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ABSTRACT
Nano- to micro-sized particles with differently charged surface areas exhibit complex interaction patterns, characterized by both opposite-
charge attraction and like-charge repulsion. While several successful models have been proposed in the literature to describe directional
attraction, models accounting for both directional attraction and directional repulsion are much less numerous and often tailored to specific
microscopic systems. Here, we present a simple and versatile patchy model, where the interaction energy of a pair of particles is a sum of
interactions between sites of different types located within the particle volume. We implement different formulations of this model in both a
self-developed Monte Carlo code and the widely used LAMMPS molecular dynamics simulation software, providing basic toolkits for both
simulation methods and, in the latter case, for different algorithms. By comparing physical observables and code performances, we discuss
the different models, methods, and algorithms, offering insights into optimization strategies and tricks of trade.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0259637

I. INTRODUCTION

Colloids with surface regions, or “patches,” characterized by
different properties are commonly referred to as “patchy colloids”
and have the ability of forming specific and directional bonds thanks
to the selective interactions promoted by their patches. As their syn-
thesis at the nano- to micro-scale is nowadays achievable in a broad
variety of fashions,1–3 they have become viable building blocks for
materials science applications. As such, the investigation of their
large scale behavior by means of many body simulations is a cru-
cial tool to predict and describe the broad potentialities of this class
of systems.4,5

Models to describe colloids carrying mutually attractive
patches—here, referred to as “conventional” patchy colloids—were
introduced in the literature about twenty years ago6–9 and
still constitute the reference framework of many numerical
investigations10–17 for a large variety of systems, from colloidal
molecules selectively coated with ligands to spherical colloids with
hydrophobic/hydrophilic patches up to functionalized all-DNA
nano-structures. In contrast, the interest for particles with differ-
ently charged surface areas has been steadily growing over the

last ten years—either within the framework of rational materi-
als design or in connection to biological systems.18–61 Models for
charged patchy colloids are intrinsically more complex than con-
ventional patchy ones as their directional interactions must feature
both attraction (between regions of opposite charge) and repulsion
(between like-charged areas). As a consequence, while several estab-
lished toy models for conventional patchy colloids exist and are
used to describe a large variety of systems, the complexity of the
charged case did not allow, so far, for the institution of a reference
framework.

Here, we propose a generic model for the effective interactions
between charged patchy colloids, where the particles are represented
as spheres, endowed with a limited number of interaction sites,
which are arranged to replicate the symmetries of a specific sur-
face charge pattern. The effective energy between pairs of particles is
defined as the sum of contributions from each site–site interaction,
for which we propose two functional forms referred to as “overlap
of spheres” (os) and “exponential” (exp). It should be noted that the
models presented here represent a generalization of the previously
introduced inverse patchy colloid (IPC) model,18 and as such, we
refer to them as IPC models as well. In the original formulation of
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the IPC model, the site–site interaction has the os functional form
and its parameters are defined via a mapping to the mean-field solu-
tion of the linearized Poisson–Boltzmann equation.18 The original
IPC model is thus a coarse-grained representation of selected phys-
ical systems, and in turn, the parameters in the IPC model have
a specific, physical meaning: quantities such as the Debye screen-
ing length and the amount of charge carried by each interaction
site must be specified in the mean-field description so to assign the
site–site interaction parameters and to compute the model poten-
tial energy. In the present work, we go beyond this specific setting,
generalizing the calculation of the potential energy, so to include a
purely parametric (toy) version of the original model, which stands
as a versatile approach to the general class of colloidal systems with
heterogeneous patchy interactions. We implement both os and exp
IPC models in a Monte Carlo (MC) code as well as in the popular
molecular dynamics (MD) code LAMMPS;62 for the latter case, we
test different algorithms. We compare models, methods, and algo-
rithms looking at physical observables, as well as performances, at
different thermodynamic state points and for different parameter
sets. It is worth noting that, while the IPC model can accommo-
date a variable number of interaction sites, we focus on particles with
three sites distributed along the particle’s diameter, as in Ref. 18, and
provide an open access toolkit to implement these systems in MC
and MD-LAMMPS;63 our basic toolkit should thus be considered as
an advanced starting point to simulate inverse patchy particles with
possibly richer surface patterns.

This paper is organized as follows: detaching from the pre-
existing IPC model, i.e., the coarse-grained version of the mean field
potential computed analytically in Ref. 18, we introduce in Sec. II,
a general framework for parametric models based on site–site inter-
actions. We describe their implementation in LAMMPS in Sec. IV
and in MC in Sec. III. In Sec. V, we compare thermodynamic vari-
ables and structural properties at different state points in the fluid
phase and discuss how to optimize the performances of the different
algorithms. Finally, we present our concluding remarks in Sec. VI.

II. IPC GENERAL MODEL
IPCs are spherical particles of radius σc with a fixed number

of interaction sites in their interior. The off-center sites as well as
the particle center—which is the central interaction site—are asso-
ciated to different surface areas. The arrangement of the off-center
sites inside the sphere is designed to share the same symmetries
of the particle surface pattern. Note that, while in principle the
triblock pattern can feature two asymmetric patches (triblock asym-
metric IPCs, ta-IPCs), we focus on the symmetric case where the
patches are identical in size and charge (triblock symmetric IPCs,
ts-IPCs).

