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We analyze the dynamics of the Sun-Earth-Moon system in the context of a particular class of
theories of gravity where curvature and matter are nonminimally coupled (NMC). These theories
can potentially violate the Equivalence Principle as they give origin to a fifth force and a extra
non-Newtonian force that may imply that Earth and Moon fall differently towards the Sun. We
show, through a detailed analysis, that consistency with the bound on Weak Equivalence Principle
arising from 48 years of Lunar Laser Ranging data, for a range of parameters of the NMC gravity
theory, can be achieved via the implementation of a suitable screening mechanism.

I. INTRODUCTION

General Relativity (GR) can account for astrophysical
and cosmological phenomena such as the flattening of the
rotation curves of galaxies and the accelerated expansion
of the Universe provided about 95% of the content of
the Universe is composed of dark energy and dark mat-
ter. In principle, this somewhat puzzling situation can
be circumvented without these dark components in the
context of some alternative theories of gravity. Some al-
ternatives include, f(R) gravity [IH4], in which the linear
Ricci curvature scalar, R, in the Einstein-Hilbert action
is replaced by a more general function f(R) and theo-
ries where a nonminimally coupling (NMC) between cur-
vature and matter is introduced [5]. In the latter, the
Einstein-Hilbert action is replaced by two functions of
curvature, f1(R) and f2(R). The function f!(R) is anal-
ogous to f(R) gravity theory, while the function f2(R)
multiplies the matter Lagrangian density, which couples
nontrivially geometry and matter [5]. This theoretical
route has been extensively examined in what concerns
dark matter [6], dark energy [7], inflation []], energy
density fluctuations [9], gravitational waves [10], cosmic
virial theorem [II] and black holes [12]. This modi-
fied theory has also been examined through the Newton-
Schrodinger approach [13] [14].

In a previous work [I5] the case of functions
FYR), f3(R) analytic at R = 0 was considered, and im-
plications of the NMC model were examined via the per-
turbations to the perihelion precession by using data from
observations of Mercury’s orbit.
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It turns out that NMC gravity modifies gravity as it
introduces both a Yukawa type fifth force and an extra
force which depends on the spatial gradient of the Ricci
scalar. While the Yukawa force is typical also of f(R)
gravity, the existence of the extra force is specific of NMC
gravity [5 16], as the nonminimal coupling induces a non-
vanishing covariant derivative of the energy-momentum
tensor. On its hand, the fifth force can give rise to static
solutions even though in the absence of pressure [14].

Constraints to the NMC gravity model with analytic
fY, f? functions have been computed using the results
of a geophysical experiment in Ref. [I7]. The idea was
to consider deviations from Newton’s inverse square law
in the ocean [I§]. It was found that the presence of
the extra force in a fluid such as seawater imposes more
stringent constraints on the NMC gravity model than the
observation of both Mercury’s perihelion precession and
lunar geodetic precession. Hence for the NMC gravity
model, Solar System constraints are weaker than geo-
physical constraints.

In the present paper we look for meaningful Solar Sys-
tem constraints to NMC gravity, for a function f?(R)
which contains a term proportional to R, with a < 0,
so that f2(R) is not analytic at R = 0. The resulting
model has been used in Ref. [6] to predict the flattening
of the galaxy rotation curves, and to predict the current
accelerated expansion of the Universe [7].

In Ref. [I5] the method based on the 1/c expansion
was used to study the NMC gravity model. However,
since the f2(R) function is not analytic, a different non-
linear approach has to be employed. It turns out that in
Solar System the above NMC model exhibits a screening
mechanism, which is a version of the so called chameleon
mechanism [19] adapted to the NMC gravity and used to
obtain Solar System constraints [20].

In Ref. [20] the complications of the NMC where con-
sidered. These generalise the nonlinear computations of
Ref. [2I] for the chameleon mechanism for the gravita-
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tional field of the Sun and the corresponding calculation
for the the case of f(R) gravity [2I]. Spherical symme-
try was considered and the constraints arising from the
Cassini measurement of PPN parameter «y [22] were used
to constrain the parameters of the NMC gravity model.
It was shown that the chameleon solution in NMC grav-
ity turns out to be close to GR inside a screening radius
rs that has to be large enough, so that 7 either lies inside
the solar convection zone, close to the top of the zone,
or it is larger. Deviations from GR are sourced by the
fraction of solar mass, including solar atmosphere, con-
tained in the region with radii » > rg, so that if r4 lies
in the top of the convection zone then such deviations
are essentially sourced by a thin shell of mass in the con-
vection zone. This is a typical feature of the chameleon
mechanism [19].

In the present work we extend the nonlinear compu-
tations made in Ref. [20] and evaluate the contribution
of the interactions in the NMC gravity in the interior of
the Sun, Earth and Moon. It is shown that in order to
satisfy Solar System constraints for the NMC gravity, the
solution of the chameleon mechanism is a suitable scalar
function that must remain close to the minimizer of an
effective potential Veg in most of the interior of massive
astronomical bodies (Sun, Earth and Moon), so that GR
is approximately satisfied [I9] 21]. More specifically, for
each astronomical body, the solution has to be close to
the minimizer of Vg inside a critical radius, the screening
radius, which must be determined. If the screening ra-
dius is close to the radius of the astronomical body, then
the thin shell condition is satisfied and deviations from
GR are screened. The potentials of the metric tensor are
then expressed in terms of the scalar function.

The chameleon solution for the three-body system is
computed by taking into account the appropriate bound-
ary conditions at the boundaries of the screened zones,
and we develop a method of solution based on different
linear approximations of the field equations in different
zones. The Earth and Moon are modeled by means of
layers of constant density, we solve a Yukawa equation
in each layer, a Poisson equation in interplanetary space
outside of the screened zones of the three astronomical
bodies, and Laplace equation in the solar neighborhood
of the Galaxy. An analytic solution of the Poisson equa-
tion with Dirichlet conditions at the boundaries of the
screened zones is computed by means of Green’s function
which is in turn approximated by using an extension of
the method of images to a system of three spheres. The
screening radii of the bodies are computed by solving a
system of integral equations which result from Neumann
boundary conditions.

We compute the equations of motion for the centers
of mass of Earth and Moon in the gravitational field
of the Sun from first principles, by taking the covariant
derivative of the field equations, then solving the result-
ing stressed-matter equations of motion. The Earth and
Moon are treated as layered spheres of matter charac-
terized by the energy-momentum tensor of continuous

bodies in a hydrostatic state of stress. The equations of
motion exhibit the presence of both the fifth force and
the extra force which give rise to deviations from GR.
Such deviations are sourced by the masses contained in
the thin shells of the bodies which in turn depend on
the density profiles of the bodies themselves, so that the
Earth and Moon fall towards the Sun with different accel-
erations giving rise to a violation of the Weak Equivalence
Principle (WEP). Such a violation takes place in modified
gravity theories which exhibit the chameleon mechanism
[23,24]. The WEP violation in the Sun-Earth-Moon sys-
tem makes it possible to constrain the parameters of the
NMC gravity model by means of Lunar Laser Ranging
(LLR) measurements, which is the result achieved in the
present paper by resorting to most recent LLR data [25].

The paper is organized as follows. In Section II the
NMC gravity model is presented. In Section III we con-
sider the field equations inside and around the astro-
nomical bodies (Sun, Earth, Moon) for the chameleon
mechanism. In Section IV we compute the solutions for
the interior of the astronomical bodies and in the out-
skirts of the Solar System. In Section V we determine
the boundary conditions for the chameleon solution at
the boundaries of the screened zones, then the gravita-
tional field of the astronomical bodies is evaluated using
Green’s function and the method of images for a sys-
tem of spheres. The integral equations which determine
the screening radii are also found. In Section VI the dy-
namics of the continuous bodies is considered in order
to compute the fifth force and the extra force inside the
bodies and to evaluate a yielding jump in the pressure.
Both the fifth force and the extra force are shown to be
negligible inside the screening radii. In Section VII the
acceleration of Earth and Moon due to the fifth force is
computed. In Section VIII the acceleration of Earth and
Moon due to the extra NMC force is computed. In Sec-
tion IX the potential violation of the Equivalence Princi-
ple is quantified and in section X the bound on the WEP
arising from the LLR data is used to constrain the pa-
rameters of the NMC gravity model. It is shown that
the screening mechanism is successful in ensuring that
the bound on the WEP can be respected for a suitable
range of model parameters. Finally, our conclusions are
presented in Section XI. Appendices A to E contain the
technical details of the calculations needed to obtain the
various results of the paper.

II. NONMINIMALLY COUPLED GRAVITY

The action functional of NMC gravity theory here con-
sidered is of the form [5],

5=/[;f1(3)+[1+f2(R)]£m v=gdiz, (1)

where fi(R) (with i = 1,2) are functions of the Ricci cur-
vature scalar R, L,, is the Lagrangian density of matter,



and ¢ is the metric determinant. The Einstein-Hilbert
action of GR is recovered by taking

where G is Newton’s gravitational constant. We work in
the Jordan frame throughout this paper.

The first variation of the action functional with respect
to the metric g, yields the field equations:

1
(fll% + 2f12%£m) Ry — §flg/w (3)
= (V.Vy = gwt) (fll?, + 2f12%£m) + (1 + f2) Ty,
where fi, = df'/dR. The trace of the field equations is
given by
(fk+2f2Lm) R—2f"+30f% + 60 (fZLm)
=1+ /)T, (4)
where T' is the trace of the energy-momentum tensor 7}, .
In NMC gravity the energy-momentum tensor of mat-

ter is not covariantly conserved [26] 27]: applying the
Bianchi identities to Eq. 7 it follows

2
V. T = T in2 (g" Ly —TH)V LR, (5)
a property which gives rise to an extra force which is
added to the fifth force which is typical of f(R) gravity
theory. We will find that this extra force has a negligi-
ble effect on the motion of Earth and Moon for values
of NMC gravity parameters of astrophysical and cosmo-
logical interest, while such a force is expected to have
important effects at the galactic scale.

A. DMetric and energy-momentum tensors

We use the following notation for indices of tensors:
Greek letters denote space-time indices ranging from 0
to 3, whereas Latin letters denote spatial indices ranging
from 1 to 3. Cartesian three-vectors are indicated by
boldface type and scalar product is indicated by a dot.
The signature of the metric tensor is (—, 4, +, +).

The Sun is modeled as a static spherically symmetric
distribution of matter, while the Earth and Moon are
modeled as orbiting spherically symmetric bodies. The
metric tensor which describes the spacetime in the Sun-
Earth-Moon system is given, in the Newtonian gauge,
by

ds* = — [1 —2®(x,t) + 2U(x,t)] *dt?
+ [142®(x,t)] (52-]-dacidaﬁj7 (6)

where the potentials ® and ¥ are perturbations of the
Minkowski metric of order O(1/c?).

The Sun is considered as a perfect fluid in hydro-
static equilibrium, while the Earth and Moon are approx-
imately described as continuous bodies in a hydrostatic
state of stress, i.e., the normal stresses are equal to the
pressure and shear stresses are neglected [28]. In this
approximation the components of the energy-momentum
tensor, to the relevant order for our computations, for all
the astronomical bodies are given by (Ref. [29], Chapter
4.1):

T = pc +0(1), (7)

T = pev' + 0O <c) , (8)
g o 1

19 = gt iy +0 (). )

where matter is characterized by density p, velocity field
v*, and pressure p. The trace of the energy-momentum
tensor is

T=-pc*+0(1). (10)

In the present paper we use L,, = —pc? + O(1) for the
Lagrangian density of matter [16].

B. Choice of functions f!(R) and f?(R)

We choose the following functions:

fA(R)=qR*, a<0, (11)
where the function f!(R) corresponds to GR and ¢, v are
real numbers that have to be considered as parameters
of the NMC model of gravity.

The functions have been used in Ref. [6] to model
the rotation curves of galaxies, and in Ref. [7] to model
the current accelerated expansion of the Universe.

III. APPROXIMATION OF THE FIELD
EQUATIONS

We approximate the field equations (3 and () taking
into account that the metric potentials ® and ¥ are small
perturbations of the Minkowski metric, so that we ne-
glect the higher order terms that include products of po-
tentials or their derivatives, and cross-products between
their derivatives and the potentials. Moreover, velocities
of bodies are negligible with respect to c. By computing
the Ricci tensor and the Ricci curvature scalar R from
the metric @, it then follows that the functions & and
U satisfy the following equations:

; (12)

V20 = % (Roo - R> ; (13)



where V? denotes Laplace operator in flat three-
dimensional space. We introduce the scalar field  which
is a function of curvature R also explicitly depending on
spacetime coordinates (x,¢) through mass density:

n= 77(X7 L, R) = fll% - 2f12% ,o(x, t)c2' (14)

Using the metric @ and Egs. (12{13), the time-time
component of the field equations (3]) at leading order is
given by
fl
n(=V3® + V20) + 5 (1= 20 +20)

= VoVon + (1 —2® +20)0n + (1 + f2)pc?, (15)
and the trace of the field equations becomes
nR—2f' +30n = (1 + fHT. (16)

Eliminating O in Eq. by means of the trace equa-
tion, and V2® by means of Eq. , we obtain

20 1 ° f!
n(zv ‘l/+6R) — g (1-20+20) (17)

2 2
= VoVon+ g’l]R((I) —-U)+ §(1 + Apt(14+ @ — ).
We require the functions f1(R) and f2(R) to satisfy the
following conditions:

8rG f! 9
— = -1 1 1 18
Tholen en oy

and the following condition on the derivatives of f! and
f? with respect to R,

G

The conditions mean that the Lagrangian density
in Eq. is a small perturbation of the Lagrangian of
GR. While the first of conditions is trivial for the
choice of function f!, the other two conditions will
be verified a posteriori. Using such conditions Eq.
is approximately given by:

R 881G 1 /R 8rG
2 a o _
V\I/+3 302p+3(2+ 2 p>(<1> )
4G
+ CTVOVO% (20)

from which, keeping terms of order O(1/c?), we find

1 /8nG

and, using Eq. ,

4G 1 /8nG

A. Equation for the scalar field 7

Equations and have to be completed with an
equation for the scalar field 7. Neglecting cross-products
between the potentials @, ¥ and their derivatives we have
at leading order

_ (12w - L _ oy &1, 0¥ On
On = (1-20)V?y — (1420 - 20) o2 o, o
~ V. (23)

Using conditions (18119) the trace equation is ap-

proximately given by
(24)

Note that the equations , and are formally
the same as the ones found in Ref. [21] for f(R) gravity in

the special case of spherical symmetry, with the difference
that the scalar field 7, defined in , depends explicitly
on (x,t) through the multiplication by p(x,t) due to the
nonminimal coupling. Such a dependence on p(x,t) will
be exploited in the sequel.

