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Summary1

This paper deals with the standard deviation2

of reproducibility obtained from multiple Inter-3

Laboratory Tests (ILTs), whose average values were4

standardized in ISO 12999-1. The reproducibility5

obtained in this way is intended to be used for the6

declaration of uncertainty in test reports of building7

acoustics measurements. Therefore it is necessary8

that the declared uncertainty be representative of9

all the specimens, or products, that could be tested.10

This paper demonstrates that the new standard11

deviation σR95, introduced for the first time in ISO12

12999-1, leads to an overcoverage with respect to13

the desired 95% coverage probability. Moreover,14

two other methods are presented, the former based15

on a Bayesian analysis and the latter on random16

variance and fixed mean, to demonstrate that the17

reproducibility standard deviation σR, where the18

reproducibility variance σ2
R is the mean value of the19

variances of all the ILTs included in ISO 12999-1, is20

the natural choice for the declaration of uncertainty.21

PACS: 43.55.-n; 06.20.Dk22

23

1 Introduction24

When reporting the result of the measurement of a25

physical quantity, it is compulsory that some quan-26

titative indications of the quality of the result be27

given so that those who use it can assess its reliabil-28

ity. Without such indications, measurement results29

cannot be compared, either with one another or with30

reference values given in a specification or standard.31

It is therefore necessary, in order to characterize the 32

quality of the result of a measurement, to evaluate 33

and to express its uncertainty. 34

The two dominant current methods for calculat- 35

ing the uncertainty are the empirical approach, stan- 36

dardized in ISO 5725 [1], and the modelling ap- 37

proach, standardized in ISO/IEC Guide 98-3 [2], the 38

Guide to the expression of uncertainty in measure- 39

ment (GUM); a good comparison of these methods 40

and their strengths and weaknesses is offered by Del- 41

dossi and Zappa [3]. Lyn et al. [4] proved, by a case 42

study, that the estimate of sampling uncertainty made 43

using the modelling approach (GUM) resulted to be 44

six times larger than that found using the empirical 45

approach (ISO 5725). The difficulty in establishing 46

reliable estimates for the input variables for the mod- 47

elling approach is thought to be the main cause of 48

the discrepancy and the empirical approach to uncer- 49

tainty estimation was recognized to be generally the 50

one providing the more reliable estimates. In fact on 51

one hand, due to the typology of the test samples in 52

building acoustics measurements, the real value of the 53

measurand is unknown. On the other hand, the air- 54

borne sound reduction index is defined via the sound 55

power incident on and radiated from the test element. 56

These sound powers cannot be measured directly and 57

acoustic field quantities like sound pressure or sound 58

intensity have to be measured instead. They are mea- 59

sured assuming a perfectly diffuse sound field in the 60

measuring rooms. This assumption leads to high un- 61

certainty under the Schroeder frequency, particularly 62

in the low one-third octave frequency bands (50, 63 63

and 80 Hz) [5, 6, 7, 8]. Moreover, concerning the 64

single number quantities (SNQs), whose values are 65
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used to specify legal requirements, for prediction pur-66

