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Abstract. The discrete nonlinear Schrédinger (DNLS) model, owing to the
existence of two conserved quantities, exhibits an equilibrium transition from
a homogeneous phase at positive absolute temperature to a localized phase at
negative absolute temperature. Here, we provide a mean-field (MF) theory of
DNLS through a suitable approximation of the grand canonical partition func-
tion, which makes it factorizable and can be used to describe the equilibrium
state at positive temperatures and the metastable state at negative temperatures.
Comparison of our MF results with numerically exact calculations shows that
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this approximation is good to excellent in the entire grand canonical phase dia-
gram. Explicit approximate expressions for equilibrium observables are provided
in the high-temperature limit. Our theory represents a clear advancement over
the model that neglects the interaction between sites.

Keywords: negative temperature, mean-field theory, phase transitions
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1. Introduction

The discrete nonlinear Schrédinger (DNLS) equation is around 50 years old, but it
continues to attract the interest of researchers [1-5] for at least two reasons. On the one
hand, it has applications in a variety of different fields, ranging from the foundations
of statistical mechanics [6] to solid-state physics [7]. On the other hand, its nonlinear
and non-integrable character is the basis of interesting nontrivial properties: from a
dynamical point of view, the existence of localized breathers [8], and from a statistical
point of view, the presence of a negative-temperature (7T') regime [9] in a large part
of its phase diagram. The two properties are strictly related because the negative-
T phase is characterized by the spontaneous emergence of breathers, which are, in
principle, metastable [10] (the ‘equilibrium’ state corresponds to a single breather sitting
on top of an infinite-temperature background [11]). However, the rising of breathers is
an extremely slow process: for large and negative temperatures, a high barrier hinders
their divergence [12]. Moreover, the dynamics itself is extremely slow [13] because of the
spontaneous appearance of an adiabatic invariant [14]. As a result, the asymptotic state

https://doi.org/10.1088/1742-5468 /ae625¢ 2


https://doi.org/10.1088/1742-5468/ae625e

Mean-field theory of the DNLS equation at positive and negative absolute temperatures

may be effectively unachievable [11], making the study of the homogeneous metastable
state of special interest.

According to Machlup’s criterion, the existence of a negative-T phase is a general
property of statistical systems displaying a finite energy density at infinite temperat-
ure [15]. In the DNLS case, this occurs because of the existence of two conserved quant-
ities bounded from below: the energy and the mass (or norm). The thermodynamics of
DNLS was studied by Rasmussen et al [16] in the grand canonical ensemble through
the transfer integral operator. This approach allowed to identify an infinite-temperature
line of finite energy densities separating homogeneous states at positive temperature
from localized negative-T states. In the positive-T region, the formal expression of the
grand canonical partition function is usually of unwieldy usage for practical purposes,
whereas for negative temperatures it is formally ill-defined because of the divergence
of the integral over the grand canonical distribution. This scenario motivated further
studies of simplified models sharing some basic features with the full DNLS equation.

A dozen years ago, a purely stochastic model was introduced [9, 17-19], recently
renamed the C2C model because it displays a condensed phase induced by two conser-
vation laws. In fact, it shares with the DNLS the existence of two conserved quantit-
ies bounded from below: the energy and the mass. The absence of interaction energy
between neighboring sites in the C2C model makes it possible to derive some rigor-
ous results [20, 21]. Furthermore, it helped establish a connection with a wider class of
stochastic models [22, 23]—the so-called zero-range processes [24]. The C2C model gives
an accurate thermodynamical description of the DNLS in proximity of the transition
line between homogeneous and localized/condensed phase (T = o0), but it fails when
one moves away from this line because C2C disregards the coupling between different
sites.

More recently, the DNLS model was studied through a type of mean-field (MF)
approach in the large connectivity limit, in which each site interacts with all the oth-
ers [3]. Another approach has recently used transfer integral techniques to develop an
equilibrium description in terms of interacting Rayleigh—Jeans modes beyond the weakly
nonlinear limit [5].

In this paper, we introduce an MF description of the DNLS, in which the MF approx-
imation is applied exclusively to the mass variables while treating the phases exactly
and keeping nearest-neighbor interactions. The approximation is based on a tweak of the
interaction term; we replace the product of variables x,z,.1 on neighboring sites, with
the product of the variables on a given site with its statistical average along the system,
xn(xy). As a result, the grand canonical partition function can be factorized, thereby
obtaining explicit formulas and reaching a better comprehension of some properties of
the DNLS model.