By introducing a potential function V = V(x,t,7n) and
an effective potential Vog as in Refs. [19] [21],

o _ c! (1, p)
o~ 24nG NP

1
‘/eff =V - §PC27Ia (25)

where the function w(n,p) is obtained by solving the
equation with respect to R, the equation for the
scalar field n becomes

_ OVem
=

Note that for the choice of functions f1(R), f2(R)
the function w(n, p) exists and it is unique. The effective
potential has an extremum which corresponds to the GR
solution

V2 (26)

8rG
R=wn,p)=—5» (27)

and we require that such an extremum is a minimum
[19, 21], which yields the condition

82VCH C4 1
— s 9
On? 247G np — 0, (28)

with ngr = fhr — 2f2gpc® and R = w(n, p), the double
subscript in f& denoting second derivative with respect
to R. For the choice of f1, f2 such a minimum con-
dition requires

ala = 1)glw(n, p))** <0, (29)
from which, for ¢ # 0 and R = w(n, p) > 0, it follows

a<0 = ¢<0, (30)



which is an application of a general stability condi-
tion against Dolgov-Kawasaki instability in NMC gravity
found in Refs. [30] 31].

At the minimum of the effective potential Vog we set

02V 1 ) 8rG
an; = F > O7 with (U(T],p) = CT/)’ (31)

where A = A(p) > 0 has dimension of length and de-
pends on mass density. For the choice of functions
of curvature we have

el )‘“’ (32)

A = 6ga(l — a) < 2P

and the function A(p) decreases as density p increases.
In the next sections we consider only the choice of
functions f1(R), f2(R), and we compute an analytic ap-
proximate solution of the equation for the scalar field 7.

IV. SOLUTION IN THE INTERIOR OF BODIES
AND IN INTERPLANETARY SPACE

Equation for the scalar field n is typical of
chameleon theories of gravity [19, 2I]. The difference
with respect to other chameleon theories such as f(R)
gravity consists in the explicit dependence of 9V/dn on
p(x,t) due to the nonminimal coupling (see the discus-
sion in Ref. [20]).

In order to satisfy the stringent bounds from Solar Sys-
tem experiments on modified gravity, a chameleon theory
requires the solution 7 to remain close to the minimizer
of the effective potential Vg in most of the interior of
massive astronomical bodies such as the Sun, Earth and
Moon, so that GR is approximately satisfied [19] 21].
More precisely, in each body 7 has to be close to the min-
imizer of Veg inside a critical radius, called the screening
radius, that has to be determined. If the screening radius
is close to the radius of the astronomical body for each
body, then the thin shell condition is satisfied and devi-
ations from GR are screened. In the following we denote
by rs,rg and rj; the screening radii of the Sun, Earth
and Moon, respectively.

For each body we compute a solution inside the screen-
ing radius by using the approximation of spherical sym-
metry around the center. In Sec. [VE| we will match the
interior solution with the solution outside of the screen-
ing radii and we will show that the approximation of
interior spherical symmetry can be used, provided that
the distances between the astronomical bodies are much
greater than the radii, a condition which is satisfied for
the Sun-Earth-Moon system.

For a spherically symmetric solution the finiteness of
V25 imposes the boundary condition

dn _

dr
at the center of each astronomical body, where the vari-
able r is distance from the center.

0, atr=0, (33)

A. Solution in the Sun’s interior

The Sun is modeled as a static spherically symmetric
distribution of matter with density ps = ps(r) where r is
distance from the center. A model of mass density profile
for the Sun has been used in Ref. [20] and the parts of
the model that will be used in the sequel are reported in
Section [I] of Appendix A.

Since the effective potential has an extremum which
corresponds to the GR solution, dV,g/dn = 0, then ex-
pression (27)) of curvature yields an exact solution of the
equation (24 only if V21 = 0. Under spherical symme-
try, the only harmonic function which satisfies the bound-
ary condition is a constant, however, one can check
that the solution 1 = constant implies that density ps(r)
must also be constant, which is not the case for the Sun’s
interior [20].

Though the GR solution is not an exact solution of
Eq. , it is an an approximate solution if the following
consistency condition is satisfied for r < rg [20] 21]:

V2 (n(r, B = 8nGps(r) /)| < 5psc, (30

with r¢ < R, where Rg is the Sun’s radius. Comput-
ing the Laplacian of n according to , the consistency
condition has been evaluated in Ref. [20] and reads

2
o V21087&%—1 (dpg)

)\2
l—a ps dr

< ps. (35)

Then, using definition of i, the GR expression of
curvature , and formula of A2, we have the fol-
lowing approximate solution:

ct 8rG ot 9
n o~ 2aq ( —5ps psc

L

8rG
! )\Z(PS) 2
T 81G 3(1-a) (36)

which holds for » < rg. The boundary condition is
satisfied provided that the Sun’s density model has the
property dps/dr = 0 at the center.

Eventually, by using the Sun density profile in Sec-
tion|1|of Appendix A, we find A(ps) < R, particularly
A(ps) turns out to be a negligible quantity for |a| not too
close to zero.

B. Solution in the Earth’s interior

Differently from the Sun, the density profile of the
Earth’s interior is conveniently modeled by resorting to
density discontinuities, detected by seismology, such as
the Mohorovi¢i¢ discontinuity, or Moho, at the bound-
ary between the crust and the mantle. On the two sides
of a density discontinuity the values of 1 that minimize
Vog are different, however, since the function n and its



gradient have to be continuous in order to guarantee the
existence of V2, then at the discontinuity the solution 1
has to interpolate between the two minimizers so that it
cannot be close to both minimizers. Hence, the solution
locally deviates from GR and one has to check if such a
deviation is small enough in such a way that screening
takes place anyway.

The Earth is modeled as a spherically symmetric dis-
tribution of matter with density pg = pg(r), where r is
distance from the center, and axial rotation of Earth is
neglected. An average Earth model [32] is considered,
and the planet is divided into four homogeneous regions
separated by spherical surfaces of density discontinuities:
ocean layer, crust, mantle and core. Numerical values of
density and radii of discontinuity surfaces are reported
in Section [2] of Appendix A.

Since, for r < rg, the solution 7 has to remain close to
the minimizer of Vg, then inside each region of constant
density the derivative of the potential V' is approximated
by

oV oV 0%V
8777(777 PE) ~ %(nmin7 pE) + W(nminy pE)(T] - nmin)7

(37)
where 7y, is the minimizer of Vog in the considered re-
gion. Since

1% 1 9
%(nnllnva) - ngC ) (38>
Eq. for 7 becomes
1
VQ ~ — !/min)- 39
n /\2(pE)(77 Tmin) (39)

Since in each region the value of density pg is constant,
using A2(pg) is also constant, then Eq. admits
a closed-form solution that, for a given screening radius
rg of Earth, is completely determined by conditions of
continuity of 7 and its radial derivative at the discontinu-
ity surfaces, and by the following condition at rg given
in Ref. [33]:

1 1
m [M(re) — Nmin] = —§PE02» (40)
where rg < Rg, with Rq the Earth’s radius, and pg is
evaluated at the uppermost layer of the Earth’s interior
model, 7.e., the ocean layer.

Note that the Sun’s interior is modeled by means of
a continuously varying dens1ty profile (see Section . of
Appendix A), hence Eq. in the case of Sun does
not admit a closed-form solutlon so that we have used
a different approximation of the solution 7 given by Eq.
. Conversely, the presence of discontinuity surfaces in
the Earth’s interior prevents us from using a consistency
condition of the type where derivatives of density
are involved, so that we resorted to a piecewise constant
density profile which permits us to compute an analytic
solution that can be proved to be close to the minimizer

of the effective potential, except at the density disconti-
nuities.

In the sequel R . is the outer radius of the crust, Rg
is the outher radius of the mantle, and R , is the radius
of the core (nucleus). The mass densities of ocean, crust,
mantle and core are denoted by pg ., pE.,pEm and
PE.n, respectively. The corresponding values of A(pg)
are denoted by Ag ., Ag,c, Ag,m and Ag,. Analogously,
the values of 1 minimizing the effective potential in the
various layers are denoted by ng ., NE,c, ME,m and Ng n,
and they are given by

ct N (pB) 2
87G 3(1—a) P (41)

By using the numerical values of density of the vari-
ous Earth’s layers, we find in Section [2] of Appendix A
AMpEe) < Rg, particularly A(pg) turns out to be a com-
pletely negligible quantity for || not too close to zero.

The expression of the analytic solution of Eq. in
the various Earth’s layers is cumbersome, nevertheless,
it admits a manageable approximation, that guarantees
continuity of n and approximate continuity of its deriva-
tive, and it is given in the following.

Ocean layer. The ocean and seas cover 70.8% of the
surface of the Earth, so that we approximate the upper-
most layer with seawater. The approximate solution for
Rg . <r <rgis given by

Mmin =

1 r—r
n(r) = New — = *’I”E>\J25 wa’wCZ exp £
3 ' AE,w
AB,w/AE,c <RE_C—7")}
- ==t R . . — w) ex HE,c— T .
T4 g /A e =m0 {30

(42)

If rg is close to Rg then the thin shell condition for Earth
is satisfied, and rg — Rg . > Ag. It turns out that the
difference |n(r) — ngw| between n and the minimizer is
exponentially suppressed for rg —r > Ag, and r —
Rg . > AE.w, hence in most of the ocean layer, due to
the smallness of Ag,,. The value of n at the boundary
between seawater and the oceanic crust is

)\E w/AE c
R — 7
T]( E7C) 1 + )\E w/)\E c

and we see that the solution 7 interpolates between the
minimizers ng ., and 7g, hence deviating from GR in
a thin shell of thickness of order Ag,. In Secs.
and [VIC| we will prove that the resulting perturbation of
the Newtonian gravitational force, hence of hydrostatic
equilibrium, is negligible.
Crust. The approximate solution for Rg.,, < r <
1
n(r) = np.e =

RE . is given by
RE,c(nE,c - nE,w) ex (T - RE c)
1+)\E,w/)\E,c >\Ec
)\E7C/)\E,m

— ——————— Rem m — c) ex
1+/\E,C/)\E7m E, (77E, 77E,) P<

R NEw + (e —NBw), (43)

>\E c } ’
(44)



Again, it turns out that the difference between 1 and the
minimizer g . is exponentially suppressed in most of the
crust. The value of  at Moho, the discontinuity between
the crust and the mantle, is

)\E,c/)\E,m
1+ /\E,C/AE,m

a formula analogous to Eq. . In the crust the so-
lution 7 deviates from GR in thin shells of thickness of
order Ag . adjacent to the upper boundary at r = Rg
and to the lower boundary at » = Rg ,,, respectively.
The resulting perturbation will turn out to be again neg-
ligible, so that screening takes place.

Mantle. The approximate solution for Rg, < r <
REg ., is given by

N(REm) ~ NE,c + (NEm —nEc), (45)

U(T) ~ _ 1 RE,m(nE,m - nE,c) ex r— RE,m
B 1+ )\E,c/)\E,m >\E,m
)\Em/)\En (REn_T):|
- — ’ R n n - m) €X ; .
1 + )\E,m/AE,n = (nE) nE7 ) P >\E,m

(46)

The properties of the solution in the mantle are analogous
to the properties in the crust.

Core. The approximate solution for 0 < r < Rg, is
given by

RE,’I’L (nE,n - nE,m) ( RE,n)
NEn — 2 exp | ———
)\E,n

?7(7‘) ~ r 1+/\E,m/>\E,n

X sinh <)\;n> . (47)

The difference |n(r) —ng .| between n and the minimizer
is exponentially suppressed for Rg ., —r > Ag,,, hence
in the whole core except in a thin shell of thickness of
order Ag , adjacent to the boundary of the core. The
approximate solution in the core satisfies the boundary
condition .

Using expression of A\? we see that, for given val-
ues of NMC gravity parameters o and ¢, the approximate
solution in the Earth’s interior is completely determined
in all the layers except the ocean layer where it depends
on the screening radius rg, hence it is determined every-
where once the screening radius is determined.

C. Solution in the Moon’s interior

The model of the lunar interior is analogous to the
Earth’s model. The Moon is modeled as a spherically
symmetric distribution of matter with density pp =
pa (1), where 7 is distance from the center, and the satel-
lite is divided into three homogeneous regions separated
by spherical surfaces of density discontinuities: crust,
mantle and core. Numerical values of density and radii
of discontinuity surfaces are reported in Section [3]of Ap-
pendix A. The length A(pps) turns out to be again a
completely negligible quantity.

In the sequel Ry is the Moon’s radius, Rz is the
outher radius of the mantle, and Rz, is the radius of
the core. The mass densities of crust, mantle and core
are denoted by par.c, pym,m and parn, respectively. The
corresponding values of A(pas) are denoted by Aas e, Aarm
and Aarn. Analogously, the values of 7 minimizing the
effective potential in the various layers are denoted by
NM,cs MM,m and Nar .

The approximate solution for 7 is analogous to the one
found for Earth.

Crust. The approximate solution for Rysm <7 <7y
is given by

11 r—TM
77(T) N NMM,c — - gTM)\?\/[,CPM,cC2 exp ( M >
AM e/ A,m Ryrm —
- — = " R _ )
L4+ Ame/Ava,m M (1M = 1M,c) eXP AM,c

(48)

The properties of the solution are analogous to the ones
in the ocean layer of Earth. The value of 7 at the lunar
Moho is

AM,e/ AMm

_AMe/AMm Y (49
1+AM,C//\M,m(nM’” Nare)- (49)

U(RMJW) X NM,c +

Mantle. The approximate solution for Ry, < 7 <
Rarm is given by

7’]("‘) ~ _ 1 RZM,m(nM,m - nM,c) exp <T - RJVI,m)
m 1+ )\N[,c/AM,m >\M,m
>\Mm/)\Mn Ryp—1
- — : R n n - m ) €X . .
1 + )\M,m/AM,n M, (nM7 nM7 ) P >\M,m

(50)

Core. The approximate solution for 0 < r < Ry, is
given by

Rarn (MM — MMm) exp < RM,n>
T 14 Avm/AMon AMn

T
X sinh .
()\M,n>

The approximate solution in the core satisfies the bound-
ary condition . Again, the approximate solution
in the lunar interior is completely determined once the
Moon’s screening radius rjs is determined.

n(r) ~ N —2

(51)

D. Solution in the outskirts of the Solar System

We assume that in the solar neighborhood of the
Galaxy the field 7 is close to the minimizer of the ef-
fective potential Vg, so that the spacetime curvature R
is approximately given by the GR solution [20]. This as-
sumption implies that the Milky Way is screened within
a distance of about 8 kpc from its center, where the Solar



System is approximately located. Such a screening con-
dition may impose additional constraints on the NMC
gravity model whose assessment requires the solution for
the gravitational field of the Milky Way, possibly taking
also into account the effect of the other galaxies in the
local group. That will be the subject of a future paper.

