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ARTICLE INFO ABSTRACT

Dataset link: Raw simulation data (Original dat In real-world social networks, opinions evolve within a multidimensional space of multiple topics being
a) concurrently discussed, and a multi-option decision-making process, rather than a simple binary choice, takes
Keywords: place. Our work introduces a multi-dimensional multi-option opinion dynamics model capturing the complexity
Opinion dynamics of opinion evolution in social networks. The model exploits the coupling of inner opinion and outward action,
Bifurcations emphasizing how similar actions strengthen interactions between agents. Unlike existing research, in which
Polarization consensus, clustering or polarization result from specific network structures, we find that different attitude
Consensus patterns towards neighbours lead to the spontaneous emergence of such macroscopic phenomena, which are

therefore independent of network structural features. We provide analytical conditions for the transitions to
these behaviours, confirming them via simulations on different networks. Thus, our model allows one to explain
the emergence of collective phenomena observed in real-world situations, thereby providing insights in areas
such as opinion guidance and multi-agent decision-making.

1. Introduction they simplify the preferences considered into a binary form, so that
individuals are assumed to hold one between two mutually exclusive

In social settings, people may hold different attitudes or preferences opinions, as in the classic voter model [2]. Thus, in this framework, a

on a wide range of topics. Such opinions not only significantly influence person could be considered for example as subscribing to either left-
the behaviour of individuals, but they also shape their patterns of wing or right-wing politics, or as exclusively liking either classical
mutual interaction. As interpersonal communication, information dis- music or pop music. While such simplifications may result in more
semination, and interplay between information and individuals occur, treatable mathematical expressions, which, in turn, may produce more
opinions themselves evolve continuously. Understanding this evolution general results [3], they also come at the cost of a large loss in realism.
is crucial to analyse the formation of global trends and the rise of social Thus, two general types of modifications of opinion-formation models

movements, and to develop effective control strategies and policies [1].
Note that, as the final effects of such processes are mesoscopic or
macroscopic, studying how shifts in individual opinions affect collec-
tive actions is more significant than focussing merely on observing
the microscopic dynamics of the single agents. As a result, models of
opinion dynamics have long been studied within quantitative sociology
and complex system science. Many such models are 1-dimensional, and

have been considered, driven by two corresponding considerations.
The first one is the recognition that, even within a single given
generic area, opinions and beliefs are usually multidimensional. For
instance, in politics, one can hold separate opinions about preferred
social and economic policies, with varying degrees of correlation be-
tween them. This resulted in the development of models, measures and
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mechanisms of opinion dynamics in more than 1 dimension, such as the
Axelrod model [4], the multidimensional bounded confidence [5], and
works accounting for cognitive balance while studying the formation
of multidimensional consensus [6,7].

The second realization is that the number of possible alternatives
within any single topic is rarely, if ever, just 2. This exposed the need
of multi-option models, in which the individuals may express different
level of support for different choices relating to the same topic. For
example, regarding fiscal matters, one may have different preferences
for proportional, progressive and regressive tax schemes. Similarly, one
could express varying levels of personal affinity towards ideologies
across the political spectrum, including far-left, left, moderate left,
centre, moderate right, right and far-right parties. Alternatively, given
some specific consumer good, an individual may have different opin-
ions about the possible product features and their combinations. This
understanding led to the development of models in which the opinion
space can be discrete or continuous [8-12].

These two extra levels of realism have also been combined, pro-
ducing models and theories that are both multidimensional and multi-
option [13-17]. At the same time, it became clear that, while the space
of each person’s opinion on any given subject is naturally continuous,
in situations where one must eventually express a specific preference,
the space of the final choices is most often discrete. Returning to the
previous example of the political spectrum, even in a 1-dimensional
model, one may have a distribution of preferences whose maximum is
between the (arbitrarily chosen) points corresponding to “centre” and
“moderate right”. In this case, when they have to express their opinion
by voting, they will have to operate some kind of inner compromise,
and they will most likely end up choosing one of the two parties that
are closest to their ideal preferred choice. After this idea of a distinction
between opinions and final actions was first explored [18], a number
of static and adaptive models were introduced [19-25]. However, in
contrast to the extensive research existing on 1-dimensional opinion
dynamics, the attention paid to multidimensional multi-option models
with adaptive relationship between opinions and actions has been
limited.

