrum is compu-
tationally stable. Nevertheless, there is a lot of work to
be done, as the final KE functional needs to be dynamical
and fully non-local.

Some mixed approaches with low accuracy are also
present: some use the HW condition with QHT (QHT-
HW)5275% while others use a diffuse density within
the HT (HTD), i.e. considering only the TF kinetic
nergy!92:264,273°276

The development of KE functionals for QHT is just at
the beginning. Note that all the KE functionals devel-
oped so far have been focused on the ground-state den-
sity, thus considering only the total energy and the KE
potential. For QHT, instead, the KE kernel is required.
Functionals which are accurate for the energy and po-
tential, might not be so accurate for the kernel, and vice
versa.

Moreover, other model systems need to be investi-
gated. Functionals based on the HEG or inhomogeneous



HEG do not include a proper description of the density-
tail of the nanoparticles and thus cannot be very accu-
rate for small and medium-size nanoparticles. In addi-
tion, there are yet few investigations regarding atomistic
systems. When atomic pseudopotentials (not present in
jellium models) are included the accuracy of KE will be
different and thus more constraints are required for the
development of KE functionals.

The last column of Fig. 16, reports the XC used in
the different methods. In this Review, as well as in many
other investigations in plasmonics, the LDA (or semilo-
cal) XC has been used. The reason is threefold: i) for
large plasmonic systems more advanced functionals (e.g.
hybrid) will be computationally prohibitive; ii) the errors
due to the KE approximations are much larger than the
differences among XC functionals, and iii) QHT aims to
reproduce the TD-DFT results with a preselected XC,
fixed as a reference. However, XC effects are also present
in the ground-state density, e.g. when asymptotically-
corrected are used?’! and thus the XC potential is an-
other variable to consider when developing KE approxi-
mations.

In the last part of this Review, we verified the ac-
curacy of the orbital-free methods on a model jellium
nanosphere. The aim is to describe accurately the vari-
ous plasmonic properties, not only the LSPR peak posi-
tion. Other main plasmonic properties are: the intensity
of the LSPR peak, the spill-out of the LSPR induced
density and the position of Bennett state.

The intensity of the LSPR peak is not properly de-
fined in the QHT approach, as it directly depends on the
broadening parameter. In TD-DFT the broadening of
the plasmon peak depends on the distribution of many
all electron-hole transitions, instead in QHT only one
peak is present. This Landau damping must be inversely
proportional to the particle size, and this is the topic
of different investigations. However, the modeling of the
broadening of the Bennett peak is not yet unknown. The
Bennett peak is much more broader, thus the broadening
parameter must be (rapidly) frequency-dependent.

The accurate description of spill-out effects, which is
the main advantage of QHT with respect to the HT-
HW methods, differs strongly among the different KE
functionals, clearly showing that the spill-out depends
on the fine details of the KE functional.

In conclusion, despite QHT with Laplacian-level func-
tional is already quite close in accuracy to TD-DFT,
there are different challenging issues for the future:
the ground-state density should be computed self-
consistently, which requires stable and efficient conver-
gence algorithm, when complicated KE functionals are
considered; the exact dynamical kernel can be obtained
from Eq. (175) from TD-DFT results a class of systems,
so that its ”universality” can be verified; KE functional
developments must also consider the accuracy of the ker-
nel, not only the accuracy of total energy and KE po-
tential; potential-functional scheme (which uses the ex-
ternal potential as an ingredient) can be used to sup-
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plement density-based functional scheme for the devel-
opment of KE kernel; the broadening parameter should
be frequency dependent and derived from finite systems
considering both the LSPR peak and the Bennett state;
the accuracy of the KE kernel have to be tested when
atomistic nanoparticles are considered; the impact of the
XC functionals should be investigated together with the
approximations done for the KE.

