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Abstract

The universal optimal quantum cloning machine (UOQCM) and the universal NOT gate can be implemented contex
modifying the quantum state teleportation network. We report the experimental realization of the probabilistic UOQC
polarization encoded qubits. This is achieved by combining on a symmetric beam-splitter the input qubit with an anc
fully mixed state.
 2004 Elsevier B.V. All rights reserved.
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Quantum information is encoded in qubits, t
quantum analogue of the classical bits. Transfor
tions of these systems follow the laws of quantum m
chanics. This fundamental requirement implies th
retical limitations as far as the “cloning” and/or “spi
flipping” processes of qubits are concerned. For
stance, it has been shown that an arbitrary unkn
qubit cannot be perfectly cloned:|Ψ 〉 → |Ψ 〉|Ψ 〉, a
consequence of the so-called “no cloning theorem”
2]. Another “impossible” device is the quantum NO
gate, the transformation that maps any qubit into
orthogonal one|Ψ 〉 → |Ψ⊥〉 [3]. In the last years a
great deal of theoretical investigation has been dev
to finding the best approximations allowed by qua
tum mechanics to these two processes and to e
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lish for them the corresponding “optimal” values
the “fidelity” F < 1. This problem has been solve
in the general case [4–6]. In particular, it was fou
that a one-to-two universal optimal quantum clon
machine (UOQCM), i.e., able to clone one qubit in
two qubits (1→ 2), can be realized with a fidelit
FCLON = 5/6. The “flipping” of the input qubit, which
realizes a(1 → 1) Universal-NOT gate (U-NOT), ca
be implemented with a fidelityFNOT = 2/3 [5,6]. On
the other hand, a peculiar and fundamental reso
available in the field of quantum information is th
quantum state teleportation (QST) protocol by wh
an unknown input qubit|φ〉S = α|0〉S + β|1〉S is de-
stroyed at a sending place (Alice:A) while its perfect
replica appears at a remote place (Bob:B) via dual
quantum and classical channels [7]. Here we pre
a linear scheme that establishes a connection betw
these three quantum operations.
.
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Previously the phenomena of quantum telepo
tion, quantum cloning and UNOT gate have been a
lyzed and experimentally implemented using differ
approaches. The quantum teleportation has been
ized using a linear interaction to couple the qubiS
to be teleported with an EPR pair [8]. On the oth
hand, it has been proposed to implement the o
mal quantum cloning machine by a non-linear qu
tum optical “amplification” method, i.e., by associa
ing the cloning effect with the QED “stimulated emi
sion” process [9]. This proposal was quickly follow
by some successful experimental demonstrations
12]. It has been argued by [12] that when the clon
process is realized in a subspaceH of a larger Hilbert
spaceH ⊗ K which is acted upon by a physical a
paratus, the same apparatus performs contextual
the spaceK the “flipping” of the input injected qubit
then realizing the U-NOT gate [5,6]. As an example
UOQCM can be realized on one output mode of a n
degenerate “quantum-injected” optical parametric a
plifier (QIOPA), while the U-NOT transformation i
realized on the other mode [11,12].

Very recently a novel and quite unexpected re
tion between the QST, UOQCM and U-NOT ga
processes has been presented [13]. Indeed it has
shown that it is possible to implement the 1→ 2 uni-
versal optimal quantum cloning machine and 1→ 1
universal NOT gate by slightly modifying the prot
col of quantum state teleportation. Let us now pres
this protocol. Alice possesses the starting qubit|φ〉S ,
and, in analogy to the QST, there is a second part
Bob, who shares with her the entangled “singlet” st
|Ψ−〉AB = 2−1/2(|0〉A|1〉B − |1〉A|0〉B). By means of
a projective measurement and of classical comm
cation, Alice obtains two qubitsS, A that are the op
timal quantum clones of the starting qubit|φ〉S , while
Bob receives its optimal flipped state. Alice perfor
a dichotomic projective measurement on the syst
S and A able to identify |Ψ−〉SA and its comple-
mentary space. With a probabilityp = 1/4 the state
|Ψ−〉SA is detected byA and the qubit|φ〉 is tele-
ported to Bob. With probabilityp = 3/4, the qubits
S and A are projected in the subspace spanned
{|Ψ+〉SA, |Φ−〉SA, |Φ+〉SA} which is the symmetric
space ofA andS. The overall output state is obtaine
by projecting the initial state|Ψ−〉AB |φ〉S onto the
subspace orthogonal to|Ψ−〉SA〈Ψ −|SA ⊗ IB , i.e., by
applying the projector:
-

n

(1)PSAB = (
ISA − ∣∣Ψ−〉

SA

〈
Ψ−∣∣

SA

) ⊗ IB.

