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Abstract

In attempts to speed-up computer arithmetic, many researchers have investigated
the arithmetic properties and practical implementations of non-weighted, residue
number systems (RNS). However, RNS ‘s are not successful in those applications,
such as division and magnitude comparison, where the result cannot be derived
from a separate consideration of operand digits.

In this paper, a class of hybrid number systems, namely, residue number
systems with magnitude index (RNS with MI), have been considered under a more
general formulation than that previously known. In these systems, numerical
information is split into two separate parts, which are given a residue and a
weighted representation, respectively. The arithmetic properties of such systems
have been investigated in depth and it has been shown that these systems are
suitable for fast, general purpose, arithmetic implementations.

Index Terms
Computer Arithmetic, Hybrid Number Systems, Magnitude Index, Number
Representation, Residue Number Systems, Weighted Number Systems
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1 - INTRODUCTION

Since the beginnings of computer science, the ultimate goal of most researchers
working in this area has been ever faster information processing. However, in the
field of numerical information, conventional weighted number systems soon
revealed their limits which are mainly constituded by the mutual dependence of

digits.

Efforts to overcome such limits led several authors to reconsider Residue
Number Systems ([1], [2], [3]) because of the independence of their digits in
representing numbers and in arithmetic operations such as addition, subtraction and
multiplication. This independence, together with the possibility of performing
modular computations by using table look-up techniques, has stimulated a much
research work and has led to many significant designs of digital processors.[4-17].

It was immediately apparent that the needs of Digital Signal Processing arithmetic
were almost completely satisfied by processing units constructed in RNS*‘s [18-20]
and many RNS-based, digital processors have been successfully designed for
digital filtering and FFT implementations, i.e., for applications involving addition,
subtraction and multiplication with results expected within a predetermined range.

The advent of VLSI technology and the consequent demand for modular and
regular designs has further evidenced the importance of these systems [21-25];
indeed their implementation can easily take advantage of results obtained for
conventional binary logic [26].

However, RNS‘s have been found lacking, in part or completely, in all those
applications, such as division and magnitude comparison, in which the results
cannot be derived from an independent processing action of operand digits or
whenever overflow detection is mandatory to ensure the correctness of the result.
In these cases, lengthy intermodular operations, equivalent to a number system
CONVErsion process, are necessary.

The principal reason which has led us to investigate hybrid number systems has
been the observation that weighted and residue systems may be considered as
extreme solutions to the general problem of representing and processing numerical



information. Is it possible to find intermediate solutions suitable for fast, general
arithmetic ?

This paper is an attempt to answer the above question by taking advantage of the
modular properties of residue systems without completely releasing the explicit
knowledge of number magnitude of weighted systems. For this purpose, a class of
hybrid number systems, i.e., Residue Number Systems with Magnitude Index
[27], [28], has been reconsidered under a more general formulation and its
arithmetic properties have been carefully investigated.

The most significant results which have been derived for these systems can be
summarized as follows:

i) modular addition and multiplication are possible provided that certain simple
conditions are satisfied and results which fall outside the original notation are
accepted;

ii) the scaling of numbers by a product of radices of the system has been studied
for the most general case and exhibits a complexity which is intermediate between
that of residue and weighted systems;

iii) general division is possible and should result in a rather fast procedure as it is
seen that the quotient of dividing two integers is, in most cases, exclusively
dependent on the weighted parts of the representations of operands.

Finally, it should be noted that architectural aspects of RNS with MI
implementations have been intentionally omitted in this paper for the sake of
simplicity; however, many simple solutions have been suggested or may be easily
inferred from arithmetic results.




2 - THE REPRESENTATION OF NUMBERS

Given an integer X, there are several ways which can be devised for its
representation, each corresponding to the definition of a particular number system.

In general, a number systemu is defined whenever:

i) an ordered set of positive integers {my, my, .... , My} (the radices of the system)
is given and

ii) there exists a correspondence law uniquely relating any integer X to the set of
digits {xi, X3, ... , Xp} of its representation, i.e., x;=f(X,m;,my, ...,my), i=1,2,....,n
and, in general, 0<x;<m;.

