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nU,o_n""" to speed-up computer arithmetic, many researchers have investigated 

the properties practical implementations of non-weighted, residue 

systems (RNS). However, RNS's are not successful in those applications, 

such as comparison, where the result cannot be derived 

from a separate consideration of operand digits. 

paper, a class of hybrid number systems, namely, residue number 

systems magnitude index (RNS with MI), have been considered under a more 

generai previously known. In these systems, numerical 

information is split into two separate parts, which are given a residue and a 

representation, respectively. The arithmetic properties of such systems 

ha ve investigated it has been shown that these systems are 

suitable for fast, genera l purpose, implementations. 
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1 - INTRODUCTION 

Since beginnings of computer science, the ultimate goal of most researchers 

working this area has been ever faster information processing. However, in the 

field of numerical information, conventional weighted number systems soon 

revealed their limits which are mainly constitudOO by the mutuaI dependence of 

digits. 

Efforts to overcome such limits 100 severa1 authors to reconsider Residue 

Systems [3]) because of the independence of their digits in 

representing numbers and in arithmetic operations such as addition, subtraction and 

p ...... ,-,auvu. This independence, together with the possibility of performing 

modular computations by using table look-up techniques, has stimulated a much 

research work and has 100 to many significant designs of digita! processors.[4-17]. 

It was immOOiately apparent that the neOOs of Digita! Signal Processing arithmetic 

were almost completely satisfiOO by processing units constructOO in RNS's [18-20] 

and many RNS-based, digitaI processors have been successfully designed for 

digital fùtering and FFf implementations, Le., for applications involving addition, 

subtraction and multiplication results expectOO within a prOOeterminOO range. 

advent of VLSI technology and the consequent demand for modular and 

regular designs has further evidencOO the importance of these systems [21-25]; 

indeed their implementation can easily take advantage of results obtained for 

conventional binary logic [26]. 

However, RNS's have been found lacking, in part or completely, in alI those 

applications, such as division and magnitude comparison, in which the results 

cannot be derived from an independent processing action of operand digits or 

whenever overflow detection is mandatory to ensure the correctness of the result. 

these cases, lengthy intermodular operations, equivalent to a number system 

converSlOn process, are necessary. 

principaI reason which has 100 us to investigate hybrid number systems has 

been observation that weighted and residue systems may be considered as 

extreme solutions to the generaI problem of representing and processing numerical 
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2 = OF NUMBERS 

Given an integer X, there are several ways which can be devised for its 

representation, each corresponding to the defmition of a particular number system. 

general, a number systenl is defined whenever: 

i) an ordered set of positive integers {ml> m2, .... , mn} (the radices 01 the system) 

is given 

ii) exists a correspondence law uniquely relating any integer X to the set of 

digits {XI. xz, "0 , of its representation, i.e., xi=f(X,m}.m2, ... ,mn), i=1.2 •...• n 

O~i<mi· 

system is said to be non redundant if the number of different integers 
n 

can represented tbis system coincides with the product M = TIi=lmi . 

are two basic classes of correspondence Iaws relating integers to me digits of 

representations: a sequential (weighted number systems) and a parallel or one-

step law systems). 

the above a~'SeI , .. 0n, let us recali that any number system, which allows 

integers to be represented by means of sequences of a finite number of 

symbols, is derived from application of the following identity : 

X = ~12Lj +IXI Il 
L~ 

HVU.HH)t; anv X. 

Le., 

~ 

(1) 

identity, ~ is a positive integer. IXIIJ is the residue 01 X 

non-negative remainder of dividing X by ~ and l~J 

represents greatest nor exceeding X . 
~ 

process of a number system by using identity (1) will be reconsidered 

an interesting extension of conventional systems will be 

depth. 

2.1 - SYSTEMS 
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The class of weighted number systems originates from a sequence of repeated 

applications of identity (1). In fact, supposing that an integer X and a set {ml> m2, .... 

