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Abstract This paper analyzes the approximation properties of spaces of piecewise
tensor product polynomials over box meshes with a focus on application to IsoGe-
ometric Analysis (IGA). Local and global error bounds with respect to Sobolev or
reduced seminorms are provided. Attention is also paid to the dependence on the
degree and exponential convergence is proved for the approximation of analytic
functions in the absence of non-convex extended supports.
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1 Introduction

Let {2 be a union of axis aligned boxes in R™ and S a space of piecewise poly-
nomials of degree d := (dx,...,d,) on 2. We use a local approximation operator
N : LP(£2) — S, which reproduces polynomials of degree d, to derive a priori ap-
proximation estimates for how well a function f can be approximated by a function
in S. Bounds for the approximation error on both the mesh elements and on {2 are
provided. The LP, L? estimates on {2 have the following form

107(f =R, < C > Nloxd" flla, (1)
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where K C N™ is an index set of integers and the weights pg are powers of the
local resolution of S. The precise form of the pg depends on K, k, p, q, d and o.
The constant C' depends on a subset of some constants Cl, ..., Cg, which come
from the abstract assumptions [Hgl. .. [Hg} see Table[I] at the end of the paper.

Different index sets K are possible, we focus on K = {k € N" : |k| = d + 1}
that correspond to Sobolev seminorms and on index sets K that correspond to
reduced seminorms that involve a smaller set of partial derivatives. For o = 0
the reduced seminorm leads to bounds in term of the partial derivatives in the
coordinate directions

lr =x7l], < C; lo:03 11, 2)

For Sobolev seminorms and p < g we are able to weaken the usual mesh
quast uniformity and mesh shape regularity assumptions matching those for tensor
product splines. This can be seen by comparing our assumptions and With
the corresponding assumptions in [12][39][40].

For 1 < p < g and 0 = 0 we obtain anisotropic estimates that take into
consideration the local resolution of S in the different coordinate directions. In the
other cases the estimates are isotropic, i.e., the directional information is discarded.

We also consider a sequence of spline spaces {S4} of increasing degree d =
(d,...,d) and corresponding approximation operators {Rg}. Under suitable as-
sumptions, if f: 2 — R admits an analytic extension on A C C", the approxi-
mation error decreases exponentially as d increases. There are 7,Cr, 74,Cr, € R
that depend on A, o and n, but independent of the degree d, such that

187 (f = Raf)l oo <C- T NIfll o A

(dimSy)+ (3)
SCT#T# ! ||f||oo,4-
Exponential convergence is of interest for the numerical solutions of PDEs and it is
known to hold for Finite Element discretizations and univariate splines even in the
presence of singularities [I5][35]. The novelty here is that exponential convergence
is proved using local approximation operators and without assumptions on the
smoothness of the functions in Sg.

Following the application of splines to numerical methods for PDEs, mostly
in the framework of IsoGeometric Analysis (IGA) [22], there has been a renewed
interest in extension of tensor product splines (TPS) that are suitable to adap-
tive methods. Many of the available constructions fit our abstract framework. We
provide an approximation operator X satisfying[Hgl. . . [Hg] for TPS, Analysis Suit-
able T splines (AST) [][3], truncated hierarchical splines (THB) [20] and Locally
Refined splines (LR) [16].

TPS are included for the sake of comparison and similar results are available
in the literature [27][5][6]. The results for AST splines and for THB splines require
weaker assumptions on the mesh compared to [39][40][3]; moreover, both global
estimates and estimates without mixed derivatives are included. To the best of our
knowledge the operator in Sectionis the first quasi-interpolant that is proposed
for LR splines.

The notation and the setting of this paper are described in Section [2} Section [3]
contains the main approximation results under the assumptions . .. JE@ The
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index set K of partial derivatives is determined by that describes polynomial
approximation. In Section [ we prove that different variants of averaged Taylor
expansion operators satisfy [Hiz] Section[f]specializes the abstract theory to bounds
in terms of Sobolev and reduced seminorms. Section [f] studies the approximation
of analytic functions and contains the proof of exponential convergence. Section [7]
recalls the B-spline theory necessary for this paper and provides the building blocks
for the approximation operators R described in Section [8] Sections [§] contains an
approximation operator for TPS, AST, THB and LR. For each case we provide a
definition of R that satisfies the required abstract assumptions. Section [J] contains
a few closing remarks.

2 Preliminaries

Sets are usually denoted by capital letters, except when they are subsets of a
topological space. The cardinality of a set A is denoted by #A. The interior of a
subsets w of a topological space, i.e. the biggest open set contained in w, is denoted
by & and the closure, i.e. the smallest closed set containing w, is denoted by @.

7 is the set of integers and N := {0, 1, ... }. The floor, or integer part, of a real
number a € R is denoted by |a] := max{z € Z : z < a}. We also use the positive
and negative parts: a4+ := max{0,a} and a— := min{0, a} so that a = a4 + a—.

2.1 Multi-index notation

Multi-indices in N™ and vectors in R™ are highlighted by boldface. For convenience
we use 0 := (0,...,0) and 1 := (1,...,1) in N” and R™. Given a multi-index
a € N" and a sufficiently smooth function f: 2 CR" - R
ot tan
0%f =
f 0

x?l “ee 8]}%”

The factorial of a multi-index o € N" is ! := ]!, (a;!). Consequently for o, 3 €

N" we have
o ol Ly
(5) = - 1L(5)

Many scalar operations are extended to vectors in R™. The relations <,>,>, <
hold on a pair of vectors @ = (a1, ...,an),b = (b1,...,bn) € R™ if and only if they
hold for each pair of components, e.g.

a<b&sa; <b,Vi=1,...,n.
Similarly max{a, b}, min{a, b}, and a+ act component wise: e.g.,
ay = ((a1)+4,.--, (an)+), max{a,b} := (max{ai,b1},...,max{an,bn}).

For a vector a € R™ we define

n

n

1

lal == lail, lall == (_a7)?,
i=1

=1

maxa := max{ai,...,an}, mina := min{ai,...,an},
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and for a,b € R", we define the power a® as

Note that we have the following relations for a, b, c € R™

%: (%,...,Z—:)c, a20:>ab§(maxa)lbﬂ(mina)*lb’l. (4)

2.2 Function spaces

As usual C(U) denotes the space of continuous functions U — R and for o € N,
C(U) is the space of continuous functions whose derivatives up to order « are in
C(U). The definition is extended to a € N™ with the following meaning

C*(U):={f:U =R :V8eN" with 8<a,d’f eC(U)}.

Polynomials of maximal degree d and polynomials of multidegree d = (d1, ..., d»)
are respectively denoted by

Py :=span{z®: a e N", |a| < d}, Pgq:=span{z®: a e N" a<d}.
In general the polynomial space P4 associated with A C N" is
P4 :=span{z®: o € A}.

The standard Lebesgue measure on R™ is denoted by u. As customary LP(U),
1 < p < o0, is the Banach space of the equivalence classes of measurable functions
U — R that agree almost everywhere (a.e.) and LP(U;R"™) is the corresponding
space of vector valued functions. The norm on L?(U) is the usual

'Whu:{UbV@wd@p .

esssup{|f(z)|, z € U} p=oc.

The dual of LP(U) is the space of linear continuous functionals X : L?(U) — R
and it is denoted by LP(U)*. It is a Banach space with norm

Ay == sup{A(f) : f e LPU): [Ifll, =1}

If 1 < p < oo then LP(U)* is isometrically isomorphic to Lp/(U) where p' =
(1 —1/p)~* and the isomorphism maps A to w if for all f € LP(U)

\$) = [ f(@)u(a)de.
U
The support of a function f € LP(U) is the closed set

suppf::U\LJVV7 Z ={open W CU: flw =0 a.e.}.
wez
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This definition agrees with the standard definition supp f = {z € U : f(z) # 0}
if f is a continuous representative of f. For A € L?(U)* we use supp A to denote
the distributional support, i.e.

supp A :=U \ U W, Z = {open W C U : Vf with supp f C W, A\(f) = 0}.
wez

For 1 < p < oo the supports of A as an element of LP?(U)* and as an element of
I (U) coincide.
To deal with mixed norms as in we introduce the following notations

, v:=(v,...,v). (5)

2.3 Spline spaces on box meshes

In this paper a box in R™ is axis aligned, i.e. it is either empty or a Cartesian
product of non-empty closed intervals n = [a, b] := [a1,b1] X -+ X [an, bn]. Given
a set U C R"™ the bounding box of U is denoted b(U) and it is the smallest box
containing U:

b(U) := min{box n: U C n}.

