
ar
X

iv
:2

00
4.

05
40

7v
1 

 [
gr

-q
c]

  1
1 

A
pr

 2
02

0

Sixth post-Newtonian local-in-time dynamics of binary systems

Donato Bini1,2, Thibault Damour3, Andrea Geralico1
1Istituto per le Applicazioni del Calcolo “M. Picone,” CNR, I-00185 Rome, Italy

2INFN, Sezione di Roma Tre, I-00146 Rome, Italy
3Institut des Hautes Études Scientifiques, 91440 Bures-sur-Yvette, France

(Dated: April 14, 2020)

Using a recently introduced method [Phys. Rev. Lett. 123, 231104 (2019)], which splits the con-
servative dynamics of gravitationally interacting binary systems into a non-local-in-time part and a
local-in-time one, we compute the local part of the dynamics at the sixth post-Newtonian (6PN) ac-
curacy. Our strategy combines several theoretical formalisms: post-Newtonian, post-Minkowskian,
multipolar-post-Minkowskian, effective-field-theory, gravitational self-force, effective one-body, and
Delaunay averaging. The full functional structure of the local 6PN Hamiltonian (which involves
151 numerical coefficients) is derived, but contains four undetermined numerical coefficients. Our
6PN-accurate results are complete at orders G3 and G4, and the derived O(G3) scattering angle
agrees, within our 6PN accuracy, with the computation of [Phys. Rev. Lett. 122, no. 20, 201603
(2019)]. All our results are expressed in several different gauge-invariant ways. We highlight, and
make a crucial use of, several aspects of the hidden simplicity of the mass-ratio dependence of the
two-body dynamics.

I. INTRODUCTION

A new method for analytically computing the con-
servative dynamics of gravitationally interacting bi-
nary systems has been recently introduced [1]. This
method draws its efficiency from combining in a spe-
cific way results coming from several different theoreti-
cal formalisms: post-Newtonian (PN), post-Minkowskian
(PM), multipolar-post-Minkowskian (MPM), effective-
field-theory (EFT), gravitational self-force (SF), effec-
tive one-body (EOB), and Delaunay averaging. We have
recently applied this method to the derivation of the
fifth post-Newtonian (5PN), and fifth-and-a-half post-
Newtonian (5.5PN) dynamics [2]. Here, we extend the
application of this method to the sixth post-Newtonian
(6PN) level.

Let us recall the main idea and the various comple-
mentary steps of our strategy. As the main purpose of
the present paper is to present our new, 6PN-level re-
sults, we will be as brief as possible in guiding the reader
through the results presented below. For more details
and references, see Refs. [1, 2].

The main idea of our strategy is to decompose, from
the start, the the total reduced1 two-body conservative
action (Stot) in two separate pieces: a nonlocal-in-time
part (Snonloc,f) and a local-in-time part (Sloc,f). This
decomposition is done at some given PN accuracy, say

1 The reduced two-body action is defined as the two-worldline ac-
tion obtained by integrating out the mediating field from the
original particle-plus-field action. It was introduced in electro-
magnetism by Schwarzschild, Tetrode and Fokker (see Ref. [3]
for references and further developments). Its generalization to
the gravitational two-body interaction was introduced in the PN
context in Ref. [4], and in the PM context in Ref.[5].

nPN, and yields (when n ≥ 4) an action of the form

S≤nPN
tot [x1(s1), x2(s2)] = S≤nPN

loc,f [x1(s1), x2(s2)]

+S≤nPN
nonloc,f[x1(s1), x2(s2)] . (1.1)

Here each action piece is a time-symmetric functional of
the worldlines of the two bodies, say x1(s1) and x2(s2).
The meaning of the additional subscript f (which stands
for “flexibility factor”) will be discussed below.
The fact that the PN-approximated dynamics of a

gravitationally interacting system must include, starting
at the 4PN level, a nonlocal-in-time part was discovered
in Ref. [6] by using the PN-matched [6–10] multipolar-
post-Minkowskian (MPM) formalism [11]. The descrip-
tion of the 4PN-level nonlocal-in-time (henceforth abbre-
viated as “nonlocal”) dynamics by an action was initiated
in Ref. [12] (later refined in Ref. [13]) within the EFT ap-
proach to the dynamics [14] of binary systems and their
coupling to radiation [15, 16]. However, the nonlocal ac-
tion considered in Refs. [12, 13] is a Schwinger-Keldysh-
type, in-in, action, with doubled fields, that is not ap-
propriate to the Tetrode-Fokker-type approach we are
using. The corresponding appropriate time-symmetric
4PN-level nonlocal action was first written down in Ref.
[17]. See Refs. [18–21] for later discussions of this 4PN
nonlocal action.
The extension of the nonlocal action to the 5PN level

was obtained in Refs. [22, 23], with extension to the
5.5PN level in the latter reference. The derivation of
these nonlocal actions in Refs. [17, 23] was obtained
by combining information from the MPM formalism,
with special properties of the 1PN-accurate interaction
of a gravitationally system with an external tidal field
[24, 25]. Here, we need the extension of the nonlocal
part of the action to the 6PN level. As emphasized in
Refs. [26, 27], the EFT approach [14–16, 28] is useful
in this respect and gives a guide for writing the nonlocal
part of the action beyond the leading order. We are, how-
ever, confused by the meaning of some of the equations
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presented in Refs. [26, 27] because they seem to refer
to non conservative systems that should be treated by
a doubled-field Schwinger-Keldysh-type, while we are in-
terested in the Tetrode-Fokker-type time-symmetric ac-
tion for conservative systems. There is also a lack of
explicit proof (beyond the 5PN level, which was explic-
itly treated in Ref. [23], see also the Appendix A of Ref.
[27]) that the multipole moments to be used in the tail-
transported nonlocal action are the same as the “canoni-
cal” (or “algorithmic”) moments, ML, SL, parametrizing
the fully nonlinear multipolar structure of gravitationally
radiating systems in the MPM formalism [11]. In addi-
tion, a consistent 6PN-level evaluation of the nonlocal
action requires (as will be made clear below) that the
multipole moments, ML, SL, parametrizing the exterior
MPM gravitational field be expressed as functionals of
the source variables. The MPM formalism succeeded in
doing this task, and its appropriate results will be used
below. Recent work [27] provides some partial checks of
this circle of ideas at the level of the logarithmic terms
associated with nonlocal correlations2, in the restricted
case of circular motions. Our work here will provide fur-
ther checks concerning elliptic motions.