• fin} ofradices are given and letting IJ.= mI in identity (1), we obtain: 

X = mi~lj + IXlm ] 

and, assuming xl = IXlmI as the frrst, radix-ml, digit of X: 

x=m~~lJ+Xl (1') 

where Xl has a weight l and O:S; Xl < mI. 

Letting X11~IJ and applying again identity (1), with lJ.=m2: 

Xl = m2l!~J + 1X11m2 = m{m~2j + IX 11m2 

the second, radix-m2' digit of X: 

X2 = IXllm~ 
J. 

is obtained Combining equaliries (1) and (l ') gives: 

X = mlm2lm~2J + x2m l + Xl (1" ) 

and it is seen that X2 has a weight mI with O:S; X2 < m2. 

Thls procedure can be irerated and, in general, the Lth digit, of weight 

i-l 
Pi =nk=l mk 

can be derived as: 

i-l = . l I Il X j 
Xi = I~ mi rr~,l mk Imi 

(2) 

o 
i=l, 2, ... , n ,Xo = X and nk=l mk= 1 

It is worth noting that the representation of X is consistent, Le., X is representable 

the given system, if and only if 
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X n== --n-l!==O 

or, eOUlvalenUv. iffX< M. 

Suppose a set ofradices = 7, m2 = 10, m3 = 12 and 1114 = 19 is given 

,,,rm"'l"rrX = 593 is 10 be represented in the weighted system. First, observl that 

is consistently representable as 593 <mI m2m3 m4 = 15,960. The digits of the 

representation, as evaluated from equality (2) are: 

XI = IX l5931 7 = 5 

X2 = Il~Jm2= F~3J11O =4 

x -Il X JI -ll593JI -8 3 - mIm2 m; 70 12-

x -Il X JI -ll593JI -o 4 - mIm~3 m4- 840 19-

Conversely, consider the representation {Xl. •••• , Xn } of an integer X. It can 

immediately be seen from (l'), O") and (2) that the relation between X and the digits of 
its T'P:n1rlf".<;:p.ntl'l mesthe 

= / i=l (3) 

an consider, Example 1, 

system mI ::::: 7, mz ;:::: m3 == 12 

~::::: 

=5+4x7+ + =5~ 

most tam1l1ar systems we correspond to the case which 

mI ::::: mz = ... == IDn = generaI case we in 

"""t·",,,.,_rI to as a 
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Regard1ess of the particular choice of the set of radices, weighted systems exhibit the 

following basic features: 

i) each digit Xi of the representation is a function of the number X and of radices 

mi. mi-t. ... , mi, Le., Xi = f(X,mi, mi-l, ... , md, and has a weight .P i == 

which is the product of the subset mi-l> ... , mi of radices of the system. Because of 

this, the ordering 01 digits cannot be altered without affecting the correctness 01 the 

representation. 

ii) in performing arithmetic, each digit of the result depends on the digits of the 

operands; this implies that arithmetic operations are inherently sequential processes. 

iii) magnitude comparison is al so a sequential process and is performed digit-by­

digit, starting from the most significant digit Xn; lower order digits are inspected only if 

higher order digits coincide. 

2.2 - RESIDUE NUMBER SYSTEMS 

To emphasize the peculiarities of the other class of number systems, let us suppose 

that the same se! of radices {mb m2, .... , mn} that we have already considered for 

weighted systems is given. When dealing with residue systems, these radices be 

referred 10 as the and an additional constraint will be usually assumed to avoid 

number system redundancy, i.e., it 

numbers. 

be supposed that are pairwise 

Por any given integer X, the residue digits of its representation 

determined from identity (1) byassuming: 

Il= 

Il = m2 

Il= 

X = m, l~lJ + IXl ml 

X = m2l~J + IXl m2 

=mn +IXlmn 

Xl = IXl m} 

x2 = IXl m2 

X =IXlm n r. 

