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Abstract

Consider the homogeneous Boltzmann equation for Maxwellian molecules.
We provide a new representation for its solution in the form of expectation
of a random probability measure M. We also prove that the Fourier trans-
form of M is a conditional characteristic function of a sum of independent
random variables, given a suitable o-algebra. These facts are then used to
prove a CLT for Maxwellian molecules, that is the statement of a necessary
and sufficient condition for the weak convergence of the solution of the equa-
tion. Such a condition reduces to the finiteness of the second moment of the
initial distribution po. As a further application, we give a refinement of some
inequalities, due to Elmroth, concerning the evolution of the moments of the

solution.
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1 Introduction

The homogeneous Boltzmann equation in the kinetic theory of dilute gases
governs the time evolution of a probability density function f(-,¢), which
describes, in good approximation, the frequency

the number of molecules with velocity in D at time ¢
flv,t)dv =~
the total number of molecules
D

for every D in %(R3), the Borel class in R3. The present treatment is
concerned with a spatially homogeneous gas composed of a very large number
of like particles, moving according to the laws of classical mechanics and

colliding in pairs. When there is no outside force the equation is

gty = [ [Umarven - 5. fw.ol x
R3 §2
x B <\W — v, [ -w) ug2 (dw)dw (1)

with (v,t) in R3 x (0, +00). In the above formula, ug> stands for the uniform
probability measure on the unit sphere S?, embedded in R3. Moreover, v,
and w, denote the post-collisional velocities, which must obey the conser-

vation of momentum and kinetic energy, that is
V+W= v+ W, and V2 + | w|? = [vil? + [we |

All such pairs of vectors can be parametrized by unit vectors w in S? and
the specific parametrization used throughout this paper — the so-called w-

representation — is given by

Vi =V + [(w—vV) ww
(2)

w, = w — [(W—vV) ww
where - denotes the standard scalar product. The function B is the so-called
collision kernel and describes the collision process between the molecules at

a microscopic level. A complete description of the Boltzmann model can be

found in [9]. See also the more recent [34] and references therein.



All the results in this paper are obtained under two conditions on B. The
former is that we are considering Mazwellian molecules, meaning that the

kernel B does not depend on |w — v|, according to the law

The so-called angular collision kernel b: (—1,1) — [0, +00) is a measurable
function satisfying the symmetry assumption

ba) = W1 = 22) s = b(=a) a
for all z in (—1,1), which reflects the indistinguishability of the two colliding
particles. The latter condition is usually referred to as the Grad angular
cutoff, according to which b is required to be integrable. Throughout this

paper, the Grad angular cutoff assumption is taken in the form

1
/b(w)dx =1. (5)
0

Maxwell [25] deduced (B]) by considering the specific physical interaction
originated by a repulsive force proportional to 7—°, r being the distance of
the two colliding particles. In this very particular situation, the kernel b
is made explicit, but its analytical form is overcomplicated and possesses
a non-integrable singularity. A few details are contained in Section 5 of
Chapter IT of [9]. On the other hand, the hypotheses of the Grad angular
cutoff — though it allows a wide generality for the function b — excludes the
more meaningful form studied by Maxwell and, for this reason, the fictitious
model which is derived is often called pseudo-Mazxwellian. Nevertheless, the
mathematical theory of pseudo-Maxwellian molecules is quite interesting
and reveals a very strong link with probability theory, as firstly pointed out
by McKean [26], 27].



Now, let us consider some analytical properties of (Il), under the as-
sumptions ([B)-(E). Given a probability density function fy on R? as ini-
tial datum, the resulting Cauchy problem admits a unique solution f(-,t)
for each t > 0, as proved in [28]. Each f(-,t) is then a probability den-
sity function on R3 for every ¢t > 0 and the mapping ¢t + f(-,t) is in
C([0, +00), LY(R3)) N C1((0, +-00), L} (R3)) and f(-,0) = fo(-). To allow the
initial datum to be as general as possible, the classical framework can be
extended to a weak formulation based on probability measures. Maintaining
the validity of [B])-(l), the weak form of equation (I reads

i [otmtavny = [ [ [orap( 222 w) x

R3 R3 S2

% uge (dw)p(dv, Hp(dw, £) - / H(v)u(dv, 1) . (6)
R3

The function g on B(R3) x [0, +00) is defined to be a measure solution when
i) the map t - pu(-,£) is in C([0, +00), Py (R?)NC((0, +00), P1y (RY))

ii) p satisfies (6) for every t > 0 and every test function ¢ in Cy(R?), the

space of bounded and continuous functions on R3.

Here, Z1v(R3) is the space of all probability measures on %(R3) endowed
with the topology generated by the total variation distance drv, which is
defined for any pair («a, 3) of probability measures by
drv(a(); 8(-)) == sup |a(B) —B(B)] .
BeA(R3)

Under hypotheses (B)-(E]), if a probability measure py on Z(R3) is given
as initial datum, then there exists a unique measure solution u such that
wu(+,0) = po(-). This extension is discussed in [31I] but, for reader’s con-
venience, some details are included in Subsection 23] of the present paper.
Throughout, the term solution of (Il) will always mean measure solution, as

defined above.



This paper proves the validity of a new representation for solutions of
(@), in terms of random probability measures. The meaning of this locution
is specified in Chapter 12 of [24]. The construction of such a representation
has a long story, started with a work of Wild [35] and then elaborated
by McKean [26] 27], who gave the original Wild formula a probabilistic
meaning. A recent development of this kind of research is contained in
[T, 2, B, ©, 7, 12, 14, 15, 21, 22]. An outstanding motivation at the basis
of these works is the study of the convergence to equilibrium, as t goes
to infinity, of solutions of Boltzmann-like equations. In these papers, a

fundamental role is played by the so-called Wild-McKean sum

+oo
p) =Y e 1= S puta) Qu kol () (7)
n=1 tn€T(n)

which will be explained completely in Subsection 2.2l Now, suffice it to recall
that every Qy [uo] is a probability measure obtained as a particular n-fold
convolution of pg with itself, whose definition involves also the kernel b. In
the one-dimensional case (Kac’s model), the involvement of b does not alter
the nature of Qy, [uo] as probability law of a sum of independent random
variables. On the contrary, in the three-dimensional case the presence of b
in each convolution represents an obstacle for a direct interpretation of the
aforementioned type. Since the opportunity of dealing with sums of random
variables has proved very fruitful in the study of the Kac model (see [14},15]),
then one can try to go round to the aforesaid obstacle in order to recover a
new entity interpretable as distribution of a sum. This is the real motivation
for the present work, whose main results we are going to state.

The first consists in the announced probabilistic representation in terms
of a random probability measure, i.e. a random element taking values in
the space Z(R3) of all probabilities on %(R?) endowed with the topology

of weak convergence.

Theorem 1.1. Assume that [B)-(B) are in force and that p is the solution



of ) with initial datum pg. Then, there exist a measurable space (2, .F),
a family of probability measures (Py)i>0 on (,.F) and a random probability
measure M : Q — P(R3) such that

i) equality
n(D,t) = E [M(D)] (8)

holds true for every t > 0 and every D € B(R?), where E; stands for

the expectation with respect to Py.
ii) M depends on po but not on b.

A precise specification for (2,.%#) and (Pt);>0 is given in the course of
the proof of this theorem, in Subsection

The presentation of the second main result, which contains a representa-
tion for M, requires some preliminaries. Define the family ((Q, F, Pt)) 0

of probability spaces, mentioned in Theorem [[.T], in such a way that they are

sufficiently large to support the following random elements. First, a random

number v taking values in N := {1,2,...}. Second, for every n in N, an
array (min,...,Tny,) of random numbers 7, which take values in [—1,1].
Third, for every n in N, an array (O1p,...,Opy) of random matrices Oj,,

taking values in SO(3), the Lie group of orthogonal matrices with positive
determinant. Fourth, a sequence (X;);>; of independent and identically
distributed (iid) random vectors in R3. The laws of all the aforesaid random
elements will be specified in Subsection The last objects to be defined
are elementary mathematical entities of different nature. For each u in S2,
let B(u) be an element of SO(3) whose third column coincides with u. Then,
after setting e3 := %(0,0,1), for every uin S?, n in N and j in {1,...,n},
put

Y, (u) = B(u)Oj nes . 9)
Finally, if 6 denotes the Fourier transform of the probability measure ¢ on

% (R3), namely 6(5) = fps €% (dx) for every € in R3, the representation



theorem for M can be stated as follows.