The reduced density matrices for the qubitsS,A and
B are then [13]:

(2)

ρS ≡ TrA ρSA

= 5

6
|φ〉〈φ| + 1

6

∣∣φ⊥〉〈
φ⊥∣∣

= ρA ≡ TrS ρSA,

(3)

ρB ≡ TrSA |Ω̃〉〈Ω̃ |
= 2

3

∣∣φ⊥〉〈
φ⊥∣∣ + 1

3
|φ〉〈φ|,

by which the “optimal” values for the fidelities o
the two “forbidden” processesFCLON = 5/6 and
FUNOT = 2/3 are achieved for the qubits on the A
ice and Bob sites respectively [11,12]. Bob iden
fies whether the U-NOT gate is realized at his s
by reading the information (1 bit) received by Alic
on the classical channel. For example, such bit
assume the value 1 if Alice identifies the Bell sta
|Ψ−〉SA and 0 if not. At the end of the protocol th
universal NOT gate applied to the input qubit h
been teleported at Bob’s site and hence this pro
has been called Tele-UNOT gate. Recently Gottesm
and Chuang have proposed to exploit the telepo
tion protocol to transfer quantum gates in order to
lax several experimental constraints to achieve fa
tolerant processing [14]. Indeed the linear optics qu
tum computation exploits gate teleportation in ord
to transform a probabilistic computation into a ne
deterministic one [15].

The projectorPSAB in Eq. (1) leads to the rea
ization of the UOQCM and Tele-UNOT gate, as sa
Here we present, in analogy with the quantum circ
associated with quantum teleportation, a quantum
cuit that achieves this purpose: the projection is
tained combining Hadamard gates, C-NOT gate
Toffoli gate, and the projective measurement of an
cilla qubit.

The box “EPR preparation” prepares the sing
state while the “quantum machine” box achieves
projection into the symmetric subspace. The read
of the ancilla qubit̃a, initially in the state|0〉ã , ensures
that the projection into the symmetric space has b
obtained. Let us now analyze in more details the lo
of the quantum circuit. After the EPR preparation,
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state of the overall system is

|φ〉S ⊗ ∣∣Ψ−〉
AB

⊗ |0〉ã
= 1

2

[
−∣∣Ψ−〉

SA
|φ〉B − ∣∣Ψ+〉

SA

(
σZ |φ〉B

)

+ ∣∣Φ−〉
SA

(
σX|φ〉B

) + ∣∣Φ+〉
SA

(
σZσX|φ〉B

)]

(4)⊗ |0〉ã .
The box labelled (1) transforms the state|Ψ−〉SA

into |1〉S |1〉A, while the other three Bell state
{|Ψ+〉SA, |Φ−〉SA, |Φ+〉SA} are respectively trans
formed into{|0〉S |1〉A, |1〉S |0〉A, |0〉S |0〉A}. By means
of a Toffoli gate, the state|1〉S |1〉A induces the flipping
of the state of the qubit̃a from |0〉ã to |1〉ã, whereas
the other states leave the qubitã unaltered. Then we
get the following state

1

2

[
−|1〉S |1〉A|φ〉B |1〉ã − |0〉S |1〉A

(
σZ |φ〉B

)|0〉ã
+ |1〉S |0〉A

(
σX|φ〉B

)|0〉ã
(5)+ |0〉S |0〉A

(
σZσX|φ〉B

)|0〉ã
]
.