6 
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...• n. 

2. 

;:::: 

= = 

;:::: 

:;:;:; ::::: 

::;:; 

its representation, as defined by 

or of residue systems. facto 

mooulus; as a consequence. the 

correcmess of the representation. 

a numlJer X wlU be consistendy representable 

or nn·..,.,-,'UJ.:I .... "'p 

interesting implications whenever arithmetic 

multiplication are concerned. In fact, the 

to +. -. x. holds for any mooulus mi. i ::::: 1,2, 

<UUlUU ..... U ..... since addition, subtraction and 

lvaUU.7U out digit-by-digit. 

17 = 

::::: 

2=9 

9=8 

il 

operations implying a number magnitude 

or overflow detection. these cases, 

are reQmrea whose complexity is equivalent to a 

processo 

to 
1l' .. f""".,.""j! to as 

7 

::::: 7, m2 :::::: 1 , m3::::: 



where M is the product of the moduli of the system and 

M 1_1 Bi=m. M 
1_ 

mil m i 

M 1_1 
m· M I_ 

=1 

mi lmil m i 

is the mod M "weight" corresponding to the i.th residue digito 

The Chinese Remainder Theorem can be usefully applied when converting integers 

from a residue to a weighted representation. However, since alI computations are to be 

performed mod M, a different method (mixed radix conversion) which only permits 

mod mi computations to be performed can be employed whenever the conversion 

process must not alter the modular nature of residue processing. 

The Chinese Remainder Theorem, when applied to the representation {0,5,9,8} oj 

Example 2 gives: 

x = 10.B 1 +5.B2 + 9.B3 +8.B4I
M 

and, since: 

M = 11.12.19 = 2508 
m1 

M = 7.12.19 = 1596 
m2 

M =7.11.19=1463 
m3 

M =7.11.12 =924 
m4 

it jollows tha!: 

1 
M 
mllm} 

=4 

1 
M 

=1 

m2 1m2 

l 
M 

=11 

m31 m 3 

1 
M 
m41 m 4 

=8 

B 1= 10,032 

B 2 =1,596 

B3 = 16,093 

B4 = 7,392 

x = 1,5.1596 + 9.16093 + 8.7392117556 = 1211,953117556 = 1281 

The equalities (3) and (5) which we have recalled for weighted 

can be given a unified fonnulation. fact, an integer represented as: 

8 
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x = {XI> .•••• Xn} 

will always be :reconstructed by computing: 

x = 1I:~=1 Xi W il1 (6) 

where: 

Wi = and T = 00 in weighted systems and 

Wi = and T = M in residue systems. 

The number systems presented above do not complete me set of possible number 

systems. In fact, identity (1) suggests mat preceding notations could be combined to 

generate hybrid number systems exhibiting properties which may be exploited in 

particular applications. Residue number systems with magnitude index represent me 

most cOrru:llon example of hybrid notation. 

2.3 - RESIDUE NUMBER SYSTEMS WITH MAGNITUDE IND~X 

The idea of representing integers in a hybrid notation with the aim of taking 

advantage of favourable features of bom weighted and residue systems has been 

considered in the past by several aumors [ l, [ ], [ ], [ l. We will refer here to me 

formulation proposed in [28] which is frrst briefly :reviewed for me sake of clarity. 

Given an integer X and a set of raruces {m}, m2, .... , mb mt+l, .... , mn}, assume 

radices m}, m2, .... , mt are pairwise prime numbers and represent X as: 

X == {Rx, Ix} 

whe:re: 

Rx= IXI}! 

(7) 

(8) 
t 

is :represented in the residue system of moduli mI. m2, .... ,mt,with Il = Di=l mi: 

Rx== {Xl, x2, ... , xd 

and 
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Ix=l~J (9) 

n 
is represented in the weighted system ofradices {mt+l • .... • mn}, P = TIi:t+l mi: 

Ix == {Xt+l • .... , xn} 

The number system defined by equalities (7), (8) and (9) wiU be referred to as a 

residue number system with magnitude index (RNS with MI). Rx wiU be called the 

residue component of the representation while Ix. which precisely locates Rx into 

intervals of width J.L. will be called the weighted or magnitude index (MI) component . 

