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ROBBO: An Efficient Method for Pareto Front
Estimation With Guaranteed Accuracy
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Abstract—A new method to estimate the Pareto front (PF) in
bi-objective optimization problems (BOPs) is presented. Assum-
ing a continuous PF, the approach, named ROBBO (RObust and
Balanced BOP), needs to sample at most a finite, precomputed
number of PF points. Upon termination, it guarantees that the
worst case approximation error lies within a desired tolerance
range, predefined by the decision maker (DM), for each of the
two objective functions. Theoretical results are derived about
the worst case number of PF samples required to guarantee the
desired accuracy, both in general and for specific sampling meth-
ods from the literature. A comparative analysis, both theoretical
and numerical, demonstrates the superiority of the proposed
method with respect to popular ones. The approach is finally
showcased in a constrained path-following problem for a 2-axis
positioning system and in a steady-state optimization problem for
a continuous-flow stirred tank reactor (CSTR). An open demo
implementation of ROBBO is made available online.

Index Terms—Bi-objective optimization (BOP), multiobjective
optimization, optimal design, Pareto front (PF), set membership
estimation, uncertainty quantification.

I. INTRODUCTION

B I-OBJECTIVE optimization problems (BOPs) are ubiq-
uitous in science, engineering, and economics [1], [2],

[3]. In control, BOPs are extremely common because control
tuning yields a wide range of possible tradeoffs. BOPs account
for over 50% of the tuning problems, while about 30% pertain
to three objectives, and 20% to more than three, see [4]. A
typical approach to deal with a BOP is to approximate the
set of all the nondominated feasible points in the objectives
(or criteria) space, named Pareto front (PF), and let the
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decision maker (DM) manually select the desired one, based
on various application-specific considerations. Such an a pos-
teriori articulation of preferences [5] allows the DM to make
informed choices, having a complete understanding of how
the objectives conflict. It is also the most documented case for
control problems, as shown in [4]. There are three categories
of PF approximation strategies: pointwise, piecewise, and
others.

The first class corresponds to computing a finite “solution
set” that acts as a surrogate of the whole PF. The most common
methods provide a point-cloud approximation by sampling the
PF, each sample being the solution of an auxiliary single-
objective optimization problem with scalarization techniques
to find a specific tradeoff (see, for instance, [6], [7], [8], [9],
[10]). Evolutionary strategies or meta-heuristics have been
proposed as well ([11]; [12]), proving to be effective even
for irregular PFs. Among these methods, it is common to use
archiving techniques to preserve only high-quality solutions to
improve performance indicators. Although they are important
tools, no ideal archiver exists that simultaneously combines
practical applicability and strong theoretical guarantees, see
the survey [13]. The complete set of Pareto optimal solutions
can involve an infinite number of potential tradeoffs, thus mak-
ing it impossible to be fully described by a finite set of points.
Moreover, reaching a good approximation is impractical when
the sampling process is expensive, for example, requiring time-
consuming simulations, global optimization, or experiments.

The second class, piecewise approximation methods, is a
direct extension of the previous one, consisting of different
interpolation/fitting strategies of the elements of the solution
set: piecewise linear ([14]; [15]), outer, inner, and “sandwich”
approximations ([16]; [17]), quadratic or cubic [18]. To refine
the approximation, these methods exploit iterative techniques
to sample the PF considering a chosen error metric.

The last category includes meta-models or higher order
functions to provide a surrogate PF. Examples are enclosure or
box coverage, like [19], [20], [21], and [22], which approxi-
mate the PF as the union of rectangles in between the sampled
PF points and evaluate the approximation quality based on
their size, or also continuous Pareto manifold approximation
[23] for multiobjective reinforcement learning, or combination
of local manifolds [24], which was shown to be particularly
effective when dealing with complex, irregular PF. Moreover,
in recent years, machine learning methods have been adopted
to train models providing a complete representation of the PF
in multiobjective optimization. The main approaches in this
category are summarized in Table I.

Finding an accurate estimate of the PF with as little
computational or experimental effort as possible, i.e., the
smallest number of samples, is important for an effective
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TABLE I
OVERVIEW OF MACHINE LEARNING METHODS USED IN PF APPROXIMATION

and efficient decision-making process. At the same time,
providing a guarantee on the estimation error is crucial to
make an informed decision. Ideally, the DM would like to
have a method that: 1) builds an estimated PF with proven
guaranteed error with respect to the real one; 2) with the
possibility to specify the error tolerances for each criterion;
3) knowing early on the worst case number of PF samples
needed to guarantee the desired accuracy; and 4) paired with a
“realization mechanism” that, once a point on the estimated PF
has been selected, returns a point on the real PF that satisfies
the tolerance requirements. Notwithstanding the large number
of PF estimation approaches in the literature, to the best of our
knowledge, none of them addresses all these requirements. We
refer to such a problem as a robust and balanced PF estimation-
realization: robust, because it provides accuracy guarantees,
and balanced, because it constrains the ratio of the estimation
errors of the two objectives to a desired value.

The main contribution of this article is to provide such a
method. First, we introduce a linear, invertible transformation
of the PF that casts the problem as that of approximating a
conveniently chosen univariate scalar function. Such a trans-
formation accounts for the error tolerances defined by the
DM. Under a continuity assumption, we derive the set of
all possible PFs (the feasible Pareto function set) compatible
with the sampled points, along with its tight upper and lower
bounds. A first theoretical result establishes the necessary
and sufficient conditions on the PF samples to guarantee the
desired accuracy, for any possible approximation belonging to
the feasible set. Then, our new method, RObust and Balanced
BOP (ROBBO), is introduced. It is an iterative algorithm that
uses the point-wise distance between the bounds to select the
most informative next sample, among a finite set of suitably
chosen candidates, thus obtaining an efficient algorithm where
the worst case uncertainty is quickly reduced to below the
desired threshold. After presenting the method and deriving
its theoretical properties, we compare it theoretically and
numerically with popular alternative methods, demonstrating
its superiority in terms of sample complexity. ROBBO opti-

mally preallocates the sampling coordinates that guarantee
meeting the required tolerances in the worst case, based on our
theoretical results. Then, it explores these coordinates using
an incremental learning strategy to adapt to each problem,
potentially requiring fewer samples than the worst case the-
oretical bound. Furthermore, we showcase the performance
of ROBBO on a constrained path-following problem for a
2-axis positioning system and on the computation of the
economically optimal steady state of a continuous-flow stirred
tank reactor (CSTR).

The article is organized as follows. Section II includes
preliminary notions and problem formulation. Sections III–V
present the theoretical results, the proposed approach, exten-
sions, and comparisons. Section VI contains the simulation
results, and Section VII concludes the article.

Notation: A bold-faced symbol like z denotes a vector, zi

its ith entry, and zT its transpose. R2
�0 and R2

�0 are the set of
vectors in R2 with non-negative and with nonpositive entries.
The Pareto Cone is R2

�0 � R
2
�0 \ {[0, 0]T }. Similarly, we define

R2
≺0 � R

2
�0 \ {[0, 0]T }. The Minkowski sum of two sets A and

B is A ⊕ B � {a + b | a ∈ A ∧ b ∈ B}. Throughout the article,
for a continuous and uncertain function h, functions h and h̄
denote its (tightest) lower and upper bounds, respectively.

II. PROBLEM STATEMENT

In this section, we introduce the BOP problem and the
robust and balanced PF approximation problem, which is
structured into the three subproblems P1–3.

We consider the BOP

min
x∈S

f (x) (1)

where the function f (x) : Rn → R2 returns the two objectives
(or criteria) z1,2 = f1,2(x) : Rn → R, and the design variables
are restricted to the feasible design set S ⊂ Rn. We denote
the feasible criterion set with Z � { f (x), x ∈ S } ⊂ R2. We
further denote a specific sample in S , with an associated
index j, as x( j), and the corresponding objective vector as
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Fig. 1. Robust and balanced PF estimation-realization: PF (blue line) and its
approximation (red line), candidate selection (yellow point) and its realization
(red point) within the tolerance region (dashed violet box).

z( j) = f (x( j)) = [z( j)
1 , z( j)

2 ]T . We recall a few fundamental
definitions [35].

Definition 1: A point z(1) ∈ Z dominates a point z(2) ∈ Z,
with notation z(1) ≺ z(2), iff z(2) ∈ {z(1)} ⊕ R2

�0. That is, z(1)

presents better performance in one objective and at least equal
in the other.

Definition 2: The set of Pareto optimal decisions is X∗ �
{x∗ ∈ S |@x ∈ S , x , x∗ : f (x) ≺ f (x∗)}.

