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Abstract

Stefanutti (2019) recently developed procedures and a related theory for deriving learn-

ing spaces from problem spaces. The approach provides a deterministic model for

partially ordering individuals, on the basis of their performances in problem-solving

tasks. This deterministic model accounts for both the accuracy of the responses and,

especially, the sequence of “moves” (observable solution process) made by the problem

solver. A Markov model of the solution process of a problem-solving task is proposed,

that provides a stochastic framework for the empirical test of the deterministic model

and the related problem-space-derived learning space. This type of model allows for

making predictions with respect to both the observable solution process, and the un-

observable knowledge state on which the solution process is assumed to be based. The

Tower of London test has been chosen as the problem-solving task for the empirical

validation of the model. The results of a simulation study and of two different empirical

studies are presented and discussed.

Keywords: knowledge space theory, problem space, tower of London test, Markov

models, problem solving
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1 Introduction

Knowledge space theory (KST) was born in the eighties as a mathematical theory for

the nonnumerical assessment of knowledge. Its natural area of application is education,

as testified by the many theoretical and empirical contributions that can be found in

the literature (see, e.g., Falmagne, Albert, Doble, Eppstein, & Hu, 2013).

Stefanutti (2019) recently provided an extension of KST, named procedural KST

(PKST), for the assessment of human problem solving and planning. The approach

provides a deterministic model for partially ordering individuals on the basis of their

performances in problem-solving tasks. Such a deterministic model accounts for both

the accuracy of the responses and, especially, the sequence of actions (the “observable

solution process”) made by the problem solver.

In its current form, PKST is a deterministic theory. As such, its assumptions and

models cannot be tested empirically through, for instance, standard goodness of fit

statistics. In the present article the gap is filled, and a probabilistic framework is de-

veloped for the theory, where the problem solution process is modeled as a stochastic

process. The proposed model satisfies the Markov property in the sense that, in a se-

quence of actions aimed at reaching some fixed goal, the future actions are conditionally

independent of the past ones, given the present configuration of the environment (the

“current problem state”), the goal, and the state of knowledge of the problem solver.

Stochastic processes of this type are named “Markov solution processes”.

The modeling of problem solution processes is not new, neither inside nor outside

KST. Applications of KST to digital learning games is an example. The approach

followed by Augustin and collaborators (Augustin, Hockemeyer, Kickmeier-Rust, &

Albert, 2010; Augustin et al., 2013, 2015) is closely related to the one proposed here. It
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links the notion of a problem space (Newell, Simon, et al., 1972) to that of a competence

structure (see, e.g., Heller, Augustin, Hockemeyer, Stefanutti, & Albert, 2013) with the

aim of assessing, in a noninvasive way, the skills of a user while she interacts with a

digital learning game. The present work has the broader scope of providing a stochastic

model of the behavior of a human being while she is attempting to solve a problem or

to reach a goal. The model can be empirically estimated and tested and can also serve

as the basis for an adaptive procedure for assessing procedural knowledge.

Outside KST there is the important area of Markov decision processes (MDPs

Howard, 1960; Puterman, 2014), a mathematical framework for modeling decision

making in environments with uncertain outcomes. The aim of MDPs is not much

to model human behavior. Rather, they are applied in the area of machine learning

– particularly, reinforcement learning – for solving optimization problems. In this

context, learning automata (Narendra & Thathachar, 1974) have close connections

with the approach followed here.

The article is organized as follows. Section 2 provides the necessary backgrounds.

The main contribution of the paper starts in Section 3, where a special type of problem

space, named the “goal space”, is introduced. Section 4 describes a Markov solution

process model (MSPM) that is adequate for the empirical validation of the deterministic

PKST. Section 5 presents simulation studies aimed at assessing the parameter recovery

capabilities of the MSPM’s estimation procedures when a real problem space, and the

corresponding knowledge space are used. The Tower of London (ToL; Shallice, 1982)

test has been chosen as the problem-solving task on which to test the model. Sections

6 and 7 describe two empirical applications of the MSPM to a data set obtained

by administering a computerized version of the ToL test. Section 8 concludes the

argumentation with some final remarks.
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2 Background

2.1 Knowledge space theory

A knowledge structure is defined as a pair (Q,K) in which Q is a nonempty set, and

K is a subset of 2Q containing at least Q and the empty set ∅. The set Q is called

the domain and its elements are the problems in that domain. All the subsets K ∈ K

are called knowledge states and represent the possible subsets of problems that an

individual masters. A knowledge space is a specific type of knowledge structure which

is closed under union. A knowledge structure K is closed under union when, given any

subfamily F ⊆ K, the union
⋃
F is in K.

From the first formalization to nowadays, many different authors contributed to

an extension of KST that takes into account the skills required to solve a problem

(Doignon, 1994; Düntsch & Gediga, 1995; Falmagne, Koppen, Villano, Doignon, & Jo-

hanessen, 1990; Gediga & Düntsch, 2002; Stefanutti & de Chiusole, 2017; Ünlü et al.,

2013; Heller, Ünlü, & Albert, 2013; Heller, Augustin, et al., 2013; Heller, Stefanutti,

Anselmi, & Robusto, 2015; Korossy, 1997, 1999) . Such extension is named competence-

based knowledge space theory (CbKST; Heller, Ünlü, & Albert, 2013; Heller, Augustin,

et al., 2013; Stefanutti & Albert, 2003) and it is divided into two parallel and inter-

dependent levels: the performance level and the competence level. The domain Q and

the knowledge state K ⊆ Q of an individual are defined at the performance level. At

the competence level, given a set Π of skills, the competence state of an individual is

a subset C ⊆ Π. The notion of a skill map was introduced for linking competence

and performance levels (Doignon, 1994). It is a triple (Q,Π, τ) were τ : Q → 2Π is a

mapping assigning a non-empty subset of skills in Π to each of the problems in Q.

A knowledge structure is a deterministic description of the knowledge in a domain
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Q. However, a probabilistic framework is required for handling the dissociation between

the (latent) knowledge state K and the (observed) response pattern R (i.e., the set of

problems correctly solved by an individual). This dissociation is due to the possibility

of lucky guesses and careless errors.

Let R = 2Q denote the set of all the possible response patterns in the domain

Q. Falmagne and Doignon (1988a, 1988b) defined a probabilistic knowledge structure

as a triple (Q,K, PK) where PK is a probability distribution on K. Having also the

conditional probabilities P (R|K) for all the R ∈ R and the K ∈ K it is possible to

obtain the probability of a response pattern R ∈ R by:

P (R) =
∑
K∈K

P (R|K)PK(K),

where PK(K) is the probability of state K in the distribution PK, and P (R|K) is

computed by

P (R|K) =

 ∏
q∈K\R

βq

( ∏
q∈K∩R

(1− βq)

) ∏
q∈R\K

ηq

 ∏
q∈Q\(K∪R)

(1− ηq)

 .

The probabilistic model introduced so far is called basic local independence model

(BLIM; Falmagne & Doignon, 1988a, 1988b). The parameters βq and ηq of the model

are interpreted as probabilities, respectively, of careless error and lucky guess for the

item q. These parameters and the probabilities of the knowledge states can be es-

timated by maximum likelihood via the expectation-maximization (EM) algorithm

(Stefanutti & Robusto, 2009) or by minimum discrepancy (MD; Heller & Wickelmaier,

2013). Several extensions of the BLIM are available in the literature (Anselmi, Robusto,

Stefanutti, & de Chiusole, 2016; de Chiusole, Stefanutti, Anselmi, & Robusto, 2015;

Anselmi, Robusto, & Stefanutti, 2012; Anselmi, Stefanutti, Chiusole, & Robusto, 2017;

de Chiusole, Anselmi, Stefanutti, & Robusto, 2013; Robusto, Stefanutti, & Anselmi,
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2010; Stefanutti, Anselmi, & Robusto, 2011; de Chiusole & Stefanutti, 2013). More-

over, procedures for testing the invariance of the βq and ηq parameters (de Chiusole,

Stefanutti, Anselmi, & Robusto, 2013) and for testing the identifiability of the pa-

rameters (Heller, 2017; Spoto, Stefanutti, & Vidotto, 2012, 2013; Stefanutti, Heller,

Anselmi, & Robusto, 2012a; Stefanutti, Spoto, & Vidotto, 2018) have been widely

explored in recent years.

2.2 From problem spaces to knowledge spaces

A non-formal definition of a problem space was provided in the sixties by Newell et

al. (1972), in the quite well-known area of human problem solving. A link between

problem spaces and knowledge space theory was first established by Stefanutti and

Albert (2003), where a mathematical definition of a problem space can be found. The

approach was further generalized and completed by Stefanutti (2019). In this section,

the main findings illustrated in that work are presented because they are the starting

point of the new developments presented in Sections 3 and 4.

A problem space is a triple P = (S,Ω, ·), where S is a nonempty set of problem

states, Ω is a nonempty set of operations, and · : S × Ω∗ → S, with Ω∗ denoting the

Kleene closure1 of Ω, is an operator satisfying, for all s ∈ S and π, σ ∈ Ω∗, the two

axioms (let ε denote the “empty string” of operations, so that Ω0 = {ε}):

(P1) s · ε = s,

(P2) (s · π) · σ = s · πσ.

1The Kleene closure of a set Ω is defined to be Ω∗ =
⋃

n∈Z+ Ωn, where Z+ is the set of the

nonnegative integer numbers.
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The operator · is named operation application and any sequence of operations in Ω∗ is

named a string.

A problem in the problem space P is a pair (s, t) of distinct states in S such that

t = s · π for some string π ∈ Ω∗. The collection of all the problems in P is thus

Q = {(s, t) ∈ S2 : s 6= t and t = s · π for some π ∈ Ω∗}.