The interaction potential between two particles i and j at dis-
tance r and mutual orientation Ω is given by an isotropic and
suitably steep repulsion at short distances and a direction-dependent
potential at intermediate distances, namely,

U =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

U i(r) if r < 2σc,

Ua(r, Ω) if 2σc ≤ r ≤ 2σc + rc,

0 if r > 2σc + rc,

(1)

where rc is a suitably chosen cutoff distance, which depends on the
functional form used for Ua(r, Ω). The isotropic repulsion, U i(r), is
a hard-core potential in MC simulations, while in MD simulations,
it is given by45

U i(r) = A[(2σc

r
)

2k
− 2(2σc

r
)

k
+ 1], (2)

with k = 15 and A = 500 (in energy units). The direction-dependent
potential, Ua(r, Ω), is defined as

Ua(r, Ω) =∑
αβ

ϵαβwαβ(r, Ω), (3)

where α and β specify either the center or the off-center interaction
sites of the i and j IPC, respectively; in Eq. (3), ϵαβ is the characteristic
energy strength of the αβ interaction type, while wαβ is the associated
geometric weight factor. It is worth stressing that, as we are dealing
here with the toy formulation of the IPC model, ϵαβ are always con-
stant values assigned a priori to characterize the αβ interaction type.
The distance and orientation dependence of the αβ interaction type
is encoded in wαβ; however, in practice, the geometric weights are
analytical functions of the inter-site distance. We enforce the depen-
dence on the relative orientation of the two IPCs by keeping the
internal geometry of the interaction sites, within each IPC, fixed.

Once the set of n characteristic energies ϵ = {ϵαβ} is assigned,
the energy of a pair configuration AB can be calculated via Eq. (3)
for any given functional forms of the wαβ. In the ts-IPC case, the
αβ interaction types are (α, β) = (c, c), (c, oc), or (oc, oc) for the
interactions between the centers, the center and the off-center sites,
and pairs of off-center sites, respectively, meaning that the energy of
a pair configuration, uAB, can be explicitly written as

uAB = ϵc,cw
AB
c,c + ϵc,ocw

AB
c,oc + ϵoc,ocw

AB
oc,oc. (4)

As stated above, wAB
αβ include all the αβ contributions for the given

AB configuration, meaning that (c, c)-type has one term, (c, oc)-type
four and (oc, oc)-type four.

A. Energy values ϵαβ

The assignment of ϵαβ is done by selecting reference pair con-
figurations AB, where the αβ interaction type is the most relevant.
The specific configurations depend on the topology of the interac-
tion sites and their number must be equal to the number n of distinct
interaction types. It is worth stressing that the number of interaction
sites does not correspond to the number of distinct interaction types.
For example, ts/ta-IPCs have both three interaction sites but there
are three distinct interaction types in the former case and six in the
latter. Conversely, an IPC with n identical patches has n + 1 inter-
action sites but the interaction energy may still be computed using
three distinct interaction types.

Once a set of reference configurations is selected, the set of n
characteristic energies ϵ = {ϵαβ} can be determined by solving the
following system of equations:

u =Wϵ, (5)

where u = {uAB} is the set of pair interaction energies in n different
reference configurations AB, and W = {ωAB

αβ } is the n × n matrix of
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the αβ geometric factors in the AB reference configurations. Note
that for ts-IPCs, each equation of system (5) has the form of Eq. (4).

The system of Eq. (5) requires setting the uAB values: one
can either obtain them from a mean-field description of a phys-
ical system (e.g., as in Ref. 18) or by fixing them arbitrarily—the
latter choice being referred here to as toy. As we set them arbitrar-
ily, we obtain the corresponding ϵ by selecting AB configurations,
where particles are positioned at contact, i.e., at the minimum pos-
sible distance between two particles r = 2σc, with different mutual
orientations AB. For ts/ta-IPCs, on which we focus in this work,
sets of possible reference configurations are reported in Fig. 1(a).
The best reference configurations are the equator–equator, EE, the
equator–patch, EPa (EPb), and the patch–patch, PaPb, orientations,

FIG. 1. Panel (a): representation of possible reference configurations at which
one computes the characteristic interaction energies, ϵαβ, between the differently
charged regions on the particle surface for symmetric/asymmetric triblock inverse
patchy colloids (ts/ts-IPCs). Panel (b): sketches of the overlapping of spheres (os)
model: (i) examples of overlap volumes for the center–center, center–site, and
site–site interaction, as labeled; (ii) geometric parameters of the os model; (iii)
given a reference geometry as the one reported on the left (where the off-center
site is positioned on the particle surface for simplicity), a reduction of the eccen-
tricity parameter implies an increase of the parameter γ if the IPC-constraint is on
(center), while the same reduction implies a decrease of the patch size, if the IPC-
constraint is off, all other parameters being fixed (right). Panel (c): representation
of the effective potential between ts-IPCs with for the os (solid) and exp (dashed)
model (parameter in Sec. II C). On the left, the interaction energy U/∣umin∣ is plot-
ted vs the inter-particle distance r/2σc for pairs of particles in the three mutual
orientations depicted in panel (a); on the right, the interaction energy U/∣umin∣ is
reported for pairs of particles at contact where one particle rotates with respect to
the other: at θ = 0○, the two particles are in the EE configuration, while at θ = 90○,
particles are in the EP configuration.

where the subscripts a and b refer to possibly different patches (see
the supplementary material, Sec. 1).

B. Geometric weights wαβ

We propose two functional forms for the geometric weights
wαβ. In the overlap of spheres (os) approach, each interaction site
is associated to an interaction sphere. The geometric weight wαβ is
then proportional to the total overlap volume between pairs of αβ
interaction spheres [see Fig. 1(b)(i)]. The analytic form of the wαβ
is reported in Ref. 18 and in Sec. 1 of the supplementary material
for completeness. In the exponential (exp) approach, the geometric
weights wαβ decay exponentially with the site–site distance.

