ESAIM: M2AN 55 (2021) 2949-2980 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051 /m2an/2021077 WWW.esalm-m2an.org

DIFFUSIVE LIMITS OF 2D WELL-BALANCED SCHEMES FOR KINETIC
MODELS OF NEUTRON TRANSPORT

GABRIELLA BRETTI!, LAURENT GOSSE*® AND NICOLAS VAUCHELET?

Abstract. Two-dimensional dissipative and isotropic kinetic models, like the ones used in neutron
transport theory, are considered. Especially, steady-states are expressed for constant opacity and damp-
ing, allowing to derive a scattering S-matrix and corresponding “truly 2D well-balanced” numerical
schemes. A first scheme is obtained by directly implementing truncated Fourier—Bessel series, whereas
another proceeds by applying an exponential modulation to a former, conservative, one. Consistency
with the asymptotic damped parabolic approximation is checked for both algorithms. A striking
property of some of these schemes is that they can be proved to be both 2D well-balanced and
asymptotic-preserving in the parabolic limit, even when setting up IMEX time-integrators: see Corol-
laries 3.4 and A.1. These findings are further confirmed by means of practical benchmarks carried out
on coarse Cartesian computational grids.
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1. INTRODUCTION

Dissipative (2 + 1)-dimensional kinetic models

Consider a damped kinetic model, where o(x) > 0 is the opacity,

(9tf—|—v-Vf:U(x)(c(x)/glf(t,xv’)d:_f>, 0<c:=1-k<1, (1.1)

o
for x = (z,y) € R? and v = (cos #,sin ). In the special case where c¢(x) = 1, the model studied in [25] is clearly
recovered, hence our intention hereafter is to extend these findings toward the more general model (1.1). We
shall be especially interested in its “four-stream approximation” [14,28] with diagonal microscopic velocities,

Ve {%(1,1)7\%(—1,1)},
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which yield the following system, (in standard notation)

Of* £ —=(0ufF +0,f7) = o(x)(c(x)p — [F),

1

V2

Bug* + % (0ag* — 0y9%) = 0(x) (c(x)p — g*). (1.2)
p=f"+f +gt+g.

This discrete kinetic model, within a convenient rescaling of variables, relaxes towards the damped heat equation,

v A
Op + o(x)k(x)p = div p , or = —p, if o is a positive constant. (1.3)
20(x) 20

Indeed, assuming

(t,x) — (£°t,ex), Kk — 2k,

and rotating the axes for simplicity, it comes
o(x o(x
O fr+ 0,1t = %((1 —e%k(x))p — f*), edrgt + 0,9% = %((1 —e?k(x))p — g7F).
Adding the four microscopic balance laws,

. 1/ ¢+ _ ¢
o+ 3 +np =0, 3=1(F 01,

and subtracting the first (second) with the third (fourth) ones,

D1 — ) = (0uf* - 0,0%) = T (1 %),

This last equation implies that, formally, |f* — ¢g*| = O(g) and (1.3) holds: see Section 5 in [28] for related
rigorous results.

Plan of the paper

Following the roadmap proposed in [25], we intend to study numerical approximations of (1.2) endowed with
both 2D well-balanced (WB) and asymptotic-preserving (AP) properties. To this end, two distinct numerical
processes will be introduced: the first one, given in Section 3, strongly relies on the data of two-dimensional
steady-states for (1.1). Such steady-states are derived in Section 2, following original ideas given in [5,6]: in both
papers, it is shown that solutions of stationary elliptic equations yield, thanks to Laplace transforms, microscopic
steady-states of related kinetic models. A second numerical scheme is proposed in Section 4, being essentially
an exponential modulation of the one given in [25] for the special case k = 0. Its WB and AP properties are
studied, in the light of what was previously done in Section 3. A main difference between both schemes is that
only the second one appears to be unconditionally positivity-preserving; numerical tests displayed in Section 5
reveal that it is slightly more diffusive, though, especially in kinetic regime with stiff parameters. Concluding
remarks are given in Section 6.

2. TWO-DIMENSIONAL KINETIC STEADY-STATES

2.1. Conservative isotropic scattering and diffusion

Consider first, for x = (z,y) € R? and v = (cos 6, sin §), the special case of (1.1) where ¢(x) = 1,

/

3tf(t,X,V)+V~Vf:U(X)</Sl f(t,x,v’)(;;—f), o(x) >0, (2.1)
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The heart of the matter in [5] (see also [13]) consists in showing that, by combining the method of characteristics
and the Laplace transform L[-](p), stationary (microscopic) solutions of (2.1) can be retrieved from harmonic
(i.e. stationary, macroscopic and smooth) functions p(x):

flx,v) = /000 exp(—r)p(x —rv)dr = L.[p(x —rv)](p = 1), Ap=0. (2.2)

Indeed, when ¢ = 1, the method of characteristics yields, for any v € St,

UG+ s exp(s)) = plox+ svjesp(s). plx) = [ Flaxv) G

so that, by integrating on s € (0,1),

fit,x,v) = f(0,x —tv,v)exp(—t) + /0 p(x —rv)exp(—r)dr — L.[p(x —rv)](p = 1), t — +o00.

One way to justify that p is harmonic, goes as follows: by integrating in v and invoking Pizzetti’s formula
[15,30],

dv

o0 = [ Fxev

= /000 exp(—7) (/Sl p(x — rv);:;)dr

oo A’"L
= / exp(—r) | p(x) + Z %ﬂm dr, 0 < oy, depending on dimension 2,
0 m

—0) [ explor) dr = (T ()

and using that, for p € C°°(R?) harmonic, every term in the series vanishes. Accordingly, in order to build a
“2D-WB-AP scheme” for (2.1), a 4 x 4 S-matrix is derived, which relates 4 “outgoing states” to 4 “incoming
states” (which are available data): see Figure 2. Such a S-matrix can be seen as the restriction to a finite set of
velocities of a “continuous scattering operator” S, defined on any circle of radius R > 0:

’S : f(R(cosB,sin6); —(cos,sinf)) — f(R(cosh,sinb); (cosb,sinb)). ‘ (2.3)

By definition, we call an “incoming” (respectively “outgoing”) state, any state f(x,v) such that x-v=—R <0
(respectively x - v = R > 0), see Figure 1. By (2.2), they are,

f(R(cosf,sin@); F(cosh,sinf)) = /000 exp(—r)p((R % r)(cos b, sin9)) dr, 0 € (0,2m).

Since any macroscopic steady-state p(x) is harmonic, it reads in polar coordinates,

p(r,0) =ag + Z r"™ (a, cosné + by, sinnf)
neN,

:a0+a1x+b1y+a2(x2—y2)+b2xy+...,

and this determines the (first four) Fourier coefficients of the resulting f,

f(R(cosf,sin@); F(cosh,sinb)) = /OOO exp(—r)p((R % r)(cos 8,sin §)) dr.
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R—r<0

FIGURE 1. Incoming (left) and outgoing (right) state f(x,v).

= / exp(—r) [ao + (R +7)(ay cosf + by sin ) + ax(R +7)° cos 29} dr
0

=T(1) [ao + R(ay cos@ + by sinf) + R2%as cos 29]
+T'(2)[(a1 cos 8 + by sin 0) + 2Ras cos 20] 4+ I'(3)ag cos 26
=ag+ (R+1)(a; cos 0 + by sin ) + (R* £ 2R + 2)as cos 20, (2.4)

being I'(n 4+ 1) = n! the Gamma function. Accordingly, any (obviously periodic) “incoming state”
f(Rv,—v) = f(R(cos#,sin ), —(cos b, sin b)), 0 € (0,2m),
rewrites as a Fourier series with (real) coefficients (A, By,)n, and, by identifying successive coefficients in (2.4),
Ao =ag, A1 = (R+1ai, B = (R+1)by, Ay = (R* + 2R +2)a,

which expression is very similar to the columns of matrix M, see equation (3.3) in [25]. The first Fourier
components of the corresponding “outgoing state” follow,

f(Rv,v) = f(R(cosb,sinf); (cosb,sinh)) (2.5)
R_1 ] 2 - 2R+ R?
= AO + m(Al COSG+B1 Sln@) + mAQ C0529+

The scattering S, non-local in physical space, becomes local® in Fourier space for isotropic collisions.