Definition 3: The PF is the set of all nondominated points
in Z, P � {z∗ = f (x∗) : x∗ ∈ X∗}.

We refer to x∗ and z∗ as a Pareto optimal point in the
decision space and in the criterion space, respectively.

We next introduce two specific points belonging to the PF,
named anchor points, z∗(a1) and z∗(a2), obtained by solving the
following auxiliary problems:

z∗(a1) = f
�
x∗(a1)� : x∗(a1) = arg min

x∈S
f1(x) (2a)

z∗(a2) = f
�
x∗(a2)� : x∗(a2) = arg min

x∈S
f2(x). (2b)

Assumption 1: P is a continuous and compact curve in R2.
Satisfaction of Assumption 1 depends on the application at

hand and on the modeling choices made when defining f and
S . Compactness is a very mild condition, since it holds when-
ever the anchor points (2) are finite, which is always the case
in sensible engineering applications. Note that compactness
of the PF does not require compactness of the feasible design
set S , nor of the feasible criterion set Z. Also, continuity is
a mild assumption in real-world engineering problems, where
discontinuous PFs are not frequently encountered [36]. Fur-
thermore, we discuss possible strategies to handle the presence
of discontinuities in our approach at the end of Section IV-B.
The entries of z∗(a1), z∗(a2) form the upper and lower extremes
of the closed and bounded intervals obtained by projecting P
on the Cartesian axes in R2. We indicate the lengths of such
intervals with ∆1 � z∗(a2)

1 − z∗(a1)
1 and ∆2 � z∗(a1)

2 − z∗(a2)
2 , see

Fig. 1.
We now consider an estimate P̂ ≈ P (PF approximation).

We denote a point in P̂ with ẑ, and introduce the realization
concept, which is a mapping R : P̂ → P . Thus, for any
ẑ( j) ∈ P̂ we have that R( ẑ( j)) ∈ P . From a decision-making

perspective we will refer to the point ẑ( j) selected by the DM
on the approximation P̂ as the candidate, and to z∗( j) = R( ẑ( j))
as the realization of the candidate, i.e. the related point on
the actual PF. We denote the realization error as the vector
ε = ẑ − z∗, ε ∈ R2.

We consider a scenario where the DM wants to derive P̂
and R such that the following property of the realization error
holds:

∀ ẑ ∈ P̂ , z∗ = R ( ẑ) , |ε1| < δ1 ∧ |ε2| < δ2 (3)

where δ1, δ2 are defined by the DM according to the desired
accuracy/tolerance for each criterion. As anticipated in the
Introduction, we refer to a pair (P̂ , R) satisfying (3) as a
robust PF estimate-realization.

We further consider that the approximated PF is obtained
on the basis of a finite number M of PF samples, which
include to a minimum the anchor points (thus, M ≥ 2), forming
the data-set D = {z∗(a1), z∗(1), . . . , z∗(M−2), z∗(a2)}. Without loss
of generality, we consider the elements z∗( j) ∈ D to be
ranked according to the f1-coordinate so that z∗( j)

1 < z∗( j+1)
1 .

A graphical illustration of the considered setup is presented
in Fig. 1. Since obtaining each sample in D may require the
solution of complex and time-consuming simulations, global
optimization and/or experiments, it is of interest to the DM to
have an estimate-realization that is not only robust, but also
requires a “low” value of M. From the theoretical standpoint,
our goal is thus to investigate what are the conditions on D to
satisfy (3), whether there is a minimum number M of suitably
chosen samples such that requirement (3) is surely satisfied,
and whether there are estimation-realization algorithms that
are particularly efficient in terms of worst case value of M, i.e.
they require a low number of samples to provide the accuracy
guarantees.

As we show in Section III, we can cast the PF estimation
problem into a function approximation one. Then, given a data-
set D, one can derive the set of functions that are compatible
with the observed PF samples. We name this set the feasible
Pareto function set (FPFS D). Given this framework, we
address the goal of efficiently deriving a robust reconstruction
of the PF via three fundamental problems, P1–P3, formulated
as follows.

1) P1: Derive necessary and sufficient conditions on D such
that, for any PF P and any estimate P̂ belonging to the
corresponding FPFS D, there exists a realization R such
that (3) is satisfied.

2) P2: Derive the smallest number M of PF samples
required to guarantee the conditions of P1.

3) P3: Obtain an algorithm that builds a specific estimate-
realization pair (P̂ ,R) satisfying (3) with a finite number
of samples M < M, which is the smallest possible in the
worst case.

We remark that problems P1–P2 consider any possible
(admissible, i.e., belonging to the FPFS D) estimate P̂ and,
since the PF is not known except for its samples, any possible
(admissible) PF. The value M shall thus be valid for all
possible combinations of P̂ ,P ∈ FPFS D.

On the other hand, in problem P3 we aim for a specific
estimate P̂ , thus the “worst case” scenario mentioned in P3
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Fig. 2. Subsets I( j) (red) and A( j) (green) pertaining to a point z∗( j).

Fig. 3. Left figure: PF as a curve P in the normalized coordinates
( f1/δ1, f2/δ2). Right figure: PF as a function h(v) in (v, q) coordinates. The
dashed violet boxes represent the tolerance region.

refers to the uncertainty about P only. This is why the value
of M in P3 is generally smaller than M, and we look for
the estimation approach that minimizes it. We provide the
solutions to problems P1–P3 in Sections III and IV.

III. ROBUST PF ESTIMATION—THEORETICAL RESULTS

This section establishes the theoretical framework to address
and solve problems P1 and P2, formulated in Section II.

A. Feasible Pareto Function Set and Its Optimal Bounds

According to the Pareto dominance relation, each PF point
z∗( j) ∈ D defines the following two subsets:

I( j) �
˚

z∗( j)	 ⊕ R2
�0 ∪

˚
z∗( j)	 ⊕ R2

≺0, A( j) � R2 \ I( j). (4)

The set I( j) is the subset of the criterion space in which no
points of the PF can be present, because they would either be
dominated or dominate the point z∗( j), contradicting the fact
that the latter belongs to the PF, see Fig. 2. Thus, I( j) ∩ P =

∅, ∀ j.
Regarding the anchor points, the corresponding sets

I(a1), I(a2) are larger, i.e.,

I(a1) �
˚

z∗(a1)	
⊕ R2

�0 ∪
˚

z∗(a1)	
⊕ R2

≺0

∪

n
z : z1 < z∗(a1)

1

o
I(a2) �

˚
z∗(a2)	

⊕ R2
�0 ∪

˚
z∗(a2)	

⊕ R2
≺0

∪

n
z : z2 < z∗(a2)

2

o
(5)

while A(a1), A(a2) are still their complements, as in (4).

Considering now the set D altogether, we can partition the
objective domain in the set ID ⊂ R2 and its complement, AD

ID �
[

z∗( j)∈D

I( j), AD � R2 \ ID. (6)

As presented in Fig. 3 (top), AD is the subset of the criterion
space that is guaranteed to contain the actual PF, according to
the information provided by the data D. It also corresponds to
the intersection AD =

T
z∗( j)∈D A( j). By construction, we have

that P ∈ AD and ID ∩ P = ∅.
The set AD is instrumental in defining what we call the

feasible Pareto function set, FPFS D. We first convert the
original coordinate system ( f1, f2) into a new one, denoted
by (v, q), by the following transformation matrix W:�

v
q

�
=

√
2

2

�
1 −1
1 1

�264 1
δ1

0

0
1
δ2

375
„ ƒ‚ …

W

�
f1
f2

�
. (7)

Namely, the transformation consists of normalizing the two
objective functions by the corresponding desired error toler-
ances, and of rotating the scaled axes so that f1/δ1 overlaps
with the bisector of the first quadrant of the new coordi-
nates, see Fig. 3. This operation generalizes the mathematical
abstraction of the problem, making it independent of the error
bounds δ1, δ2. Moreover, the transformation matrix W allows
us to reformulate the problem of estimating a continuous PF as
that of estimating a black-box Lipschitz continuous function
q = h(v). Moreover, this specific transformation is such that,
for a fixed value of v, the scalar error interval about the
function h corresponds to error intervals on ε1 and ε2 that
maintain the ratio δ1/δ2, as will be shown in the following.
For any PF point [z∗1, z

∗
2]T , we denote the corresponding point

in the transformed coordinates with�
z∗v
z∗q

�
= W

�
z∗1
z∗2

�
. (8)

The transformed anchor points are thus [z∗(a1)
v , z∗(a1)

q ]T =

W z∗(a1) and [z∗(a2)
v , z∗(a2)

q ]T = W z∗(a2). Since the transformation
corresponds to a scaling with positive coefficients and a
clockwise rotation by (π/4) of the objectives’ axes ( f1, f2),
and recalling that the points in D are ordered by increasing
f1-values, note that the points in the rotated dataset are still
ordered by increasing values of their first coordinate, i.e.
z∗(a1)

v < z∗(1)
v < · · · < z∗(M−2)

v < z∗(a2)
v .