The correspondence law relating X to the set of digits {x}, X2 •••• , Xl. Xt+l •• ,. , 

is immediate as, from identity (1): 

X = Rx + J.L Ix 

and, recalling (3), (5) and (6): 

X = 1I:::1 xi wilv. + I::H1 xi W j 

where: 

J.L l_l 
W i = mi J.L 

mi IMi 

or 

i-l 
W i =llj=l mj 

Example3. 

for i = 1, 2, ,.. , t 

for i = t+ l, .. " , n 

(lO) 

(11) 

Let us consider the set ofradices m] = 7, m2= 9, m3 = 11, m4 = mt = 13, m5 = 
mt+l = 4, 1'l16 = mn = 8 and let us suppose that integer X = 71812 is to be represented. 

The residue, MI and totai system ranges are, respectively: 

Il = 7.9.11.13 = 9009 

p =4.8 =32 
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T = jJ = 288,288 

From equalities (7), (8) and (9) it can be seen that: 

X E wi~: 

R X = iX Ip. = 171,81219009 = 8749 

lXJ l71812J [X = J1 = 9009 = 7 

and,from equalities (2) and (4): 

X E l,4,O,3,l} 

The correctness of above representation can be verified by means of relation (11). 

Infact, tlle weights of system digits are: 

::1 = 9.11.13 = 1287 

J1 
m2 = 7..11.13 = 1001 

J.l =7.9.13 =819 

~=7.9.11 =693 
m4 

W s =J1 =9009 

W 6 = J.l m 5 = 36036 

1 
= Il.18717 =6 J.l 

m1 m1 

1 
= Ilioll9 =5 J.l 

m2 m2 

1 = 18}91 11 = 9 
J.l 

m3 m3 

1 
= 16~3113 = lO 

J1 
m4 m4 

Wl =7722 

W 2 =5005 

W 3 =7371 

W 4 =6930 

and the representation {6,l,4,0,3,l} corresponds to the number: 

x = 16.7722 + 1.5005 + 4.7371 + 0.693019009 + 3.9009 + 1.36036 = 

l 1 
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3 . - l'1.L/ 1./ 1. 

p= 

:;;: + 

= 

sum: 

S=x+ ;::: 

S= } 

- ISIj.t;::: 

ari'thIllletic nroverties 

uuu<çu~ operations 

(lI,.;UI,.;(l! applications of 

are very 

residue ~u~t,..V'n~ 

radices { m2, .... , mb mt+l, ....• 

two X={Rx. 

=IXlj.I 
'~ 

Ry= 
1.1 = 

+ + ~ (Iv + 

+ :::::: + 
11.1 

sumof 

-,-,;::: u+l",+1 r. AI :::::: + + 
~ 

3 

11-, r-

are given 

(12) 

(13) 



by "1" from the sum of magnitude malex~~s 

l'.Xì'1.mnle 4. 

RNS MI system oJ radiees ::: 7, :::::: - -- -
::::: mH 1 ::::: mn == 8, let us two integers: 

== {6,1,4,O,3j = 35,776 

Y == {1,3,4,7,Oj ::::: 1,632 

digits oJ the representations separately : 

+ Y == {O,4,8,7,3} :::::: 28,399 

not provide the correet result as 

+ Rv == {6,l,4,O} + {1,3,4,7} = 8749 + 1632 > Il:::::: 

equality (16): 

= + +1=4 

i.e., 

+ Y == ::::: 

are not ~HJ;:'CU 

is 

does not coincide 

it is necessary to evaluate expression 

comoonents to a 

order to occurrences 

a 

a correct 
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not exvressed 

<<'l'V1Uò) converslOn processes 

us that 

mo :::: 2 is 'lo extend residue JJ=9009. 