2.2. Dissipative isotropic scattering with adsorption

In the original model (1.1), the expression of the stationary regimes is obtained (by passing to the limit
t — 400 in the method of characteristics), see e.g. [12], page 34 as a Laplace transform (again, letting o = 1),
see [6]:
dv

Jx,v) = / T exp(—rp(x—rv)dr, p(x) = [ sex g

Again, another integration in v produces a Fredholm integral equation on p,

) =c [ exp(r) ( [ ot rv@’)dr, (2.6

1The Fourier coordinates “diagonalize” the discrete scattering operator.
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in which the circular integral on p(x —rv) will reduce to the pointwise value p(x) if p solves a convenient elliptic
differential operator [16,34]. Yet, the diffusive approximation suggests the “modified Helmholtz problem”,

“Ap+A2p =0, (2.7)
which solution satisfies (see e.g. [3], Sect. 2.4 for more details on Green and modified Bessel functions),

dv

p(x) = ﬁ /Sl plx — rv)2—7 r>0. (2.8)

i
By inserting (2.8) into (2.6), one gets that the constant A (different of the 1d case, see [8]) must satisfy:

C
VI

Being a solution to (2.7), the macroscopic density p (expressed in polar coordinates and separating variables)
rewrites as a Fourier—Bessel series in any disk of radius R > 0,

1= c/ooo exp(—r)Zo(Ar)dr = c L, [Zo(Ar)](p=1) = M=1-c=k(l+c).

p(r,0) = agZo(Ar) Z Z,(Ar) (an cosnb + by, sinnb), r € (0, R),
nEN,

so that the corresponding stationary microscopic density f(x,v) follows by computing Laplace transforms of
Bessel functions because trigonometric functions depend only on 6 (and v = (cos#,sin6) € St).

f(Rv,Fv) = c(aoX Z XE( AR)(ay, cosnf + by, sin n@)) XEOR) = L, (Z.(MR £ ) [1].
neN,
(2.9)
To proceed, the “summation formula”,
V(n,z,y) ENxXR?  Ty(x+y)=> T klx ), with Z_,,(z) = Z,(2), (2.10)
keZ

is recalled [2], along with usual Laplace transforms of Bessel functions:

1

A n
m<p+m> |

vneN, L. [Z.(\)](p) =

As p =1, an interesting relation comes out,

1 A " A"
L0 =1 = S (s ) =

so that the general term proceeds by the summation formula (2.10),
vneN, XF(R)= / exp(—1)Z, (AR £7))dr = L, (L, (MR £7)))[1].

_Z< / exp(—r)Ti_ k(i)\r)dr)Ik()\R)

keZ
= Lo (Tji (EA)p = 1 Th(AR)

keZ
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In—k|
£
=L (Zo(£Ar))[1 _ Ik (AR
En S (i) o)
In—Fk|
1 +
= - (1 A ) Zi(AR)
c ez +c
n In—k| n+k
1 +A +A +A
= — I I .
c{<1+c> O(ARH_Z <1+c> +(1—&-0) k()\R)}
keN=
For instance, since A2 =1 — ¢? = k(1 + ¢), we get the expression of the first terms in (2.9):
1 2\ 22
XF(R) = = (Zo(AR) £ ——T1(AR) + ———T2(AR) + ...
F =L (BOR £ 2R 0R + 2RO+ ),
1 A2 AIo(AR)
X{f(R) == (Ti(AR) |1 + 2.11
= (nom|1 o £ 2200 ), (2.11)
1 AT (AR) A2 AN Zo(AR)
tipy L 1 0
X2(R)—C(IQ(>\R):t ) {1+(1+C)2]+ Gtz T )
For x = 1, a well-known formula (9.6.37-8) in [2], implies that X (R) has an exponential behavior,
VR>0,  exp(£R)=To(R)+2 > (£1)*Zi(R),
keN*
but in the general case 0 < k < 1, we simplify the damping factor ¢ > 0 and deduce from (2.11):
F(R(cos 0, sin 0): F(cos 8, sin ) ~ ap| To(AR) + —2 Ty (AR) + —" T, (\R)
in6); 5in 6)) ~
) T ) S ao (4o 1+c 1 1+c 2
. Il()\R) K Io(/\R)
1 + 2.12
+)\(a10059+blsln9)[ y ( —|—1+0) T+ o (2.12)
Io(AR) . T1(AR) K Zo(AR)
2 2 1
A GQCOS%{ e A1+ c) i)t (I+c)2)|

which is the generalization of (2.4) when the dissipation parameter x # 0. The trigonometric polynomial (2.12)
involves only 4 Fourier coefficients ag, a1, b1, as € R*, which can be retrieved in practice from the data of the 4
grid points located on each circle of radius R, as depicted on Figure 2.

Remark 2.1. Both (2.4) and (2.12) express steady-states only in a special case where x = R(cos#,sin#) and
v = £(cos d,sin ) are colinear. This is enough to build up the S-matrix (3.3) and to derive the corresponding
2D-WB scheme in the form (3.4). However, this is less general than what was found in equation (3.1) of [25],
where explicit steady-states were given for arbitrary arguments (x,v) € R? x S.

To account for a (locally) constant opacity o > 0, it suffices to rescale R — oR in (2.12):

Lemma 2.2. Let f(x,V) be a steady-state of (1.1) with o = 1, then f(ox,v) is a steady-state of (1.1) with any
constant o € R}

Proof. Let f, be a solution of v-V fy(x,v) = o L[f,]. Being the constant ¢ > 0, this yields that v- f,(x/0,v) =
L[f,] and so, in particular, f,(R/o,v) = f(R,V) O
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FIGURE 2. The S-matrix (Sx);_1 ;1 and an incoming state, it -

3. TWO-DIMENSIONAL WELL-BALANCED SCHEME
Hereafter, a uniform Cartesian grid is used, with Ax = Ay and At > 0 a time-step. Standard notation is
.. 2 +,n +/n _ . . +.n +/n . .
V(n,i,j) € N x Z=, fi;" = (" =nAtilz, jAy), g;;" =g (1" = nAt,ilz, jAy).

3.1. Derivation of the dissipative S-matrix

Following the same procedure as Section 3.1 of [25], a 2D S-matrix, S, = M M=, is deduced from the
expression of kinetic (both incoming and outgoing) steady-states (2.12), where

XJ(R) —X{(R) 0 X5 (R)

g |B® Xm0 xim
Xq (R) 0 -X{(R) -X7(R)|
Xy (R) 0 XI'(R)  —X;(R)

a 4 x 4 matrix which columns are orthogonal to each other, and

Xo (R) X[ (R) 0 X5 (R)

g |w —xiw 0 x5
Xo (R) 0 X (R)  —X;(R)
Xo (R) 0 —X; (R) —X,(R)

The Fourier polynomial (2.12) of both incoming/outgoing states yields an analogue of (2.5),

X; (R) : X5 (R)
Xf'(R)<A16080+B15m0)+ X;_(R)Agcos%—}—...,

Xo (R)

f(R(cos,sinb); (cosb,sinf)) = X+(R)
0

Ao+

(3.1)

which gives back (2.5) when x — 0, so that ¢ — 1, because

1 (AR\"
VneN,  Z,(AR) — n'<2R> . AR 0. (3.2)
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In order to express the S-matrix, the inverse of M is needed,

1 1 1
4X5  axy oaxg
-1 1
ye | aT 0
0 0 -
2X]
1 1 -1

ax) AxS  4axy

1

-
41X

0

1
2x
=1
axy

so that, by setting Yy = X /X, and so on. A discrete version of (2.3) is deduced,

Yo—-27+Y:, Yo+2Y1+ Y,

o i L[ YorMiAYe Yo-2i4y,
" 4 Yy — Yz Yy — Ya
Yy — Vs Yo —Ys

(see Fig. 2) where each function Y;(R) rewrites as,

Yo — Y
Yo—Ys
Yo —2Y1 + Yo
Yo+2Y1+Y,

v (R) _ Io()\R) — 1+cIl ()\R) + 1+CIQ()\R)
0 To(AR) + 211 (AR) + 22 T,(A\R)
. ANT,(AR)

I, To(AR
Q) (1 4 ) - Tm

Yi(R) =
iR Zo(AR
( )(1 + 1+c> + 01(+c)
- 20\Zo(AR)
N (14 ¢+ 8)T1(AR) + A\To(AR)’
Zo(AR) _ ZT1(AR) K To(AR)
V- (R) 2/\2 A(1+c) (1 + 1+c) + (i)+c)2
2 =
z (/\R) Zi(AR AR)
2 +A1(§+C;(1+1+C)+(1( 21

ANT1(AR)

" (14 0)Zo(AR) + 2MT, (AR) + 2xT5(AR)’

(notice that: 1 +c+ k= 2)

3.2. 2D well-balanced scheme and consistency

" (14 ¢)2Z2(AR) + 2MT1 (AR) + N2To(AR)

Yo — Y2
Yo-Y,
Yo+2Y1 + Yo
Yo -2Y1+Y;

Accordingly, one gets the following time-marching scheme (similar to [25], Eq. (3.5)),
+,n+1 +, +,
fl jil i,jzl fz {LJ
f; ﬁjl _ (1 At) f;_ﬁj n At (S ) fij_j-?—l
+,n+1 “\" 7 9oR +, oR \Tr/img.d+ +,
Gi— Tll,g+1 2R gzé?ll,j+1 2R e gi,jn
yn+l ) -
i Yi,j 9i-1 41

which naturally preserves any 2D stationary regime locally expressed as (2.12).