Theorem 1.2. Under the same hypotheses of Theorem [I1l, one can con-

struct two o-algebras &4 and € such that:
ii) M, v and the arrays (m15,...,Tnn) are G-measurable for every n.

iii) The arrays (O1p,...,0nn) are F-measurable for every n but not

“-measurable for n > 2.
iv) The sequence (Xj);>1 is independent of .

v) For u in S? and
S(w) = miaabs,(w) - X, (10)
j=1

there is a version of

E, [eips (w) | %] (11)

which, as a function of p € R, is the characteristic function of a

(finite) sum of independent random numbers.
vi) FEquality
M(€) = E, [eips(“) |g] — E [Et [eips(“) |jf] |g¢} (12)
holds for every fized & # 0, with p := [&], u := &/|€|.
Finally, the terms of ([I2)) are independent of the choice of matriz B(u).

It is worth noting that v)-vi) answer the problem of recovering an inter-
pretation of M in terms of sums of independent random variables.

The rest of the paper is organized as follows. Section 2] is concerned
with the proof of Theorems [T and [[.2] along with a precise explanation of

the probabilistic apparatus introduced in the present section. Sections [BH]



contain some relevant consequences of these main results. In particular, in

Section ] it is shown that the condition

[ i) < oc (13)
R3

is necessary and sufficient in order that u(-,¢) be weakly convergent, as ¢
goes to infinity. Finally, Section [l includes an improvement of some classical
inequalities due to Elmroth on the evolution of the moments of u(-, ).
Theorems [L.1] and can be used also to obtain bounds for the to-
tal variation distance between p(-,t) and its equilibrium, under additional
conditions on pg. This problem is one of the most important and math-
ematically challenging in the entire theory of the Boltzmann equation. A
solution in the case of spatially homogeneous Maxwellian molecules, based
on representation (g]), has been presented in [I12] and will form the subject
of future work which, because of its complexity, cannot be incorporated in

the present one due to lack of space.

2 Proof of the main results

This section, which is the core of the paper, is split into various subsections.
The first recalls some tools, due to McKean, which will come in useful in
the course of the work, such as the definition of McKean’s tree. Subsection
contains the definition of the ) operator, along with some extensions
which are needed to explain (7]). Existence and uniqueness is discussed
in Subsection 231 Then, in Subsection 4] some formulas related to the
Q operator are manipulated to justify the definition of a new operator, C,
which sends a pair of probability measures (pms, from now on) onto another
pm. Finally, the probabilistic objects introduced in Section [ are specified
in Subsection and combined, successively, to get the proofs of Theorems

[T and [[2] which are provided in Subsections and [27], respectively.



2.1 McKean’s trees

For every n in N, a McKean tree t, with n leaves is a binary tree, whose
points are either nodes or leaves. First, the only tree t; with a single leaf
reduces to one point. For n > 2, every tree t,, possesses exactly n points with
no outward connection, the leaves, and exactly n — 1 points, each generating
two “children”, a left and a right one, respectively. The top node, the only
which is not generated as a child, is called “root”. From now on, the leaves
will be numbered according to a natural left-to-right order. The number
of generations separating a leaf from the root is called depth and 0;(t,)
indicates the depth of the j-th leaf of t,,. Finally, let T(n) denote the (finite)
set of all McKean’s trees with n leaves and T := X,,>1T(n). In this notation,

one can define the following operations on trees.

a) Split-up, when one erases the root of a tree t, to obtain two trees,
a left tree tln and a right tree t], respectively. Henceforth, n; (n,,

respectively) will denote the number of leaves of ¢, ({7, respectively).

b) Recombination, when two trees t, and t,, are combined so that they
become the left tree and the right tree, respectively, of a new tree

t, ® t,, of n + m leaves.

¢) Germination, which consists in appending the two-leaved tree t; to a

specific leave (say k) of t,. Let t,, , indicate the resulting tree.

For a given tree t,, in T(n), the set of all its germinations constitutes a
subset G(t,,) of T(n+1), while P(t,,) denotes the subset of T(n—1) composed
of those trees which can produce t,, by germination.

An important element to understand () is the “weight” p,,(t,) associated
with each tree t,. After setting pi(t;) := 1, the definition of p,(t,) is given

inductively by putting

pulte) = ——pu,(€)pr, (6) (14)

9



for every n > 2. Then, one can note straightforwardly that the weights
{Pn(ta) },er(n) form a probability distribution on T(n), in the sense that
they all belong to [0, 1] and

Z pn(tn) =1

t,€T(n)

for every n in N.

2.2 The (@ operator and its extension

Before introducing new definitions, it is worth recalling a few elementary
facts about the Boltzmann equation. First, for every u in S2, @)-(G]) imply
that

/b(u cwlugz(dw) =1 . (15)

S2
Second, for every w in S2%, the map Ty : (v,w) +— (Vi, W,), defined in

accordance with (), is a linear diffeomorphism of RS into itself. Linearity
follows by inspection, while, for the rest, it is enough to notice that T2 =
Idgs, whence {J ac [TwH = 1. Finally, after a direct verification, |w, —v,| =
[w—v|and (W —vy) w=—(w—-v) - w.

At this stage, for every pair (p,q) of probability density functions (pdfs,

from now on) on R3, define the @ operator according to

W —=V

Qlp, ql(v) := Pv2)a(wab ( ——— - w | uga(dw)dw . (16)
2 | |

Its main properties are collected in

Proposition 2.1. Let {])-([l) be valid. Then, for any pair (p,q) of pdfs on
R3, Q[p,q|(-) defines a new pdf on R3. Moreover, Q[p,q] = Q|q,p] and, for

every bounded and continuous ¢, one has
[ ol away
R3

W =V

=[] [ stvapwutm

R3 R3 §2

— -w) ug2 (dw)dvdw . (17)

10



Lastly, after setting fr(v) := Rv, where R is any orthogonal 3 x 3 matriz,
equality
Qlpo fr' a0 fr1(v) = Qlp.alo fz'(v) (18)

holds true for almost every v in R3.

This statement is classic in the theory of the Boltzmann equation and
its proof, here omitted, is contained in any specific text on this subject. See
[9, [34].

The analysis of (I6]) can be considerably simplified by means of a formula
due to Bobylev, concerning the use of the Fourier transform. See [4, 1T}, 31]
for details. Since this subject is usually reported starting from a different
parametrization of the post-collisional velocities — a choice that influences
the form of the ensuing equations — the Bobylev formula is stated and proved

ex novo, using the w-representation, in
Proposition 2.2 (Bobylev). Let assumptions (@)-({) be in force. Then,

given any pair (p,q) of pdfs on R3, equality

Q) = [ 5lE — (€ w)i(€ - w)w) b (ng -w) ug(dw)  (19)
SQ

holds true for every & # 0.

Proof: Fix any £ in R?\ {0} and apply (I7) with ¢(v) = e?V¢ to obtain

Apall©) = [ [ [ epwiatm) v (22w ) usatdwhivaw . (20

W —V
R3 R3 §2

Then, recall the definition of v, to write

eplive €} = expliv- &} exp{il(w —v) - w] - [w €]}
= expliv-€)-exp {itw —vi-lel [ o o 5]}

At this stage, take into account the integral

/eiv*'g b (,X : :‘ -w> ug2 (dw)

5’2

11



and change the variable according to w = O, where O is a 3x 3 orthogonal

matrix such that O 2=~ = £ and 0% = =Y. From a geometrical point
[w—v| €] 1€l = Iw—v]

of view, such a matrix corresponds to a reflection, in the plane generated

by € and (w — v), around the bisectrix of these very same vectors, provided

that they are linearly independent. Of course, for any A in R, {(v,w) €

RS | (w — v) = A€} is a null set under the measure p(v)q(w)dvdw, and so

the desired linear independence holds almost everywhere. Since the uniform

measure ug2 remains the same after the change w = *O7, one gets

/ei"*'£ b <|z : :| -w> ug2 (dw)
SQ

= / exp{iv - &} -exp{i[(w —v) - 7] [T - &|}b (% -7') ugz(dr) . (21)

52

Substitution of this expression into (20]) and, then, exchange of the integrals

yield

/ exp{iv - €} - exp{il(w — v) - 7] - [r - €]}p(v)g(w)dvdw
R3 R3

=p(&—(&-7)7T)§((€ 7))

and hence (I9). O

The Bobylev formula is a suitable tool to extend the () operator from
pairs of pdfs (p,q) to pairs of pms. Accordingly, fix two pms ¢ and 7 on
%(R3) and, on the same space, choose two sequences ((,)n>1 and (17,)n>1 of
absolutely continuous pms with densities (py)n>1 and (¢n)n>1, respectively,
in such a way that (,, — ¢ and n,, — 7, in the sense of weak convergence of

pms. See, e.g., Lemma 9.5.3 in [16]. Finally, set

QI¢,n)(dv) := w-limy, 00 Q[Pn, ¢n)(V)dv (22)

which, in view of the next proposition, is given as definition of the desired

extension of the ) operator.