1. Overlap of spheres (os) model
The radius of the interaction sphere of the central site is

σc + δc/2, while for the off-center sites, it is σp; δc sets the center-
to-center interaction range [see Fig. 1(b)(ii)]. As, in general, an
off-center site is located inside the particle or on its surface and its
position is specified by an eccentricity parameter a ≤ σc, its inter-
action sphere should extend outside the particle surface (i.e., a + σp
> σc). It is then possible to define a surface patch via the half-opening
angle γ,

cos γ = σ2
c + a2 − σ2

p

2aσc
. (6)

Furthermore, we define the patch interaction range δp as

δp

2
= a + σp − σc (7)

[see Fig. 1(b)(ii)]. Since σc fixes the unit of length of the model
(σ = 2σc = 1), the parameters to be chosen are δc, σp, and a. While δc
can be uniquely related to the experimental inter-particle interaction
range, a and σp are related to both the experimental patch size and
interaction range according to the aforementioned geometric con-
straints. When referring to a mean-field model for heterogeneously
charged colloids or when simply postulating a common screening
length, all the interaction sites must have the same interaction range
that is determined by the electrostatic screening of the surround-
ing solvent. As a consequence, the relation δc = δp = δ, referred to as
IPC-constraint, must be imposed. In this case, the choice of σp and a
defines not only γ but also δ [see Fig. 1(b)(ii)]. It is worth noting that,
when satisfying the IPC-constraint, a change in a must be accompa-
nied by a change in σp, so that the patch interaction range remains
equal to the particle interaction range [see Fig. 1(b)(iii)]. In contrast,
without the IPC-constraint, a change in a does not imply any change
in σp but rather in δp, given by Eq. (7). In addition, it should be noted
that the patch size γ is affected in an opposite way by a change of a
[see again Fig. 1(b)(iii)] with respect to whether the IPC-constraint
is on or off. Indeed, in the former case, γ increases upon decreasing
a, as the constraint on the interaction range makes the whole patch
increase in size. In the latter case, decreasing a burrows the patch
inside the colloid; as such, γ decreases.

2. Exponential (exp) model
In this model, we endow each interaction site with an

exponentially decaying function of the site-site distance, thus
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ωAB
αβ = ∑

rαβ ∣AB
e−κ(rαβ−rc

αβ), (8)

where k is a characteristic inverse length and rc
αβ values are the cut-

off distances associated to the different αβ interactions. The cutoff
distances are defined as rc

c,c = 2σc, rc
c,oc = 2σc − a, and rc

oc,oc = 2σc − 2a,
while the common screening factor κ is a free parameter of the
model. Physically, it is related to the screening length of the solu-
tion as it represents the characteristic length scale of the interaction
between charged sites. In the present work, however, we set κ so to
get the best match between the exp and os model potentials. We
do so to characterize their computational efficiency and to under-
stand whether or not these two choices of the function wαβ result in
particle models with significantly different behavior.

C. Pair potential representation
It is worth noting that the IPC models introduced in the pre-

vious sections are characterized by six parameters, three defining
the geometry of the particles and three setting the strength of their
interactions. As the particle diameter σc is set to 0.5 (defining the
length scale of the model) and the attraction energy uEP is set to −1.0
(defining the energy scale of the model), the model is left with four
free parameters. The free geometric parameters are the eccentricity
and the interaction range; the two energetic ones are the interaction
strength in the equatorial–equatorial and polar–polar configura-
tions. If we consider the mean-field electrostatic potential18,64 as a
microscopic reference potential, then the energetic parameters are
fully determined by the net particle charge (as shown previously in
Ref. 18 and further detailed in Ref. 65), the interaction range is fixed
by the screening, and the positions of the off-center sites with respect
to the center are the positions of the effective point charges associ-
ated with (and representing) the charged surface areas. Although the
latter parameter can ultimately be associated with the patch size,39

we will show in our upcoming work65 that it is the most elusive to
a clear physical interpretation, as some freedom is allowed in the
positioning of the effective point charges while mapping the mean-
field reference potential. We will further show that, by means of a
minimization procedure, one can provide the parameters of the IPC
model that best reproduce a given mean-field potential.65

In Fig. 1(c), we report the radial and the angular depen-
dence of the interaction energy between sample pairs of IPCs.
For both models, we consider ts-IPCs with 2σc = 1, a = 0.22, and
u = {uEE, uEP, uPP} = {0.1,−1.0, 4.0}. Notice that 2σc and uEP are
our length and energy units, respectively. For the os model, we set
σp = 0.38, which translates in an interaction range δ = 0.2, while for
the exp model, we set κ = 13. The radial dependence is reported for
each reference configuration in Fig. 1(c), left. The angular depen-
dence in Fig. 1(c), right, has, as starting orientation, the EE config-
uration and is obtained by rotating one of the two particles around
the axis perpendicular to the plane and passing through the center
of the particle. The parameters reported in this section will be used
throughout the rest of this paper.

III. MONTE CARLO SIMULATIONS
Monte Carlo simulations of the IPC model are performed by

readapting the publicly available code by Rovigatti et al.,66 and we

provide an open access toolkit to readily implement all these sys-
tems in MC.63 We establish our Monte Carlo simulation code on the
virtual move Monte Carlo (VMMC) algorithm,67 of which we give
a brief summary here; for a detailed description, see Refs. 66–69.
In particular, we consider an “ad litteram” implementation of the
algorithm explained in Ref. 66. VMMC is a cluster move that works
efficiently with strongly interacting particles. The algorithm builds
clusters of particles dynamically, by proposing to move a randomly
chosen particle, the “seed” of the move, and checking whether or
not moving it would increase the energy of its neighbors. If so, said
neighbors may be recruited (clustered) in the move. Practically, a
move (rotation or translation) is selected, together with the seed
of the move. The move of the seed can be a rotation or a trans-
lation, each with probability 1/2. Both moves are regulated by a
parameter each, the maximum angle of rotation ϕmax and the max-
imum translation δmax. For each one of the seed’s neighbors, the
pair energy is then computed before and after the move. Depending
on the Metropolis acceptance rate specified in Ref. 66, the neigh-
bor particle may be recruited in the cluster or not. If so, the same
procedure described above is applied to the newly recruited parti-
cle, building the cluster iteratively. Once there are no more particles
to be recruited, the movement of the cluster as a whole rigid body
is accepted or rejected depending again on a Metropolis acceptance
rate.