In this article, we propose a multidimensional multi-option net-
worked opinion-dynamics model with coupling between opinions and
actions. This coupling, and the rules for the evolution of the system, are
chosen to be as simple as reasonably possible, while at the same time
reflecting and incorporating the main mechanisms of real-world social
interactions. Using analytical arguments and numerical simulations,
we show that the model features steady states corresponding to a
general consensus and to the polarization of opinions, and we study the
transition between them. Also, we demonstrate that the behaviour of
the system is independent of the specific network structure, in contrast
to existing models, in which the final outcome can be predicted by
tuning the network parameters.

2. Results
2.1. The model

We consider a network of N agents with adjacency matrix A, so
that A, ; = 1 if there is a link between agent i and agent j, and 4, ; =0
otherwise. The agents have opinions on R topics. To avoid confusion,
in the following we use Greek indices to refer to specific topics, and
Latin ones to refer to individual agents and to possible choices within
topics. Given a topic «, we indicate the number of its available options
with M, . Note that, in general, each topic may offer a different number
of choices, so that, given two topics « and f, M, and M, are not
necessarily equal. Also, we call M the total number of options across
topics, so that by definition M = Zf=l M,.

The opinion of each agent about any given option of a topic is
allowed to take a continuum of values, with negative ones indicating
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opposition and positive ones indicating support, and with the mag-
nitude being proportional to the strength of the opinion held. Then,
the state of the system at any given time can be represented as an
M x N matrix X, so that the element X;; is the opinion of agent j
on option i. Note that this also means that the ith column of X can be
thought of as an M-dimensional vector x; that encodes the full opinion
state of the agent i. To indicate the opinion state of agent i restricted
to topic a, we use the notation xi(“). Also, no constraints are imposed
on the elements of X, allowing for the representation of conflicted
agents, who have a positive opinion about more than one option of
some topic. The action state of agent i on topic « is described by an M-
dimensional vector yi(“). Given the fact that, upon acting, agents operate
a choice in favour of one option, necessarily excluding all others, all
the components of each action-state vector are 0, except the one that
corresponds to the choice operated, which is 1.

We further assume that if two agents are connected in the network,
then they always exert a mutual influence, whose strength has a
minimum value of 1 and can increase depending on the degree of
similarity between them. However, we also consider that, in principle,
one cannot know with certainty the full extent of someone else’s set
of opinions. Instead, for all practical purposes, each individual infers
the beliefs of other people by observing their behaviour. Thus, in our
model, we make the strength of the influence between two connected
nodes depend on the similarity of their actions, rather than that of
their opinions. Specifically, to the minimum strength due to the mere
existence of a link between the two agents, we add a term that is equal
to the average number of topics for which they operate the same choice.
This yields a weighted adjacency matrix W, such that the element W, ;
is the strength of the influence that agents i and j have on each other,
and which can be expressed as

R M,
W, =4, <1 + % z Z 5y£r[z>9yj_a[>) , @
a=1 =1
where 6, ,, is Kronecker’s symbol, defined to be 1 if x = y and 0
otherwise. Note that, while the underlying structure of the network,
given by A, is fixed, the weights of the links between agents, given
by W, change in time.

To model the evolution of the opinions of the agents, we start from
a number of considerations.

« First, we assume that if an agent were completely isolated, then
the strength of their opinions would slowly decrease, eventually
reaching a state in which the agent is neutral about all options
for any given topic, having an opinion whose magnitude is close
to 0 for all of them.