12



Proposition 2.3. The limit in [22)) exists in the sense of weak conver-
gence of pms and is independent of the choice of the two approximating
sequences. The Q operator is continuous in its argument, that is, given
two sequences (Cn)n>1 and (Mp)n>1 (not necessarily absolutely continuous)

converging weakly to ¢ and n, respectively, one has

nlggo Q[Cm 77n] = Q[Ca 77] (23)

again in the sense of weak convergence of pms. Moreover, the Bobylev for-

mula extends through the relation

/ (€ - (€ il(E-w)) b (5w ) usldw) . 1)

Lastly, after setting fr(v) := Rv, where R is any orthogonal 3 x 3 matriz,
equality
Ql¢o frtimo [z (D) = QI o fr'(D) (25)

holds true for every D in B(R3).

Proof: Start from (22)) and apply (I7) with ¢(v) = e™V=¢, for fixed £ in
R3, to get

Anad©) = [ [ [ nawiantw) b (2w ) uss(dwyivaw

RS RS SQ

— ifw-€][(W—v)-w] -V ) iv-€
// / b(]w—v] )uS (dw)| e X

R3 R3 2
Pn(V)gn (w)dvdw .

X

Now, Q[pn, qn] (&) converges pointwise for any & when n goes to infinity, from
the mapping Theorem 2.7 in [3]. The sole point which needs some work is

to check that the discontinuities of

(v,w r—>/ fw-gl(w—v)-w] b<;V w>u52(dw)

(W — |

13



form a ¢ ® n null set D C RS. To this aim, fix a one-dimensional subspace

¢ of R? in such a way that

(on({(xy) R |x—yel})=0 (26)

where ¢y := ¢\ {0}. Next, determine an appropriate positive orthonormal
basis {a(u),b(u),u/|ul} of R? whose components vary with continuity on
R3\ ¢ with respect to u := w — v, which is possible in view of the so-called
“hairy ball theorem”. See [23] for details. Then, introduce the parametriza-
tion

w(u) = sin g cos fa(u) + sin g sin fb(u) + cos pu/|u| (27)

by which the spherical integral becomes

2

%//ei[“’(“)'ﬂ“kow b(cos ) sin pdedb .
T
00

It is now clear that this last integral, as a function of u, is continuous on

R3\ ¢y and hence

i Q€)= [ [ [ev€0( 22w ) usstawis(avintaw)

R3 R3 §2

(28)
Since this limit, as a function of £, is clearly continuous, the continuity
theorem for characteristic functions can be applied to state that the pm
with density Q[pn,qn] converges weakly to a pm designated, from now on,
by Q[¢,n]. Finally, observe that the limit is independent of the choice of
the approximating sequences ((,)n>1 and (9,),>1 and, therefore, Q[(, 7] is
well-defined.

To prove (24)), start from (28) and operate on the spherical integral
by applying the argument used by Bobylev to write (2I). This way, the
conclusion follows exactly as at the end of the proof of Proposition

The continuity of the Q operator is an immediate consequence of (24]):
Indeed, it is enough to combine the dominated convergence theorem with

the continuity theorem for characteristic functions.

14



Finally, (25]) can be proved by approximation. Choose two sequences
(Cn)n>1 and (nn)n>1 of absolutely continuous pms, with densities (pp)n>1
and (g, )n>1, respectively, in such a way that ¢, — ¢ and 7, — 1 weakly.
From ([8), Q¢n o fr'smm o f'](D) = Q[énsnn] © f (D) for every D in
%(R3). At this point, first observe that if a sequence (m,),>1 of pms con-
verges weakly to the pm 7, then also (m, o h_l)nzl converges weakly to
7o h™1, for every continuous function h : R® — R3. Thus, to get (23],

exploit the weak continuity and take the limit in n of both sides. [J

It remains to define the pms Qy, [po], which completes the description of

([@). After fixing the pm po on %(R?), put

Qu o]l = 1o

(29)
Qulmo] = Q[Qq ], Q] forn>2.

2.3 Existence and uniqueness for the Cauchy problem

For the existence, it is enough to show that the right-hand side (RHS, in
short) of () gives a solution of ({l) when hypotheses ([B])-(]) are in force. Of
course, when t = 0, the series reduces to pg and so the initial condition is
fulfilled. The regularity of the map

+oo
t — Z eft(l — eft)"fl Z Pn(tn) Qu, [10] =2 Wi[po]
n=1

t,€T(n)

follows from the fact that dpv(Vy, [po]; Wi, [1o]) < co(tita) |t — tof for every
t1 and ¢ in [0, 4+00) and

sup 25 (n=1e M@ —e )" S pu(ta) Qu, [0l (B)
BeB(R3) tn €T (n)
:i% (n—1)e (1 —e )2 Z Pn(tn) Qs [10](B)
t,€T(n)

< Ci(t1,t2)|t1 — o]

for every t1 and t9 in (0,+00). Here, ¢y and ¢; are positive constants for

which limsup,, ,;, ¢i(t1,t2) < +oo, for i = 0,1 and every ¢; and tp. The

15



expression of these constants can be essentially obtained by the elementary
relations [e™ —e~?2| < |t; —t5] and |a" —b"| < (n—1) max{a" ;0" '} |a—b|,
valid for positive t1, t2, a and b. Finally, to show that the RHS in (7)) solves

([6) for every ¢ in Cy, define, for every n in N,

Q1po] = Qu[no
Qnlpo] =224, () Pnltn) Qu, [10] for n > 2

and note that

Qulpo] = = > 0[], Quilo] (30)
k=1

holds for every n > 2. Thus, differentiation term by term gives
d
G [ #toWilulax)
R3
+oo
= [ Wil + 3o = e (1= [ 6x)Q, ol
R3 n=2 R3

and, from (B0) and the properties of Q,

+oo

S (0= 1)e (1 — e )2 / () Onj10) ()

n=2

+oo
=Y ety 22 / 6(x) Q[ lj], Qo o) (dx)
n=2
= Z e (1 —e” "_2><
<> [ [ [otwn (% -w) e () Qelja0] (AV) Qu i 0] (dw)

k=1
+00
— eft(l _ eft)nfl Z eit(l _ eft)mflx
m=1

< [ [ [ otvan (=) usd)@uliol (4v) Qi)

R3 R3 S |w B V|
= [ [ [ otvan (22w ) usatdoWilpol @)W sl (aw)
R3 R3 S

16



which proves the claim.
For the uniqueness, let (-, ¢) and u®(-,t) be solutions with respect

to the same initial datum pg. Put
A=  sup

/¢ pM(dv, t) — /¢ ) (dv, t)
¢€CQ(R3

1 [loo <1R

where || ¢]|oo:= supyeps [#(v)| and Co(R?) is the set of all continuous func-
tions on R? which vanish at infinity. In view of the Riesz representation
theorem, A; = dpy (uM(+,1); u® (-, t)). See Theorem 7.17 in [I8]. Then, de-
fine Fy(v,w) := [¢» ¢(Vy) (|W o >u52(dw) for every ¢ in Co(R?) with
l| ]l <1, so that

[ [ Fotvwln® @v. o, ) = 5 (v, 0 (a1

R3 R3

< Fy(v, w) [ (dv, )uM (dw, t) — pP (dv, )@ (dw, 1)]
R3 R3

| [ [ Patwowln® v, 00 (v, ) - i v, 0 (dw, 0] < 28
R3 R3

in view of Lemma 9.1.1 of [32] and the fact that v — [ps Fy(v, w)p® (dw, t)
is bounded for ¢ = 1,2. Integration of (@] with respect to time combined
with the last inequality, gives A; < 3 fot Asds. At this stage, the Gronwall
lemma entails A; = 0 for all £ > 0, which is tantamount to asserting that
pD (1) = p@ (). O

We conclude this subsection by pointing out a useful consequence of the

Wild-McKean sum (7)) combined with (25]) and (29]).

Lemma 2.4. Assume that @)-(B) are in force. Let ug be any pm on B(R3)
and let p(-,t) be the solution of (d) with initial datum po. Then, given any
orthogonal 3 x 3 matrix R and the relative map R : x — Rx, the solution

of (@) with initial datum po o R~ coincides with u(-,t) o R
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2.4 The C operator and its extension

The extended Bobylev formula (24]) is now re-examined to derive the defini-
tion of a new convolution between pms, say ¢ and 1, on Z(R3). Start from
that formula and rewrite the integral by changing the variables as follows:
First, for every unit vector u in S2, fix two vectors a(u) and b(u) in such
a way that {a(u),b(u),u} is a positive orthonormal basis of R, regardless
of the regularity of the mappings u — a(u) and u +— b(u). Second, for any

fixed € # 0, choose the parametrization given by
w = sin ¢ cos fa(u) + sin ¢ sin fb(u) + cos pu

where u := £/[£| and (¢, 8) belongs to [0, 7] x (0, 27), which becomes the new
domain of integration. Then, observe that (£ - w) = pcos g, with p := |€],
and that the uniform pm ug2(dw) transforms into (1/47)sin pdedd. An

elementary computation leads to

T 27

O[¢,)(€) = / / E(pcos oil)ii(psin o Yu am (A0)8(dg)  (31)
0 0

for every £ # 0, where w(g ) stands for the continuous uniform pm on

(0,27), B is the pm on [0, 7] defined by

B(dep) := %b(cos ©) sin pdp (32)

while 4! and 9" are abbreviations for the quantities

P! (p,0,u) = cosBsinpa(u) -+ sinfsin pb(u) + cos pu (33)
Y (p,0,u) := —cosbcospalu)— sinbcos pb(u) + sin pu .