; (3-3)

Theorem 3.1 (2D well-balanced). Let At < 2R and AR be small enough, then (3.3) and (3.4) is consistent
with (1.2) and dissipates both L' and L> norms. Moreover, it is “2D well-balanced” in the following sense: any
steady-state locally expressed like (2.12) is invariant by (3.3) and (3.4).
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Proof. Under the CFL restriction, the marching scheme (3.4) is a convex combination, and preserves positivity
as soon as all the entries of S, are nonnegative, hence AR small enough. The dissipation of L' and L* norms
is a consequence of the symmetry of S, where both lines and columns add to less than one. For consistency,
when AR < 1, by (3.2), it comes

v Xy (R)  To(AR) — Z.Ti(AR) + £ET2(AR)
b= =
X (R)  Io(AR) + Z2Ti(AR) + £ET2(AR)
1—-&R
~ ~1—-2
1+ kR wR,
Ti(AR) To(AR)
X; (R (1 + *) R—1
Y, = 1+( ) = e e o (like conservative case k = 0), (3.5)
XTI (R) LOR) (1 + ) 4+ DLOR)  R+1
1+c 1+c
T (/\R) (AR Zo(AR)
v, X5 (R) : - 11+c)( 1+c) + Tto?
27 xF 7 (/\R) I.(AR) To(AR)
X (R 2 + 3070 (1 + 1+¢) + Ttop

(14¢)?R>-8R+8 R?*—2R+2 . _
~ (0T P RZ 78R+ 8 = W oR 12 +O(R?) (like conservative case k = 0),

so that both Y7,Y> behave like C, D in equation (3.4) of [25], and

11 1 1 3 1 1 1
kR(1 1 1 1 R 1 3 1 1
Sexld="lr 11 1 tyarmlr 1 s 1)
11 1 1 1 1 1 -3

which yields that (3.4) is consistent with (1.2) as R — 0. To establish the “2D well-balanced” property, notice
first that, in a given cell centered in x;_ 1Y 2 sufficient condition for a state to be invariant by (3.4) is,

+n +,n
ij+1 i—1,j
—n —n
fifl,j = (S ) fi,jJrl
+.1n T PR+ + ’
9i-1,54+1 9ij
—,n —,n
i, 9i-1,54+1

for some “frozen values” & = =0 14t Rl iyl € (R*)?2 in the prescribed computational cell. Assume now
that there locally exists a truncated steady-state of the form (2.12),

f(GR(cos f,sin ), +(cos,sinh)), 6 € (0,2m),

which samples for 0 = 7 + T’T, k €{0,1,2,3} match all the 8 values located around the computational cell,

+,

fizt;
.

ng;j := f(GR(cos Oy, sin Oy, F(cos Oy, sin 0)),
2%

Fon
9i—1,j+1
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In that case, by construction, the S-matrix (3.3) maps the 4 “incoming values” (v -x < 0) into 4 “outgoing
values” (v -x > 0) which all correspond to f, so that

+,n +,n
i—1,j i1

—n —,n
Jij+ = . ) fio1

(SK)F%)#% . = f(R(cos O, sinOy), (cos Oy, sin Oy)) = . ,
9i,j 9i—-1,5+1
—n —n
Ji-1j+1 9i.j

and this exactly means that the discrete “4 velocities” restriction of f given by (2.12) is left invariant
by (3.4). O

Remark 3.2. Oppositely, if the opacity is stiff, cAR > 1 (local hydrodynamic limit), the sign of the entries
in the S-matrix isn’t obvious. These expressions allow to get necessary conditions for positivity in (3.4): for
instance, in order to get Yy — Y5 > 0 in the limit of infinite stiffness o R > 1 with x ~ 1, ¢ ~ 0, one should have

1 1
0< -
T 1+e2+1-c)(l4+¢) (Q4+c)+21-¢)
I
“2(14¢ 3-c
l—c 1+¢/3 3 4
S a S T T

Corollary 3.3. Under the same assumptions, if o(x),x(x) are constant in the whole computational domain,
then any truncated steady-state of the form (2.12) restricted to four velocities, 0, = = + £X k€ {0,1,2,3} s
preserved.

Proof. Given R > 0, if all parameters are constant, any steady-state f(x,v) can be split into “patches” of the
form (2.12) inside the disks Dg of radius R and centered in (xi_%,yﬁ_%), i,j € Z? (see Fig. 2) inside which
the proof of Theorem 3.1 applies. a
3.3. Consistency with damped diffusive limits in 2D

In order to study its diffusive limit,

R g, K — 2K, )\E§ = R\/k(2 — 2k) — Az/k, (3.6)
we shall again decompose SZ in a form directly inspired by [24, 25],
0 1 0 O 0 1 0 O
si=lo 0 o 1] rolr=avm) s={o 5 o
0 0 1 0 0 0 1 0

Since \* = V1 —c? =¢ey/k(2—¢2k), 1 + ¢+ k =2, and N*R/e ~ Az+/k,

ANT; (A E)
T+ L0 ) = VI O B PR
T, (30 B)
(L +)Zo(AE) + 22Ty (A= E) + 22T (A E)

Yo-Yo =
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ANTy (A E) ANTy (A E)
27 (A B) + NZo (A ) (14 0)Zo(AL8) + 20Ty (A &) + 2e2kT, (A= &)
B ANTy (A E)
(L4 ¢)2To (A L) + 20Ty (A L) + [Xe]2Zy (A E)’
ANTo (A E) ANT (A E)
271 (A E) + XTo(A L) (1+0)Zo(AE) + 20Ty (A &) + 2227, (A= £)
ANTy (A )
(14 0)2To (A B) + 22T (A ) + (A 2Zp (A £)

Yo-2Y1+Ys =

Yo+2YV1+Ye =4 —

By analogy with coefficients defined in Section 4.1 of [25], and neglecting 2e%xZ(. . .),

o = VER = e2k)Io (A E)

o (A B) 4 AT (A B (3.7)
7 s e 68)

(14 ¢)2Zo (A 8) +2X°T; (A B) + [ A= ]2Zp (A= £)

VER—e2r) T (A )

(1 +OZo(AB) 425y (A B)’

and the decomposition of St = Sy + €57 follows:

01 0 0 1 1 1 1 af — 3 —(af + ) B¢ B¢
. |1 0 0 0 1 010101 —(a*+5°) o —p° B° B¢
Sa=10 0 o 1Ty (1 1 1 1|7 s e af — 35 —(af + )
0 0 1 0 1 1 1 1 3 B3¢ —(a*+ %) a°—p°

Accordingly, an IMEX scheme emerges from treating implicitly the stiff terms in O(1)/e.

f+ n+1 f+ n+1 f+ ,n+1 +,n +,n
,J+1 ,J+1 i—1,5 i,5+1 i—1,7
,n+1 —,n+1 n+1 —-n —n
fittj At ficvg | g fiji | fitn 755 fija (3.10)
+,n+1 2R +,n+1 0 +,n+1 - +,n 2R +,n :
9i—1,5+1 9i—1,5+1 1,5 9i-1,5+1 9i,j
—,n+1 —,n+1 —n+l
9 ; 9i.j 9i—1,5+1 gi,j gi—lvj“'l

According to (3.2), there are two different types of terms in that expression:

— the ones in Z,,(Ax)/Z,+1(Ax), behaving like 1/Az, render diffusion,

of — V2 Ty(cAzVR) V2 5 = V2 Ti(0AzR) V2
27 (cAzv/E)  — oAxz/EK’ ATy (cAzy/K) = oAz

and if the dissipation isn’t stiff, cAz\/k < 1, modified Bessel functions (3.2) ensure that

of — B — V25 [ 2Ty(0 Axy/R) To(a Aav/R) — Ty (0 Azy/R) .
! Ti(cAz/k)Iz(0cAz\/K)
V2Azok  Rok (222
~ T =5 because Z,(z) = ( ) Zk' e
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— the only one in 7; (Ax)/Zo(Ax), behaving like O(Ax), renders dissipation,

e _V2Di(oBzyR)  orbav2 _ orR o

27, (J/{Ax\@) - 4 N 2

After a shift of indexes, the IMEX scheme (3.10) rewrites,

At +n+1
1+ 55 “ER 0 0 fij
At —,n+1
~%r 1+ 0 0 g
0 0 1 At +n+l (3.11)
+ 25R _251?, 9ij
At n+1
0 0 —%r  1+%5/) \g;"
+, ,
:_]n Fyf*ixj*%( i1 1+fijn+gw 1+ 90 )
) +n
_ i,jn + g ’Yz—',- j-‘,—%( + fz+l,J+1 +g1+1 N + gz,]+1)
+,
95" 2R ’yzi%,jf%( ot +9z+1 o119, ")
- +,
g”n Vet i+ %(f jHh e e )
2.9- %(1 -1 z )_BE 1j— %(ji] 1+f'jj’n_gij1 9; 171)
—n +n “+.,n n
n z+2,g+%( i+1,5+1 ) 1+ J+3 (f +fz+1,j+1 gz+1,j ,J+1)
)T —n
2+2,j %(gﬂrlu 1 g” ) 1+ J— %( ij— 1+fz+1j gz-i—l,_] 195 )

z—l,]_t,_% gz 1,J+1 gl,] )+ﬁ8 1 % f +f74]+1 giaj 9i— 1»J+1

Denote 7', f+ " f," and @i = g, Mg " so pfy = f; + g7+ adding equations in (3.11) gives,

At
n+1 —,n +,n
fij =fi; + ( of_y o (0 = £7) +afy s (Pt — £ ))
+ = + = +, + =
(ﬁf,, J,%( i—?,j—l + fi,jn - gz’,jril - gi—rll,j) + ﬁz+2 J+E ( "+ fH-l J+1 gi+rll,j - gidil)

- +, - +, +, -
—m_,]_,(f S L et e ) e e () "+fl+1]+1+gi+’1‘,j+gi,jil)), (3.12)

At
+1 _ +,n —n —,n +,n
gi; =i+ ﬁ( i+3.9-1 (95051 —9:,") + CHEWIE (90541 — 90 ))
At +,n +,n —,n
+ ﬁ( i+ ,jfl( S ft g —e) + i1 ]+1( i -9t =9 )

=+, -
F e o (Bt Fny ot o+ 9:5") + s e (00 + i +gi,jn+gi_7f7j+1)). (3.13)

Corollary 3.4. The IMEX scheme (3.10) is “2D well-balanced” in the sense that, if data are at steady-state,

+,n +n
i,7+1 i—1,5
5] 5]
—-n —-,n
n c n n | fien n _ | fiin
Az——,ﬁ; = (S84 Bl 11 where Aifé,j+% =l o+ v Bilige= +n |
Ji-1j+1 Yij
—-n —,n
i, 9i-1,j+1

for alli,j € 72, then

Vi j) ez, fMh =gt gt =g (3.14)
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Proof. Denote S := (57);_1 ;41 for simplicity; since S = Sy + £5%, (3.10) rewrites

At At
n+1 n+1 _ n+1 _ n 5 n
AT ey + oo (A g —SoBIY ) = ALy + g X STBL Loy
Being at steady-state,
0 1 0 0
1 0 0 O
gy =SBy ey = G+ eESOBL s So=1g o 0 1)
0 0 1 0
so the IMEX scheme rewrites, for this particular type of data,
At At
n+1 AN n+1 - n+1 _ n . n
</%*%J+% i*%J+%)4725R</¥7%J+% Sbfﬁféd+%) "QaR(f%*%J+% SOB?*%J+%)'

Yet, (3.14) is reached by shifting indexes like in (3.11), along with
— adding both first and last two equations, so as to get the preservation of averages,

n+l _ ¢n n+l _ n n+l _ n .
fij =fij  8i; =8, and  piy =g

— subtracting both first and last two equations while defining macroscopic fluxes,
no__ f+_f_ " 2 At n+1 n _nN-
Jm._<g+_g_ ~ ER? 1+£ (It =J37) =05
i,

— and finally taking advantage of the elementary relation,
f* Li(f
= - +J).
<gi 2\ \g

Remark 3.5. The assumptions of Corollary 3.4 are similar to the ones of Theorem 3.1. Indeed, to ensure that,
in a given cell, A™ , ., =5°, . , B", . , holds, it is sufficient that there exists a local steady-state of the
i—5,J+t3 i—35,J+t5  i—3.0+35

form (2.12) for the rescaled equation

O

o 9 dv’
v Vyf = €<(1 — &%) 8 f(t,x7v’)ﬁ - f), x € DR(mi7%7yj+%).
By sending formally € — 0, having divided by 4\, coeflicients split into

Yo — 2Y1 -|—Yv2 - I()(A(E\/E) _ Il(ALL'\/E) _ Il(AZC\/E)
n (m(AM) 4I2<Am>) 2y (B T O

(Yo +2Vi+Ys) —4 _ ( To(Axyr) | Ti(Azyr) > LATVE) oy

+0(e),

AN 271 (Ax/k) ATy (Axr) )  2To(Axy/k)
along with (3.11), which yields,

i—j—j,n-&-l 1 0

—n+1

b € Span ! o1

+ntl ol 111 (°
g7,7]

—n+1 0 1
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1

+,n+1 _ p—n+l
=gt =3

Lot +ntl _ —ntl 1 ntl (3.15)

i i ¥ 294

Yet, invoking (3.15) in both (3.12) and (3.13) yields diffusive fluxes and dissipative terms,

At
n+1 n
it =+ g (- (0imgums gy +Bimgmy + By iy )T
n
+ (O‘if%,jf% - ﬁl,,ﬂ,,)fz 1j-1 1 (O‘i+%7j+é - Bi+%,j+%)fi+1,j+1

+ Bio1 -2 (00 H001,) + B s ez (8 +9ﬁj+1))

At

+4R(72——,]——(f1 1,5— 1+fz]+g’tj 1+gz 13)

t Vitl i+l (P + Flr o + 81,y + g?,ﬂ—l))v

g?jl gw f;( ( Qi l -1 L+ QL1 jd + ﬂH— J—3 L+ ﬂl_, J+%)ng
+ (aiJr%,jf% - ﬂi+%,j7%)9?+1,j71 + (aifé,j+% —Bio1 %)91 1,j+1
+ Bisrgr (o + Fay) + By jer (Rony + f2j+1)>

At
4R (’71-&-;,3 (fz] 1+fz+1g +gz+1] 1+gz,J)

+ Vil 4l (fi—l,j + i1 o+ g?—l,j—&-l))'

We choose to set up the horizontal/vertical discrete Laplace operator with 37, el
2 2

At
1
oy =1+ ((az——,a—— - 51‘——4——) (fiorj-1 = fy) + (0%+%,j+é - 5i+é,j+%) (F 11 = F2y)

+ 51'7%@7% (9%4 —2f; + 9?71,j) + ﬁi+§,j+% (Q?H,j —2f; + ng+1))
At
4R (%77 j**(fl 11t e e 1;) + Vitl i+l (ij + i1 1 T i1 +ng+1)>7
At
R @((O‘H%J—% - ﬁi+%7j—§) (97 15-1 = 835) + (O‘i—%,j-‘-% - @‘—%,ﬁ%) (971541 — 975)
+ Bip g ot (o1 — 2005 + fig) + Bimy ey (Fony — 2005 + ﬁfjﬂ))

At n n n n n n n n
t 1 (%+%,j—% (g + iy + 8+ 005) + g s (o + iy ol + gi—17j+1)>v

so that another “diagonal” Laplace operator, involving a® — 3 = O(R) (for fine grid) appears. Clearly, both f
and g solve similar damped diffusion equations, if both o(x) and x(x) are smooth. Accordingly, if initial data
are “well-prepared”, they are likely to stay so for later times because the Maxwellian gap fi; — g, satisfies a
parabolic linear equation, too. As p = f + g, assuming f; ; = g; ; for all 4, j € Z? brings the limiting scheme,

ﬁi,l j+i + ﬁi,l j—i
) F (e — )

pz,j pz,j 4R 2

/BH'%J"'I + 62_77]"‘2 n n ﬂ“‘%vj_% + ﬁ“‘%vj"'% n n
5 (i1 = Piy) + 5 (P15 = PEy)

-3 Citdi+d ~ Birdgti
B) . (pzil,jfl - P?,j) + S B) S (P?+1,j+1 - P?,j)

n1_ +At<ﬂi;,j; EBebad (o
K]
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Qipdj-4 ~Pirgi-1 i-d+d ~ Picgis

N

3 (Pr1j-1 = Piy) + 5 (P11 = PIy)
Viel -1 Yi-L5+3
+ 722 2 (P11 PE o T pr) #(p?—l,j P T L L)
Yipd j1 Vit L4+l
+ 422 . (p?,j—l + i+ P11t P;L.H,j) + 722 2 (pﬁj + 051+ PGt p?+1,j+1) . (3.16)

Assuming that the parameters aren’t stiff, meaning cAz/k < 1,
af 06 V2 1 (
: ~ = . (2R=22v2)
2x 2R’ 2x2R "~ 20Ax x Az\2  20Ax?