The galactic mass density p, in the solar neighbor-
hood of the Milky Way is p, ~ 6.9 x 10724 g/cm?® [34],
so that we have R ~ R,, with R, the GR solution
R, = 87Gpy/c*. The minimizer n, of the effective po-
tential Vog(n, p), corresponding to p(x,t) = pg, is given
by

ct srG\“"' .,
g = g-m 20 <C2> pyc. (52)

We denote by r, a distance from the Sun’s center such
that mass density is dominated by the galactic density
component at points x such that |x —xg| > r,, where xg
is the position vector of Sun’s center. We choose 7, at the
heliopause, the boundary between the solar wind and the
interstellar medium [20], corresponding to a heliocentric
radial distance of about 120 AU = 2.58 x 10*R,, where
Ry is the Sun’s radius.
Since 7 approximately minimizes Vog in the solar
neighborhood of the Galaxy, then Eq. becomes
1

Vin ~ 2 (n—1ng), for |x —xg| > g, (53)
g

where Ay = A(pg). The length A(p) increases as density
decreases, which is a typical property of the chameleon
mechanism [19], so that the length ), is an upper bound
for A in the Solar System. The computations in the
present paper will be made under the condition A\, > 7y
which will permit us to find analytic estimates of the
results. We will find that such a condition is satisfied
when the constraint from LLR measurements is satu-
rated. Then we have

Vi =0 for ry < |x —xg| < Ay, (54)

and, for |x — xg| large enough, we assume

n(x,t) ~ 1. (55)
|

2

Q

1/(1-a)
()
Pg

where, taking into account that A\, is assumed large with
respect to ry, we have used the inequality

1 1
p(n —1g) < gﬂgcza (62)
g

oV p \ /Y rov o2V o\,
S = (£) |G+ Grtnem—m)| = (L) G+ 0=
1
50

Under our assumptions the solution 7 is a harmonic func-
tion in the outskirts of the Solar System.

E. Solution in interplanetary space

In interplanetary space, where mass density p is small
and gradually approaches the galactic density p, as
|x — xg| approaches r4, we proceed as in Ref. [20] and
we expand the derivative of the potential V' around the
minimizer 74:

ov ov 92V
%(n,p) ~ 877(%,/)) + W(ngm)(n —1g).  (56)

Solving the expression of n,

4

n= 87% — 20qR* ' pc?, (57)

with respect to curvature R = w(n, p) we find

167G 1/-e) 8nG \ Y@

2 aqp) (1 ~a n) :
(58)

from which, using the first equality in Eq. , we obtain

the property

w(n, p) = (

oV < p )1/““) oV

877(77» p) = Dy 677(77, Pg): (59)

where we note the explicit dependence of 9V /97 on p due
to the nonminimal coupling. Taking now into account
that at density p, (in the solar vicinity of the Galaxy) the
field n approximately minimizes the effective potential
Ves, so that

ov

877(779,/09) ~ pgczv (60)

1
3

we can compute the approximation of the derivative
of the potential:

Pg
(61)
[
that will be verified a posteriori. Then we have
oV, av 1 1.
= D~ o (63)

on  on 3 3



with

=0 [1 - (pp)/()] . (64)

Then, in interplanetary space we look for the field 7 which
solves the Poisson equation

V2 = —= pc. (65)

As |x — xg| tends to 7y, density p tends to p, and the
Poisson equation turns to Laplace equation which
holds for [x —xg| > .

V. GRAVITATIONAL FIELD OF
ASTRONOMICAL BODIES

In the thin shells inside the astronomical bodies, the
function 7 has to interpolate between the solution in-
side the screening radii computed in the previous section
and the solution in interplanetary space. By adapting
to NMC gravity the chameleon mechanism developed in
Ref. [19], we require the interpolating function 7 to sat-
isfy the condition (see also Ref. [20],[21])

1
0< g‘;(n,p) < 30 (66)
inside the thin shells and in the vicinity of the astronomi-
cal bodies where mass density is significantly larger than
the galactic density p, due to the presence of Earth’s
atmosphere and solar wind. Hence the equation for n
becomes the Poisson equation

Vi = f% pc. (67)
The explicit dependence of 9V/0n on density p in condi-
tion is a distinctive feature of the application of the
chameleon mechanism to NMC gravity with respect to
f(R) gravity. Inequality will be verified a posteriori
in Appendix E for a« < —1/2. Since we have

a<O:>O<—1L<1, (68)

for |a| not too small, the second term inside the square
bracket in Eq. is negligible in comparison to 1 in the
thin shells inside the astronomical bodies and in zones
where mass density is much larger than the galactic den-
sity pg, so that p ~ p and the Poisson equation,

1_
Vi = ~3 pc?, (69)

is valid with a good approximation everywhere outside
of the screening radii. In the next sections we compute
an approximate solution of this equation.

A. Boundary conditions

We rewrite the Poisson equation in the form

1.
VZ(n—ng) = —= pc, (70)

3
and we solve this equation in the unbounded domain )
outside of the screening radii, with the boundary con-
dition at large distance from the Sun’s center. We
denote by 09 the boundary of 2 and by xg,xg,xps the
centers of the Sun, Earth and Moon, respectively. Then
the boundary 9f2 consists of the union of the three spher-
ical surfaces with centers at xg,xg, Xy and radii given
by rs,7E, M, Tespectively.

We have to match the solution in 2 with the interior
solution computed in Sec. Using the value (41) of n
minimizing the effective potential inside the Earth, and
the solution for 1 in the Earth’s ocean layer, the
value of ) at the Earth’s screening surface is given by

c? 2—«

R — — 2 2, 1
857G 31 —a) BB (7D

Using the expression (52) of the minimizer 7, in the
Galaxy, and formula (32) for A(p), we have

n

ct A2
Mg )PQCQ- (72)

_ _ g
- 81G 31—«

In the sequel we assume || not too close to zero in such
a way that, using again the formula for A(p), we have

)\2 w w a
Balbe _(P2n) g, (73)
A5Pg Pg

from which it follows that at the Earth’s screening sur-
face the boundary condition n—n, ~ ¢*/(87G)—n, holds.
Note that the expression of n, for R > 0 and a < 0,
implies n # ¢*/(87G), so that the above boundary condi-
tion is proposed as an approximate condition in the sense
of the inequality |(87G/c*)n — 1] < 1. Analogous con-
siderations can be applied for the boundary conditions
at the screening surfaces of the Sun and Moon.

Then we have the following Dirichlet boundary condi-
tions for the Poisson equation in the set €:

n(x,t) 779%%*779 for x € 9N and any t,
n(x,t) —ny ~0 forry <|x —xg| large and any ¢.
(74)
Moreover, the existence of V29 requires the continuity of
the first partial derivatives of 77 across the screening sur-
faces. The normal derivative of n at the Earth’s screen-

ing surface, computed from the interior by using solution
(42)), is given by

d 1
d—Z(w) ~ — A BB, (75)



and an analogous result holds for the Moon. Moreover,
using the approximate solution in the Sun’s interior,
the normal derivative of 7 at the Sun’s screening surface
is given by

dn aX(ps(rs)) dps -
— N . 76
dr (rs) 31—«) dr (rs)e (76)
Then, taking into account the smallness of A(p) in the
interior of the bodies, we neglect the derivatives of n from
the interior of 92 and we impose the Neumann boundary
condition:

Vn(x)-n(x) =0  for x € 00 and any ¢, (77)
where n(z) denotes a normal unit vector to the surface
0f) at point x. For given screening radii rg,rg, Ty the
Dirichlet condition uniquely determines the solution of
the Poisson equation, while the Neumann condition will
be used to find the screening radii.

B. Solution by means of Green’s function

In order to compute effects in the Sun-Earth-Moon
system it is enough to compute the solution 7n(x,t) for
|x — xg| of the order of Earth’s distance from the Sun.
For a given screening radii and time instant ¢, the solu-
tion of the Dirichlet problem for the Poisson equation is
represented by means of the Green’s function G(x,xo)
[35]:

wxt) = =5 [ Ao Glxx)da ()

04 A
+ <M - 77g> AQ VxOG(X, Xo) . n(Xo)dS()7

provided that, for |[x —xg| of the order of Earth’s distance
from the Sun, the following inequality is satisfied

In(x, )| > [I(n, G, R")], (79)

where I(n, G, R*) is the following integral evaluated on a
sphere S(R*) of large enough radius R* > r, and center
in xg,

I0,G ) = [ (= 1,) VG~ GVl -adS. (80

S(R*)

In Green’s representation formula the normal unit
vector N to Jf) points towards the interior of bodies. In
the next section we compute an analytical approximation
of the Green’s function.

C. Method of images for a system of spheres

If the set 02 would consist of a single sphere, then the
Green’s function could be obtained by using the method
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of images. Since in our case the set 02 consists of three
spheres, which are the three screening surfaces of Sun,
Earth and Moon, respectively, then we apply to our prob-
lem the extension of the method of images to a system of
spheres that has been proposed in Ref. [36]. This is an
iterative method that involves an infinite series of images
so that it yields a representation of Green’s function by
means of an infinite series:

G(x,%0) = GO (x,%0) + GV (x,%x0) + G (x,%x0) + - - -

(81)
The first terms of the series are obtained as follows (see
[36] for further details). The zeroth-order term is

1 1

A |x— x|’

GO (x,xq) = (82)

with xg € 2, so that x¢ lies outside of the three screening
spheres.

The first order term G()(x,xq) involves three image
points: one image inside each screening sphere. In each
sphere the image point is obtained by applying the usual
method of electrostatics to the unitary source at xg:

G (x, x0) = - ( Ts (83)

T dm \xg — x| - |x — X

rE M )
— + ~ R
|xp —xo| - |[x = Xg|  |xm — Xo| - |x — Xas]

where Xg is the image of x( inside the screening sphere
of the Sun, which is given by

Xo — Xg

Xs = Xg + r% | (84)

xg — Xs|?’
and the image points Xg and X, inside the screening
spheres of Earth and Moon, are obtained by replacing
in the expression of Xg the subscript S with £ and M,
respectively.

The second order term G(?(x,xg) involves six image
points: two images inside each screening sphere. The
image points in each sphere are obtained by iterating the
procedure used for the first order term: consider the three
sources at points Xg,Xg, X with charges

rs TE M
|xs — %o’ IxE — %ol Ixar — %ol

(85)

respectively. Then, the six image points are obtained
by applying the method of electrostatics to the above
sources and they are given by:

(i) the images inside the Sun’s screening sphere of the
sources at Xg and X)7;

(ii) the images inside the Earth’s screening sphere of
the sources at Xg and X;

(iii) the images inside the Moon’s screening sphere of
the sources at Xg and Xg.



The resulting expression of G(?(x,x) is given in Ap-
pendix B. This procedure is repeated iteratively giving
rise to an infinite series of images and terms in the
Green’s function. The convergence of the series is dis-
cussed in Ref. [36]. If the distances between the spheres
are much greater than the radii, a condition which is
satisfied for the Sun-Earth-Moon system, then the con-
tribution of the higher order terms decreases quickly, and
we find that the Green’s function up to the second order
will suffice while higher order terms will not be necessary.
Eventually, we observe that notwithstanding the ratio of
Sun’s radius and the Earth-Moon distance is not small,
such a ratio never appears in the computations.

D. Solution for the scalar field 7

In this section we give the solution 7 in € by using the
Green’s function up to the first order, while the second
order terms are given in Appendix B. Then the function
GO (x,%x0) + GM(x,%0) is substituted in Green’s repre-
sentation formula , and the volume integral over {2
and the surface integral over 02 are computed according
to the following scheme:

(i) we have p = p inside the thin shells, and density be-
comes immediately much smaller outside the thin
shells in solar atmosphere, in terrestrial atmosphere
and outside of the Moon; then in the volume in-
tegral over {2 the contribution outside of the thin
shells can be safely neglected, so that we have to
add the integrals over the three shells; these inte-
grals are then evaluated in closed-form by resorting
to spherical coordinates for each of the three astro-
nomical bodies;

(ii) the surface integrals over the three screening
spheres that constitute 92 are evaluated by using
Gauss theorem.

The result of the computation is the following. For each
astronomical body we introduce the effective mass which
is a function of the screening radius. The effective mass
of the Sun is

Ro

Mg ei(rg) = 471'/ ps(r)ridr, (86)
rs

and the effective masses Mg o (rg) and Msem(rar) of

Earth and Moon are defined analogously. The solution 7

is given by

77(X> t) =1s (X> t) + nE(Xa t) + nM(Xa t) + Ny, (87>

where ng,ng and 7y, are the contributions from the thin
shells of Sun, Earth and Moon, respectively. The contri-
bution from the Earth’s shell is

04 TE
t) = — T t t
met) = (g =) e +Telx.0) + Te(x.t)

c? TE Re
- = d 88
F e | eetrar, (59)
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where the term Zg is given by

c? [x—xg| )
z t) = — d 89
s00t) = g [ sty (59)
¢ [He
+ 3 pE(r)rdr for |x — xg| < Rg,
[x—xg|
and
2 M
Tp(x,t) = ¢ Me.oii(re) for |x —xg| > Rg, (90)

121 |x —xg

and the term Jg = Jg,s + Jg.um is given by

02 TsM@ eff(T’E)
t) = ——— : 91
jE,S(Xa ) 197 ||X—XS‘(X5—XE)+T%’flS|7( )
2
M
jE7M(x,t) _ C M ea,eff(TE)

12w [x — x| (Xar — X) + ryBar]

where ng and nj; are the outward unit normal vectors to
the screening surfaces of the Sun and Moon, respectively.

The function ng(x,t) depends on time through the cen-
ters xs(t),xg(t),xp(t) of the bodies, which vary with
time along the respective orbits.

The meaning of the terms in the expression of ng
is the following: the first term is the surface integral over
Earth’s screening surface of the term in G (x,xg) cor-
responding to the image of xo inside Earth’s screening
sphere (the other three surface integrals vanish); Zg is
the volume integral over the Earth’s shell of the zeroth-
order term of Green’s function; Jg,s and Jg a are the
volume integrals of the terms in G(l)(x, Xo) correspond-
ing to the images of xy inside the screening spheres of
the Sun and the Moon, respectively; the last term is the
volume integral corresponding to the image of xg inside
Earth’s screening sphere.

The solution 7 is formally symmetric with respect to
the three bodies:

(i) the contribution ng from the Sun’s shell is obtained
by replacing in Egs. the subscript F with
S, the radius Rg with Rg, and the effective mass
M@’eﬁ‘ with M@,eﬁ; then

Je = Jg,s + Jg,mis replaced with Js = Js.g + Js,u1,

(92)

in the first of Egs. the subscripts £ and S

are exchanged and Mg g is replaced with Mg .,

and in the second of Egs. the subscript F is
replaced with S and Mg g with Mg cg;

(ii) the contribution 73 from the Moon’s shell is ob-
tained with analogous changes.