A solution path for the problem space P is any pair sπ ∈ Π = S × Ω∗ \ {ε}. A

solution path sπ ∈ Π is said to solve problem (s, t) ∈ Q if s · π = t. A single problem

may possess distinct solution paths in the problem space P. The collection of all the

solution paths solving a certain problem (s, t) ∈ Q is denoted τ(s, t). Thus, (Q,Π, τ)

with τ : Q → 2Π is a mapping from problems to subsets of solution paths, and it is

named the skill map of the problem space.

Solution paths in Π can be partially ordered. In particular, a solution path sπ is a

subpath of another solution path tσ (denoted by sπ v tσ) if there are α, β ∈ Ω∗ such

that σ = απβ and t · α = s. The subpath relation v is a partial order (i.e., reflexive,

transitive and antisymmetric) so that (Π,v) is a partially ordered set. A solution path

tσ ∈ Π is cyclic if it has a subpath sπ v tσ with s · π = s. It is acyclic otherwise. The

collection of all the acyclic solution paths in Π is denoted Π̃. If S and Ω are finite,

then also Π̃ is finite. Moreover, like Π, also Π̃ is partially ordered by v.

A subset C ⊆ Π is said to respect path inclusion if the condition

sπ v tσ, tσ ∈ C =⇒ sπ ∈ C

is satisfied for all sπ, tσ ∈ Π. A subset of solution paths respecting path inclusion

is named a competence state of the problem space P. The collection C of all the

competence states is the competence space. Thus, C is nothing else than the ordinal

space derived from the partial order v.
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The collection of all the problems in Q that can be solved by an individual whose

competence state is C ∈ C, is

p(C) = {(s, t) ∈ Q : τ(s, t) ∩ C 6= ∅}.

This collection is named the knowledge state delineated by competence state C. A

problem (s, t) belongs to p(C) if and only if C contains at least one of the solution

paths solving (s, t). The collection K of all the knowledge states is the knowledge space

derived from the problem space P. In Stefanutti (2019, Theorem 5), it is shown that

the collection K of all the knowledge states derived from problem space P is closed

under union. In practice the knowledge space can be derived as follows:

(1) the set Π̃ of all the acyclic solution paths in the problem space is constructed. This

is done through a path search algorithm;

(2) the ordinal space C is obtained, which corresponds to the partially ordered set

(Π̃,v) of solution paths;

(3) the knowledge space K = p(C) = {p(C) : C ∈ C} is finally obtained.

The notions of “skill map”, “competence state” and “competence space” are borrowed

from the so-called competence based extension of KST (CbKST, Ref...), where skills

are latent constructs by definition. In procedural KST, the skills are replaced by

(or eventually regarded as) sequences of operations. The operations can be either

observable (like, e.g., in a motor task) or latent (like, e.g., cognitive operations). The

set Ω can eventually contain a mixture of the two. The developments contained in this

article only apply to the case of observable operations, thus distinguishing the present

approach from the CbKST’s notion of a latent skill.
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3 The goal space

Problem spaces do not provide information about the “correctness” of the actions

undertaken by an individual, while she is attempting to solve a specific problem. In

view of classifying, at any step n ∈ Z+ of the solution process, the behavior of an

individual as “correct–so–far” or “incorrect”, additional information is needed.

In the first place, one or more “goal states” g ∈ S should be established so that,

whatever problem state sn ∈ S a problem solver encounters at step n, it is always clear

what the objective of the solution process is. Once a goal state g is established, the

problem is marked “solved” whenever sn = g. Thus the definition of a problem space

with designated goal states is needed. The following one is proposed here.

Definition 1. A problem space (S,Ω, ·) is named a goal space if there exist distinct

states f, g ∈ S such that:

(GS1) for all all ω ∈ Ω, f · ω = f and g · ω = g;

(GS2) for each s ∈ S \ {f} there is a string π ∈ Ω∗ such that s · π = g.

A goal space is denoted by the 5-tuple (S, f, g,Ω, ·). The two states f and g are named,

respectively, the failure state and the goal state. A problem state s ∈ S for which there

is no ω ∈ Ω with s · ω = f , is said a trivial problem state. It is said nontrivial

otherwise. A goal space is said to be trivial if all of its problem states are trivial. It is

said nontrivial otherwise.

Whenever a problem solver enters either g or f , the solution process terminates

and, if the last visited state is g, then the process is marked as “correct”; otherwise, if

the last visited state is a failure state, then the process is marked as “incorrect”. By

Property (GS1) of Definition 1, failure and goal states are final states. Once entered,
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they can never be left, because every operation in Ω is ineffective in a final state. By

Property (GS2) for every problem state different from f , there must exist some path

departing from that state and ending to g. Finally, a trivial problem state is one where

it is impossible to fail in one move. Whatever operation is applied to such state, it is

still possible to reach g. A trivial goal space is one where it is impossible to fail. For

rather obvious reasons only nontrivial goal spaces will receive some attention in this

article.

We recall that a “problem” in a general problem space is any pair of distinct problem

states such that the second state of the pair is reachable from the first through an

appropriate string of operations.

Definition 2. A goal problem in a goal space (S, f, g,Ω, ·) is any pair (s, t) ∈ (S\{f})2

such that:

(1) s 6= t,

(2) s · π = t for some π ∈ Ω∗.

If Q is the collection of all the problems of the goal space P, then a knowledge space

on Q can be derived by following the three steps described at the end of the previous

section.

In the next sections, the “digraph of the goal space” is used. It is a directed graph

(S,E) whose set of vertices is the collection S of problem states, and E is the collection

of edges, defined by

E = {(s, t) ∈ S2 : s · ω = t for some ω ∈ Ω}.

Given s ∈ S, we denote by

E(s) = {t ∈ S : (s, t) ∈ E}
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the neighborhood of s.

3.1 The shortest path space

A special goal space is considered in this section that arises when it is assumed that

a problem is “solved” only if a solution is obtained in a minimum number of steps or

moves. Such type of goal space may arise in applications like the one described later in

this article, that is the Tower of London test (Shallice, 1982), a psychological test for

assessing planning skills. For describing this type of goal spaces, a notion of distance

in a problem space is needed. Let P = (S,Ω, ·) be an arbitrary problem space, and Q

be its set of problems.

Definition 3. The distance δ(s, t) from a problem state s ∈ S to another problem

state t ∈ S in the problem space P is the length of a shortest string π ∈ Ω∗ such that

s · π = t. By convention, δ(s, t) = ∞ if (s, t) /∈ Q. Thus, δ corresponds to the usual

notion of distance between two vertices of a directed graph. We further say that a

string π ∈ Ω∗ has minimum length at s ∈ S if δ(s, s · π) = `(π).

Definition 4. Let P = (S,Ω, ·) be a problem space, and g ∈ S be a designated state.

The shortest path space (SP space) derived from P is the problem space Pg = (Sg,Ω, ◦),

such that: (i) the set of problem states is

Sg = {s ∈ S : (s, g) ∈ Q} ∪ {f},

with ‘f ’ representing the failure problem state; (ii) the operation application ◦ : Sg ×

Ω∗ → Sg is such that:

(SPS1) if ω ∈ Ω then f ◦ ω = f and g ◦ ω = g,
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(SPS2) if s ∈ Sg \ {f, g}, and ω ∈ Ω then

s ◦ ω =


s · ω if δ(s · ω, g) < δ(s, g),

f if δ(s · ω, g) ≥ δ(s, g).

As long as the goal state g is fixed and clear, any problem of the form (s, g) will often

be denoted by s alone, with no loss of information. Thus, let

Qg = {s ∈ Sg : (s, g) ∈ Q}

be the subset of all the problem states s in Sg such that (s, g) is a problem.

Property (SPS1) just establishes that f and g are final states. As for Property

(SPS2), in the shortest path space, the application of operation ω to problem state s

is marked as a “failure” (i.e., s ◦ ω = f) if ω does not reduce the distance to the goal.

If s ◦ ω is not a failure, then it is either the goal or a state in between s and the goal.

Proposition 1. For every problem state s ∈ Sg \{f, g} there exists an operation ω ∈ Ω

such that δ(s · ω, g) < δ(s, g).

Proof. Since s ∈ Sg, (s, g) is in Q and hence there is π ∈ Ω∗ with s · π = g. Let

π′ ∈ Ω∗ have minimum length, among all the strings π ∈ Ω∗ such that s · π = g. Thus

δ(s, g) = `(π′). Then π′ = ωσ for some ω ∈ Ω and σ ∈ Ω∗. Thus δ(s · ω, g) < δ(s, g)

because δ(s · ω, g) is less or equal to the length of σ, and this last has length strictly

less than π′.

Proposition 2. The shortest path space is a goal space.

Proof. Property (GS1) holds by definition. Moreover, by Proposition 1, for s ∈ S \

{f, g} there is ω1 ∈ Ω with δ(s, g) > δ(s · ω1, g). Thus s ◦ ω1 = s · ω1. Inductively,
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suppose there are ω1, ω2, . . . , ωi ∈ Ω with s ◦ ω1ω2 · · ·ωi = s · ω1ω2 · · ·ωi. Then either

s · ω1ω2 · · ·ωi = g or there is ωi+1 ∈ Ω with δ(s · ω1 · · ·ωi) > δ(s · ω1 · · ·ωi+1), yielding

s ◦ ω1 · · ·ωi+1 = s · ω1 · · ·ωi+1. Since Sg is finite, there exists a finite number n such

that s ◦ ω1 · · ·ωn = g. Thus also property (GS2) holds true.

Example 1. As an example consider the problem space P(1) = (S(1),Ω(1), ·) having

the directed graph represented by the upper diagram in Figure 1.