Observe that the realizations of ' and 9" depend crucially on the choice
of the basis {a(u),b(u),u}. Now, some distinguishing properties of the

function

1(€, ) = {0% 6(P cos wlbl)ﬁ(p sin 01" )1t 0.0m) (do) li i 2 g "
1 = M

which appears in (31]), are highlighted by
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Proposition 2.5. For every fized pairs of pms (¢,n), 1 is independent of
the choice of the basis {a(u),b(u),u}, for every u in S%, and turns out to
be a measurable function of (&, ) in R3 x [0,7]. For every fived ¢ in [0, 7],
I(-, ) is the Fourier transform of a pm, say C[C,n; ], on B(R3), that is

1(€, ) = C[¢, m ] (&) (35)

for every € in R3. Moreover, the mapping o + C[C,n; ] is a random pm

and

Q[¢. 7](D) = / Cl¢. 7 £)(D)B(dy) (36)
0

is valid for every D in B(R3).

Proof: To prove the first claim, fix £ # 0 and let {a(u),b(u),u} and
{a’(u),b'(u),u} be two distinct positive bases. Since there exists some 6*

in [0, 27) such that

a = cosf*a—sinf*b
b = sinf*a+ cosf*b ,
write
Pl(p,0,u) = cosBsinga (u)+ sinfsineb (u) + cos pu
= cos(f — 0*)sin pa(u) + sin(f — 6*) sin pb(u) + cos pu
P (p,0,u) = —cosbcospa (1) — sinbcos b (u)+ sin pu

= —cos(f — %) cos pa(u) — sin(f — 6*) cos pb(u) + sin pu

and substitute them into the integral in (34]). An obvious change of variable
leads to the desired conclusion.

To proceed to the other points, it is first proved that & — I(&, ) is
continuous. Start by taking a sequence (§,,),>1 converging to £* and put
pn = |&,|- First, assume that & = 0 and, to avoid trivialities, p, # 0
for every n in N. Then, p, goes to zero along with |p, cos p3p'(6, ¢, u,,)|
and |py, sinyp” (0, v, u, )|, where u,, := &,,/pn, for every ¢ in [0, 7] and 6 in
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(0,27). An application of the dominated convergence theorem shows that
I(&,,, ) converges to one, for every ¢ in [0,7]. If & # 0, observe that p,
converges to p* := [£€¥|, as well as u, converges to u* := £*/p*. Fix a
small open neighborhood Q(u*) C S? of u* (with respect to the standard
topology of S?) in such a way that S \m contains at least two antipodal
points. In view of the independence of I(£, ¢) of the basis {a(u), b(u),u},
fix a distinguished basis in such a way that the restrictions of u — a(u) and
u — b(u) to Q(u*) vary with continuity. As a consequence, (¢, 0, u,)
converges to (¢, 8, u*) and " (p, 6, u,,) converges to ¢ (i, 6, u*), for every
¢ in [0,7] and 0 in (0,27). At this stage, the convergence of I(§,,, ) to
I(&*,p), for every ¢ in [0, 7], follows once again by an application of the
dominated convergence theorem:.

As for the measurability of (£,¢) — I(€,¢), invoke Proposition 9 in
Section 9.3 of [20]. In view of the continuity of & — I(&,¢) for every ¢ in
[0, 7], it suffices to prove that ¢ — I(§, ) is measurable for each fixed &.
This claim follows from the continuity of ¢ — I(§,¢), that can be verified
by observing the explicit dependence on ¢ in ([B3) and (34]), regardless of
the choice of the basis {a(u), b(u), u}.

To show that & — I(&, ¢) is a characteristic function for every ¢ in [0, 7],
one can resort to the multivariate version of the Bochner characterization.
See Exercise 3.1.9 in [32]. The only point that requires some care is, at this
stage, positivity. If this property were not in force, one could find a positive
integer N, two N-vectors (wi,...,wy) and (£;,...,€y) in CV and (R3)V,
respectively, and some ¢* in [0, 7] in such a way that

N N
SN wimil(E; — & 07) <0
j=1k=1

Hence, by continuity of ¢ — I(&,¢), for each fixed &, there exists an open

20



interval J in [0, 7] containing ¢* such that

N

N
ZZ wkI Eka()o)
j=1k=1

is strictly negative on J. Now, choose a specific Maxwellian kernel b, for
which the resulting pm in ([B2)), say S, is supported by J. By construction,

2w
0

is a strictly negative number, a fact which immediately leads to a contra-

N N
DD wiwkl(€; — &k, 0)Be(dg) (37)

j=1 k=

—

diction. Indeed, define Q.[(,n| to be the pm with Fourier transform given
by (24]) with b, in place of b, and note that, in view of (B1l), (37) is equal to

N N

Z w;@k QulC, (&, — &)

J=1 k=1
a quantity that must be non negative, from the Bochner criterion.

To prove the measurability of ¢ — C[(,n; ] it is enough to verify that
each map ¢ — C[(,n; ¢|(K) is A(]0,7])/%A(|0, 1])-measurable, for every rect-
angle K = Xg’zl(—oo, x;]. See, for example, Lemma 1.40 of [24]. To this end,

note that the Fubini theorem can be applied to show that

(¢, b) = G(p,b)

- i o [ o

—C —C —C

is B(R3 x [0,7])/%([0, 1])-measurable. See Section 8.5 of [10]. At this stage,

to complete the argument it suffices to note that

CIC,m; ] (X2 (—o0, 3]) = lim G(p, b) .

Finally, equality ([B6) can be derived from (BI) and (B3l), through the

following lemma, which completes the proof of the proposition.
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Lemma 2.6. Let (S,.7,\) be a probability space, © be a pm on B(RY) and
n: S x BRY — [0,+00) be a probability kernel with ns(-) := n(s,-) for
every s in S. If (&) = [47s(§)A(ds) for every & in R, then w(D) =
[sns(D)A(ds) holds true for every D in B(RY).

Proof: For € > 0, set

(&) = (&) exp{—el€?/2}
75(€) = s(§) exp{—el¢|*/2}

for every s in S. Then, equality 7°(§) = [ 75(€)A(ds) is still valid for every
¢ in R?, which entails 7¢(D) = Jsn5(D)A(ds) for every D in B(RY), from
the classical inversion theorem for the Fourier transform. Now, 7€ and 7§
converge weakly to 7 and 7, respectively, as € | 0. See, for example, Lemma

9.5.3 in [16]. Moreover,

limﬁ)nfﬂ'e(A) > /hm&)nfné(A)A(ds) > /nS(A))\(ds)
S S

where the former inequality follows from the Fatou lemma, while the latter
holds for every open subset A of R?, in view of Theorem 2.1 (iv) of [3] applied
to nS. A further application of this very same theorem to 7€ gives the weak
convergence of 7€ to [¢7sA(ds) and the thesis follows from the uniqueness

of the weak limit. O

In view of the last proposition, given any ¢ in [0, 7], C[(,n;¢] can be
seen as an operator which sends the pair ({,7) onto a new pm. Then, it is
natural to mimic the procedure of iteration for the Q operator, defined in
Subsection 2.2] to get an analogous result for the C operator. After fixing

the pm g on B(R3), set Cy, [1o; 0] := po and, for every tree t,, with n > 2

and any vector ¢ = (p1,...,pn_1) in [0,7]*"!, introduce the symbols
(pl = (901"“’307”*1)
LPT = ((Pnp--- 7§0n—2)
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to define
Cu, 103 ] = C |Cy [110; #'], Cug [10: #"; Sanl] (38)

T

with the proviso that ¢! (¢, respectively) is void when n; (n — ny, respec-
tively) is equal to one. These definitions, combined with Proposition 2.5]

lead to

Proposition 2.7. For every tree t, in T, the mapping ¢ — Cq,[po; @] is a

random pm, and

Qu, [0l / C,. [10: ) (D) 8% (dep) (39)

07rn 1

holds true for every n > 2 and D in B(R3).