A number system is said to be non redundant if the number of different integers

which can be represented in this system coincides with the product M = I'I?zlmi .

There are two basic classes of correspondence laws relating integers to the digits of
their representations: a sequential law (weighted number systems) and a parallel or one-
step law (residue number systems).

To clarify the above assex. on, let us recall that any number system, which allows
arbitrary integers to be represented by means of sequences of a finite number of
symbols, is derived from the application of the following identity :

-
X——MLMJ-HXH, (1)

holding for any X. In this identity, W is a positive integer, X1, is the residue of X

modulo p, i.e., the least non-negative remainder of dividing X by p and F—:—J
represents the greatest integer not exceeding %— .

The process of defining a number system by using identity (1) will be reconsidered
in the following and an interesting extension of conventional systems will be
investigated in depth.

2.1 - WEIGHTED NUMBER SYSTEMS




The class of weighted number systems originates from a sequence of repeated
applications of identity (1). In fact, supposing that an integer X and a set {m;, my, ....
, My} of radices are given and letting i= my; in identity (1), we obtain:

X = m‘lgl_(fj + X,

and, assuming X1 = [Xl,, as the first, radix-m; , digit of X:

x=m) X |+ x, (1)

where x; has a weight 1 and 0 <x; <m;y.

Letting Xlﬁ% J and applying again identity (1), with U=mj;:

X
Xy=my [fﬁﬂ * Bl = m{m—f—%}—j Xl

the second, radix-m, , digit of X:

x2 = Xilp,

is obtained. Combining equalities (1) and (1') gives:

X:mlmzl-fﬁ;)%ﬁzJ'f’szl"‘xl (1")
and it is seen that x; has a weight m; with 0 < x <mjy.
This procedure can be iterated and, in general, the i.th digit, of weight

i-1

P; =11, _, my
can be derived as:

x=|%—1’ Sx
i i-1 m; n;—l my
=1

0
i=1,2,..,n ,Xg=Xand IT_;mg=1

@)

mj

It is worth noting that the representation of X is consistent, i.e., X is representable
in the given system, if and only if




xnmixn'ljw

mn
or, equivalently, iff X< M.

Example 1.

Suppose that a set of radices mj; =7, my = 10, m3= 12 and my = 19 is given
and the number X = 593 is to be represented in the weighted system. First, observe that
X is consistently representable as 593<mj maymzmy = 15,960. The digits of the
representation, as evaluated from equality (2) are:

Xy =1le1= ‘593‘7=5

X2= %ﬁz—”m; lli—gijlw: 4

*3= mi(mzﬂ,n; ‘[57903“12 =3

— X 15931 _
¥a= hmzmzmsﬂ,,,[ 1L940“19 =0

Conversely, consider the representation {xi, .... , Xp} of an integer X. It can
immediately be seen from (1%, (1") and (2) that the relation between X and the digits of
its representation takes the form:

n i-1

X = Xi:l Xiﬁjzl ml (3)

As an example of an application of equality (3) consider, from Example 1, the
representation {5,4,8,0} in the system of radices my =7, my = 10, m3= 12 and
my = 19 . Then:

X =5+4x7 +8x7x10 + 0x7x10x]2 = 593
The most familiar weighted systems we deal with correspond to the case in which

my =my = ... = iy =1 (fixed radix notation) whereas the general case we ¢onsidered in
the example will be referred to as a mixed radix notation.



Regardless of the particular choice of the set of radices, weighted systems exhibit the
following basic features:

i) each digit x; of the representation is a function of the number X and of radices

i-1
mj, mj.i, ..., my, i.e., x; = fX,m;, mj_y, ..., m;), and has a weight .Pixﬂjzi m;
which is the product of the subset m;, ..., m; of radices of the system. Because of

this, the ordering of digits cannot be altered without affecting the correciness of the
representation.

ii) in performing arithmetic, each digit of the result depends on all the digits of the
operands; this implies that arithmetic operations are inherently sequential processes.

iii) magnitude comparison is also a sequential process and is performed digit-by-
digit, starting from the most significant digit x,; lower order digits are inspected only if
higher order digits coincide.