These and other developments will be very important
for increasing the applicability of orbital-free methods in
plasmonics.
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Appendix A: Derivation of the Response of the
Homogeneous Electron Gas

In the HEG the KS orbitals are labeled with k (instead
of j) and the occupied orbitals have |k| < kg, where the
Fermi wavevector is

kp = (3n%7°%)1/3 (A1)

The ground-state orbitals and eigenvalues are, respec-
tively:

qbﬂ(r) = \/% exp (tk - 1), (A2)
o h2K?
€ = 277’/71 ) (A3)

(where L is the dimension of the periodic box) so that

for the ground-state phase we have
VSp(r) = hk . (A4)

The orbital densities and the total density are, respec-
tively:

1
nﬂ(r) = 137 (A5)
kr 3
0fy _ =0 _ fe s 0. kp
k

In the HEG limit the vW kernel contribution, Eq. (97),
strongly simplifies into:

N h2
KY [ie(0)]in(r, +0) = = L7 02 (x, ) - (A7)

With a periodic perturbation (in time and space) we
have

Vapp(r, £w) = Vo(q) exp (£iq - 1) ,

and the first order orbitals, Eq. (49), and densities, Eq.
(34), can be generically written as:

(A8)

tr ) = Dyt q)exp (k£ a) 1) (49)
fige (1, +w) = W%(q) exp (+uq - T) +
+ LDy ) exp (1) (A10)

where the coefficients C1 will be derived hereafter. Using
definitions in Eqs. (99-100) we have also:

w, k

S}i(l‘y ) hC' (2, ,q)
hC* (w, k,

2 ( q)

2

Vo(q) exp (+1q - 1)

Vo(q)exp (+tq - 1) . (A11)
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The first order density is thus:

' (I‘, _H*)) = Z fkﬁllc(r’ "H’u)
k

= x(q, +w)Vo(q) exp(+iq - 1) , (A12)
with
x(q, +w) =
J;/ K fie(C (w0, q) + C* (w0, @) -(A13)
(2m)3 |k|<kp o B

To determine the coefficients C4, we start from the
general expressions Eq. (101) and (102) (in the non-
interacting case), which become

1
(1w — é)ﬁll{(r’ +w)=-V_. Vi (r, +w) 1

h nm L3

+7iye (T, +w)

o (A14)

VS&(r)]

)
(ww — %)Sll((r, +w) =
2

—f/app(r7 +w) + L3ﬁ11((r, +w)

4mn

1
—%VSi(r, —HU) . VS&(I') y (A15)

where we used Egs. (A5) and (A7). Then using Egs.
(A4,A11,A10,A8) we have:

7(7%} + Lg)(c’-‘r(wv k7 q) +C (wa kv q)) =

= (= 0 k) + (ko D)0 ka)
(A16)
(hw + Lg)(CJr(wv k, CI) -Cz (Wv k, CI)) =
—2
2
- e (C ko) + € (k)
i (A17)

- minq : k(C-‘r(kaa q) - C’_(w,k, q)) )

Egs. (A16) and (A17) are linear equations in the coeffi-
cients C; and C*. Solving this system of equations we
obtain

1
C+(w7k7q) = 2 2 (A]'S)
(—t€ —hw) = Fk-a— 5 q?
1
€ (o k.q) = (A19)

(+L§+hw)+%koq—2?:nq

Using these expressions in Eq. (A13), and setting n =
1 we obtain the exact Lindhard response x*"?(q,w),
which has an explicit analytic expression!'6.



Appendix B: Equivalence between QHT and TD-DFT for
finite systems

In the case of real-valued ground-state orbitals, if we
set 7 (r, +w) = ¢3(r)¢)(r), then it can be easily verified,
using Eq. (96) and (5), that:

L oo o 130 =)
SR I Em = 37— (B
and
_ w 0
mnv( (1) VEY [0 ()]0} ()5 () )

¢°( )85 (r)(eg — €5)* . (B2)

Thus the term with the vW kernel in Eq. (104) gives
back the square of eigenvalues difference. We then use
the first order density expansion, see Eq. (40), in Eq.
(104) obtaining:

— (w2 + L2w§>

Zfi)f’o
= ﬁszJ efe
h22f126_€)

(qu(w)% (r)¢2(r) Yjq(w)dj(r)dh(r)) , (B3)

where we use the Eq. (D11) and Eq. (B2
ing terms we have:

Xjq(w) + ¢5 ()95 (r) Vig(w)

YR[65 (1) 6y (r) V)

). Then collect-

(he? + 120w (X jq(w) + Yig(w))
= (eg = €7)2R[Vjq] + (Xjq + Yig(w)(eq — €))% (B4)
and thus

(cg — €1)((x)dq (r) 2R [V
Zf] Z hw? + LQFLOJf _ <€2 _ 6?)2 )
(B5)

which coincides with expression from Eq. (52) and Eq.
(51) (neglecting £2). This shows that Eq. (104) is an
exact reformulation of the linear-response TD-DFT for
real-valued orbitals.