The size of a box n = [a,b] = [a1,b1] X -+ X [an, by] is the vector
hy:=(hp1,.- - hyn):=((b1—a1,...,bp —an) € R™.
For a set U C R"™ we define hy := hyyy. For all U C R™ we have
n
p(U) < hy = [ ho,i = p(o(U)).
i=1
A box mesh M is a collection of boxes having non-empty pairwise-disjoint interiors
wEM=O A, wneEM,w#n = oNn=_0.

The domain {2 of the box mesh M is the union of the boxes it contains

2:= U w.

weM

Note that the domain of a box mesh is not necessarily connected. We will shorten
I,z to [I[l,» i-e. the domain {2 will be subsumed in norms.
A spline space S of degree d on a box mesh M is a subspace of

{f:2—=R:YVweM,IJgePy: f=gin O}.

We always assume Pg C S. The support of any function f € S is a union of boxes
in M. We denote the set of boxes contained in supp f by

Mf :={w € M :w Csupp f}.
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Fig. 1 An example of w (.), supp ¢ (1), supp Ao (/) and se ().

2.4 Quasi-interpolants

A quasi-interpolant N : LP(§2) — S can be constructed using a generating system
@ and a collection of linear functionals A = {Ay4, ¢ € $} C LP(£2)* by setting

Rf =) Ao (6)

ped

Note that N is linear , i.e., R(af + bg) = a®f + bR f.
For U C (2 we define the set Ay of active generators of U as

Ay = {¢€¢:supp¢ﬂ[°]7é@}.

In particular we will use A, for w € M. To allow for supp Ay € supp ¢ we introduce
the extended support ss and the set E., of extended active generators of w

S¢ 1= b(supp ¢ Usupp Ag) N (2, E,:={ped:w sy}

Note that E,, D A, and the equality holds if supp Ay C supp ¢. An example of sy is
shown in Fig. [1] The set s, is convex and a box if and only if b(supp ¢Usupp Ag) C
£2. In this paper we assume that the sy is a truncated box, i.e. it has the form

S¢ = 77\77 (7)

where 7, 8 are two boxes in R™ sharing a common vertex and 8 C 7. The truncated
boxes in R™ are classified by the face of 1 that does not intersect sy and has
maximum dimension m, m := —1 when s4 = 1. It can be shown that there are
3™ — 2n types of truncated boxes in R"™. In R? a truncated box is either a rectangle
or an L-shaped domain, see Fig. [2| In R3 it is either a box, a Fichera corner or a
product of an L-shape and an interval, see Fig.

Diversification, see [33], can sometimes provide a @ such that all the s4’s are
truncated boxes, starting from a ¥ not having this property. It consists in replacing
each generator ¢ € ¥ with the set of its restrictions to the connected components
of supp ¢. A similar technique is decoupling, see [28] and the variation in [I1]. In
Fig. || there are three examples of a non-convex s, in R?. The left is a truncated
box. The middle one is not a truncated box, but diversification of ¢ can provide two
truncated boxes. The right one is not a truncated box and neither diversification,
nor decoupling can be applied.
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1 type, (m = —1) 4 types, (m = 0)

Fig. 2 Truncated boxes in R?: the box and the L-shaped domains. The face of 7 of dimension
m not intersecting sy is highlighted in red.

1 type, (m = —1) 8 types, (m = 0) 12 types, (m =1)

Fig. 3 Truncated boxes in R3: the box, the Fichera corner and the product of an L-shape
with an interval. The face of n of dimension m not intersecting s is highlighted in red.

S
S

S¢

= L =

Fig. 4 Three examples of a non-convex s¢(.), where b(s¢)(i/) is not contained in the U
shaped region 2( ).

We describe the approximation power of a spline space using the piecewise
constant functions hg and haq in L(2,R™) defined as follows:

holw = (ho 1, B n)|w = max{hs, }, (8)

hM|w = (hMyl,...,hM’n)L,J = hy. (9)

The function he gives a local measure of the resolution of S, while ha represents
the local mesh size. The form of pg in classifies the estimates as

— anisotropic, if pr = h3* with e, € R™;
— 14sotropic, if pr, = (maxhg)®* with e € R.

Anisotropic estimates differentiate between the resolution in each coordinate di-
rections, while for isotropic estimates only the maximum is considered.
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2.5 Some useful inequalities

For all ai,...,am > 0 and e > 0 we have
m m m
(z:az)eSz:afgmlfe(z:a,)e7 0<e<l,
i=1 i=1 i=1
Zaf < (Zai)e SmE_IZaf, 1<e< 0.
i=1 i=1 i=1

The left inequalities can be proved by rescaling the a; by (32", a;)~" and using
that for a € [0,1], a® < a < e > 1. The right inequalities are corollaries of Holder’s

inequality: for 1 < e < oo and a1,...,am,b1,...,bm >0
m m 1 m e e—1
Saib < (Yaf) (S07) T ()
i=1 i=1 i=1

2.6 Some properties of analytic functions

The following material will be used only in Section [6} For more details see, for
example, [31].

Definition 1 A function f: U CC" — Cor f: U CR" — R is analytic at x if
there is an open neighborhood U, of  where the sequence

Taf () = 3 e )
a<d

converges uniformly to f as d — oo. A function is said to be analytic on U if it is
analytic at « for all x € U.

If f: U C C— Cis analytic on Dg,r := {2z € C: |z — z| < r} then the Cauchy

formula states
f(z) = L/ &) dz.
2mi Jop,, 2=

This has a multivariate analogue [31) Theorem1.3] that follows by applying the
above formula to each coordinate. Given € C" and 0 < r» € R" let

Dﬂ?ﬂ‘ = Dml,rl X X DIrn,yTnv aDwJ‘ = aDIl,ﬁ X X aDz'rmrn'

For f:U C C" — C analytic on Dg ,» we have

8Dq.»

F@) = (2m)—”/ %d; (12)

The Cauchy formula implies the following proposition, see also [31, Theorem 1.6].
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Proposition 1 Let 2 C C" be any set. If f is analytic on A C C™ containing (2
and

r(x) := max{w : Dz w C A} >0, vV € 2 (13)
then for all x € §2
a!
“ < — .
|a f(w)l — ’I‘(fL’)a ||f||oo7A

Proof Differentiating the Cauchy formula o times with respect to & we have

0 f(z) = aa(gm-)—"/ @, (27ri)_na!/ @,

BDg iy (2~ ) BDg piay (2= )T

and consequently

0" @) < n) el flon [ |z -@) Y d

a,r(x)
Since the integral equals r(x) ™% (27)", the result follows. O

Proposition [1| does not apply to real analytic function U C R™ — R and we
use the following proposition:

Proposition 2 All real analytic functions f : 2 C R™ — R admit an analytic
extension to a neighborhood A C C™ containing 2 and such that v(x) defined in
is strictly positive on 2.

Proof For x € {2, let r(x) > 0 be the radius of convergence of the Taylor series
of f around x. The series is absolutely convergent on {y € R" : ||z — y|| < r(x)}
and thus on lo)z,r(z) :={y € C": ||z — y|| < r(x)}. This implies that f admits an
analytic continuation to

A= U Dw,T(w)/Q C U Dw,r(w)
ze xzes?

and minr(x) > r(x)/y/n > 0 for all x € 2. O

3 Estimates on box meshes

This section describes how error estimates of the form follow from the assump-
tions [Hel. .. [Hg} In the first subsection local error estimates are derived from
[Hgl. . . Global error bounds require additionally [Hg]. .. [Hg] and are stated in
the second and third subsections. The fourth subsection describes the dependence
of the mesh assumption on the parameters of

It is important to highlight that error estimates can only be obtained for suit-
able choices of the Sobolev spaces involved and this will be discussed in Section [4]
where is shown for the averaged Taylor expansion operator.
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3.1 Local error

Usually local error bounds are stated using the support extension

1] =Rl < CIENS = llpexiers  extwi= [ suppis.
PEA,

The drawback of this approach is that the polynomial approximation properties
depends on the shape of ext w. Common assumptions for polynomial approxima-
tion are that the domain is star-shaped with respect to a subset of positive measure
[T’ [I8] [41] or bounded by graphs of regular functions [32]. In [39] local estimates
for the approximation error are obtained without shape constraints on extw by
using the convex hull of extw. Unfortunately this technique cannot be extended
to global estimates because it is difficult to bound the number of overlapping hulls
in terms of elementary properties of the mesh.
Here we avoid the support extension by using the form

1f = RSl < € Inf) > lIf =4l (14)

pEA,

PS¢ °

This reduces the complexity of the shape on which we use polynomial approxi-
mation and allow us to derive global estimates and to reduce the mesh regularity
assumptions.