We observe that the terms Js, Jg and Jjs originate from
the term G (x,xg) in the Green’s function which in-
volves the first order images.

Eventually, since the various terms in 7(x,t) decrease
as 1/|x—xg|, 1/|x—xg| and 1/|x —xp/| in interplanetary



space, and the integral I(n, G, R*) decreases as 1/R*,
then inequality is satisfied for |x —xg| of the order of
Earth’s distance from the Sun and R* > r, large enough.

In Appendix C we report the error in the verification
of the Dirichlet condition on 02 when the solution 7 is
computed by using the Green’s function up to the sec-
ond order. We also show that increasing the number of
image points, hence the order of Green’s function, the
approximation of the Dirichlet condition improves.

E. Determination of the screening radii

Now we impose the Neumann boundary condition ((77))
on 0f) and we use such a condition to find integral equa-
tions that determine the three screening radii rg,rg, ;-

Let us consider Earth’s screening sphere where we have
to compute the scalar product Vn-ng. We compute the
contribution to the scalar product given by the leading
terms, the other ones being negligible because suppressed
by factors involving the small radius-to-distance ratios
(and their powers) of the astronomical bodies.

Let us first consider the contribution from the so-
lar term ng. Since Zg is the volume integral over the
Sun’s shell of the zeroth-order term of Green’s func-
tion, and Jg g is the volume integral of the term in
GM(x,xq) corresponding to the image of xq inside the
Earth’s screening sphere, then, by the properties of image
points we have Zg(x,t) + Js,5(x,t) = 0 on the screening
sphere, so that the vector V (Zs + Js, i) is orthogonal to
the sphere. By means of a Taylor approximation we have

. ? 7 . .
V{Zs+Jsp) g =-—<1— 3—L hpg-ng
127 |xEp — x5]

2
M
_ 2 [1 —3(hps - ﬁE)Q} ( 'y ) 0.eff(Ts)
2 |xg — xs] rE|XE — Xg|

co((m5))

where figs = (xg — Xs)/|xg — xs/, from which, since

TE T%v

B <1078,
Ixp — xs|

<1074, (94)

Ixp — x5/

it follows that the scalar product has the constant dom-
J

(93)
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inant term

@ Mg er(rs)

V(L ‘g~ —
(s + Js.e) - hp 127 rg|lxg — xg|’

(95)

plus a variable part on the sphere suppressed by the small
geometric factor rg/|xgp — xg| and its powers.
Let us now consider the integral term in 7g,

2 rg Ro

S s st (96)
obtained by replacing E with S in the last term of the
solution for ng. By using the method of images it is
shown in Appendix C that such an integral term cancels
on the Earth’s screening sphere with a term in ng result-
ing from the second order Green’s function G(?)(x,xy).
Hence the gradient of the sum of these two terms is or-
thogonal to the sphere and the contribution to the scalar
product Vng - ig, by means of a computation analogous
to Eq. , has the constant dominant term

2 Re
< IS / pPs (7")7" dr y
rs

—— 97
3 TEle—Xs‘ ( )

plus a small variable part on the sphere. The surface

term in ng,
C4 rs
snG |x — xs|’

obtained by replacing E with S in the first term of Eq.
(88]), gives rise to an analogous cancellation discussed in
Appendix C. Then, arguing as before, we find a contri-
bution to the scalar product with the constant dominant

term
rs C4
reglxg — xg| \ 871G g ) -

Further contributions from ng turn out to be negligible.
The contribution from the lunar term 7, is obtained by
replacing S with M in the previous expressions. Even-
tually, the contribution from the terrestrial term ng is
given by

(98)

(99)

Vg g~ —
37“E rE TE

2 (e 1 ( ct
By substituting all these contributions in the scalar prod-
uct Vn - g, and imposing the Neumann boundary con-
dition on Earth’s screening sphere, we obtain the
following integral equation:

2 Rg
i / pi(r)rdr — (1 L —
3 TE |XE _XS‘ |XE _XM|

1 M@,eff(rs) _
|xEp — xs] 47

_|_
w| S

> (8;4(; - "-")

(101)

Ro
s/ ps(r)r dr) +
TS

1 M Far
Mert("ar) TM/ py(r)yrdr || =0.
|XE — XM| 47 rar



Then, repeating the computation on the screening
spheres of the Sun and Moon, we obtain a system of
integral equations. Such equations are obtained from
Eq. by exchanging the subscripts S, E, M. Us-
ing formula for the minimizer 7y, the solution to
the resulting system of integral equations determines the
three screening radii rg,rg, ) for given values of the
NMC gravity parameters « and g. The system of equa-
tions generalizes the integral equation found in Ref. [20]
to a system of three gravitationally interacting extended
bodies.

Neglecting factors involving radius-to-distance ratios,
the following relations follow from Eq. and the
other integral equations, as a first approximation:

Ro Rg R
/ ps(r)rdr%/ pr(r)rdr z/ oy (r)rdr.

rs TE ™M

(102)
If we also assume that all bodies have a thin shell, so
that we have Rg — rg < Rg for the Earth, and analo-
gous inequalities for the Sun and Moon, then the above
approximate relations are equivalent to the following re-
lations between effective masses:

Mg ei(rs) Mg es(re)  Mares(ra)
R Rg Ry

Eventually, we observe that the results obtained in this
section show that the normal derivative of 7 on the
screening spheres has a main part which is constant on
each sphere, and a much smaller variable part which can
be neglected thanks to inequalities of type . Since
the interior solution computed in Sec. [[V]is spherically
symmetric inside each body, then it has a constant nor-
mal derivative on each screening sphere, so that matching
the solution outside of the screening radii with the inte-
rior solution yields a consistent approximation, as it was
anticipated at the beginning of Sec. [[V]

. (103)

F. Verification of inequalities

The solution for 7 has been computed by assuming
inequalities , and 7 necessary in order to
find an analytic approximation of the solution, that have
to be verified a posteriori. In this section we show that
the computed solution satisfies inequalities (18{19) and
, while inequality is verified in Appendix E.

Let us first consider inequality and the solution
inside the screening radii. In the case of Earth, using
the value (41)) of  minimizing the effective potential, the
solution for 7 found in Sec. [V B] satisfies

87G G ANpg)\ > GMg
o1~ =N ~
1|~ omen~ (F2) G

< 1

(104)
Analogous results can be found for the Moon and the
Sun. Then, using now the solution outside of the screen-
ing radii found in Sec. for |[x —xg| < r4 the expres-
sion |(87G/c*)n — 1] is bounded by a sum of terms each
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of which is bounded by a quantity of type

Meﬂ GMeff
R <1, or 2

where Mg is an effective mass, R is the radius of a body,
and d is a distance between the astronomical bodies.
Moreover, using formula (52)) for the minimizer 7, and
the integral equations (101]), we have |(87G/c*)n, — 1| <
1. Since 7 is a harmonic function for |x —xg| > r4 by Eq.
, and n ~ n, at large distance from the Sun by the
boundary condition , then by the maximum principle
for harmonic functions n satisfies the desired inequality
also for |x — xg| > r,. Hence the computed solution n
satisfies inequality everywhere.

We now consider the second of inequalities . We
set Rgr = 87Gp/c? and we observe that R ~ Rggr both
inside the screening radii and in the solar neighborhood
of the Galaxy, R < Rgg in the thin shells (see Appendix
E), and R interpolates between such values in interplane-
tary space, so that R/Rgr < 1 everywhere. Then, using
formula , we have

either

<1, (105)

C

1 R |87G
2 _ o
|f (R)| - |Q|R - 2|Oé| RGR C4

n— 1‘ <1, (106)

for || not too close to zero, which is the case of inter-
est for applications to astrophysics [6] and cosmology [7].
Then the second of inequalities (|18]) is satisfied, the first
being trivial.

Eventually we verify inequality under the assump-
tion that the thin shell condition is satisfied for all the
astronomical bodies, a condition that will follow from the
constraint from LLR measurements. First we observe
that the leading terms of the solution 7 in interplanetary
space are given by

2
C ( MQ’eff

T 12n \ x — xg]

Mg ot

|x — xg|

MM,eff )
x —xml /)’

(107)
where we have dropped the dependence of the effective
masses on the screening radii for simplicity. Then, using
the integral equations that determine the screening radii
under the approximation , the thin shell condition
and the definition of Ay, we find

n—Tg

Re 4w 2
M@’eﬁ‘ ~ 47TR@/ pE(T‘)Td’I" ~ ER@Agpg. (108)

TE

Using the approximate relations (103)) between effective
masses, we have

n o~ S AaPs < Rs R Rus )
77301 —a) \Ix—xs|  |x—xg| |x—xm|/’
(109)
from which, for a < 0, inequality is satisfied if
R R R
© © M «1, (110)
|x —xs| |x—xg| |x—=xwM]|

which is satisfied in interplanetary space at large enough
distance from the astronomical bodies.



G. Solution for the potentials ® and ¥

We have assumed the field 7 is close to the minimizer of
the effective potential Veg in the solar neighbourhood of
the Galaxy for |[x—xg| > rg4, so that GR is approximately
satisfied.

In what follows we denote by U the Newtonian poten-
tial of the mass distribution with density p,

x -l

(111)

which satisfies the Poisson equation V2U = —4rGp.

Using Egs. it follows that the potential ¥ of
the metric is related to the deviation from GR, then we
impose the following boundary conditions in the Galaxy
at large distance |x — xg| from the Sun’s center, where
GR is satisfied by our assumptions:

1
O(x,t) = 5U(x,t),

5 W(x,t) ~ 0. (112)

Combining equations (21)) and (24]) for ¥ and n we have
8n1G
v’ (xp+ i n) — 0.
c

Using now the second of boundary conditions for
¥ and the boundary condition for n, for all points
x on a sphere with center in xg and large enough radius
R* > ry, and for any time ¢, we have

8rG G
U(x,t) + A n(x,t) ~ o

(113)

(114)

Hence, by the maximum principle for harmonic functions,
it follows that the harmonic function (with respect to the
spatial variables x)

81G

U(x,t) + —— n(x,t)

04 (115)

is constant inside the sphere of radius R*, so that the
solution for the potential ¥ is given by
8rG

U(x,t) = — a

[n(x,1) —mg] - (116)
The solution for ¥ then follows immediately from the

solution for 1 found in the previous sections. Combining
now equations and for ¥ and ® we have

v 1
Vie—- S —--T)=0. 117
( 2 2 ) (117)
Then, applying both boundary conditions (112 and us-
ing again the maximum principle for harmonic functions,
the solution @ of this equation is given by

B(x,t) = — U(x,t) + % U(x,1). (118)

c2

The solutions found for ® and ¥ define the space-time

metric @
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VI. DYNAMICS OF CONTINUOUS BODIES

We consider the motion of Earth and Moon in the
gravitational field of the Sun. The equations describ-
ing the dynamics of the system are obtained by taking
the covariant divergence of the energy-momentum tensor
and applying Bianchi identities to the gravitational field
equations (see Ref. [5]), as given by Eq. that we
repeat for convenience:

_ IR
142

In the following computation we neglect mass density of
solar and terrestrial atmospheres, and of solar wind in in-
terplanetary space, so that density p(x,t) has a compact
support consisting of the three spheres of radii Rg), Rg
and R);. We assume densities assigned inside the bodies
according to the profiles given in Appendix A, and we
assume all the astronomical bodies in hydrostatic equi-
librium. According to Sec. [[TA] the Sun is considered as
a perfect fluid, while the Earth and Moon are approx-
imately described as continuous bodies in a hydrostatic
state of stress, so that inside the bodies the equations de-
scribing the dynamics of continuous media formally co-
incide with the equations of hydrodynamics of a perfect
fluid.

We begin by computing the 0th component of Eq.
(119): using the components of the energy-momentum
tensor given by Egs. and , the left-hand side of
this equation yields

v, T (9" Lo — T")V R, (119)

120
ot ox? (120)
Now we compute the right-hand side of Eq. (119)). First

we observe that inside the screening surfaces we have
R = O(1/c?). Then, the integral equations (101)) imply

_ 1
|q:pga.0(022oc)7

being o < 0, from which, using formula for curvature
R = w(n, p) and the property |(87G/c*)n —1| = O(1/c?)
found in Sec. we have R = O(1/c?) also in the thin
shells of the astronomical bodies. Using now property
and the definition f2(R) = qR®, it follows

P =pt-0( ).

from which the evaluation of the right-hand side of Eq.

(L19) yields
OR

f12% (g;LO/; _TuO) =0 1
1+ f2 " Oz c)’
Using Eq. (120) and neglecting terms of order O(1/c?),
the continuity equation then follows in the nonrelativistic
limit as usual:

VT = C@ tc 5"(1001') +0 <i) '

(121)

fr=ppl-001),  (122)

(123)

op 0 i
E-Faxi(pv)—o.

(124)



The NMC term on the right-hand side of Eq. gives
a distinctive contribution to the spatial part of this equa-
tion that now we compute. Using the components —@
of the energy-momentum tensor, for i = 1,2,3 the left-
hand side yields

) ) o oU 2 ov
He 7 ) — —
v,.T pv') + pv'v?) paxi+2p3zi

2P+ 50
Jdp 1
+ g HO (02> .

Using now the continuity equation Eq. (124]), at order
O(1), we get

(125)

) 7 2 U 1
VMT;M _ pd’U 317 - oU 0 o (

C
— — 12
" 5o +0 (). 020

dt 8:51 paxi
where d/dt = /0t + v'0/0x" is the material derivative
of continuum mechanics.
For i = 1,2, 3, taking into account that |f?| < 1, the
right-hand side of Eq. (119)) yields

I3 ; NOR 5 5 OR 1
1+f2(9“ Ly —TH )@ =—c praxi +0 <02> :

(127)
Combining equations and , and neglecting
terms of order O(1/c?), we obtain the equations of NMC
dynamics of continuous bodies in hydrostatic state of
stress and in the nonrelativistic limit,

dv 1
Py = pVU — Vp — §p02V\II — *f2pVR, (128)
where the vector notation has been used. These equa-
tions are the Eulerian equations of Newtonian hydrody-
namics with the presence of two additional terms:

(i) a fifth force density proportional to the gradient of
the metric potential ¥;

(ii) an extra force density proportional to the product
of f3 by the gradient of curvature R.

The extra force density in (ii) has been extensively dis-
cussed in Ref. [B], and for relativistic perfect fluids in
Ref. [16]. While the fifth force is typical of f(R) gravity
theory, the extra force is specific of NMC gravity for the

choie Eq. .