Proof: As to the measurability of Cy,[uo; ], note that Cy, gives a pm
for every ¢ in [0, 7]"~!. Then, proceed to show that its Fourier transform is
measurable as a function of (&, ). By resorting, once again, to Proposition
9 in Section 9.3 of [20], it suffices to verify that Cy, [uo; @](£) is continuous
as a function of &, for every fixed ¢, and measurable as a function of ¢, for
every fixed €. The former claim is immediate in view of the basic properties
of the Fourier transform, while the latter can be proved by induction. Fix

&€ # 0 and combine ([B5) with (B8] to write

Co, [10; #)(8) = /C}zn[uo;wl](pcown11#’(%1,9,11))
< Ce [to; @"](psin op 19" (pn—1,0,0))ug2q)(d0) . (40)

Assume, as inductive hypothesis, the measurability of ¢ +— C¢[uo; ] for
every t € Up<p—1T(h). Then, invoke the already mentioned proposition in

[20] to prove that both

Cu [110; €'](p 08 pr_19' (1,0, 1))
Ce, [10; "] (psin r 19" (1,0, 1))
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are measurable. Clearly, it is enough to study the former, the analysis
of the latter being analogous. First, as p, u and 6 are fixed, think of
CA% [120; '] (p cos ©n_ 179" (91,0, 1)) as a function of the pair (¢!, ¢, 1) and
note that the dependence on ¢, _; is continuous, for any given ¢!. To show
this, it suffices to check the position of ¢,_; in the definition of ' (see
@3)) and to observe that pcos@,_11' is the argument of a characteristic
function. Next, for fixed ¢,_1, ¢! — é’til [110; '] (p cos @n_19 (@n_1,0,1)) is
measurable thanks to the inductive hypothesis. This proves the measurabil-
ity of the Fourier transform of Cy, [10;¢]. At this stage, the same argument
as in the proof of Proposition 2.5 based on the Lévy inversion formula, leads
to the measurability of ¢ — Cy, [po; ¢]-

Finally, as far as (89) is concerned, one first proves the equality

0 lwl© = [ Clmiel©)8% () (a1
[0771-}77,71
for n = 2,3,..., by mathematical induction. Indeed, (@Il coincides with

BI) when n = 2. For n > 3, combine (29) with (31]) to obtain

O, [1o](§) = Q{th[ﬂo]ath[Mo] €3)

™

27
= / / Qu [10)(p cos o) Qur [110] (p sin 3" )t 0,2 (A6) B(dp) -
0 0
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By the inductive hypothesis,

T 21w
/ / Qu [10](p cos ") Qg [110] (p $in ¥ Yo 2y (A6) B(dep)
027r07r
= // / Cu [10; ') (p cos pip') 8% (dgp') x
0 0 [

0771_}%[—1

Ce, [10; "] (psin op™) 3% =1 (dep") B(dep)u(o,2r) (d6)

[0,7]r =t

X

21
= / / Cu 1103 ¢')(p cos op')Cyr [110; "] (psin pyp”) x
[0,7]7=1 0
X t(09m (d0)B% 1 (dep)

This yields (41]) by means of (35]) and (38]). Then, equality (B9) follows from
1) through Lemma

2.5 Description of the probabilistic framework

The sample space €2, mentioned firstly in Theorem [[.T] and used throughout
the work, is defined to be

Q:=Nx T x [0,7]* x (0,21)® x (R3)*>

where, for every nonempty set X, X° stands for the set of all sequences

(z1,x2,...) whose elements belong to X. The o-algebra .# is given by
F = B(N) @ B(T) @ B([0,7]°) @ B((0,21)®°) @ B((R3)>)

where N and T are endowed with the discrete topology and Z(X) stands
for the Borel class in X. The symbols

v, (Tn)n217 (¢n)n217 (79n)n217(xn)n21

denote the coordinate random variables of 2. They can be given the follow-

ing meaning: v is the number of leaves, (7,,)n>1 is a sequence of trees with
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Tp in T(n) for every n > 1, (¢pn)n>1 and (9,)n>1 are sequences of angles
taking values in [0, 7] and (0, 27), respectively, and (X,,),>1 is a sequence
of velocities. For each t > 0, P; is defined to be the pm on (€2,.%#) which
makes these random variables all stochastically independent of one another,

with these properties:

a) v takes values in N and
P v=n]=et(1l—-e ) ! (n=1,2,...) (42)
with the proviso that 00 := 1.

b) (Tn)n>1 is a Markov sequence driven by

Pt[’Tl = tl] =1 (43)
1
Pt[TnJrl = tn,k | Tn = tn] = E (44)
for every n, t, in T(n) and k =1,...,n, and

Pirnyi =8| 7 =1] =0
whenever s ¢ G(t,,).

c¢) The elements of (¢;,),>1 are iid random numbers with common distri-

bution S, specified in (B2)).
d) The elements of (9,,),>1 are iid with common distribution w2y
e) As stated in Section [Il the X;s are iid with
Pi[X1 € D = po(D) (45)
for every D in %(R3).

As to the existence of P; satisfying the above properties, see Theorem 3.19
in [24].
There is an interesting relationship between the weights p,,, given in (I4]),

and the law of the Markov sequence in b).
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Lemma 2.8. Fquality
pn(tn) = Pi[m = t,)] (46)

holds true for every n and t, in T(n).

Proof: Argue by mathematical induction. First, the assertion is trivially

true for n = 1,2. Next, given any n > 3,

Pt[Tn = tn] = Z Pt[Tn =1, ’ Tpn—1 = 5n—1] Pt[Tn—l = 5n—1]
Bn—lep(tn)
X Pdmas=sol=sp Y peale)
= Tr_1 = _ = — —
n—1 tl'n—1 n—1 n—1 Prn—185n—1
sp—1€P(ty) Sp—1€P(tn)

the last equality being valid thanks to the inductive hypothesis. Now,

Z pnfl(ﬁnfl) = Z pn71(5n71) + Z pnfl(ﬁnfl)

5n716P(tn) 5n—1€P(tn) Sn—1 E]P(tn)

T Y
sl =th Sp-1=t

and, by (I4),
Z Pn—1(Sn—1) + Z Pn—1(5n-1)

5n71€P(tn) 5n—leP(tn)
sp_1=t, 1=t
1 l l
= n—Q[ Z Py ($p—1)Pn,—1(85,1) + Z Pnzfl(5n—1)pnr(5:z—1)]
5n716P(tn) 5n—1€P(tn)
s =th Sp1=t
1 I l
= —[pa®) X P ) Y pui(sh)]
Sn_1€]P’(tn) Sn_1€]P’(tn)
S,_1=t, 5, 1=t

At this stage, one can conclude by working out the previous sums as follows.

; l — 4l
As to the sum relative to s, _; = t;,,

Z Pr—1(Sp_1) = Z Prp—1(5n,-1)

Sp—1€P(tn) Snyp—1E€EP(A)

1 ¢l
5nfl_tn

= Z Pt[TnT—l = 5n,~—1]

Snp—1 EP(J‘Z)

= (nr—1) Z Pi[Tn,—1 = 8n,—1]Pe[T0, =t | Tn,—1 = 8, 1]
Sn,.—1E€EP(L)

= (ny — DPy[m, = ] = (n, — )pn, (t,) -
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The same line of reasoning leads to

l l
Z Pry—1(85_1) = (g — L)pn,(t;,) -
spo1=t

The proof of the lemma terminates by combining the previous equations,

upon noting that n =n; +n,. 0O

The way is paved for the definition of the arrays (myp,...,7Tn,) and
(O1m,---,0p,n) mentioned in Section[Il As to the former, let T, be areal-
valued function on T(n) x [0, 7]*"!, for j = 1,...,n and n in N. Specifically,

711 =1 and, for n > 2,

7% (€, ) cospnq forj=1,...,my
W;,n(tmso) = z:nl " ) ) (47)
Ty (G @) S0 1 for j = +1, o m
for every ¢ = (¢!, ", 1) in [0,7]"~L. At this stage, set
Tjmn = W;,n(Tn7 (¢17 o 7¢n—1)) (48)
for j =1,...,n and n in N. A straightforward induction argument shows

that
n
d o, =1 (49)
j=1

for every n in N and w in Q. By arguing as in [I], 2], verify that

v

Ev [ Y Imjul*| = (7200 (50)
j=1

holds true for every s > 0 and I4(b) := [ (sing)*S(de).
The definition of the O; ;s requires the introduction of the following 3 x 3
orthogonal matrices
—cosfcosp sinf  cosfsingp
M (¢, 0) = —sinfcosp —cosf sinfsinp
sin 0 Cos
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and

sinf cosfsing —cosfcosp
M"(p,0) ;= | —cosf sinfsing —sinfcosgp
0 cos ¢ sin ¢

on the basis of which one considers SO(3)-valued functions Oj,, on T(n) x

[0,7]"" 1 x (0,27)""!, for j=1,...,n and n in N. They are defined by

O>{71 = Idgxg
and, for n > 2,
O;f,n(tna P, 0)
o Ml(‘Pn—laen—ﬂO;,nl(tﬁl,(,ol,Gl) forj=1,...,my (51)

M" (on—1,0n-1)0F _p, pn, (th: ", 0") for j=m+1,....n
for every ¢ in [0,7]""! and € in (0,27)""!. Development of this recursion

formula gives
6;(tn)

O;,n(tn, P, 0) = H Meh(tm'j)(@mh(tn,j)a emh(tn,j)) (52)
h=1

where [[,_; Ap := A1 X --- x Ay, The €(ty,, j)s take values in {/,r} and, in
particular, €, (t,, ) equals [ (r, respectively) if j < n; (j > ny, respectively).
Each my, belongs to {1,...,n — 1} and mq # --+ # my,(,). In particular,
mq(t,,j) = n—1, for every t, in T(n) and j = 1,...,n. It is worth mention-
ing that there is a more direct procedure to prove (52]) based on the specific
structure of each t,. It is explained in detail in Section 2.5 of [12].