II. NONLOCAL ACTION AT THE 6PN ORDER

The starting point for our method is to have in hand
an explicit expression for the nonlocal part of the action,
Snonloc,f . At the 6PN accuracy, the nonlocal action can
be linearly decomposed into its 4 + 5 + 6PN piece, and
its 5.5PN piece

S≤6PN
nonloc,f = S4+5+6PN

nonloc,f + S5.5PN
nonloc . (2.1)

The 5.5PN piece (which is independent of the flexibility
factor f) has already been treated in Ref. [2] and will not
be further discussed here. In view of the work recalled
above, the 4 + 5 + 6PN piece reads

S4+5+6PN
nonloc,f [x1(s1), x2(s2)] = −

∫
dtH4+5+6PN

nonloc,f (t) , (2.2)

with

H4+5+6PN
nonloc,f (t) =

G2M
c3

Pf2rf
12

(t)/c

∫
dt′

|t− t′|F
split
2PN (t, t′) .

(2.3)

Here, M denotes the total ADM conserved mass-energy
of the binary system,

rf12(t) = f(t)rh12(t) , (2.4)

2 The fact that nonlocal interactions generate logarithmic terms
was pointed out in Refs. [29, 30].

is a flexed version of the radial distance between the two
bodies (rh12(t) denoting the harmonic-coordinate distance
and f(t) being a function of the instantaneous state of the

system), while F split
2PN (t, t′) is the time-split version of the

fractionally 2PN-accurate gravitational-wave energy flux
(absorbed and) emitted by the (conservative) system. It
can be decomposed as

F split
2PN (t, t′) =

G

c5

[
F split
I2

(t, t′) + η2F split
I3,J2

(t, t′)

+η4F split
I4,J3

(t, t′)
]
, (2.5)

with

F split
I2

(t, t′) =
1

5
I
(3)
ab (t)I

(3)
ab (t′) ,

F split
I3,J2

(t, t′) =
1

189
I
(4)
abc(t)I

(4)
abc(t

′) +
16

45
J
(3)
ab (t)J

(3)
ab (t′) ,

F split
I4,J3

(t, t′) =
1

9072
I
(5)
abcd(t)I

(5)
abcd(t

′)

+
1

84
J
(4)
abc(t)J

(4)
abc(t

′) , (2.6)

where η ≡ 1/c and the superscript in parenthesis de-
notes repeated time-derivatives. The multipole moments
IL, JL denote here the values of the canonical moments
ML, SL parametrizing (in a minimal, gauge-fixed way)
the exterior field (and therefore the relevant coupling be-
tween the system and a long-wavelength external radi-
ation field) when they are reexpressed as explicit func-
tionals of the instantaneous state of the binary system.
We employ here the notation used3 in the early works on
the PN-matched MPM formalism [7, 8, 32] in which the
source-related values of the algorithmic multipole mo-
ments, ML = IL[source], SL = JL[source], were obtained
with 1PN fractional accuracy. The latter accuracy suf-

fices for the contribution involving F split
I3,J2

(t, t′) (and a for-

tiori F split
I4,J3

(t, t′)). However, for the first contribution in-

volving F split
I2

(t, t′) we need the 2PN-accurate value of
the quadrupole moment expressed in terms of the ma-
terial source [33, 34]. We need also to use the explicit
form of the 2PN-accurate dynamics of a binary system
in harmonic coordinates [35, 36], and its relation [37] to
the 2PN-accurate Hamiltonian in Arnowitt-Deser-Misner
coordinates [38].
The nonlocal Hamiltonian can be further decomposed

into

H4+5+6PN
nonloc,f (t) = H4+5+6PN

nonloc,h +∆f−hH(t) , (2.7)

where, replacing M = H
c2 where H is the Hamiltonian4,

3 In more recent developments [31] the notation IL, JL refers to
slightly different source-related moments, with a difference start-
ing at order 1

c5
which is, anyway, not relevant to the present

work.
4 At the present level, we can use the 2PN-accurate Hamiltonian.



3

and introducing an intermediate length scale s,

H4+5+6PN
nonloc,h (t) = −G2H

c5
Pf2s/c

∫
dτ

|τ |F
split
2PN (t, t+ τ)

+ 2
G2H

c5
F split

2PN (t, t) ln

(
rh12(t)

s

)
, (2.8)

and

∆f−hH(t) = +2
G2H

c5
F split

2PN (t, t) ln (f(t)) . (2.9)

The corresponding local Hamiltonians are defined so that

Htot = Hloc,h +Hnonloc,h = Hloc,f +Hnonloc,f . (2.10)

In view of Eq. (2.7), we have

Hloc,h = Hloc,f +∆f−hH(t) , (2.11)

where it should be noted that ∆f−hH(t) is (like f(t)) a
local function of the dynamical variables.
Depending on the various sections of this paper, we

shall work either with the “h-route” nonlocal Hamilto-
nian H4+5+6PN

nonloc,h , or the flexed “f-route” local Hamilto-

nian H4+5+6PN
loc,f . As discussed in [2], the use of a suitable

flexibility factor f(t) within our strategy allows one to
cleanly separate the determination of the local Hamilto-
nian Hloc,f from the nonlocal physics. The present paper
will focus on the explicit computation of the f-route lo-
cal Hamiltonian Hloc,f (under the sole assumption that
f(t) = O(ν)). We leave to a separate work a full study of
the complementary nonlocal Hamiltonian Hnonloc,f, and
the determination of the flexibility factor f(t).

III. COMPUTING THE DELAUNAY AVERAGE
OF THE NONLOCAL-IN-TIME H-ROUTE

HAMILTONIAN

The first stage of our strategy consists of computing
the Delaunay average of the nonlocal h-route Hamilto-
nian Hnonloc,h, Eq. (2.8). This computation is con-
veniently separated into several successive steps: (1)
computing the 2PN-accurate multipole moments enter-

ing F split
2PN (t, t′); (2) using a generic 2PN quasi-Keplerian

parametrization of the motion; (3) computing the quasi-
Keplerian parameters in harmonic coordinates; (4) com-
puting the quasi-Keplerian parameters in EOB coordi-
nates; (5) evaluating the multipole moments along the
orbit; and finally, (6) computing the Delaunay-average
of the h-route nonlocal Hamiltonian in harmonic coordi-
nates.
In this section, we shall use as (rescaled) energy and

angular momentum variables

Ē ≡ H −Mc2

µ
, j ≡ J

GMµ
. (3.1)

Beware that we shall also use other rescaled energy vari-
ables in other sections.