Moreover, note that, by the Pareto dominance relation,
in general for any two points z∗( j), z∗(`) ∈ P we have
z∗( j)

1 < z∗(`)1 ⇔ z∗( j)
2 > z∗(`)2 . Thus, P can be seen as a strictly

monotonically decreasing function relating z∗2 with z∗1. Since
in (7) we apply a linear and invertible transformation, we can
still interpret the transformed front as a function, denoted by
h, such that z∗q = h(z∗v). Under Assumption 1, h is continuous
(i.e., h ∈ C0). Its domain is given by the interval delimited
by the transformed anchor points projected on the v-axis, i.e.,
[z∗(a1)

v , z∗(a2)
v ]. Thus, the actual PF P can be also written as

P =
˚
W−1[v, h(v)]T ∀v ∈ [z∗(a1)

v , z∗(a2)
v ]

	
(9)
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which for simplicity we denote in short as P = W−1h. We
are now in position to define the FPFS D, i.e., the set of
all continuous functions h [i.e., all PF P according to (9)]
compatible with the samples in D

FPFS D

�
˚
h ∈ C0, h :

�
z∗(a1)

v , z∗(a2)
v

�
→ R | W−1h ∈ AD

	
. (10)

In this framework, estimating the PF is thus equivalent to
deriving a function ĥ ≈ h in the rotated coordinates. For a
given function ĥ, one can in fact obtain the corresponding
estimated PF as P̂ = W−1ĥ.

With a slight abuse of notation, we indicate with P , P̂ ∈
FPFS D a PF (or estimated PF) whose corresponding function
h, ĥ ∈ FPFS D. Considering the function set FPFS D allows
us to compute tight bounds on the estimation error. We do this
in a Set Membership function approximation framework [37],
by first deriving the so-called optimal upper and lower bounds
to the FPFS D, h̄D and hD, defined as

h̄D :
�
z∗(a1)

v , z∗(a2)
v

�
→ R, h̄D(v) � sup

h∈FPFS D

h(v)

hD :
�
z∗(a1)

v , z∗(a2)
v

�
→ R, hD(v) � inf

h∈FPFS D
h(v). (11)

These functions are the tightest upper and lower bounds to the
values that any function in FPFS D can take. For a generic
v′ ∈ [z∗(a1)

v , z∗(a2)
v ], denote

z∗( j−)(v′) = arg min
z∗( j)∈D

ˇ̌
v′ − z∗( j)

v

ˇ̌
s.t. z∗( j)

v ≤ v′

z∗( j+)(v′) = arg min
z∗( j)∈D

ˇ̌
v′ − z∗( j)

v

ˇ̌
s.t. z∗( j)

v ≥ v′ (12)

i.e., the samples whose v-coordinates represent the extremes
of the smallest segment, among those defined by each pair
of samples, containing v′. These two samples always exist,
since the anchor points themselves are assumed to be part of
D, and they coincide only if v′ = z∗( j)

v for some j. Otherwise,
considering the ordering of the data-set by increasing v-values,
we have that z∗( j+)(v′) is the point right after z∗( j−)(v′) in the
dataset.

Theorem 1: Given the BOP (1) and a data-set D, under
Assumption 1 it holds

h̄D(v) � min
z∗( j− )(v), z∗( j+)(v)

zq
∗( j) +

ˇ̌
v − zv

∗( j)
ˇ̌

hD(v) � max
z∗( j− )(v), z∗( j+ )(v)

zq
∗( j) −

ˇ̌
v − zv

∗( j)
ˇ̌
. (13)

Proof: See the Appendix. �
Note that solving the optimization problems in (13) amounts

to evaluating the upper and lower bounds contributed by just
two points, z( j−)(v) and z( j+)(v), and taking the tightest ones.

Remark 1: From Theorem 1, it is evident that the upper
and lower bounds (13) are Lipschitz continuous functions with
Lipschitz constant equal to one. Therefore, by a local analysis
in the neighborhood of a generic PF point z∗, one can derive
that, in the considered problem, h(v) is a Lipschitz continuous
function with Lipschitz constant smaller than one (see Fig. 3,
bottom graph, for a visualization). This fact could be used to
further refine the FPFS D by restricting it to such a function
class. However, this restriction would not change any of the
findings and is thus omitted for simplicity.

B. Conditions for Robustness Guarantees

Equipped with the FPFS D and its optimal bounds, let us
now introduce the local, λD(v), and global, λD, worst case
estimation errors on the basis of the available data D [37]

λD(v) � sup
ĥ,h̃∈FPFS D

ˇ̌
ĥ(v) − h̃(v)

ˇ̌
= h̄D(v) − hD(v) (14a)

λD � max
v∈
h
z∗(a1)

v ,z∗(a2)
v

i λD(v). (14b)

The local worst case error provides an upper bound to the
difference, for a specific v, between any two functions in
FPFS D, thus also including the rotated PF h(v), since it
belongs to this function set. Equation (14a) can be proven
using the definition of the optimal bounds (see e.g., [37]). The
global worst case error is the maximum local error overall v
values in the functions’ domain. In the BOP problem at hand,
since we are dealing with a scalar function of a scalar variable,
these quantities can always be computed analytically, using
Theorem 1 and the compactness of the segment [z∗(a1)

v , z∗(a2)
v ].

Indeed, computing λD(v) amounts to applying (13), while
we provide next a result to derive λD. Let us denote with
R(`), ` = 1, . . . ,M − 1, the open intervals on the v-axis
defined by each pair of consecutive points in D, i.e., R(1) =

(z∗(a1)
v , z∗(1)

v ), R(2) = (z∗(1)
v , z∗(2)

v ), . . . ,R(M−1) = (z∗(M−2)
v , z∗(a2)

v ).
For a given ` = 1, . . . ,M − 1, let us denote generically
with z∗(`−), z∗(`+) the samples whose v-coordinates define the
extremes of R(`). Finally, let us denote

V (`) = z∗(`+)
v − z∗(`−)

v (15a)

Q(`) = z∗(`+)
q − z∗(`−)

q . (15b)

Proposition 1: Given the BOP problem (1) and a dataset D,
under Assumption 1 the global worst case error bound is

λD = max
`=1,...,M−1

V (`) −
ˇ̌
Q(`)

ˇ̌
. (16)

Proof: See the Appendix. �

The global bound λD plays a key role in the solution to
problem P1, which is provided by the next result. In the
remainder, for a generic estimated Pareto point ẑ we will make
use of the realization

z∗ = RS M ( ẑ) � W−1
�

ẑv

h(ẑv)

�
(17)

i.e., such that the v-coordinates of the estimated and of the
actual Pareto point are the same. The value h(ẑv) in (17)
can be computed by solving a suitable auxiliary optimization
problem, which we introduce in detail in Section IV-B.

Theorem 2: Given the BOP problem (1), a dataset D, and
a tolerance vector δ, under Assumption 1 it holds:

∃R : Property (3) is satisfied ∀P̂ , P ∈ FPFS D

⇐⇒

λD ≤
√

2. (18)

Proof: See the Appendix. �
We now address problem P2, i.e., to derive the mini-

mum number of samples such that the condition laid out by
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Theorem 2 is met, i.e., λD ≤
√

2. Recall that ∆1 = z∗(a2)
1 −z∗(a1)

1
and ∆2 = z∗(a1)

2 − z∗(a2)
2 .

Proposition 2: Given the BOP problem (1) and a tolerance
vector δ, under Assumption 1, the minimum number of
samples required to satisfy condition (2) is

M =

�
1
2

�
∆1

δ1
+

∆2

δ2

��
+ 1 (19)

and the corresponding dataset D shall be evenly allocated in
the segment [z∗(a1)

v , z∗(a2)
v ].

Proof: See the Appendix. �

Remark 2: Using Proposition 2, the DM can evaluate, after
computing only the two anchor points, the minimum number
of samples that surely (i.e., no matter the shape of the actual
PF) attains the robustness conditions of Theorem 2. Note that
the anchor points themselves are included in M, and that the
result also prescribes how these points should be sampled, i.e.,
such that they uniformly partition the interval [z∗(a1)

v , z∗(a2)
v ] into

segments whose length is at most
√

2.