As we are going to see, this allows us to obtain a consistent and semiquantitatively
correct description of the whole phase diagram, including the T'=0 curve and the
(metastable) negative-T region. In fact, as shown in [22, 23], the equilibrium state
of DNLS at negative T cannot be described in the grand canonical ensemble, but at
small negative T it is possible to give a consistent description of the metastable state,
which is stable on very long timescales. Therefore, our MF approximation is not only
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asymptotically exact in proximity of the transition line, but it also allows obtaining
explicit analytical expressions that are applicable on both sides of the critical line.

In section 2, we present the model and the method. The main results of the MF
approximation are discussed, distinguishing between positive (section 3) and negative
(section 4) temperatures, because in the latter case it is necessary to introduce a cutoff
in the mass integral, which defines the partition function. All details of the calculation
and the simulations are deferred to the appendices.

2. The model and its MF theory

We start by defining the DNLS model and recalling the most important properties of
its phase diagram. In one dimension, the Hamiltonian is

H:Z [|Zn|4+2<] (znZZH'f'ZZZnH)] (1)

where z, is a complex variable describing the state of the system in the site n, and
the parameter J > 0 modulates the hopping energy®. The corresponding Hamilton’s
equations are

12, = _2|Zn|22n - J(Zn—l + ZnJrl) . (2)

In this paper, it is convenient to express the equations in terms of action—angle variables,
defining z, = , /cre'® . where ¢, > 0 can be interpreted as a local mass. The Hamiltonian
becomes

H=Y"[c}+2J]\/cntns1008(¢n — $ps1)] = N (hui + hine) = N, (3)

where hy, hing, and h are the nonlinear, interaction, and total energy densities, respect-
ively. Consistently, the dynamical equations are ¢, = —90H /0¢,, and ¢,, = OH /Dc,. The
mass

A:chENa, (4)

as well as the energy, is conserved.
The ground state is characterized by uniform masses (¢, = a) and alternating phases
(¢ni1 = ¢n + ). The ground-state energy is therefore

hGS = a2 —2Ja. (5)

5 Negative values of J can be mapped to positive ones via the gauge transformation ¢, — ¢, +7n [1].
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The transition line between positive and negative temperatures is characterized by an
exponential distribution of masses and a random distribution of phases, which implies

he = 2a°. (6)

The negative-T region appears above the critical line. Its properties are not yet fully
understood [12, 18, 22]; they depend on the size of the system, the statistical ensemble
describing it, and the timescales over which we observe the system, because the homo-
geneous phase is actually metastable above the critical line.

In the limit case J =0, the interaction energy hi,; vanishes, and the angles do not
obviously contribute. This corresponds to the so-called C2C model; given the absence
of interactions, an evolution can be implemented via a local stochastic dynamical rule
that ensures conservation of both mass and energy [17].

Within the grand canonical formalism, the equilibrium properties of the DNLS model
can be extracted from the partition function

Z(B,m) = /0 e /0 2Wr[clcbneﬁ“ﬁ”*“‘), (7)

where [ is the inverse temperature, y is the chemical potential, and the energy H and
mass A are given by equations (3) and (4). The function was evaluated in [16], determin-
ing the leading eigenfunction of a suitable transfer integral operator. However, the final
expressions are not very handy for the extraction of useful information. Altogether, the
main obstacle is that for J # 0, the interaction energy prevents a factorization of the
integrals.

Here, we show that a suitable MF approximation restores the factorization. Our
method consists of rewriting the product of masses appearing in the neighboring-site
coupling term (see equation (3)) as

vV CnCn+1 =~ Q\/C_na (8)

where g = (\/c,) is a statistical average to be determined autoconsistently with Z.
Within this approximation, the Hamiltonian H is rewritten as

Hyr = Z [} +2qJ\/cn cos (¢ — Prs1)] (9)

n

and the partition function becomes the product of single-site terms, Zyp = 2%, with

00 27 ,
Z(ﬁ"u) :/ dC/ d@e—ﬁ(c +2qJ\ﬁCOS<P)+mc’ (10)
0 0

where ¢ is the phase difference between neighboring sites, and m = Spu.
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The integral over the angle ¢ can be easily calculated, introducing the zero-order
modified Bessel function,

2(B, 1) :27r/ dc exp (—502+mc> I (25qJ\/E), (11)
0
where ¢, as anticipated, must be determined autoconsistently through the relation
2 o0
q=(Vc) = ;/ dev/cexp (—Bc* +me) Iy (28gJ+/c). (12)
0

Similar expressions can also be derived for the mass density a = (¢) and the energy
densities hy = (c?) and hiy = (2¢.J+/ccos ). Without loss of generality, we will assume
J =1, because J can be scaled out so long as it is strictly larger than 0.