poses at design stage and, most important, for the67

declaration of the performance of building products,68

they are calculated from the one-third octave band69

measurement results (at least for laboratory measure-70

ments). Therefore, it is particularly unclear how to71

evaluate the SNQ uncertainty. There are some works72

(e.g.[9, 10]) that deal with this issue. In the former73

[9], the calculation of the uncertainty of the single74

number ratings from third-octave band sound insula-75

tion values was investigated. It was pointed out that76

the uncertainty found in practice could not be de-77

scribed either by a full, positive correlation between78

one-third octave bands, or by no correlation. In the79

latter case [10], it is suggested to perform individual80

measurement uncertainty estimations to not underes-81

timate the measurement uncertainty. This approach82

implies [10] that each laboratory, where sound insula-83

tion measurements are performed, expresses its own84

measurement uncertainty even if the method used is85

the same, because different laboratories have differ-86

ent environments, personnel, equipment, etc. How-87

ever, this is not desirable for declaring the perfor-88

mance of building products (like the sound reduction89

index, the impact sound pressure level, etc.), because90

the aim of this declaration is to assess the intrinsic91

product performance and its uncertainty regardless of92

the laboratory in which the measurements were per-93

formed. Moreover, according to current knowledge, it94

seems impossible to formulate the models laid down95

in GUM for the different quantities in building acous-96

tics. Therefore, the concepts of repeatability and re-97

producibility stated in ISO 5725 [1] are necessary to98

determine the uncertainty of building acoustics mea-99

surements, for both one-third octave bands and SNQs.100

This is the approach that was followed to write ISO101

12999-1 [11] that superseded ISO 140-2 [12]. In fact102

the approach of uncertainty declaration for all kind of103

measurements in acoustics, at ISO level, is to follow104

the principles laid down in GUM; but, if it appears105

during the preparation of a standard that sufficient106

knowledge is not yet available to fully apply the GUM107

while solid information on reproducibility data from108

inter-laboratory comparisons is available, this infor-109

mation shall be given. A statement shall then be in-110

cluded in the main text that the expanded uncertainty111

for a coverage probability of 95% shall be given as two112

times the standard deviation of reproducibility.113

2 Motivation: ISO 12999-1114

database limitations and σR95115

introduction116

Before explaining the motivation behind this work, it117

is necessary to make an important remark: the Greek118

letter σ indicates an unobservable quantity, whereas s119

is used for its sample counterpart. However, when re-120

ferring to ISO 12999-1, σ denotes a quantity obtained 121

from observational data, for notational consistency. 122

In particular, σR is the square root of the average of 123

the (estimated) reproducibility variances of all ILTs 124

included in the database of ISO 12999-1. 125

When writing ISO 12999-1 [11] it was decided to 126

include the repeatability and reproducibility standard 127

deviations, σr and σR respectively, with an additional 128

new standard deviation σR95 neither defined nor used 129

before, which was introduced for the first time in this 130

standard. In fact, during the development of ISO 131

standard 12999-1, it seemed to be desirable to cal- 132

culate also one-sided upper interval limits, where the 133

interval contains the standard deviation of the basic 134

population with a given level of confidence [13]. 135

This new standard deviation, σR95, which already 136

contains an upper interval limit of 95% confidence 137

level, is intended to be used [13] as the uncertainty 138

u that must be multiplied by the coverage factor k 139

to obtain the expanded uncertainty U when declaring 140

the acoustic performance of a building product. In 141

fact, ISO 12999-1 [11] clause 7 states: “7.2 also con- 142

tains a quantity σR95. It is derived from the same 143

round robins as σR but it represents an average of 144

the upper interval limits for the standard deviations 145

of reproducibility with a coverage probability of 95%. 146

In the absence of uncertainty data for specific speci- 147

mens, e.g. from an inter-laboratory test, these values 148

shall be used for the declaration of product or system 149

data”. 150

In this way, the expanded uncertainty U contains 151

the 95% confidence bound of an upper one-sided 95% 152

confidence interval. This causes a coverage inflation, 153

as shown below. Moreover, for products (i.e. “spec- 154

imens”) for which a specific inter-laboratory test al- 155

ready exists, this prescription may be skipped and a 156

smaller uncertainty declared. This may produce an 157

unbalanced situation on the market. 158

The database taken into account when writing ISO 159

12999-1 includes the results of the Inter-Laboratory 160

Tests (ILTs) available at that time. They are in- 161

dicated in Table 1 of [13]. These data correspond 162

to ILTs under reproducibility conditions and thus 163

the conclusions of the present study apply to these 164

types of tests, i.e. laboratory measurements that can 165

be used for declaration of product performance. In 166

this database, the minimum number p of laborato- 167

ries (that is 8 [11]) and the minimum number n of 168

repetitions per laboratory (that is 5 [11]) are not re- 169

spected in all the ILTs. In fact, only 11 ILTs out of 170

27 respect the minimum number of laboratories and 171

repetitions. Furthermore, the database is made of 172

27 ILTs that could be assigned to 4 categories: win- 173

dows, glazing, lime brick/block wall (heavyweight), 174

wooden/plasterboard partitions (lightweight). Al- 175

though these four categories are not representative of 176

all the possible types of specimen, they are the more 177

frequently tested categories in laboratories. Based on 178
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two different approaches [6] and [14], it was suggested179