. ¥ 0w
o - =0m), o=

so the aforementioned asymptotic scheme is consistent, as Az — 0 with the diffusion approximation (1.3).
Moreover, assuming that o(x), k(x) are positive constants, the scheme (3.16) rewrites as follows,

At(a +B° =)\ | ALB +7°)
n+l _ n n n n n
Pij = Piyj (1 - R + iR (PRjo1 +Piy g+ Pfin + Pa)
At(af — 35 + %)
8R

n T n n
(pifl,jfl TP 141 T Pi1 -1 T P¢+1,j+1)»

and under the fine-grid approximation (3.2), 5 4+ 4 > 0. Consequently, an elementary manner to make it
unconditionally positivity-preserving is to treat implicitly all the dissipative terms, the ones multiplied by ~¢.

Remark 3.6. Oppositely, in stiff regime, o Az+/k > 1, and Bessel functions balance each other:

R VE .

« :ﬁ, 5° —

Tz TR
3VE NG
OZE+ 62723 E’ afi 6272 57 5272 E'
B 23 8 p Vi ¥ B
The scheme (3.16) works on a 9-points “Moore stencil”, hence doesn’t match the “Steklov scheme”, see Section 4
of [20] and [4], which has only a 5-points stencil. Points on the diagonals p}'y; ;1 are multiplied by 57, , i1t

£
Vitl ki

4. POSITIVE, COMPOSITE TWO-DIMENSIONAL SCHEME

Consider again the following kinetic system with adsorption (1.1),

/

8tf(t,x,v)—|—v-fo:5<(1—/§)/S1 f(t,x,v’)(;;—f) (x,v) € R? x S,

in the particular case where &, % € (0,1) are positive constants. Thus, the change of variable u = fe?*t allows

to convert (1.1) into the conservative equation (formerly studied in [25]),

/
Byult, x,v) + v - Vieu = 5(1 — k) (/ u(t,x, vy - u)
S 2w

1

In the general case, o(x) and k(x) vary, so this computation cannot be made on a global scale. However, by

assuming that o and & are frozen in each disc of radius R = Ax/+/2 and centered in (%‘—% , yj+%), see Figure 2,
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this trick can still be applied locally and this is enough for our purposes. Accordingly, by means of an exponential
modulation of the scheme given in equation (3.5) of [25],

f+,n+1 +,n +,n
inj+1 i1 i—1,j
—,n+1 —Hn o
fiflgj At(an)i_%,j-p% o 1— g fi*le + gg 1— fi1j+1 (4 1)
+nt1 € = R )| or”\%i-3i+3 Fi-$.+3 +no 0]\
9i-1,5+1 9i-1,54+1 9i.5
—,n+1 —n o
9i5 9ij 9i—1,j+1

a time-marching process for (1.2) can be deduced, where

Ti-3.+5 = ‘7(%7%7%‘%)» Rig.it+s = ’i(xif%’yj+%)7

and the S-matrix S(a), a > 0 corresponds to the limit x — 0 in (3.3) and reads (see [25], Eq. (3.4)):

11 0 0 1111

i 1 1 1 0 0 1 1111
Sle)=Td+ely==pl o o 1 Ti¥atarZ| 1 1 -1 1
1 -1 11 -1 -1

4.1. Consistency and positivity

Lemma 4.1. Under the CFL At < 2R, the scheme (4.1) is positivity-preserving and consistent with (1.2) as
R — 0.

Proof. Under the CFL restriction, the scheme (4.1) realizes a nonnegative combination; moreover, all the entries
in the symmetric matrix S(o(1 — k)) are nonnegative and positivity is preserved. Yet, assume R is small enough
so that the CFL restriction gives a time-step small enough to linearize the exponential modulation,

At
“59t3% 1 g 1At

Timhatg 1K1
i—5,J+t5 Vi—5,0+3

e Tt

and

Hence, since R < 1 and At < 1, the time-marching scheme (4.1) is approximated by

f+,n+1 +,n +,n

i,5+1 i,5+1 i—1,j
—n+1 —n _a
fiiﬁj ~ <1 At O,_1 1K, 1 1 At) fiil’j At fi’jﬁl
+ntl | T \T T gRp  Timoitsimgits + 2R +
9i 141 2R r oo givge | 2R g
—n+1 - -,
9:;" 9" 9i1 i
3 1 1 1 AP
At 1 -3 1 1 fiih
+Igi*lx3+l (1_l€i7%,]+l) 1 1 _3 1 +.n )
9i,j
1 1 1 —

.
9i—1,5+1



DIFFUSIVE LIMITS OF 2D WELL-BALANCED SCHEMES

and this expression is consistent with system (1.2),
1
OfEF+—
tf \/i
1 P
+ + + +
g™ F E(amg —0y9™) = 0((1 - /1)1 -9 )

4.2. Numerical steady-states

2965

(0% +0,f7) :U(l_“)(g_fi)_U"‘fizo((l—ﬁ)g—fi)

4

Since it involves an exponential modulation in the time variable, the ability of (4.1) to preserve continuous
steady-states is not obvious. Accordingly, denote outgoing and incoming states, respectively, as follows:

—+,n —+,n
i,j+1 i—1,j
V(i,j,n) € Z2 xN, A" _ | i Bn _ | fiih
(i,4,n) € Z7 x N, i-3g+s T | 4 ’ i—%.g+s +.n
Ji-1,j+1 9i.j
—n —n
9ij 9i—1,j+1
Accordingly, the scheme (4.1) rewrites simply
At At ~
n+1 _ _ =" n =" _ n
Ai_%7j+% exp(orAt) = ( 2R)Ai_é7j+; + 2RS(U(l /@))Bi_%,j+%.
. n+1 o
At numerical steady-state, AF%JJ% = ;‘7%’j+%, so that
n exp(orAt) —1 1\ 1 ¢ n
Ai—%,j-‘r% (At+2R = ﬁS(U(l—Ii))BZ_%JJ’_% (42)

Yet, assume oxAt is small enough to linearize,

1+ 2R0’H)A?7%7j+ = S(o(1 - n))BZ;

3 i+

thus another scattering matrix appears,

S, := (1 —2Ror)S(0(1 — k).
An interesting question is to relate it with the “exact” S-matrix in (3.4), at least for small values of R. Notice
that at this stage, we can assume that 0 = 1 without loss of generality thanks to a simple rescaling of R. First,
the entries of the S-matrix in [25] are the limits when x — 0 of (3.4), recalled in (2.5):

R-1 R? -2R+2
Y 1 Y; —_— R —————
o7 MRy T Ry2R+2
Yet, in Sy, the R’s must be multiplied by 1 — &, so its entries agree with (3.5):
1—
(1-2kR) x 1 ~ H:g x1~Y, (when R<1)

1—/$RX(1—/{)R—1N(l—m)R—l-i—/iR:R—lNY

1+xkR~ (1—-KR+1 (1—-rR+14+4kR R+1 '
L-wR (1-rPR’-2(1-r)R+2 R>-2R+2+2R-2xR _R’-2R+2
1+kR~ (1—k)2R2+2(1—Kk)R+2 R2+2R+2—-2xR+2xR R2+2R+2

This computation shows that the steady-states of (4.1), at least when o R < 1 (so exponential and Bessel
functions behave like polynomials), are consistent with the “exact ones” preserved by (3.4) as long as necessary
linearizations are licit.