If B> 0, the convergence of the integrals appearing in the definition of the various
observables is ensured, whereas for 5 < 0 the integrand diverges at large c, signaling the
well-known instability arising from the appearance of large peaks (breathers). For this
reason, negative temperatures require a special treatment, and we have devoted an entire
section to their discussion. In brief, although negative-temperature localized states in
the DNLS model are formally well-defined only in the microcanonical ensemble [4, 22
23], homogeneous metastable states have been recently shown to admit a consistent
description in terms of a regularized grand canonical theory [12]. In this paper, we will
restrict ourselves to this class of negative-temperature states.

Independently of the sign of (3, it is convenient to introduce the smallness parameter
w=1/(Bp?) = B/m? (m = Bu— —1/a for f—0), which allows the derivation of simple
and accurate formulas in the small || region (see appendix B for the derivation of the
expressions for the most relevant observables).

For instance, at leading order in w, the following expressions hold across the critical
line, i.e. for both positive and negative temperatures:

A _7ﬁw w?
"= oviml syl ) "

a= — O (w? 14
2 20w

hn] m - W O (’U)2> (15)

Pint —%w +0 (w2) (16)

3. Positive temperatures

In the positive-T regime, the equilibrium state can be equivalently described by the
microcanonical and grand canonical ensembles [22, 23]. Within the MF approximation,
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Figure 1. Main: comparison between the MF theory (curves) and the exact results
obtained via grand canonical simulations (symbols). Each curve corresponds to
a different T'=1/f, decreasing from top to bottom according to the legends. At
T =0, the ground-state curves for DNLS and its MF approximation are known
exactly, and they coincide (full line). Inset: comparison between the C2C model
(curves) and the exact results (symbols). The agreement is acceptable only for
very large T. The size of the system is N =100, and details about the simulations
are given in appendix A.

this means that the single-site partition function (see equation (10)) is well defined and
finite for any 8 > 0 and for any m (i.e. for any p).

In figure 1, we compare the virtually exact results obtained via grand canonical
simulations (symbols) with MF curves (main panel) and with the C2C model (inset)
(see appendix A for numerical details). These data show that the isothermal curves h(a)
are exceptionally well reproduced by the MF theory, down to T'=0. In fact, the ground-
state energy has the same analytical expression, hgs(a) = h? —2Ja. The agreement is
not as good for the C2C model, as shown in the inset of the same figure; already at
T =10, the isothermal curve of C2C compares very poorly with exact results.

In figure 2, the validity of the MF theory is also tested in the planes (a,u) and
(h,p). There, the agreement with the numerical data is very good at high T, whereas
it worsens with decreasing 7. Remarkably, it appears that the deviation essentially
amounts to a shift of the chemical potential by one unit, as it can be appreciated by
looking at the dashed curve, which corresponds to 1 — 1. As shown in appendix C, the
shift is a rigorous property at zero temperature, and it is essentially irrelevant while

https://doi.org/10.1088/1742-5468 /ae625¢ 7
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30 25 20 -15 -10 -5 0 5 10 15 20
W

Figure 2. Same as in figure 1 main, but we now compare MF and exact numerical
results in the planes (u,a) and (u,h) rather than in (a, h). In this way, a horizontal
shift at low temperature is evident, arising from an incorrect determination of the
chemical potential in the MF theory. Symbols: exact results from grand canon-
ical simulations. Full lines: MF approximation. Dashed lines: MF approximation
corrected for the chemical potential: p — pu — 1.

approaching the transition line for finite a, as u diverges therein, so that the curves for
w and g — 1 practically coincide.

We now discuss the relative role of hy and hy, for a double reason: (1) because it
allows a further test of the MF approximation, and (2) because it is an aspect of DNLS
that has been little considered in its studies. From the literature, we know only that
hint vanishes on the critical line, which is the reason why the C2C model is statistically
equivalent to DNLS in its proximity. Below, we try to understand more quantitatively
how the energy is distributed between the two terms, both in the exact DNLS theory
and in its MF approximation.