that the uncertainty depends on the type of specimen180

used (e.g. lightweight/heavyweight walls or floors).181

The former is the standard approach in accordance182

with ISO 5725 [2]. The latter is an empirical ap-183

proach which incorporates advanced analysis of vari-184

ance (ANOVA) and a specific model called Gauge Re-185

peatability and Reproducibility (GRR). It allows the186

components of variance in the measurement system187

to be partitioned and provides an estimate of their188

contributions [14, 15].189

3 Aim and structure190

In the light of the previous considerations, two main191

questions can be raised: how can the uncertainty of192

different types of specimens be calculated from these193

ILTs datasets? What are the uncertainty value and194

the confidence interval? In the following, it is argued195

that all the specimens involved share no common mea-196

surement uncertainty; rather, each uncertainty should197

be considered as a sample from a population of un-198

certainties, reflecting the different types of materials199

and of experimental conditions. If so, the uncertainty200

itself can be regarded as a random quantity and its201

randomness has to be taken into account when an in-202

terval is built for a measurand, using the appropriate203

coverage factor, besides attaching a point estimate of204

the uncertainty to the measurement. To reach this205

conclusion, Section 4 introduces the necessary theo-206

retical background and shows how the use of σR95207

causes over-coverage in the frequentist sense. Two208

alternative approaches are therefore proposed in Sec-209

tions 5 and 6. Section 5 introduces the uncertainty210

on the reproducibility standard deviation σR using211

the Bayesian approach, where all the unknown quan-212

tities (both the measurand and σR) are regarded as213

random; in other words, the estimate of the repro-214

ducibility variance of a single ILT is an estimate of a215

random and unobservable value σR specific to the ILT216

from which it was obtained; as it turns out here, it is217

natural to average the estimates of the reproducibil-218

ity variances from past ILTs to assess σR. In Section219

6 it is discussed how the measurand can be regarded220

as non-random, whereas σR remains random; in other221

words, when the properties of a specific specimen are222

measured, the µ parameter, i.e. the measurand, rep-223

resents a physical property that may be regarded as224

fixed, although it is unobservable, and changing very225

little among ILTs. This implies a Student’s t sam-226

pling distribution of the measurement and a confi-227

dence interval with the correct coverage, still built228

from a standard uncertainty depending on the average229

of the estimates of the reproducibility variances from230

past ILTs. From a numerical point of view, when the231

data on past ILTs given by [13] are used, this latter232

interval is very close to the usual frequentist interval233

based on the sampling Gaussian distribution. Finally, 234

a comparison between the different approaches to σR 235

is shown in Section 7. 236

4 Theoretical background 237

4.1 Confidence intervals around a 238

measurand 239

According to ISO 12999-1 [11], Section 8, equation
(3) a measurement y is reported along with its associ-
ated “expanded uncertainty” as y±U , where U = ku,
u represents the “standard uncertainty” and k is the
coverage factor. A confidence level is associated with
the interval y ± ku. Assuming the measurement has
a Gaussian distribution with mean µ (the unknown
value of the measurand), the true confidence level cor-
responds to the nominal one (let us say 1− γ) if k is
such that the following probability statement is true:

Pr

(

−k ≤
Y − µ

u
≤ k

)

= 1− γ (1)

where Y (capitalized) denotes the random variable
that, when observed, takes the value y. An inversion
of the probability statement gives the confidence in-
terval for the measurand y ± ku, which can also be
written as:

y − ku ≤ µ ≤ y + ku . (2)

The nominal confidence level corresponds with the 240

nominal (frequentist) coverage probability, which is 241

the fraction of confidence intervals, computed from a 242

large number of hypothetical identical repetitions of 243

the measurement, that contain the true value of the 244

measurand. Of course, the true coverage can corre- 245

spond with the nominal coverage (1 − γ) if the re- 246

lationship between u and the true variance of Y is 247

known, so that k can be selected accordingly. A com- 248

monly used value is k = 2, which gives a confidence 249

of about 95% if u2 is the true variance of Y . 250

If u2 is not the true variance of Y , then the cover- 251

age is different from its nominal value (95.4%), which 252

is precisely what happens if σR95 given in Clause 7 253

of ISO 12999-1 is used for u. The σR95 value is the 254

square root of the average of the limits of upper-sided 255

95% confidence intervals of the reproducibility vari- 256

ance calculated from several ILTs. The upper limit 257

from a single ILT has the following expression (see 258

[13], equation (1)): 259

√

p− 1

χ2
p−1,α

sR , (3)