Lemma 4.2. Both schemes (3.4) and (4.1) preserve the same steady-states in the fine-grid regime, R < 1.
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4.3. Consistency with the damped diffusion limit
The diffusive scaling of (1.2) corresponds to (3.6) at the discrete level; thus, applying the exponential mod-

ulation to the IMEX scheme given in equation (4.2) of [25] with shorthand notation v;_1 ;1 = (0k);_1 ;41
brings,
+,n+1 +,n+1 +ntl
fi,jil fi,jil 0 1 0 0 fi,ij
—nt1 —n+1 - n+1
fi_ﬁj At fi_ﬁj 1 0 0 O fi,j.rfq
+,n+1 2R +n+1 +,n+1
9i-1 541 2eR 9211 00 01 95"
—n+1 —n+1 —n+1
g 9" 0 0 1 0 gt
+.n +,n
4,541 =1,
—-n —n
| e ey Blgre | S g (4.3)
) 1—35, 5 )
9i-1,541 2RTEITE g
—n —,n
9ij 9i-1,5+1
where the scattering S-matrix in (4.1) splits into Maxwellian and diffusive parts,
0 1 0 0
g 1 0 0 O ghe
i=33+3 " o 0 0 1 te i—g.+g
0 0 1 0
The matrix S‘ilfl il contains diffusive incremental coefficients and reads
27 2
af — ﬁa _(aa + IBE) /BE ﬁe
G| errs) e 5 5
i—%.+1 8 3 of = —(at+5) ’
5 R R et
with its entries given by
R 1 1
af 1 ., 1 = —
-5, _‘_7 _ . . )
t—5,J+3 E+ai_%7j+%(1—52@_%7]»_,_%)}26 00—27%’]+%R
. Ti-1,j+} (1_52’%75,%%)3 1
Pitger = S

2
€2 4+ (5—’—01‘7%,]4% (1 _52'%1‘7%7]?%%)}%)

Oppositely to (3.7) and (3.8), here, both coefficients o and 3° have the same limit, so that the asymptotic
scheme will have a 5-points stencil, like the one of [25]. An index-shift in (4.3) yields:

14 AL _ AL 0 0 A
-AL 14 .4¢ 0 0 Tl
0 0 1+ AL —AL [ ghntt

0 0 - 2@1% 1+ ﬁzt% gijjnﬂ
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— At
e miid 0 0 0 +n
i,
— . At _
0 e ity 0 0 j’"
- —Y;.1 . 1At
0 0 e “tzim3 0 gi,j
0 0 0 O 9i.j
5 =+, 5 ,n +,n
a5 f ") - @"j L (£, 1+f,a _gm' 1= 901 5)
5 +n
At Oé,H_' J+%(fz+1,3+1 ) 7,.!,.7 j+%( + +1 ]+1 gz+1,] - gz j+1) 44
+ 55 | o (o7 " (FFn 4 | (4.4)
i+L— %91+1J 1 gm z+ J—1 w i z+1,a 9i+1,j—1 i,
5 —n +,n
ai—%71+§ (gz 1j+1 gw ) z—%,]-&-;( i— 1’J+ J+1 Y ~ 9; 1,J+1)

Letting again

fir; = f:_j’n + 1" g = gm +9;:3"
when € — 0, the same situation as (3.15) is recovered because the left-hand side is identical. Moreover, f, g again
solve identical damped diffusion equations, so the Maxwellian gap H?,j - gﬁj| corresponding to well-prepared
initial data will remain small. Inserting fzij =f;;/2 and gfj =g,,/2 in (4.4) and adding leads to,

(g1, — i) + (98- — 25))

—Y_1 . 1At ’Yz+— +1At _'Y.L,L_-,lAt
gt _gn © TRUR de U Al fe TRUE
2,3 3 2 4R2

€ ,YH—EYH—%At n n n
+ (o0 — ) + (@800 = T25)) |
At

Titg,i+3
Y1 At =y —y 1 1At
n+1 n € %+%’J7% +e ’717% +3 At € ’YZJF%Y]i% n n n n
8ij =8y 2 + i o (e —eiy) + (7 — 68)
1.1
i—3.0+3
e_’\/ii%’jJr%At n n n n
L —— ((Fry —aiy) + (7m0 —02y)) |-
i+35,0—3
Summing former equations and passing to the limit in the coefficients a®, 3¢ gives the asymptotic scheme,
-, At —y 1 1A —y At -, At
n+l _ n € Timyoats +e Titgaty +e Tirki-b +e Tie gt
sz - pl,] 4
At [ b3 e Tiryar
p R T e o ) T (g — 27
SR2 e P17 Pic1 T APy o 11 WPir TPl T 2P
i—3,0-3 i+3.0+3
6771+%,j—%At 677L*%J+%At
n n n n n n
+ Yo . PRyt + Py — 2005) + (PF1j + A1 — 2075) (4.5)
i+3,5-1 i-3.5+}

which is clearly consistent with (1.3).

Lemma 4.3. Under the parabolic CFL restriction 2At < min(o)R?, the scheme (4.5) preserves positivity and
is consistent with (1.3) when R — 0.

Proof. Since o > 0, the only negative incremental coefficients in (4.5) are the ones acting on pi.j» hence a
sufficient condition for positivity preservation reads
At

S = >0
4 8min(0)R2_0

—_
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Consistency with (1.3) proceeds again by assuming At = O(Rz) < 1 and linearizing exponentials, (4.5) rewrites

’Y’LJr J+i +717—j7—+72+ j77+727*
PR (VRS

LA Lo, (o ")+ Lo, (o ")
4R 201+ 2Ul+ 1 pi+1’j pi’j 20i+1 S 2Ui—1 S 1 pi’j+l pi’j

2J+2 3:J— % 5:.Jt35 5.J+35

1 1 n " 1 1 " "
_ (20i1 o + 95 jl) (Pz‘,j - pi—l,j) - <20i+1 - + 5 1 . > (pi,j - pi,j-l)) + O(R2)7
27 2

1 _1 1, 1 1, 1
2 =2 2:J73 L XY

after neglecting O(At?/R?> ~ R?) terms. The scheme given in equation (4.8) of [25] is recovered when
Kk — 0. O

4.4. Rigorous diffusive limit for constant parameters
For (u;;) a real sequence, we shall use the notations
2
Sy j = Uiy — Uiy 0wy = wigen —uig,  |luli =Y Ax’luiyl,
.

)o Idully = Yl e i s~ gl (46)

0,J

TV(u) = Z Am(‘éuwaj‘ + ‘(5ui’j+%
(2]
In order to make the above formal computation rigorous, we first derive estimates for the IMEX scheme (4.4).
Lemma 4.4. Let us assume that the CFL parabolic condition
2
At S gRQUmin(l - 62’€max) (47)

holds. Then, the scheme is nonnegative. Moreover, if the initial data are bounded in L' N L>, then the sequences

feli]n and gEi " are bounded in L™, and we have the dissipation inequality

Proof. Inverting the block-diagonal matrix in the left hand side in (4.4), we get

1 At —v..1 1A
= 25R+2At<(28R+At_2R< CHE T N ))FIJ,_% Terg ot

At —n —Y_1 ., 1At
+ (At—zR(ZER—i—At)(af_é)j 1 +ﬁf_277_)> e 3.5-3%

ge—,n+1H1 < Z( 6+n+fe _i_gsjjn_i_gs e Virda+d At

2,

P

e+

s+,n+1H1 +‘

(25R+At)A}§( o5y, _55_%%%) ern byt
* %(a;%’ﬂ% - f+é,j+%)e_m"’ ”1Atfgl+1,g+1
+ (2eR+ At)%ﬂf_%,j_%ei’yifé,j—%A (0T + g7
+ % f+%7j+%e*7i+%,j+2ﬁ (ge;:_rlz] +gez_]11)>
1

fe ntl

At € e Vgl 4 1A peton
M( At_(25R+At)2R(al+;j+%+/81+é,]+;)>6 +2’J+2 ivj



DIFFUSIVE LIMITS OF 2D WELL-BALANCED SCHEMES 2969

At? —v, 1. 1At
+ <2€R—|—At — ﬁ(af_%7j_7 +Bf_7 ]—))6 Yi-3i-% fsi)JZn
At? —v. 1. 1At
At Y, 1At —
+ (2eR + At)ﬁ (O‘f+§7j+§ - 5f+%,j+%)e A R A

At -y, 1 . 1At

+ 7615,, j,le BE-R (gajjnl +g i— 1,])

At -, 1At
+(2eR+ A8,y e T (g +gi,j’il)>v

a+ ’ﬂ+1

and similar expressions for g%, and g%, 1 We notice that

2 2
2e +0’i+§,j+%5(1_€ KH_%J_’_%)R

€ _ e _
i+t g+s T Vitd g+t T ) ) ) n =0
(5+0i+%,j+%<1_5 Ri+%7j+%)R> £ +<E+0i+%7j+%(l—€ RH_%J»_,_%)R)

Hence, fsi 1 and gsfcjnﬂ are a positive combination of fsi ™ and gsi " iff we have
AL e < A qa & A . <A
ﬁ(ai+%,j+2+ HIS )725R+ t, an 2R(2€R+ t)( G141 +ﬁi+%’j+%)f t.