IV. ROBUST AND BALANCED BOP

We now address problem P3, i.e., we propose an algorithm,
named ROBBO, to obtain an estimate-realization pair (P̂ , R)
that attains the robustness guarantees with a much lower
number of samples than what is obtained in the general case
of Proposition 2. Moreover, the algorithm attains a balanced
error vector, in a sense better specified below.

A. Central Estimate, Minimum Number of Samples and
Balanced Error Property

ROBBO adopts the following estimate of the PF for a given
set of samples D:

P̂c = W−1ĥc, ĥc =
1
2
�
h̄D + hD

�
. (20)

The function ĥc is the central estimate of h, and its worst
case approximation error is the minimum among all possible
estimates, considering the information that h ∈ FPFS D [37],
[38]. The global worst case error pertaining to ĥc is equal to
the so-called radius of information [38]

max
v∈
h
z∗(a1)

v ,z∗(a2)
v

i sup
h∈FPFSD

ˇ̌
h(v) − ĥc(v)

ˇ̌
=

1
2
λD. (21)

Since the worst case approximation error obtained by ĥc is the
minimum one, this estimation approach results to be the most
efficient in terms of number of samples required to guarantee
the robustness condition (3) for any P ∈ AD (i.e., any h ∈
FPFS D).

Proposition 3: Consider the BOP problem (1) and a toler-
ance vector δ. Under Assumption 1, if the central PF estimate
P̂c (20) is adopted, then:

∃R : property (3) is satisfied ∀P ∈ FPFS D

⇐⇒

λD ≤ 2
√

2. (22)

Moreover, the corresponding minimum number of samples is

Mc =

�
1
4

�
∆1

δ1
+

∆2

δ2

��
+ 1 (23)

and the corresponding dataset D shall be evenly allocated in
the segment [z∗(a1)

v , z∗(a2)
v ].

Proof: See the Appendix. �

Regarding the realization R, ROBBO employs RS M ,
already introduced in (17). The main reason is that this
realization yields an additional property on the approximation
error vector ε: it is such that the ratio |ε1|/|ε2| is always fixed
and equal to the ratio of the prescribed error bounds

∀P̂ ,P ∈ FPFS D ∀ ẑ ∈ P̂ , z∗ = RS M ( ẑ) ,
|ε1|

|ε2|
=
δ1

δ2
.

(24)

This property can be derived along the same lines as the proof
of Theorem 2. We call an estimate that enjoys this property
balanced. The balancing property ensures equal errors for
the two criteria normalized to their respective tolerances,
i.e., (|ε1|/|ε2|) = (δ1/δ2) → (|ε1|/δ1) = (|ε2|/δ2). Further-
more, balancing the error is consistent with the approximation
requirements set by the DM through the choice of tolerances,
since a larger tolerance is typically accompanied by a pro-
portionally larger user-acceptable error. When a pair (P̂ ,R)
satisfies (3) and (24), we say that it is a robust and balanced
PF estimate-realization pair, see Fig. 1 for visualization.

B. Iterative Algorithm

ROBBO builds iteratively the dataset D until the condition
(3) is satisfied. Let us denote with k ∈ N the iteration number
of the algorithm. Besides the anchor points, computed with
the auxiliary problems (2), at each k ROBBO computes a new
sample of the PF by choosing a suitable value ṽ ∈ [z∗(a1)

v , z∗(a2)
v ]

and solving the following auxiliary optimization problem:

x∗ = arg min
x∈S

δ1 f1(x) + δ2 f2(x) (25a)

s.t. δ2 f1(x) − δ1 f2(x) −
2δ1δ2
√

2
ṽ = 0. (25b)

The corresponding PF sample is z∗ = f (x∗). The equality
constraint (25b) is designed to find the Pareto point z∗ such
that its v-coordinate is equal to ṽ, and its q-coordinate is equal
to h(ṽ). In fact, we have�

f1
f2

�
= W−1

�
v
q

�
=

24δ1

.√
2(v + q)

δ2

.√
2(q − v)

35
q =

√
2

δ1
f1 − v

δ1 f2 =
δ1δ2
√

2
(q − v) = δ2 f1 −

2δ1δ2
√

2
v. (26)

Note that the gradient of the cost (25a) is perpendicular to
the gradient of the equality constraint (25b), both seen as
functions of f1, f2, so that ideally the point [ f1(x), f2(x)]T

would slide along the equality constraint until reaching the
desired PF point. Under Assumption 1, solving problem (25)
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Algorithm 1 RObust and Balanced BOP
Inputs: f1, f2, S , δ (or δ%)
Output: P̂c

Algorithm:
a) Set k ← 1, compute anchor point z∗(a1) by solving (2a).
b) Set k ← 2, compute anchor point z∗(a2) by solving (2b).
c) Initialize the dataset D〈2〉 ← {z∗(a1), z∗(a2)}.
d) Preallocate the sampling coordinates:

d1) compute ∆1 ← z∗(a2)
1 − z∗(a1)

1 , ∆2 ← z∗(a1)
2 − z∗(a2)

2 ;
d2) if tolerances as δ%, compute δ← [∆1δ

%
1 ,∆2δ

%
2 ]T ;

d3) compute the number of samples Mc from (23);
d4) define a grid of strictly increasing v-values ṽ(r), r ∈
I = {1, . . . ,Mc − 2} in the interval [z∗(a1)

v , z∗(a2)
v ],

equally spaced one from the next and from the
anchor points’ coordinates z∗(a1)

v , z∗(a2)
v ;

d5) initialize the set of explored indices E〈k〉 ← ∅.
e) Compute λ

〈2〉
D ← V − |Q|, from (16), with V and Q derived

from (15), (z∗(`−)
v = z∗(a1)

v , z∗(`+)
v = z∗(a2)

v ).
f) While λ

〈k〉
D > 2

√
2:

f1) set k ← k + 1;
f2) select ṽ〈k〉 ← ṽ(r∗), r∗ ← arg maxr∈I\E〈k−1〉 h̄D(ṽ(r)) −
hD(ṽ(r)), where h̄D and hD are computed using (13)
with D = D〈k−1〉;
f3) update the set E〈k〉 ← E〈k−1〉 ∪ {r∗};
f4) solve (25) with ṽ = ṽ〈k〉, the new sample is z〈k〉;
f5) update the dataset D〈k〉 ← D〈k−1〉 ∪ {z〈k〉};
f6) compute λ

〈k〉
D as in (16) with D = D〈k〉.

g) Return the PF approximation:
g1) compute h̄D, hD from (13), with D = D〈k〉;
g2) compute the central approximation ĥc as in (20);
g3) return P̂c ← W−1ĥc, where W−1 is the inverse of
the linear transformation introduced in [7].

always yields a PF point, both for convex and nonconvex
PFs. This auxiliary optimization problem also serves as a
practical implementation of the realization z∗ = RS M( ẑ) [see
(17)]: in this case, one shall set ṽ = ẑv, where ẑv is the v-
coordinate of ẑ. The pseudo-code for ROBBO is outlined in
Algorithm 1, where the notation ·〈k〉 denotes a quantity that
is updated at each iteration k. In virtue of Proposition 3,
Algorithm 1 is always guaranteed to end in at most Mc
iterations (including the ones to compute the anchor points),
satisfying the robustness guarantees (3). In practice, a much
lower number of samples may be needed, depending on the
actual shape of the PF. The algorithm also accepts relative
tolerances δ%

1 = δ1/∆1 and δ%
2 = δ2/∆2 as an alternative

option for the DM instead of absolute ones, see point d2).
We present some benchmarks about the actual number of
iterations in Section V, for different PF shapes. Regarding
step f2) of the algorithm, if more than one value of ṽ(r)
attains the same worst case error, then we select the one that
is farthest, according to the v-coordinate, from the already
collected samples. If there is more than one value with equal
ranking, we pick the smallest one. ROBBO’s computational
complexity scales with the worst case axis-wise sample count
d(κ/4)e + 1, where κ = (1/δ%

1 ) + (1/δ%
2 ) [see (23)], and with

Fig. 4. Computation of λ(`)
D,max,c, λ

(`)
D,max,l, for the central and linear approx-

imation, in the generic interval R(`).

the features of the BOP problem. Specifically, the complexity
of the algorithm is O(κCs + κ2). The first term is linear in
κ and in the computational cost Cs of solving a scalarization
problem, which is determined by the features of the BOP and
of the chosen solver [39], typically representing the dominant
computational burden. The second, quadratic term accounts
for the loop searching for the new sampling coordinates, i.e.,
step f2) of Algorithm 1.