We stress that the move can be rejected by two early rejection
mechanisms: (i) if one particle of the cluster would move by a dis-
tance that is larger than Δc (which can only happen in case of a
cluster rotation) and (ii) if the number of particles recruited in the
cluster is larger than Sc.67 The four parameters Δc, Sc, ϕmax, and δmax
regulate the acceptance rate of the algorithm, which is expected to
vary significantly between the highly diluted and the dense phases.

Note that excessively large clusters are prevented for two
reasons. First, if the recruitment procedure is left unchecked, a
cluster that—under periodic boundary conditions—contains mul-
tiple copies of the same particle may appear and should be dis-
carded because it is unphysical. Second, system-spanning clusters
should be prevented because their sole result would be a very
costly rigid rotation or translation with no internal conformation
rearrangement.

To this aim, we set Δc = 1.8 and Sc = 25. Furthermore, we set
δmax = 0.05 and ϕmax = 0.1. These values of δmax and ϕmax corre-
spond to having an average acceptance rate Ar ≃ 0.3 in simulations
at low densities if only single-particle roto-translations are used.

Concerning the exp model, note that the pair energy in MC
simulations is cut at 0 for all distances that are sufficiently large for
the interaction potential of all the reference configurations to be at
least 10−3 times the value at contact.

We choose the VMMC move for the present investigation as it
is particularly suited to study particles with limited bonding valence,
especially at low temperature,68 given its ability to escape from
kinetic traps that are common when the temperature is sufficiently
small. The study of these regions of the phase diagram, in fact, is of
particular interest when dealing with patchy particles as they may
show peculiar assembly and thermodynamic properties under these
conditions.66 We thus implement and test a move that we believe
to be useful for simulations of IPC systems under conditions that
may be hard to simulate efficiently using standard roto-translations
of individual particles.66
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IV. MOLECULAR DYNAMICS SIMULATIONS
WITH LAMMPS

In order to implement the model introduced in Sec. II in
a MD code, specifically in LAMMPS, we consider two different
approaches: a “constrained”-MD algorithm, to simulate the IPC as
a rigid body and a “bead-spring” algorithm, to maintain the internal
arrangement of the sites using bonding and bending potentials. We
will compare the two by monitoring performances, thermodynamic
variables, and structure and dynamic properties, using Monte Carlo
simulations as an independent reference. We carry on such a com-
parison to provide a guideline for the reader interested in using the
model, so that the pros and cons of each algorithm may be eval-
uated for future applications. Setting up a simulation of IPCs in
LAMMPS entails the computation of the pair potential in a suitable
format and the creation of a suitable initial configuration, where the
chosen IPCs arrangement is correctly implemented. Our approach
consists in tabulating the site–site potentials; in practice, one needs
to generate suitably formatted files. Furthermore, the LAMMPS’ ini-
tial data (or “data file”) should also be generated. A code for such
a setup, plus other scripts useful for post-processing, is available in
Ref. 70. In addition, an open access toolkit is available to quickly
setup simulations with MD-LAMMPS of this system.63

A. Introducing IPCs’ pair potentials in LAMMPS
As mentioned, we introduce the IPCs’ pair potential in

LAMMPS as a set of tabulated site–site potentials. We employ the
radial dependencies of each site–site interaction: we tabulate the val-
ues of ϵ̄αβ(r) = ϵαβωαβ(r) for a suitable range of distances. In the
simulation, r is taken as the distance between the sites of type α and
β, belonging to different IPCs. The use of tabulation files allows for a
simple and efficient implementation in LAMMPS: we provide a code
to generate said files, for any given set of values of the parameters, in
a format suitable for LAMMPS’s pair_style table.70

Notice that a cutoff distance should be provided for both the
os and exp models. By construction, in the os model, the potential
goes to zero when the interaction spheres do not overlap anymore,
i.e., at r = 2σc + δc for ϵ̄cc, at r = σc + δc/2 + σp for ϵ̄cp, and at r = 2σp
for ϵ̄pp. On the contrary, in the exp model, we have to enforce a cut-
off: we cut the pair energy to zero (i.e., we stop the tabulation of the
values), when all the reference configurations provide with interac-
tion energy that is at least 10−4 units of energy, independently of the
value at contact.

B. Rigid body vs bead-spring
Here, we discuss the pros and cons of the two algorithms intro-

duced above. On the one hand, rigid bodies (“constrained-MD”)
are, generally, computationally more expensive than bead-spring
algorithms and require more care to be initialized properly. Fur-
thermore, in LAMMPS, rigid bodies are not compatible with a rela-
tively large subset of functionalities; in addition, simulating complex
arrangements with four or more off-center sites can become cum-
bersome. However, they allow maintaining the sites’ arrangement
inside the IPCs with great accuracy.

On the other hand, bead-spring algorithms are extremely flex-
ible and can easily be extended to, potentially, any patch number
and arrangement. They entail the definition of suitable bonding and

bending potentials, which are computationally relatively inexpen-
sive with respect to the rigid body constraints and pertain to the
sites of single IPCs, thus linearly scaling with the size of the system.
These potentials can be tuned to maintain, up to a certain degree,
the arrangement of the IPC sites and, possibly, allow also for an easy
extension to mobile sites. However, their main issue is that they are
parametrical, i.e., they require to fix additional parameters; the effect
of choosing a value (instead of another) may not be trivial.