where sR is an estimate of the reproducibility error, 260

p is the number of laboratories taking part in the ILT, 261

χ2
p−1,α is the α-level quantile of the χ2-distribution 262

with p degrees of freedom and α = 0.05 when the 263

upper limits are used to build σR95. 264
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Equation (3) is formally identical to the the upper265

limit for the standard deviation of a random sample266

of size p. However, the sampling scheme of an ILT267

is more elaborate and [13] does not provide details268

on how the upper limit falls back to the usual form;269

therefore in the next section the necessary background270

is illustrated.271

4.2 Single ILT: probability distribu-272

tion of s2
R

273

Consider a single ILT with p laboratories and n repe-
titions per laboratory. Then the reproducibility vari-
ance is estimated as

s2R = s2L + s2r , (4)

where s2L is the estimate of the between-laboratory274

variance; s2r is the estimate of the repeatability vari-275

ance, defined as the weighted arithmetic mean of the276

within-laboratory sample variances s2w; the mean is277

taken over all those laboratories taking part in the278

accuracy experiment.279

To show the expression of this estimator in a nota-
tion commonly used in statistics, let

SSb = n

p
∑

i=1

(ȳi − ȳ)2, SSw =
∑

ij

(yij − ȳi)
2 (5)

where i is the index of laboratory, j is the index
of repetition, ȳ is the overall mean, ȳi is the mean of
measurements from the i-th laboratory. SSb is called
the between-laboratories sum of squares and SSw is
called the pooled within-laboratories sum of squares.
Then

s2L + s2r =
SSb/(p− 1)− SSw/(p(n− 1))

n

+
SSw

p(n− 1)

=
SSb

n(p− 1)
+

SSw

pn
.

(6)

This expression coincides with that derived in ISO280

5725-2[2], Sections from 7.4.5.1 to 7.4.5.5, as equation281

(24) (s2Rj = s2rj + s2Lj) for a single frequency (indexed282

by j) or a single number quantity (SNQ) when the283

number of repetitions in an ILT is constant across284

laboratories. If n = 1, then (6) is still applicable285

using the latest expression with SSw = 0.286

The statistic s2R estimates σ2
R = σ2

L + σ2
r unbias-

edly. The two addenda in the latest expression are (af-
ter appropriate scaling) independently χ2 distributed,
however their sum is not exactly χ2 distributed, so
that percentiles from the χ2 distribution should be
used with some care when computing confidence in-
tervals for σR. Thanks to the Satterthwaite approx-
imation [16], which permits to estimate the effective
degrees of freedom of a linear combination of inde-
pendent sample variances, it is possible to use a χ2

distribution for this statistic, with degrees of freedom
given by:

ν =

{

SSb
p−1 + SSw

p

}2

1
p−1

(

SSb
p−1

)2

+ 1
p(n−1)

(

SSw
p

)2 (7)

Then, approximately,

ν
s2R
σ2
R

∼ χ2
ν (8)

so that an approximate upper-sided 1− α confidence
interval for σR is given by

(

0,

√

ν

χ2
ν,α

sR

)

(9)

where the indicated percentile leaves an α probability 287

to its right and 1−α to its left. Notice that ν depends 288

on the observed values of the sums of squares. If SSw 289

is much smaller than SSb then ν ≈ p−1, which brings 290

back to equation (3). 291

4.3 Multiple ILTs: ISO 12999-1 292

method and coverage inflation 293

Now consider multiple independent ILTs indexed by 294

q, so to obtain a collection of statistics s2R,q with their 295

approximate degrees of freedom νq. The square root 296

of the average of the reproducibility variances could 297

be used as an estimate of the reproducibility error of a 298

new measurement (see equation (2) in [13]), under the 299

assumption that there exists a σR value that is com- 300

mon to the ILTs. To obtain a value s2R95, intended 301

to represent the upper-sided limit of the interval at 302

95% confidence level of the reproducibility variance, 303

it is still possible to apply the Satterthwaite approxi- 304

mation giving an approximate χ2 distribution of this 305

average and produce an upper-sided 95% confidence 306

interval. A different procedure is proposed in [13] (see 307

the statement following equation (2) of [13] “This cal- 308

culation was performed for the best estimation of σ 309

but also for the upper interval limits σ80, σ70, σ95 and 310

σ97.5”): the individual 95% upper limits of the con- 311

fidence intervals for σ2
R are averaged across the ILTs 312

and their square root is taken as sR95. The true cov- 313

erage of this new upper limit is unknown at this point. 314

Following this procedure, let

u =

√

√

√

√

1

N

N
∑

q=1

νq
χ2
νq,α

s2R,q (10)

where q is the index for multiple independent ILTs,
N is the number of ILTs, νq is the degrees of freedom
of the q-th ILT and u is sR95 when α = 0.05. Assume
for example that 1