A. Fifth force inside the screening spheres

The fifth force density is given by

1 4rG
—=pcPVU = i pVn,
2 2

(129)
where the expression (116]) of ¥ in terms of the function
7 has been used. In the interior of the screening spheres
the magnitude of fifth force is expected to be largest at
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the surfaces of density discontinuity where the largest
deviations from GR take place. Let us compute such a
force at the Moho, the crust-mantle discontinuity in the
Earth’s interior.

The radial derivative of 1 is continuous, and using the
solution for n inside the Earth’s screening radius, found

in Sec. [VB] we have

d c m
D (Rp )~ JEc —NEm

dr APYIESY
The quantity pgdn/dr is discontinuous at the
Moho and the maximum value of its magnitude is

pEm|dn/dr(Rg,m)|. Then, using the value of n
minimizing the effective potential Vg and formula

for A, the magnitude of the fifth force density is
estimated by

(130)

B ~ 4 =G (NG cPEc — Ap i PEm]
O 3Tl Xee T Amm
8w
< ?GAE,CPE,mpE,c“ (131)

Now the magnitude of the Newtonian force density at the
Moho is

Pl = pin | Bin)| = 5 G R (132
where pg, . is the average Earth density below the crust.
Since we have A(pg) < Rg,m with A(pg) completely
negligible (A(pg) < 1077 m for a = —1 according to Sec-
tion [2| of Appendix A), it then follows |Ff| < |Fx|. The
same behavior is found at the other density discontinu-
ities, moreover, far from discontinuities the fifth force is
further decreased by exponential suppression with decay
constant 1/A(pg) in the various layers. Eventually, the
perturbation of the Newtonian gravitational force, hence
of hydrostatic equilibrium, is completely negligible inside
the Earth’s screening radius, confirming the effectiveness
of the screening mechanism.

Inside Earth’s thin shell, hence for rg < r < Rg, the
fifth force exerted by the Sun and Moon contributes to
the motion of Earth’s center of mass (see Section [VII)),
while the leading contribution from Earth itself is radial,
so that it does not contribute to the motion of center mass
but only to hydrostatic equilibrium. Such a contribution
to hydrostatic equilibrium is computed in Section [I] of
Appendix E where it is shown that the resulting pertur-
bation is again negligible in comparison with Newtonian
force.

Analogous results hold for the Moon, while for the Sun
see Ref. [20].

B. Jump conditions for the pressure

The expression for curvature R = w(n, p), which
we rewrite in the form

. (c?/(SwG) - n/c?)ul—l |

2aqp

(133)



shows that R is discontinuous at surfaces across which
mass density is discontinuous, such as the external sur-
faces of Earth and Moon or the Mohorovic¢i¢ discontinu-
ity. Since the extra force is proportional to VR, then
such a force is concentrated at the surfaces of density
discontinuity and the concentration gives rise to a jump
of pressure p across these surfaces that we now compute.
We will find that such a jump of pressure is undetectable
for interesting values of parameter «.

In the following the astronomical body considered is
either the Earth or the Moon. Let Rq be the radius of a
discontinuity surface, and let p™ and p~ be the values of
density on the two sides of the discontinuity. We adopt
the method of Ref. [37] and we introduce a boundary
layer across which density changes continuously, then we
proceed to the limit in which the thickness of the layer
tends to zero. Let € be a positive small parameter and
let r be the distance from the center of the body, then we
introduce a family of mass density functions p. defined
by

pe(r) = p(r) forr < Rq—eand r > Rq +¢,
pe(Ra+¢)=p", pe(Ra—e)=p",

(134)
where pc(r) is continuously differentiable in the interval
(Rq — €, Rq + €). Moreover, we denote by means of the
subscript € the functions which are solution of the field
equations and equations of motion for assigned density
pe, and we assume that such functions converge as ¢ — 0
to the solution of the problem with density p.

Let now nn = (x — X,)/|x — X,|, where x, is the po-
sition vector of the center of the body, then replacing p
with pe in Egs. , taking the scalar product of the
resulting equations by the unit vector n, and integrating
radially over the boundary layer of thickness 2¢, at the
time instant ¢ we have

Rate OR
Ap. = —02/ pefh. 5 cdr (135)
Rd—E T
Rate dv. oU. * 0V,
_ ‘h _ d
* /Rd—s pg{ a "t T2 |

where Aps = ps(Rd +¢, 0; ¥, t) - ps(Rd -5 07 ¥, t) and
(r,0,¢) are spherical coordinates on the discontinuity
surface. Taking the limit as ¢ — 0, and observing that
the derivatives in the integrand in the second row of the
above equation are bounded above and below for all €,
we find

Rate OR
_ 27 2 €
AP = fy . PR

(136)

d—¢€

where Ap = p(RJ,0,p,t) — p(Ry,0,¢,1) is the pressure
jump. In order to compute the pressure jump we now
compute the above limit of the integral. Using f2(R.) =

16

gRY and Eq. (133]), the integrand is given by

_a 1 0| o [ n T
—(2 TF o] ol . — Itfal (= 1€
(2]a) FFET g 1T pe o - [ps (87TG cz) ]
(137)

which can be decomposed into the sum of a bounded
term whose contribution vanishes in the limit as ¢ — 0,
and an unbounded term which in the limit gives rise to
the pressure jump. The result of the computation is

2 a1 1 _ 1
ApC(a,q)< ‘ n) (/fT‘“‘*p*”‘“'),

8tG 2
(138)
where the coefficient C(«, q) is given by
Carq) = 277 (aq) T (139)

and the function n = n(Rq, 0, p, t) is evaluated on the dis-
continuity surface at the point with angular coordinates
(0, ). The jump Ap does not depend on the angular co-
ordinates on the discontinuity surfaces which are located
inside the screening spheres, while the jump varies with
position on the external surfaces of Earth and Moon.

We see that the jump of pressure depends both on the
solution 7 and, explicitly, on the NMC gravity parame-
ters  and ¢ (take into account that in Sec. [[IL A] we have
found that o < 0 implies ¢ < 0).

C. Extra force inside the screening spheres

We consider the perturbation of the hydrostatic equi-
librium due to extra force in the interior of astronomical
bodies. Let us apply the jump condition for pressure at
the mantle-core discontinuity inside the Moon. Separat-
ing the motion of the center of mass from the internal
condition of hydrostatic equilibrium in Egs. , in-
tegrating radially and taking into account the pressure
jump, we find

Ra U
p(Ry) —p(0) — Ap = / prr— dr (140)
0
62 Ra 6\I/M 2 Ra 2 6R
5 ; PM Ee dr — ¢ /0 pmfr [(Q)r} dr,

where R; = Ry, is the radius of the mantle-core inter-
face, p(0) is pressure at the Moon’s center, Ups is the
Newtonian potential sourced by Moon’s mass density,
W, is the potential inside the Moon’s screening radius,
and [OR/0r] denotes the derivative OR/0r outside of the
discontinuity surface.

In order to compute the pressure jump Ap we use Eq.
and the solution for n inside the Moon’s core:

c? 1 1

A A
e _ gn(RM,7z) _ M, mAM,n

3(1 + ‘al) )‘M,m + >\M,n

2
X >\ m m +)\ n n < 7/\2 ms
(Anmpu, M,nPM,n) S0+ Ja]) " MmPM.

(141)



from which we obtain the following estimate for the pres-
sure jump:

1
For the Newtonian term we have
Ra U
/ PM My = -2 7TGRM an n (143)
0 87‘
from which, being Ans,m << Rarn with Ay, completely
negligible (A(pas) < 1077 m for @ = —1 according to
Section |3 of Appendix A), it then follows
Ra U
|Ap| < / o —Ldr|. (144)
0 67”

The volume contribution of the extra force inside Moon’s
core is given by

o [ 2 [OR 2 2/ p— 2
—c ; pumfR o dr = —pun [f2(R]) — 2(0)],
(145)
Using expression ((133) of curvature R, the solution

for 1) inside Moon’s core, taking into account that Ay, <
R, implies n(0) ~ N, we have

2RI > 1F2(0)], (146)
then we compute the following estimate:
Ra OR
[ ot | Ge] @ < 2omal )
0
1
16 _1 pMn)H—l& )\%\/[m 2
< =2o-17G : : m- 147
3 ()™ S 040

Since A3, ,,/|a| < R3;,, for values of a of interest for ap-
plication to astrophysics and cosmology (see Refs. [6],[7]
and Section [3] of Appendix A), then for such values the
volume contribution of the extra force turns out to be
completely negligible in comparison with the Newtonian
term .

The same behavior is found in other regions of the
Moon’s interior and in the Earth’s interior, while for the
Sun see Ref. [20]. The effectiveness of the screening
mechanism is then confirmed by taking into account also
the extra force.

Inside the thin shell of both the Moon and Earth the
extra force contributes to the motion of centers of mass
(see Section while the extra force exerted by a body
on itself has a leading contribution which is radial, so
that it contributes only to hydrostatic equilibrium. The
contribution to hydrostatic equilibrium is computed in
Earth’s thin shell in Section 2| of Appendix E where it is
shown that the resulting perturbation is again negligible
in comparison with Newtonian force. An analogous result
holds for the Moon, while for the Sun see Ref. [20].
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D. Motion of centers of mass

In the following we denote by Vg(t) and Vs (t) the re-
gions of space occupied by Earth and Moon, respectively,
at the time instant ¢t. By using the continuity equation
and Reynolds transport theorem of continuum mechan-
ics, we have

pe d f
My TXE / W e, de,  (148)
TER

where Mg is the mass of Earth, and an analogous equa-
tion holds for the Moon. By substituting the expres-
sion of pdv/dt given by Eq. we obtain the vari-
ous contributions to the acceleration of Earth and Moon.
Because of the presence of discontinuities, the integrals
involving the pressure gradient and the extra force are
computed as follows. We consider the Earth motion.
The results of Section show that the extra force
makes pressure discontinuous across the external surface
of Earth, and the pressure jump,

p(Rg,0,0,t),

where p.ym is atmospheric pressure at sea level, is given
by formula with p~ = pg.w and pt = pagm, the
atmospheric density at sea level.

The contribution of the extra force to the integral on
the right-hand side of Eq. is then given by

Ap = Patm — (149)

_62 / pEfIQ% [VR] d3x - / p(Réa 67 2 t>ﬁEdU7
VE(t) 8VE(t)

(150)
where [V R] denotes the vector function VR outside of the
discontinuity surfaces, and we have taken into account
that the contributions of pressure jumps across the dis-
continuity surfaces in the Earth’s interior vanish because
of spherical symmetry of curvature R, assuming such sur-
faces contained in the screening sphere. The surface inte-
gral of p(Rg,0,¢,t) is computed by using the expression
of Ap taking into account that the integral of pa¢m
vanishes because of spherical symmetry, assuming patm
uniform on the Earth surface.

Then, substituting the expression of pdv/dt given by
Eq. into the integral in Eq. , and using Eq.
, we obtain

d2 2
XE / peVU d>z — C—/ peVY &z
Vi (t) 2 Jvp

a2
- / P_flEdU—CZ/ peff [VR] &’z
OVE(t) VE(t)
(151)

where p~ = p(Rg, 0, ¢,t). The first integral is the contri-
bution of Newtonian gravity to the acceleration of Earth,
the second integral is the contribution of fifth force, the
surface integral is the contribution of the extra pressure
on Earth’s surface, and the last integral is the volume



contribution of the extra force. An analogous formula
holds for the Moon.

In the next section we evaluate the integral which gives
the contribution of the fifth force.

VII. ACCELERATION OF EARTH AND MOON
DUE TO THE FIFTH FORCE

The fifth force contribution to the acceleration of Earth
is given by

Pxp c?
Mg | ——= ) = —— pE(x,t)V¥(x,t)d*z, (152)
dt* )¢ 2 Jvs

and an analogous integral holds for the Moon. In Sec.
[VTAl we have found that the contribution to the fifth
force from the interior of the screening sphere is negligible
due to the smallness of A(pg), so that the contribution
to the integral over Vg (t) only comes from the thin shell
defined by rg < |x — xg| < Ra.

The integral over the thin shell is evaluated by using
the expression of the potential ¥ in terms of 7,
which gives V¥ = —(87G/c*)Vn, and using the solution
for the function 1 computed by means of the method of
images.

Let us first consider the contribution from the solar
term ng. Using spherical coordinates we find the values
of the following integrals:

47 G G Xg — XE

— VIsd’z=—Meg M. ,

E Jup T BT g B
(153)

where we have dropped the dependence of effective
masses on the screening radii, and

/ peVTspd’z = 0. (154)
VE(t)

Let us now consider the contribution from the following
terms of ng:

T c* 2 [fe
. —SXS\ <8WG o 3/ ps(r)rdr> . (155)

s

Using the integral equation on the Sun’s screening sphere,
which is obtained from Eq. (101 by exchanging E with
S, we have

4

2 [fe c R
— = — — — 1
3 /TS ps(r)rdr p—e ng—l-O(d), (156)

where O(R/d) denotes terms multiplied by a factor of
type R/d, where R is a radius and d is a distance between
the astronomical bodies. Hence, by taking the gradient of
the expression and integrating over the Earth’s thin
shell, we find contributions to the fifth force multiplied
by factors R/d.
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The contribution from the lunar term 7,; is obtained
by replacing S with M in the previous expressions.

For the contribution from the terrestrial term ng we
find

/ pE(x, ) VIg(x,t)d*r =0, (157)
VE(t)
ct 2 [fe
<S7TG Ay /TE PE(T)Td7"> x
X / oV —F @iy —0,  (158)
Va(t) Ix —xg|

because of spherical symmetry.

All other contributions from 7 resulting from Green’s
function G(x,xg) up to second order are discussed in
Appendix D where it is argued that they either vanish
or are multiplied by factors R/d. Moreover, it turns out
that all contributions to the fifth force of the order of R/d
cancel each other. Since in the Sun-Earth-Moon system
the ratios R/d are small, then corrections of the order
of (R/d)?* have not been computed because exceedingly
small to give rise to observable effects.

Combining all these results, we obtain the acceleration
of the Earth due to fifth force and computed by using the
Green’s function up to second order:

d2XE G X5 —Xg
Mg (dt2>f = T Mgest [Me,eﬂfw

(159)

The acceleration of the Moon due to fifth force is analo-
gous:

d?x s G X5 — XM
axmy _ & A5 T AM
My < 72 )f 3 Mg e [M@,eff s — %P

(160)

Xg — X
+ M@,eff L M :|

Ixg — xuml?

In the case of astronomical bodies with uniform mass
density the above expressions coincide with the acceler-
ations of Earth and Moon found in [19] for chameleon
gravity and in [38] for f(R) gravity theory. In the more
realistic case of bodies with varying density such expres-
sions give different results. Moreover, the equations that
determine the screening radii in NMC gravity in general
are different from the corresponding equations in f(R)
gravity [39].