[INSERT FIGURE 1 ABOUT HERE]

To simplify the diagram, labels for operations are omitted. Moreover, a bidirectional

edge connects two states s and t if both transitions (s, t) and (t, s) are allowed. The

lower diagram represents the digraph of the shortest path space P
(1)
g = (S

(1)
g ,Ω(1), ◦)

obtained from P(1), once the problem state g is set to be the goal state. Since g is

accessible from every problem state in S(1), it holds that S
(1)
g = S(1) ∪{f}. The vertex

representing the f state in the lower diagram of the figure is the one occupying the

center of the digraph.

Definition 5. Let (S,Ω, ·) be a problem space. A string π ∈ Ω∗ is optimal at a pair

of problem states (s, t) ∈ S2 if there is another string σ ∈ Ω∗ such that s · πσ = t and

πσ has minimum length at s.

Proposition 3. If s ∈ Sg \ {f, g} and π ∈ Ω∗, then

s ◦ π =


s · π if π is optimal at (s, g),

f otherwise.

Proof. Assume s◦π = s ·π = t ∈ S and let sπ = (s = s1, ω1, s2, ω2, . . . , sn−1, ωn−1, sn =

t). Then, for Property (SPS2), si ◦ ωi = si · ωi must hold for all i = 1, 2, . . . , n − 1,
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for otherwise si ◦ ωi = f would entail s ◦ π = f . Therefore, still for Property (SPS2),

we have δ(si, t) > δ(si · ωi, t) = δ(si+1, t), entailing the chain of strict inequalities

δ(s1, t) > δ(s2, t) > · · · > δ(sn−1, t). In particular, δ(si, t) = 1 + δ(si+1, t) must hold,

yielding δ(s, t) = `(π). Thus, π has minimum length at s. It follows at once from

Property (GS2) that there is σ such that s · πσ = g. In particular, if one chooses

σ to be one of the strings having minimum length at s · π, it is clear that πσ must

have minimum length at s. Thus π is optimal at the pair (s, g). Conversely, assume

s ◦ π = f . Then there is i = 1, 2, . . . , n − 1 with si 6= f and si ◦ ωi = f , entailing

δ(si, t) ≤ δ(si ·ωi, t). By Proposition 1 there is ω̂ ∈ Ω with δ(si, t) > δ(si · ω̂, t), yielding

δ(si · ωi, t) > δ(si · ω̂, t). It follows that π can not have minimum length at s. Thus

there can not be σ ∈ Ω∗ such that πσ has minimum length. Therefore π is not optimal

at (s, g).

The next corollary immediately follows from Proposition 3.

Corollary 1. If s ∈ Sg \ {f, g}, π ∈ Ω∗ and s · π = g then s ◦ π = g if and only if π

has minimum length in s (and thus π is a shortest path).

4 Markov solution processes

Let (Q,K) be the knowledge space derived from the goal space P = (S, f, g,Ω, ·). The

modeled process can be roughly described as follows: a problem solver in knowledge

state K ∈ K is presented with an initial problem state s ∈ S and operates in order to

reach the goal in g, so that the problem to be solved is (s, g). The problem solver’s

solution behavior is modeled as a random process S = {Sn : n ∈ Z+}, where Sn is a

random variable whose realizations are the problem states in S. The random solution
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process S is called a Markov solution process (MSP) if it satisfies the Markov property:

P (Sn = sn|Sn−1 = sn−1,Sn−2 = sn−2, . . . ,S0 = s; s,K)

= P (Sn = sn|Sn−1 = sn−1; s,K). (1)

That is, provided that (i) the knowledge state of the problem solver is K ∈ K, (ii) the

problem to be solved is (s, g), and (iii) the current problem state visited by the problem

solver is sn−1, the next problem state visited by the problem solver is stochastically

independent of the past history of the process. Thus, as long as the problem to be solved

(s, g) and the knowledge state K do not change, the random process S is Markovian.

The right hand side of (1) is the transition probability of the MSP. The notation

P (Sn = sn|Sn−1 = sn−1, s,K) will occasionally be replaced by the equivalent, though

less cumbersome notation P (sn|sn−1, s,K).

A first assumption of the Markov chain S is that∑
j∈E(i)

P (j|i, s,K) = 1

for all problems (s, g) ∈ Q, all knowledge states K ∈ K, and all problem states i ∈ S.

That is, there exists a conditional probability distribution on the neighborhood E(i)

of any problem state i.

Suppose an individual in knowledge state K ∈ K is attempting to solve problem

(s, g) ∈ Q. Then, it follows at once from the Markov property (1) that the conditional

probability that this individual will traverse the sequence of problem states s0, s1, . . . , sn

is:

P (s0, s1, . . . , sn|s,K) =
n−1∏
i=0

P (si+1|si, s,K).

Indicating with PK : K → (0, 1) the probability distribution on the knowledge states

in K, the conditional probability of observing s0, . . . , sn as a solution path for problem
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(s, g), is given by

P (s0, s1, . . . , sn|s) =
∑
K∈K

P (s0, s1, . . . , sn|s,K)PK(K)

=
∑
K∈K

n−1∏
i=0

P (si+1|si, s,K)PK(K).

Like in standard Markov chains, some of the transition probabilities of the process

are set to zero by design. A transition from one state i ∈ S to another state j ∈ S

is only possible if j is a neighbor of i in the goal space, otherwise the transition has

zero probability. Thus in a MSP for the goal space P, the following transition rule is

assumed:

P (j|i, s,K) > 0 ⇐⇒ j ∈ E(i) (2)

for all i, j, s ∈ S, and K ∈ K. The transition rule (2) allows to point out some basic

properties of the Markov chain S.

Results in this section rely upon the standard theory of Markov chains (see, e.g.,

Kemeny & Snell, 1960), of which we only provide the necessary concepts. Given K ∈ K

and (s, g) ∈ Q, a problem state i ∈ S has access to another problem state j ∈ S

(denoted i → j) if there is n > 0 such that P (Sn = j|S0 = i, s,K) > 0. The two

states i and j communicate (denoted i ↔ j) if both i → j and j → i hold true. The

relation ↔ is an equivalence relation (i.e., a reflexive, symmetric and transitive binary

relation) for S. For i ∈ S, the equivalence class [i] = {j ∈ S : i ↔ j} is named the

communication class of i. A communication class C is closed if, for i, j ∈ S, i ∈ C and

i→ j imply j ∈ C. A problem state that belongs to a singleton closed communication

class is absorbing ; a problem state that belongs to a communication class that is not

closed is transient.
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Proposition 4. Let K ∈ K be a knowledge state and (s, g) ∈ Q be a problem of the

goal space P. For n ≥ 0, there is m ≥ n such that P (Sm = j|Sn = i, s,K) > 0 if and

only if i · π = j for some π ∈ Ω∗.

Proof. Suppose i · π = j for π ∈ Ω∗. This holds if and only if, for π = ω1ω2 · · ·ωm−n,

there is a sequence of problem states (s0, s1, . . . , sm−n) with s0 = i and sm−n = j such

that, for k = 0, 1, . . . ,m−n, sk+1 = sk ·ωk+1, meaning that sk+1 ∈ E(sk). By Condition

(2), this holds true if and only if P (sk+1|sk, s, g,K) > 0 for all k = 0, 1, . . . ,m− n, iff

the probability
m−n∏
k=0

P (sk+1|sk, s,K)

of accessing j from i through solution path π is positive. But P (Sm = j|Sn = i, s,K)

is the probability of accessing j from i through any of the paths connecting them, and

iπ is one such path.

By Proposition 4, if at step n the Markov chain is in state i, then there is a positive

probability that the chain will be in state j in some other step m ≥ n, if and only if

state i has access to state j through a suitable solution path π ∈ Ω∗.

Proposition 5. The transient states of the Markov chain S are the problem states in

S \ {f, g}, whereas the absorbing states are f and g.

Proof. The fact that both f and g are absorbing immediately follows from Property

(GS1) of a goal space. Suppose that s ∈ S \ {f, g} and let [s] be its communication

class. By Property (GS2) of a goal space, there is a path π ∈ Ω∗ such that s · π = g.

Thus, for Proposition 4, for K ∈ K there is k > 0 such that P (Sk = g|S0 = s,K) > 0.

Moreover, by Property (GS1), [g] = {g}, thus [s] ∩ {g} = ∅. Therefore there is a

state, namely g, which lies outside the class of s and can be accessed by s. It must be

concluded that the class of s is not closed and thus s is transient.
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4.1 The observed jump matrix and local independence

Let (s0, s1, . . . , sn) be any realization of the Markov solution process for a problem (s, g),

with s ∈ Qg. In view of describing the model’s likelihood, the only needed information

about this sequence is the “number of jumps” that, for each pair (i, j) ∈ S2 of problem

states, occur in the sequence. Then, the observed jump matrix for a realization of the

Markov solution process for a problem (s, g), with s ∈ Qg, is a |S| × |S| square matrix

Js,g such that, for i, j ∈ S, Js,g(i, j) is the number of observed jumps from problem

state i to problem state j while attempting to solve problem (s, g). By definition,

Js,g(i, i) = 0 for all i ∈ S (there are no jumps from a problem state to itself). Then,

Js,g is the observed jump matrix for the sequence (s0, s1, . . . , sn) ∈ Sn+1 if and only if:

(1) s0 = s,

(2) sn ∈ {f, g},

(3) Js,g(i, j) = |{k ∈ Z : 0 ≤ k < n, sk = i, sk+1 = j}| for all i, j ∈ S.

To give an example, suppose S = {a, b, c, f, g} is the set of problem states. Then the

observed jump matrix for the sequence (a, b, a, b, a, c, a, c, g) of problem states is (both

rows and columns are labeled a, b, c, f, g in the given order):

Ja,g =



0 2 2 0 0

2 0 0 0 0

1 0 0 0 1

0 0 0 0 0

0 0 0 0 0


.