N

∑N
q=1 s

2
R,q approximates the true

variance of Y very well and take νq = ν for all q’s
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for simplicity. In this case, the confidence interval of
equation (2) for the mean µ of Y with coverage factor
k = 2 becomes

y ± 2u = y ± 2

√

ν

χ2
ν,α

×

√

√

√

√

1

N

N
∑

q=1

s2R,q (11)

with an actual confidence given by

2Φ

(

2

√

ν

χ2
ν,α

)

− 1 (12)

where Φ() is the cumulative distribution function of315

the standard Gaussian distribution. Since ν is larger316

than χ2
ν,α for typical α’s in the latter expression for317

the confidence value, there can be a considerable in-318

flation of the coverage above the nominal 95% usually319

associated with the coverage factor k = 2.320

Wittstock remarked that the data used in Table I321

of [13] for the estimation of σ2
R were not selected to be322

representative of all types of specimens, but that they323

were simply the data that were available. Therefore,324

it is not possible to claim that the average of the s2R,q’s325

is a genuine population summary that can be used to326

approximate the variance of a new measurement Y .327

However, even though it was, this approach inflates328

the actual coverage when reporting a measurement329

with its “expanded uncertainty” (as seen in the above330

example with y ± 2u).331

Using the data of Figure 5 and Table I in [13], a
better appreciation of the coverage can be obtained
by plotting it as a function of the true value of σR as
it varies across a selected range, that is, by plotting
the pairs

(

σR, 2Φ

(

2
u

σR

)

− 1
)

, (13)

where the coverage factor 2 corresponds to a confi-
dence 1− γ = 95.4% and σR belongs to the interval

[

min{sR,1, . . . , sR,N},max{sR,1, . . . , sR,N}
]

. (14)

With regard to u, besides expression (10), in an at-
tempt to correct the overcoverage, one may also con-
sider the common-sense solution of averaging the es-
timates of the reproducibility variances, which does
not include the inflating factors νq/χ

2
νq,α, that is

u =

√

√

√

√

1

N

N
∑

q=1

s2R,q . (15)

Plots of the coverage against the true value of an un-332

known parameter are commonly used in studies on333

the properties of confidence interval, see for example334

[17] and [18].335

Figure 1 shows the graph of expression (13) with u336

from expression (10), as a solid line, and with u from337

expression (15), as a dashed line. The horizontal line338
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Figure 1: Coverage of confidence interval of equation
(2) for k = 2 and different specifications of the un-
certainty u: as in equation (10) (solid line); as in
equation (15) (dashed line). Each curve crosses the
horizontal dotted line, that is, the nominal coverage
is attained, when σR = u

is the nominal coverage, which is obviously attained 339

when σR = u. With the first choice of u, for a large 340

part of the considered range, there is a considerable 341

overcoverage. With the second choice of u, the portion 342

of the range showing overcoverage is reduced, but, as 343

the reproducibility error deviates from the true one, 344

the coverage starts to differ from the nominal one and 345

this effect cannot be corrected, especially when, like in 346

the present situation, a single measurement y cannot 347

give any information on the error. Therefore, both 348

specifications of u are not robust against variations of 349

σR. 350

However, if the interval is used to check whether the
measurand µ is close enough to a target µ0 (if y± ku
contains µ0 then the specimen is declared to meet
specifications), then equation (15) is preferable to
equation (10), as the confidence interval built from the
latter does not detect deviations until they are very
large. Let us suppose for example that µ−µ0 = 3 dB,
representing a situation in which the true sound pres-
sure µ behind an insulated wall is twice the desired
value µ0. Then, the probability that µ0 belongs to the
confidence interval built around a measurement y cen-
tered on µ has been plotted against σR in Figure 2:
it is quite clear that the interval with the sR95 un-
certainty is too much conservative, because the prob-
ability that Y is compatible with µ0 is large. The
analytical expression of the plotted functions is