The local error bounds are based on the following assumptionsﬂ where we use
hy as a shortening for hgupp -

Hp Ng = g for all g € Pgq, polynomial reproduction;
Hx (Xl 18, < Cx, for all ¢ € @, functional continuity;

1
Hy 07¢ € LP(R2), for all ¢ € &, and [|07¢|,, , < Cahy” —2" 1 ||¢|| | genera-
’ p(supp ¢) P
tors’ reqularity;
Hs hs, < Cshg, and h;‘,¢ < CZu(supp ¢) for all ¢ € D, locality of R;
Hyy for each w € M there is an approximation operator 1, : LP(w) — Pgq such

that for 8 € {0,0}, n € {w} U{sy : ¢ € A, } it holds

~

0 = 1ol < Oz 3 WEP N, v=1/p-1/a
keKg

Note that Cs > 1, and for simplicity we assume that also Cy,Cgs > 1.

The abstract upper bound for polynomial approximation in [Hz]depends on the
index sets Ko, Ko C N™ and the parameter v € R" that influences the required
mesh assumptions. In Sectionwe describe operators I1,, leading to error bounds
with Sobolev and reduced seminorms.

Remark 1 If supp Ay C supp ¢ = b(sy) then is satisfied with Cs = 1. This will
be the case for the proposed operators for TPS, LR and AST splines. The control
on the support measure inlliZl is needed if supp ¢ or sy is not a box. This happens
for THB and non-convex domains.

1 All the assumptions are conveniently listed in the last page, see Table



Local approximation from spline spaces on box meshes 11

Theorem 1 (Local error) For1 <p,q < co and assuming. .. we have

|07 (F =P, < CrColt” Py

k—o+v k ’lw_k k—o+v k
S T e 3R

keK, HEA, keKo

(15)

Moreover, if o = 0 and p = oo the same inequality holds under the reduced
assumptions and .

Proof The reproduction of polynomial property and linearity of N imply that
for all g € Pgq

107 (f = XA, ., = 07(f —9) —9"R(f = 9)|, .,
=[07(f —9) = > Ae(f = 90079,
PEA,
<N07(f = Dl + D 11070, Ao (f = 9)]-
PEA,

Bylllzlwe obtain
leflh% , u(w)l/P — hi/z’7 p(supp ¢)—1/P < C’;L/phs_d,l/p. (16)

Using this, [Hg) and with g = I, f we have
o” A < Cphor M) A
|| (Ib”p,w | d)(f - g)' > Lopllg W ||¢|| || ¢||*p ||f g”p supp Ag

< CoCl g TRY/PCY/P RS PCAC AT RS Y hET|0F ||
keKo

(17)

a,8¢°

Summing over the ¢ € A, and simplifying we obtain the second term in .
Using [H] with n = w and 8 = o we have

|07(f = T p),., < Cr Y BE |05, (18)

pw —
keK,

a-+ﬂ
and . follows since CACqul | > 1. O

3.2 Global error p < oo

The global error bound is obtained by summing the local bounds from Theorem [T}
The procedure uses the following additional assumptions

He #E. < Cg, for all w € M, bound on s¢ overlaps;
Hu Iy < Cy for all ¢ € @, mesh regularity, where

hYPT1
(Ewé}% h“l‘;‘"l) p 7é oo

F¢ = b
H]&XQJ€M¢ {7?$*} p = OO,
S¢

and ~ was introduced in
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Hg maxhy, < Cg min h,, for all w € M, element shape regularity;
Hg maxhs, < Cg minhs, for all ¢ € @, shape regularity of sg.

Note that Cg, Cg, Cg > 1, and for simplicity we assume that also Cy > 1.

is a mesh regularity property that mirrors the result of the computations.
It is implied by the usual assumptions for non-tensor-product spaces, but it allows
for weaker mesh regularity if v > —1/p. In particular tiny and not shape regular
elements are allowed as long as each extended support is shape regular and contains
a bounded number of elements, see Subsection [3:4] Assumptions [Hg] and [Hg] will
be used only if o # 0 or if p > q.

Remark 2 As E,, D A, we have #A, < #E, < Cg. Some estimates can be made
slightly sharper by using an upper bound for #A,,.

Theorem 2 (Global error) For 1 < p < oo, 1 < g < oo and assuming
[Hgl. .. we have

07 = NAl, < Cu@)s (3 [ue T o 4 D loked®s],).  (19)

keK, ke Ko

where we recall that v := 1/p — 1/q, haq is defined in @, Pk, {2 = R is the
piecewise constant function defined by pr,o|w = Maxgex, {hf;aJrV"} and

C = 2" #(Ky U Ko) ' VPCrCoCl T T ol o, (20)

Before giving the proof we state two Corollaries.

Corollary 1 For 1 <p < g < o0, p# co and assuming [Hgl. .. we have

1f = Rfll, < Cu@)™ > |pgo*f], (21)

kEK,

where C 1= 44 Ko 3 Oy CoCr'? %) Cry CeCur.

Proof Since halw = he < maxyee, hs, = halo and Ko > 0 we have hf, < nf.
Moreover, v— = 0 because p < ¢, so that

n n
k; k k
prolo = max [T hf: ;< T] maxh ; = wilo.
“i=1 i=1 “

Inserting the above in Theorem [2] gives the result. a

Corollary 2 For 1 < p,q < 0o, p # 0o and assuming [Hgl. .. [Hg] Ko > o and
|k| > |o| + |v—| for k € Ko U Ko, we have

167 (F = Rp)|, <C(cly~'+ cg)
p( @)+ S |(maxhg)He gk )|

keEK,UKg

(22)

where C' is gwen in Theorem [4 Moreover, if p < q then [Hg] is not required. If
p < q and o = 0 then [Hg| and [Hg] are not required.
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Proof With a = k — o + v_ and using and we have
WSy lw < (maxhe)'®*! (min k) 711 < G N(max hy)le+ =11, (23)

Since k > o we have |v_| > |a—| and using Cg > 1 and max h,, < maxhg|, we
obtain
7T < O Nmaxhg) KTl =L (24)

Note that for p < ¢ and k € Ko then a > 0 and [Hg is not required. Similarly
using [Hg] and || < |o| + |v—| we obtain
Pl < q|_§'|7|+\'/—|(maxhqs)lklflffl*ll’f\. (25)

Moreover, for p < g and o = 0 we have Ko = Ks > 0 and E@l is not required.
Inserting and in Theorem 2| gives the result. a

1/p
Proof (Theorem [3) From 107 (f ~ ), = (Socni o~ )",
and with e =p > 1 and m = # Ko + #Au# Ko < 2#(Ko U Ko)Cr and again
with e =1/p <1 we get

167 (f = R, < 2" 5 # (Ko U Ko)' ™3 CaCaClo /P00y 7

T (x hﬁ(k*”*wuakfu:w)‘

keK, weM

+ Z ( Z Z h’yp+1 p(k U+V)||akf||q Sab)g}

keKg weM ¢pel,

By changing the summation order we have

Z Z h’Yerlhp(k U+V)||ak‘f”q S¢ Z Z h’7p+1hp(k a+u)||8kf||q e

WEM $EA, HED wEM,

Using this leads to

1

- _1 _1 |a|+§ ~p
107 (f = Rf)||, < 2" P # (Ko U Ko)' "7 CxCaCs " CrCy " Ci

[ Z ( Z P (k= 0+V)”akf’ ) Z (Zhgikfwru)”akf“q%) ,]

kEK, weM kEKo $ED
(26)
For p < ¢, Holder inequality with a; = h?” and e = (pr)~! > 1 implies

S RET ok < ( 3 hi)pu( Z hi(k_a)HakaZ,w)%

weM weEM (27)
() [0k akap

Similarly we get

Sl < (Sonk)T (S a0k se )

ped peP PES (28)
< CCTP ()" || pre, e 0 £,

p
q
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where we used [[g] and [[E to obtain

> he, <C&Y plsupp¢) < Co'Cep(92),

ped ped
and the characteristic functions 15, to obtain
Z hgd{k_a)”akaq,s(,) _/ (Z ]l% hq(k 6))|8kf(m)|q dax
ped ped
< [ Cont o]0 1(a)|" 2 = Cillpn.ad 2

Inserting and in gives for p < gq.

If p > ¢ then using with e = p/q > 1 we have

S R < (5 BT ot
weM weM (29)

[l 70" £l

Similarly
P
>R, < (X BTN, )
b€, PEA,
Z / Ls, (z)hIF~o )| o f(a;)yqdwf (30)
ped
<y [
Inserting and in gives for p > q. a

3.3 Global error p = oo

For p = oo, can be replaced with a bound on #A4,,, see Remark [2] Moreover,
we have v =v_ = —1/q.