Remark 3: If Assumption 1 is violated, i.e., the PF is
discontinuous, then the auxiliary problem (25) may either be
infeasible or yield a solution outside the optimal bounds, i.e.,
not Pareto optimal. In the first case, one can adapt the problem
according to Pascoletti–Serafini scalarization to always find a
Pareto optimal solution, relaxing the linear constraint (25b),
[40]. In the second, one can apply Pareto filters to refine
the dataset D, [41]. A rigorous extension of ROBBO to
discontinuous PFs is the subject of current research and outside
the scope of this work.

V. SAMPLING STRATEGY: ANALYSIS AND COMPARISONS

This section analyzes the sampling strategy adopted in the
algorithm. First, a method to compute a priori the guaranteed
accuracy as a function of the sampling budget is introduced
(Section V-A. Then, central and linear approximations are
compared (Section (V-B), while the bisection approach is
assessed against uniform and greedy sampling (Sections V-C
and V-D). Finally, the superiority of ROBBO in preallocating
the number of samples over conventional scalarization meth-
ods is rigorously proved (Section V-E).

A. Limited Sampling Budget

A relevant situation in practice is when the DM has a limited
budget of PF points to be sampled, denoted by nB, and wants
to know what are the attainable guaranteed worst case error
bounds on each of the two objective functions, δ̄1, δ̄2, that
comply with a desired ratio α = δ̄1/δ̄2, representing the relative
importance of the two criteria. Using the central estimate
(which guarantees the smallest worst case error) and evenly
distributed samples as done by ROBBO (which guarantees
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Fig. 5. Empirical comparison of the iterative sampling heuristics when varying
the front shape.

satisfaction of property (3) with the smallest number of
samples), we can impose the following condition:

λD =
z∗(a2)

v − z∗(a1)
v

nB − 1
=

1
nB − 1

√
2

2

�
∆1

δ̄1
+

∆2

δ̄2

�
(27)

which stems from Proposition 3 and includes the computation
of the two anchor points as part of the budget nB. Then, using
δ̄1 = αδ̄2, we obtain

δ̄1 =
∆1 + α∆2

4(nB − 1)
, δ̄2 =

∆1 + α∆2

4α(nB − 1)
. (28)

This result can be used to precompute, after obtaining the
anchor points, the attainable worst case accuracy guarantees
as a function of the sampling budget nB to be allocated. A
case study for this approach is presented in Section VI-B.

B. Linear Interpolation

An alternative estimation technique, widely used in practice,
is the piecewise linear approximation, denoted by ĥl(v). For
a generic interval R(`) = [z∗(`−)

v , z∗(`+)
v ] ⊂ [z∗(a1)

v , z∗(a2)
v ] (see

Section III-B). This estimate is given by

ĥl(v) = z∗(`−)
q +

z∗(`+)
q − z∗(`−)

q

z∗(`+)
v − z∗(`−)

v

�
v − z∗(`−)

v

�
∀v ∈ R(`). (29)

For simplicity, we adopt a graphical interpretation to study the
guaranteed accuracy properties of this estimation technique
and compare them to those of the central estimate, see
Fig. 4. We denote with λ(`)

D,max,c and with λ(`)
D,max,l the worst

case error pertaining to the central and linear approximation,
respectively. Regarding the central estimate, consistently with

Proposition 1 and (21), we have λ(`)
D,max,c = ((V (`) − |Q(`)|)/2)

and this value is attained for all v-values in the interval
[v′′, v′] (see Fig. 4 and (53) in the proof of Proposition 1).
About the linear estimate, geometric considerations lead to
λ(`)
D,max,l = ((V (`) − |Q(`)|)/2)(1 + (|Q(`)|/V (`))). It is immediate

to note that the two worst case errors are the same only if the
q−coordinates of z∗(`−), z∗(`+) coincide, i.e., |Q(`)| = 0. This is
the situation when the worst case error is largest in the interval
R(`), as argued in the proof of Proposition 2. Otherwise, the
central estimate has generally better worst case performance,
depending on the difference V (`) − |Q(`)|. Note that, due to the
Lipschitz continuity property of the rotated PF with a constant
smaller than one (Remark 1), we always have V (`) > |Q(`)|.
Finally, note that, for the linear approximation, the worst case
error is attained only at coordinates v′′ and v′ and not in
between them.

C. Greedy Bisection Sampling Strategy

It is interesting to compare the sampling approach adopted
in ROBBO to a more common, greedy bisection method. In
the latter, instead of picking a point from the uniform grid,
at each iteration one selects, as value of ṽ in problem (25),
the midpoint with the largest uncertainty among all intervals
R(`), thus bisecting that interval. From the considerations of
Section V-B, the midpoint always corresponds to the largest
worst case error λ(`)

D,max,c for the central estimate, thus sampling
it can generally bring a significant reduction of the uncertainty.
For the linear approximation, to pick the point with maximum
uncertainty one could sample at coordinate v′ or v′′, i.e. z∗(`)+v −

(V (`) − |Q(`)|)/2 or z∗(`−)
v + (V (`) − |Q(`)|)/2.

If the greedy bisection strategy is adopted, the algorithm
still converges in finite iterations, and we can precompute the
maximum number. This corresponds to Mc only in a very
specific case; it is larger. In fact, if the bisection approach is
used, in the worst case (i.e., when the actual PF is such that its
q-coordinates are all equal, so that |Q(`)| = 0, ∀`), the global
worst case error bound max` λ

(`)
D,max,c is halved only when all

intervals have been halved. Each time that this happens, we
say that one epoch has passed. We can then compute the worst
case number of epochs ne and the upper bound of samples,
Mg, for such a greedy strategy to guarantee satisfaction of (3),
as a function of the distance Va between the anchor points’ v-
coordinates

Va

2ne
≤ 2
√

2⇒ ne =

�
log2

�
Va

2
√

2

��
Mg = 2 +

neX
i=1

2(i−1) (30)

where Mg takes into account the anchor points. We note
that Mg of the greedy bisection strategy is equal to Mc
of the uniform sampling only in the very special case
that the ratio Va/(2

√
2) is a power of 2, otherwise, it is

larger.
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Fig. 6. Uniform sampling for EC (left plot), NBI (central plot) to satisfy the
requirement (3), and nearest neighbor PF approximation (right).

D. Empirical Benchmark of Estimation and Sampling
Strategies

While the theoretical findings of Sections V-B and V-C refer
to worst case situations, it is important to assess the actual
performances in different scenarios, i.e., the actual number
of samples that ensures the robust accuracy requirement (3).
We perform the analysis comparing the following alternatives:
S1) central estimate with uniformly allocated points (i.e.,
ROBBO); S2) central estimate with greedy bisection sampling;
S3) linear interpolation with uniform distribution of points;
S4) linear interpolation with greedy bisection sampling; and
S5) linear interpolation with greedy sampling of the points
with largest uncertainty (i.e., points with coordinates v′ or v′′

mentioned in Section V-C).
We set the elements of the tolerance vector as percentages,

and consider the following BOP:

min
x

f (x) = [x1, x2]T (31a)

s.t.

 
2X

i=1

xi
p

! 1
p

≥ 10 (31b)

x1, x2 ≥ 0. (31c)

The PF of this problem is given by f2 = (10p − f1 p)(1/p),
derived from constraint (31b). The anchor points are z∗(a1) =

[0, 10]T , z∗(a2) = [10, 0]T . The PF is convex for 0 < p < 1,
it is linear for p = 1, and concave for p > 1. In addition to
the shape, the value of Q0 = |z∗(a2)

q − z∗(a1)
q | can be controlled

by varying δ%
1 , δ

%
2 : since ∆1 = z∗(a2)

1 ,∆2 = z∗(a1)
2 , we have in

fact Q0 = (
√

2/2)((1/δ%
1 ) − (1/δ%

2 )). Thus, when δ%
1 = δ%

2 the
two anchor points have the same q-coordinate. This allows us
to also test the worst case situation, by setting p = 1 (linear
front) and δ%

1 = δ%
2 (the whole rotated front with the same q-

coordinate). We present the results obtained in case of Q0 = 0
with δ%

1 = δ%
2 = 1.5%, and of Q , 0 with δ%

1 = 1%, δ%
2 = 3%.

In both cases, we tested different values of p ∈ [0.01, 7]. The
results are reported in Fig. 5.