A. The 2PN-accurate multipole moments in
harmonic coordinates

In this subsection, xi and vi ≡ dxi

dt denote the
harmonic-coordinate relative center-of-mass position and
velocity of a two-body system. One also uses the short-
hand notation Li ≡ ǫijkx

jvk. Using the standard nota-
tion for the symmetric and tracefree part of a tensor T ,
T〈ijk...〉, and for the tensor product of two or more vectors
xixjxk . . . = xijk..., the following results hold

x〈ijk〉 = xijk − 3

5
x2x(iδjk) ,

x〈ijvk〉 = x(ijvk) −
1

5
x2δ(ijvk) −

2

5
(v · x)δ(ijxk) ,

x〈ivjk〉 = v(ijxk) −
1

5
v2δ(ijxk) −

2

5
(v · x)δ(ijvk) ,

x〈ijkl〉 = xijkl −
6

7
x2δ(ijxkl) +

3

35
x4δ(ijδkl) ,

L〈ixjk〉 = L(ixjk) −
1

5
x2δ(ijLk) ,

L〈ixjkl〉 = L(ixjkl) −
3

7
x2δ(ijLkxl) , (3.2)

where x2 = x · x = xixi, v · x = vixi, etc., and where
parentheses denote symmetrization (with weight one).
The mass quadrupole moment, Iij at the 2PN accu-

racy [33, 34], the mass octupole moment Iijk , and mass
hexadecapole moment, Iijkl at the 1PN accuracy [7] ,
the spin quadrupole moment, Jij , and the spin octupole
moment, Jijk, at the 1PN accuracy [8, 32], have the fol-
lowing expressions [39]

Iij = µ[C1x〈ij〉 + C2v〈ij〉 + C3x〈ivj〉] ,

Iijk = µ[B1x〈ijk〉 + B2x〈ijvk〉 +B3x〈ivjk〉] ,

Iijkl = µ(1 − 3ν)x〈ijkl〉 ,

Jij = µ[D1L〈ixj〉 +D2L〈ivj〉] ,

Jijk = µ(1 − 3ν)L〈ixjk〉 , (3.3)

where the various parameters C1, C2, . . . etc. are listed
in Table I.

B. Generic 2PN quasi-Keplerian parametrization
of elliptic motion (valid in all coordinates)

The 2PN quasi-Keplerian parametrization [40–42] of
elliptic motion, in polar coordinates, (r, φ), is the follow-
ing

r = ar(1− er cosu) ,

ℓ = n(t− tP ) = u− et sinu+ ft sinV + gt(V − u) ,

φ̄ =
φ− φP

K
= V + fφ sin 2V + gφ sin 3V , (3.4)

where

V (u) = 2 arctan

[√
1 + eφ
1− eφ

tan
u

2

]
. (3.5)
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TABLE I: Parameters entering the multipolar moments used in the 2PN flux.

C1 1 + η2
[

29
42
(1− 3ν)v2 − 1

7
(5− 8ν)GM

r

]

+η4
[

GM
r

v2
(

2021
756

− 5947
756

ν − 4833
756

ν2
)

+ G2M2

r2

(

355
252

− 953
126

ν + 337
252

ν2
)

+v2
(

253
504

− 1835
504

ν + 3545
504

ν2
)

+ GM
r

ṙ2
(

− 131
756

+ 907
756

ν − 1273
756

ν2
)]

C2 η2r2
{

11
21
(1− 3ν) + η2

[

GM
r

(

106
27

− 335
189

ν − 985
189

ν2
)

+ v2
(

41
126

− 337
126

ν + 733
126

ν2
)

+ ṙ2
(

5
63

− 25
63
ν + 25

63
ν2

)]}

C3 2η2rṙ
{

− 2
7
+ 6

7
ν + η2

[

v2
(

− 13
63

+ 101
63

ν − 209
63

ν2
)

+ GM
r

(

− 155
108

+ 4057
756

ν + 209
108

ν2
)]}

B1

√
1− 4ν

{

−1 + η2
[

GM
r

(

5
6
− 13

6
ν
)

+ v2
(

− 5
6
+ 19

6
ν
)]}

B2

√
1− 4ν(1− 2ν) η2rṙ

B3 −
√
1− 4ν(1− 2ν) η2r2

D1

√
1− 4ν

{

−1 + η2
[

GM
r

(

− 27
14

− 15
7
ν
)

+ v2
(

− 13
28

+ 17
7
ν
)]}

D2

√
1− 4νrṙ

(

− 5
28

− 5
14
ν
)

η2

Here ar is the semi-major axis of the orbit, et, er, eφ
are three kinds of eccentricities, K is the periastron ad-
vance and n = 2π

T is the circular frequency of the radial
motion. This representation is valid (at 2PN) in any
(usual) coordinate systems: harmonic, ADM, or EOB.
The gauge-invariant quantities K and n are numerically
the same in all coordinates, while the quasi-Keplerian
elements ar, et, er, eφ depend on the coordinate system.
We will distinguish them by decorating them with an
extra label; for example eht for the harmonic coordinate
expression, eet for the EOB coordinate expression, etc.
To ease the notation, we will omit the extra label spec-
ification when it is clear from the context what are the
coordinates used. Most of the time we will (as in our
previous works) use rescaled versions of many physical
quantities. Notably, we use a dimensionless radial dis-
tance r = rphys/(GMη2) and a dimensionless radial pe-
riod T = T phys/(GMη3).
We recall that

V ′(u) =

√
1− e2φ

1− eφ cosu
,

sinV =

√
1− e2φ sinu

1− eφ cosu
,

cosV =
cosu− eφ
1− eφ cosu

. (3.6)

These relations imply, for example, the following explicit
expression for ℓ(u)

ℓ = u− et sinu+ ft

√
1− e2φ sinu

1− eφ cosu
+ gt(V − u)

= (1 − gt)u − et sinu+ ft

√
1− e2φ

sinu

1− eφ cosu

+ 2gt arctan

[√
1 + eφ
1− eφ

tan
u

2

]
, (3.7)

or, equivalently, replacing u in terms of V , the explicit
expression for ℓ(V )

ℓ = 2(1− gt) arctan

[√
1− eφ
1 + eφ

tan
V

2

]

− et

√
1− e2φ

sinV

1 + eφ cosV

+ ft sinV + gtV . (3.8)

C. 2PN expressions of the orbital parameters in
harmonic coordinates

To get gauge-invariant expressions for the Keplerian
elements one needs to relate them to the conserved 2PN-
accurate energy and angular momentum [43]. We made
use of explicit (3PN-accurate) results in the literature [39,
42]. [Note that, at the 3PN level, one needs to transform
away some harmonic-gauge-related logarithms.]