The second condition being more restrictive than the first one, we only have to verify this latter condition, i.e.

et B (o + ;. <1
2R i+3.5+5 it5g+s) =
We have
€ € _ 2
CHER TR RIS ¢<0i+%,j+% (1 - "%‘+%,j+%>R)v

E is a nonincreasing function on (0, +00). The above inequality is satisfied provided

Where 'l/)(fr) = +m

1
etx

At
<5 + 2‘R)W’JJ(O'min (1 - 52/€max)R) <L
Since ﬁ —¢& > 3 for > 0, the latter inequality is satisfied provided condition (4.7) holds. Adding each line
of (4.4) and summing over i and j, we deduce the dissipation of the L!-norm as stated in the lemma. Moreover,
we verify easily from above expressions that if 0 < fai’” < M and 0 < ¢°F™ < M, then for all 4, 5,

M At 1 1At
a+ n+1 - 1 TYil-1
Y (2R + At)e THord S L Ape i ) <M,
S S ey (@R Ape T AT =
M .1 -y 1
S gy (Ate S eR 4 Afe bR <,
and similarily 0 < gffjn’"ﬂ < M. Tt provides the L* bound. O

Constant coefficients. We assume now that o(x) and k(x) are constant and we study rigorously the diffusive
limit when € — 0. We recall the definitions
1 o(l—e%k)R
af = ——— B = ( ) 55 v = 0k. (4.8)
e+o(l—¢e%6)R g2+ (e +0(1 —e2k)R)
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Then the scheme (4.4) rewrites

1+ 3% —58 0 0 fehm
—5r 1tz 0 0 e
0 0 1+5F  —p g”,]"“

0 0 2?12 L+ 2@% gEZJ"H

ae(fa - e~ ,n) ﬁa(fe;_‘r’llj 1+f€__’_
(

+n +n
ﬁ s f€z+1 Jj+1 fg ) ﬂs fE z+1 ,J+1
+, s
2R a6(981+7ll] L gel]n)
+,n
as(g i— 1j+1 gsz,j ) 6 z 1]

fgf“,”
emomn
2,7 e—o‘HAt (49)
9 7/;]

g—n

gz]

et+.n e

_gljl gzlj

)

-9 ;EF?J — 9% i) oot
) .
)

etn

a+n e—m e+, e—,n
E(f'LJ 1+ 2+1]_gz+1]1 g’L,j

ST T

Lemma 4.5. Let 0,k € RT be constants; under the parabolic CFL condition (4.7), the scheme (4.9) is TVD.

TV(f5+’”+1)+TV( E*,?H»l)_'_TV( s+,n+1)+TV(gr,n+1)
< e ATV + TV(F7") + TV(6°H") + TV(6°7)).

Proof. As in the proof of Lemma 5.4 from [25], inverting the block-diagonal matrix in the left hand side in (4.9)

2R

At? .
Ez 7le,j) + ﬁﬁe( E::ij + 96147‘11)>a

(a® = 39) 6:rjll,jq

+,n
i—1,j—1

gives
—okAt 2
s+n+1 € At af e e+,n
2 At —
U 25R+2At<( eh+At-Spla +5)>fw
A A
+<At—ﬂ;(25R+At)( +ﬁ5)> i+ (2eR+ At) — t
At? o\ e At ., cin
+ﬁ( 6)fz+1j+1+(25R+At)ﬁﬁ (gj_g 1+ 9
—okAt
e— n+1 € At € € et+.n
; — | [ At = (2 At)—
U 25R+2At(< = @R+ AR(a +ﬁ)> i
At? &) e At2
AtQ e+,n

A

At . .
+ (2¢eR+ At) o (650, + 90 }+1)>7

1 1
and similar expressions for ¢=;"*" and 9 *1 Under the condition

i,J

t _
R(a6_66) si#?,j+1+§66(9 2,]— 1+g

67, 7TlL,j)

(4.7), each coefficient in the left hand side

are nonnegative. Then by linearity, and after using a triangle inequality, we obtain

z+27J

}5f+ e+l

At Neom
<At—2R(25R+At)(a + ) )\6fi+5,j

At2 .

8175 |+ €

e—O’KAt AtQ
< & _2t ‘) ‘
_2€R+2At<(2gR+At (a7 + )5Z+ )

+ (2R + At)%(ae — )

25R+At)2A g (

+.n
5% |

+n
UL AY)
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+A7tﬂs( o ]‘+‘dgz+ JHD)
o < @%((At — (2eR+ At)%(oﬁ +ﬂ€)> o2y
+<25R+At—§g( +ﬂ€>‘al+ S 2}:( =BT 1‘

+(2eR+ Al At (a — )5

+n —n
% RL)

5
z+ J+1‘+ /8( z+ J—1

(2€R+At (‘(5g1+2]‘+‘5g1+ J+1D>
with similar expressions for ‘59::2 j‘ and ’59;7; j‘. Adding all these expressions, we obtain
2 2

‘5 +n+1’+‘5 n+1’+‘5g+n+1‘+’5 —n+1‘

<o (1e gt w00 ) (fory |+ org |+ [ty + oo )
T Bl (A B L B D B L)

S (e B U A R e B )

+ g (ot |+ ooz |+ ooy |+ o )|

Summing over i and j, we get after shifting the indexes,

+,n+1 —,n+1 +,n+1 —,n+1
Z(’5f1+2j ‘+’6fl+23 ’Jr’(s ’+23 ’Jr‘(; Z+2J D
2Y)

70'11At
s e (gl losagl+ ey + i)

Theorem 4.6 (Asymptotic preserving property). Let us assume that the parabolic stability condition
1
At < 50—R27 (4.10)

holds and that initial data, independent of €, are smooth enough so that, (recall notations in (4.6))

1220y + A7~ + l[ag™2ll, +[lag™°f, < ¢.

et,n

for some constant C' > 0. Then, the sequences ( ) and (gaf]") converge, as € — 0, towards limits, denoted

4,J
respectively (fzi]”) and (gzij") which satisfy:
+, - +n _ _—n _
= *f b 9 =9 = 3%
where
R T 1oR? (071 + 0l + 0l 0l — 4ff)em 7 (4.11)



2972 G. BRETTI, L. GOSSE AND N. VAUCHELET

n+l _ n _—okAt
gz g gi,je +

1o R2 (f?,jq + i i e — 492j)€_mm- (4.12)

Moreover, we have, for alln € N*,

an _ gnlll < 67(2/(0R2)+an)nAt H]cO _ g0||1 + CRZ

By summing the equations (4.11) and (4.12), we deduce the following result:

Corollary 4.7. Let us denote p"™ = %(f” + g"). Under the same assumptions as in Theorem 4.6, we have

At
1 —oRrA —oKrA
piy = Py T o (Pl PR+ Pia g i — ARl )T

and f+,n an-i-O(RQ), f—,n an—‘rO(R2), g+,n an—I-O(RQ), g—,n an+O(R2).

Proof. By the same token as in the proof of Lemma 4.5, we deduce that the sequences (fef[ﬂ"), and (geli]")
are Cauchy sequences with respect to € in ¢!. Thus, we deduce that, when € — 0, they converge to some limit
sequences denoted respectively ( ffj’"), and (g;tj") We may pass into the limit € — 0 in (4.9), we deduce

£ 1\ /0
f_ ,n+1 1 0
S (= Ker(Hp) = Span ol 111 (¢
i,
—,n+1 0 1
i,
where we recall the definition of the matrix
1 -1 0 0
-1 0 0
Hy =
0 0 1 -1
0 0o -1 1
Thub the limit verifies fJr ot — Z_j"H and g+ ot — g”"'H for all i € Z, j € Z and n € N. Denoting
J = fgw Em’” and g°}'; = gaj_yn —l—gam’", we obtain an equation for E;L,j and g°}'; by adding the first two
and the last two equations in (4.9):
At _
6!L+1 fan 7onAt+ﬁ(as( Ej;’,ll,j—l _ pE— ’n) +af ( Ez‘-ﬂll,j—i-l o ef]n))efanAt
_ ﬁ(ﬁs( e+, n’j . + f —,n gej’-Jnl _ gsz Jlbj) + ﬁs( s+ T + Ei_Jr,?lL,j+1 _gs;l-JrTlLJ _ gsl ],11))6—01-@At;
(4.13)
_ At _ - _
gEZL,jl - ga?je grAt + ﬁ (OZ8 (gai:,:rll’j_l - gsi7jn) +af (gai_’?,jﬂ gajjn)) oAt

+, +, -, —okA
(ﬁE(fE 1 + f€z+1,g ggz+71',j 1 g 1,] ) + ﬂE(fEl 1,5 + fE ,]Jrl gsz,]n gsifylL,jJrl))e o t'
(4.14)
From the expressions of o and 3¢ in (4.8), we deduce that o — - and 3° — - when ¢ — 0. Then passing
oR oR

into the limit in (4.13) and (4.14), recalling that ff]” = 3f7; and gfj” = 307';, we obtain (4.11) and (4.12).
Then, denoting D}'; = f}; — @7 ;, we get straightforwardly from (4.11) and (4.12)