Φ

(

2u+ µ0 − µ

σR

)

− Φ

(

−2u+ µ0 − µ

σR

)

. (16)

5 The Bayesian approach 351

The assumption that σR has the same fixed but un-
observable value for all ILTs can be questioned, in
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Figure 2: Probability that the confidence interval of
equation (2) with k = 2 wrongly includes a target
value with different uncertainty specifications: as in
equation (10) (solid line); as in equation (15) (dashed
line).

which case the evaluation of the coverage of inter-
vals for every value of σR loses its meaning. Instead,
it can be argued that each sR,q value is an estimate
of a random and unobservable value σR,q specific to
the ILT from which it was obtained and so, under-
lying the ILTs, there’s a sample of σR,q values from
a population of reproducibility errors. This frame-
work, in which information on the reproducibility er-
ror from previous ILTs is available, is ideally suited to
a Bayesian approach. All the prior information on the
reproducibility error and on the measurand value can
be summarised by a probability distribution, which is
then updated with the observed measurement to pro-
duce a posterior distribution of the measurand. From
this distribution, a credibility interval for the measur-
and is derived. Underlying this procedure there is the
following hierarchical model

σ2
R ∼ IG

(

d0
2
,
d0σ

2
0

2

)

⇐⇒ (d0σ
2
0)σ

2
R ∼ χ−2

d0

µ|σ2
R ∼ N

(

m0,
σ2
R

c0

)

Y ∼ N
(

µ, σ2
R

)

(17)

where d0, σ
2
0 , c0 and m0 are assigned constants, called

the hyperparameters, N(·, ·) is the standard Gaussian
distribution with the mean and the variance parame-
ters as arguments and IG(·, ·) is the inverse Gamma
distribution, with the shape and the rate parameters
as arguments (corresponding, after scaling, to an in-
verse chi-squared distribution, in this case). Then it
can be shown [19, 20] that the marginal posterior dis-
tribution of µ, after taking the measurement y and
after centering and scaling, is a Student’s t with d1
degrees of freedom, that is,

µ−m1
√

σ2
1/c1

∼ td1
(18)

where m1 = (c0m0 + y)/c1, c1 = c0 + 1, d1 = d0 + 1
and

σ2
1 =

1

d1

[

d0σ
2
0 +

c0
c1

(y −m0)
2

]

. (19)

From here, a (1−γ) highest posterior density cred-
ibility interval from µ is easily derived as

m1 ±

√

σ2
1

c1
td1,1−γ/2 , (20)

where td1,1−γ/2 is the appropriate Student quantile. 352

The details of this derivation are often presented in 353

the Bayesian literature parameterising the distribu- 354

tion of Y with the squared precision rather than the 355

variance (see for example [19]), but a derivation with 356

the present parameterisation is provided by [20]. 357

The prior information coming from historical data
can be embedded in the model through the hyperpa-
rameters. Starting with the variance, its expectation
and variance are

E(σ2
R) =

d0σ
2
0

(d0 − 2)
, d0 > 2

Var(σ2
R) =

2d20σ
4
0

(d0 − 2)2(d0 − 4)
, d0 > 4

(21)

so it is possible to assign (elicit) σ2
0 and d0 through

the method of moments, equating the sample mean
and variance of the past data to the theoretical ones,
as follows:

σ2
0 =

d0 − 2

d0

(

1

N

N
∑

q=1

s2R,q

)

≡
d0 − 2

d0
s̄2R

d0 = 2(s̄2R)
2

[

1

N − 1

N
∑

q=1

s4R,q −
N

N − 1
(s̄2R)

2

]

−1

+ 4 ,

(22)

where s̄2R is the average of the reproducibility variance 358

estimates of the N ILTs. 359

The σ2
0 hyperparameter is related to the location

of the prior distribution of the variance. The m0 hy-
perparameter indicates the prior belief of where the
measurand is expected to be located, given the vari-
ance σ2

R, and c0 quantifies the strength of this belief:
the larger c0 the stronger the belief. It can be confus-
ing that σ2