2.2 - RESIDUE NUMBER SYSTEMS

To emphasize the peculiarities of the other class of number systems, let us suppose
that the same set of radices {m;, my, .... , m,} that we have already considered for
weighted systems is given. When dealing with residue systems, these radices will be
referred to as the moduli and an additional constraint will be usually assumed to avoid
number system redundancy, i.e., it will be supposed that moduli are pairwise prime
numbers.

For any given integer X, the residue digits of its representation {xy, .... , X} are
determined from identity (1) by assuming:

......................................................... (‘1)

0B 000000008 R0EeEEnEEN0000AaRosLENLDR000EDORsEsEBNEBEDS




The correspondence between X and the digits of its representation, as defined by
relations (4), justifies the parallel or one-step attribute of residue systems. In fact,
each residue digit is only dependent on the related modulus; as a consequence, the
ordering can be arbitrarily altered without affecting the correctness of the representation.
Moreover, as in weighted systems, a number X will be consistently representable iff
X<M, M=II,_m; .

The independence of digits has several interesting implications whenever arithmetic
operations such as addition, subtraction and multiplication are concerned. In fact, the
following property :

X*Y |y, = ‘X‘mf%mi‘mf [xi*yg}mi

where the operator * is equivalent to +, -, x, holds for any modulus my;, i =1, 2,
e DL

This provides a carry or borrow-free, fast arithmetic since addition, subtraction and
multiplication are carried out digit-by-digit.

However, complications arise in operations implying a number magnitude
knowledge such as in comparison, division or overflow detection. In these cases,
lengthy intermodular operations are required whose complexity is equivalent to a
residue-to-weighted conversion process.

Example 2.

As an example, let us consider the set of moduli my; =7, my = 11, my= 12 and
my = 19 and the integer X = 1281. The application of equalities (4) yields:

x;= X1, =11281l;=0
xp=Xl,,=112811;;=5
X3${X§M3ﬂlf2815112$9

xg=0X,,=112811;9=8

In a residue system, a number X is related to its representation {Xxi, .... , X5} by
means of the following equality, also referred to as the Chinese Remainder Theorem

)

. n
X“m Xi=1 XiBi

M



where M is the product of the moduli of the system and

=1

l B

B.=M |1 _M_‘_L
tomy M m; | M
¥ -m-;

1 mi mi mi

is the mod M "weight" corresponding to the i.th residue digit.

The Chinese Remainder Theorem can be usefully applied when converting integers
from a residue to a weighted representation. However, since all computations are 1o be
performed mod M, a different method (mixed radix conversion) which only permits
mod m; computations to be performed can be employed whenever the conversion
process must not alter the modular nature of residue processing.

The Chinese Remainder Theorem, when applied to the representation {0,5,9,8} of
Example 2 gives:

X = IOB‘I +5.B2 +9.B3 +8.B4IM

and, since:

M _1112.19=2508

- =4  B,;=10,032

m]

1

%:7.]2.19:1596 LI =1 B,=159
| My
%:7.11.19:1463 L =11  B,;=16,093
m3|mg
po=7al12=924 | L| =8  B,=739
myimy
it follows that:

X =15.1596 +9.16093 +8.7392| 5555 = 211,953 55 = 1281

The equalities (3) and (S5) which we have recalled for weighted and residue systems
can be given a unified formulation. In fact, an integer represented as:




X = {X1, e, X5}
will always be reconstructed by computing:

X= ;Z;;Xiwifl | ©)

where :

W;=P; and T =< in weighted systems and
- W;=B; and T=M in residue systems.

The number systems presented above do not complete the set of possible number
systems. In fact, identity (1) suggests that preceding notations could be combined to
generate hybrid number systems exhibiting properties which may be exploited in
particular applications. Residue number systems with magnitude index represent the
most common example of hybrid notation.