If Js,g is the jump matrix of (s0, s1, . . . , sn), then the following equality holds true,

18



as an immediate consequence of the Markov property:

P (s0, s1, . . . , sn|s,K) =
∏

(i,j)∈E

P (j|i, s,K)Js,g(i,j),

where E is the set of edges of the digraph of the goal space. For the example at hand,

one has:

P (a, b, a, b, a, c, a, c, g|s,K) =

P (b|a, s,K)2P (c|a, s,K)2P (a|b, s,K)2P (a|c, s,K)P (g|c, s,K).

Assuming that an individual (problem solver) tackles each of the problems in Q,

producing an observable sequence of problem states for each of them, the observed

response pattern of a single problem solver is a collection

J = {Js,g : (s, g) ∈ Q}

containing one observed jump matrix for each of the problems in Q. Assuming local

independence among the responses to the problems, given the knowledge state K ∈ K

of the problem solver, the conditional probability of observing response pattern J given

knowledge state K is

P (J |K) =
∏

(s,g)∈Q

P (Js,g|K),

so that the marginal probability of response pattern J turns out to be

P (J) =
∑
K∈K

P (J |K)PK(K)

=
∑
K∈K

∏
(s,g)∈Q

P (Js,g|K)PK(K).

This last is the general equation of the Markov solution process model (MSPM).
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4.2 Assumption on the transition probabilities

It remains to provide an explicit form for the conditional probability P (Js,g|K) of the

jump matrix given the knowledge state. In this regard, a practical issue with a MSP is

that the number of free parameters of the model is quite large. Although, due to the

transition rule (2) the transition probability P (j|i, s, g,K) is 0 for many pairs (i, j) of

problem states, the nonzero probabilities still vary with both the size of Qg and that

of K. Both of them could be huge, therefore some simplifying assumptions are needed.

In this section a plausible assumption is considered. The dependence of the tran-

sition probabilities P (j|i, s, g,K) on the knowledge states K ∈ K is modeled in a way

that resembles the one that in the BLIM leads to careless error and lucky guess prob-

abilities. The mechanism is based on the observation that, in the goal space P every

transition from a state s ∈ S can be marked as either ‘correct’ or ‘incorrect’. In par-

ticular, all transitions from s to a state that communicates with the goal state g are

marked ‘correct’, whereas all the transitions leading to f are marked ‘incorrect’. It

should be noted that, for properties (GS1) and (GS2) of a goal space, the transitions

marked ‘incorrect’ are precisely those from s to the failure state f . This is because

such problem state is the only one having no access to g.

For every ordered pair of adjacent problem states (i, j) ∈ E, let βij and ηij be

constants in the open interval (0, 1) such that

∑
j∈E(i)

βij =
∑
j∈E(i)

ηij = 1.

The assumption is as follows.

(MSP) For every problem (s, g) ∈ Q, every pair (i, j) ∈ E and every knowledge state
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K ∈ K,

P (j|i, s,K) =


βij if (s, g) ∈ K,

ηij if (s, g) ∈ Q \K.

According to Assumption (MSP), if the transition probability from one problem state

i to another problem state j is greater than zero then it is either βij or ηij, depending

on whether the problem (s, g) belongs or does not belong to the knowledge state K of

the problem solver. That is, given g, whether the probability of a transition from i to

j is a βij or an ηij only depends on the starting state s of the problem to be solved.

In particular, if i is any transient and nontrivial problem state (i.e., i ∈ S \ {f, g} and

f ∈ E(i)) then, the parameter βif is the probability that an individual who knows at

least one of the solution paths of (s, g) performs an incorrect operation in state i (a

kind of careless error). On the other side, for j ∈ E(i) \ {f}, the parameter ηij is the

probability that an individual who does not know any of the solution paths for (s, g)

performs a correct operation in state i (a kind of guessing).

It follows from the Markov property, and from (MSP) that (let K̄ denote the com-

plement Q \K)

P (Js,g|K) =


∏

(i,j)∈E β
Js,g(i,j)
ij if (s, g) ∈ K∏

(i,j)∈E η
Js,g(i,j)
ij if (s, g) ∈ K̄.

Therefore, under (MSP1) one obtains the model:

P (J |K) =
∏

(i,j)∈E

 ∏
(s,g)∈K

β
Js,g(i,j)
ij

 ∏
(s,g)∈K̄

η
Js,g(i,j)
ij

 . (3)

The parameters of the MSPM can be estimated by maximum likelihood via an

adaptation of the expectation-maximization (EM) algorithm (see Section 9).
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5 Simulation study

In this section, a simulation study is presented that was aimed at testing the parameter

recovery of the Markov solution process model (MSPM) presented in Section 4. To this

aim, the framework of the Tower of London (ToL) test has been chosen as an example

of the application of the approach.

The ToL is a well-known test for the assessment of planning ability in both clinical

and non-clinical populations (Berg & Byrd, 2002). It was developed by Shallice (1982)

to assess deficits of planning in patients with lesions of the frontal lobe. A single

problem state of the ToL consists of a horizontal wood bar on which three equally

spaced pegs are mounted. The pegs have different heights. Three balls of different

colors can be moved, one by one, from one peg to another. Starting from an initial

configuration, called initial state, the subject must achieve a given configuration, called

goal state. Thus, the subject must plan and execute a sequence of moves until a given

goal state is achieved. The task is correctly performed if the goal state is obtained with

a minimum number of moves. A single ToL problem consists of a pair (s, g) of states,

where s is the initial state and g is the goal state.

The problem space of the ToL (Newell et al., 1972) is well-known and consists in

the 6×6 = 36 different problem states displayed in Figure 4. They are obtained as the

Cartesian product of six different spatial arrangements of the balls times six different

permutations of three colors. Figure 4 contains a matrix of all possible problem states

of the ToL. Each problem state is labeled by a pair of numbers corresponding to its

row and column in the matrix. For instance, problem state 31 corresponds to the

configuration in row 3 and column 1.

INCLUDE FIGURE 4 ABOUT HERE
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5.1 Goal spaces of the Tower of London test

The goal space considered in this study was obtained by setting the problem state

31 depicted in Figure 4 as the goal state g. Since the problem solution is labelled as

“correct” only if it is obtained with a minimum number of moves, the goal space of

the ToL happens to be a shortest path space. The set of problems involved in any goal

space of the ToL would consist in 35 different problems (i.e., 36 different problem states

minus the goal state). Nevertheless, the trivial problems requiring only one move in

the solution process have been removed (no wrong responses are typically observed for

these problems in a non-clinical sample). For the selected goal state, there are in total

4 trivial problems. Thus, the domain Qg of the goal space Pg consisted in 35− 4 = 31

different problems and the goal space Pg consisted in 33 different problem states (i.e.,

31 plus the failure and the goal states).

The procedure described at the end of Section 2.2 was used for deriving a knowledge

space K from goal space Pg. Such knowledge space happened to have 242, 498 different

states. Since the aim of this simulation study was to test the parameter recovery of the

MSPM model in many different conditions, a smaller and more manageable knowledge

space was used. For this reason, the goal space Pg was split into two goal subspaces

P
(•)
g and P

(�)
g . The selection of these two subspaces followed three criteria: (1) the

only problem state that the two subspaces have in common is the goal state g; (2)

concerning the number of moves required for solving a problem, all numbers of moves

from 1 to 7 existing in the entire ToL problem space are represented in both subspaces;

(3) all the problem states in the goal subspaces are nontrivial. Only one problem state

was excluded from both subspaces, namely state 46, because was trivial. Figure 5

depicts the goal spaces Pg and the two selected subspaces.

23



INCLUDE FIGURE 5 ABOUT HERE

In the figure, black circles represent problem states in subspace P
(•)
g , whereas empty

boxes represent problem states in P
(�)
g . The goal state g is represented by a black box.

The gray circles represent problem states belonging to neither of the two subspaces.

Edges departing from these states (dotted lines in the figure) were removed. Subspace

P
(•)
g is composed of 12 problem states, plus the goal and the failure states. The total

number of transitions in P
(•)
g is 25, which turns out to be the number of edges in

Figure 5, plus one transition to the failure state for each of the 12 problem states.

Subspace P
(�)
g is composed of 13 problem states plus the goal and the failure states.

The total number of transitions in P
(�)
g is 28, namely the number of edges in Figure

5, plus one transition to the failure state from each of the 13 problem states. The

transition probabilities for the problem states that are one move away from the goal

state g (i.e., nodes 41, 51, 21, and 11) were not considered. Therefore, in the two

subspaces P
(•)
g and P

(�)
g , the number of transitions are respectively 23 and 26. The

two subspaces delineate, respectively, a knowledge space K(•) with 61 knowledge states

and a knowledge space K(�) with 90 knowledge states.

5.2 Simulation design and data set generation

Table 1 displays the six different conditions of the simulation design.

INCLUDE TABLE 1 ABOUT HERE

In all the six conditions, the data were generated under assumption (MSP), with the

aim of testing the parameter recovery of the MSPM. The “amount of error in the

data” (Column 2) and the sample size (Column 3) were manipulated. The former was

manipulated through the two types of the MSPM model’s parameters βij and ηij, in
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the following way. Two steps were performed. In the former step, for i ∈ Sg \ {f, g},

the probabilities βif were randomly drawn from a uniform distribution in the intervals

(0, .10], (0, .20], and (0, .30], while the ηif parameters from a uniform distribution in

the intervals (0, .70], (0, .80], and (0, .90]. Different intervals for βif and ηif have been

chosen in order to have small careless errors and lucky guesses. We recall, in fact, that

βif is interpreted as a careless error probability and, for j 6= f , ηij is interpreted as

lucky guess probability. In the second step, the probabilities βij and ηij, with i 6= j,

were generated at random from a uniform distribution in the interval (0, 1), and then

normalized to sum up to 1 − βif and 1 − ηif , respectively. In the whole, each of the

three values .10, .20, .30 represents the “maximum amount of error in the data”.