The random matrices mentioned in Section [ can now be specified by

Ojin 1= O% (T (D1, -, b1), (91, -+, V1)) (53)

for j=1,...,n and n in N. To conclude, note that 1, ,, defined by @, is

a random function of the variable u satisfying

%jn(w)] =1 (54)

foruin S, j=1,...,n and n in N.
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2.6 Proof of Theorem [I.1]

Substitute ([B9) in () to have

uw(D,t) = e 'u(D +Z (1—e ! Z Pn(tn) X

th€T(n)

/ C., [110; 2] (D) 3% (dgp) (55)

07!'” 1

for every D in %(R3) and every t > 0. Next, define the function M : Q —
P(R3) as

M(D) := Cr, [1o; (91, - -, du—1)](D) (56)
for every D in %(R3), with the proviso that (¢1,...,¢,_1) = 0 if v =
1. In view of Proposition B7, M is .#/%(Z(R?))-measurable, which is
tantamount to saying that M is a random pm. Moreover, M does not

depend on b. Taking expectation of both sides of () yields

EM(D)] = / Coo 1105 (61, - 6 1))(D)dP,
Q

+o0
= D+ Y [ Gl o)D) x

n=2t, ET(n) [077@"7 1

X Pt[y =N,Tp = tn, ¢1 € dgpl’ cee ’gbnfl € dSanl] . (57)

After recalling the assumption of independence of the coordinate random
variables, combination of points a)-c) in Subsection with Lemma 2§

gives

Pilv =n,7, = ty, 01 €der,...,0n_1 € dpp_1]

= e_t(l - e_t)n_lpn(tn)ﬁ(g)nil(dspla s ,ngn,I)

for every n > 2, which shows that the RHSs in (53]) and (57)) coincide.
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2.7 Proof of Theorem

After defining the o-algebras

g = O'(V, (Tn)n217 (¢n)n21)
H = a(y, (Tn)n>1, (Pn)n>1, (ﬂn)nzl)

it is easy to verify points from i) to v) and the validity of the equalities
M(E) = éTu [MO’ (¢17"' 7¢V—1)]

E, [eips(“) ] ,%”} = kK HﬂO(Pﬂjvvlbj,v) | A
=1

E, [eif’s(“) |E¢} = E |[] iolomjnnp;,) | 9
=1

so that the problem reduces to proving that

oo £)(8)

- [ (75 inttn 0. 00) | izfa0) (59
(0,27)n—1 J=1

- L9t £)BIO (i O)cs) | i 00) 59
(0,27)n—1 j=1

hold true for every n > 2, for every tree t,, in T(n), ¢ in [0, 7]" ! and £ # 0,
with p = |£] and u = £/|§|. In (ES), the q;,s are defined as follows. First,
q1,1(t1,0,0,u) := u. Then, for every tree t, with n > 2, put

qj,n(tna‘Pae’u)
_ Qo (th, 1 0", 9 (on 1, 0,1, 1)) forj=1,....,m (60)
Qj—nyn—n, (@, 0", (Pp—1,0p—1,u)) forj=mn+1,....,n
for every ¢ = (¢!, ¢", ¢n_1) in [0,7]* " and 8 = (8',0",6,,_1) in (0,27)",
where 1! and 1" are given by (33).

To prove (B8], first consider the case when n = 2 and observe that

Mo = COSp1, Ty = SN, Qo = Y, q22 = ¥". Then, check that (L8]
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reduces to () with ¢ = n = po. Next, by mathematical induction, assume

n > 3 and recall (35]) again and (B8]) to write

27
Co o 0)(€) = / Cu 107 ')( €05 9n 19 (1, 61, 0)
0
x C [10; "1 (P S0 P19 (91, On—1,1) U0 27) (A1) -

Thus, assuming that (B8] holds true for every [ in {1,...,n — 1} and every
tree 4 in Uj<,,—1T(1), deduce that

étgl (105 @' (p cos @19 (¢n-1,0n-1,11))
= Siompn { T fio[pcos pn 1l ()
%y (8,01, 0,9 (o1, 01, w))] b (d61)
and

Cu [1o; " ](pcos pn—19" (n—1,0n-1,1))
= f(0727r)"T*1 { H?Ll fio [p cos 177, (1, ")

X, (8, ", 0", %" (0n-1,0n-1,1))] }u%;;; (de") .

To complete the argument, combine the above equalities, invoke (7)) and

®n;—1 Rn—n;—1 Rn—
(60) and note that u(g ) ® Uoam @ Ugan = u(0727:).

As far as the proof of (B9) is concerned, start by noting that
qj72(t27 2 07 U.) = B(u)O;Q(tQ? P 0)63

for j = 1,2, for every ¢ in [0,7], 6 in (0,27) and u in S?, provided that the
basis {a(u), b(u),u} in (B3] is formed by the three columns of B(u). Then,

assume n > 3 and argue by induction, starting from (58) and definitions
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(B3) and (60). Whence,

/ |:H ﬂO (pﬂ-;':n(tn, (p)qj,n (t‘n’ @, 0, u))] u%?g_wl) (de)
(0,2m)n—1 j=1

2w

]

0 (0,2r)™~1 (0,2m)nr—1

ny
|:H I (pw;,n(tm SD)Qj,nl (tiw Sol’ el, 1/;1(@0”71, On—1, u)))] X

J=1

Ny
LT 70 (07 1y (s @) i, (67, 07, %" (01, 01, 0))) |

j=1
nr r Rn;—
Xu% 5 (dG ) %o, éw)l (d6")u (g 9) (A1)
0 (0,27)™—1 (0,2m)nr —1
ny
H :[1'0 (pﬂ';‘:n(tn7 Lp)B(‘Pl((pn—h 0n—17 ))O’; nl( , (Pl, el)eg) %
j=1

TT 10 (P77 o (s @B (21, 61, 0) O (6,07, 0)e3) |
j=1

nr T Rng—
xufo’ 3y (A67)uy 5ﬂ;(del)u(0,%)(d9n,l). (61)

The integral f(o o)1 ( f(o oy =1 respectively) should not be written if
n; =1 (n, = 1, respectively) since 8" (8", respectively) corresponds to the

empty set. At this stage, it will be proved that

* ®Rn
Huo (@B(®' (9n-1,0n-1,10)) 05, (4, ¢, 0))es) | us ) (d6")

(0727r)nl71 Jj=1

ng
-/ [H fio (tB(W)O} (b 0. 0)es) | iy (a0)  (62)
(0,2m)™ 1
for every real , uin S2, ¢ in [0,7]" ! and 6,1 in (0,27). If n; = 1, it is
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immediate to verify that

P (pn-1,0n-1,1) = B (pn-1,0n-1,u))es = B()M' (0,1, 0,1)es
(63)
which implies (62]). Then, pass to the most interesting case when n; > 2. In
view of (63)), the last column of the two matrices B(¥'(¢n_1,0n_1,1)) and
B(u)M!(¢,,_1,0,_1) are the same and, therefore, there exists an orthogonal

matrix of the type

cosaa —sina 0
R(a):=| sina cosa 0
0 0 1

for which B(¥!(¢n_1,0n_1,1)) = B(u)M!(¢,_1,0,_1)R(c). Note also that

« depends only on ¢,_1, 8,1 and u. Now, when n; > 2, recall that

I
Oj7nl(t£u (Pla al) = MEl(th)(@nl—h Hnl—l)Qj,nl

where Q;,, is another orthogonal matrix. If §;(t)) = 1, Qj,, reduces
to the identity matrix. Otherwise, it depends on t,, (i1, .. ., Pn,—2) and
(01,...,0,,—2) through (52)). In any case, the precise expression is not needed

here. The key remark is represented by the equality
R()M?(p,0) = M?(, 0 + a)

which holds for both s = [, and for every ¢ and 6. Then, start from the
LHS of (62) and take account of the product R(Oé)Mel(tg“j)(SDnlfl,Hnl,l),
which equals Mel(tlmj)(cpm_l, On,—1+a(pn_1,0,-1,u)). A change of variable

/

Opy—1 = Ony—1 + @(n-1,0n-1,u) transforms the LHS of (62)) into

ny
N * Ony—
H Ho (xB(u)Ml(QOn—la Hn—l)oj,nl (tiw ‘Pla 01)63) u(oéﬂ)l (del)

(02mm—1 =1

which equals the RHS of (62)), in view of (53).
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To complete the proof of (B9), use (GI]) after noting that an equality
similar to (62)) can be stated by changing subscripts and superscripts from
[ to r, and replacing O3, ,, to O} .