From the algorithmic perspective, LAMMPS allows simulating
rigid bodies by setting up the equations of motion with Ciccotti’s
formulation,71 which avoids the singularities imposed by the inter-
nal linear architecture of the particles. The resulting equations are
then integrated with RATTLE,72 an algorithm that guarantees that
the coordinates and velocities of the entities within a molecule satisfy
the internal geometric constraints. It is worth noting that a previous,
self-developed molecular dynamic simulation code—developed by
some of the authors and described in Refs. 45 and 73 and publicly
available at Ref. 74—uses the same two algorithms.

The bead-spring algorithm aims at being essential and par-
simonious. The central site is held together with each of the off-
center sites by simple harmonic springs, described by an interaction
potential,

U(d) = kr(d − a)2, (9)

where d is the site–site distance and a is eccentricity parameter,
which is set to be the spring’s rest length (see Fig. 2); notice that we
omit the usual 1/2 prefactor as in the LAMMPS’s implementation of
this interaction. Suitable bending potentials should be employed to
keep triplets of sites in the right configuration; again, a minimalistic
harmonic bending potential is employed,

U(θ) = kθ(θ − θ0)2, (10)

where θ is the angle between a triplet of interaction sites and θ0 is
the reference angle for said triplet. For a ts/ta-IPC, there is only one
bending angle, that is, the angle between the vectors connecting the
central with the two off-center sites; the reference angle is π (see

FIG. 2. Sketch of a bead-spring IPC, with off-center sites connected to the central
site via harmonic springs of strength kr . The axiality is maintained by a harmonic
bending potential of strength kθ.
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Fig. 2). As hinted previously, kr and kθ are parameters to be tuned.
Since we aim at simulating quasi-rigid objects, we are tempted to use
very large values for both. However, as is known,75 very large spring
constants cause numerical instabilities at fixed Δt; indeed, as it will
be discussed in Sec. V, increasing or decreasing the value of kr and
kθ does lead to consequences that are sometimes subtle. One has to
choose said values carefully, fixing them one at a time looking for the
optimal values that prevent distortion of internal site arrangement
and avoid massive efficiency drops.

V. COMPARISON BETWEEN MC AND MD-LAMMPS
SIMULATION OUTPUTS

Now, we present the comparison between MC and MD sim-
ulation results, performed at the same state points, focusing on
triblock symmetric colloids (ts-IPCs): we fix the same parameters
used in Fig. 1(c) and simulate N = 1000 in a cubic box of lin-
ear size L at T = 0.150 and ρ = 0.25, 0.50, 0.75, corresponding to
L = 15.9σ, 12.6σ, 11.0σ, respectively.

For MC simulations, we simulate 8.2 ⋅ 106 MC steps, a step
being defined as the attempt to change the system’s state N times;
for each state point, we perform eight parallel runs. A configuration
is saved every 104 MC steps; however, since the first 2 ⋅ 106 Monte
Carlo steps are discarded to allow for equilibration, we collect a total
of 4960 configurations per state point over which we perform our
measurements. MC simulations start from a randomly generated
configuration; at ρ = 0.75, the starting configuration is obtained by
melting an FCC crystal with the assigned density.

For MD simulations, we perform NVT runs, starting from
an FCC crystal and melting it at temperature T = 1.000 for 104

time steps, and then we quench the system to T = 0.150 using

the same number of time steps. Finally, we simulate the sys-
tem for 107 time steps. We simulate both algorithms, namely, the
constrained-MD and the bead-spring one; we compare the effect of
different thermostats, using either the Nosé–Hoover (NH) or the
Langevin (LANG). While employing the NH thermostat, the damp-
ing coefficient is always set to Td = 100Δt for both bead-spring and
constrained-MD. For the bead-spring-NH, we considered three sets
of systems, defined by the values of kr , kθ, and of the time step Δt: (i)
fixing kr = kθ = k, 103 ≤ k ≤ 104, and Δt = 10−3; (ii) the same values
of k and variable Δt, specifically, Δt = 10−3 for k = 103, Δt = 5 ⋅ 10−4

for 2 ⋅ 103 ≤ k ≤ 8 ⋅ 103, and Δt = 10−4 for k = 104; and (iii) fixing
Δt = 10−3, kr = 104, and variable 100 ≤ kθ ≤ 104.

For bead-spring LANG simulations, we considered kr = kθ
= k = 104 and Δt = 10−3. For both the bead-spring and constrained-
MD LANG simulations, we consider Td = 10.0τ and Td = 1.0τ.

First, we focus on the single particle properties, namely, the axi-
ality and the eccentricity in the harmonic bonds case; this will help
us in the choice of the parameters kr and kθ. Once those are fixed,
we look at thermodynamic quantities, such as the average tempera-
ture (and its fluctuations) and the average interaction energy (and its
fluctuations), across the different algorithms. Then, we compare the
structural properties of the fluid, computing the radial distribution
functions and the distribution of the number of bonds per particle.
Finally, we estimate the efficiency of the different simulation meth-
ods and algorithms by comparing the simulation run times of both
IPC models at all the investigated state points.