2.3 - RESIDUE NUMBER SYSTEMS WITH MAGNITUDE INDEX

The idea of representing integers in a hybrid notation with the aim of taking
advantage of favourable features of both weighted and residue systems has been
considered in the past by several authors [ J, [ 1, [ ], [ ]. We will refer here to the
formulation proposed in [28] which is first briefly reviewed for the sake of clarity.

Given an integer X and a set of radices {mj, my, .... , my, My4q, ... , My}, assume
that radices my, my, .... , m; are pairwise prime numbers and represent X as:

X = {Ry, Ix} )

where:

Ry =X, " (8)

- - » . t
is represented in the residue system of moduli my, my, .... , mg with p =TT,_, m; :
RXE {Xl, X2y weey X[}

and



e

is represented in the weighted system of radices {mgq, .... , My}, P= HL +1 0

Ix= {Xe+1, oooe » Xn}

The number system defined by equalities (7), (8) and (9) will be referred to as a
residue number system with magnitude index (RNS with MI) . Rx will be called the

residue component of the representation while Iy, which precisely locates Rx into
intervals of width j, will be called the weighted or magnitude index (MI) component .

The correspondence law relating X to the set of digits {x;, X2, ..., Xt, Xte1, «.o » Xn)
is immediate as, from identity (1):

X=Rx+ulx ' (10)

and, recalling (3), (5) and (6):

[ 4 n
X={Eiqxi Wy, + Ziy i W, (11
where:

_ ki .
Wi—-—rﬁ;*ﬁ— for 1-1,2, , t
m; im;

or

i-1 .
Wi=HJ-=1 m, fori=t+1,....,n
Example 3.

Let us consider the set of radices m] =7, m2=9,m3 =11, mg =my =13, m5 =
me+] =4, mg = my = 8§ and let us suppose that integer X = 71812 is to be represented.
The residue , MI and total system ranges are, respectively:

i =79.11.13 = 9009
P=48=32

10




T=uP=288288

From equalities (7), (8) and (9) it can be seen that:
X ={Ryx, Iy} with:

Ry=X\y=171,812]5y09 = 8749

-—{XJ __{71812} =7
and, from equalities (2) and (4):

X ={6,1,4,0,3,1}

The correctness of above representation can be verified by means of relation (11).
In fact, the weights of system digits are:

B _ 1] _| _ _
7 =9.11.13 = 1287 ; _{1287|7_ W, =7722
mylm;
Mo - I L | . _
75 = 7+11.13 = 1001 i hooTle =5 W2 =5005
My imy
Ho_ = N0 I 1V I L
7 =7.9.13 =819 . -|819|“_9 W, =7371
m3ims
H o = A A I I -
7y =7-9.11 =693 vl 5031,,=10  W4=6930
| mylmg

Ws=yu =9009

We=pm =36036

and the representation {6,1,4,0,3,1} corresponds to the number:

X =16.7722 +1.5005 +4.7371 + 0.69301p9 + 3.9009 +1.36036 =

11



= _%Q%NN_OQQO +63(

)63 = 8749 + 63063 = 71812

12




3 - THE ARITHMETIC PROPERTIES OF RNS WITH MI

The investigation of arithmetic properties of RNS with MI has the ultimate aim of
taking advantage of the modular properties of RNS arithmetic and of the explicit
knowledge of the number magnitvde of weighted systems. In what follows, the
fundamental arithmetic operations will be analyzed in detail and observations will be
made on the practical applications of these systems. Here, we can only forestall that
RNS with MI are very suitable for approximate arithmetic, where they retain the
modularity and speed of residue systems.