Appendix C: Computational Details

TD-DFT and QHT calculations for spherical systems
have been performed with an in house developed code
(named JELLCODE), previously used in Refs. 59,73 and
75. For TD-DFT, the Dyson equations are solved on a
radial grid from 0 to L4z, using finite-differences. For
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TD-DFT the implementation follows Sec. I E and Refs.
156 and 158. For QHT, Eq. (172) is also solved on the

same radial grid using finite differences. The KE term
can be expressed as
A dk 1( )
V Kin[n°(+),w ]nQHT ZFk r,n° gk
(C1)

where k depends on the degree of the semilocal approxi-
mation (k = 0 for SCA, k = 2 for TF, k = 4 for TFvW,
k = 6 for PGSL/PGSLN) and the functions Fj depends
on the semilocal KE functional form (see Ref. 75). We
used a radial grid with step 0.02 a.u. and L4, = 80
a.u., if not stated differently. All calculations have been
performed using the local-density approximation (LDA)
XC functional®113,

Appendix D: High-frequency limit

Let’s consider the expansion

. A*
lim —
zmoo z— B, 2+ Ey
_23[4] | 2R(AIE

z 22

where z = hw + (£ and the identity

all

= 0 (X)gy(r)

q

d(r—r') (D2)

in Eq. (51). The first term gives

all

ij 39l
2 ij%w?(r)a(

%S[no(r)w(r =0

(r)¢g" (r)¢q (x)o7 " (x')]
r—1)g0 ()]
(D3)
and thus vanishes as the density is real-valued. Thus in

the high frequency limit, the second term in Eq. (D1)
dominates and we can define

z2/d3r’xs(r,r’,w — o0)f(r') = /d?’r’M(r,r’)f(r’) ,
(D4)

where
ij 22 (e9—€eDR[B9 () 0y () d) (') 65" (r')]
(D5)



and f(r) is a generic function. We have:
/dsr’M(r, ') f(r') =
= Y 26 [ RIS @806 )
Jq

=Y e [ Rl (e ()
= 30432 | RIS H @5~ )0 )

- 3252 [ @R @SN~ ).

(D6)

where Eq. (5) and Eq. (D2) are used. Now, using the
definition of the ground-state Hamiltonian in Eq. (5),
we note that the contribution of the local effective poten-
tial vanishes and thus only the kinetic term %T remains.

Performing the integral in r’ we obtain:

/d3r’M(r, ') f(r)

= 3R T )1 00)
—Zfﬁ@? T¢° (£))¢g*()]f(x) . (D7)

Then we expand the Laplacian term in %T in the first
term and take the complex conjugated in the second
term, obtaining:

/ &' M(r, v ) f(r') =
+ 3 2R Tl (1)

+ 30 2R S (T )
3 BRI 2V (1] V1)

- Z £ 2R (x) %Ta;;?* (x)]f(r) .
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Noting that the first and last term cancel out we finally
have:

(D9)

_ _:Tnv @)V )] - (D10)

Eq. (D10) allows us to express a semilocal operator of
the ground-state electronic density (i.e. the RHS) as a
sum of terms including orbitals and eigenvalues, i.e.

hQ
Y [°(x)VV (x)]
—ZLZQG — €])R[¢} (r)dy" (r)Vjq] . (D11)
Thus the high-frequency expansion for y; is:
Xs(r,r'w — 00)
1
. W) Velo(r — ')
nm(w? 4+ 2wws)
(D12)
where we neglected the term with ¢2. Eq. (D12) thus

shows that in the high-frequency limit xs is a semilo-
cal operator and a functional of the ground-state density
only.