We list in Table II the 2PN-accurate expressions of
the harmonic-coordinate orbital parameters, as functions
of the conserved energy and angular momentum of the
system, as defined in Eq. (3.1). We use the shorthand
notation

e2N(Ē, j) ≡ 1 + 2Ēj2 . (3.9)

It is also useful to have the inverse expressions, i.e., Ē
and j expressed in terms of ar and et:

Ē = − 1

2ar
− (−7 + ν)

8a2r
η2 +

[
−ν2 + 7ν − 25− (−32 + 56ν)

(1 − e2t )

]
η4

16a3r
,
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TABLE II: 2PN expressions of the harmonic-coordinates orbital parameters, as functions of the conserved energy and angular
momentum of the system, Eq. (3.1).

n (−2Ē)3/2
[

1 + η2 −15+ν
8

(−2Ē) + η4 (−2Ē)2

128

(

555 + 30ν + 11ν2 + 192√
−2Ēj

(−5 + 2ν)

)]

ar
1

(−2Ē)

{

1 + η2 −7+ν
4

(−2Ē) + η4 (−2Ē)2

16

[

1 + ν2 + 16
(−2Ē)j2

(7ν − 4)
]}

e2t e2N + (−2Ē)
4

η2[−8 + 8ν − (−2Ē)j2(−17 + 7ν)] + (−2Ē)2

8

[

4(3 + 18ν + 5ν2)− (−2Ē)j2(112− 47ν + 16ν2)

− 16
(−2Ē)j2

(−4 + 7ν)− 24
√

−2Ēj(−5 + 2ν) + 24√
−2Ēj

(−5 + 2ν)

]

η4

e2r e2N + 2Ēj2
[

5
4
(3− ν) (−2Ē) + −6+ν

j2

]

η2

+ (−2Ē)2

8

[

2(30 + 74ν + ν2)− (80− 45ν + 4ν2)(−2Ē)j2 − 32
(−2Ē)j2

(−4 + 7ν)
]

η4

e2φ e2N + 2Ēj2
[

(

15
4
− 1

4
ν
)

(−2Ē)− 6
j2

]

η2

− (−2Ē)2

16(−2Ē)j2

[

−416 + 91ν + 15ν2 − 2(−2Ē)j2(−20 + 17ν + 9ν2) + (−2Ē)2j4(160− 31ν + 3ν2)
]

η4

ft − (−2Ē)3/2eN
8j

ν (−15 + ν) η4

gt − 3
2

(−2Ē)3/2

j
(−5 + 2ν) η4

fφ η4 e2
N

8j4

(

1 + 19ν − 3ν2
)

gφ −η4 1
32

e3
N

j4
ν (−1 + 3ν)

K 1 + 3
j2
η2 + η4

4

[

3(−2Ē)

j2
(−5 + 2ν) + 15

j4
(7− 2ν)

]

j =
√
ar(1− e2t ) +

[
−(−3 + ν)(1 − e2t )

1/2 − (1− ν)

(1− e2t )
1/2

]
η2√
ar

+

[
1

2
(−5− 3ν)(1 − e2t )

1/2 +
15

2
− 3ν +

1

2

(6ν + ν2 + 3)

(1− e2t )
1/2

+
1

2

(−15 + 6ν)

(1− e2t )
− 1

2

(−7 + 12ν + ν2)

(1 − e2t )
3/2

]
η4

a
3/2
r

, (3.10)

from which one gets (we defined the usual periastron advance parameter k ≡ K − 1)

n =
1

a
3/2
r

+

(
− 9

2 + 1
2ν
)
η2

a
5/2
r

+

[
147

8
− 25

8
ν +

3

8
ν2 +

3(−5 + 2ν)

2
√
1− e2t

+
3(−4 + 7ν)

2(1− e2t )

]
η4

a
7/2
r

,

k =
3

(1− e2t )

η2

ar
+

[− 87
4 + 15

2 ν

(1− e2t )
+

129
4 − 27

2 ν

(1 − e2t )
2

]
η4

a2r
,

er = et

[
1 +

(
4− 3

2
ν

)
η2

ar
+

(
−29

8
ν +

3

8
ν2 +

(
15

2
− 3ν

)
1

(1− e2t )
1/2

+
(4− 7ν)

(1− e2t )

)
η4

a2r

]
,

eφ = et

[
1 + (4− ν)

η2

ar
+

(
− (96ν − 240)

32(1− e2t )
1/2

+
3ν(ν − 27)

32
− (5ν + 9)(3ν − 32)

32(1− e2t )

)
η4

a2r

]
,

ft = −etν(−15 + ν)

8a2r
√
1− e2t

η4 ,

gt = − 3(−5 + 2ν)

2a2r
√
1− e2t

η4 ,

fφ = −e2t (−1− 19ν + 3ν2)

8a2r(1− e2t )
2

η4 ,

gφ = −e3tν(−1 + 3ν)

32a2r(1− e2t )
2
η4 . (3.11)

D. 2PN quasi-Keplerian orbital parameters in
EOB coordinates

The 2PN-accurate quasi-Keplerian representation
(3.4) is also valid in EOB coordinates. As we shall need

to transform the harmonic-coordinate 2PN expressions
of the orbital parameters into their EOB counterparts, it
is very useful to express both as functions of the con-
served energy and angular momentum of the system.
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The relations ar(Ē, j) and er(Ē, j) in EOB coordinates
are easily obtained by evaluating the reduced energy

Ē = Ĥ ≡ H−Mc2

µ , and angular momentum j ≡ J
GMµ

at the periastron (r = ar(1− er), u = 0, pr = 0) and the
apoastron (r = ar(1 + er), u = π, pr = 0). The result-
ing expressions are listed in Table III below. From these
relations one finds in particular

et = er

[
1− 3

η2

ar
− η4

2a2r

(
2(9e2r − 5− ν)

(1− e2r)

−3(2ν − 5)√
1− e2r

)]
,

eφ = er

[
1 +

η2

ar
+ η4

(6− 7ν − e2r)

a2r(1− e2r)

]
. (3.12)

E. Evaluating the multipole moments along the
orbit

Let us turn to the definition (2.6) of the 2PN split-
flux. The various multipole moments are functions of
r(t) and φ(t) and their derivatives up to the fifth order.
In order to compute the Delaunay average of the nonlocal
Hamiltonian (2.3) it is convenient to work with the “mean
anomaly”, i.e., the angular variable ℓ, with respect to
which all scalar functions are periodic with period 2π.
[Note that dℓ/dt = n =cst.] Therefore, we first compute
the multipole moments as functions of u and u′, and then
replace u = u(ℓ, et, ν), u

′ = u′(ℓ′, et, ν). Finally, we will
take the partie finie in ℓ′ and the average over ℓ.
We need to invert the 2PN-accurate generalized Kepler

equation

ℓ = u− et sinu+ ft sinV + gt(V − u) , (3.13)

where V = V (u; et, ar). At 1PN (i.e., when neglecting
ft = O(η4) = gt) this inversion is well known, because
Eq. (3.13) then reduces to the usual Kepler equation.
Namely,

u = ℓ+

N∑

n=1

c1PN
n (et) sin(nℓ) +O(η4) , (3.14)

with the notation

c1PN
n (et) ≡

2

n
BesselJ(n, net) . (3.15)

Evidently, the exact inversion of Kepler’s equation ne-
cessitates to take the upper limit N = ∞, but all our
computations are done with a finite upper limit N , cho-
sen large enough to end up with the required accuracy
on the eccentricity expansion of the redshift z1.
The inversion of Eq. (3.13) at 2PN is obtained first by

expressing ft, gt and V as functions of et and ar, and then
by looking for an O(η4)-modified relation of the type

u = ℓ+

N∑

n=1

(
c1PN
n (et) +

η4

a2r
φn(et; ν)