R appears both in the prior distribution of
µ and in the distribution of the measurement, while
it should belong only to the latter. This is just conve-
nient from a mathematical point of view, because in
this way the posterior distribution of µ has a closed
form. The c0 constant can be thought of as the ra-
tio between the variance of the measurement and the
variance of the measurand, where the latter depends
on the variation of the properties of the materials.
Another problem is the assignment of m0. If past
measurements (y1, . . . , yH) are available, a reasonable
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guess is their sample average m0 = (1/H)
∑

h yh, be-
cause E(Y ) = m0. On the other hand, if it is still not
possible to make any precise statement on m0 and
c0, let c0 → 0, obtaining an improper noninformative
prior distribution for µ with no location and infinite
variance for any value of σR. In this case, the credi-
bility interval of equation (20) simplifies to

y ±

(

√

d0 − 2

d0 + 1
td1,1−γ/2

)

√

s̄2R (23)

where y is the observed measurement, d0 is an hyper-360

parameter used to parametrise the the inverse Gamma361

distribution IG(·, ·), td,1−γ/2 is the (1 − γ/2)-level362

quantile of td (a Student’s t distribution with d de-363

grees of freedom) and s̄2R is the average of the repro-364

ducibility variance estimates of the N ILTs.365

It is possible to notice the strong similarity of this366

latter interval and of the interval of the previous sec-367

tion y±2u, when u2 is the average of the reproducibil-368

ity variances s2R,q. The only difference is the cover-369

age factor, which is not necessarily equal to 2 (but it370

could be close if d0 is large enough and γ = 0.046).371

Therefore, the y ± 2u interval has a clear Bayesian372

interpretation as a credibility interval in certain con-373

ditions. With the data from [13], d0 = 5.80 and374

td1,1−γ/2 = 2.44 and so the coverage factor is 1.82,375

which makes this interval a little less conservative376

than the frequentist one. Its coverage and probabil-377

ity of wrong inclusion are shown in Figures 3 and 4,378

respectively, displaying a behaviour close to the fre-379

quentist interval with u as in equation (15).
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Figure 3: Figure 1 with coverage of Bayesian interval
added (mixed line)

380

6 Random variance and fixed381

mean382

When the properties of a specific specimen are mea-
sured, the µ parameter, i.e. the measurand, repre-
sents a physical property which may be regarded as
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Figure 4: Figure 2 with probability of wrong inclusion
of the Bayesian interval added (mixed line)

fixed, although it is unobservable. It is expected to
change very little among ILTs if the specimen has
been manufactured and installed according to good
specifications. If this is admitted, then, the above
Bayesian model reduces to

σ2
R ∼ IG

(

d0
2
,
d0σ

2
0

2

)

⇐⇒ (d0σ
2
0)σ

2 ∼ χ−2
d0

µ is fixed

Y ∼ N
(

µ, σ2
R

)

(24)

and it can be shown that the sampling distribution

of a new observation, after centering and scaling, is a
Student’s t with d0 degrees of freedom:

Y − µ

σ0
∼ td0

(25)

which produces the following confidence interval

y ±

(

√

d0 − 2

d0
td0,1−γ/2

)

√

s̄2R (26)

which incorporates the uncertainty on σR and has the 383

nominal coverage. 384

7 Comparison between the dif- 385

ferent approaches 386

The aim of the present work is to find the correct 387

uncertainty u to be used for the declaration of uncer- 388

tainty in test reports of building acoustics measure- 389

ments. Using the data from [13], which correspond to 390

ILTs under reproducibility conditions, intervals y±ku 391

with y = 50 (e.g. representing a sound reduction in- 392

dex of 50 dB) are shown in the following table with 393

the different specifications of k and u, aiming at the 394

desired 95.4% coverage. The true coverage of all in- 395

tervals has been computed using equation (25) as the 396

sampling distribution, which was assumed to be the 397

correct one. 398
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Table 1: Confidence intervals for the different sR con-
sidered, with the corresponding coverage factor and
coverage probability399