Theorem 3 Assuming [Hgl. .. [Hu] we have

I = Nllo < Cmax { Z 1RE,* || ., b (31)

where C := QCAC’gsC’HCsl,UlCECM. Assuming in addition Ko > o and
|k| > |o| + |v—| for k € Ko U Ko we have with the same C

107 (f = Rf)||.. <C(Cl! + clgt=1y
max [ S0 maxha,) Mgk 4 (32

S
¢ ke K,UKg

Moreover, if ¢ = oo then (32)) does not require .
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Proof By and #A, < Cg we have

187 (f = Rf)l| .0 < CACaCLIC1 CCl

{ Z hﬁ_”+”||3kf||q,w+mix Z h§¢—a+u|’akf|{q’s¢ .
veR. PEL keKgo

(33)

If ¢ = 0o and o = 0, then v = 0 and h® < h’:w so that the first term in brackets
is bounded by the second and we get .

If g < 00 or o # 0 we use ,andto obtain

hgfaJrV < Cl@u‘(maxhsd))‘kli‘alilu‘, k> o,
hf;”“’ < qgfl-i-lu\(maxh%)\k\*\aI*IV\,
and inserting these in gives . If =00 then is not required. a

3.4 Mesh assumptions

The assumption can be replaced by one of the following

Hf #My < Cy, for all ¢ € &, #elements in supp ¢;
HYY hs, < Cswhy, forall we M and ¢ € Ay, local quasi-uniformity.

We show in Proposition [3|that implies for v > —1/p and that implies
for all values of ~.

Proposition 3 The conditions listed in the following table imply with the
corresponding constants C.

conditions ‘ Cu
0<%y 1

+1/p)_|+2
N ERY, |H Cff(: /)~ 1+%

Proof First we note that for all & > 1 we have

ZZSZZIE[( )aigz hi:N(Supp¢)<1

1
weMy S¢ weMy =1 S¢,t wCsy hs(b N(b(S¢))

hw,i
h .

This gives the first case as &« = yp+ 1 > 1. For v > —1/p, we use with
e =minyp + 1, and with & = (yp+ 1)/(minvp + 1) > 1 we obtain

h:/}p'i'l _ min h& \ min~yp+1 o

P w min yp
Z pYPt1 < #My ( Z ho ) < C# )
weMy ""Se weMy 5@

This shows the second case. For the last case, if holds then

p(se) > Y pw) > #My min u(w) 2 #MyCou” (S0).

weM,
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S¢
NSNS S S
e { AN

Fig. 5 A family of LR spaces on Which and hold uniformly, but Cig is not bounded.

Therefore holds with Cyx = Cg%,. Using again and with ¢ = vp + 1 we
have

Z ho < #My ma L <cr, ol
o = ¢’UJEM); hg‘ > Lsw bsw -
wEMy ¢ b

O

An interesting observation is that and influence the relation between

and Assuming we have that implies Assuming the two

shape regularity assumptions are equivalent. This is proved in Proposition [

Proposition 4 We have

HE = (g =Ea).
M = (Hg < [Hg) and Co) Cg < Cg < CswCa.

Proof Let w C sy be the element having the longest edge h.,;. Then by and

Hd

max hs, < Cy maxh, < CyCgminh, < CxCgminhs,.
Let i,5 € {1,...,n} be such that min hy, = he,,; and min hs, = hs, ;. Then using

and we have

max h, <maxhs, < Cgminhs,
= C@h%J < C@h5¢7i < CgCswhw,i = CgCsu min hy,

and follows. Similarly with the same 4,j and using [Hy;] and we have

max hs, < Csw max hy, < CgCsw min hy,
= C@Cswhw,i S C@Cswhw,j S C@Cswhs¢,j = C@Csw min hs¢

and [Hg] follows. O

Fig. shows a family of LR spaces [8][16] on which andhold uniformly,
but Cig is not bounded. The element w (M) has size h,, = (1,¢) and supp ¢ = s4

() has size hs, = (3,1). It can be shown that holds with Cy = 13, @holds
with Cig = e~ ! and holds with Cig) = 3. By letting ¢ — 0 we observe that no
bound for Cig can be a function of Cx and Cig.
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@ ¢ ¢ o o o o OO0 + o o o
O @ ¢+ « o o o o OOOQ » o o o »
QO @« « « « ¢ 0Oo0Oe -
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Fig. 6 Examples of index sets A (0) and their bases Ap (®) in N2.

4 Polynomial approximation

This section describes collections of operators I1,, that satisfy The construc-
tion is based on averaged Taylor expansion operators. To an index set A C N"
and a weight function ¢ € L'(£2) such that [ =1 we associate the operator
T,y : C(£2) — P4 defined by

Tast@ =Y [ oY 0 1) dy. (34)
acA

It is required that P4 is translation invariant:
Yy € R", P4 :=span{z®:a € A} =span{(z —y)* : @ € A}. (35)

Different choices are possible. The error bounds in terms of Sobolev and reduced
seminorms use A = {a € N" : |a| < d} and A = {a € N" : a < d}, respectively.

The operators T4, are defined on C*({2) and are uniquely extended to a
Sobolev space W, provided C*°({2) is dense in W and T4, is continuous with
respect to the norm of W. We also use the symbol T4 , for such extensions.

In the following we recall and prove the elementary properties of averaged
Taylor expansions. For the approximation properties we refer to [17]. We will need
the translations A — o of A and the base Ap of A defined as follows

A—oc:={a—oceN":ac A}, (36)
p={BeN"\A: keN"\Aand k<8 = k= ). (37)

Fig. [6] contains some examples of A and Ap.

4.1 General properties
Proposition 5 T4y is a projector, i.e., for all g € Pa, Ta yp9 = g.

Proof The Taylor expansion at the point y of g € P4 is a polynomial that has the
same partial derivatives as g. Therefore

gl@)= 3 T8 gay

a'
acA

and since [ =1 we have T4 yg(x) = g(x). O
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Proposition 6 For all o > 0 and f € C* we have
°Taf =Ta—eu,0° f. (38)

Proof The derivatives are with respect to  and can be computed inside the inte-
gral. We obtain

o Tauf@ =3 [ v 0" ) ay

agA U)
- > [T 9” 9B Fly) dy = Ta—g 40° (a).
BEA—0o
O
Lemma 1 If ¢ € C**4(w) then
Tasf@) = Y Can [ 00) 0" ftu) dy. (39)

acA
where Cq, 4 1= (—1)|a‘ > .BeA (5)
BZo

Proof Writing (34) with @ in place of a, integrating each term by parts, noting
that the boundary terms vanish and expanding 8° (¢ (y)(z — y)?) leads to

Bl-lal (g _ 1)
Tauf@) =3 (1) S ( ) / () TV @ =)
acA

Py a!l
a<lp
_ el S (PN [ %) =Y ry) ay.
=Y [y (D -
N A |

Lemma 2 For all weights ¢ with suppy C w, and box n C R™ the operator T'a
is continuous, meaning that for all v such that 0%v € LY(w),x € A we have

ha+1/p

ITa sl < 1l S0 2 0%l (40)

acA

Moreover, if ¢ € CE®*4(w) then for any v € LY(w)

1Taw0ll, < (3 1Caal ™

acA

a+1

10l g, ) Mol (41)

where Co,a is from Lemma [1]
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Proof First note that for y € n

h;l]+1/P

[,

ol

Let fo(x,y) := {w(y)(m — y)o‘(a!)_lao‘v(y)| . Using Minkowski’s integral inequal-
ity, see |2l Theorem 4, p. 21], the above and Hélder’s inequality we have

Tasily, < | [ seCmven], S%H/wfa(-,y)dyHM
0tJrl/zu
Z/Ilfa Y, dy < Z

acA acA

Similarly, with fo(x,y) = [Ca,40%%(y)(x — y)*(a!) " 'v(y)| we obtain @). o

¥l e 19%0 g

4.2 Approximation and

In this subsection we prove that the operators T4, satisfy Here for any box
7, the function 1y, is

Yy = H(U)_l(q/;OMn)a (42)
where My, is the orientation preserving affine bijection n — [0, 1] and ¥:[0,1] - R
is a fixed function such that [+ = 1. The result requires the following assumption
on the sy
Hy each sy, ¢ € @, is star shaped with respect to a box (4 and hs, < Cyxhe,.

If the s¢ are boxes then taking (s = sy implies [Hy| with Cy = 1.