In each of the 6 different conditions, 500 samples were generated. In the whole, a

total number of 3 × 2 × 500 = 3,000 response patterns were simulated. The response

pattern J = {Jq : q ∈ Qg} of a subject is the collection of all the (jump matrices

derived from) sequences of moves made for solving each problem in the domain. In

each sequence (s0, s1, · · · , sn), with 1 ≤ n ≤ δ(s0, g), the solution to problem q is

correct if sn = g and it is incorrect if sn = f .

Figure 6 displays the flow chart of the algorithm developed for the generation of

each response pattern J of each simulated sample. The algorithm simulates a number

|Qg| of Markovian processes under assumption (MSP) of the model (the MATLAB

code of the algorithm is available upon request to the authors).

INCLUDE FIGURE 6 ABOUT HERE

The procedure starts with a random extraction of a knowledge state K from the knowl-

edge space K. The probability distribution πK that governs this extraction was gen-

erated in the following way: for each state, a random number was extracted from a
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uniform distribution in the (0, 1) interval and then such numbers were normalized to

sum up to 1. Then, a for loop starts in which a sequence of moves (s0, s1, . . . , sn)

is generated for each item in Qg. Each iteration of the loop starts by setting i = 0.

Then, a while loop starts that iterates until one of the two problem states f or g is

entered. At each iteration, the problem state si+1 is generated under the following rule:

If (s0, g) ∈ K, then the probability of the transition from si to si+1 is equal to βi,i+1; If

(s0, g) /∈ K then the probability of the transition from problem state si to si+1 is equal

to ηi,i+1. The procedure terminates when a whole sequence of moves is generated for

all the problems in the domain Qg.

5.3 Methods

The parameter recovery of a probabilistic model can be analyzed correctly only if all

of its parameters are identifiable. An informal way for testing the identifiability of

the parameters of the MSPM was performed in the following way: (i) The model was

estimated 50 times on the same sample (one of the simulated samples was used) using

different starting points of the parameter space, and (ii) The standard deviation of the

estimates that yield the largest and identical likelihoods was checked. If the parameters

are identifiable, the expectation is that their standard deviation is small. The same

informal test has been applied in Stefanutti, de Chiusole, Anselmi, and Spoto (2020).

Of course, the results obtained with this procedure should be taken as provisional, until

some formal test of (local) identifiability of the MSPM would become available. This

test was performed by using both the goal subspaces P
(•)
g and P

(�)
g .

In all conditions of the simulation design, the MSPM was applied to each of the 500

simulated samples by using both goal subspaces P
(•)
g and P

(�)
g described in Section 5.1,
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and the derived knowledge spaces K(•) and K(�). The parameter recovery of the model

was analyzed by computing the average bias of the estimates across the 500 simulated

samples.

Moreover, each simulated response pattern J of the first six conditions was trans-

formed in a dichotomous format (correct = 1, wrong = 0), by considering correct the

items for which the last move sn was equal to the goal state g. The BLIM was estimated

on this dichotomous version of the samples, by using the same set of problems Qg and

the same knowledge spaces K(•) and K(�) used for estimating the MSPM. The aim

was to test the BLIM’s capability of modeling the accuracy of the responses generated

under assumption (MSP). A comparison among the parameter estimates obtained by

the two models was performed.

The knowledge state probabilities estimated by the two models were directly com-

pared to one another. Whereas, the other parameters of the models, that is the βij

and ηij of the MSPM and the βq and ηq of the BLIM, could not be directly compared

to one another. In fact, the βij and the ηij parameters vary with the problem states,

whereas, the βq and ηq parameters vary with the problems (q, g), q ∈ Qg.

A re-parameterization of the βij and the ηij MSPM’s parameters can be applied so

that, for each problem q, a conditional probability of a careless error and a conditional

probability of a lucky guess are obtained. Let qπ = (q = s0, w0, s1, w1, · · · , wn−1, sn)

be the solution path of problem (q, g). Then, the probability of observing a wrong

response to the problem, given that (q, g) ∈ K, turns out to be

λq = 1−
∑

qπ∈τg(q)

βqπ, (4)

where

βqπ =
n−1∏
i=0

βsi,si+1
.
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Whereas, the probability of observing a correct response to problem (q, g), given that

(q, g) /∈ K, is

γq =
∑

qπ∈τg(q)

ηqπ, (5)

where

ηqπ =
n−1∏
i=0

ηsi,si+1
.

In this way, the λq and γq re-parameterizations of the MSPM parameters only vary

across problems, exactly like the βq and ηq parameters of the BLIM. The two sets of

parameters can be easily compared to one another. It should be observed that, while

the βq and ηq are free parameters of the BLIM model (i.e., they do not depend on the

values of other parameters of the model), the λq and γq are not free parameters of the

MSPM model. In particular, the former are less constrained than the latter.

The λq and γq re-parameterizations of the βij and ηij parameters used for generating

the data were compared with the re-parameterizations of the estimates obtained by the

MSPM and with the βq and ηq estimated by the BLIM. More in detail, the average

absolute bias ∆(λ) of the MSPM’s estimates was computed by

∆(λ) =

∑
q∈Qg
|λ̂q − λq|
|Qg|

.

In the case of the BLIM, the average absolute bias ∆(β) was computed exactly like

∆(λ) with the difference that λ̂q was replaced by β̂q. Similarly, the average absolute

bias ∆(γ) of the MSPM’s estimates was computed by

∆(γ) =

∑
q∈Qg
|γ̂q − γq|
|Qg|

.

In the case of the BLIM, the average absolute bias ∆(η) was computed by replacing γ̂q

with η̂q, in the equation above.
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5.4 Results

Concerning the identifiability, the negative log-likelihoods of the 50 fitted models were

very close to each other for both models (i.e., their values had a range from 1,414 to

1,415 for the former subspace and from 1,291 to 1,292 for the latter). The maximum

standard deviation of the parameter estimates was .139 for P
(•)
g and .031 for P

(�)
g .

Thus, the MSPM applied to the goal subspace P
(•)
g seems to be not identifiable. The

parameters for which a too high standard deviation was observed were η52,g, η52,f , η62,52

and η62,f . Instead, the MSPM applied to P
(�)
g seems identifiable. Apparently, there

seems to be no trivial explanation for this difference in identifiability between the two

models. Additional studies are needed for clarifying this.

Figure 7 displays the results on the average bias of the MSPM’s parameter estimates

for the P
(•)
g goal space, when sample size was 155 (Conditions 1 to 3). Panels to the

top refer to βij transition probabilities, whereas panels to the bottom to that of ηij.

In both cases, the 23 transition probabilities are along the vertical axis, whereas the

average bias of the estimates is along the horizontal axis. The solid line is for reference

and indicates equality between the estimated and the true parameter. Each column of

the figure refers to a different amount of error in the simulated data, that is .10, .20

and .30, going from the bottom to the top of the figure.

INCLUDE FIGURE 7 ABOUT HERE

Overall, it can be noted that as the amount of error in the data increases, the average

bias of the estimates also increases. In particular, when the maximum amount of error

is .30 (panels to the top) there are some parameters (e.g., β56,f , β36,f , β56,25, β36,26, η52,g

and η52,f ) that are biased, with an average value of the estimate quite far from the true

one. When the sample size increases to N = 1,500 (see Figure 8) the average bias of
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the estimates and their standard errors decrease a lot, irrespectively of the amount of

error in the data.

INCLUDE FIGURE 8 ABOUT HERE

Nevertheless, the standard errors of the estimates η̂52,g and η̂52,f , appear to be still too

large. Not surprisingly, these two parameters turned out to be not identifiable.

Figure 9 shows the knowledge state probability estimates obtained by the MSPM

(stars in the panels) and by the BLIM (circles in the panels), when the sample size is

155 (panels on the left) or 1,500 (panels on the right). Each row of the figure displays

the results obtained for a different amount of error in the data.

INCLUDE FIGURE 9 ABOUT HERE

The parameter recovery of the knowledge state probabilities estimated by using the

MSPM is quite good, with both sample sizes. The recovery of the BLIM is not as good

as that of the MSPM. Even in the condition of a small amount of error in the data

(last raw of the panels), the BLIM’s parameters are over- or under-estimated. This

result is not unexpected, since the MSPM accounts for more information in the data

than the BLIM.

Table 3 displays the average absolute biases ∆(γ) and ∆(λ) obtained by the MSPM

and those of ∆(β) and ∆(η) obtained by the BLIM. Concerning the BLIM, before

computing the average absolute biases of the estimates, the model identifiability was

checked by using the BLIMIT function (Stefanutti, Heller, Anselmi, & Robusto, 2012b).

Parameters β56,g, β36,g and η52,g were not identifiable. Thus, these parameters were

excluded from the computation of the average absolute biases of the BLIM’s estimates.

INCLUDE TABLE 3 ABOUT HERE
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The MSPM recovered parameters very precisely. The BLIM did not performed as well

as the MSPM. Nevertheless, under conditions of small amount of error in the data, the

bias of its estimates was negligible.

Similar results concerning the parameter recovery of the MSPM were obtained for

the P
(�)
g goal subspace, in all conditions of the simulation design.

6 Study 1: Modeling the ToL solution process

This study was aimed at testing the capability of the MSPM of predicting real data.

To this aim, the fit of the model was tested by using the knowledge spaces derived

from both the goal subspaces P
(�)
g and P

(•)
g described in Section 5.1.

Having available two different probabilistic models (i.e., the MSPM and the BLIM)

for the empirical validation of a knowledge space, a comparison between the two would

be interesting. However, a comparison by means of the standard model selection in-

dexes (e.g., AIC) between the MSPM and the BLIM is not possible. This is because

the BLIM is applied to dichotomous (correct/wrong) responses, whereas the MSPM

is applied to the sequence of moves that leads to a given response. Nonetheless, a

comparison between the MSPM and BLIM was performed on the parameter estimates.