)
sin(nℓ) . (3.16)

Substituting Eq. (3.16) into Eq. (3.13), and expanding in
series of et, one straightforwardly obtains the expressions
listed in Table IV, where terms only up to e10t (included)
are shown. The 2PN coefficients φn(et; ν) depend at most
quadratically on ν, and are even (respectively odd) poly-
nomials in et, when n is even (respectively odd).
As a preparation for using the Delaunay-averaging

technique, it is useful to express the motion in terms of
the two independent angles entering the action-angle de-
scription of equatorial motion: the angle ℓ measuring the
periodicity in the radial motion, and the angle g measur-
ing the mean periastron precession. These two angles are
canonically conjugated to two corresponding action vari-
ables, traditionally denoted as L and G. [Modulo some
rescalings, the link between the Delaunay action variables
L,G and the usual action variables is L = I3 = Ir + Iφ
and G = Iφ.] The radial motion is entirely expressed in
terms of the sole angle ℓ, while one must separate in the
azimuthal motion (given, on shell, by φ(ℓ) = Kℓ+W (ℓ),
where K ≡ 1 + k) the contributions coming from ℓ and
from g (which is equal to kℓ on shell):

φ(ℓ, g) = ℓ+ g +W (ℓ) . (3.17)

Here, W (ℓ) is a periodic function of ℓ, say

W (ℓ) =

N∑

k=1

[
P

(0)
k (et, ν) +

η2

ar
P

(2)
k (et, ν)

+
η4

a2r
P

(4)
k (et, ν)

]
sin(kℓ)

≡
N∑

k=1

ck(et, ν, ar, η) sin(kℓ) . (3.18)

The structure of the angular motion is then of the form

φ(ℓ, g) = ℓ+ g +
N∑

k=1

ck(et, ν, ar, η) sin(kℓ) , (3.19)

where we recall that one must consider the angle g (mean
periastron argument) as an independent angular variable.
On-shell we have (remembering the notation K ≡ 1 + k)

ℓonshell = ℓ0 + n t ,

gonshell = k ℓ = g0 + k n t . (3.20)

One then computes

eiφ(ℓ,g) = eiℓeigeiW (ℓ) , e−iφ(ℓ,g) = e−iℓe−ige−iW (ℓ) ,
(3.21)

with

eiW (ℓ) = 1+ et

N∑

k=−N

d
(1)
k eikℓ + e2t

N∑

k=−N

d
(2)
k eikℓ + . . .

(3.22)
expanded in series of et. The Cartesian coordinates of
the relative (equatorial) motion are then expressed as
the following doubly-periodic functions of ℓ and g:

x(ℓ, g) =
1

2
rh(ℓ)(e

iφ(ℓ,g) + e−iφ(ℓ,g)) ,
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TABLE III: 2PN expressions of the EOB-coordinates orbital parameters, as functions of the conserved energy and angular
momentum of the system, Eq. (3.1).

n (−2Ē)3/2
[

1 + η2 −15+ν
8

(−2Ē) + η4 (−2Ē)2

128

(

555 + 30ν + 11ν2 + 192√
−2Ēj

(−5 + 2ν)

)]

ar
1

(−2Ē)
+ ν−3

4
η2 − η4

8j2
[8(4− ν) + Ēj2(1 + ν2)]

et eN + η2Ē
2eN

[4 + j2Ē(17 + ν)] + η4Ē

e3
N

[

e4N(2ν − 5) 6Ē

j
√

−2Ē
− Ē3j4

8
(ν2 − 102ν − 607) + Ēj2

2
(19ν + 90) + 5Ē(ν − 3) + 2

j2
(ν − 4)

]

er eN + η2Ē
2eN

[−8 + j2Ē(ν − 7)]− η4Ē

8e3
N
j2

[

(ν2 + 42ν − 79)Ē3j6 − (5ν − 52)Ē2j2 − 80(ν − 5)Ēj2 + 32(4 − ν)
]

eφ eN + η2Ē
2eN

[−12 + j2Ē(ν − 15)] + η4Ē

8e3
N
j2

[

(ν2 + 90ν − 415)j6Ē3 − 4(107ν − 30)j4Ē2 − 40(13ν − 15)j2Ē − 16(9ν − 13)
]

ft 0

gt
6(5−2ν)Ē2

j
√

−2Ē
η4

fφ − e2
N
(6ν−1)

8j4
η4

gφ 0

K 1 + 3
j2
η2 + η4

4

[

3(−2Ē)

j2
(−5 + 2ν) + 15

j4
(7− 2ν)

]

TABLE IV: The expressions of the various φj(et; ν) entering Eq. (3.16).

φ1(et; ν)
(

− 15
2
+ 9

8
ν + 1

8
ν2

)

et +
(

− 15
8
+ 93

64
ν − 3

64
ν2

)

e3t +
(

− 255
128

− 1
512

ν2 + 423
512

ν
)

e5t +
(

17995
24576

ν − 127
73728

ν2 − 5425
3072

)

e7t

+
(

1290347
1966080

ν − 1741
1966080

ν2 − 158029
98304

)

e9t
φ2(et; ν)

(

15
16
ν − 75

8
+ 3

16
ν2

)

e2t +
(

− 11
96
ν2 + 55

32
ν
)

e4t +
(

139
256

ν − 115
64

+ 3
256

ν2
)

e6t +
(

− 9
2560

ν2 + 4913
7680

ν − 1127
768

)

e8t

+
(

− 349
276480

ν2 − 12595
9216

+ 3475
6144

ν
)

e10t

φ3(et; ν)
(

17
64
ν2 + 49

64
ν − 95

8

)

e3t +
(

2273
1024

ν + 745
256

− 231
1024

ν2
)

e5t +
(

2613
40960

ν − 2253
1024

+ 2229
40960

ν2
)

e7t +
(

209349
327680

ν − 19533
16384

− 3539
327680

ν2
)

e9t
φ4(et; ν)

(

71
192

ν2 − 975
64

+ 35
64
ν
)

e4t +
(

− 129
320

ν2 + 955
128

+ 49
16
ν
)

e6t +
(

387
2560

ν2 − 2827
768

− 6107
7680

ν
)

e8t +
(

− 23495
32256

+ 741
896

ν − 8639
241920

ν2
)

e10t

φ5(et; ν)
(

1167
5120

ν + 523
1024

ν2 − 5049
256

)

e5t +
(

542539
122880

ν − 50195
73728

ν2 + 44521
3072

)

e7t +
(

− 2439751
344064

− 16009117
6881280

ν + 473695
1376256

ν2
)

e9t
φ6(et; ν)