Finally the action of the box labelled (2) restores
initial states of the qubitsS andA leading to:

|Σ〉SABã

(6)

= 1

2

[
−∣∣Ψ−〉

SA
|φ〉B |1〉ã − ∣∣Ψ+〉

SA

(
σZ |φ〉B

)|0〉ã
+ ∣∣Φ−〉

SA

(
σX|φ〉B

)|0〉ã
+ ∣∣Φ+〉

SA

(
σZσX|φ〉B

)|0〉ã
]
.

If the projective measurement on the ancilla qubã
gives as result 1 the qubitsA andS end up in the state
|Ψ−〉SA while the qubitB is in the state|φ〉, which
has then been teleported fromA toB. On the contrary
if we obtain the result 0 the overall state becomes

−∣∣Ψ+〉
SA

(
σZ|φ〉B

)

(7)

+ ∣∣Φ−〉
SA

(
σX|φ〉B

) + ∣∣Φ+〉
SA

(
σZσX|φ〉B

)

that is equal to the state obtained applying the p
jectorPSAB (1) to |φ〉S ⊗ |Ψ−〉AB . The result of the
ancilla measurement is communicated to Bob and
realize the optimal quantum cloning machine and
Tele-UNOT gate of the input qubit|φ〉.

Note that the presence of the entangled state|Ψ−〉AB
is not strictly necessary for the implementation of
solely quantum cloning process. Instead of sha
an EPR pair with Bob, Alice needs a qubitA pre-
pared in afully mixedstateρA = IA

2 . Of course in this
case only the Alice’s apparatus is relevant and the
NOT process is absent. In a previous experiment
we have reported the realization of the Tele-UN
gate by adopting an entangled state. Here we wan
demonstrate experimentally that the entanglemen
not required to obtain the cloning process.

We have implemented the cloning protocol
the photonic framework, hence the qubitsS and
A have been codified in the polarization states
two single photons. The computational circuit
Fig. 1 could be realized adopting linear optical
NOT gates, which have been recently experiment
demonstrated [16]. However, in the present Letter
have implemented the projectorPSAB by adopting
the simplest configuration available, that is an O
Mandel interferometer, realized by the beamspli
BSA (Fig. 2). In this case we exploit the Bose mo
coalescence (BMC) associated to the projection
the symmetric subspaceΠsym. Indeed thesymmetry
of the projected subspace by BMC is implied by t
intrinsic Bose symmetryof the 2 photons Fock stat
realized at the output ofBSA.

The qubit to be cloned is:|φ〉S = α|H 〉S + β|V 〉S
where|H 〉 and|V 〉 respectively correspond to the ho
izontal and vertical linear polarizations of a sing
photon injected in one input modekS of the 50 : 50
beamsplitterBSA. A fully mixed stateρA is simul-
taneously injected on the other input modekA of
BSA where the two input modes are linearly sup
imposed. Consider the overall output state which
realized on the two output modesk1 andk2 of BSA.
It can be expressed as a linear combination of
Bell states{|Ψ−〉SA, |Ψ+〉SA, |Φ−〉SA, |Φ+〉SA}. As it
is well known, the realization of the singlet|Ψ−

SA〉 is
unambiguously identified by the detection of a sin
photon on each one of the two output modes ofBSA
while the realization of the set of the other three B
states corresponds to the emission of photon pair
either one of the output modes [17]. Hence the de
tion of two photons over either the modek1 or k2, im-
plies the projection byPSA = (ISA − |Ψ−

SA〉〈Ψ −
SA|) of

the input state into the space orthogonal to|Ψ−
SA〉.

In the present experiment, a pair of non-entang
photons with wavelengthλ = 532 nm and with a
coherence-timeτcoh= 80 fs, were generated by a spo
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Fig. 1. Realization of UOQCM and Tele-UNOT gate by means of a quantum circuit. The preparation box contains the circuit that gen
state|Ψ−〉AB while the “quantum machine” box represents the apparatus performing the projective measurement over the antisymm
symmetric(Πsym) subspaces of the two qubitsA andS. The Toffoli gate can be realized by means of single qubit gates and C-NOT gate
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Fig. 2. Experimental setup for the optical implementation of
UOQCM by a modified teleportation protocol.