Next, we account for the fact that, in realistic situations, all
options of a topic are correlated. For example, a person who
holds left-wing political ideas will be more likely to positively
regard moderate-left ideologies than right-wing ones. Thus, for
each topic a, we introduce an opposition matrix Y®, such that
the element Y[(;') is a measure of ideological distance between
options i and j of topic a.

Concerning the interactions between agents, whose strengths are
given by Eq. (1), we want to be able to model both positive and
negative attitudes.

Additionally, we want correlations and external influences to be
bounded. For this, we map their compound effects via a saturation
function S(z), which we choose to be continuous, odd, and to
have derivative 1 at 0. Also, given a finite domain [-Z, Z], we
impose that S(z) = S(—Z) for all z < —Z and S(z) = S(Z) for all
z>Z.

Finally, we want to keep the mean of the opinion distribution of
each agent constant on each individual topic.

With these choices, we can formalize the opinion dynamics for each
topic as follows. First, we gather the internal correlations and the exter-
nal influences in a vector HE“) ; then, we include the internal relaxation
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dynamics, obtaining a vector q>§“) ; finally, we correct the expression for
the evolution of each xi(") by subtracting the average change resulting
from the internal and the external dynamics. In formulae:

N
@ _ (@)@ @ (@
HY = p |-y @x i(I—Y“)ZVVijxj ,
j=1
@ _ (@ (@
@) =—x 7 +SH), 2
L
(a) (a) (@)
Ax;) =@, _ﬁzd)ik'
a k=1

In the expressions above, f is a positive parameter that reflects the over-
all strength of correlations and influences, I is the identity matrix and
the sign within the equation for HE“) determines the type of dynamics.
Specifically, choosing the positive sign results in a dynamics in which
neighbouring agents behave in an accommodating or cooperative way
with each other, moving towards the middle point of their respective
opinions. The opposite choice of a negative sign causes the agents, on
the balance, to shift their own opinion distribution towards giving more
weight to options that are in ideological opposition to those of their
neighbours.

Next, we define a rule for each agent to choose one of the possible
options for each topic at each time step. Our rule resembles the classic
public goods game, in which participants pay a generically different
cost and share the resulting benefits equally. In our case, we consider
that the cost an agent has to pay in order to choose a given option
is a maximum of 1 and is exponentially inversely proportional to the
strength of their opinion about that option. So, given a topic « and an

option /, the cost for agent i to choose it is

(@)
eX: ]

ZkM:“ exii
However, rather than representing a monetary cost, in our model this
quantity is more akin to an emotional price, similar to an effort one
has to put in order to go against one’s own convictions. Then, for
choosing an option, each agent will perceive a shared reward that
depends on the cost invested by those amongst their neighbours who
have chosen the same option. This simulates the effect of peer pressure,
and, accounting for the agent’s own effort, it results in a contribution
that can be written as # C‘.(“)(l) + ZjN=l A; jCJ(.“)(l)yj,‘?), where d; is
the degree of node i, i.e., the number of neighbours of agent i. To
perform the actual choice, the agents try to maximize their total payoff,
which we express as the sum of three terms, namely the contribution
just described, the remaining emotional strength, and a third term
representing a bonus that the agent receives that is proportional to
the strength of their opinion about the option considered. Since the
maximum possible investment is 1, the second term is 1 — C:“)(I). Thus,
the total payoff is

c=1- ©)

N
(@ 1 (@ @)y, (@ (@ (@
POW = = <c}.” O+ Y ALCONS > +(1-c20) +x7. @
i j=1

Then, at each time step, each agent tries to maximize the expression
above for each topic, assuming that all the neighbours will repeat the
same choice they operated in the last round. So, for agent i and topic a,
the action state vector at time 7 + 1 is

o 1 ifl=1*
W = { (5)

0 otherwise,

where [* = argmax; P,.(“)(l) and, in the expression for Pi(”), the elements
of the action vectors y;“) are taken at time 7.
2.2. Bifurcations of opinion states