Overall, we see that the central estimate (S1 and S2)
performs better than the linear interpolation (S3, S4, and S5).
As expected from the theory, when Q = 0, central and linear
behave similarly when the shape of the front is close to linear
(i.e., when p ≈ 1), since both approximations match (S1 with
S3 and S2 with S4). This comparison confirms that the central
estimate combined with uniformly spaced samples (S1), as
implemented in ROBBO, is overall the best option. A demo

implementation of this example is openly available at [42],
including an open implementation of the algorithm.

E. Theoretical Comparison With Popular PF Estimation
Methods

We now compare the worst case required number of samples
obtained by ROBBO with that of some of the most popular
exact strategies for PF approximation. For this purpose, we
have selected the ε-constraint approach [9], denoted by EC,
and the Normal Boundary Intersection one [7], NBI. Because
these methods deliver a point-wise approximation of the PF
(i.e., nearest neighbor), we consider the distance between a
noncomputed point and its nearest neighbor as the approxi-
mation error (see Fig. 6, right). Thus, to satisfy the robust
accuracy condition (3), the distance between two sampled
points d = z∗( j+1) − z∗( j) must satisfy

|d1| ≤ δ1 ∧ |d2| ≤ δ2. (32)

Using the EC method, a point-wise approximation of PF is
provided by solving several instances of the scalar problem
that minimizes one of the two objectives, while constraining
the other objective to be less than or equal to a value ε [9].
At each new instance, ε is increased by a fixed quantity to
obtain a uniform distribution of points with respect to the
constrained criterion. To satisfy condition (32), one needs to
repeat the procedure for both objectives (see Fig. 6, left). The
corresponding worst case number MEC of samples is therefore

MEC =

�
∆1

δ1
+

∆2

δ2

�
+ 1. (33)

The NBI method [7] produces samples that are uniformly
spaced when projected on the segment connecting the anchor
points, see Fig. 6 (center). We denote with W such a segment,
and with δ⊥ the distance between the projections of two
subsequent samples on W. Let us consider the quantities
l1 = δ1 cos (β) and l2 = δ2 sin (β), where β = tan−1(∆2/∆1).
In the worst case, to fulfill (32), it must hold δ⊥ ≤ min (l1, l2).
Then, we can compute the worst case number of samples
MNBI by dividing the length of W by δ⊥ that satisfies this
condition. Without loss of generality, we consider δ1 = αδ2
and ∆1 = γ∆2. Then, assuming l2 < l1 we have

∆2

δ⊥ sin (β)
=

∆2

δ2(sin (β))2 =
∆2

δ2

1 + tan(β)2

tan(β)2

=
∆2

δ2

1 + (∆2/∆1)2

(∆2/∆1)2 =
∆1

2 + ∆2
2

δ2∆2

=

�
∆1

2

δ2∆2
+

∆2

δ2

�
=

 
∆1

2

δ1
α

∆1
γ

+
∆2

δ2

!
=

�
∆1

δ1
αγ +

∆2

δ2

�
l2 < l1 ⇒ δ2 sin (β) < δ1 cos (β)⇒ δ2 sin (β)
< αδ2 cos (β)

⇒ α >
sin (β)
cos (β)

⇒ α >
∆2

γ∆2
⇒ αγ > 1 (34)
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Fig. 7. Top plot: PF estimate from ROBBO (green samples), EC (light
blue), and NBI (red). Second plot: performance of the active learning of
the PF method (ALP, [25]) on the same problem. Lower plots: worst case
approximation error λδ1 and λδ2 represented along the f1 axis, for ROBBO
and ALP, compared with the error tolerances. Note that the λδ2 plot is in
logarithmic scale.

from which we derive

MNBI =

�
∆1

δ1
αγ +

∆2

δ2

�
+ 1αγ > 1. (35)

Assuming l1 < l2, with similar passages we obtain

MNBI =

�
∆1

δ1
+

∆2

δ2

1
αγ

�
+ 1,

1
αγ

> 1. (36)

Finally if l1 = l2 we find

MNBI = MEC =

�
∆1

δ1
+

∆2

δ2

�
+ 1. (37)

Now, comparing Mc (23), MEC (33), and MNBI (35)–(37), we
see that NBI needs, in the worst case, at least the same number
of samples as EC, which is approximately four times larger
than in our method, where we exploit the optimal bounds and
a continuous estimated PF instead of a nearest-neighbor one.

VI. CASE STUDIES

To test the proposed approach, the ROBBO algorithm is
adopted in this section to solve two bi-objective control
problems. In the first case, the user defines the error tolerances
a priori, whereas in the second, the thresholds are tuned
according to the sampling budget and the error ratio between
the two objectives.

A. Path-Following Positioning System

We present the application of ROBBO to a constrained-path
following problem for a 2-axis positioning system, formulated

Fig. 8. CSTR example: Test I and test II results and scalarization by convex
combination of the two objectives, with the same budget nB = 10. Estimated
PF of the economically optimal steady states for a CSTR (upper plot),
comparison of the worst case approximation errors λδ1,2 represented along
the f1 axis, and the error tolerances δ1,2 (lower plots).

as a finite-horizon optimal control problem (FHOCP). The
system modeling and problem formulation are reported in [43].
The two computed anchor points are z∗(a1) = [10−8, 3.71 10−1]
and z∗(a2) = [5 10−3, 2.54 10−1]. In this experiment, the
objectives’ tolerances are set to δ1 = 3.5 10−4 and δ2 = 2 10−3

(i.e., approx. 7% and 1.7% of the range of values given by the
anchor points).

From the anchor points computation, we derive Mc = 20,
by (23), and ROBBO reaches the accuracy guarantees in 5
iterations after computing the anchor points, i.e., k = 7 samples
in total. Fig. 7 shows that the algorithm sampled fewer points
where f1 is almost zero (i.e., very small tracking error) with
large completion time, since the corresponding solutions are
practically equivalent from the perspective of f1.

Then, taking the role of the DM, we selected a candidate
solution on the approximate PF, close to the knee, i.e., the
point at which the completion time is greatly reduced but
with a very low cost in terms of tracking error. The selected
candidate is ẑ = [1.99 10−4, 2.683 10−1], and its corresponding
realization z∗ is RS M( ẑ) = [5 10−5, 2.674 10−1], both displayed
in Fig. 7, upper plot. The two lower plots of the figure also
show the value of the error bound along the approximation
for both objectives and the related user-defined tolerances.
Comparing the solution chosen by the DM and its realization,
according to the theory we obtained an approximation error
ε = [1.49 10−4, 8.5 10−4], such that |ε1| < δ1 ∧ |ε2| < δ2 and
(|ε1|/|ε2|) = (δ1/δ2) = 0.175. The global worst case errors
obtained by the approximation for objectives 1 and 2 are
λ̄δ1 = 2.92 10−4, λ̄δ2 = 1.67 10−3, verifying that tolerances
are met for any candidate. Finally, we compute a discrete PF
approximation adopting the EC and NBI methods with the
same number of samples as ROBBO. The results are displayed
in Fig. 7. Neither EC nor NBI meets the condition (32) with
the allotted number of samples. We obtain as highest gap
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for EC |dmax
1 | = 8.34 10−4, |dmax

2 | = 1.08 10−1, and for NBI
|dmax

1 | = 1.50 10−3, |dmax
2 | = 3.92 10−2. The same figure (second

plot) also presents the results of a test using the method in
[25], showing that the shape of the PF can be challenging to
capture for learning approaches such as Gaussian processes.
In this method, the realization is computed by selecting a
coordinate along f1. Hence, the uncertainty is measured only
for the second objective, yielding a 95% confidence interval
of ±6.25 10−2, see Fig. 7, lower plots.