(

− 1645
64

+ 899
1280

ν2 − 65
256

ν
)

e6t +
(

117137
17920

ν + 6451
256

− 19851
17920

ν2
)

e8t +
(

− 20475
4096

ν − 397035
28672

+ 100713
143360

ν2
)

e10t

φ7(et; ν)
(

− 844747
860160

ν − 723943
1504

+ 355081
368640

ν2
)

e7t +
(

56824273
1376256

− 6902693
3932160

ν2 + 270188581
27525120

ν
)

e9t

φ8(et; ν)
(

− 55697
26880

ν + 47259
35840

ν2 − 271981
6144

)

e8t +
(

− 3959051
1451520

ν2 + 273379
18432

ν + 50476225
774144

)

e10t
φ9(et; ν)

(

16541017
9175040

ν2 − 101441437
27525120

ν − 80363041
1376256

)

e9t

φ10(et; ν)
(

− 59782109
774144

− 7804319
1290240

ν + 5719087
2322432

ν2
)

e10t

y(ℓ, g) =
1

2i
rh(ℓ)(e

iφ(ℓ,g) − e−iφ(ℓ,g)) . (3.23)

Finally, one computes all the on-shell time derivatives en-
tering the definition of the multipole moments by using,
in view of Eqs. (3.20), dℓ/dt = n and dg/dt = k n =
O(η2) +O(η4).

F. Computing the Delaunay-average of the
nonlocal Hamiltonian in harmonic coordinates

We are now ready to sketch the computation of
the Delaunay-average of the h-route nonlocal Hamilto-
nian, i.e., the average of the action-angle Hamiltonian
H4+5+6PN

nonloc,h (L,G, ℓ, g) over the two angles ℓ, g:

〈H4+5+6PN
nonloc,h 〉 ≡

∮
dℓ

2π

dg

2π
H4+5+6PN

nonloc,h (L,G, ℓ, g) . (3.24)

We recall that

H4+5+6PN
nonloc,h (t) = −G2H2PN

c5
Pf2s/c

∫
dτ

|τ |F
split
2PN (t, t+ τ)

+2
G2H2PN

c5
F split

2PN (t, t) ln

(
rh12(t)

s

)
, (3.25)

with

H2PN

Mc2
= 1+νĒη2 = 1− ν

2ahr
η2+

ν

8(ahr )
2
(7−ν)η4+O(η6) .

(3.26)
One must, in principle, express the nonlocal integrand
entering Eq. (3.25) in terms of two quadruplets of De-
launay variables, (L,G, ℓ, g) and (L′, G′, ℓ′, g′), where the
first quadruplet refers to the state of the system at time
t while the second refers to the state at the shifted time
t′ = t+τ . [The Delaunay variables (L,G, ℓ, g) are action-
angle variables for the main part of the Hamiltonian, to
which H4+5+6PN

nonloc,h is added as a first-order perturbation.
In practice, it suffices to use the 2PN-accurate Hamilto-
nian.] This yields an integrand which can be expressed
as a multi-Fourier series of the general form

F split(L,G, ℓ, g;L′, G′, ℓ′, g′) =
∑

p,m,p′,m′

Cp,m,p′,m′ei(pℓ+mg+p′ℓ′+m′g′) , (3.27)
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where the relative integers p,m, p′,m′ are summed from
−∞ to +∞, and where the coefficients Cp,m,p′,m′ are
functions of (L,G,L′, G′).
As shown in Ref. [17], one can first use a nonlocal

shift of the phase-space variables to replace the second
quadruplet by its on-shell value in terms of (L,G, ℓ, g)
and of the time shift τ . In other words, we can insert in
Eq. (3.27)

(L′, G′, ℓ′, g′) 7→ (L,G, ℓ+n(L,G)τ, g+k(L,G)n(L,G)τ) ,
(3.28)

where we used the simple equations of motion of the De-
launay variables (L,G, ℓ, g).
After this replacement the crucial nonlocal τ integral

in Eq. (3.25) can be explicitly evaluated by using the
basic formula (where γ denotes Euler’s constant)

Pf2s/c

∫ +∞

−∞

dτ

|τ |e
i(p′+m′k)nτ =

−2 ln

(
|(p′ +m′k)n|2se

γ

c

)
. (3.29)

Using the latter formula for evaluating the τ in-
tegral in Eq. (3.25) yields a result which is
a function of (L,G, ℓ, g). Adding the local term

2G2H2PN

c5 F split
2PN (t, t) ln

(
rh
12

(t)
s

)
, we can finally evaluate the

double average over the two angular variables ℓ and g.
For conceptual clarity, we have assumed here that we

were using the (2PN-accurate) Delaunay action variables
L,G as arguments in the double-Fourier expansion of the
nonlocal integrand (3.27). However, in practice, it suf-
fices to use the Keplerian elements ahr and eht entering
the 2PN-accurate quasi-Keplerian representation (3.4) of
the elliptic motion. At the end of the day, the method
presented above leads to an explicit expression for the
Delaunay-averaged h-route nonlocal Hamiltonian of the
form

〈Hh
nonloc,h〉 ≡ 〈H4+5+6PN

nonloc,h 〉 = Fh(ahr , e
h
t ) , (3.30)

with

Fh(ahr , e
h
t ) =

ν2

(ahr )
5

[
A4PN(eht ) + B4PN(eht ) ln a

h
r

]

+
ν2

(ahr )
6

[
A5PN(eht ) + B5PN(eht ) ln a

h
r

]

+
ν2

(ahr )
7

[
A6PN(eht ) + B6PN(eht ) ln a

h
r

]
.

(3.31)

The coefficients entering this decomposition are indepen-
dent of the intermediate scale s, and are obtained as ex-
pansions in powers of eht that we have computed up to
the order O((eht )

10) included. The values of the 4PN and
5PN coefficients have been given in Ref. [2]. We list the
6PN coefficients A6PN(eht ), B6PN(eht ), in Table V. [We
use here G = 1 = c, and we recall that ahr has been
adimensionalized by GM .]

IV. DERIVING THE H-ROUTE NONLOCAL
EOB HAMILTONIAN

An important ingredient of our method is to translate
the h-route nonlocal averaged Hamiltonian computed in
the previous section into a canonically equivalent EOB
Hamiltonian. This is done by parametrizing the corre-
sponding h-route nonlocal EOB Hamiltonian by means
of the usual EOB potentials, in some fixed EOB gauge.
At this stage of our computation, it is most convenient
to use the pr gauge (introduced in Ref. [44]).
Explicitly, we look for a rescaled squared effective EOB

Hamiltonian of the general form (where u = 1/r =

GM/rphys, pr = pphysr /µ, pφ = pphysφ /(GMµ) ≡ j)

Ĥ2
eff = A(u; ν)

(
1 + p2φu

2 +A(u; ν)D̄(u; ν)p2r

+Q̂(u, pr; ν)
)
, (4.1)

with potentials A(u; ν), D̄(u; ν) and

Q̂(u, pr; ν) = p4rq4(u; ν) + p6rq6(u; ν)

+ p8rq8(u; ν) + p10r q10(u; ν) + . . . . (4.2)

All the potentials A(u; ν), D̄(u; ν), Q̂(u, pr; ν) reduce to
their Schwarzschild values when ν → 0: A(u; 0) = 1−2u,

D̄(u; 0) = 1, Q̂(u, pr; 0) = 0, and can be expanded in
powers of ν away from the test-mass limit:

A(u; ν) = 1− 2u+ νaν
1

(u) + ν2aν
2

(u) + ν3aν
3

(u) + . . .