The main idea is to specialize the approximation results from Dupont and
Scott [17] to truncated boxes satisfying [Hy] The error bounds in [17] for a domain
n star shaped with respect to supp v have the general form

1 =Tawfll,, <C D N10%flly-

acEAp

The assumptions in [I7] are equivalent to (1/¢,1/p) € R|q|, @ € A, where

" [0,1] r>n.
See Fig.[7] Note that R, almost coincide with the domain of validity of the Sobolev

embedding W"q((OZ) — LP(£2). In fact the embedding also holds at the point
(1,1 —r/n) [I, Theorem 4.12 and Remark 4.13 point 3].

Prop081t10n 7 Let ) € caxA(10,1]) and fzﬂ = 1. Suppose A C N" satisfies
([B5), and that for all o € (A — o) we have (1/q,1/p) € Rjo. Then there exists
constants Ca, such that for all truncated boxes n star shaped with respect to a box

¢ as in and for all f with 9*T° f € LY(n) we have

167 (F = Tawc P > Callhy™ o, (44)
ac(A—o)p

pn*
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(0,1) (1,1) (0,1) (1,1)

1 1
p p
||
(1917 %)
1_1_ |lof
P q n
1 || 1
(0’0) q (%,O) (0)0) q (170)

Fig. 7 On the left, the region R|q| for |a| < n. On the right the case |a| > n.

Proof First we consider o = 0 and a truncated box n = [0,1]\ 8 where 3 is a
box. The diameter of 7 is \/n because it contains two opposite vertices of [0, 1].

For a given ( this is a special case of [I7, Theorem 4.2] and corresponds to the
following substitutions and equivalency

Dupont-Scott | m B ¢ pa A° A_ D d ta >0
here | 0 0 p ¢ A A 1 vn (%,%)GRM
Note that in [I7] the floor of » € R is written as [r].

The Cq provided by [I7] depend on %¢, p, g. To find Cs independent of ¢
we use a compactness argument. By Proposition |2, and since ¢, € cgrexA(¢),
T4,y depends continuously on the size and position of (. These are described
respectively by h¢ € [C,;ll, 1] C R™ and a vector in [0, 1—h¢] C R™. Consequently
the constants are bounded on a compact set and they have a maximum.

For other truncated boxes 1 we apply a scaling and a translation. For o # 0
we use Proposition @ in the form 07 (f —Tawf) =9 —Ta—o,wg, g =0°f. O

We next consider a constant weight. Proposition [7] does not apply since 9 ¢
cmax A pevertheless we obtain an error bound with an explicit constant.

Proposition 8 Let n be a box. For 1 <p,g<oo,d>n, A={aeN":|a|l <d}
and Y () := u(n)_lln(m) we have

d—1

o d+1_ 2 a+tv qga+to

107 (f = Taw, DIl < D ( a';’l)” g ao g (45)
la|=d+1—|o|

Proof Suppose o = 0. It is enough to prove the case p = oo and ¢ = 1 because
Hf - TAvwanp’[O,l] S ||f - TA’w”fHoo,[O,l] and Haafnl,[o,l] S ||aaf||q,[0,1]' USing
Sobolev representation [I7, Section 3], that holds also for ¢ & Crax 4 we have

d+1
o!

(f~Taw N = 3

/ Koz, )% f(y) dy (46)
la|=d+1 [0,1]

where Ko (z,y) := (€ — y)® f[o 1 57" Y, (x 4+ 57 (y — x)) ds. The integrand in
Keq is 0 for ¢ + s (y — @) & supp,, in particular for s < n~1/2 |z — y||. For
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x,y € [0,1] we have ||z — y|| < n'/? and we get

1
|Ka(m,y)| < ||a: _ de—&-l/ s~ L gs < nn/2—1 Hm . y||d+1—n < n(d—l)/Z'
n=1/2||lz—y|

Inserting this estimate in gives the result for p = co and ¢ = 1. The case
o # 0 follows as in Proposition O

Theorem 4 Let 1) € cmax4([0,1]) and fvf) = 1. Suppose A C N" satisfies ,
and that for all a € (A — o) we have (1/q,1/p) € R Assume . Then there
exists a constant Cir such that the collection of operators Ta ., satisfies with
the following pairs (Kg,~y)

Kg= |J (A-b-B)s+b) and v =-1/q, (47)
be(A-B)
s=(A—-0)B and y=-maxA-—1/q. (48)

In particular for A ={a € N" : |a| < d}, becomes
Kpg={k=p:lkl=d+1}, ~v=-1/q
and if in addition the s¢ are bozes, i.e. Cy =1, b= ljo,1) and d — |o| > n then
(2n2)dH1
(d— o)

Proof We first consider the case 3 = 0. For each w € M, we need to consider the
approxunatlon for both n = w and 7 = s¢, ¢ € Ay. If n = w then [Hy - follows from
equation (44]) in Proposition lﬂ

Suppose 1N = s¢. By Proposmon T4, is a projector on P4 and for all g we
have

Cr =2 (49)

J=Tay,f=(—9) +Tay,(f—9). (50)

By and [[¢o|, = h;l/qH@Z)Hq/ we deduce

l/q hb+u

1 = Tawi fllpy S NUF = glly, + 1l wZ

W becA

o -al,, 6D

We fix g := T,y f € Pa where ¢ C 1 is a box satisfying use Proposition
and obtain

If = Tawo fll,, < D Caphy™[0%f], .,

acAp

+ 19l ,WZ Y Ca

hy beEA ac(A—b)p

<C Ll/q hk+u ak:
— thl/q Z n H qu,n’

mn ke Ko

hb+a v

10"l (52
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where we used h;l/thl,/q >1,8=0, Ko as in and C7 equals the maximum
of the Cop, a € Ap and [[¢)]gCaq(d)™1, b € A, a € (A — b)p times the
maximum number of repetitions of a derivative of f.

To prove we use Proposition instead of Proposition |7|in and obtain

If = Taw. fll,, < E1+ E2
where

d—1
d+1)n"2  atv qa
Brim Y WEUR T pocegay

al q:m’
la|=d+1

hl/ RbH+v d+1—|b))nT" b
gy s s D @RI e gese

~ pl/a b!
@ |b|<d |a|=d+1—1b]|

Setting ¢ = b 4+ o and re-indexing the double sum leads to the upper bound

hi/? (d+1—[B)n"5 \, cow) ne
B an Y (X )10
W le]=d+1 b<c
Using > <. (8_67;)”)! = 2lel = 29+1 e get
b/ d+1)2 05 oy e
E2 S E3 = hz/q fhn—i_ ”a f”qm-

w o |e|l=d+1

Finally, since E1 < E3 and (¢!)™! < n%T(d +1)!"! we obtain for o = 0.

To obtain we start from , set g = Ta,y. f € P4 where ( C 7 is a box
satisfying use [|0%Yully = h;l/qh;aH@"%/}Hq/, Proposition [7] and a scaling
argument and obtain

|Caa| Y1

If = Tawfll,, < ( ZA o e el )| =l
ac
ho max A—1/q N (53)
w (o % ot 74 (a7
< CHh— max A—1/q Z hn ||a f”q,n
n acAp
where Cr7 = (X o 4 |Ca,al ! 71079 ¢) maxae 4, Ca-
The case 8 = o # 0 follows from Proposition [f] a

5 Sobolev and reduced seminorms

We define two families of operators IT5 and ITE of the form T4y, from which
error bounds are derived in term of Sobolev and reduced seminorms, respectively.
For each case we summarize the assumptions required by Theorems and

The family 173 is defined by A = {a € N" : |a| < d}, Yo = p(w) ‘1, and
satisfy according to with

y=-1/q, Ko={k: |[k|=d+1}, Ko={k:o<kand |k|]=d+1}. (54)
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The famlly 2 is defined by A = {a € N" : a < d}, 1) as in for a fixed
¥ e €d([0,1]) and satlsfy 7| according to with

K():{(O,...,di—f—l,...,()):i:1,...,’n}, (55)
Ko ={(01,...,di+1,...;00):i=1,...,n}.

A graphical representation of the index sets for II5 and ITF is shown in Fig.
and [0] Remembering Propositions [3] is implied by different mesh properties
depending on whether p < g or p > q. This leads to the following theorem.

Theorem 5 Suppose that..!llmhold and (1/4,1/p) € Ray1-|0|
for IIS and in Ruin(d—o)+1 for 11 . Then l ), , and . ) hold under

the additional assumptions listed in the following table.