=1') l/Ifl mm Y = 1,632 become: 

= I .1 

Y= 

+ Y = {O,O,4,8,7,3} = 37,408 

3.2 '. 

X={Rx, 

{ml> 

:::::: 

+ 

is 10 equality (13). 

Y={Ry, two integers represented 

.... , mlo mt+1> •... , ,Il= 

we vUWUUç>. 

+ Il Rv+ 

of same 

:::::: 

as ..;;.up;.,h ....... V'Ii\.~ it 

lO 

p= 



Il 
li Il 

Il 

Il 



Il 
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+ 

~ Il 

~ 

Ih Il + Il 

Il 
Il 
~ il 

~ 
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munwU'!.u_ we wW our consideranon to case is a 
or more radices 

J.au . .!I.I''''~;) { m:z ..... 'il .. "" ~ 

=: , consider an unçl(t::l 

::: + ::: == 
j.! 

} be representation 

::::: ==Rs+ == == 
f.1 

m== 

:::: 

E {mb m2, .... , 

:::: 

E ........ ') 

:::: 

Wll.llUç;S (23), it 

:::: H IIIl 
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== ::::: 

l.!. 

== II.!. ::: I ~ 
l.!. 

== ,~II$I I R~IIJdmIII ::::: ~II$I 
mR S mRi mI J l.!. mR S 

last equality originates from observation 

~II$I 
mR S 

l R~~JdmJ,; ~ --=..:_-=--- ::::: ~ -

Similarly, from Properties 3 and 1: 

::::: - ••• - I ::::: l~I~RxJ ::::: == 

are no problems 

1-1"''''.1 .... "..... 'P..-"''''''''rlu 1 suggests 

out means a two step Uf(>eeuUJre 

s = l~J=lm~mJ = ll:~j j = 

mese are possible 

lUVUUU or 

case 



m = i.e., mI = 1 

gives: 

p. = --IIJd R* mR mR + S 
(26') 

and 

Is = l!:J (27') 

whereas the case: 

m = mI , mR = 1 

yields: 

= l~X+IJ-IIJdmII = R x+IJ-II Jd mI -IRX+IJ-I JJ m] 
mI J mI 

(26") 

>lo 

IS = IS (27") 

As a conclusion, for the generai case where m = mR mI, letting: 

XS,R = l~RJ = RS,R + IJ-IS,R (29) 

X S.1= l~Ij = Rs,I+ (30) 

pairs (RS.R, IS,R) and (Rs,J, Is,I) coincide (Rs, Is) (26', 27') 

(26", respectively, relation (28) wiU take the form: 

_I?,S,RJ =,~S,I 
XS-l mI lJmR (28') 

7 
RNS with MI system ofradices = 7, m2= 9, m3 = = = 13, 

= mt+l = 4, m6 = mn = 8 (see Example 3), considering integer = 98,711 ;: 

21 
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{4,8,8,2,2,2} and supposing that we wish to scale X by factor m = m] m3 m6 =616 

(mR=77, mI=8), we will first compute XS,R == {Rs,R, Is.Rl from (26') and (27'), as 

follows: 

Step 1.1: 

JJ lRXJ RS,R = mR Ilxl mR + mR 

Observing thm: 

lRxj = Rx -lRxlmR 
mR mR 

we have: 

(Rx- {-,8,-,2} 

-IR-J ) X Xl m1m2 -{-,2,-,9} = (-,6.-,6}x 

I 1 I = x mlm) m2'l14 
x { - • 2 • - ,12} = 

= ={-.3,-,7} 

where computations are performed mod J.ilmR . Extending to the originai residue 

range JJ will give: 

{6,3.1,7} = 111 

+ m2m4IIxlmR = {I ,0,4,0} 

= ( 0, 3 ,5 , 7 } = 1281 

Step 1.2: 

lJxJ =0 IS.R= mR 

22 



Le., 

XS,R == {RS,R, Is,JÙ = {O , 3 ,5, 7 , O, O} 

The second (andfinal) step ofthe procedure will peiform scaling ofXs,R by factor 

mi = m6= 8, according to equations (26") and (27"). 