D̄(u; ν) = 1 + νd̄ν
1

(u) + ν2d̄ν
2

(u) + ν3d̄ν
2

(u) + . . .

q4(u; ν) = νqν
1

4 (u) + ν2qν
2

4 (u) + ν3qν
3

4 (u) + . . .

q6(u; ν) = νqν
1

6 (u) + ν2qν
2

6 (u) + ν3qν
3

6 (u) + . . .

q8(u; ν) = νqν
1

8 (u) + ν2qν
2

8 (u) + ν3qν
3

8 (u) + . . . . (4.3)

Each EOB potential can be decomposed in a local part
and a nonlocal one:

A = Aloc,h +Anonloc,h = Aloc,f +Anonloc,f ,

D̄ = D̄loc,h + D̄nonloc,h = D̄loc,f + D̄nonloc,f ,

Q̂ = Q̂loc,h + Q̂nonloc,h = Q̂loc,f + Q̂nonloc,f . (4.4)

The nonlocal parts start at 4PN.They can be treated as
first-order perturbations of the local parts, which start
at 2PN (and also at 2PM). We, indeed, recall that the
EOB formalism has the remarkable feature to describe
both the 1PN-accurate dynamics and the 1PM one, by a
Schwarzschild effective metric. This means that all the
local contributions to A− (1− 2u), D̄− 1 and Q start at
order u2 = O(G2) or more (and contain a factor ν). [The
main A potential actually starts to deviate from 1 − 2u
by a term 2νu3.] For clarity, we have indicated that the
precise values of both the local and nonlocal EOB poten-
tials will depend on the choice of the flexibility factor f(t)

used in defining the Pf scale rf12 = f(t)rh12 entering the
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TABLE V: 6PN coefficients of the averaged nonlocal Hamiltonian (with scale 2rh12/c) in harmonic coordinates

Coefficient Expression

A6PN(eht ) −8ν2 + 1238
7

+ 6578
105

ν +
(

32
5
ν2 + 1173532

2835
+ 38266

63
ν
)

γ

+
(

3125212
2835

− 35362
945

ν + 622648
945

ν2
)

ln(2) +
(

− 2673
7

ν2 − 243 + 29889
28

ν
)

ln(3)

+
[

252377
315

+ 34409
90

ν − 75104
135

ν2 +
(

577921
105

ν − 260872
945

+ 2815
3

ν2
)

γ +
(

− 8467217
315

ν2 + 39588209
945

ν − 8908616
945

)

ln(2)

+
(

− 837621
140

ν + 2071089
560

+ 3052323
560

ν2
)

ln(3) +
(

9765625
9072

− 9765625
1512

ν + 9765625
1008

ν2
)

ln(5)
]

(eht )
2

+
[

13092029
1680

ν − 1114139
648

− 52844503
7560

ν2 +
(

35023
4

ν2 + 1693451
140

ν − 1047607
315

)

γ

+
(

− 235370381
1260

ν + 1392676751
3780

ν2 + 55700171
945

)

ln(2) +
(

− 929042703
8960

ν + 18495459
160

ν2 + 989253
1120

)

ln(3)

+
(

904296875
5376

ν − 25390625
864

− 166015625
756

ν2
)

ln(5)
]

(eht )
4

+
[

598387141
10080

ν − 1164531499
30240

ν2 − 411052325
13608

+
(

4585927
1890

+ 154063
4

ν2 − 33879
20

ν
)

γ

+
(

− 1792419163
5670

+ 34283848589
34020

ν − 101367784649
34020

ν2
)

ln(2) +
(

6204343797
4480

ν − 7349467203
35840

− 80018658513
35840

ν2
)

ln(3)

+
(

99453653125
746496

− 198307890625
435456

ν + 2578115234375
1741824

ν2
)

ln(5)

+
(

− 96889010407
124416

ν + 96889010407
82944

ν2 + 96889010407
746496

)

ln(7)
]

(eht )
6

+
[

40216186627
161280

ν − 107831692469
725760

− 739210729
5376

ν2 +
(

3745525
32

ν2 + 477783529
10080

− 81947429
960

ν
)

γ

+
(

2521461747193
816480

+ 496432848889
12960

ν2 − 9704902576499
544320

ν
)

ln(2) +
(

501042990087
573440

+ 1148629836951
81920

ν2 − 9521506906299
2293760

ν
)

ln(3)

+
(

− 19630345703125
3981312

ν2 − 677663178125
3096576

− 81800483984375
111476736

ν
)

ln(5)

+
(

− 15648846319351
11943936

− 68694308378563
3981312

ν2 + 145243406006069
15925248

ν
)

ln(7)
]

(eht )
8

+
[

− 97074060217
201600

+ 405149913757
537600

ν − 609781084333
1612800

ν2 +
(

182458353
640

ν2 − 617936773
1920

ν + 52105469
280

)

γ

+
(

− 9975543985969843
27216000

ν2 + 300764760469259
1814400

ν − 40023535388969
1701000

)

ln(2)

+
(

− 1205456030071641
22937600

ν + 910396452443931
114688000

+ 240491992467807
7168000

ν2
)

ln(3)

+
(

972942783453125
222953472

ν − 114839474809375
111476736

+ 2227079123046875
222953472

ν2
)

ln(5)

+
(

8183105251126477
1592524800

− 67003553703806461
1990656000

ν + 33107071745082307
318504960

ν2
)

ln(7)
]

(eht )
10

B6PN(eht ) − 16
5
ν2 − 19133

63
ν − 586766

2835
+

(

130436
945

− 2815
6

ν2 − 577921
210

ν
)

(eht )
2 +

(

− 35023
8

ν2 − 1693451
280

ν + 1047607
630

)

(eht )
4

+
(

− 154063
8

ν2 + 33879
40

ν − 4585927
3780

)

(eht )
6 +

(

81947429
1920

ν − 477783529
20160

− 3745525
64

ν2
)

(eht )
8

+
(

617936773
3840

ν − 182458353
1280

ν2 − 52105469
560

)

(eht )
10

nonlocal action (2.3). The h-route is defined by choos-
ing the default value f = 1, while the (tuned) f-route is
defined by choosing a value f = 1 + νO(η2) determined
in the way explained at 5PN in Ref. [2]. As a conse-
quence the difference between the h and f values of any
quantity starts at 5PN and at the second-self-force (2SF)

order, i.e., the order O(ν2) in Ĥ2
eff . This corresponds to

the order O(ν3) in the usual Hamiltonian. Indeed, the
universal EOB energy map says that the usual center-of-
mass Hamiltonian of the system, H = Mc2 + . . . is given
by

H = Mc2
√
1 + 2ν(Ĥeff − 1) , (4.5)

where one should note the factor ν in front of Ĥeff .