Finally, the above argument works in the same way to show that two
representations of the type of (B9]) are equivalent even if definition (@) is

based, through the matrix B(u), on two different choices of orthonormal

bases, such as {a(u),b(u),u} and {a'(u),b’(u),u}.

3 Central limit theorem for Maxwellian molecules

We are going to give a necessary and sufficient condition for the convergence
of the solution u(-,t) of (Il), as t goes to infinity, by resorting to arguments
which are reminiscent of those used to prove central limit theorems. This is
made possible in view of Theorems [[L.THI.2] which express u in terms of sums
of random numbers. As recalled in Section [I], the study of the convergence
to equilibrium of the solution of ([{l) has been considered as a problem of
paramount interest ever since the pioneering works in kinetic theory of gases.
As a consequence, this question has given rise to an extensive research. See
Chapter 2D in [34].

Before stating the main result of this section, it is worth recalling that

(@) implies
[vutavty = [l (64)

R3 R3
/ VPu(dv.t) = / VP o(dv) (65)
R3 R3

for every ¢t > 0. Moreover, the unique stationary solutions of ({l) — in the
class of all pms on Z(R3) — are the so-called Mazwellian distributions given

by

L\ 1 ,
aal@) = (5o ) expl=g v~ volhav (60
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with (vg,0) in R? x [0, +00). If 0 = 0, Yy,,0 reduces to the unit mass dy, at

vg. We are now in a position to formulate the foretold result.

Theorem 3.1. Let conditions [B)-([) be in force. Then, u(-,t) converges
weakly, as t goes to infinity, if and only if ([A3) holds true. In case this
condition is satisfied, the limiting distribution is given by (GQ) with

vo = / vio(dv)
R3

1

o = §/|V—Vo|2ﬂo(dv)-

R3

At the beginning, starting from initial data with finite second moment
and satisfying extra conditions related to the Boltzmann H-theorem, dif-
ferent authors stated the convergence to the Maxwellian distribution with
respect to the total variation distance. Afterwards, on the basis of inspiring
principles different from the H-theorem, the aforesaid conclusions have been
improved in different ways. In [33] it has been proved that the solution con-
verges weakly when (I3)) is valid. A definitive result in [8] has finally stated
that (I3]) suffices to obtain convergence in total variation. To the best of
the authors’ knowledge, the only proof that (I3]) is necessary is contained in
[7], where it has been shown that if the second moment of 1 is infinite then
all the mass “explodes to infinity”. The motivations for the new proof, we
are going to present, rely on the nexus with the methods of current usage
for solving the central limit problem, which one can now institute thanks to
Theorems Indeed, the cohesive power of these methods gives rise
to a well-structured, transparent and direct proof that turns out to be, on
the whole, more comprehensible than a mere union of necessarily disparate
arguments extracted from the above-mentioned works. An analogous strat-
egy has already been followed in [22] apropos of the simpler case of Kac’s

equation.
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3.1 Sufficiency of condition (I3])

If [os |x[*po(dx) = 0, then p(-,t) coincides with the unit mass at 0, do(-), for
every t > 0. On the other hand, when (I3) is in force with [ps [x|?po(dx) >
0, one can assume that the following extra-conditions are valid, without any

loss of generality.
1) [gsXpo(dx) =0
i) fgs [x[*po(dx) =3

iil) [ps @ixjpo(dx) = 0, whenever 1 <4 # j <3

iv) 02 := min{o?, 03,03} > 0, with o2 := Jgs z3pp(dx) for i =1,2,3.

In fact, i) and ii) can be assumed in view of the conservation property
encapsulated in ([64)-(G5). Under i) and ii), the thesis of Theorem B.] can
be specified by saying that the parameters of the limiting Maxwellian are
vop = 0 and ¢ = 1. Condition iii) can be assumed in view of Lemma 24 by
choosing R in such a way that 'RV [uo]R is a diagonal matrix, where V[uq]
denotes the covariance matrix of ug. At this stage, replacement of pg with
po o R, where R : x — Rx, does not alter the conclusion to be reached.
Note that the ensuing initial datum fulfills conditions i)-iii). As to condition
iv), recall that [ps z2u(dx,t) — 1 as t goes to infinity, for i = 1,2,3. See
Lemma 1.8 in [6]. Hence, for each strictly positive 7, there is tg = to(n,b)

so that

| [ tutaxn—1] <y (67)
R3

for every t > tg, and ¢ = 1,2,3. Substituting po with u(-, %), iv) holds true
along with 1)-iii).

The sufficiency of (I3) will be now proved by means of the Lévy continu-
ity theorem for characteristic functions, by adapting the argument displayed,

for example, in Section 9.1 of [I0]. To start, fix & # 0, put p := |£| and
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u := &/p. Theorem [[1] gives

|E:M(€) — exp{—|£]*/2}|
|[E[M(pu) — exp{-T7p*/2}]|

+ |E exp{—T?p*/2} — exp{—p2/2}|

(€. ) — exp{—|€]*/2}|

IN

where X
) v
1= (stw) | ] = o w S atatw)
j=1 i=1
As to the first summand in (68]), Theorem can be invoked to write

(B[ M(p) — exp{~T?p/2}]| < B[ [#50) | 2] — exp{~T2%/2}] .

(69)
By using (6)-(7) in Section 9.1 of [I0], one gets
1Et [eiﬂw | | = exp{~T%*/2)
: wa [ @) x0mo(ax) + <7
Aj(e)
3 2,12

1,4 4maX1SJ‘Sv7T]2',u > el 0; j,u;i(u)

+ 8T P T2 (70)

with

Aje) = {x e R’ | |mjy (b, (w) - x)| Z £T}
for j =1,...,v. Combination of points i)-iv) with (49) and (54]) shows that
af < T? <3 and

1

3
9
1" max 7, Z o7 3 () < ptm) (71)

with 7, := maxi<j<, |7j,|. Put M(y) := flx\Zl/y |x|2po(dx) for every y in
(0, +00) and note that M is a monotonically increasing, bounded function

satisfying lim, o M (y) = 0. Moreover, from

A(6) © {xeR®||m,(;,(u) x)| > 0.}

c {xeR? | |To(¥), (1) - x)| > €0} C{x € R3 | 7ol - x| > €0}
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one can conclude that

v .
St [ it %Pl < a1 ( 22) ™)
i=1 Aj(e)

holds true for every strictly positive . At this stage, fix ¢ = /7, and

combine (70) with (7I]) and (72]) to get

‘E [Z’)S |<%”]—exp{ T2 2/2}‘<M<\/—> 4+ 3V3/mp° + 770,0
(73)
To complete the analysis of the RHS of (69), it can be shown that the
expectation of the RHS of (73]) goes to zero as t goes to infinity, for every
p in (0,+00). Indeed, for any monotonically increasing, bounded function

g :(0,00) = (0,00) satisfying lim, o g(x) = 0, one has

Elo(r)] = Eilg(m)Mm, < &) 4 Elfg(mo)L{m, > )
< gle™™)+ sup g(x) - Pyfmy > e
z€(0,00)
< gle™™) + sup g(x) - Eyfmyle®
z€(0,00)

for any z in (0,00). Using (50) with s = 4 gives E;[r%] < e~ (1724t and,
after choosing z = §(1 — 2l4(b)), one obtains lim;_, | E[g(m,)] = 0. This
argument, with g(z) = M <g) p? +3V3y/xp3 + %x2p4, leads to the desired
result.

As far as the second summand in (68]) is concerned, one first observes
that, in view of Theorem [I[T] E; [e*TQPQ/ 2] can be thought of as the Fourier

transform of the solution of (Il) when the initial datum p meets

o(dx) H \/_e p{— }dxl . (74)

By resorting to an easy argument developed in [13], n in (G7) can be chosen

so small that (74]) belongs to a convenient neighborhood of 7 1, so that
|Esexp{—T"p?/2} — exp{—p?/2}| < c1e™*'

for some strictly positive constants ¢, ca. See Theorem 1 in [13].
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3.2 Necessity of condition (13))

Suppose that the solution wu(-,t) of (dl), with initial datum pg, converges
weakly to some limit, as ¢ goes to infinity. Following a technique developed

n [19], the argument starts with the introduction of the random vector
W = (v, (1);21, (65)521, (9;) 21, X, A, U)

defined on (§2,.#). The meaning of v, (7;);>1, (¢;);>1, (¥);j>1 is the same as
in Subsection while, to explain the other symbols, one fixes an arbitrary

point ug in S? and defines:

i) A= (M), A(4),90(+),90(+), ... ) to be the sequence of random
pms with Fourier transforms 5\](5) = fio(€mj 0, (00)), forj =1,... v

and £ in R, while J, stands for the degenerate pm at x.

ii) A to be the random pm obtained as convolution of all the elements of

A les A=Ay Ay

iii) U := (U, Us,...) to be the sequence of random numbers defined by

Uy == maxi<j<y \j ([—%, %]c) for every k in N.