6.1 Materials and participants

The data were collected by using a computerized version of the ToL which was devel-

oped in MATLAB by the authors. Before starting the test, participants filled a brief

questionnaire in order to check: (a) their previous experience with ToL test or with

the Tower of Hanoi (ToH); and (b) any visual deficits, such as color blindness. Only

an affirmative answer to this last question determined the exclusion from the sample.
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The 31 ToL problems described in Section 5.1 were administered to each participant

in a randomized order. After a detail description of the ToL task, participants were

given the following instructions: (a) solving the problems with a minimum number of

moves; (b) planning in advance; (c) being as fast as possible. Moreover, it was recalled

that some problems could be solved in more than one way.

For every problem, the computerized ToL recorded each move until the partici-

pant made an error or correctly solved the problem. Irrespectively of a correct or a

wrong answer to the problem, the participant was given a feedback. The feedback was:

“Unfortunately, the last move you made was incorrect” in case of a wrong answer,

or “Great! You got a solution in m moves, the minimum number of moves for this

problem” in case of a correct answer.

No time restrictions were imposed for the solution of the problems. Each participant

performed an initial practice trial, consisting of four problems whose goal state was

different from the one used for the actual test. Two of these trial problems could be

solved in two moves and the other two in three moves.

The number of participants was 156. Two participants were affected by color blind-

ness, therefore their data were not considered in the analysis. Thus, the final sample

size was 154. Seven participants had previous experience with ToL or ToH and the

76% of the sample were female.

6.2 Methods

With the aim of fitting the MSPM model to each of the two goal subspaces P
(�)
g and

P
(•)
g , each response pattern J was partitioned into a subset J (�) and a subset J (•).

Subset J (h), with h ∈ {�, •}, contained a jump matrix J
(h)
q for each problem q of goal
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subspace P
(h)
g . The collection of all the J (h) subsets is named Jh.

With the aim of fitting the BLIM, two additional data sets A1 and A2 were obtained

as follows. For each response pattern J
(h)
v and each problem, a corresponding dichoto-

mous response pattern R
(h)
v was obtained by collecting all and only those problems for

which the last move sn in the solution sequence was equal to the goal state g.

The goodness-of-fit of the BLIM and that of the MSPM were tested by the Pearson

Chi-square statistic. It is known that the approximation to the asymptotic distribution

of the Chi-square statistic lacks accuracy for large and sparse data matrix. Thus,

a parametric bootstrap procedure (Efron, 1979) over 1,000 replications was used to

compute the p-value of the Chi-square.

With the aim of comparing the parameters estimated by the two models, the βq

and the ηq parameters of the BLIM and the βij and the ηij parameters of the MSPM

cannot be directly compared (as explained in Section 5.3). However, a comparison

becomes possible if the two parameters λq and γq obtained for the MSPM are computed,

respectively, by Equations (4) and (5). These parameters can be directly compared with

the βq and ηq parameters of the BLIM.

6.3 Results

Concerning subspace P
(�)
g , the MSPM model obtained a strong rejection (bootstrapped

p-value < .0001). As for the BLIM, the bootstrapped p-value was .071 which, consid-

ering a first type error of α = .10, also leads to a rejection. The misfit on both the

BLIM and the MSPM could suggest that the assumptions underlying the MSPM and

the BLIM are too strong to fit this portion of the goal subspace. Another possible

explanation for the misfit is that the knowledge space K(�) is misspecified for the set
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of ToL problems here considered.

When the goal subspace was P
(•)
g , both the BLIM and the MSPM fitted the data

pretty well. In particular, the Chi-square bootstrapped p-value for the MSPM was

.421, whereas that of the BLIM was .310.

The BLIM and the MSPM obtained consistent results in terms of fit of the two

different goal subspaces considered so far.

A comparison between the parameters of the two models could provide further

insights. Figure 10 displays the probability distributions on the knowledge states esti-

mated by the two models for the domain Q
(•)
g .

INCLUDE FIGURE 10 ABOUT HERE

The probability mass of the knowledge state distribution estimated by the MSPM (dark

gray bars) and the BLIM (light gray bars) is concentrated on those knowledge states

having a larger cardinality. This was an expected result since the sample was composed

of participants belonging to a non-clinical population. However, the two distributions

are very different. Between the two, the one estimated by the MSPM is, more likely,

the most reliable. This is because the results of the simulations presented in Section

5.4 showed that the MSPM better recovered the knowledge state probabilities than the

BLIM, even with small samples (in this case N = 154).

Figure 11 displays the parameter estimates of the λ̂q and the β̂q on the upper panel

and those of the γ̂q and the η̂q on the bottom panels, when the domain was Q
(•)
g . The

error bars refer to the estimated standard errors.

INCLUDE FIGURE 11 ABOUT HERE

The careless error β̂q and the lucky guess η̂q probabilities estimated by the BLIM are

rather different from the λ̂q and γ̂q estimated by the MSPM. In average, the careless
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errors are greater for the MSPM, whereas the lucky guesses are greater for the BLIM.

Moreover, the estimated standard error of the lucky guesses of problems 52, g, 62, g,

42, g and 65, g is quite large for both models. This last result could be the mere effect

of a lack of information in the sample, since few wrong responses occurred for these

problems (they are all solved in two or three moves).

6.4 Discussion

The results of this study show that both the MSPM and the BLIM can be applied

for validating knowledge spaces derived from a goal space. In terms of fit, the models

provide consistent results. However, they account for different types of information

in the data. In particular, the MSPM uses the information from both the accuracy

of the responses and the observable solution process, whereas the BLIM only uses

the accuracy. This may be the main reason for the differences between the estimated

parameters of the two models.

Neither the BLIM nor the MSPM were capable of fitting the knowledge space

K(�) derived from the goal subspace P
(�)
g . A further investigation could be useful for

identifying the nature of the misfit. In particular, Assumption (MSP) considers as βij

(respectively, ηij) all the transition probabilities in a solution process if the problem

belongs (resp., does not belong) to the knowledge state. This assumption could be too

restrictive for modeling the solution process in this portion of the ToL problem space.

However, this analysis is beyond the aims of this study.
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7 Study 2: Is number of moves a predictor of prob-

lem difficulty?

In the literature, it is well established that different characteristics of a ToL problem

other than the number of moves affect its difficulty. Some of these characteristics are:

(i) the number of alternative solution paths of the problem; (ii) the start (or the goal)

spacial arrangement of the balls on the pegs (named the “start hierarchy” and the “goal

hierarchy”); (iii) the number of edges departing from a problem state (named “number

of move choices”) (e.g, Berg, Byrd, McNamara, & Case, 2010; Kaller, Unterrainer,

Rahm, & Halsband, 2004; Kaller, Rahm, Köstering, & Unterrainer, 2011; McKinlay et

al., 2008; Newman & Pittman, 2007).

An extensive experiment in which it is possible to manipulate these characteristics

one at the time, fixing the others could be very hard, for different reasons. Probably,

one of the most important reasons is that the number of problems that would have to

be administered to each participant is huge, leading to noisy data (e.g., due to learning

and/or fatigue effects).

Thus, in this study, a different approach has been used for testing the effect of

the number of moves on the difficulty of the problems. Considering any problem

(q, g), q ∈ Qg having exactly one solution path qπ, it is always possible to define a

new problem subspace consisting of exactly that solution path. As a consequence: (a)

the subspace is a shortest path space; (b) all the problem states in the subspace are

along the same solution path; and (c) all of the problems of the subspace have only

one solution path. The problems belonging to such goal subspace are linearly ordered

from the one requiring the smallest number of moves to the one requiring the largest

number of moves. Let ≺ denote such linear order. We call such goal subspace a linearly
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ordered goal space. The aim of this study is to test the following hypothesis: as the

number of moves of the problems belonging to a linearly ordered goal space increases,

the difficulty of the problems also increases. The materials and the participants used

in this study are the same of those used in Study 1 (see Section 6.1).

7.1 Methods

A subset of problems was selected in each of the two subspaces P
(�)
g and P

(•)
g . In each

of them, it was possible to select a certain number of linearly ordered goal subspaces.

The one having the largest number of problem states was chosen. In P
(�)
g , the set of

selected problem states was S
(�)
order = {g, 41, 64, 54, 23, 33, 43, 66} whereas, in P

(•)
g , it

was S
(•)
order = {g, 21, 52, 62, 45, 35, 25, 56}. The former linearly ordered goal subspace is

named P
(�)
order, and the latter is named P

(•)
order. The selection of these two goal subspaces

gave rise to two distinct subsets of problems Q
(�)
order ⊂ Qg and Q

(•)
order ⊂ Qg, each of

which is linearly ordered. The linear order (Q
(�)
order,≺) of the problems obtained from

the subset S
(�)
order is

(64, g) ≺ (54, g) ≺ (23, g) ≺ (33, g) ≺ (43, g) ≺ (66, g).

The linear order (Q
(•)
order,≺) of the problems obtained from the subset S

(•)
order is

(52, g) ≺ (62, g) ≺ (45, g) ≺ (35, g) ≺ (25, g) ≺ (56, g).

An ordinal knowledge space was obtained for each of the two linear orders. Let K(�)
order

and K(•)
order denote such spaces.

The data set J (�)
order contains the response patterns for the problems in Q

(�)
order and

J (•)
order contains the response patterns of the problems of Q

(•)
order. The MSPM based on

K(�)
order was fitted to J (�)

order, and the MSPM based on K(•)
order was fitted to J (•)

order. As in
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the previous study, the goodness-of-fit of the model was tested by the Pearson Chi-

square statistic, whose p-value has been computed via parametric bootstrap procedure

over 1,000 replications.