Since the accelerations of the Earth and Moon de-
pend on the effective masses of the bodies, which are
the masses of the respective thin shells and these depend
on the internal structure of the bodies through density
and size, then a violation of the Weak Equivalence Prin-
ciple takes place. Such a violation can be looked for in
the Earth-Moon system by means of LLR measurements.



VIII. ACCELERATION OF EARTH AND MOON

DUE TO THE EXTRA FORCE

The acceleration due to extra force takes contributions
from the extra pressure on the surface of the moving as-
tronomical body and from the volume part inside the
body. In the sequel we compute the acceleration of Earth,
while the acceleration of the Moon is obtained by an
analogous computation. Using Egs. (151) and (138),
the contribution of the surface integral of pressure to the
acceleration is given by

d2
Mg ("f) - - / p(R3, 0,0, t)hpdo
dt* ). Ve (t)

C( ) 714:\&\ / ( c2 ,rl)aal -
= & 4q)PE 4 - = ngao,
E, Ve(t) G c?

(161)

where we have neglected the atmospheric density with re-
spect to the density of seawater. Using again Eq.
the volume part of the extra force, taking into account
that the contribution from the interior of Earth’s screen-
ing sphere vanishes because of spherical symmetry, is
given by

P*xp _ 2 2 3
Mo (S5E) = [ pefR (VRIS
dt? e,v VE(t)

= 702/ pEfI%VRd3x:—02pE7ql,/
QE QE

Vfdiz,
(162)

where Qg = {rg < |x —xg| < Rg} is the thin shell of
Earth, which is assumed to lie inside seawater. Using now
Gauss theorem, the formula f2(R) = ¢R®, the expression
of curvature, and taking into account that R is
constant on the screening surface, we have

d2
Mg (XQE) = —chE,w/ fA(R)hgdo
dt e,v 8VE(t)

1 1 02 n a1
= —2C(a, 1+\a\/ _n Apdo,
o (a Q)PE,w oV (t) e 2 ngaoc

(163)

so that we have the following relation between the volume
and surface contributions to Earth’s acceleration:
d2XE 1 d2XE

(%)= (@),
For the function 7 inside the integral we use the
solution computed by means of the Green’s function up
to the second order: note that such a solution was com-
puted by neglecting curvature R inside the thin shell ac-
cording to inequality , so that with this procedure
we compute a first correction to R = 0. This correction

satisfies itself inequality for @ < —1/2 as it is shown
in Appendix E.

(164)
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In order to approximate the surface integral (163]) we
introduce the small radius-to-distance ratios €1,¢es,...,
where

TE TE

= £g = — (165)
|xg — xg| |xg — x|

€1

the other geometric ratios are defined analogously, and
the thin-shell parameter of Earth,

AR@_R@—T‘E

1
R R (166)

op =

so that the thin-shell condition for Earth reads dg < 1.
If such a condition is satisfied, then Earth’s screening
surface lies inside seawater and, at first order in dg, we
have the relations

Mg ot (rp) = 47ppw R 05, (167)
and
Re Mg esi( M,
D, eff TE) @eH(TE)
pe(r)rdr — : R~ : 0. (168)
/7“E ) 47TR@ 87TR€B (

Now we observe that the Dirichlet condition re-
quires the function (¢?/(87G)—n/c?) to vanish on Earth’s
screening surface, so that such a function, when evaluated
on the external surface of Earth, is infinitesimal with re-
spect to dg. Such an infinitesimal property has to be
satisfied by the approximation of function 7 in order to
have a valid approximation of the surface integral .
Then, if we consider the solution 77 computed with the
Green’s function up to the first order, we have argued in
Sec. @that the sums Zg + Js g and Ty + Jp, g vanish
on Earth’s screening surface, so that they are infinites-
imal with respect to g on dVg. Moreover, using Eqs.
(87)-(88), the radial terms of (c*/(87G) — (ng +ny)/c?),
which depend on |x — xg|, also vanish on the screening
surface. The other terms in the first order solution do
not vanish on the screening surface, so that the solution
computed with the Green’s function up to the second or-
der has to be used. By using the method of images for
a system of spheres, we show in Appendix C that the
remaining terms in the first order solution cancel on the
screening surface with terms of the second order solu-
tion, so that the sum of all such terms is infinitesimal
with respect to g on OVg.

Using these results we make a second order Taylor ap-
proximation on the external surface of Earth, with re-
spect to 0g, and €1,¢9,..., of the terms in the function
(c?/(8mG) —n/c?) which vanish on Earth’s screening sur-
face. By the above arguments such a Taylor approxima-
tion has the overall multiplicative factor dg. By using
the method of images one can check that the remaining
terms in the second order solution which do not vanish
on the screening surface, and which are not considered in
the Taylor approximation, cancel with terms of the third
order solution giving rise to smaller corrections, and this



procedure can be iterated at higher orders. The lead-
ing terms in the Taylor approximation are computed in
Appendix D and they are the following:

02 1 5E M@ ff
L (Ra, 0, p,1) ~ | 8l g
swq ~ 2B te )~ o [ 2Ry
M e N M e N A
8 (slwnEs+52wnEM) .nE+_.} 7
Ixp — xs| xXp — XM
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where 60, are angular coordinates on Earth’s surface,
ng = ng(Rg,0, ), the term multiplied by £; comes from
the Taylor approximation of Zs + Js, g, the term multi-
plied by €2 comes from the approximation of Zys + Jar, i,
and the dots represent all terms that involve the other
geometric ratios. We will find that these further terms
give a negligible contribution to the extra force.

The further first order Taylor approximation with re-
spect to €1,¢€9, ... then follows:

o ||
1 ST (0 \ T
[%G_§M%ﬂwﬁ} N(HJ

K21 1
Mg o\ 1101 3 Mg g\ THE
®,eff + o @ ,eff (170)
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Ixp — xs] Ixg — x|

Now, using the integral equation , substituting the
expression of ny into the integral equation, neglect-
ing factors involving radius-to-distance ratios in the in-
tegral equation and using the relation (L68)), the term ag
inside the coefficient C(a, ) is approximated by

~ 81G Ltlel —a M@,eff
ag~ = . :

(171)

Substituting the Taylor approximation and the
above expression of aq inside the contributions and
to the Earth acceleration, using the relation
for the Earth’s effective mass, executing the surface inte-
grals, and adding the surface and volume parts, we obtain
the total expression of the extra force on Earth. We find
that a computation identical to the one executed for the
fifth force shows that the terms represented by dots in
the Taylor approximation give contributions to the
extra force of the order of (R/d)?, so that they have been
neglected. The final expression of the extra force is given
by

|

w (e L (2Ba \ TG re (py \ T
P\ ar ),” \ARg 3 Re \ po.w

XE —
X Mg ot [MQeHXEXSP

Xp XMl‘{j} '

(172)
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Comparing with Eq. 7 we see that the extra force
and the fifth force are parallel vectors which point in
opposite directions. The ratio of magnitude of the two
vectors is given by

|

oo~ (3)™ 2 ()
" \ARs Ro \ prw '

The contribution of the extra force to the Moon’s accel-
eration is analogous:

(173)
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and the corresponding ratio of magnitude of this vector
and the fifth force on the Moon is given by

oon () )
M=\ ARy Ry \ pume .

If the thin-shell condition for the Moon is satisfied, then
the Moon’s screening surface lies inside the Moon’s crust
so that the crustal density pys. appears in the above
formulae.

(175)

IX. EQUIVALENCE PRINCIPLE VIOLATION

The results of the previous sections imply that the
Earth and Moon fall toward the Sun with different ac-
celerations, hence a violation of the universality of free
fall (UFF) takes place. The UFF can be satisfied only
if the astronomical bodies are completely screened (the
effective masses vanish), a condition that follow from the
equations that determine the screening radii only
if n, = ¢*/(87G), hence ¢ = 0 from Eq. , so that
NMC gravity reduces to GR.

Using the expressions of the acceleration of Earth and
Moon due to fifth force and extra force, computed in

Secs. [VII] and [VITL, the leading terms of the relative
Earth-Moon acceleration are given by

ay —ag = QMM T XE + AESMGMGM
o —xoP bes —xf?
Xp — Xs XM — X3
+ (14 Avtidal) GMo (|XE — x5 |xum X5|3) )
(176)
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The meaning of the terms in the expression of ap; — ag
is the following [29]:

(i) the first term is the relative acceleration due to
the gravitational attraction between the Earth and
Moon,;

(i)

the second term, which can be written in the form,

Agsum 8s, (180)
gs being the Newtonian acceleration of Earth due
to the Sun, is the UFF violation-related difference
between the Earth and the Moon accelerations to-
ward the Sun, hence, in the framework of NMC
gravity, this term gives rise to a violation of the
WEP;

(iii) the third term is the solar tidal perturbation of the

Moon’s orbit, Aiga; being the NMC gravity correc-

tion to the Newtonian perturbation.

The size of the UFF violation is represented by the pa-
rameter Agsy, where ESM stands for Sun, Earth and
Moon, since, by definition of the effective mass, such a
parameter depends on the composition (density) and size
of all the three astronomical bodies [25]. Particularly, the
WEP violation depends on size and composition of the
Sun, in addition to the more usual dependence on size
and composition of the Earth and Moon.

If the astronomical bodies are screened with screening
radii close enough to radii of the bodies, then the effec-
tive masses and, consequently, Aggy can be made small
enough in such a way that an experimental bound on
WEP can be satisfied.

If we denote dgy the Earth-Moon distance, then, the
UFF acceleration gives rise to a polarization of the
Moon’s orbit in the direction of the Sun with a periodic
perturbation Adgy of the form [40]

AdEM = SAESM COS .D7 (181)
where D is the synodic phase measured from the new
Moon, and S is a scaling factor whose theoretical com-
putation gives S = 2.9 x 102 cm [41].

The Newtonian solar tidal perturbation of the Moon’s
orbit also produces a periodic perturbation of dgy that

)

)
)
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has a component at the synodic frequency; nevertheless,
such a perturbation can be accounted for to a very small
uncertainty [42], so that the corresponding NMC gravity
correction can be neglected for |Agiqal| < 1.

In the next section constraints on the NMC gravity
model will be obtained by means of the test of WEP
performed in Ref. [25] using lunar LLR data.

X. LLR CONSTRAINTS ON NMC GRAVITY
PARAMETERS

In Ref. [25] the authors give a general constraint in
terms of difference between the Earth and the Moon ac-
celerations toward the Sun, without assuming metric the-
ories or other types of modified gravity theories. In order
to test UFF violations, a supplementary acceleration of
the form (180)) is introduced in the geocentric equation of
motion of the Moon. The parameter Aggy is estimated
in the LLR adjustment together with a set of parameters
of the lunar ephemerides listed in [25].

Then, using the expression ((177)), specific of our frame-
work, the estimate of Aggy obtained in [25] can be di-
rectly translated into a constraint on NMC gravity pa-
rameters. The result on the WEP violation parameter in
[25], based on 48 years of LLR data, is given by

Agpsm = (3.8+7.1) x 10714 (182)
In our framework Aggym is a function of o and of the
screening radii of the Sun, Earth and Moon,
Agsm = Agsm(a,rs, 7, 7M), (183)
which are determined by Eqs. (101)) as functions of the
parameters o and ¢ of the NMC gravity model:
rs =rs(e,q), rE=rp(a.q), Tm=ru(aq). (184)
Substituting such functions in the constraint (182) we
obtain the set of the admissible values of parameters o«
and q.

In order to avoid either too small or too large num-
bers we replace parameter ¢ with the following rescaled,
dimensionless parameter:

7=qRS, (185)
with R, = 87Gp,/c*. With this substitution, the func-
tion f2(R) can be written in the form

A(R) =c7(1f)

We represent the constraints from LLR by means of a
two-dimensional exclusion plot in the plane with coordi-
nates a, q. The resulting admissible region in the plane is
restricted by means of the condition Ay > 74 introduced

(186)



in Section [[V D] which, expressed in terms of parameters
a, ¢ and using Eq. with p = pg, becomes

3 62 1/2
—a(l —a)5—q| > 10 187
o -G e (187)
where we have required Ay > 102rg.
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Figure 1. LLR constraints on the parameter quarter plane

|, ]q] for 0 > a > —10. The solid black line yields the upper
bound on |g] from LLR data, the dashed black line yields the
lower bound on |g] from inequality A, > 10?ry. The dashed red
line represents the condition Sun’s screening radius rs equal
to the radius r, at the base of the solar photosphere.

Fig. [T]shows the admissible region for values of parameter
« in the range (—10,0); since both a and G are negative
the admissible region is plotted in the quarter plane with
coordinates (|al,|q]). Fig. [2| shows the admissible region
for values of « in the range (—1,0). The portion of the
admissible region which lies above the dashed red line
rs = rp corresponds to values of rg such that the Sun’s
screening sphere lies in the solar convection zone.

In Ref. [20] it has been found that the Cassini measure-
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In the numerical computation the screening radii have
been determined by Egs. neglecting the factors in-
volving radius-to-distance ratios, since they give rise to
corrections that are not visible at the scale of the follow-
ing exclusion plots.

The LLR constraints are graphically reported in Fig-
ures [[]and [2} admissible regions for parameters are plot-
ted in white, while the excluded regions are plotted in

grey.

10-t 2-D plot in the |a|-|§| plane
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10700
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Figure 2. LLR constraints on the parameter quarter plane
|al,]q] for 0 > @ > —1. The solid black line yields the upper
bound on |g| from LLR data. The meaning of the dashed black
line and of the dashed red line is the same as in Fig.

(

ment of PPN parameter v constrains the parameters «, ¢
to be of the order |g| < 10712 for —1 > a > —10. Hence,
the constraints from WEP violation and LLR data pro-
vide tighter bounds on model parameters compared to
bounds from Cassini measurement.

Figures[3|and [ show the thin-shell parameter of Earth
dg and the corresponding parameters dg and dy; of Sun
and Moon, which are defined analogously to formula
(166), plotted versus |g| for a fixed value of a. Fig.
shows the plot for &« = —1 and Fig. [ for a« = —10.



Numerical solution (o = —1)
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Figure 3. Plot of thin-shell parameters ds,dn and dg versus
|g] for @ = —1. The vertical solid black line on the right
corresponds to the upper bound on |g] for « = —1. The vertical
dashed black line corresponds to the condition Ay, = 10%r, and
the red one corresponds to rs = 7,. The horizontal dashed and
dotted lines correspond to rs = rp, and s = Tconv, respectively.

The excluded regions are colored in grey. The figures
show that increasing |g] the Sun’s screening radius enters
into the convection zone.