1; 1z
Ko, Ko from (b Ko, Ko from
p<g<co|p<g=oc0lqg<p p<q |g<p
error bound assumptions assumptions
(1) HT HE
(131]) 1mpossible H_f,f"
HE HE® HE
(22), o =0 v HY HY
HP* HE i
B2, o =0 Hi Hi Hi
constant substitutions substitutions
Cu cy 1 ci T | [l olden
C@ 1 1 Csw C@ 1 Csw CEI
Cn if d—|o|>n and Cx =1 see ([49)

Empty cells mean the estimate holds without additional assumptions. A stroked cell
means that the estimate does not apply and one should refer to Theorem[3 The
table also lists possible substitutions for Cu, Cg and Crr.

Ewample 1 For o0 = 0 and p = ¢ = 2 one obtains ) for HS from . m

. plus [H - with the substitution from the same column in C, i.e.,

C’M = C'# , Cg=1and #Ko = (d:" 1) giving

1

C= 4<d+" - 1) CACoCrCe CeC3.
n—1

Remark 3 For p > q element shape regularity, i.e. E@, is required indirectly as it
is implied by the assumptions and For p < q element shape regularity is
not required and shape regularity of the s4’s is sufficient. Finally for ¢ = co and
o = 0 no shape regularity assumption is required.
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A={k: |kl <6} A={k:|k| <6}
Ko = {k : |k‘ = 7} K(2,3) = {(27 5)7 (374)7 (47 3)}

Fig. 8 Some examples of A(0) and Kg(®) for Sobolev seminorms and given 3(®).

A={k<(4,5) A={k<(45)
Ko = {(076)7 (570)} K(3,4) = {(37 6)7 (574)}

Fig. 9 Examples of A(O) and Kg(®) for reduced seminorms and given 3(®).

6 Analytic functions and exponential convergence

In this section we consider a sequence of spline spaces {Sq = span ¢d}d2|a|+n of
degree d = (d, ..., d) and defined on the same domain (2. To each space we asso-
ciate a corresponding operator 84 and we study the behavior of || 07 (f — Nqf)
as a function of d.

I

6.1 Exponential convergence

The following theorem implies that the error decreases exponentially as the degree
increases, provided that the space resolution is sufficiently small.

Theorem 6 Let {®4}, {Na}, d > |o| + n be a sequence of generating systems

such that s¢ is a box for all ¢ € |J,; Pa. Suppose hold with

constants satisfying
C\CaCl1 GGl < CeBE (d + 1), (56)

for some C¢, Be,Se > 0. Then for all analytic function f : 2 CR™ — R and A
and T as in Proposition@ we have

187 (f = Raf)llog < Cold+ 1) TSetlolpdtizloly gy

where

maxhes | o, = 40 (208 B[ (minr) 17|

T = Qn%Be sup‘
o0

d

min r
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Proof Since the s, are boxes m holds with Cy = 1. Theorem 5| I applies and ([32)
holds with Ko, K¢ as in (54)) for p = ¢ = co. Bounding |8 fx) ! asin Proposmon

and noting Ko U Ko = Ko we have

k!(max hg, )41l
rk H

107(f = Raf)loo < C#HKo max {H
|k|=d+1

e

where using the substitutions from Theorem |5 ' Cp from ) and ( .

(d+1)% (2n2 B.)*!

O = QC)\C(@CHCS‘U‘CECM (C£—| + C||§|o-|+|u_|) < 4Ce (d _ |O'|)'

The result follows using #Ko < (d+1)""*, k!/(d — |o])! < (d + 1)\0\+1 and
(max hg,)* 1=l 1 mauxhdJrl o]l 1 2d+1-|o]|

< < .
rk ~ (minr)lel (mlnr)d+1—|‘7| = (minr)lel (253 B,)d+1-lo|

O

If # < 1 then (d + 1)*THlolzdt1=lol qocreases exponentially in d. More
precisely for all 1 > 7 > 7 we have

o d+1—|o
107(f = Raf)lloo < Cr™ 7N fl g 4 (57)
where Cr := Co maxg>|o|4n{(d + 1) tSetlel (7 /7)d+1=1e11 i bounded indepen-
dently of d. This shows exponential convergence.
Note that by h-refinement of the {®4} it is always possible to obtain 7 < 1.
We are able to prove exponential convergence on the space dimension by linking

the space resolution with the cardinality of @ as done in the following proposition.

Proposition 9 If span® D Pgq and the sy are boxes then

(d+ 1)1/ hylde < #6 < cch/ hy'dx
o) 0
where the upper bound requires [Hg| and that for all w € M

max{h§¢ (P €A}
< .
min{hl :¢ €Ay} ~ C (58)

Proof First we rewrite #® as a sum of integrals
40 = Zl—th;;dw—zz/h CED I DI
PEP peP PEP wCsy weM $EE,,

Since #E, > (d+1)* and h,_1 > h;l we have the lower bound. Usingand
we have #E, < Cg and hg, < Cyhy ! from which the upper bound follows. O

We now show exponential convergence as a function of the space dimension
provided that space resolution is small, but not too small.
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Corollary 3 Under the assumptions of Theorem[f] and of Proposition[9, if 7 < 1
and there are a,b > 0 such that for alld > |o| +n
17 minr

CeCq < a(d+1)", boniRB
nz Be

< minhg,, V& € (2, (59)

then there is T4 < 1 and Cr, independent of d and @4 such that
& )1/n
107 (f = Raf)lloe < Cru ™ 1l
Proof From we have
h;; < (minhg,) " < bn%_n(Qn%Be)n(minT)_".
Proposition [J] gives

#by < a(d+ 1)"/ hyrde <t "(d+1)"
2

where t™" := ab"# " (2n5 B,)" Jo(minz(x)) ™" de. From the above we deduce
d+1> t(#@d)%. By , and setting 74 := 7' and Cr, = C-7717! we have the
result for all 1 > 7 > 7°. O

7 B-splines and coefficient functionals

Many of the spline spaces used in applications are generated by B-splines and in
Section [8| we consider tensor product splines (TPS), analysis suitable T-splines
(AST), hierarchical splines (HS) and the locally refined splines (LR). This section
recalls some properties of B-splines and TPS that help in the construction of N
satisfying the assumptions in Sections [3]...Jf] For more material and proofs of
some of the results below we refer to [7][26] [36].

We recall first the properties of B-splines that we need for and @ Then
we introduce two families of coefficient functionals for TPS that satisfy The
functional Sy from [34] provides the smallest bound for C) available in the liter-
ature, but is restricted to supp Sy = supp ¢. Another functional G ., allows for
the choice of n = supp G, C supp ¢ and it is based on [25].

7.1 B-splines and their smoothness: [Hy|

A univariate B-spline of degree d is a compactly supported non-negative piecewise
polynomial with minimal support. Each B-spline of degree d is uniquely associated
to a knot vector, a non-decreasing sequence of d + 2 real numbers that encodes
its smoothness properties and its polynomial subdomains. The univariate B-spline
¢ of degree d associated with the knot vector O(yp) := [01(¢),...,0q+2(p)] has
support [01(¢), 0a+2(p)] so that hy, = Og+2(p) — 01(¢) and it is defined by

(@) = he[01(0), -, Oara ()] (- — @)L, (60)

where [01,...,04+2]f is the usual divided difference of f, that in this case is given
by f(0) := (0 —x)%.
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We recall that ¢|z € Py for all Z of the form [0;(p),0i+1(p)] with 6;(p) <
i+1(). If me,, () is the number of repetitions of x in ©(¢p) then ¢ has d—me,, ()
continuous derivatives at x.