B. Continuous Stirred-Tank Reactor
We use ROBBO to approximate the PF of a steady-state

optimization problem for a CSTR, maximizing production rate
versus minimizing cost. The system modeling and problem
formulation are reported in [43]. We provide ROBBO with
a budget of nB = 10 samples, including anchor points, see
Section V-A, and perform two tests. In test I, we set the
tolerance ratio α = δ̄1/δ̄2 = 3/7 to favor better accuracy for f1,
while in test II we set α = 7/3. When adopting this strategy,
step c) of Algorithm 1 presents the following changes: Mc is
not computed but directly set equal to nB, δ1 = δ̄1, δ2 = δ̄2 are
computed using (28). Then, at step e), the algorithm is iterated
as long as k ≤ nB, thus exploiting the whole sampling budget.
In test I we obtain the guaranteed tolerances δ̄1 = 1.0284, δ̄2 =

2.3997, while for test II we obtain δ̄1 = 2.8314, δ̄2 = 1.2134.
As expected from the theory, their ratios are equal to the
imposed α values. The results are displayed in Fig. 8, where
the upper plot presents the PF estimates for both test I and
test II, in red and blue, respectively. The two lower plots
present the worst case realization errors for each objective
individually, computed as λδ1 (ẑ( j)

1 ) = δ1(
√

2/2)λD(ẑ( j)
v ) and

λδ2 (ẑ( j)
1 ) = δ2(

√
2/2)λD(ẑ( j)

v ), and the error tolerances δ1, δ2. As
shown in Fig. 8, the guaranteed error bounds λδ1 and λδ2 are
always below the precomputed values of δ1 and δ2. The global
worst case error bounds corresponds to λ̄δ1 = 1.012, λ̄δ2 = 2.36
for test I, and to λ̄δ1 = 2.806, λ̄δ2 = 1.202 for test II. It is
interesting to notice how the samples’ positions in terms of
( f1, f2)-values change between the two tests, while in the (v, q)-
coordinates the approach always adopts an even distribution
of samples. This is due to the effect of the tolerance values on
the linear transformation (7), recalling that the identification
is performed in coordinates (v, q). Finally, Fig. 8 also presents
a comparison between Test I, II, and the samples obtained
by minimizing the convex combination β f1 + (1 − β) f2 with
the same budget nB = 10 of β values evenly distributed in
the interval [0, 1]. Such a scalarization method is a rather
commonly used approach to attempt the PF approximation. It
can be clearly noted that the scalarization results are extremely
poor with respect to ROBBO, with a large part of the PF with-
out any samples and corresponding high approximation error.
The widest gap between two samples with the scalarization
method measures |dmax

1 | = 7.75, |dmax
2 | = 12.11.

VII. CONCLUSION AND FUTURE DEVELOPMENTS

We presented new results in the field of BOP, delivering
the algorithm ROBBO, which builds an estimate of the PF
with guaranteed accuracy, a low number of required samples,
and a desired balancing between the estimation errors with

respect to the two criteria. We proved these properties theo-
retically by assuming the PF to be a continuous and compact
curve in R2, and compared the approach with other ones,
both theoretically and empirically, showing the superiority of
ROBBO in terms of the required number of samples to attain
the desired guarantees. Thus, it is ideally suited for providing
a comprehensive approximation of a continuous PF for bi-
objective problems where computing nondominated solutions
is computationally expensive. Future research will focus on
problems with more than two objectives, discontinuous fronts,
and uncertain fronts, i.e., with objective function outcomes
affected by some intrinsic variability.

APPENDIX

Proof of Theorem 1: Consider a value v ∈ [z∗(a1)
v , z∗(a2)

v ], and
take any z∗( j) ∈ D. Assume that z∗( j)

v < v, i.e. v = z∗( j)
v + ∆v

for some ∆v > 0. Now consider a value q = z∗( j)
q + |v− z∗( j)

v |+

∆q, where ∆q ∈ R. Since ∆v > 0, we have that q = z∗( j)
q +

∆v+∆q. Then, consider the point [v, q]T and apply the inverse
transformation

z = W−1
�

v
q

�
=
δ1δ2
√

2

24 v
δ2

+
q
δ2

−
v
δ1

+
q
δ1

35 . (38)

By substituting v = z∗( j)
v +∆v and q = z∗( j)

q +∆v+∆q and after
a few manipulations, we obtain

z = z∗( j) +

264 δ1
√

2
(2∆v + ∆q)

δ2
√

2
∆q

375 . (39)

Since ∆v > 0, it is immediate to note that z < {z∗( j)}⊕R2
�0 ⇐⇒

∆q < 0, which means

z <
˚

z∗( j)	 ⊕ R2
�0 ⇐⇒ q < z∗( j)

q +
ˇ̌
v − z∗( j)

v

ˇ̌
. (40)

If ∆v < 0, i.e. z∗( j)
v > v, we have q = z∗( j)

q − ∆v + ∆q. Along
the same lines, in this case, we obtain

z = z∗( j) +

264 δ1
√

2
∆q

δ2
√

2
(2 |∆v|+ ∆q)

375 (41)

and we reach again the statement (40). Now, for z to be
nondominated by any of the samples z∗( j), the condition (40)
must hold for all of them, i.e.,

z <
[

z∗( j)∈D

˚
z∗( j)	 ⊕ R2

�0 ⇐⇒ q < min
z∗( j)∈D

z∗( j)
q

+
ˇ̌
v − z∗( j)

v

ˇ̌
. (42)

Note that if q = minz∗( j)∈D z∗( j)
q + |v−z∗( j)

v |, then we obtain either
z = z∗( j) + [0, (2δ2/

√
2)|∆v|]T or z = z∗( j) + [(2δ1/

√
2)|∆v|, 0]T

for some j: in both cases, the considered point cannot belong
to the PF. Thus, the function

min
z∗( j)∈D

z∗( j)
q +

ˇ̌
v − z∗( j)

v

ˇ̌
= sup

h∈FPFS D

h(v) = h̄D(v) (43)

is the optimal upper bound of FPFS D.
To find the optimal lower bound, we repeat the reasoning by

taking this time q = z∗( j)
q −|v−z∗( j)

v |+∆q for each j. Considering
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v = z∗( j)
v +∆v, ∆v > 0 and applying the inverse transformation

to [v, q]T we obtain

z = z∗( j) +

264 δ1
√

2
∆q

δ2
√

2
(−2∆v + ∆q)

375 . (44)

Since ∆v > 0, we note that z < {z∗( j)} ⊕ R2
≺0 ⇐⇒ ∆q > 0,

which means

z <
˚

z∗( j)	 ⊕ R2
≺0 ⇐⇒ q > z∗( j)

q −
ˇ̌
v − z∗( j)

v

ˇ̌
. (45)

The same conclusion is reached if ∆v < 0; in fact, in this case,
we have

z = z∗( j) +

"
δ1√

2
(−2|∆v|+ ∆q)

δ2√
2
∆q

#
. (46)

Thus, considering all samples, we obtain

z <
[

z∗( j)∈D

˚
z∗( j)	 ⊕ R2

≺0 ⇐⇒ q > max
z∗( j)∈D

z∗( j)
q

−
ˇ̌
v − z∗( j)

v

ˇ̌
(47)

i.e., in order for z to be nondominating any of the PF samples
in D, the value of q must lie above the following function
(optimal lower bound):

max
z∗( j)∈D

z∗( j)
q −

ˇ̌
v − z∗( j)

v

ˇ̌
= inf

h∈FPFS D
h(v) = hD(v). (48)

What remains to be shown is that the optimal bounds can be
evaluated by considering just the samples z∗( j−)(v), z∗( j+)(v)
obtained from (12). Considering together conditions (42) and
(47), we obtain [see (6)]:

z ∈ AD ⇐⇒ max
z∗( j)∈D

z∗( j)
q −

ˇ̌
v − z∗( j)

v

ˇ̌
< q

< min
z∗( j)∈D

z∗( j)
q +

ˇ̌
v − z∗( j)

v

ˇ̌
. (49)

Consider now the sample z∗( j−)(v). Since it belongs to the PF,
it also belongs to AD. Thus, according to (49), we have

z∗( j−)
q (v) < z∗( j)

q +
ˇ̌̌
z∗( j−)

v − z∗( j)
v

ˇ̌̌
∀z∗( j)

∈ D \
n

z∗( j−) (v)
o

(50)

which implies, for any j such that z∗( j)
v < z∗( j−)

v

z∗( j−)
q (v) +

ˇ̌̌
v − z∗( j−)

v

ˇ̌̌
< z∗( j)

q +
ˇ̌̌
z∗( j−)

v − z∗( j)
v

ˇ̌̌
+
ˇ̌̌
v − z∗( j−)

v

ˇ̌̌
= z∗( j)

q +
ˇ̌
v − z∗( j)

v

ˇ̌
. (51)

The result above derives from the fact that z∗( j)
v < z∗( j−)

v < v
by the definition of z∗( j−)(v) (12). Thus, the upper bound
z∗( j−)

q (v) + |v − z∗( j−)
v | is lower than the one contributed by

any other sample with v-coordinate smaller than z∗( j−)
v , which

can then be disregarded in the computation of (43). A similar
reasoning applies to z∗( j+)(v), which rules out all samples with
larger v-coordinate, and to the lower bounds. Thus, the optimal
bounds can be obtained by considering z∗( j−)(v), z∗( j+)(v) only,
proving the Theorem. �

Proof of Proposition 1: The nonoverlapping intervals
R(`), ` = 1, . . . ,M − 1 cover the whole domain [z∗(a1)

v , z∗(a2)
v ]

except for the points corresponding to the samples, where how-
ever the worst case error is zero because the upper and lower
bounds coincide. Denoting λ(`)