Like in Study 1, two dichotomous data sets A(�)
order and A(•)

order were obtained from

J (�)
order andJ (•)

order, respectively. These data sets were used for carrying out an “order

violation” analysis. Let q, t ∈ Q
(h)
order, with h ∈ {�, •}, and let A ∈ A(h)

order be an

accuracy pattern. A violation v occurs whenever (q, g) ≺ (t, g), (t, g) ∈ A and (q, g) /∈

A. The total number of violations observed in A(h)
order for the two problems (q, g), (t, g)

is thus

vq,t = |{A ∈ A(h)
order : (t, g) ∈ A, (q, g) /∈ A}|.

The proportion of violations occurred in the sample for the pair (q, g), (t, g) of problems

(i.e., vq,t/N , where N is the sample size) was computed for both linearly ordered sets

(Q
(�)
order,≺) and (Q

(•)
order,≺). The identifiability of the MSPM based on P

(�)
order and P

(•)
order

was checked through the method described in Section 5.3.

7.2 Results

The identifiability test did not detect any problem. The negative log-likelihoods of the

fitted models were very close to each other (i.e., the absolute difference between the

minimum and the maximum was 1×10−3 for both.) Moreover, the maximum standard

deviation of the estimates was .003 for P
(•)
order and .048 for P

(�)
order.

Concerning the goodness-of-fit of the MSPM applied to the two linearly ordered

goal subspace P
(�)
order and P

(•)
order, a bootstrapped p-value less than .0001 was obtained

for the former and a bootstrapped p-value of .20 was obtained for the latter. These

results are consistent with those obtained in Study 1.
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Tables 4 and 5 display the results concerning the proportion of violations observed

for each of the two linearly ordered goal subspaces P
(�)
order and P

(•)
order.

[INCLUDE TABLE 4 HERE]

[INCLUDE TABLE 5 HERE]

Table 4 is read as follows. Given a problem r listed in the first column and a prob-

lem c listed in the first row, if c ≺ r in the linear order (Q
(h)
order,≺), the proportion

vc,r of violations observed in the sample is displayed in the cell at the cross of r with

c. For example, a proportion of .03 participants that correctly solved problem (54, g)

failed problem (64, g). This is a violation because (64, g) ≺ (54, g) in the linear order

(Q
(�)
order,≺). Similarly, a proportion of .07 participants that correctly solved prob-

lem (33, g) failed problem (23, g). This is also a violation of the linear order because

(23, g) ≺ (33, g). Along the first row (column), the problems are ordered according to

(Q
(�)
order,≺). Table 5 is read in the same way.

It can be seen in both tables that, for any two problems, the proportion of violations

is monotone decreasing in the number of moves separating them along the linear order.

For instance, problems (45, g) and (35, g) are separated by 1 move and, in Table 5, the

proportion of violations for these two problems is .10. On the other side, there are two

moves in between (45, g) and (25, g), and the proportion of violations for these two

problems is .05.

In general, given three problems a, b, c ∈ Q
(h)
order for which a ≺ b ≺ c the pro-

portion of violations respects the rule va,c ≤ min(va,b, vb,c). For example, the pro-

portion of violations between problems (54, g) and (23, g) is v54,23 = .05, and the

proportion of violations between problem (23, g) and (33, g) is v23,33 = .07. Thus,
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v54,33 ≤ min(v54,23, v23,33). In fact, v54,33 = .03. A check for the whole possible triples

in the tables is left to the reader.

7.3 Discussion

This study provides empirical evidence for supporting the hypothesis that in a linearly

ordered goal subspace the difficulty of the problems monotonically increases with the

number of moves. Both the fit of the linear order and the analysis of violations in

the linearly ordered goal subspace P
(•)
order are consistent with the hypothesis. However,

the linearly ordered goal subspace P
(�)
order does not fit the data. A possible explanation

for this lack of fit, is that the proportion of violations in P
(�)
order is larger than that in

P
(•)
order. Moreover, the violations tend to persist in P

(�)
order even in comparisons of long

problems with short ones. For instance, in Q
(�)
g , the proportion of violations between

the two-moves problem (64, g) and the six-moves problem (43, g) is .01. Whereas,

in Q
(•)
g , the proportion of violations between the two-moves problem (52, g) and the

six-moves problem (25, g) is 0.

A possible explanation for this incongruity between the two linear ordered goal

sub-spaces can be due to different causes. For example, it can be a results of fa-

tigue/learning effects in this sample, or to particular characteristic of P
(�)
order such that

the inclusion relation does not correctly represent the order of difficulty on the prob-

lems. Moreover, the problem characteristics described in points (i), (ii), and (iii) listed

at the beginning of Section 7 could have an effect on the difficulties of the problems

themselves. Concerning point (i), that is the number of alternative solution paths, any

effect should be excluded because, by construction, goal subspaces P
(�)
order and P

(•)
order

contain exactly one solution path for each problem. Point (ii) is about start and goal
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hierarchies. However, eventual effects may only be detected for start hierarchy, be-

cause the goal is fixed. Concerning the start hierarchy and the number of move choices

(point (iii)) further studies could be planned for testing their effect on the problem

difficulty. If these characteristics have any important effect on problem difficulty, the

problem sub-problem relation on which the tested knowledge spaces are based could

be invalidated.

8 General Discussion

Stefanutti (2019) recently developed a procedure for deriving a learning space (i.e.,

well-graded knowledge spaces) from a problem space. This approach makes available

a deterministic model of how subjects can be partially ordered, in a given population,

on the basis of their performances to a problem solving task. This deterministic model

is built not only on the accuracy of the responses to the problems but, mostly, on the

sequence of moves that a solver made for solving a problem.

Nevertheless, the problem space itself does not provide any explicit information

about the eventual “correctness” of the actions undertaken by an individual, while she

is attempting to solve a specific problem.

In view of classifying each move of the solver as “correct–so–far” or “incorrect”,

one or more “goal states” g have to be established. So that, whatever problem state a

problem solver encounters at step n, it is always clear that the objective of the solution

process is g. In the research presented here, the definition of a goal space Pg has been

introduced. A goal space Pg is a problem space in which at least one goal state and

one failure state exist. Moreover, any problem state can reach some goal state in a

finite number of moves. The algorithm derived by Stefanutti (2019) can still be used
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for deriving the knowledge space Kg corresponding to a goal space.

In order to empirically validate the knowledge space Kg derived from a goal space

and to make predictions on the transitions among the problem states belonging to Pg,

a Markov model of the solution process of a problem solving task has been developed.

It consists in a latent class Markov model, called MSPM (i.e., Markov solution process

model), in which the knowledge states are the latent classes and two different sets of

transition probabilities are assumed. One of them is conditional to the belonging of a

problem to the knowledge state (i.e., the problem solver is able to plan at least one of

the problem’s solution paths) and the other one is conditional to the non belonging of

a problem to the knowledge state (i.e., the problem solver is not able to plan any of

the problem’s solution paths). An expectation-maximization algorithm for obtaining

maximum likelihood estimates of these two sets of transition probabilities and of the

knowledge state probabilities have been developed.

The Tower of London (ToL) test has been chosen as the problem-solving task on

which to test the model. In particular, by using two different goal subspaces selected

from the original problem space of the ToL, the model was tested in both a simulation

study and an empirical application. The goodness of the parameter recovery of the

model has been tested in the simulations and the capability of the model of predict-

ing real data has been tested in the empirical application. In both cases, the model

performed adequately. Moreover, a comparison between the estimates obtained by the

BLIM with those obtained by the MSPM has revealed that despite the BLIM is able of

reproducing the item error probabilities quite well, the knowledge states probabilities

are estimated with less accuracy. This result is coherent with the fact that the BLIM

uses less information in the data than the MSPM.

Perhaps, the most important limitation of the proposed model is that, without
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simplifying assumptions, the number of parameters is definitely too large for any rea-

sonable sample size. In fact, with no restrictions, each transition probability would

depend in a nontrivial way on both the knowledge state of the problem solver and

the problem to be solved. For instance, in the application described in Section 5.1,

with no restrictions, the number of free parameters in the model would turn out to be

|Qg| × |K| × (|E| − |S|) + |K| − 1 = 2.7× 108.

Assumption (MSP) simplifies the model enough in a reasonable way. However,

in some circumstances it could be not realistic. For instance, suppose that K is a

knowledge state containing (t, g) but not (s, g), and that a problem solver in state K is

facing problem (s, g). This last is solved in two moves: one from s to t, and the second

from t to g. Since (s, g) /∈ K, (MSP) predicts that both transition probabilities from

s to t and from t to g are guessing probabilities. This holds in spite of the fact that

(t, g) belongs to K. Alternative simplifying assumptions could be elaborated in future

developments of the model.

At least two issues should be explored in future works. First, the development of an

adaptive procedure based on the MSPM for administering the problems is desirable.

Such an adaptive procedure could update the likelihood function of the model by taking

into account the whole solution path made by a problem solver instead of using only the

correct or wrong answers to the problems (like in the case of the traditional adaptive

assessments). The result will be a more efficient assessment since more information is

exploited for performing it. At the same time, having available an adapting procedure

for administering the problems, tests with a greater number of problems can be built,

without the loss of reliability of the data due to fatigue effect.

The other issue that should deserve attention regards the application of the ap-

proach proposed here to other problem-solving tasks that are used for the assessment
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of cognitive skills. Some examples are the Mental rotation test, the Tower of Hanoi,

and, in general, all the logical-mathematical tests where each problem must be solved

through the application of a sequence of rules or operations.