3.1 - ADDITION

t
In an RNS with MI of radices {my, my, ... , my, Mye1, oo, My}, B = I;., m; and

n
P =11, m;, suppose that two integers X={Ry, Ix} and Y={Ry, Iy} are given with:

X = Ry + ply Ry= X, Iy = [ES—J

(12)
Y = Ry+ ply Ry= i¥i, IY=E—J
Their sum:
S=X+Y=Rx+Ry+p(Ix+Iy 13)
has the RNS representation with MI:
S = {Rs, Is} (14)
where
Rg= 1Sl,= Rx+Ry+ H(IX+IY)551===\RX+ Ry, : (15)

coincides with the modyl sum of residue components of the operands while

_ Ry+Ry-Ry+ RY{“
=Iy+Iy+ m (16)

S
Im——zl "?’17‘@‘
s= 5=kt Iy



may differ by "1" from the sum of magnitude indexes of X and Y.

Example 4.
In the RNS with MI system of radices mj] = 7, m3= 9, m3 =11, mg = my = 13, m3
= g4 ] = mp = 8, let us consider two integers:

X ={6,14,0,3}) = 35,776

Y ={134,70} = 1,632

Adding the digits of the representations separately :

X+Y ={048,73} = 28,399

does not provide the correct result as

Rx + Ry = {6,14,0} + {1,3,4,7} = 8749 + 1632 > = 9009

In fact, from equality (16):

Is=Iy+1Iy +1=4

ie.,

X+Y ={048,74}) = 37,408

Previous properties imply that RNS with MI are not closed under addition, i.e., the
representation which is obtained by adding separately the residue and MI components
of operands does not coincide with the representation of the sum. To obtain the correct
result, it is necessary to evaluate expression (16); this implies converting the residue

components to a weighted system representing magnitude index or, alternatively, an
extension of the residue range in order to detect overflow occurrences from the range

[0, w).

However, a "modular” addition can be performed if an appropriate extension of both
the residue and the MI ranges is provided. In fact, it is easily seen from equality (13)
that adding residues and MI components separately guarantees a correct result; of




course, this result will not be expressed in the original notation, i.e., according to (15)
and (16). This solution avoids conversion processes and may prove useful in several
applications, as has been extensively treated in [28].

Example 5.

Given the number system of Example 4, let us suppose that an additional modulus
mg =2 is used to extend the residue range u=9009. The represeniations of integers X
= 35,776 and Y = 1,632 then become:

X ={0,6,1,4,0,3}

Y ={0,1,3,4,7,0}

Adding the representations digit-by-digit yields:

X+Y ={0,04,8,73} = 37408

and the result is obtained according to equality (13).

32 - MULTIPLICATION

Let X={Rx, Ix} and Y={Ry, Iy} be two integers represented in the RNS with MI of
4 n
radices {mj, my, ..., My, Mesl, v, My}, p=T,myand P=TII;_,,m; . Then

relations (12) hold and, computing their product, we obtaine:
XY = p2Ix Iy + b (I Ry + IyRx) + RxRy T an
whereas the representation of XY in the same system will take the form:
XY =u Ixy + Rxy
where:

Ry = XY, IXY:L%J (18)

and, substituting for XY, as suggested by (17), it follows that:




Rxy = RxRyl, o (19)

4 I R RR
IR Ty M%ﬂﬁm%ﬁ Ry = WLy LR R W.wm 20

Iy

As for addition, computing the residue component of the product representation is

diate. Unfortunately, even in the hypothesis of system redundancy, it is much
e complicated to obtain the MI component than in addition, and a significant result
10t be obtained without a residue-to-weighted conversion procedure.

Effective solutions which circumvent lengthy intermodular procedures (conversions)

can be obtained for certain applications provided that appropriate sets of radices are

considered. To give a simple example, we consider the case where:

i) both Ix and Iy are represented in a weighted range P which does not exceed the
smallest residue modulus; this assumption avoids converting the magnitude indexes of

and Mol =Ty @1
for any i=1,2,.....,t.

ii) both residue and MI ranges are extended to contain products RxRy and Ix Iy,
respectively. ‘

In these hypotheses, product XY can be obtained in a slightly more complicated
notation starting from equality (17); in fact, RxRy and Ix Iy can be computed in their
original notations and they are assigned weights "1" and "u? " while Ix Ry + IyRy (of
weight 1) is easily computed in the residue range without any conversion (21).