We are interested in studying how the opinions of the agents de-
velop in our model, exploring the conditions under which consensus or
polarization appear as steady states of the dynamics. To do so, we first

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 192 (2025) 115983

3-D view Top view
0 2
Bl 5000 N
0.4
‘) :
06f | > —_ 9l . 4 t(s)
0 50 100 150 200 250 300 B ) 20 0
1 o 10 0 100 200 300
o 5000
1
0
0l Bifurcatic
2 G e 300 ! )
0 1 h 100 200
0 ) 100 200 300
. . . .
3 5000, @
02 ® 5000 5
04
t(s) N
060 | —== s 9l
2 1 t(s)
0 50 100 150 200 250 300 0y g0 200
0 100 200 300
(a) (b)
3D view Top view
2
1
5000 &
1
0
0l
2 ) 300 t(s)
o 100 200
1 9 0 100 200 300
5000, 2
0 o Bifurcation
P
. B ) t(s)
0. To00 300
17, 100 200 100 200 300
(c) (d)
3-D view Top view
2 1
5000 ®
1
[
t(s 0
L 2 N aour‘ t(s)
0 %00 e i “100 20 0 100 200 300
2
5000 @2
1
o
o
1 N N t(s)
0 SR 00 300
1, 100 0 100 200 300

(e) (®)

Fig. 1. Evolution of consensus on scale-free networks for cooperative dynamics. At
steady state, the opinions of all agents on the three topics, shown in panels (a), (c)
and (e), reach a consensus, supporting option 2 for all topics, and opposing option 1
and option 3 (when available). The distributions of the opinions, shown in panels (b),
(d) and (f), illustrate more clearly how, after g crosses the threshold pg,, shifts start
occurring, eventually leading the opinion distributions towards their final state.

prove that the model is well-posed, by showing that the opinion states,
represented by the matrix X, are bounded.

Theorem 1. Let S be a continuous, odd function S with a symmetric
finite domain [-Z, Z], such that S(0) = 0, S’(0) = 1, S(z) = S(-Z) for
all z < —=Z and S(z) = S(Z) for all z > Z. Then, with the dynamics
described in the previous section, all the elements X, ; of the state matrix X
are bounded at all times t > 0.

Next, we characterize the presence of bifurcation points of the
dynamics:

Theorem 2. If all the topics have a single option, the dynamics described in
the previous section always results in a consensus state. If, instead, the topics
have multiple options, two different general regimes are found. Specifically:

» When the agents evolve in a competition regime, the neutral state,
in which all the agents are neutral about all options, is stable when
B < p,, where B, = W and A; are the eigenvalues of the
weighted adjacency matrix W. The point at f, is a bifurcation point,
so that, as p increases and crosses it, different branches of polarization
emerge in the system.

When the agents evolve in a cooperation regime, the neutral state is
stable when B < p,, where p, = W The point at f, is
a bifurcation point, so that, as p increases and crosses it, different
branches of consensus emerge in the system.



Y. Qi et al
7 : : : : .
H — Hx
6 e 4y |7
5 ,
4 4
3t ]
2 8 4
1 L 4
\
. S t(s)
0 50 100 150 200 250 300
(a)

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 192 (2025) 115983

0.4 T T T T -
€ — e
N\
[\ ey
03f |\ ]
1 \
\
| \
1 \
02} | \ ]
| \ 002~ _
\ T——
: N oot =
| AN 260 280 300
01r ! \ ]
] \\
| <
| I O]
ot : : : B—
0 50 100 150 200 250 300
(b)

Fig. 2. Diversity and consensus for cooperative dynamics on scale-free networks evolve towards a uniform state. (a) The Shannon information entropy of the set of opinion clusters,
Hy, and that of the set of action clusters, H,, converge to 0 as the system evolve, indicating the formation of a single cluster in both cases. (b) The consensus errors of opinion
clusters, €y, and of action clusters, ¢y, are indistinguishable from each other, and converge to a value smaller than 0.05, indicating that the uniformity of opinion drives the
uniformity of action, and that the system evolves towards a single generalized consensus state.