A. Single-particle properties of IPCs
with harmonic bods

We investigate the effect of varying the spring constants kr and
kθ on the single particle properties of bead-spring IPCs. As shown in

FIG. 3. Single-particle properties for the
os model at ρ = 0.50 and T = 0.1500
with the Nosé–Hoover thermostat. Top
panel: eccentricity distributions. Bottom
panel: axial angle distributions. Panels
(a) and (d): systems with kθ = kr ≡ k
and Δt = 10−3. Panels (b) and (e): sys-
tems with kθ = kr ≡ k and variable Δt
(see Sec. V). Panels (c) and (f): sys-
tems with kr = 104, kθ as specified in the
legend of panel (f) and Δt = 10−3.
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other models of patchy particles, replacing rigid with floppy bonds
may lead to important differences in the phase diagram, if the har-
monic constants of the bonds are not tuned to reproduce the rigid
limit.76,77 Depending on the values of kr and kθ, significant radial as
well as angular fluctuations of the off-center charges, relative to the
imposed triblock topology, may happen; in the context of this work,
we aim at providing the reader with a set of optimal values to simu-
late rigid-like IPCs that allow maintaining computational efficiency
(see Sec. 5 of the supplementary material). We look at single particle
properties, specifically the distributions of the axial and angular dis-
placements, upon varying the spring constant kr and kθ in Eqs. (9)
and (10); we further check if employing different thermostats affects
the results, reporting the NH case here. We also focus here on the os
model at ρ = 0.5; data for the exp model as well as data for different
values of ρ are reported in the supplementary material.

In Figs. 3(a)–3(c), we report the distributions of the eccentric-
ity, i.e., of the distances between the central and the off-center sites
at ρ = 0.5; in Figs. 3(d)–3(f), we report the distributions of the axial
angle, i.e., the angle between the three sites in each IPC. We focus on
the different sets (i)–(iii), described above, case (i) in Figs. 3(a)–3(d),
case (ii) in Figs. 3(b)–3(e), and case (iii) in Figs. 3(c)–3(f).

Notice that the reference methods for rigid bodies (MC or
constrained-MD) would yield δ functions around the chosen value,
that is, a/σ = 0.22 for the distributions of the eccentricity and θ = π

for the distributions of the axial angle. Here, we omit both for sim-
plicity. In addition, notice that additional data at different values of
the density are reported in the supplementary material, Sec. 2.

We start from case (i), where we fix the two spring constants
kr and kθ to have an equal numerical value [Figs. 3(a)–3(d)]. We
observe that a spring constant of at least 4 ⋅ 103uEP/σ2 is needed
to ensure that the eccentricity is, on average, the one selected ini-
tially. Indeed, for smaller values of k, the average eccentricity is larger
than the set value; in addition, the fluctuations are large, which can,
potentially, lead to a different result in the self-assembly at lower
temperatures. On the other hand, we observe that, upon increas-
ing k, the axiality shows a slight non-monotonic behavior, which is
also accompanied by a significant deviation from the reference mean
energy for k ≤ 6 ⋅ 103 (see Sec. 4 of the supplementary material).
This can be resolved by decreasing the integration time step, as
considered in (ii) [Figs. 3(b)–3(e)]. However, the drawback of this
approach is a considerable loss of computational efficiency. A more
sensible approach is case (iii) [Figs. 3(c)–3(f)], where we decou-
ple kr and kθ and we keep Δt fixed. We choose kr = 104uEP/σ2, to
minimize radial fluctuations, and we vary kθ between 102uEP and
104uEP in a logarithmic fashion. Notice that the distribution of the
eccentricity is minimally affected by the value of kθ, whereas we
find the best value for kθ from the distributions of the axial angle
at kθ ≈ 5 ⋅ 103uEP. As reported in the supplementary material, we

TABLE I. Average kinetic temperature and pair energy per particle in LAMMPS simulations. RG, NH, and LG stand for Rigid (Constrained-MD), Nosè–Hoover, and Langevin,
respectively; kθ is the strength of the harmonic bending potential and Td is, for both thermostats, the damping coefficient.

ρ = 0.25

T U

os exp os exp

NH, RG, Td = 0.10 0.1500 ± 0.0029 0.1500 ± 0.0030 −0.6346 ± 0.0188 −0.3118 ± 0.0121
LG, RG, Td = 1.00 0.1501 ± 0.0030 0.1501 ± 0.0030 −0.6339 ± 0.0179 −0.3120 ± 0.0119
LG, RG, Td = 0.10 0.1503 ± 0.0037 0.1502 ± 0.0035 −0.6315 ± 0.0242 −0.3114 ± 0.0135
NH, kθ = 5.2 ⋅ 103, Td = 0.10 0.1500 ± 0.0023 0.1500 ± 0.0023 −0.5570 ± 0.0162 −0.2737 ± 0.0153

ρ = 0.50

T U

os exp os exp

NH, RG, Td = 0.10 0.1500 ± 0.0030 0.1501 ± 0.0030 −0.9370 ± 0.0156 −0.5768 ± 0.0132
LG, RG, Td = 1.00 0.1502 ± 0.0030 0.1501 ± 0.0031 −0.9362 ± 0.0161 −0.5765 ± 0.0132
LG, RG, Td = 0.10 0.1505 ± 0.0039 0.1504 ± 0.0037 −0.9332 ± 0.0234 −0.5755 ± 0.0167
NH, kθ = 5.2 ⋅ 103, Td = 0.10 0.1500 ± 0.0023 0.1500 ± 0.0023 −0.8600 ± 0.0148 −0.5097 ± 0.0153

ρ = 0.75

T U

os exp os exp

NH, RG, Td = 0.10 0.1500 ± 0.0030 0.1500 ± 0.0030 −1.2031 ± 0.0134 −0.8423 ± 0.0127
LG, RG, Td = 1.00 0.1502 ± 0.0030 0.1501 ± 0.0030 −1.2023 ± 0.0139 −0.8418 ± 0.0128
LG, RG, Td = 0.10 0.1506 ± 0.0040 0.1505 ± 0.0038 −1.1987 ± 0.0206 −0.8398 ± 0.0174
NH, kθ = 5.2 ⋅ 103, Td = 0.10 0.1500 ± 0.0022 0.1500 ± 0.0022 −1.1344 ± 0.0134 −0.7594 ± 0.0144
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find similar results performing Langevin dynamics simulations. We
thus select kr = 104uEP/σ2, kθ = 5.2 ⋅ 103uEP as our best candidate
for bead-spring IPCs.