2At At
n+1 n —okAt n n n n n —okAt
Dyt =y, (1 - 2>e + o (ADF; = DIty y = DIy = Diyy = Dy )e ™™, (4.15)
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and

At At
n+1 n —okAt n —okAt
A, < 1ary (1= S5 Jeorstr Shlagl,e

At At
n+1 n —orAt n —orAt
a6, < 1ag" 1 (1 S e Splar e

From the assumptions on the initial data in Theorem 4.6, we have ||Af°]|; + [|Ag®|l1 < C. Then, for all n € N,
we have ||Af? |1 + ||Ag” |1 < Ce ™A we deduce

Sz, - Dt - D

n n —onkAt
tio1— Dty — Dy — Diyia| < Ce :

i,
We may inject this latter inequality into (4.15). Taking the absolute value, under the condition (4.10), and
summing over ¢ and j, we deduce

n n n 2At ok At
o, = o Ao < o (1 25 )e oo o5,
3]

for some nonnegative constant C'. Applying a discrete Gronwall inequality, we get

- o 2 OR TN
107y < [[D°] e () rominat 1. e

g

At ! ( 2At
k=0

k C
1 2B o e O

5. NUMERICAL RESULTS

All the practical tests displayed hereafter are conducted on the unit square coarsely gridded with 32 x 32
points in order to demonstrate both the robustness and accuracy of the time-marching schemes.
5.1. Kinetic scaling

Both schemes (3.4) and (4.1) are iterated up to T' = 7, with At = 0.975Az and

o(x) = 149.5 max((Jx — 0.5], |y — 0.5|) < 0.25) + 0.5,
k(x) = 0.9 max((|z — 0.5], |y — 0.5]) < 0.25) 4 0.05.

Initial data are null but an inflow boundary condition is specified on the left side,

along with specular reflection on all the other sides of the computational domain. The velocity field V reads

f*(t,x%—f)* (t:%x)

L p(t,x

VX = g )
p(t,x)

Results are displayed on Figure 3: despite the stiffness of the benchmark, results are quite similar, except for (4.1)
showing slightly more numerical viscosity (compare the macroscopic densities on the first row of Fig. 3). Both
time-marching algorithms succeed in stabilizing correctly, being a consequence of 2D well-balanced properties.
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FIGURE 3. Bessel (left) and Composite (right) schemes: p, V', and residues (top to bottom,).

5.2. Diffusive scaling

Hereafter, both IMEX schemes (3.11) and (4.3) were set up on the same computational grid with e = 1075,

o(x) = 35 exp(—25((w —0.5)% 4 (y — 0.5)2>) + 15,

B
—~
%
~—
I

0.9 exp<—25((x — 0.5+ (y— 0.5)2)) +0.05,
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FIGURE 4. Bessel (left) and Composite (right) schemes: p, f — g, and residues (top to bottom,).
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FIGURE 5. Circles of radius R = Az which affect a point (7, j) for a 8-velocity model.

and Maxwellian initial data,

fF(x) =g (x) = i(exp(—250(x —0.375)%) + exp(—250(z — 0.625)%))

® (exp(—250(y —0.375)2) + exp(—250(y — 0.635)2>).

Results at time T' = 0.15 are given in Figure 4: both schemes appear to be quite similar. Especially, the
Maxwellian gap f — g is practically identical for both algorithms, the one produced by (3.11) being slightly
bigger. Macroscopic densities obtained from (3.11) are 5% higher compared to (4.3), which might confirm that
the exponential modulation is endowed with a slightly higher numerical dissipation.

6. CONCLUSION AND OUTLOOK

Two numerical schemes endowed with both 2D well-balanced (WB) and asymptotic-preserving (AP) proper-
ties, extending the one previously in [25], were studied in this paper. The first one involves a S-matrix directly
built from the expression of exact steady-states for (1.1), namely truncated Fourier—Bessel series (2.12). The
resulting scheme was proved to be 2D-WB; a novelty is that, in Corollary 3.4, it is also proved that its IMEX
reformulation (3.11) is endowed with similar properties, too. A drawback of (3.4) is that it isn’t uncondition-
ally positivity-preserving. Accordingly, a simpler scheme (4.1), relying on an exponential modulation of the one
given in [25], was proved to be positivity-preserving, but endowed with weaker well-balancing features. Its IMEX
reformulation (4.3) is again shown to be consistent with asymptotic damped diffusion behavior, see (4.5). Such
diffusive limit is even rigorously established by means of convenient estimates. The next stepping stone consists
in applying the same program to two-dimensional kinetic models rendering biased velocity redistribution, like
in semiconductor and chemotaxis dynamics modeling, see [7]. Particular equations belonging to this class of
models are still simple enough to admit steady-states which can be again expressed as Fourier—Bessel series,
hence permitting to derive 2D-WB numerical schemes; in such cases, a drift-diffusion equation takes the place
of (2.7). This somehow extends the one-dimensional ideas of [23,24] toward problems in higher dimensions. A
more challenging question is about the extension of these 2D-WB schemes to kinetic models involving more
than 4 microscopic velocities. In such case, two distinct possibilities coexist:
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|
!
!
? ?

F1GURE 6. Disk of radius R = Ax with “outgoing states” at its center in a “tailored” framework.

— in a first one, the disks inside which the elliptic equation is solved in order to derive the S-matrix by means
of a Laplace transform should grow bigger (see Fig. 5), like for instance R = Az with a 8-velocity model.
The corresponding 8 x 8 S-matrix will keep trace of steady-states made of Fourier polynomials involving 8
terms (instead of 4 as in (2.12)), so that 8 “incoming states” will be needed;

— a second one can be drawn by following the canvas of so-called “tailored schemes” (see [26,27]). Namely, at
each point of coordinates (i,j) € Z?, the stationary kinetic equation is solved in a disk of radius R = Az,
see Figure 6 so as to derive “outgoing states” at its center, instead of along its boundary (as done here by
means of (2.3) and in [7,25] as well). This asks for a slightly different S-matrix, but may result into an easier
way to process kinetic models with more than 4 discrete velocities.

Concerning 3D extensions, the theoretical ideas of [5,6] still apply but the “Poisson kernel” of the elliptic
equation may have a different form (see e.g. [29]) because of the supplementary dimension; then cubature
formulas may be needed in order to take full advantage of kinetic steady-states, again expressed as Fourier
polynomials, and involving spherical harmonics, see e.g. [31].

APPENDIX A. SECOND ORDER IMEX “MIDPOINT RULE” SCHEME

Following [9,32], other IMEX time-integrators, possibly high-order can be substituted to (3.10). A well-known
example is the second order in time “midpoint IMEX rule”, which in our notation, rewrites as follows:

+1 At n+i n+i At
AR — (A2 —SBT2 ) =A" — S¢B", .
it T Ep Aty =B ) = AL RS B
At 1 1
n4+1 AN . n+3 G n+3
Ai—%ﬁ% = A 1541 2R (Ai—é,ﬂ% (S2)i-4.544 B yivy)

Corollary A.1. Under the assumptions of Corollary 3.4, and for At small enough to belong to the stability
region of the “midpoint IMEX rule”, any steady-state initial data is kept invariant,

T 2 n _ e n +,n+1 _ pt,n +,n+l1 _  +.n
V(Z7]) €L ’ Ai_%7j+% - (Sn)if%,j+% Bi_%)j+% = .7 — Jig o gi,j - gi,j .

Proof. Recall (57);_1 ;41 = So+¢€57: the “midpoint IMEX scheme” splits into two distinct steps:
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FIGURE A.1. Second- (left) and first-order (right) IMEX schemes: p, f — g (top to bottom).

— the first matches the IMEX scheme (3.10) where At is changed into At/2, hence if

n — € n
A yry = SRicg ey Bily ey

then, by Corollary 3.4,

. 2 +,n+3 +.n +,n+3 +.n,
v(i,j) € 77, fij =1 9ij =9
— the second is an explicit discretization, so that it corresponds to Theorem 3.1 because:
nt3 € n+3 _ An _ (qQe n
A L~ Bicy s By = AL ey — )iy By ey

Accordingly, the second order midpoint IMEX scheme is 2D well-balanced inside its domain of stability. [

In order to illustrate the behavior of this second-order IMEX integrator, the same example as Section 5.2
was set up, with ¢ = 1072 though. Results are displayed on Figure A.1: the mass is slightly bigger for the
midpoint rule IMEX scheme, but the main differences show up in the Maxwellian gaps f — g which have a quite
different shape, despite both have roughly the same amplitude. The second-order IMEX scheme isn’t stable
when ¢ < Ax.
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