Note that from and properties of divided differences it follows that

[e@ iz =nelor(o)obua(ell [ (—wpido= L2 (o)

supp ¢

A n-variate tensor product B-spline ¢ of degree d = (du,...,d,) is a product
of n univariate B-splines

o(x) == p1(x1) - pn(wn) (62)

and is defined by an n-tuple @(¢) := (O(¢1),...,0(pn)) of knot vectors. We
recall that hy = Reupp -

Lemma 3 For all B-spline ¢ = 1 ---pn of degree d we have

i/p (]2;/]9
m < ||¢||p < m, 1<p<oo. (63)

Proof By we have [|§]l,, = [l¢1ll, - [l¢nll,- By and Holder’s inequality

h"Pi R

and the lower bound follows. Since ||p;||, < 1 we have

d; +1

lgill, b, /P

(/R%(“)pd“)l/p = (/Rsoi(:ci) dxi)l/p N (d}—%/lz;l“f’

giving the upper bound. a

The L°° norms of the derivatives of a B-spline depend on its knot vectors. For
¢:SO1QOTL let

Agip =, min  {0:(p:) = Oe-k(pi)}- (64)

Then, as stated in the following proposition, [Hg]is implied by

O _Adidit

i < Cg, forall p € d,i=1,...,n, knot vector reqularity.
Apidi—oi+1

Proposition 10 Let @ be a collection of B-splines of the same degree satisfying

. Then holds with

(d+1)1270 o

Co == CE" (65)
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Proof Using 07 ¢(x) = 07 1(z1) + -+ O™ ¢n (xn), and the following univariate
bound [36, Theorem 4.22]

d

) dz‘ 27 1 dZ' AR _
0% ; < ———— AL < —— AT 66
H QOZHOO = (dz _ Uz)' k_d.l:[liav b1,k = (dz _ 0’1)' byi,di+1—0;0 ( )
we have
dilel oo dilel g
o o o o
107l < (d—o)! 41 Guisdi+l—oy S mce hy™

follows using Hélder’s inequality and the lower bound for |[¢||, in (63). O

7.2 Tensor product splines and polynomial representation

A (d + 1)-open knot vector is a non-decreasing sequence of real numbers = :=
[€1y. .., &s+d+1], s > d+ 1, with the following properties

51:“‘:£d+17 £s+1:“':£s+d+1; §i+d+1>£i7 7::17"'7‘&

Associated with = is the space Sz 4 2 P4 of piecewise polynomials of degree d
on the mesh {[&;,&i+1] : & < &+1} that have d — mz(z) continuous derivatives
at € [€1,&+d+1], where mz(x) is the number of repetitions of  in =. The
B-splines {¢1,...,9s}, where O(p;) = [&, ..., &it+a+1], constitute a basis of Sz 4
and provide a non-negative partition of unity.

Similarly, with an n-tuple of knot vectors & := (Z4,...,5y) where each =; :=
[€i1,- -, & si+d;+1] is a (d; + 1)-open knot vector we associate the tensor product
spline space

Sz,d4:=Sz,,d4, ®---®Ssz, .4, -

=ns

The canonical basis has s elements ¢;, with ¢ € [1,s] "N"

Bi(x) == @1,i, (1) - Pnji, (Tn), O(pj,i;) = [Ejigs -+ &rijrd;+1)-

Any g € P4 can be written explicitly as linear combination of the ¢;

g=Y_ (g, 6:)¢: (67)

1€[1,s]

The coefficients ¢(g, ¢;) are sometimes called blossoms and depend only on g and
the internal knots &;,i,+1,-.-,&j,i,4d;, 5 = 1,...,n of ¢;.
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7.3 Two families of coefficient functionals

A collection {S,} of bi-orthogonal functionals for the B-spline basis of Sz, 4 was
constructed in [34]. The collection satisﬁeswith Cx = (d+1)2%*!. No collection
of bi-orthogonal functionals can satisfy with Oy < kg, where kg, is the
condition number of the B-spline basis. It is known, see [36], p.528] for references,
that kq,p > c(d+ 1)_1/”2‘“‘1 for some ¢ > 0 independent of d and p. In this sense
the functionals S,’s are close to optimal.

The functional in [34] is defined only for univariate B-splines, but it can easily
be extended to the tensor product B-splines. To a B-spline ¢ = ¢1---¢n we
associate the operator Sy defined by

Solf) = / e 1), (o) @) (68)

where the w,, are described in [34] and have the same support as ¢;.
The bi-orthogonality properties of the Sy, their support and their norm directly
lead to the following proposition.

Proposition 11 Let ¢ be a collection of B-splines of degree d, then A = {Sy :

¢ € D} salisfies the assumptions and [Hg| with Cy = (d+1)*214+" and €, = 1.
Moreover, if @ is a TPS basis satisfying m then N defined by @ 18 a projector

onto span @, and [Hp] [Hg| and [Hy| are satisfied.

We will use the functional S for TPS, AST, THB and a subclass of LR. In the
next subsection and for general LR we need a functional with a smaller support.
We obtain it by modifying the construction in [25].

Definition 2 Let ¢ = @1 - - - ¢, be a B-spline of degree d and n =n1 x--- xnp C
supp ¢ be a box. We define

1
Gon(f) = — / W, ., (21) -+ W, 1, (n) [ (x) dir (69)
w(n) Jy
where wy,, n, € Pg, are such that

G‘ﬁﬂ](g) = C(g7 ¢), Vg € Pg. (70)

Proposition 12 For all ¢ and n C supp ¢, G, is well defined. If D is a col-
lection of B-splines of degree d, then for A = {Gg., : 1y C supp ¢, ¢ € @} the
assumptions [Hy] and [Hg| hold with constants Cs =1 and

— d+1 —d— —
Cx = (d+ )" maxhg ™ Pho 70y TG

i=1

Here Hy is the Hilbert matriz of order d + 1, i.e., the element in position (s,t)
is (s +t —1)"%, and || - || is the £>° operator norm. Moreover, if & is a TPS
basis satisfying then with N defined by @, andare satisfied.
If additionally each ng is contained in some wy € M, then R is a projector onto
span .
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Proof Due to the tensor product structure, all claims follow from the univariate
case. Let ¢ be a B-spline of degree d and 1 C supp ¢ be the desired support.

First we show that wy, ., is determined by (70). Let ¢ := I_;a;;’”, then express-

ing we,y(x) as
d .
We,p(z) = Z cjt(z)’
=0

we find
d

d
. 1 . i
Go.n(th) = E C; /t:czﬂdx = E —I
90777( ) = Jlu(n) . ( ) j:OZ J 1

Thus is equivalent to ¢ := (c1,...,cqy1) satisfying
Hic=0, (71)

where b := (¢(t°, @), ..., c(t%, ¢)). Since Hy is square and invertible the system is
well posed and w5 is uniquely determined.
We now prove By Holder’s inequality, and 0 < t(z) < 1 for € 7, we have

lwemll, [we,nll d+1
1Gnllp < ottiptn o A0 oo o (4 1)

N Z1C/) B 1 ) R S )

IE Bl - (72)

To bound |[|b||, we use Marsden’s identity

d+1
((y =), 0) = [T (w - 0:(9)) (73)
to obtain
. 1 p(suppg)” _ p(supp p)* .
O G war = e =0

Now for univariate B-splines follows from and .
Finally if @ is a TPS basis and 74 C wgy € M then by we have Gy, (V) =
¢(Y|wy, @) = 04,y for all ¢ € @, and consequently XN is a projector. O

8 Space specific results

In this section we describe a specific approximation operator X for TPS, AST, THB
and LR splines. For each operator we show which of the abstract assumptions of
Section [3] hold and give an upper bound for the corresponding constants. Com-
bining this information with Theorem [5] one obtains error bounds with Sobolev or
reduced seminorms.
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8.1 Application to tensor product B-splines

Assuming the usual mesh regularity, i.e. and we obtain all the error
bounds in Theorem [f] for TPS. Compared to what can be found in the litera-
ture, see for example [27][5][6], we take into account the local mesh size for all
combinations of p and q.

Theorem 7 Let @ be a TPS basis satzsfymg . Then the operator X correspond-
ing to A = {)\ ;¢ € D} zs a pm]ector onto S = span ® and the assumptions

- and are satisfied with

lo]
_ 1old/4n _(d+1)!2 lor| _
C)\—(d+1)2 5 C¢_W e > Cs—l,
Ce=(d+ 1), Cy=(d+1)", Ce=1.

Proof For TPS holds with Cx = (d + 1), and since supp ¢ = s4 we have
with Cg = (d 4+ 1). Then the thesis follows from Proposition |10, Proposition

8.2 Application to AST-splines

Cubic T-splines were introduced in [37][38] for geometric modeling applications.
The idea was to reduce the number of control points by replacing the control
polygon of TPS with a T-mesh. Depending on d, a tensor product B-spline is
associated with each vertex, edge or element of the T-mesh. The T-spline space is
spanned by these B-splines.

Analysis Suitable T-splines (AST) avoid linear dependencies by restricting the
class of allowed T-meshes [4][24][3]. AST spaces can be constructed in 2D [30]
and are also defined for 3D domains [29]. In particular AST are dual compati-
ble, cf. [4[3] and bi-orthogonal functionals for TPS are bi-orthogonal to AST. A
characterization of the piecewise polynomials spanned by an AST basis is in [9].

By Proposition [10|and and the bi-orthogonality properties of Sy we obtain the
following theorem. Compared to the result for TPS there is no a priori bound for
C4 which can be used as a measure of the mesh complexity.