In figure 3, we present the dependence of hy and hy,; versus the total energy h for
two values of the mass density. To facilitate the comparison, the total energy is suitably
shifted and scaled in such a way that the zero of the horizontal axis corresponds to
T =0, whereas 1 corresponds to infinite temperature. This corresponds to plot x =
(h — hgs)/(he — hgs). Similarly, the two energy terms are scaled by the critical energy;
therefore, we plot Ynjint = Anlint/he. Using the new variables, we have y,(0) :% and
yn1(1) = 1, whereas yin(0) = —1/a and yi (1) = 0. We stress that the MF results (lines)

https://doi.org/10.1088/1742-5468 /ae625¢ 8
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Figure 3. Relative contributions hiy (lower panel) and hy (upper panel) are presen-
ted versus the total energy h suitably rescaled (see the main text). Symbols are
the exact results from the microcanonical simulations, as described in appendix A.
Dashed (a=0.2) and dotted (a=1) lines are the MF results.

compare very well with the exact results (symbols). It is also remarkable that both
functions ynint () are close to linear.

It is not possible to derive analytically the behavior of Yy int () within the MF theory,
because this theory works with the grand canonical variables 3, u, and their relations
with ¢ and h can be obtained numerically, with no closed-form solutions available.
However, we can use the expansions in w, which is what we are going to do now.
For this purpose, we have identified a quantity that, for small w, depends on a single
parameter, namely m (see appendix D),

. hc - hnl

=< 1
R hoh (17)

This is the ratio between the distance of the nonlinear energy from the 8 =0 value (for
the same mass density) and the distance of the full energy, again from the 8 =0 value.

In the positive-temperature region, both the numerator and the denominator defin-
ing R are positive. Moreover, since h;jy; < 0, the numerator is smaller than the denom-
inator so that 0 < R < 1. However, it is not straightforward to identify the locations in
parameter space where the limit values can be achieved. In fact, for R being equal to
1, it is necessary that hi,; = 0, which occurs when the denominator and the numerator
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Figure 4. Dependence of the parameter R = (he — hy1)/(he — h) versus |m|. Symbols
refer to the numerical simulation of the full DNLS model, whereas the dashed line
refers to the analytical prediction of the MF theory.

are both equal to 0. Furthermore, R =0 requires hy = 2a?, which again occurs when
the denominator vanishes.

MF analysis helps to clarify the issue, as shown in figure 4, where we plot R for dif-
ferent values of p and /3, comparing numerical results for the full DNLS model (symbols)
with the analytical curve R = 4/(4 +7wm?/2), found within the MF approximation, in a
w—expansion. At the lowest order in w, R is a function only of m, not of w. It is worth
recalling that m = Sy is equal to —1/a on the critical curve 8 =0. On the other hand, if
we fix p and vary 3, the limit of small 8 corresponds to small m. Let us start from this
limit, because for 83— 0, hy — 0 and R — 1; this is what we observed in figure 4. We
can also monitor the regime |m| < 1, provided that w is small. On the critical curve,
this simply implies @ < 1, and in this limit R ~ a?, which means that for small mass
density a, when h approaches h, hy is practically on the critical curve.

It is worth stressing that the approximation R =4/(4+mm?/2) is not valid for
vanishing 7. In this limit, m diverges, which would imply a vanishing R, whereas in
reality R goes to a constant:

CL2

lim R = .
Tli% a?+2a

(18)
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C

Figure 5. Sketch of the potential U(c), equation (20), for ¢=0 and small
negative f3.

4. Negative-temperature homogeneous states

States with energy density above the critical line h.(a) display negative temperat-
ures and are expected to develop a thermodynamic instability, resulting in the con-
densation of a macroscopic peak [16]. The theoretical description of this mechanism
requires a microcanonical formalism, whereas the grand canonical measure is formally
ill-defined [22, 23]. Previously, it was shown that homogeneous states slightly above
the critical line (i.e. with || < 1) are metastable, in the sense that the characteristic
time to develop the localization instability grows exponentially with |7 [12]. In this
regime, an effective grand canonical description can be developed in terms of an asymp-
totically unstable thermodynamic potential with a metastable region for low-amplitude
states. The fundamental properties of the effective potential were derived in [12] under
the approximation that the hopping term of the DNLS Hamiltonian is negligible with
respect to the nonlinear one, thereby removing any explicit phase dependence. In the
following, we generalize this derivation to include phases within the MF approximation.
For <0, we introduce a cutoff ¢* with value that is univocally determined by the
potential (see below). Having established this, equation (10) is modified as follows:

¢ 27
28.m) = [ de [ dsexpl-U(e.gigm)], (19)
0 0
where we have rewritten the exponent as a two-dimensional potential having the form

U (¢ 8,m) = B +2Bqy/ccos é —me. (20)

Notice that the parameters § and m are both negative, thereby yielding a potential (20),
the shape of which is qualitatively plotted in figure 5 for ¢ =0.
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Figure 6. Comparison of exact numerical results (symbols) with MF predictions
(full and dotted lines) and with the C2C model (dashed and dotted—-dashed lines).
We performed this comparison for two negative temperatures: 8 = —0.1 and S =
—0.01. Tt is evident that we are in the negative-T region because (h—2a?) > 0.
We also indicate the statistical error bar for the symbols, obtained as spatial and
temporal averages of grand canonical simulations.

The theory of the metastable state proceeds as follows. We begin by determining the
lowest barrier, corresponding to ¢ = 0. This barrier (which is a function of ¢) determines
z and any thermodynamic average, including ¢ = (y/c) itself. Once ¢ has been found
self-consistently, we have a theory that allows us to pass from the grand canonical
variables (3, u to the microcanonical variables a, h. In the C2C model [12], the procedure
is similar but easier because ¢ =m/243 is independent of g.

In figure 6, we compare virtually exact numerical results for the DNLS model with its
MF approximation and with results for the C2C model (see the legend for more details).
Simulations of the DNLS equations have been performed using negative-temperature
Monte Carlo (grand canonical) reservoirs (see appendix A). We performed this analysis
in the plane (h — 2a?,a) to better highlight the small differences between the energy and
the critical energy. Although the MF theory gives a relatively accurate approximation,
the C2C model does not, even for the smallest (negative) inverse temperature, =
—0.01. For = —0.1, the C2C model not only compares poorly with DNLS but also
displays a reentrant behavior.

This is because, for larger a, the confining character of the potential is restricted
to a progressively smaller interval of negative 3, and the stability of the homogeneous
state is quickly lost. Outside this condition, it is therefore no longer possible to give

https://doi.org/10.1088/1742-5468 /ae625¢ 12


https://doi.org/10.1088/1742-5468/ae625e

Mean-field theory of the DNLS equation at positive and negative absolute temperatures

1005 T I T [ T E
Uic) L ]
10— E
- |-~ C2C .
- |- — MF cutoff C2C T
1 : } : } :
h 4~ — T
- - MF -
-=- C2C
7L - — MF cutoff C2C |
oo ~
. = I i
i ~/
| .
00 0.5 1 1.5

Figure 7. Top: comparison of the height of the barrier for the MF theory, the
C2C model, and the MF theory using the C2C cutoff. Bottom: the same type of
comparison, for the parametric curves h(a). The data refer to 5 = —0.1 and variable
w in the interval (10, 50).

a grand canonical description. An inspection of potential (20) allows us to be more
precise, distinguishing among small, intermediate, and large ¢ values U (c) ~ —+/c, ¢, —¢c?,
respectively.

The crossover from the first to the second regime occurs at c¢; ~ 5%¢?/m?, whereas
the crossover from the second to the third regime occurs at ¢y =~ |m/f|. For the potential
to be partially confining, it is therefore necessary that cs is sufficiently larger than c;.
This implies |m| > |3|¢*/?, which, in the limit of small 3, leads to a < 1/|3[>*. This
is a necessary condition to have some confinement; the condition to have stability on
a meaningful timescale is much stronger, but it is not possible to make predictions
without studying the dynamics.

The fact that the MF theory provides a better description of DNLS than the C2C
model is not because of a better evaluation of the cutoff ¢ or of the energy barrier
U (c*); it is because the interaction energy is not entirely negligible. This is shown in
figure 7, the upper panel of which compares the height of the barriers for the MF theory,
the C2C model, and the MF theory using the C2C cutoff. Up to a =1, the three curves
are practically indistinguishable, but this is no longer true in the lower panel, where
the corresponding parametric curves are plotted. The curves obtained by using the MF
theory with the C2C cutoff have a double purpose: to stress the secondary importance
of the cutoff and to justify the approximation made in figure 6, where we used the C2C
cutoff to plot the MF results. This trick greatly simplifies the analysis in the MF case.
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The reentrant character of the curves in figures 6 and 7 is a consequence of the
modest bounding capacity of the potential so that the grand canonical theory is unable
to give a correct description of the system. In some sense, it is a ‘static’ proxy of the
loss of metastability.