400

u k interval coverage
sR95 2 (46.02, 53.98) 99.3%
√

s̄2R 2 (47.60, 52.40) 95.0%
√

s̄2R as in equation (23) (47.81, 52.19) 93.3%
√

s̄2R as in equation (26) (47.54, 52.46) 95.4%

401

In the first and second rows of Table 1, sR95402

and
√

s̄2R are equal to σR95 and σR in ISO 12999-403

1 [11],respectively. This table shows that equation404

(26) obviously achieves the nominal coverage, because405

it was built from the sampling distribution of equa-406

tion (25), but also the interval in the second row gets407

close to it, whereas the Bayesian interval is slightly408

below the target. The first interval, calculated as-409

suming u = σR95, has a coverage well above the nom-410

inal value. Three out of four intervals use u =
√

s̄2R,411

which is an arbitrary choice in the second case but is412

formally well justified in the third and in the fourth413

case, as shown in Sections 4 and 5 respectively. The414

different coverage factors are determined by the dif-415

ferent assumptions on the mechanism generating the416

data and on what quantities should be considered ran-417

dom or fixed. The comparison carried out in Table 1418

suggests that information from past ILTs can be used419

to assess the uncertainty to be associated with a new420

measurement in a rigorous way, indicating what in-421

terval exactly achieves the desired 95.4% coverage.422

Moreover, according to equation (22), d0 is larger423

than 4, therefore the coverage factor of equation (26)424

is never larger than 2.05 and tends to 2 from above425

as d0 increases, which, according to equation (22),426

happens when the information on the reproducibility427

variance is consistent across past ILTs. This explains428

why the expanded uncertainty computed via the σR429

of ISO 12999-1 and with coverage factor 2 is a good430

approximation.431

8 Conclusions432

The aim of the present work is to answer the question:433

which uncertainty is to be reported in conjunction434

with a building acoustics laboratory measurement re-435

sult? Existing proposals are discussed. The approach436

of uncertainty declaration for all kinds of acoustics437

measurements, at ISO level, is to follow the princi-438

ples laid down in GUM [1], but, according to cur-439

rent knowledge, it seems impossible to formulate these440

models for the different quantities in building acous-441

tics. Therefore, the concepts of repeatability and442

reproducibility stated in ISO 5725 [2] are necessary443

to determine the uncertainty of building acoustics444

measurements. Consequently, the uncertainty must445

be calculated from reproducibility data coming from446

inter-laboratory comparisons; and, according to ISO 447

rules, the expanded uncertainty for a coverage proba- 448

bility of 95% shall be given as two times the standard 449

deviation of reproducibility. 450

Emphasis is put on the approach of ISO 12999-1 451

[11], which refers to repeatability and reproducibility. 452

ISO 12999-1 [11] contains two standard deviations re- 453

lated to reproducibility, namely σR95 and σR. Even 454

if σR95 was introduced in ISO 12999-1 [11] without 455

a clear definition or indications on how it should be 456

used, its use is recommended for this purpose. This 457

paper, based on the same database of ILTs used to 458

obtain the values presented in ISO 12999-1, seeks the 459

most suitable reproducibility standard deviation for 460

the declaration of uncertainty in test reports of build- 461

ing acoustics measurements, to be representative of 462

all the specimens that have to be tested in a lab- 463

oratory. This is essential for declaring the acoustic 464

performance of building elements. It is important to 465

underline that the database of ISO 12999-1 [11], used 466

for the calculation in this paper, corresponds to ILTs 467

under reproducibility conditions and thus the conclu- 468

sions of the present study apply to these types of tests, 469

i.e. laboratory measurements that can be used for 470

declaration of product performance. It is argued that 471

all the specimens involved share no common measure- 472

ment uncertainty; rather, each uncertainty should be 473

considered as a sample from a population of uncer- 474

tainties, reflecting the different types of materials and 475

of experimental conditions. Then a rigorous statisti- 476

cal deduction shows that σR95 causes an overcoverage 477

in the frequentist sense: multiplying σR95 by a cover- 478

age factor of two leads to a 99.3% coverage. Using the 479

Bayesian approach, where all the unknown quantities 480

(both the measurand and σR) are regarded as ran- 481

dom, it is shown that it is natural to average the esti- 482

mates of the reproducibility variances from past ILTs 483

to assess σR. Finally, assuming that the measurand 484

can be regarded as non-random, whereas σR remains 485

random, a confidence interval with the correct cover- 486

age is obtained, still built from a standard uncertainty 487

depending on the average of the estimates of the re- 488

producibility variances from past ILTs. It is found 489

out that the coverage factor of this interval, with a 490

confidence level of 95.4%, is close to 2, so that the 491

exact interval is well approximated using 2σR as ex- 492

panded uncertainty, with the σR of ISO 12999-1. The 493

good approximation of the coverage indicates that this 494

latter interval is the most suitable for the uncertainty 495

declaration of building acoustics measurements in test 496

reports 497
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