Step 2.1: 

RS,R+.u~s,Rlml-IRS,R+.uIS,Rlml 
Rs = 

mi 

As , .u)=1, there exists the multiplicative inverse of mI mod.u and, 

consequently, computations in the residue range.u are allowed. So, it is obtained: 

(RS.R + {O,3,5,7} + 

~I 
+{O,O,O,O} = {O,3,5,7}-+ 

I I ) = - IRs.R + Jl S.R mI - { l , l , l ,1 } = 

= 
={6,2,4,6} X 

X = X{ 1,8,751 = 
~ 

= = { 6 , 7 , 6 ,4} = 160 

Step 2.2 

-lIS,RJ =0 ls- mi 

i.e., 

Xs == {Rs,!sJ = { 6 , 7 ,6,4, O , O} = 160 

23 



is the correct result of scaling 98,711 by 7.11.8=616. 

3.4 - INTEGER DIVISION 

We refer again to the RNS with MI of raruces {m}. m2 ...... mb mt+h .... , mn }. 
t n 

jl = IIi=l mi and p = IIi=t+l mi ,and suppose that two positive integers X=={Rx. Ix} 

and Y=={Ry, Iy}:;t:O are given with: 

x = Rx+ jlIx RX=IXIf.! IX=l~J 

Y = Ry+ jlIy Ry= 'Y'1l Iy= l~J 

For positive integers, dividing X by Y is equivalent to detennining the integer 

quotient: 

Q=l~j 

and the remainder 

R=X-QY 

For the sake of conciseness, our attention will be limited to the integer quotient Q. 

This choice is no! limiting as, if necessary, the computation of remainder R does not 

present any rea! difficulties. 

In the number system under consideration, Q will be given the representation Q == 

{RQ,IQ} where: 

Q= RQ+ jlIQ RQ= IQlIJ. 

Recalling that: 

Xj -lR X""jlI xJ 
Q = l Y - R y+jlI y 

IQ=l~J (31) 

(32) 
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(3 it is seen : 

= = (33) 

--I 
(34) 

1.1 

U'UHU;;;:) (33) and (34) show that evaluating the integer quotient is, in the generaI 

case, a time-consuming procedure which implies residue-to-weighted system 

vice-versa, as 

operands. 

hypothesis 

residue and 

Iyt;O, it 

components of the result require a 

be shown that good approximations of 

(33) can be achieved quickly together with their uncertainty range; in most 

luauvu" procedures lead to exact values of IQ and RQ. On the contrary, when 

are not possible. 

, it can be observed that the fractions appearing 

(33) (34) satisfy the following inequalities, regardless of the actual values 

comoonents Ry Ry: 

l 
~--~~ ~--~-

l 
~ ~ 

2 
~ Iy 

(35) 

~ I -_::---"..,. ~ (36) 

indexes of operands only, inequalities (35) and (36) 

it is to intervals to which lo and RQ belong; 
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...... «VA .... " fast of approximate maXÌrnmD errors 

,respectively, where: 

=1..;..·_.......:--

=1---::::---

hx}:)reSS10Ils (35) (36) can be further means 

Prnna»riv 3 Property whose 

llJ' ... ~·..,,,, .. 1h'4 

anv Y X<A: 

~t~-lJ =lY:1J 

our case, X <.A of Property 4 is to assuming 

Ix<J.1 is satisfied any Le., 

> 

assurnnuon cannot oe re2:araea as a 

a conClUSlon. it is 

... I~ 

~ :::: = I r- ..... L "- _ .0.1 ~ 

= 1-=":::"'1- 1=0 

6.-= 



or, 

IQ==O == + k k E {O, ... , AR} (39) 