tem of radices mj] = 13, my=my =17, m3 = mp4. ] = my =
12, ler

X =1711 ={Ry=\711\55; Iy=7} ={8,11,7)

Y =814 = {Ry=I814l,,, Ty=3} ={8,15,3}

16
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In the following, we will limit our consideration to the case where K=m is a product

In the RNS with MI

n
P = Hiﬁw'l m;, consider

X == Rx'i" ulx

and let Xsg={Rg, Is}
integer [%%J :

Xg=|&|=Rs+uls

where
I = [ My

v
my =IT;_ My

My € {ml, M9, ceee
u
My = Hj“imhj

iy £ {mm, veee 5 MO

Observing that:
-

of one or more radices of the system.

S
of radices {m;y, my, .... , My, MWeey, oo, WMp}, po=I1;_; m; and

an integer X={Rx, Ix}, with:

RX: IX'H

and comparing equalities (22) and (23), it follows:

Ryrul

m

",

RS”H

R =, I[%} @)
m}
a)
(23)
@24)
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Rg

It

]

W=

L

where the last equalit

e

ot
m

my

P

(26)

my

my

Reralix,,

Similarly, from Properties 3 and 1:

Is

plx+R

Iy

m
H

tRxﬂlIij ) [

pm

My,

@7

-1

There are no problems in computing I in the weighted part of the representation. On
the contrary, in the hopeful hypothesis that my has the multiplicative inverse mod 1,
determining Rs means that Is* and lIxly; must be converted to the residue notation and

several residue multiplicative and additive steps must be performed to obtain Rg .

However, Property 1 suggests that the scaling of an integer X can be corrrectly carried

out by means of a two step procedure, as follows:

Xs=

X

& -

%{EJ = {mRmI

jx

U

o

my

=

mg

The importance of relation (28) is based upon consistent simplifications in

computing Rg; these are possible whenever the scaling factor m identifies with a
product of only RNS moduli or M1 radices. In fact, from (26) and (27):

the case where:




m=mp i.e, my =1

gives:

53 "
Rs=mgldmg * Rs

whereas the case:
m=my, mp =1

yields:

§=

le**ullximIJ Rl - Ryl

mI my
]

I s = IS

As a conclusion, for the general case where m = mg my, letting:

Xsr= [mld =Rsr+ usr

Xs,Iﬂ%J =Rg1+ uls;

(26

(27°)

(26")

7%

(29)

(30)

where pairs (Rs g, Isr) and (Rs, Is 1) coincide with pairs (Rg, Is) in (26', 27") and

(26", 27"), respectively, relation (28) will take the form:

X _|&sr|_[Ksa
ST 'my | |Jmg

Example 7

(28')

In the RNS with MI system of radices m] =7, m2= 9, m3 = 11, mq = my = 13, m§

=mp+] =4, mg = my = &8 (see Example 3), considering integer X = 98,711 =
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{4.8,8,2,2,2} and suppos
(mp=77, m;=8), we will
Jfollows:

Step 1.1:

ing that we wish to scale X by factor m = m] m3 mg =616
first compute Xsp ={Rsp, Isg} from (26°) and (27°), as

Ry

_H
Rs. =7 Pt *

Observing that:

Ry-Rxlp

-

mp

we have:
(Rx-

" Rolimymy) *

1
m;ins

mamy

|

{-,8,*,2}

°{"r2")9} = (’,6,",6})(
x{',2a°912} =
={"’3"a7}

where computations are performed mod ji/mp . Extending to the original residue

range pwill give:

+ m2md gl =

{6,3,1,7} = 111

(1,0,4,0}

{0,3,5,7} = 1281
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i.’e.«,

XS,R E{RS.R:IS,R} ={0,3,5,7,0,0}

The second (and final) step of the procedure will perform scaling of Xs g by factor

my =mg= 8, according to equations (26") and (27").

Step 2.1:

Rsp+ullsa -|Rsr+plsng
my

RS=

As (my, u)=1, there exists the multiplicative inverse of m;y mod U and,

consequently, computations in the residue range | are allowed.