The numerical results show that for values |a] > 1/2,
such that the thin-shell approximation is self-consistent,
we have for the Earth the upper bound 65 < 2 x 107
which, using Earth’s density profile in Section [2] of Ap-
pendix A, corresponds to a thin shell ARg ~ 127 m in
seawater. Since the Earth has been modeled by means
of a sphere (as it is usually done for this kind of prob-
lems), it is interesting to compare the thin shell with
topographic variation on Earth’s surface. First we ob-
serve that the ocean and seas cover 70.8% of the surface
of the Earth, then, because of currents, tides and other
dynamic effects, the surface of oceans departs by roughly
+2 m from the geoid, which is the equipotential surface
of the Earth’s gravity field (including centrifugal force)
going through the ocean surfaces in average [43]. The
geoid, in turn, locally differs from the reference ellipsoid
used in geodesy which has a small flattening f ~ 1/300,
so that it is very close to a sphere. The geoid undula-
tions, which are the local deviations between the geoid
and the ellipsoid, range worldwide from -107 m (North
Central Indian Ocean) to 85 m (Western Pacific, east of
New Guinea) relative to the ellipsoid, but over the large
majority of the ocean surface the undulations range from
-20 m to 20 m [44]. Hence, on the majority of Earth’s
areas, the deviation between the Earth’s topographic sur-
face and a sphere is less than 1/6 of the value of ARg
which saturates the LLR constraint, so that the use of
the spherical approximation of the thin shell is justified
in order to find analytical order of magnitude estimates
of the constraints on the NMC gravity parameters.

For the Moon we have the upper bound M < 10~*
which, using Moon’s density profile in Section 3| of Ap-

23

Numerical solution (« = —10)
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Figure 4. Plot of thin-shell parameters ds,dyr and dg versus
|g] for a = —10. The vertical solid black line on the right
corresponds to the upper bound on |q] for « = —10. The

meaning of the vertical dashed black and red lines, and of the
horizontal dashed and dotted lines, is the same as in Fig[3]
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pendix A, corresponds to a thin shell ARy, &~ 174 m in
the lunar crust.
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Figure 5. Plot of the ratios Qg and Qs of magnitude of extra
force and fifth force versus || for —1 < a < 0.

Figure 5 shows the ratios Q¢ and Qs of magnitude
of extra force and fifth force for the Earth and Moon,
respectively, versus |a| for —1 < « < 0. The ratios Qg
and @y are of order unity for a &~ —1/5, however, in
Appendix E it is shown that the thin shell inequality
is satisfied for & < —1/2 so that the solution for
7 is self-consistent for such values of «. For o < —1/2
both Qg and Q) are less than 10* so that the extra
force is negligible in comparison with the fifth force. The
smallness of the ratios Qg and Qs is due to the presence

in Egs. (173) and (175) of the term

|

(2)7
p )

where p is density in the thin shell of the astronomical

(188)



body: either the density of seawater on Earth or density
of the lunar crust. Eventually, at the galactic scale where
density is of the order of p, we expect the extra force to
have relevant effects.

We conclude this section with the evaluation of the
pressure jump on Earth at the interface between seawater
and atmosphere. Using expression of the pressure
jump with p~ = pg ., and pt = pagm, the Taylor approx-
imation and the thin shell approximation, we find
the following leading term for the pressure jump:

|

G Mg . 1) 1+a]
Ap ~ = L0l w 9E Pg 7
3 Rg 2 pBw

where we have neglected atmospheric density with re-
spect to density of seawater. The pressure jump increases
by decreasing || and the value of Ap for « = —1/2 at
the saturation of the LLR constraint, which corresponds
to 6p =2 x 107?, is given by Ap ~ 6 x 10719, where
Patm 1S atmospheric pressure at sea level, hence a negli-
gible quantity. By increasing |«| the jump Ap decreases
quickly.

(189)

XI. CONCLUSIONS

In this work we have examined the NMC theories of
gravity specified by Eq. . These theories for cer-
tain values of ¢ and « are potentially inconsistent with
the Equivalence Principle given that the fifth force and
the extra non-Newtonian force they give rise could imply
that Earth and Moon fall differently towards the Sun.
We have shown that the screening chameleon-type mech-
anism, discussed for the first time in the context of these
theories in Ref. [20], can be used to shield any violation of
the Equivalence Principle provided the astronomical bod-
ies are screened in such a way that their screening radii
are close enough to the radii of the bodies as discussed in
section IX. Furthermore, we have shown in section X for
which range of values of the parameters a and ¢, compat-
ibility with 48 years of LLR data can be ensured. Hence,
the screening mechanism here discussed does allow for
compatibility with data even of versions of the NMC
gravity theories that are potentially problematic. We
find that constraints from WEP compatible with the LLR
data yield tighter bounds on the model parameters com-
pared than the corresponding bounds from the Cassini
measurement of the parametrized post-Newtonian pa-
rameter, v [20]. Indeed, WEP and LLR data, compatible
with lunar ephemerides, do provide stringent bounds on
the parameters ¢ and «, more specifically, as depicted in
Figs. (1] and [2| for |a| and the rescaled value |q| given
by Eq. (185). Compatibility with data is found for
lg] < 10~'* and for 0.5 < |a] < 10. As for the ro-
bustness of the screening mechanism, the thin-shell con-
ditions were tested for different model parameters for
Earth, Moon and Sun, as shown in Figs. [Bland @ As
can one inspect, consistency is found for the range of
model parameters that are compatible with data.
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Recently, WEP has been tested with a precision of
1071 by the MICROSCOPE mission [45], nevertheless,
the resulting bounds on chameleon gravity are not com-
petitive with state-of-the-art constraints [46] since MI-
CROSCOPE was not designed for testing modified grav-
ity theories of this type.

As a final remark, we can state, on general grounds,
that our results provide yet another confirmation that
the NMC gravity model under study remains a workable
alternative to address certain issues for which GR is not
fully adequate. Furthermore, given that the particular
subclass of NMC model under study requires the devel-
opment of various techniques for the implementation of
the screening mechanism, its relevance goes beyond the
specificities of the model as the technical issues addressed
in our work can, in principle, be useful in any model of
gravity.
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APPENDIX A: INTERIOR DENSITY PROFILES

We report on models of mass density profiles for the
Sun, Earth and Moon which have been used in order to
find analytical estimates of the constraints on the NMC
gravity parameters at a suitable order of magnitude.

1. Sun density profile

The complete model of mass density of the Sun is re-
ported in Ref. [20]. In this appendix we report the den-
sity profiles of the convection zone and photosphere since
the screening radius rg that saturates the LLR bound lies
in such zones. For the details see Ref. [20].

The radius of the Sun is Re = 6.9634 x 10% km, the
solar atmosphere begins below the spherical surface of
radius R and center in the origin, at a depth of about
500 km, and extends outward from the Sun. Then
rp = R —500km is the radius at the base of the photo-



sphere. Matter in the Sun is modeled as a perfect gas in
hydrostatic equilibrium.

Convection zone. We use a polytrope model with an
effective polytropic index n. = 2.33 [47]:

ps(r) = K. [Ts(r)]"™,

with K. = 3.44 x 10715, and the radius r varying in the
range

(190)

Tconv S r< Tp, Tconv — 5.3185 % 105 km. (191)
The temperature profile is approximated by [47]
GM,
Ts(r) = — T, 192
) = G2 = (192

with Mg = 1.989 x 1033 g, C), = 2.95 x 108ergg ! K~!
is an averaged value of the specific heat at constant pres-
sure, and Tp = 6.461 x 105 K.

Photosphere. For the density in the photosphere we
use the following model, adapted from [S], for r, <r <
R@I

B HMp P Ro —7r
)= L i (U

> . (193)

where 1 = 1.26, m, = 1.66 x 10~2* g is the proton mass,
kp = 1.3806 x 10~ ¢ erg K~! is the Boltzmann constant,
H,=117km, A =88 x 103km 2K, T}, = 4.4 x 103K
is the temperature minimum at the top of the photo-
sphere, p,, is pressure corresponding at the temperature
minimum, such that p,,/kp = 1.2 x 10! Kcm=3.

The Sun density profile permits us to compute the val-
ues of the length A(pg). By using the definition of
A we have

a—1

Aps) = Ag <ZS> ) ,

g

(194)

and by the discussion in Sec. we require A\g > rg.
For instance, if = —1 and Ay = 103rg ~ 10° AU,
at the bottom of the solar convection zone where pg ~
1.65 x 107! g/cm3, we have A(ps) ~ 10~%m. At the top
of the convection zone where pg ~ 2.73 x 107 g/cm?, we
have A\(ps) ~ 7 x 10~ m.

2. Earth density profile

We consider an average Earth model in the sense of
[32]. The Earth is divided into four regions with constant
mass density separated by spherical surfaces of density
discontinuities: ocean layer, crust, mantle and core. The
following numerical values of radii and densities are taken
from [32] [49]. The radius of the Earth is Rg = 6371 km.

Ocean layer. Since the ocean and seas cover 70.8%
of the surface of the Earth, the uppermost layer of the
average Earth model consists of seawater with a depth

25

of 3 km. The layer corresponds to distances r from the
Earth’s center Rg . <1 < Rg:

Rp.=6368 km,  pg., =102gem 3  (195)

Crust. The layer corresponds to Rg,m <1 < Rg .

Rpg,m =6346.6 km,  pp.=27gem >  (196)

At radius Rg,m, there is the Mohorovici¢ discontinuity.
Mantle. The layer corresponds to Rg, <7 < R m:

RE 5, = 3480 km, pEm =45 gem ™. (197)

At radius Rg , there is the Gutenberg discontinuity.
Core. The layer corresponds to 0 < r < Rg p,:

pEn =11 gem™>, (198)

Using Eq. we may compute A(pg) in the various
Earth’s layers. We have A(pg) < AM(pE.w), then, using for
instance @ = —1 and A\, = 10° AU, we find Mpgw) =
10~7m, hence a completely negligible quantity.

3. Moon density profile

The Moon is divided into three regions with constant
mass density separated by spherical surfaces of density
discontinuities: crust, mantle and core. The following
numerical values of radii and densities are taken from
[50H52]. The radius of the Moon is Ry; = 1737 km.

Crust. The layer corresponds to distances r from the
Moon’s center Rysm < r < Ry [51]:

Ryrm = 1697 km, PM,c = 2.55 ngiB. (199)

At radius Rz, there is the lunar Moho.
Mantle. The layer corresponds to Rarn < 7 < Ragm:

pMm = 3.4 gem™®, (200)

Core. The layer corresponds to 0 < r < Ry, [50, 52):

PMn =3.9-5.5 gem 3.

(201)
Considerable uncertainty is connected with the radius
and physical state of a metallic core.
In the Moon’s layers, using again o« = —1 and Ay = 10°
AU, we have \(pps) < 107" m.

Rz = 330—400 km,

APPENDIX B: SECOND ORDER GREEN’S
FUNCTION

First we give the six second order images inside the
screening spheres. The position vectors of the two image
points inside the Sun’s screening sphere are given by

Xp—X

—~ 2 E S

XSE:XS+TS|§E x ‘Qa
E — XS
iM—XS

XoM = X5 + 7% | (202)

Xm —xg|?’



where X5, Xgs are the images of the sources at Xg, X/,
respectively. The other four second order images are ob-

1
G?(x,x0) = — TE rs
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tained by changing the subscripts S, E, M.
The second order term of Green’s function contains six
terms and its expression is then given by

1 M rs 1

rs rE 1

am | |xg — xo| [Xg — x| [x — Xsz|

‘XM — Xol |§M *XS‘ |X — QSM‘
M rE 1

rs M 1

|XS - X0| \is - XE| |X - SEES|

_ — (203)
|xm — Xo| |Xpm — XE| |x — XEM|

re M 1

Ixs — xo| [Xs — x| [x —Xprs]

We now give the contribution ng) (x,t) from the Earth’s
thin shell to the solution 7)(x,t) obtained by adding the

IxE — %ol |Xp —xum| [x —XmEl]

(

second order term of Green’s function. The following
expression has to be added to formula . We drop the
dependence on (x,t) for simplicity:

(2) _ C4 _ r rs +
e srG )T |x — xs|(xs — xg) + ring|
+ Fe,es +Fese+Feem +FemeE +Fesu+ FEMms,

fri@ pe(r)rdr

M :|
|[x = xar|(xar — xp) 4 73]
(204)

M@7QH(TE)/47T

2
FeEs+FEsE = 5 TETS |

|x — x5|(xs — xg) + ring|

L (205
|r%;<xE—xS>+|x—xE<|xE—xs|2—r%>nE|} (205)

2
C
Fesm +Fems = T3 TMTS (Asm + Ams) Mg e (TE),
N N —1
Asu = HX — x| [[xs — xp|(xar — x5) + T?anE] + 13 lxs — XE|IIM| , (206)

where Fg gy +FE,MmE is obtained by replacing subscript
S with M in Eq. , Ajprs is obtained by exchanging
subscripts S and M in the expression of Agys, and ngg =
(xs —xp)/|xs — xgl.

The first two terms in the expression of 771(92) are
the contributions from the surface integrals over Earth’s
screening surface; the terms Fg gs+ Fg sk in Eq.
are the volume integrals over the Earth’s thin shell of the
terms in G(?)(x,x0) corresponding to the second order
images inside Sun and Earth of the sources at Xp and

Xg, respectively; the other terms in 771(92) have analogous

meanings. The contributions ng), n](\? from the Sun and
Moon are found by exchanging the subscripts S, E, M.
The sum of all the resulting terms yield the second order

correction 7(?) to the solution 7.

(

APPENDIX C: VERIFICATION OF DIRICHLET
CONDITION

We compute the solution 1 on 9 by using the Green’s
function up to the second order. We report the computa-
tion for the Earth’s screening sphere, the results for the
Sun and the Moon being analogous.

Let us first consider the solution up to the first order
and the contribution from the solar term n(sl). In Section
we have argued that Zg(x,t) + Jg r(x,t) = 0 on the
Earth’s screening sphere. The remaining terms give the
following contribution on the screening sphere, which is
approximated at the leading order with respect to ratios
R/d, where R is a radius and d is a distance between the
astronomical bodies:

4
) ¢ rs
t) ~ - — 207
ns(%¢) (87‘(’G 779) |x — xg| (207)
2 Ro 2 M
_ ¢ s ps(r)rdr — c M @,eff(rs)'
3 |x —xg| 127 |xpr — x| |x — x|



The first order contribution from the Moon is obtained
by exchanging S with M in the previous expression. The
first order contribution from the Earth is given by

4 2
(1) ¢ ¢ rs  Mger(rE)
) ~ —— —py— ——
ne (%) stG " 1on |xs —xp| |x—xg|
2 M
c M @, (TE) (208)

B E‘X]w—XE| |X—XM‘ ’

By adding the contributions from the three astronomical
bodies and 1, according to formula , we find that the
difference nM(x,t) — ¢*/(87G), between the first order
solution and the Dirichlet datum on Earth’s screen-
ing sphere, contains terms multiplied by factors of the
order of R/d.