5. Conclusions

In this study, we have developed an MF approach and thereby derived a grand canon-
ical description of the DNLS model. This includes the equilibrium state at any positive
temperature and the homogeneous metastable state emerging at large negative temper-
atures. The approximation involves assuming that the interaction term is gauged by the
average mass (amplitude) of the neighboring sites rather than by their actual values.
This approximation has no effect on either the critical curve (because the interaction
term is negligible) or the ground-state curve (because all masses are equal). On the other
hand, it is crucial for the phases to be handled accurately, which this approximation
ensures. Therefore, the MF approximation is a step forward compared to the stochastic
C2C model, in which the coupling term is completely neglected and phase variables do
not appear.

Our results show that the MF approximation provides a good-to-excellent descrip-
tion of the system for all values of mass and energy densities via a direct grand canonical
description. In particular, it provides an accurate characterization across the transition
from positive to negative temperature, where instabilities are expected to arise. In fact,
although MF theories typically fail in proximity of phase transitions, here the approx-
imation works because the interaction energy is negligible, and the transition itself
occurs even in the absence of interactions. Our approach shows that the presence of
interactions ensures a smooth crossing of the critical curve. The negative-T equilibrium
state cannot be described by the grand canonical theory, but for small negative /3, the
system is trapped for a long time in a metastable state. This passage is smooth, and
equations (13)—(16) are equally valid for positive and negative temperatures.

The ensuing transition from the homogeneous metastable state to the localized equi-
librium state goes beyond the scope of this study. It would require the formulation of an
appropriate dynamical rule consistent with the MF approximation introduced in this

paper.
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Appendix A. Technical details of the numerical simulations

The simulations of the full DNLS model were performed on a chain of size N =100 with
periodic boundary conditions, interacting with a thermal reservoir at site n=1. The
evolution was studied by introducing the conjugate canonical variables

Up = V/2¢, 08 b, Uy =\ 2¢,sin,, n=1,...,N, (A1)
with time dependence that is ruled by the following equations of motion

Uy = — (1}721 + ui) Uy — Up—1 — Upi1 (A.2)

Uy = (U?L + ui) Up 4+ Up_1+ Uni1. (A.3)

We implemented this Hamiltonian dynamics using a 4th-order Runge-Kutta algorithm
with an integration step ot = 1073,

The DNLS chain was thermostatted at temperature 7= 8! and chemical potential
p with a Monte Carlo heat bath [25]. Once every ¢ =1 units of time, we generated new
canonical variables for site 1, uj =uj + du] and v{ = vy 4+ dvy, where du; and dv; were
random variables extracted from the uniform distribution in the interval [—0.5,0.5]. We
then updated the canonical variables using a Metropolis algorithm by evaluating the
cost function W = exp (—SAE +mAA), where

u? +of? ud+o?
2 2

AA= =c]—0 (A.4)

AE = ¢? — & + (uy + ug) Sup + (vy + va) Sy (A.5)

are the variations in mass and energy, respectively. When W > 1, we updated u; and v,
with u{ and v{, whereas when W <1 the move was accepted with probability W. This
algorithm was implemented in the same way regardless of the sign of 5 [6].

The initial conditions were typically selected as ‘infinite temperature’ configura-
tions, i.e. with phases ¢,, extracted from the uniform distribution in [0,27] and masses
¢, generated from an exponential distribution f(c)=1/a; exp(—c/a;), with a; chosen
appropriately for each simulation to be close to the mass density reached at equilibrium.

The values of a, h, and hy,) were obtained from a combination of spatial and temporal
averages of local quantities. With the canonical variables u, and wv,, the local masses

were ¢, = 1(u? +v2). We can also define local energies €, as
_ Lo g2 1 1
=7 (un + vn) + 2 (Up—1 + Ups1) Up + 5 (Vn—1+ Vpt1) Un, (A.6)

which correspond to the sum of the nonlinear local energy ¢ and half the coupling

energy between sites n —1 and n and between n and n + 1, so that Zfl\]:ﬁn =H. We
first considered, for each site, a time average of c,, €,, and ¢2, from which we obtained
spatial averages yielding a, h, and hy,, respectively. Time averages were taken over
intervals between 107 and 10® time units, after waiting for a transient ¢t = 10°. Only the

80 internal sites of the chain contributed to the spatial averages (to remove any effects
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arising from the heat bath connected to site 1, with the first and last ten sites in the
chain excluded). The uncertainties of the averages were obtained from the standard
deviation of the spatial average, and in all figures such uncertainties were either shown
or were smaller than the symbol size.