So, it is obtained:

(Rsg + {0,3,5,7} +
* WlsRy - +{0,0,0,0} = {0,3,5,7} -
- Rsp+plsg )= -(1,1,1.1} =
= ={6,2,4,6} x
xf}l—lf; x{1,8,75}) =

= ={6,7,6,4) = 160

i.e.,

Xs ={Rs, Is} ={6,7,6,4,0,0} = 160
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is the correct result of scaling 98,711 by 7.11.8=616.

3.4 - INTEGER DIVISION

We refer again to the RNS with MI of radices {m;, my, .... , My, Mgy oo s My},
n
p= I’I:\=l m; and P=1II,_, ,m; , and suppose that two positive integers X={Rx, Ix]
and Y={Ry, Iy}#0 are given with:

X = Ry + ply Ry =X, Ix= [%J
Y=R Ry= Y Iy=|X
=Ry+ uly Y= 1Yy, Y—[UJ

For positive integers, dividing X by Y is equivalent to determining the integer
quotient:

o-f§

and the remainder

R=X-QY
For the sake of conciseness, our attention will be limited to the integer quotient Q.
This choice is not limiting as, if necessary, the computation of remainder R does not

present any real difficulties.

In the number system under consideration, Q will be given the representation Q =

{Rq,Ig} where:

Q=Rq+uly  Re=IQ,  Ig= H%j 31)
Recalling that:

_1x || Rxtulx 4
Q=[3]- l_RYmIYJ 2
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and comparing with (31), it is seen :

X
h@lz_&:tmm
Tl %)= [y Ry
3
Q" LWy Ry,

Equalities (33) and (34) show that evaluating the integer qu

(33)

(34)

otient is, in the general

case, a very time-consuming procedure which implies residue-to-weighted system

conversions and vice-versa, as both residue and MI componen
full knowledge of operands.

s of the result require a

However, in the hypothesis that Iy=0, it will be shown that good approximations of

(33) and (34) can be achieved quickly together with their unc
situations these procedures lead to exact values of I and Rq.
Iy=0, significant simplifications are not possible.

In the hypothesis that Iy=0 , it can be observed that the

ertainty range; in most
On the contrary, when

fractions appearing in

equalities (33) and (34) satisfy the following inequalities, regardless of the actual values

of residue components Ry and Ry:

uly o uixRy gl
plyrp-1) 7 p@lytRy) ~ W2y

wx ulxtRy plytp-l
ulyru-1 7 plytRy ™ ply

and, consequently:

l ulx ,H WIxRx J< plxchy-1
p(plyrp-D )7 [ pulyrRy |7 Wy

t ulx J<].HIX°'RXJ<LHIX+H“1J
plytp-1 7 | plyRy 7| ply

Starting from the magnitude indexes of operands only, in¢
show that it is possible to determine the intervals to which

25

(33)

(36)

~qualities (35) and (36)
I and Rg belong; this




enables fast computation

of approximate values for Ig and R with maximum errors Ay

and Ap (mod M) , respectively, where:

A= | Ml [ plx J

Y ouay | elveD 37
| pIxrp-l ulx

AR”[ uly J'[WMJ (%8)

Expressions (35) and (36) can be further simplified by means of the previous
Property 3 and the following Property 4, whose proof is also reported in Appendix.

Property 4

For any positive integers A, Y and X<A:

AX
Y+A-1

X
Y+1

=17l

In our case, condition
Ix<u is satisfied for any

£ n
o ym; > I gy

It is worth noting tha

1 X<A of Property 4 is equivalent to assuming that inequality

Iy, ie.,

1t this assumption cannot be regarded as a limiting condition

since RINS with MI systems have, as a prime goal, the drastic reduction of the weighted
portion of number representation. As a conclusion, it is obtained:
Ix Ix
TS tos i (35)
Ix |cp o | MxRx|| _|pIxtRy|_|Ix
Iy+l Q" | pIyRy w LIy Ry| 7Ty (36"
Ix Ix
A =4 - = @ gy
I g,ﬂy Euly—kuolj (37
x| Ix
SR It T8
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or, equivalently:

1
IQ=O RQz[ﬁTJi-k ke{O,...,AR}

Example 8

In the RNS with MI system of radices m] = 5 m2= 7 m3 =
me+] =4, mg =8 ,m7 =mp =16, u= 2520 and P=512,
978,711 = {Rx=951, Ix=388}) ={1,6,7,6,0,4,12} and Y =
Iy=41}. As P<u, computation of their integer quotient:

o-f%

is performed from equalities (39), i.e.,

_ Ix
fo=? =

where Rg is easily computed in weighted notation.

= = with AR=0

Here, Ap = 0 and preceding relations provide the correct

approximation error. In order to express the result in the origi
necessary 1o convert Rg from weighted to residue notation, thus

Q = {4,2,1,0,0,0,0}

The instance which has been reported in the example, where

been obtained, does not represent a singular occurrence as

immediately realized that Ag = 0 in most applications.

The case where Iy=0 can be clarified starting from equali

which we can derive:

ulx <{\ plxrRy J%“IXW—IJ _1
< < = Iy
wp-D )7 [ plyrRy) m
Wx| _|ulxtRy [HIWM'I} _
Ji'i < _MIWRYJ < i = ulxﬂl—l

27

(39)

8, mg=mt=9,ms=
consider integers X =
105,012 = {Ry=1692,

value of Q without any
nal representation, it is

obtaining:

the exact value of Q has
s, from (38°), it can be

ties (33) and (34), from

(35"

(36")




i.e., Ig and Rg may be determined with errors:

I
A=t (37
ul

Equalities (37") and (38") preclude any possibility of performing approximate
evaluations of integer quotient Q, as Ay and AR equal the MI and RNS range of the
representation..From a practical point of view, the best solution which could be
suggested in this situation consists in:

i) multiplying both operands by a factor A:

X=AX
Y=AY
such that Iy+¢0;

ii) applying (39) to X' and Y" to find approximate value of integer quotient Q as:

0=3J-14%
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APPENDIX

PROOFS OF PROPERTIES 1-4

Property 1:

-

B AB.

Jfor any integer X and positive integers A,B.

Proof:

Any number X can be expressed as:

X = A[%J-HX&A

or, analogously:

X = AB-2|+ Xigp

where A and AB are positive integers. Comparing the above equ

@+%=[Xj+&s_

B AR L|AB! AB

and

b -

B AB. AB AB. AB

Recalling that, for any X:

Xiap 2 1 Xig

it follows:

0 Xipp- 1 Xip< AB

and Property 1 is proved as:

{IXIAB* IX‘Aj -0
—Sy =

Property 2:

29

alities gives:




lAXIAB=A lXIB

for any integer X and pos

Proof:

The property is immediatel

A Xig= A X = JAX

B AB

itive integers A, B.

where k is an appropriate integer.

Property 3:
52l

Jor any integer X, positive integers A, Y and O0<B<A.

Proof:

AX+B [AY{XY‘J‘*AD(
t AY J - AY
Observing that:

0 AXIp+BSAN-D+A-1=AY-A+A-1=AY-1

it follows:

S

and proof is completed.

Property 4:
AX |_|1 X
Y+A-IJ ”l.Y—}-]J

|Y+BJ =P§({J +lAIXIY+B

AY

for any positive integers A, Y and X<A.

Proof:

30

y derived from equalities:
+kB)| ,p = AX+kABipp = 1AX iz




EA&%&E -

A(Y+1)[-YQX_;-1-J+AD< |Y+1j
AY+A-1 -

A Fr AT T A v

R

A(Y+1)-1

As the following inequalities:

AXly ] < AY+A-AdlE]
A(Y+11 A+

_ A(YHHH-A{Y}% _ A~1{?§Tj

AY+1)-1 TAY+D-1

are verified, it is concluded that:

westdfl
A(Y+1)-1 |

and property is demonstrated.

- {Y)-{}l

<1

|

A(Y+1)-1

|
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