We now consider the terms given by the Green’s func-
tion up to the second order and we start again with the

contribution from the solar term 77592)- The integral term

in n(sl)(x, t) (which is exact),

2 rg /RQ
—_—— s(r)rdr,
3 |x—xs| /g ps(r)

obtained by replacing F with S in the last term of the
solution for ng, is the volume integral over the Sun’s
thin shell of the term in G(*)(x, xo) corresponding to the
image point Xg, which is the image of xq inside Sun’s
screening sphere. Now exchange F with S in the solu-
tion for 771(22) of Appendix B, then consider the
resulting term Fg g which turns out to be proportional
to the integral in expression . The term Fg gg is
the volume integral over the Sun’s shell of the term in
G®@(x,xq) corresponding to the image of Xg inside the

J

(209)
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Earth’s screening sphere, so that, by the properties of im-
age points the sum of the integral term (209) plus Fs g
vanishes on the screening sphere.

The surface term in ngl),

C4 _ rs
snG |x — x5’

obtained by replacing E with S in the first term of Eq.
, is the surface integral over Sun’s screening surface
of the term in G (x,x¢) corresponding to the image
point Xg. Now exchange E with S in Eq. of
Appendix B, then consider the first term in the square
bracket which turns out to be proportional to the expres-
sion ¢*/(87G) — n,. This term is the surface integral of
the term in G (x,xq) corresponding to the image of Xg
inside the Earth’s screening sphere, so that, the sum of
this term plus the surface term again vanishes on
the screening sphere.

(210)

The term Js s in ngl) (which is approximated on

Earth’s screening surface by the last term in Eq. (207))),
is the volume integral over the Sun’s thin shell of the
term in G (x, x¢) corresponding to the image point X ;.
Then exchange again F with S in the solution for 771(92) and
consider the resulting term Fg p/g which is the volume
integral over the Sun’s shell of the term in G (x, x) cor-
responding to the image of X)s inside the Earth’s screen-
ing sphere, then one can check that the sum of Jg s plus
Fs,mE vanishes on the screening sphere.

Hence, all the first order terms in 77(31)
second order terms in 77592) and the remaining terms are
approximated on Earth’s screening surface as follows:

cancel with some

TETM 1 TSTM 1

2
1 2 c rSTE 1
g (%) + S (x,1) =~ <

127 |xs —xp|? |x — xg|

2 Ro 4
T™MTS C c
. dr — —— .
T Tar = xs] - [x — %] (3/ ps(r)rdr st+”9>

Ts

The contribution from the lunar term 7,; is obtained
by replacing S with M in the previous expressions.

Now we consider the second order contribution from
Earth. The terms Jg s and Jg a in 77551) (which are ap-
proximated on Earth’s screening surface by the last two
terms in Eq. ), are the volume integrals over the
Earth’s thin shell of the terms in G)(x,x¢) correspond-
ing to the image points Xg and Xy, respectively. Then
consider the term Fg sg in 7]](52) which is the volume inte-
gral over the Earth’s shell of the term in G(®)(x, x¢) corre-

xp —xs| - [xm —xp| [x — x|

) Mo et (rs)

x5 — xm[? [x — xs]

(

sponding to the image of Xg inside the Earth’s screening
sphere, then one can check that the sum of Jg s plus
Fr,sE vanishes on the screening sphere. Analogously,
the sum of Jg » plus Fg am e vanishes on the screening
sphere.

Hence, all the first order terms in ng), with the ex-
ception of ¢*/(87G) — 1, cancel with some second order
terms in ng) and the remaining terms are approximated
on Earth’s screening surface as follows:

(211)
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TE M TE

(1)(x t) + 77(2)()(, t) =~

4 2 re
o et o
8rG 3 \|xs —xg| |x —xg]

Rg
+ > / pe(r)rdr
X —xpl|x—xm|/) Jrp

2
c rMTS 1 rSTM 1
+ ) Mo antre)
7 \xs — x| |xpm —xs| |x —xp|  |xm —xE| - |xs — x| |[x — x5]
4
TETS TETM C
+ — ) 212
<X5XE|~|XXS| xMxE|~|xxM|> (87rG g (212)

If we compare the above result with the first order com-
putation we find that the difference

N 1)+ 0P () = !/ (87G),  (213)
between the solution computed up to second order and
the Dirichlet datum on Earth’s screening sphere,
contains terms multiplied by factors of order of (R/d)2.
Since the ratios of the type of R/d are small, it then
follows that the approximation of the Dirichlet condition
improves by increasing the number of image points.

APPENDIX D: FIFTH FORCE AND EXTRA
FORCE AT SECOND ORDER

We discuss the contributions to fifth force and extra
force resulting from the solution 1 computed by resorting
to the second order Green’s function G (x,xy).

1. Fifth force

We consider the contributions from the solar term 7g.
By exchanging F with S in the second order solution
(204H205|) for np of Appendix B, we observe that the
terms

ct 2 (R
S e g/ ps(r)rdr

Ts

(214)

appear in the second order solution multiplied by a geo-
metric factor of the same form of Js g. Hence, the con-
tribution of such terms to the fifth force is proportional

to
Ro
C— n ——/ r)rdr / pEVjSEdSz
87TG g VE(t) ’ ’
(215)

which vanishes because of formula . Furthermore,
using also the integral equation on the Sun’s screening
sphere, we find that the sum of the contribution from
VJs,m plus all other second order terms in Vng gives
contributions multiplied by factors R/d. That completes
the contributions from ng.

The contribution from the lunar term 7,; is obtained
by replacing S with M in the previous results.

Now we consider the second order solution Eq.
for ng of Appendix B. By using the integral equation

(

on the Earth’s screening sphere, we observe that the
terms in the first row of Eq. - ) cancel with the terms
FEe,Es + Fe,em in the second row, given in Eq. .,
except for O(R/ d). Furthermore, we find that the sum
of the contribution from Vg plus all other second order
terms in Vng gives contributions multiplied by factors
R/d.

Eventually, by using the thin shell assumption for all
bodies and the approximate relations between ef-
fective masses, it turns out that all contributions to the
fifth force of the order of R/d cancel each other.

2. Extra force

We compute the leading terms in the Taylor approxi-
mation . Let us first consider the contribution from
the solar term ng. We have Zg(x,t) + Js,r(x,t) = 0 on
the Earth’s screening sphere. By exchanging F with S in

the second order solution (204H205)) for g of Appendix

B, we obtain the approximation 7732) and we observe that
the terms in the sum

Re
3 \x XS|/

have the same geometric factors of Zg(x,t) + Js g(x, t).
The surface term (210) and the corresponding term in

77(52) identified in Appendix C have the same property.
Then all these sums have a common second order Taylor
approximation on the external surface of Earth with re-
spect to 0 and e1, and the contribution of this Taylor
approximation to —ng/c? is given by

’I“d?“-i-]:s SE(X t) (216)

0E

 |xp — x|

Mg ex 1s Ro ¢ Mg
o _T5 d LAY
[ e 3 ), PO (s T

The contribution from the lunar term 7,, is obtained by
replacing S with M in the prcvious expression.

Using then Eqs . and (168)), the radial terms
/ c

of (¢*/(87G) — (ng +ny)/c*), which depend on |x —xg|,
evaluated on Earth’s external surface, yield

Mg e 1 [fe 2 Mg
-~z C ) (o1
(247rR69 3 /E pu(ryrdr+ o= =5 |- (218)

(1 _351ﬁES ﬁE) (217)




Adding all above terms from ng,7n) and ng, and elim-
inating (c?/87G — n,/c?) from the Earth’s contribution
by means of the integral equation on the Earth’s
screening sphere, we obtain

2

c 1 Mger  Npg-hg
— — —=n(Rg,0,p,t) = 0 .
SrG 2 (R, 0,¢,t) % 0n {247TR@ |xg — xg]
Moex rs [Fo Ay
3 off TS d <
BT T ), P (e T
+ lunar terms}, (219)

where the lunar terms are obtained by replacing S with
M in the terms depending on solar quantities. Eventu-

ally, substituting Eq. (156)) we obtain the leading terms
of the approximation (169)

APPENDIX E: THIN SHELL INEQUALITY

We give a proof a posteriori of inequality that has
been used in order to compute the solution for function 7.
Particularly, we prove that such a solution is consistent
with the inequality for & < —1/2. We give the proof for
the Earth’s thin shell, the case of the Moon being similar,
while the case of the Sun has been proved in Ref. [20].
Since 7 is a solution of Eq. 7 we have to prove that
for r > rg and r close to rg, the solution 7 in the thin
shell is such that curvature R = w(n, p) quickly becomes
much smaller than the GR curvature, so that inequality
is verified a posteriori.

We use formula for curvature which we write in
the form

IR 7 T
R = (2agp) T (87rG - 62) : (220)

The term (c?/87G — n/c?) is computed on the sphere of
radius 7, with rg < r < Rg, with the same method used
to compute the same expression for r = Rg in formula
and reported in Appendix D. The leading term
depends on 7 and it is given by

L~ [ e, e2)
s7G 2"V T 6y TEpET mar
where
r—rg 1—rg/r
5, = - 5. 222
r 1—-rg/Rg E (222)

Now, using the thin shell approximation so that the
Earth’s screening surface lies in the ocean layer, we have

— r%) ~ pEwR%0E.

(223)

/ pe(r)rdr = SPEw (R%,
rE
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Using then the integral equation , substituting the
expression of 74 into the integral equation, and ne-
glecting factors involving radius-to-distance ratios in the
integral equation, we find the approximation

a—1
g ~ p,jqu% (8;G> P (224)
Using again the thin shell approximation we have
1 pe(r) () 2dr' ~ 1pE WO, (225)
6r J, . 6"
Moreover, using definition of A\, we have
2 I+|af
=gy Cam) o)

Substituting formulae (221)-(222) and (224] in ex-
pression (220)) of curvature, we find for rg < r < Rg,

2

. _ TTTa]

R ~ [2(1+ |a|)] ™= (R@TE R@)
T—TE Mg

|| =1

al+1
pE,w

where Rgr = (87G/c?)pE 4 is the value of GR curvature
in the ocean layer. The expression of curvature diverges
as r — rg, which means that the approximation is not
valid in this limit. Nevertheless, there exist oy and r* €
(rg, Rg), with r* = r*(a) close to rg, such that for any
a < ag and any r € (r*, Rg) we have R < Rgg, so that
the desired inequality is verified in almost all the thin
shell. In the following we give a sample of values.

Let us set A\, = 10%r,. We have R < 103 Rgr

(227)

for a=-2 and 7 —rp=10"%(Ry —75),

for a=-1 and r*—rp=10""(Rg —rg).
We have R < Rgr/20
for a=-1/2 and 7" —rp=23.6x10"%(Rg — 7).
If we increase A, by setting A\, = 7.07 x 10r,, which
is the upper bound permitted by the LLR constraint for
a = —1/3, then we have R < 10" Rggr

for a=-1/3 and r*—rgp=02(Rg —rg).

We see that r* increases as « increases, and we consider
the inequality verified for o < —1/2.

1. Fifth force in the thin shell

The fifth force density is given by Eq. (129) and the
leading term in Earth’s thin shell is computed by using



Egs. and (| - for r*

den51ty is glven by

) < r < Rg the fifth force

2
R@(sE) . (228)
R@ —TE

4
Fi(r) = —ng(r —rg) (pE’w
and it achieves maximum magnitude at r = Rg. The
Newtonian force density at r = Rg has magnitude
|Fx| = (4/3)7GpE w(pe) Re, where (pg) is Earth’s mean
density, so that the ratio of magnitude is

[Fi(Ra)| ~ PEw s
IIN(Re)|  (pa)

In Sectionwe have found the upper bound 6z < 2-107°
for |a| > 1/2 which corresponds to the value 3.6-107% for
the ratio of magnitude of fifth force and Newtonian force.
Since Earth’s thin shell is contained in seawater, then the
fifth force is negligible (see the ocean experiment in [I§])
in the thin shell for & < —1/2 and r > r*(«).

For values of r such that rg < r < r*(a) the above ap-
proximation of 7 cannot be used, nevertheless, the radial
integral of fifth force density can be evaluated by using
the boundary conditions. Using the Dirichlet condition
n(rg) ~ ¢*/(87G), and considering the leading term of
n(r*), we find

(229)

/T Fi(r)dr =~ ZL%GPEM (™) —n(re)]

2
= —ZrGph,, (" —rp).

; (230)

The evaluation of the corresponding integral of Newto-

nian force density yields
w (3+<p@>)7“E(7°* —rg).

pE,w
(231)
Since 3+ (pg)/pPEw > 8, the ratio of the integral of fifth
force and the integral of Newtonian force is bounded by
the ratio

*

" 4
/ Fx(r)dr =~ —§7TGp2E

TE

r —rg r*

—TE R@
—0 232
TE R@ —TE TE B ( )

so that, by using the values of 7* — rg found in the pre-
vious subsection and §g < 2-107°, such a ratio is less
than 107° for & < —1/2 and the contribution of the fifth
force turns out to be again negligible.

Analogous results can be found for the Moon.

30
2. Extra force in the thin shell

Using formula for curvature R and taking into
account that density is constant in the thin shell of both
Earth and Moon, we find for the extra force density F, =
—pc? fEV R the expression

R L A Fi
O 214al T 87G/R)p 1+ al’
R F
S L 233
RGR1+|C¥‘ ( )

Since we have R < Rgg for r*(a) < r < Rg it follows
|Fe| < |Ft| for such values of radius in Earth, so that the
extra force is also negligible in the thin shell.

For values of r such that rg < r < r*(«) the radial
integral of the extra force density can be evaluated by
using the boundary conditions:

*

/E F.(r)dr = —ppwc /E Q@dr
ctal| () - () |

with ¢ = ¢R. Using formula (224) we have

(234)

Al = =—nGpp,wR50E, (235)

\ |
from which, being R(r*) < Rggr(r*) = R(rg) for the

boundary condition on Earth’s screening sphere, and o <
0, we have the inequality

Lk

4 4 R(r*) o
Fo(r)dr < —nGp3% ,R%6 .2
/TE (r)dr < 3|a‘7TGpE,wR€B E( R, ) (236)

Using now the integral (231)), the absolute value of the
ratio of the integral of the extra force and the integral of
Newtonian force is bounded by the ratio

RE0p 1 <R(r*)>”‘
lelre@+ (pa)/pew) r* —Te \ Ry )

(237)

The ratio increases by decreasing |« so that it is bounded
by the value achieved for & = —1/2 and, using the val-
ues of r* = r*(«) which satisfy the thin shell inequality,
we find that the above ratio is less than 107!°, hence
the contribution of the extra force turns out to be again
negligible.

Analogous results can be found for the Moon.
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