B. Thermodynamics
We now check the thermodynamic properties of the system,

namely, the kinetic temperature and the mean pair potential energy
per particle, for the different model and thermostats considered.

The results are reported in Table I; more data are reported in
the supplementary material. The kinetic temperature is always com-
patible with the temperature of the heath bath, both considering
NH and LANG thermostats; in the latter case, we also show that
slightly changing the damping coefficient does not affect the ther-
modynamics, as should be the case. In general, the absolute value of
the potential energy per particle increases upon increasing the den-
sity, as expected in a more dense liquid. Interestingly, the exp model
is characterized by a smaller absolute value of the potential energy,
with respect to the os model, even though the two have, by con-
struction, the same interaction energy at contact, in the reference
configurations. However, the exp model, as highlighted in Fig. 1(c),
has a longer range than the os model: as such, the repulsive PP and
EE contributions are more relevant. Finally, the pair potential energy
per particle is, for the bead-spring parameters selected, systemati-
cally smaller than the rigid counterpart (6%–12%). As we will see
in Sec. V C, this small discrepancy is accompanied by small differ-
ences in the local structure of the fluid that, overall, remain of minor
importance.

C. Fluid structure and network properties
We now look at the structure of the fluid at all length scales,

focusing on its immediate neighborhood first and then considering
the full radial distribution function.

We start by looking at the neighborhood of each particle that
we characterize via the number of pair configurations for which
the potential energy is negative. We name such configurations
“energetic bonds.” In Fig. 4, we report the probability of observing a
certain number of energetic bonds per particle, obtained at different
values of ρ, for both models, different simulations methods, and dif-
ferent thermostats. We observe that the probability values obtained
using different methods are compatible, within each model. The
average number of energetic bonds consistently grows upon increas-
ing ρ, as expected in a denser fluid. Furthermore, the exp and os
models display comparable distributions at ρ = 0.25, 0.5; however, at
ρ = 0.75, the distribution for the exp model shows an overall shift
to a higher number of bonds, compared to the os case. Counterin-
tuitively, this is not matched by a more negative average potential
energy per particle. Both effects are caused again by the longer inter-
action range of the exp model, as more same-charge contributions
should be included for each particle. So, at the same time, the IPC
fluid in the exp model is more bonded but, on average, each particle
has a higher energy with respect to its os counterpart.

Finally, in Fig. 5, we report the radial distribution functions
g(r) at different values of ρ, for both models, different simulations
methods, and different thermostats. Again, within each model, dif-
ferences that arise from using different methods or thermostats are
effectively negligible. On the other hand, it is interesting to notice
that g(r) has slightly different signatures in the two models. Even
though at the temperature T considered here we observe a fluid state
at all densities for both models, the os model shows a more pro-
nounced peak at r = 2σ = 4σc signaling, overall, a more structured
fluid. It is important to emphasize that, although the two mod-
els have been tuned to be as similar as possible for the purpose of
comparing related simulation efforts, they are distinct models that
may exhibit different behaviors. For a more detailed discussion of
the subtle differences between them, we refer the reader to Ref. 65

FIG. 4. Probability of the number of
energetic bonds formed by a particle.
T = 0.1500 in all panels. Panels (a)–(c):
os model. Panels (d)–(f): exp model.
Panels (a) and (d): ρ = 0.25. Panels (b)
and (e): ρ = 0.50. Panels (c) and (f):
ρ = 0.75. Different colors and symbols
are specified in the legend of the top left
panel.

J. Chem. Phys. 162, 144902 (2025); doi: 10.1063/5.0259637 162, 144902-8

© Author(s) 2025

 14 M
ay 2025 10:49:11

https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.7732775


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

FIG. 5. Radial distribution function.
T = 0.1500 in all panels. Panels (a)–(c):
os model. Panels (d)–(f): exp model.
Panels (a) and (d): ρ = 0.25. Panels (b)
and (e): ρ = 0.50. Panels (c) and (f):
ρ = 0.75. Different colors and symbols
are specified in the legend of the top left
panel.

where we compare both models to a reference electrostatic poten-
tial, derived from first principles in the Debye–Hückel regime.64 It is
furthermore important to stress that the os model has a natural cut-
off, whereas the exp model has an arbitrary cutoff, selected so that
the potential value in the EE configuration falls below 10−4 times
its value at contact. This results in a larger interaction range for the
exp model.

D. Computational efficiency
We report, in Table II, the number of kilo-steps (ksteps, i.e., 103

steps) per second, averaged over time and over eight parallel runs,
with the corresponding standard deviation. Notice that, in the case
of VMMC simulations, one MC step corresponds to N trial moves.

All the simulations have been performed on the same CPU (Intel
Skylake Platinum 8174) on a single core.