Appendix B. Small-G expansion

In this appendix, we derive the analytical expressions of the MF theory for small .
Let us start with the case § > 0. The reduced grand canonical partition function of
the MF model, equation (11) (J =1),

=927 / dee P +mep (Qﬁq\/é) (B.1)
0
can be rewritten as
R 2 ,
P :/ de Ze(—ﬁchrmc) 772 (5(])2,)' " (B.Q)
0 e (n!)

using the Taylor expansion of the modified Bessel function I,

Io (v) = i (n1!)2 (g)% (B.3)

Because the series in the integrand of equation (B.2) absolutely converges for any pos-
itive ¢, we can swap the order of integration and summation, and then individually
integrate the terms of the series, from which we obtain

= 1+n 1 m?
Z:ZQ—nﬁ—(l—H’m)/Qanﬂ_U( 7_’_) : (B4)
£ 2 '243

where U is the Tricomi’s confluent hypergeometric function.
Similarly, it is possible to obtain the average value of any power « of ¢ as a function
of 5, m, and gq,

00 2m
<Ca> — 1/ dC/ d(p @ efﬂcz-i-mcfQ/Bq\/Ecosga
zJo 0

= 2 dccaefﬁcngmcIo (25(]\/5)

< Jo

1 oo
=32 en B ()T (0 + 1+ a)
n=0

n+l+a 1 m?
_— = B.
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from which we have the expression for the mass density a for a =1 and for the nonlinear
energy hy for a=2. We can also express the self-consistency relation ¢ = (y/c) using
equation (B.5) with a =1/2,

= (/©) = Ei2n1/253n/23/4ﬂp §—|—n
q= - P — (n')Q 2

3 nlm?
-t = - — B.
><U<4+2,2, ) (B.6)

For the interaction energy density hi,, we have instead

1 00 27
hint - _/ dC/ dgp QQ\/ECOSQO e—ﬁCQ+mc—26q\/Ecos¢
Z Jo 0

4 o0
=4 [ devee ¥ er (2600/C)

= Jo
0 nﬂ 2+3n/2

D3

mq> n 3 m
U(1+§ 5 —6) (B.7)

where we have used the expansion of I,

d e n v\ 2n—1
LMZE%WZ;WNQ) . (B.8)

It is now convenient to introduce the smallness parameter w = 3/m?, which appears
as the argument of the hypergeometric function U. In particular, U(-,-,1/4w) admits

an asymptotic expansion for w — 0 in terms of the generalized hypergeometric series
QFO [26]7

1
U (a, b, 4—> ~ (4w)* o Fy (a,a — b+ 1;;—4w), (B.9)
w

where 9 Fy(a,a — b+ 1;; —4w) does not converge in w =0 but exists as a formal power
series in w.

From now on, we also consider m < 0. By replacing 3 = wm? and expanding U in
powers of w in equation (B.4), we get

ot Amw (247T
[m|

which we can substitute in equation (B.6) to obtain

T V4 VT (449 +16|m¢*) 3 4
q_2\/w 8\/_ w+ 64/[m| w”+0 (w’,q"). (B.11)

+2m?mq )w2+0(w3), (B.10)

im| [m|
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The self-consistency relation can therefore be solved in a perturbative way at an
arbitrary order of w, from which we obtain

44 1 2,3/2
Jr T 9/ + 16|m|*7 w40 (u?). (B.12)

q= — w +
2y/|m| 8y/|m| 64+/|m|

Once ¢ has been determined, we can replace it into the expressions (B.10), (B.5),
and (B.7) to obtain

2r  4rw T (244 2/m*¢?)