I<.'rfllnnlp 8 

RNS system of radices mI = 5 m2= 7 m3 = 8, rrI4 = mt = 9, m5 = 

= = 8 , m7 = mn = 16, j.l= 2520 and P=512, consider integers X = 
978,711 == {Rx=951, Ix=388} ={1,6,7,6,0,4,12} and Y = 105,012 == {Ry=1692, 

P<j.l, computation oftheir integer quotient: 

= 

is equalities (39), i.e., - -l Ix j -l388J--O R Q - Iy+l - 42 -9 with ..1 R = ° 
is easily weighted notation. 

= O preceding relations provide the correct value of Q without any 

error. orda 10 express the result in the originai representation, it is 

necessary to convert weighted to residue notation, thus obtaining: 

= 

reported the example, where the exact value of Q has 

been does not represent a singular occurrence as, from (38'), it can be 

..1R = O most applications. 

case where can be clarified starting from equalities (33) and (34), from 

we can derive: 

= Ix (35") 

s: _ _ I s:ll1I x+11- 1 J l = 1 (36") 
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i.e .• 1Q and RQ may be detennined with errors: 

.6.1= Ix-l IXJ J.1-1 

.6..R = J.1Ix + J.1-1 -l J.1IxJ J.1-1 

(37") 

(38") 

Equalities (37") and (38") preclude any possibility of performing approximate 

evaluations of integer quotient Q. as .6.I and .6..R equal the MI and RNS range the 

representation .. From a practical point of view, the best solution which could be 

suggested in this situation consists in: 

i) multiplying both operands by a factor A: 

X'=AX 

Y'=AY 

such that IyqI:O; 

ii) applying (39) lo X' and Y' to find approximate value of integer quotient Q as: 

Q=l~j =l~J 
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APPENDIX 

PROPERTIES 

IIJvnll''''''''''''''' 1 : 

ll~jj ~lfBj 
for any integer X and positive integers A,B. 

Proof: 

Any X can be expressed as: 

X= I..r:-I+IXIA 

or, analogously: 

x = ABl1hJ + IXIAB 

where and AB are positive integers. Comparing the above equalities gives: 

l~J + = llJ + IXIAB 
B AB AB 

and 

B J == ll1hJ + lXl~lXlAJ = làJ + llXl~lXlAJ 

Recalling that, for any X: 

AB;;:: IAIA 

it follows: 

o $IXIAB - IXIA < AB 
Property 1 is proved as: 

lIXI~IXIAj = O 
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IAXIAB=A tX 

ior any integer X and positive integers A, B. 

Proof: 

Th.e property is immediately derived from equalities: 

IXIB= IAIXIBAB= IA(X+kB) I AB = IAX+kABIAB= IAXIAB 

where k is an appropriate integer. 

Property3: 

lA I ;B J =l~J 

ior any integer x, positive integers A, Y and O:::;B<A. 

Proof: 

lA ~ ; B j = l AY[~j:~DCIY>B j = l~H~~rB j 
Observing that: 

O:S: AJXIy+B :s: A(Y-I) + A-l = AY - A + A-l = AY -1 

it follows: 

lAI~rBJ=o 

and proof is completed. 

Property . 

~Y~~-lJ = lY:IJ 
any positive integers A, Y and X <A. 

Proof: 
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- = l-LJ lAJXIY+l+l?1rJj 
- Y+l + A(Y+l)-l 

AY+A-A~-LJ 
:s; -1Y+l = 

_ A-II x J 
= 1- 1Y+f 

A(Y+l)-l < 1 

are venllea, it is "-'VH"-'lUU"-'U 

----..-::...:::--:...:::..=-=0 

1"\rn,I'V'rtv is 
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