Detailed proofs of both theorems are given in the Supplementary
Material.

To verify these theoretical predictions, we carried out numerical
simulations on scale-free networks with N = 5000 agents interacting
over R = 3 topics. Topic 1 had 3 options, whereas topics 2 and 3 had
2 options each, for a total of M = 7 options. The initial opinion state
was extracted from a Gaussian distribution with 0 mean and a variance
of 5 x 1074, yielding a neutral state with some small stochastic noise.
The simulations were run up to a final time 7" = 300, using tanh as
the saturation function. Additionally, when studying the cooperative
dynamics, we let # change with time ¢ according to f = §,+0.1 % —0.05,
whereas when studying the competition dynamics, we used g = §; +
0.17 —0.05.

The results, shown in Fig. 1 for the cooperation dynamics, con-
firm the analytical predictions. The states of the opinions of all the
agents for the three topics and their respective choices eventually
converge towards consensus, as shown in panels (a), (c) and (e). Also, at
intermediate times, corresponding to intermediate values of g, the dis-
tributions of opinions for each individual option, shown in panels (b),
(d) and (f), undergo continuous transitions, shifting from one mean
value to another, after § has crossed the bifurcation point identified
in Theorem 2.

To provide further quantitative insights into the dynamics observed,
we grouped the agents into different types of clusters, and studied
their evolution in time. Specifically, we define an opinion cluster to
be the set of all agents who share the same qualitative opinion states.
In other words, a cluster consists of all the agents who support or
oppose the same options for all topics, regardless of the strengths of
their preferences. Similarly, we define an action cluster to be the set
of all agents who choose the same options for all topics. Then, we
measured the evolution of the Shannon information entropy H and of
the consensus errors ¢ for the set of clusters of both kinds. We recall
here that, given a partition of the network into a set of N, clusters
with sizes Sy, S, ..., Sy, the Shannon information entropy, measured
in bits, is given by

& Si Si
H——g}ﬁlogzﬁ. (6)
Also, we define the consensus error of a cluster C as
€ = max HX‘ - Xj” . (2]
i,jeC
Note that in the definition above, C may be equivalently an opin-
ion cluster or an action cluster. The analysis shows that the cluster
diversity as measured by the Shannon information entropy vanishes
relatively quickly as the system evolves, both for opinion-based clusters
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Fig. 3. Evolution of polarization on scale-free networks for competitive dynamics. At
steady state, the opinions of the agents on the three topics, shown in panels (a), (c)
and (e), are spread across a range, from strong opposition to strong support. The
distributions of the opinions, shown in panels (b), (d) and (f), illustrate more clearly
that, after § crosses the threshold g, the opinions start shifting, eventually reaching a
bimodal distribution, with peaks in correspondence to values of opposite signs.

and for action-based ones, as illustrated in Fig. 2(a). This suggests
that the consensus of opinions emerging from the network evolution
promotes homogeneity of action, a consideration that is confirmed by
the evolution of the consensus errors, shown in Fig. 2(b). In fact, the
consensus errors for both types of clusters are indistinguishable, and
they eventually reach values smaller than 0.05, allowing us to conclude
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Fig. 4. Diversity and consensus for competitive dynamics on scale-free networks evolve towards a polarized state. (a) The Shannon information entropy of the set of action clusters,
Hy, converges to its final state much faster than that of the set of opinion clusters, Hy, consistently with the definition of action dynamics and opinion dynamics, and with the
underlying inspiring real-world concepts. (b) The polarization indices for opinion clusters, ¢}, and for action clusters, €}, converge to non-zero values; similarly, the disagreement

d
X

index computed over the whole network, ¢
that all agents form a single cluster with uniformity of opinion and of
action.