D,max = maxv∈R(`) h̄D(v) − hD(v),
we can then express the global worst case error bound as

λD = max
`=1,...,M−1

λ(`)
D,max. (52)

For each R(`), considering Theorem 1, we see that the upper
and lower bounds for any v ∈ R(`) depend only on the points
defining its extremes, i.e. z∗(`−), z∗(`+). The value of λ(`)

D,max can
be computed analytically on the basis of the (v, q)-coordinates
of these points, as follows. First, we compute the coordinates
v′, v′′ ∈ R(`) such that

z∗(`−)
q +

�
v′ − z∗(`−)

v

�
= z∗(`+)

q +
�
z∗(`+)

v − v′
�

z∗(`−)
q −

�
v′′ − z∗(`−)

v

�
= z∗(`+)

q −
�
z∗(`+)

v − v′′
�

i.e., the v-values at which the upper (respectively lower)
bounds, contributed by the two samples delimiting the interval
R(`), coincide. With a few manipulations, one obtains

v′ =
z∗(`+)

v + z∗(`−)
v

2
+

Q(`)

2

v′′ =
z∗(`+)

v + z∗(`−)
v

2
−

Q(`)

2
. (53)

Thus, if the q-coordinates of z∗(`−), z∗(`+) are the same (Q(`) =

0), v′ and v′′ coincide and are equal to the middle point of R(`),
otherwise they differ and we can have either v′ > v′′ or v′ < v′′,
depending on the sign of Q(`) = z∗(`+)

q − z∗(`−)
q . Assume that

Q(`) < 0, which implies v′ < v′′. Then, the interval R(`) can be
split in three subintervals: I = (z∗(`−)

v , v′], II = (v′, v′′), III =

[v′′, z∗(`+)
v )]. In intervals I and III, applying (13) one can find

that both the upper and lower bounds are determined either
by the sample z∗(`−) (in I) or z∗(`+) (in III), their maximum
distance is attained when v = v′ (respectively v = v′′) and it
is equal to (using (53) and considering that we are assuming
Q(`) < 0)

λ(`)
D,max = V (`) −

ˇ̌
Q(`)

ˇ̌
. (54)

In interval II, the upper bound is determined by z∗(`+), and
the lower one by z∗(`−). Using again (53) and the assumption
Q(`) < 0, one can see that the distance between the bounds
is constant in the whole interval and equal to (54). The same
conclusions are reached if Q(`) > 0; thus the quantity λ(`)

D,max
(54) is the worst case error bound pertaining to the interval
R(`). By combining (52) and (54), the result is proven. �

Proof of Theorem 2: (⇐) For any P̂ ∈ FPFS D and any
ẑ ∈ P̂ , we consider the corresponding transformed point�

ẑv

ẑq

�
= W ẑ (55)

where ẑv ∈ [z∗(a1)
v , z∗(a2)

v ]. Consider the realization z∗ = RS M( ẑ)
(17). The corresponding approximation error is

ε = ẑ − z∗ =
δ1δ2
√

2

2664
1
δ2

1
δ2

−
1
δ1

1
δ1

3775
„ ƒ‚ …

W−1

�
0

ẑq−h(ẑv)

�
(56)
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thus,

|ε1| =
δ1
√

2

ˇ̌
ẑq−h (ẑv)

ˇ̌
; |ε2| =

δ2
√

2

ˇ̌
ẑq−h(ẑv)

ˇ̌
. (57)

According to Theorem 1, both h(ẑv) and ẑq belong to the
interval (hD(ẑv), h̄D(ẑv)), therefore |ẑq−h(ẑv)| < h̄D(ẑv)−hD(ẑv).
By (14) and the Theorem’s necessary condition, we further
have h̄D(ẑv) − hD(ẑv) ≤ λ̄D ≤

√
2. Using these inequalities

in (57) we obtain |ε1| < δ1 and |ε2| < δ2, thus proving the
condition.

(⇒) We prove the sufficient condition by contradiction.
First, note that (3) can be reformulated, considering the
transformed error coordinates εvq = Wε = [εv, εq]T , as

‖εvq‖1 <
√

2 (58)

where ‖·‖1 is the `1 vector norm. This condition can be derived
from the inverse transformation ε = W−1εvq

ε =
δ1δ2
√

2

264 1
δ2

1
δ2

−
1
δ1

1
δ1

375�εv

εq

�
=

26664
δ1
�
εv + εq

�
√

2
δ2
�
εq − εv

�
√

2

37775
|ε1| < δ1 ⇔

δ1
ˇ̌
εv + εq

ˇ̌
√

2
< δ1 ⇔ |εv + εq| <

√
2

|ε2| < δ2 ⇔
δ2|εq − εv|
√

2
< δ2 ⇔ |εq − εv| <

√
2ˇ̌

εq ± εv
ˇ̌
<
√

2⇔ ‖εvq‖1 <
√

2. (59)

Suppose, for the sake of contradiction, that λ̄D >
√

2. Then,
we can select P̂ ,P ∈ FPFS D and two points ẑ ∈ P̂ , z∗ ∈ P ,
such that:

ẑv = z∗v ∧
ˇ̌
ẑq − z∗q

ˇ̌
>
√

2. (60)

Assume now that there is still a realization R such that
property (3) holds, and denote z̃∗ = R( ẑ). Further denote
r = z̃∗ − z∗ and [rv, rq]T = W r. According to (58), it shall
hold that |ẑv − z̃∗v |+ |ẑq − z̃∗q| <

√
2. Then, using (60) we obtain

‖εvq‖1 =
ˇ̌
ẑv − z̃∗v

ˇ̌
+
ˇ̌
ẑq − z̃∗q

ˇ̌
<
√

2ˇ̌
ẑv − z∗v − rv

ˇ̌
+
ˇ̌
ẑq − z∗q − rq

ˇ̌
<
√

2

|rv|+
√

2 − |rq| <
√

2

|rv| − |rq| < 0⇒ |rv| < |rq| ⇒
ˇ̌
z̃∗v − z∗v

ˇ̌
<
ˇ̌
z̃∗q − z∗q

ˇ̌
. (61)

The inequality above implies

z̃∗q > z∗q +
ˇ̌
z̃∗v − z∗v

ˇ̌
∨ z̃∗q < z∗q −

ˇ̌
z̃∗v − z∗v

ˇ̌
(62)

which, in either case, shows that the point z̃∗ is not admissible,
since it violates the Lipschitz continuity property of the
transformed PF (see Remark 1). In the nonrotated coordinates,
it means that z̃∗ either dominates or is dominated by z∗,
thus completing the contradictory argument and showing that
the condition λ̄D ≤

√
2 is necessary for the existence of a

realization that satisfies (3) ∀P̂ ,P ∈ FPFS D and, conversely,
the latter condition is sufficient to have λ̄D ≤

√
2. �

Proof of Proposition 2: From Proposition 1, we need to
have V (`) − |Q(`)| ≤

√
2, ` = 1, . . . , M − 1. From the same

result, we can see that the worst case with respect to the actual
values of the samples is when Q(`) = 0,∀`, i.e., the rotated

PF samples have all the same q-coordinate. Then, considering
that the length of the whole domain is Va = z∗(a2)

v − z∗(a1)
v , the

condition (2) is satisfied if M =
l

Va/
√

2
m
+ 1 using evenly

distributed points in the segment [z∗(a1)
v , z∗(a2)

v ] including the
extremes. Note that any other allocation of samples would
result in a larger worst case error. Finally, we rewrite Va as
a function of ∆1, ∆2, δ1, δ2 by applying the transformation W
to the anchor points

Va = z∗(a2)
v − z∗(a1)

v

Va =

√
2

2

 
z∗(a2)

1

δ1
−

z∗(a2)
2

δ2

!
−

√
2

2

 
z∗(a1)

1

δ1
−

z∗(a1)
2

δ2

!
Va
√

2
=

1
2

�
∆1

δ1
+

∆2

δ2

�
. (63)

�

Proof of Proposition 3: The first part of the result can be
demonstrated as a corollary of Theorem 2: since the worst
case error obtained by the central approximation is (1/2)λD,
applying the same reasoning of the proof of Theorem 2 one
can conclude that λD ≤ 2

√
2 is necessary and sufficient for

the robust error guarantees. The second part, pertaining to
the number of samples, can be demonstrated with the same
arguments as Proposition 2, considering that the value of V (`)

shall now be smaller than 2
√

2 for all ` = 1, . . . ,M − 1. �
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