taneous parametric down conversion (SPDC) proc
in a Type I BBO crystal in the initial polarization prod
uct state|H 〉S |H 〉A. The input qubit|φ〉S , associated
with modekS was polarization encoded by means o
waveplate (wp)WPS . The transformation used to ma
the state|H 〉A intoρA = IA

2 was achieved by stochas
cally rotating aλ/2 waveplate inserted on the modekA
during the experiment. In this way the statistical e
lution of |H 〉A into two orthogonal states with equ
probability was achieved. The photonsS andA were
injected in the two input arms ofBSA with a mutual
delay!t micrometrically adjustable by a translatio
stage with position settingsZ = 2c!t . The setting
valueZ = 0 was assumed to correspond to the
overlapping of the photon pulses injected intoBSA,
i.e., to the maximum photon interference.

For the sake of simplicity, we only analyzed t
measurements performed on theBSA output mode
k1: Fig. 2. The polarization state on this mode w
analyzed by the combination of the wpWPC and
of the polarization beam splitterPBSC . For each
input polarization state|φ〉S , WPC was set in orde
to makePBSC to transmit |φ〉S and reflect|φ⊥〉S .
The “cloned” state|φφ〉S could be detected by
two-photon counter, realized in our case by fi
separating the two photons by a 50 : 50 beam spl
BSC and then detecting the coincidence[DA1,DA2]
between the output detectorsDA1 andDA2: Fig. 2.
Any coincidence between detectorsDB and DA2
corresponded to the realization of the state|φφ⊥〉S .
Thus, by the present scheme, the cloning proces
experimentally demonstrated in the coincidence ba
First consider the cloning machine switched off,
setting: !t > τcoh, i.e., by makingS and A not
interfering onBSA. In this case, since the states|φφ〉S
and |φφ⊥〉S were realized with the same probabili
on modek1, the rate of coincidences detected
[DA1,DA2] and[DA2,DB ] were expected to be equa
By turning on the cloning machine, i.e., by setti
!t � τcoh, on modek1 the output density matrix
ρSA was realized implying an enhancement by
factor R = 2 of the counting rate[DA1,DA2] and
no rate enhancement of[DA2,DB ]. The measuremen
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Fig. 3. Experimental result of the universal cloning process
different input qubits corresponding to the encoded polarizatio
|H 〉, 2−1/2(|H 〉 + |V 〉) and 2−1/2(|H 〉 + i|V 〉).

of R was carried out by coincidence measureme
involving simultaneously[DA1,DA2] and[DA2,DB].
The experimental data are reported in Fig. 3 for th
different input states|φ〉S = |H 〉, 2−1/2(|H 〉 + |V 〉),
2−1/2(|H 〉 + i|V 〉). There circle and square marke
refer respectively to the[DA1,DA2] and [DA2,DB ]
coincidences versus the position settingZ. We may
check that the cloning process only affects the|φφ〉S
component, as expected, andR is determined as
the ratio between the peak values (cloning mach
switched on) and the basis values (cloning mach
switched off). The corresponding experimental valu
of the cloning fidelityF = 2R+1

2R+2 are:FH = 0.827±
0.002; FH+V = 0.825± 0.002; FH+iV = 0.826±
0.002. These ones are in good agreement with
optimal valueFth = 5/6 ≈ 0.833 which correspond
to the limit value of the amplification ratioR = 2.
We note that, while our experiment did not ado
an ancilla qubit, the measurement of the numbe
photons over the output modes allowed us to iden
whether the projection on the symmetric spaceΠsym
had been obtained.

In conclusion we presented how it is possible to i
plement the 1→ 2 universal optimal quantum clonin
machine and 1→ 1 Tele-Universal NOT gate b
means of a quantum network that can be realized
all kind of qubits. We report the highest experime
tal fidelity attained so far for the 1→ 2 UOQCM
adopting single photon polarization encoded qub
Furthermore the simplicity of our setup renders
cloning technique practically available for some o
timal attacks to cryptographic communications [1
For instance, in the incoherent eavesdropping on
six-state protocol, the optimal strategy coincides to
universal quantum cloning machine for a fixed va
of Bob’s disturbance [18].
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