Z=————w+ w® + O (w? (B.13)
im|  |m |m| )

1 4w 40 |m|7r) 9 3
t=——-——+|—+—|w' +0(w (B.14)

im|  |m| (Iml 4 )

2 20w (2964 m*m)w? 5
o = —5 — — + — + O (w”) (B.15)
157 w?
i = =2 1 55T 6 () (B.16)
2 4

2 ™ 20 197 296\ , 3

h:m—(fm)“(T*W)w*O(“’)' (B17)

The combination of equations (B.14) and (B.17) gives, for T'= oo (i.e. for w=0),
h =2d%. (B.18)

Let us now consider the case in which <0 and m <0. We can write the reduced
partition function z as

m

5 )
2 =27 / dece Petmer, (28gv/c), (B.19)
0

m

35 is the same as that assumed in the

where the cutoff in the mass integration ¢ =
study of the C2C model.
If we express 3 as 3 =wm? and expand the integrand function in powers of w up

to order w?, we obtain

75 3
2~ 27 / dce™* (1 —mPw+ em? (% + qz) w2>
0

24+ 2|m|3¢?
2:2—7T—4—7T +7r( - |m|q)w2+0(w3), (B.20)

im| m] ml
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Figure B1. Relative difference between the MF partition function z computed by
numerically integrating the exact expression (11) and its analytical approximation
21, obtained as a series expansion of order k in w. The various symbols correspond
to different w values, as indicated in the legend. The value of 5 is always equal to
+0.4, except for the lowermost curve, where 8 = —0.01. Notice that the sign of g3
coincides with the sign of w. For negative 3, the numerical integration is performed
by imposing the same cutoff ¢* as in the C2C model.

which is equal to equation (B.10). We therefore find that the expansion of z at negative
temperatures coincides with that at > 0. An adjustment of the cutoff leads only to

corrections of order e~1/2lwl),

Similarly, from the calculation of ¢, a, hy, and hy, we find that the expres-
sions (B.12)—(B.17) are also valid for 8 <0.

Higher-order terms can be obtained and determined with the help of Mathematica
software up to the desired accuracy. In figure B1, we report the relative error on the MF
value of the single-particle partition function z(f, 1) versus the approximation order k
for some values of w (both for positive and negative temperatures).

As expected, the very high accuracy for small w values degrades when w becomes of
order 1. A second feature is that the accuracy of the expansion initially increases with
k up to some k" when it starts degrading. This is a clear indication of the asymptotic
nature of the series expansion in powers of w. Finally, the overlap of data obtained for
the same w but a different sign of 5 indicates that the sign is irrelevant.

https://doi.org/10.1088/1742-5468 /ae625¢ 19


https://doi.org/10.1088/1742-5468/ae625e

Mean-field theory of the DNLS equation at positive and negative absolute temperatures
Appendix C. T =0 limit
In the low-temperature limit, we can approximate the expressions for the partition

function 2, a, ¢, and h by using the leading term of the modified Bessel functions Iy
for large argument v

U

V4 oV

By substituting equation (C.1) into equation (11), z can be rewritten as

%0 oPA()

I (v) ~ (C.1)

where

A(c) = —c* 4 pc+2q+/c. (C.3)

We can now use the saddle-point method to approximate z as
eﬁA(c*)

where ¢ is the mass value that maximizes A(c) and therefore satisfies the relation

2T (C.4)

—pu=0. (C.5)

We can also derive the expression for ¢ in the low-temperature limit,
1 - e’
g~ /0 e ‘[IF N A \/—0*1/4 _ Ve (C.6)

and similarly for the expressions for a and h

1

a:;/o dcc\/_\/_cl/4

*

00 ) e,BA(c)

—2\/0_*(]:@2—2&. (C.8)
Analogously, we find hy ~ a® and hiy ~ —2a.
If we substitute equations (C.6) and (C.7) in equation (C.5), we obtain

* 1
C :a:—'u;— y (Cg)
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that is, a relation between a and the chemical potential p for the MF model.
For the complete DNLS model, using the saddle-point method we obtain a different
relation between a and p in the low-temperature limit

T=0
M]()NLS) =2(a—1) (C.10)

and if we replace a with equation (C.9), we obtain a relationship between the chemical
potentials in the two models

T=0 T=0
M&IF )= M%)NLS? +1. (C.11)

Appendix D. Ratio of energy differences R

If we combine equations (B.14)—(B.17) retaining all terms up to the order w, we find

4w
Ahnl = hc — hn] = W (Dl)
o dw Tw
so that
Ahy, 4
R==""M_ (D.3)

Ah — 4+7m?/2

which tends to 8a%/7 for small a and to 1 for large a.
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