To grasp the usefulness of W, one can note that its components are the
essential ingredients of the central limit problem for independent uniformly
asymptotically negligible summands. See Sections 16.6-9 of [20]. Apropos of
the negligibility condition, it is easy to prove that

lim PU; >a] =0

t—-+o0

holds for every k in N and for every « in (0,+00). In fact, observe that
|9; | = 1 entails {x € R3 ‘ T, x| > 1/k} C{x € R3 | | vx| > 1/k}
and hence
{Uk > a} C {[1r£1a<x po{x € R3 ‘ |7jx| > 1/k}} > a} .
<j<v

Then, apply the argument used to prove Lemma 2 in [22].
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Now, think of the range of W as a subset of
S:=NxT x [0,7]® x [0,27]° x (Z(R))>* x Z(R) x [0,1]>°

where T is the one-point compactification of the discrete topological space
T; N:={1,2,..., 400}, R := [~00, +00]. According to results explained in
Section 6.1 of [29], Z(R) can be metrized, consistently with the topology of
weak convergence, in such a way that it turns out to be a separable, compact
and complete metric space. It follows that S is a separable, compact and
complete metric space with respect to the product topology and so the
family of probability distributions (Py o W_l)tzo is tight. This implies that
any sequence (P, o W™1),,>1, such that t,, strictly increases to infinity as
m goes to infinity, contains a subsequence (Q,,)n>1, with Q,, := Py, o w1t

which converges weakly to a pm Q. It is worth noting that, thanks to the

weak convergence of p(-,t), Q is supported by
{+o00} x T x [0,7]> x [0,27]* x (89,50, -..) x P(R) x {0} .

This claim can be verified by invoking Lemma 3 in [22].
Since S is Polish, from the Skorokhod representation theorem (see Theo-
rem 6.7 in [3]) one can determine a probability space (Q,.%,P) and random

elements on it, taking values in S,

W, = (Zns (Fjm)j>1, (ng,n)jzla (lgj,n)jzl, Ay Ay, fjn)

WOO = ({_{_OO}’(%LOO)JEI’(&]700)]21’(15]700)]217(50550,),Aooa(oaoy))

which have respective probability laws Q, and Q and satisfy W, (v) —

Wao (@) in the metric of S, as n — 400, for every @ in Q. This entails

Uy — 400, U, — (0,0,...)

5 ) ) (75)
)\n:>((50,(50,...), An:>Aoo

as n goes to infinity. The symbol = is here used to designate weak conver-

gence of pms. The distributional properties of W,, imply that A,, is the con-
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volution of the elements of 5\n, and that Ukm = Maxi<;j<p, \jn ([—%, %]C)
for every k in N, P-almost surely.
From now on, given any pm g on %(R%), ¢'®) will denote the symmetrized
q, ie. ¢®)(-) := |G(-)]>. Then, (75) entails AY = AY for every @ in Q,
which, combined with Theorem 24 in Chapter 16 of [20], gives
2 — 25(5)
+ 00> 0%(w) = lelfolh_m" ; A7 (dz; ) (76)
[—&se]
with the exception of a set of points @ of Is—probability 0. The proof of the
necessity starts from this inequality and carries on according to the following

argument. Firstly,

s

Un

S / 29 = Y72, / (B, - )P W[ 503D, - x| < e} (dx)
jil[_57€] J=1 R3
2 Z?D ijvn,z / 5”2:“(()3)((1)() (77)

Tk x| <e
where 7 and {p denote the counterparts, in the Skorokhod representation,
of the 7 and 1) defined in Subsection 23] 77 := maxi<j<p, |7,| and the

inequality is a consequence of the inclusion
{xeR? ‘ |77'j7l;n’l,~bj’1;n x| <e}D{xeR? | Anlx| < e} .

Secondly, define k = k(@; 7, n) to be an element of {1, 2, 3} for which if,ﬂn;k =

maxi<;<3 Q,Z;JZ,Dn;i, which is greater than 1/3 since 't:bjﬁn belongs to S2, for

every w in Q, nin N and 7=1,...,0,. Then,
Un 3
Zﬁj%l?nzwj%ﬂn;i / xQIu((JS)(dX) = Zﬂ-] n ]7Vn / mIdit() )(dx)
j=1 i=1 7 x| <e 7 |x|<e
1O
> 3>, [ ki)
= Thlx|<e
13
- 3 Zgh,n / xhﬂés)(dx)
h=1 .
7k |x|<e
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where 3, ,, denotes the sum of those 7?]2% so that k(®;j,n) = h. In view
of Lemma 1 in [22], without real loss of generality one can assume that
7y goes to zero with probability one, as n goes to infinity. Hence, since
Z‘zzl 5nn = 1 with probability one, there are some @ and h, say h, = h, (@),

so that 77 (@) — 0 and lim, 3y, ,, is strictly positive. Then,

3
N o 1 -
02(0«)) > Eﬁ)lhmnggl Sh,n / x%uu(()S)(dX)

Tk x| <e

1~— T~
> gllmr_,+oo / x%*,ués) (dx) - limy, 3p,, ,,
x| <r
which is enough to show that the h,-th marginal of u(()s) — and hence also

the h,-th marginal of ug — has finite second moment.

To complete the proof, recall Lemma[2.4] and note that weak convergence
of pu(-, ) entails weak convergence of y(-,t)oR~!. Hence, the above argument
can be used to prove that [os wi* pooR~1(dx) is finite for every choice of the
orthogonal matrix R, with the same h,, independently of R and pg. At this
stage, it suffices to choose R firstly equal to Ry := (21, x2,x3) — (22,23, 21)
and, then, equal to Ry := (21,x2,23) — (x3,21,22) to have the desired

result.

4 Global boundedness of the moments of M

The present section deals with the moments
M, = / |x|" M (dx)
R3

of the random pm M. Since M depends on pyg, it is interesting to investigate
the connection between the finiteness of 9, and the finiteness of the mo-
ments of ug. This problem is intimately linked with the global boundedness
of the moments of the solution of (II), through Theorems Global
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boundedness of the moments of p has been carefully investigated in some
papers. See [17] and the references therein.

As an application of Theorems [[LTHI.2] we are now able to determine
upper bounds, which are expressed as functions of the moments of p and are
independent of b, for the random moments 91,.. To appreciate the novelty
of this statement, recall that existing literature is limited to inequalities

concerning only the expectation of the above random moments.

Proposition 4.1. Assume that [psxpo(dx) = 0, [gs [x]?po(dx) = 3 and

that
mei= [ 7o) < +o0
R3
for r =3,...,2k and some integer k > 2. Then, the random number S(u)
defined by ([I0) satisfies
E: ISl | #] < g (78)

for 1 =2,...,2k and for every u in S, Pi-almost surely. The upper bounds

gi are positive constants depending on po only through m;. Consequently

ol .
‘8—/)1/\4(/)11)‘ <g (79)
forl=2,...,2k, pin R and u in S?, Ps-almost surely. Moreover,
Moy, < 3"go, (80)

for h=1,... k, Py-almost surely.

The expression of the constants g; can be found in the following
Proof: First, note that
1%
B [(S(u)? | 2] =D w0 B (X5 45,)° | ] <3
j=1
as an obvious consequence of the conditional Cauchy-Schwarz inequality.

Whence, (78)) holds true for [ = 2 with go := 3. Then, for [ > 3, an
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inequality due to Rosenthal — see Section 2.3 in [30] — yields

E ISl | ]
gwﬂgaWw&wMW%P(EEWw&WMU%UW}

where ¢(l) is a positive constant depending only on [. An additional ap-
plication of the Cauchy-Schwarz inequality, combined with ([49) and (54,
gives

v v

e[l 1] < ew{m Y iml+ (33072,)")

j=1 j=1
v

= eO{m Y Iyl +37}

J=1

which entails (78) with g; := ¢(I){m; + 3//2}. By elementary properties of

the characteristic function, (78]) entails
o inS
‘B—plEt [ew ()] %] ‘ < a

for I =2,...,2k, which gives (79]) through an application of the dominated
convergence theorem in (I2). As for (80), verify that

3 h 3
My, = / (Zﬁ) M(dx) <31 ) / 22" M(dx)
i=lps

gs \i=l

bl 3 o%h .
i=1

where e; stands for the i-th vector of the canonical basis of R?, and conclude

by applying ([79).
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