For the systems evolving under competitive dynamics, we observe
similar findings, but of an opposite character. There, the spontaneous
formation of clusters with diverging opinions occurs after crossing the
bifurcation point g,. Then, for each option, a subset of agents emerges
who support it, while the rest oppose it, leading to the polarization
illustrated in Fig. 3(a). The competitive dynamics is such that for each
agent it promotes options that are ideologically distant from those
mostly supported by their neighbours. In this sense, the network edges
act as channels over which conflicting opinions of agents meet, result-
ing in a higher degree of disagreement and polarization with respect to
the cooperative dynamics. To better quantify this effect, we introduced
and studied the polarization index P and the disagreement index ¢9,
drawing inspiration from similar indices used to study Fredkin-Johnsen
dynamics [26]. Given a cluster C, these indices measure the extent to
which opinions deviate from the cluster average X and the difference
of opinions between neighbours, respectively, and they are defined as

= - ®
ieC

and

=Y A, |xi_xj(| _ ©)
ijeCc

As in the case of the consensus error, also in the two equations above,
the cluster may be an opinion cluster or an action cluster. The analysis
of these two quantities confirms our considerations, revealing a non-
negligible spread of opinions within clusters, and, especially, a very
large difference of opinion state between neighbours (Fig. 4). Addi-
tionally, the Shannon information entropy for both types of clusters
shows that, while the system rapidly converges to its final distribution
of actions, the opinion clusters keep changing, until they converge at
approximately ¢+ = 150. This is consistent with our definition of the
dynamics of opinions and actions, and with the fact that one’s own
opinions can keep changing, and sometimes even significantly so, but
still result in the same choice of action.

Simulations carried out on Watts-Strogatz networks, and discussed
in the Supplementary Material, show the same behaviour observed on
scale-free networks for both cooperative and competitive dynamics.
Summarizing, these results indicate that opinions do not remain in
a neutral state for a long time, but rather they evolve either to-
wards consensus or towards polarization, depending on the balance of
cooperative influences and competitive ones.

reaches very large values, indicating a general strong conflict of opinions between neighbours.

3. Discussion

The results presented here demonstrate the diversity of steady states
that emerge in a dynamical social network when one accounts for
multiple correlated topics of discussion, as well as for the interplay
between the personal opinion dynamics of each agent and the outward
actions that they take on each topic, which are chosen from a set of
multiple possible options. These ingredients allow us to reproduce the
key features of real-world opinion formation, leading to final states
including consensus, polarization and clustering. This is due at least
partly to the fact that, regardless of the positive or negative feeling
an agent has towards their neighbour’s opinion, similarity of action
leads to a strengthening of the communication channel between them.
Also, importantly, an agent’s actions need not always correspond to the
option for which they hold the most positive opinion, as external and
internal influences may affect their final decision. This is reminiscent of
mechanisms and dynamics that are regularly observed in real-world sit-
uations, such as peer pressure, cognitive dissonance, or tactical voting.
As a result, agents may tend to align their opinions and actions with
those of their neighbours, effectively reaching a cooperative state, or
maintain and promote differences, favouring the clash between differ-
ent opinions, leading eventually to competitive state. These findings are
independent from the type of network, in a substantial difference with
prior models, which instead exhibit different final states for different
network structures. Also, they imply that neutral states are not stable in
realistic situations, and a collective behaviour of consensus or disagree-
ment will spontaneously emerge from them. From a theoretical point
of view, we established the rigorous conditions to observe transitions
between these different macroscopic states, showing the presence of a
bifurcation point of the dynamics, whose type depends on the relative
importance of positive and negative external influences. Finally, due
to its ability to reproduce real-world patterns of behaviour and its
amenability to analytical treatment, we believe that our model will
find use in studies of specific social systems, such as evolving political
landscapes, where the relatedness of topics and the possible necessity
of compromise choices play a fundamental role.
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