Another field in which the approach could be applied is that of the educational

games. Educational games can be used at almost all school levels for facilitating and

maximizing learning. Typically, they are structured in a way in which students might

solve a sequence of rule-based problems of increasing difficulty. Albert, Hockemeyer,

Kickmeier-Rust, Peirce, and Conlan (2007) and Kickmeier-Rust and Albert (2010) ex-

plored this possibility in previous works, by using the concept of “microadaptivity”. It

is an approach that enables an educational game to intelligently monitor and interpret

the learner’s behavior in the game’s virtual world in a non-invasive manner. On this

basis, microadaptivity enables interventions, support, guidance or feedback in a mean-

ingful, personalized way that is embedded in the game’s flow. Such type of architecture

could be based on a problem space, in which the sequences of rule-based problems are

well organized and linked to one other.

Thus, it seems that PKST provides the theoretical framework for several types of

applications in the area of both cognitive psychology and education.
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9 Appendix: Parameter estimation of the MSPM

The parameters of the MSPM can be estimated by maximum likelihood via an adap-

tation of the expectation-maximization (EM) algorithm. The observed data set is a

collection of N > 0 response patterns J = {J1, J2, . . . , JN}. Each response pattern

Jv, v = 1, 2, . . . , N is a collection of jump matrices Jvsg produced by problem solver

v in attempting to solve the problems (s, g) ∈ Q. The “complete” (though partially

observable) data set is a collection of pairs (Jv, Kv), where Jv and Kv are, respectively,

the observed response pattern and the latent knowledge state of problem solver v. Let

θ̂m denote the vector of the model parameter estimates obtained at step m ≥ 0 of the

EM algorithm (such vector comprises the estimated values of all the βij and ηij pa-

rameters, as well as the probabilities of the knowledge states). In each step m, the EM

algorithm improves the estimate θ̂m by maximizing an expected value of the so-called

“complete (log)likelihood” of the model. It is convenient to have available the following

definitions. For K ∈ K define the matrix sums

JvK =
∑
q∈K

Jvq, JvK̄ =
∑
q∈Q\K

Jvq.

Moreover, for i ∈ Sg, let

JvK(i) =
∑

j∈Eg(i)

JvK(i, j), JvK̄(i) =
∑

j∈Eg(i)

JvK̄(i, j).
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Finally, for i ∈ Sg define the two collections:

Ki = {K ∈ K : i ∈ K},

and K̄i = K \ Ki. The complete log-likelihood has form

L =
N∑
v=1

lnP (Jv|Kv)πKv .

The conditional expectation of L, given the observed data set J and the parameter

estimate θ̂m is

E(L | J , θ̂m) = E

(
N∑
v=1

lnP (Jv|Kv)πKv | J , θ̂m

)

=
N∑
v=1

∑
K∈K

P (K|Jv, θ̂m) lnP (Jv|K)πK

where

P (K|Jv, θ̂m) =
P (Jv|K, θ̂m)π̂

(m)
K∑

K′∈K P (Jv|K ′, θ̂m)π̂
(m)
K′

is the posterior probability of K ∈ K given response pattern Jv and the parameter

estimate θ̂m obtained at step m by an application of Bayes theorem, and P (Jv|K, θ̂m)

is obtained by an application of Equation (3) to θ̂m.

Only the final formulas for the improvement of the maximum likelihood estimates

at each iteration m + 1 of the EM algorithm are given. Their derivation follows a

line of reasonong that is analogous to that used for the application of the EM to the

estimation of the parameters of the BLIM. The updating equation for the maximum

likelihood estimate of the probability of a knowledge state K ∈ K at step m+ 1 of the

EM algorithm turns out to be

π̂
(m+1)
K =

1

N

N∑
v=1

P (K|Jv, θ̂m).
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The formulas for the update of the maximum likelihood estimates of the βij and ηij

probabilities at step m+ 1 of the EM are:

β̂
(m+1)
ij =

∑N
v=1

∑
K∈K JvK(i, j)P (K|Jv, θ̂m)∑N

v=1

∑
K∈K JvK(i)P (K|Jv, θ̂m)

and

η̂
(m+1)
ij =

∑N
v=1

∑
K∈K JvK̄(i, j)P (K|Jv, θ̂m)∑N

v=1

∑
K∈K JvK̄(i)P (K|Jv, θ̂m)

.
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Table 1: Design of the simulation study used for generating the data. Column one

displays the condition number, Column two displays the maximum amount of error

used for generating the data and Column three displays the sample size.

Cond. Error N

1 .10 155

2 .20 155

3 .30 155

4 .10 1,500

5 .20 1,500

6 .30 1,500
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Table 2: Average and maximum standard errors of the MSPM’s parameter estimates

in the first six conditions of the simulation study.

Cond. Error N σ̂πK max(σ̂πK ) σ̂βij max(σ̂βij) σ̂ηij max(σ̂ηij)

1 .10 155 .0047 .0074 .0241 .0856 .0543 .1348

2 .20 155 .0051 .0079 .0348 .0840 .0470 .1678

3 .30 155 .0056 .0094 .0498 .1254 .0357 .1822

4 .10 1500 .0014 .0023 .0071 .0228 .0096 .0441

5 .20 1500 .0018 .0033 .0103 .0276 .0129 .0552

6 .30 1500 .0023 .0046 .0143 .0457 .0150 .0665

54



Table 3: Results obtained in the simulation study concerning the average absolute

biases ∆(λ) and ∆(γ) of the MSPM’s estimates (rows 3 and 4) and of the average

absolute biases ∆(β) and ∆(η) of the BLIM’s estimates (rows 5 and 6). Columns 2

to 4 refer to the first three conditions of the simulation design, when the sample size

was N = 155 and the maximum amount of error in the data was .10, .20 and .30,

respectively. Whereas Columns 5 to 7 refer to conditions 4 to 6, when the sample size

was N = 1, 500 and the maximum amount of error in the data was .10, .20 and .30,

respectively.

N = 155 N = 1, 500

.10 .20 .30 .10 .20 .30

∆(λ) .0062 .0035 .0242 .0019 .0022 .0065

∆(γ) .0095 .0073 .0223 .0092 .0016 .0104

∆(β) .0263 .0416 .1095 .0038 .0055 .0173

∆(η) .0135 .0158 .0267 .0066 .0075 .0129
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Table 4: Proportion of the violations vqr observed in the sample for problems q in

Q
(�)
order. Problems in the column c are in the relation ≺ with problems in the row r.

(64, g) (54, g) (23, g) (33, g) (43, g)

(54, g) .03

(23, g) .03 .05

(33, g) .01 .03 .07

(43, g) .01 .02 .03 .11

(66, g) .00 .01 .03 .04 .06
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Table 5: Proportion of the violations vqr observed in the sample for problems q in

Q
(•)
order. The problems in the column c are in the relation ≺ with the problems in the

row r.

(52, g) (62, g) (45, g) (35, g) (25, g)

(62, g) .02

(45, g) .02 .02

(35, g) .01 .01 .10

(25, g) .00 .00 .05 .09

(56, g) .00 .00 .01 .03 .05
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s7

g

s1

s2

s3

s4

s5

s6

s7

g

Figure 1: The digraph of a problem space (upper diagram) and that of the goal space

derived from it (lower diagram) once problem state g is set to be the goal state. Labels

for operations are omitted in both digraphs. In the upper diagram, every bidirectional

edge connecting two states s and t is in place of a couple of directed edges of the form

(s, ω, t) and (t, ω′, s).
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q1

q2

q3

q4
g

ω1

ω2

ω3

ω4

ω5

Figure 2: A simple SP space on a set of 4 problem states, a goal state g and a failure

state (grayed circle).

q4ω5

q3ω4ω5 q2ω3ω5

q1ω1ω3ω5q1ω2ω4ω5

Figure 3: Hasse diagram of the partially ordered set of solution paths for the goal space

of Figure 2.
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Figure 4: The 6 × 6 = 36 different problem states of the Tower of London test. The

six different spatial arrangements of the balls vary across columns and the six different

permutations of three colors vary across rows.
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Figure 5: The three goal spaces Pg, P
(�)
g and P

(•)
g used in both the simulation and the

empirical application studies. It is recalled that both goal subspaces are shortest paths

spaces.
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extraction of K

with probability πK

k = 1

i = 0

(s0, g) ∈ K

extraction of

si+1 under βi,i+1
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si+1 under ηi,i+1

si+1 ∈ {f, g} i = i + 1

k = k + 1 k < |Qg| exit

yes
no

no

yes
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Figure 6: Algorithm used for the generation of each simulated response pattern. See

text for the details.
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Figure 7: Parameter recovery of the βij (top panels) and ηij (bottom panels) parameters

of the MSPM in the first three conditions of the simulation design. Panels from the

left to the right display the average absolute bias when the amount of error in the data

is .10, .20 or .30, respectively. These results refer to the goal subspace is P
(•)
g .63
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Figure 8: Parameter recovery of the MSPM’s βij (top panels) and ηij (bottom panels)

in conditions 4 to 6 of the simulation design, when sample size is N = 1, 500 and the

amount of error in the data is .10, .20 or .30 (panels from the left to the right) and the

goal subspace is P
(•)
g . 64
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Figure 9: Recovery of the knowledge states probabilities of the MSPM (stars in the

panels) and of the BLIM (circles in the panels), when sample size is N = 155 (left

panels) or N = 1, 500 (right panels) and the amount of error in the data is .10, .20 or

.30 (panels from the bottom to the top). The results here displayed refer to the goal

subspace P
(•)
g .
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Figure 10: Knowledge states probability distribution estimated by the BLIM (light

gray) and by the MSPM (dark gray) for the domain Q
(•)
g . Only the knowledge states

with estimated probability greater than zero in at least one of the two models are

shown in the diagram. Each of the bars refers to a single knowledge state, where every

problem (s, g) is denoted by only s.
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Figure 11: Comparison between the β̂q and η̂q parameters estimated by the BLIM

(light gray) with the λ̂q and γ̂q estimated by the MSPM (dark gray) for the domain

Q
(•)
g . Error bars display the parameter standard errors estimated via bootstrap. The

dashed line is for reference.
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