We first compare, in Table II, the “rigid” methods, i.e., the
Monte Carlo and the constrained MD, where the axiality and eccen-
tricity of the IPCs are preserved by construction. We observe that
the Monte Carlo code is one order of magnitude slower than the
constrained MD: notice that both codes implement Verlet lists. In
addition to fine-scale optimizations, this performance is caused by
two factors. The cluster nature of the algorithm requires, for every
trial move, to build a cluster; this becomes expensive, especially at
high density. Furthermore, we perform N cluster moves per step
which, albeit limited to a maximum of Sc recruited particles, are def-
initely more demanding than N single particle moves or very few
O(N)moves, as in more conventional cluster-based MC. However,

TABLE II. Average computational performance, measured in kilo-steps (ksteps) per second, of numerical simulations for
different models (os and exp) and different values of the density ρ. RG, NH, and LG stand for Rigid (Constrained-MD),
Nosè–Hoover, and Langevin, respectively; kθ is the strength of the harmonic bending potential. We fix Td = 0.1 in all cases
where it is relevant.

ksteps per second (s−1)

ρ = 0.25 ρ = 0.5 ρ = 0.75

os exp os exp os exp

MC 0.23 0.18 0.15 0.11 0.09 0.07
NH, RG 2.68 ± 0.21 1.20 ± 0.04 2.09 ± 0.09 0.70 ± 0.01 1.69 ± 0.02 0.50 ± 0.02
LG, RG 2.62 ± 0.20 1.19 ± 0.05 2.06 ± 0.08 0.70 ± 0.01 1.68 ± 0.02 0.49 ± 0.02
LG, RG 2.62 ± 0.20 1.16 ± 0.03 2.06 ± 0.09 0.70 ± 0.01 1.68 ± 0.02 0.49 ± 0.03
NH, kθ = 5.2 ⋅ 103 5.67 ± 0.60 1.62 ± 0.04 4.08 ± 0.25 0.89 ± 0.03 3.07 ± 0.05 0.61 ± 0.03
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we should also notice that cluster-based algorithms are often very
efficient in producing decorrelated configurations; as mentioned,
VMMC is well-known for its ability to overcome kinetic barriers,
especially at high density. It is also worth noting that the perfor-
mance of the code further drops when comparing the two different
models: the os model is systematically 30%–40% faster than the
exp. The latter involves the evaluation of transcendental functions,
which are computationally more expensive than the simple opera-
tions required by the former. However, this is clearly a second-order
effect, with respect to the overall computational complexity of the
algorithm.

In contrast, when looking at the performances of the MD code,
we notice that it is highly dependent on the chosen model, the os one
now being significantly more efficient than the exp: indeed, simula-
tions with the exp model take 2–3 times more time. This is entirely
due, in the proposed LAMMPS implementation, to the longer range
of the latter as, in both cases, we employ tabulated forces. Interest-
ingly, the use of a different thermostat (NH or LG) mildly affects the
results.

When considering the chosen bead-spring implementation,
performances increase considerably. Compared to the constrained-
MD counterpart, the best improvements are still recorded for the os
model, while the exp shows only a 30% increase. Finally, as expected,
the performance drops upon increasing the density.

VI. CONCLUSIONS
We have introduced a general model for simulating inverse

patchy colloids (IPCs), i.e., patchy particles featuring interactions
that are inspired by heterogeneously charged systems. The model
can indeed be used to describe specific physical systems and can
be fitted to, e.g., a mean-field model18 but it can be also used
parametrically, as in Refs. 60 and 61 and in this paper.

In the first case, one could utilize a very general framework
to describe the electrostatic interactions of heterogeneously charged
particles64 and then map the IPC model to these reference poten-
tials. In our upcoming work, we will introduce a general approach
to obtain the IPC parameters by minimizing the difference between
the IPC potential and the mean-field.65 This approach will enable
efficient and accurate simulations of large-scale systems of hetero-
geneously charged particles, such as charged patchy colloids and
globular proteins. In the second case, it is worth noting that the
model is versatile enough to also simulate conventional patchy
colloid systems, i.e., overall repulsive particles carrying mutually
attractive surface regions.

In the model, an IPC is a collection of interacting sites with a
specified geometrical arrangement: the interaction between the sites
is characterized by a contact value and a geometrical weight that
incorporates the dependence on the site-site distance. We showcase
two IPC models: the overlap of spheres (os) and the exponential
(exp). As mentioned above, the proposed framework is also able to
describe conventional patchy particles. This can be achieved by sim-
ply adjusting the set u and, if necessary, modifying the functional
forms of the weight functions ωαβ. In fact, the characteristic energy
values of the site–site interactions can be tuned to support repulsion
as well as attraction between the different surface areas: when only
attractive values are chosen, then the models represent conventional
patchy colloids.

We showed that different simulation methods and different
algorithms yield comparable results; the os model is, evidently, faster
than the exp one and, thus, more suitable for studying generic prop-
erties, such as phase coexistence.60,61 As mentioned, the bead-spring
realization of the IPC has a lot of potential for further development,
as it can accommodate for (and be fitted to) systems with moving
patches.76–79 We proposed a set of parameters that, according to our
tests, are suitable for efficient simulations of quasi-rigid IPC systems;
however, we remark that other sets of parameters may be equally
acceptable if, for example, a smaller value of kr is considered.

We remark that the model, being suitable for both MC and
MD simulations, represents a versatile platform for the simulations
of colloids with heterogeneous directional interactions; its simple
and relatively inexpensive nature allows, also by virtue of its imple-
mentation in LAMMPS, for simulations of large scale bulk systems.
Moreover, the availability of the accompanying codes makes the
model easily accessible for exploring a wide range of phenomena and
facilitates straightforward extensions to systems with diverse charge
surface patterns.

Finally, we observe that the present investigations have been
conducted in the fluid phase, where the different algorithms exhibit
comparable results. However, it would be interesting to assess how
these discrepancies evolve in more structured phases, such as crys-
talline or gel-like states, where the directional interactions play a
more prominent role. These effects could offer deeper insights into
the behavior of the different IPCs formulations in systems with
higher order and might highlight the strengths and limitations of
each algorithm in simulating such phases.

SUPPLEMENTARY MATERIAL

The supplementary material provides a more detailed descrip-
tion of the os model, additional plots of single-particle and fluid
structure properties, and additional tables presenting the average
temperature and energy for all the systems studied.
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