Theorem 8 Let @ be an AST basis satzsfymg . The operator N correspondmg

to A={Xs =S4 : ¢ € P} is a projector onto S = span@ and., . .
and [Hy| hold with

lo]
_ 15|d]+n _(d+1)12 o]
y=(d+1)"2 , Cé_i(d—o‘)! o
Cs =1, Ce = (d+1)", Cy = 1.

8.3 Application to THB splines

Hierarchical spline were introduced in [19] [23]. Quasi-interpolants have been con-
structed in [39][40] based on the preservation of coefficient property [21] of the
truncated basis [20]. See [25] for a recent survey.
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Let ¥1,...,¥s be a sequence of TPS bases that span nested spaces, i.e. i <
j = span¥; C span¥; and 2 = 1 O --- D 25 = () a corresponding sequence of
closed domains. The hierarchical basis H is as follows

H:= U{¢ € W; :supp ¥ C (2; and suppy N (£2; \ 2ix1) # 0} (74)

i=1

The associated box-mesh M contains a similar selection of elements from the
tensor product meshes My, ..., M; corresponding to ¥y, ..., Ws:

M= U{UJGMiZWEQi\.Qi_A,_l}.

i=1

The truncation operator T; : span¥; — span{y) € ¥; : Y|\ o, # 0} is defined as

Ti( Z Cw"/’) = Z cyp). (75)

Yew; YEW;:
Plave, #0

By recursive truncation one obtains the truncated basis
HT = {Ts~~~T1'+1’¢:¢ ceHNY;, i = 1,...,8}.

It is convenient to abbreviate Ts---T;4+1% with T¢) and to annotate the symbols
referring to H' with a superscript T to distinguish them from those referring to H.
One of the advantages of the truncated basis is that the coefficients of a polynomial
g € Pgq are the same as for TPS

g=">_ cg,0)Te. (76)

peH

We say that a HB basis is k-admissible if for each w € M; N M, A, contains
only functions ¢ € ¥; for j — k < i < j. A THB basis is k-admissible if the
corresponding HB basis is. See also [13][14].

Theorem 9 Let & be a k-admissible THB basis satisfying @ and a be such
that hy < ahw, for all ¢ € ¥; and w C supp ¢, such that w € M; N M. Then
the operator Y corresponding to A = {Ary = S¢ : Tp € @} is a projector onto

S = span @, and [Hg, |, [He] and [Hy] hold with
Cr=(d+1)* 2" C.o=a,  Ce=k(d+1)', Cp=1

Pmof follows from ([76). Since ITéll, < l¢ll, we have with C\ = (d +

1)12|d 7. Noting that Sty = supp Sy = supp ¢ we have hs,, = hy < ahy < ahry
and [Hy| follows with Cs = a. As @ is k-admissible and sty = supp¢ we have
E., = A, and consequently #E., < k(d + 1)*. Since sg4 is a box we have Cy = 1.

O

Note that THB require more assumptions than TPS and AST. Comparing
with [39][40], we obtain global estimates with different p, ¢ norms that take into
consideration the local mesh size, see Theorem
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Fig. 10 Two examples with B-splines of degree (2,2). On the left, ¢>(.) is nested in ¢( ).
The dashed red lines represent a possible sequence of knots insertions to obtain ¢ form ). On
the right, ¢ is not nested in 1 even if supp ¢ C supp ¢ because the marked line corresponds to
a knot of v, but not to a knot of ¢.

8.4 Application to LR-splines

LR-splines where introduced in [16], here we use the equivalent definition from
[8]. A box mesh M and a function m that assigns a nonnegative integer to each
interface between two elements define the spline space

{feLOO(Q) flw € Py, Vwe/\/l,}

fe Cd”_m(E)(]ZZ’), for all inter-element interfaces £

where ¢ is the direction of the normal to E. Here we assume that (2 is a box.
Given a B-spline ¢ = ¢1---¢@, and s € {1,...,n} we can insert a knot 0 €

(01(ps); 0a+2(ps)) in O(ps) and obtain the two B-splines b=@1-@s-on and

¢ =1+ Ps - pn whose knot vectors are O(ps) = [01(ps),---,0, ..., 0a11(ps)]

and O(@s) = [02(ps), .-, 0,...,0412(ps)], respectively. We have
p=adp+bp,  abe(0,1]. (77)

Knot insertion defines a partial ordering on the set of B-splines, we write ¢ < 1),
if there exists a sequence of B-splines ¢1, . .., ¢, with ¢ = ¢1 and ¢ = ¢, such that
each ¢;t1 is obtained from ¢; by knot insertion, see Fig. If ¢ < 1 we define

e
Cop,¢p = H a;, where ¢;—1 = ai¢; + bi¢; as in 1}
=2

We write ¢ <k ¥ if there exists a similar sequence whose elements are all contained
in K. The minimal B-splines for <k are called minimal support B-splines in K.

Since Pg C K, the space K contains the Bernstein polynomials B;, @ € [0, d]NN"
on {2. The LR generating set @ associated to K contains the minimal support B-
splines ¢ € K that are obtained from the B;’s using knot insertion. The B-splines in
@ span a subset of K containing Pg4, but they can be linearly dependent. If g € Py
then we have g = Z¢e¢ I(g, @)@, where, with ¢(g, ¢) as in @, the coefficients are
given by the following recursive formula [§, Theorem 4.4]

(g, 0) i=c(g,0) = Y cyollg, ), Ny={ped:¢=<v} (T8

YEN,,
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Unfolding the recursion we find

(g, ) =c(9:8) + Y 2up.0c(9,%) (79)

PEN,
for some zy, 4 € R. It follows that is satisfied by the collection A = {\y, ¢ € P},

Ao =S+ Y 2,6Guysupp s (80)
PYEN,

where Sy and Gy supp ¢ are defined in and (69)), respectively.

Theorem 10 Let ® be an LR generating system satisfying and such that
for all ¢ € &, ¢ € Ny we have hy, < Lhy. Then the collection A = {A4,¢ € P}

with Ay as in defines an operator N that satisfies and [Hg| with

n
Oy = 29140 (g 1) Ve ogd 5 TT 1H, "

=1

I

(d+1)121 o

Ce = (d—o) ©°

Cszl, C*:l

Moreover, if Cz = (d + 1), then Cy = (d + 1)12/4+m,

Proof [Hg|follows from (B0)). Proposition [10]implies[Hy] Since sy is a box we deduce
[Hy| with Cs =1 and with Cy = 1. We need to show From we have

Mol < (156l + D 12600l 1Gw supp sl )- (81)
PEN,

The zy,4 are sums of products of ¢, g. Consequently they are sums of terms in
[—1,1]. Therefore |zy,¢| is bounded by the number of terms and we have

|2p.6| < #{oriented paths in Ny from 1 to ¢} < 2#Ne~1 < 9%=2, (82)

Finally, ¢ < ¢ implies [|¢[|, < [[#[l,, and using (81), (82), Proposition [12] and
hy < fhy we obtain with the claimed C\.
If Cg = (d + 1)* then by [0, Theorem 4], Ny = () and Ay = Sy. O

9 Closing remarks

The polynomial approximation assumption [Hz] can be extended to allow for more
general bounding terms. A possibility are fractional order Sobolev seminorms, or
derivative dependent summability g as in [I7]. We do not foresee major difficulties
in such extensions, but surely they would be notationally heavy.

A second remark is that the results are based on local bounds. In particular the
cardinality of @ and the boundedness of {2 are not used in the proofs. Note however
that the embedding of L1(2) C LP(£2) for the case p < q requires p(2) < co.
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Assumptions for space independent estimates

Hp! polynomial reproduction  Ng =g, Vg € P

i functional continuity H)\¢H*p qu||p < Cy

H, generators’ reqularity ||80¢Hp,w < C@h;”u(w)%,u(supp ¢)_% ||¢||p

E locality of N hs, < Cshyg and hid) < CPu(supp ¢)

Hr o8 (f — wa)||m < Cn% ZkEKﬂ hg—ﬂ+v Hakaqm
H_E bound on sy overlaps #E, < Cg

& mesh regularity Iy := (Zwe% hlp+1h;¢7p_1)l/p < Cy

Hig element shape regularity ~ maxh,, < Cgminhy,

Hg shape regularity of s4 max hs, < Cgymin hs¢

Mesh regularity assumptions that imply |E|

Hf #elements in supp ¢ #My < Cu
H|  local quasi uniformaity hs, < Cswhe

Assumptions that imply |Hj7| using averaged Taylor expansion

H s star shaped and hs, < Cyhe,
B-spline specific assumption
Hq(? knot vector regularity A¢sivdi+1Aq_5,i,di70i+1 < Cp

Table 1 Table of the assumptions and corresponding constants.
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