To simplify the notation, we shall denote the nonlocal
part of the squared effective EOB Hamiltonian as

δh,fĤ2
eff ≡

[
Ĥ2

eff

]4+5+6PN

nonloc,h,f
. (4.6)

It is related to the corresponding (h-route or f-route) non-
local Hamiltonian via

H4+5+6PN
nonloc,h,f =

µM

2HĤeff

δh,fĤ2
eff . (4.7)

The prefactor on the right-hand side of Eq. (4.7) is given
(at the 2PN accuracy) by

µM

2HĤeff

= M
(1
2
ν +

ν(ν + 1)

4aer
η2

+
ν(−ν + 3ν2 − 1)

16(aer)
2

η4 +O(η6)
)
, (4.8)

where aer denotes the EOB-coordinate semi-major axis.
With this notation, the squared effective EOB Hamil-

tonian reads

Ĥ2
eff = Ĥ2

eff,loc,h,f + δh,fĤ2
eff , (4.9)

where

Ĥ2
eff,loc,h,f = Aloc,h,f [1 +Aloc,h,fD̄loc,h,fp2r

+p2φu
2 + Q̂loc,h,f] , (4.10)

and

δh,fĤ2
eff = [1 + 2(1− 2u)p2r + p2φu

2]δh,fA

+(1− 2u)2p2rδ
h,fD̄

+(1− 2u)δh,fQ̂ . (4.11)

At the 4+5+6PN accuracy, the expressions for the non-
local EOB potentials read

δA = anonloc5 u5 + anonloc6 u6 + anonloc7 u7 ,
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δD̄ = d̄nonloc4 u4 + d̄nonloc5 u5 + d̄nonloc6 u6 ,

δQ̂ = p4r(q
nonloc
43 u3 + qnonloc44 u4 + qnonloc45 u5)

+ p6r(q
nonloc
62 u2 + qnonloc63 u3 + qnonloc64 u4)

+ p8r(q
nonloc
81 u+ qnonloc82 u2 + qnonloc83 u3)

+ p10r (qnonloc10,0 + qnonloc10,1 u+ qnonloc10,2 u2) , (4.12)

etc., where each coefficient will be decomposed in “con-
stant”, and “logarithmically running” parts according to

the scheme: anonloc5 = anl,c5 +anl,log5 ln(u), etc. To ease the
notation, we have suppressed on each nonlocal quantity
the extra label h or f specifying whether this is computed
by the h-route or the f-route. A term ∝ qnonloc2p,q uq belongs
to the n-PN approximation with n = p+q−1. Note that,
contrary to the local EOB potentials that must start at
order u2 at least, the nonlocal ones, being obtained by
matching a nonlocal action by means of a nearzone ec-
centricity (or pr) expansion, include, at high orders in pr
powers of u that are smaller than 2.

Having clarified the meaning of the nonlocal parts of
the EOB potentials, we can now determine the values of
the h-route nonlocal EOB potentials, anonloc,hn , d̄nonloc,hn ,

qnonloc,h2p,q that are gauge-equivalent to the h-route nonlo-
cal Hamiltonian computed in the previous section. These
values are determined by writing the equality between the
corresponding Delaunay-averaged perturbed Hamiltoni-
ans, namely

〈Heob
nonloc,h〉 = 〈Hh

nonloc,h〉 , (4.13)

where the left-hand side is the Delaunay average of the
EOB-parametrized Hamiltonian

〈Heob
nonloc,h〉 ≡

µM

2HĤeff

∮
dℓ

2π

dg

2π
δhĤ2

eff , (4.14)

and where the right-hand side is the function Fh(ahr , e
h
t )

computed in the previous section, see Eq. (3.30). The
equality Eq. (4.13) expresses the requirement that the
EOB nonlocal dynamics is canonically equivalent to the
original nonlocal dynamics, described by Eq. (2.3)
(see Ref. [23]). The computations needed to evaluate
〈Heob

nonloc,h〉 are similar to the computations described

above (with the simplifying feature that one only works
with an Hamiltonian given as a function of the instanta-
neous state of the system). One uses the EOB version
of the 2PN-accurate quasi-Keplerian representation of el-
liptic motions, as decribed in the previous section.

Finally, the identification Eq. (4.13) uniquely deter-
mines, from the knowledge of the function Fh(ahr , e

h
t ),

Eq. (3.31), all the coefficients parametrizing the nonlo-
cal EOB potentials Eq. (4.12). We give the resulting
values in Table VI, up to the eight power of pr. Indeed,
we will not need in the following the coefficient q10(u; ν)
of p10r .

V. COMPUTING THE 1SF TIME-AVERAGED
REDSHIFT TO EIGHTH ORDER IN

ECCENTRICITY AND DERIVING ITS EOB
COUNTERPART

The second pillar of our method is to combine the
information extracted from the analytical knowledge of
the nonlocal part of the dynamics with a knowledge ob-
tained from self-force calculations, which gives informa-
tion about the total, local plus nonlocal, near-zone dy-
namics, at the first order in mass ratio q = m1

m2
beyond

the test-mass limit. Indeed, Refs. [45–47] have found
a relation between the m1-dependence of the Hamilto-
nian of a two-body system, and the (regularized) redshift
[48, 49] z1 = ds1/dt of particle 1 in the gravitational
field created by the two particles. We have developed
efficient tools in previous work [50, 51] for tapping in-
formation by such self-force computations. The current
limitation of this technique (for non-spinning bodies) is
not the PN accuracy (which can be pushed to extremely
high levels [52, 53]) but rather the order of expansion
in the eccentricity of the considered elliptic motion of a
small mass m1 around a large mass m2. Here, we have
extended our previous results [1, 2, 54, 55] by comput-
ing the first-order-self-force (1SF) correction to the time-
averaged redshift 〈z1〉 = 〈ds1/dt〉 [49] of body 1 to the
eighth order in eccentricity and through the 9.5PN ac-
curacy. Obtaining the eight order in eccentricity is, by
itself, a major technical endeavour, and is crucial to al-
low us to inform the terms ∼ q8(u; ν)p

8
r in the total EOB

effective Hamiltonian, and thereby to reach the 6PN ap-
proximation.
The gauge-invariant 1SF observable we are using is de-

fined as follows. One initially considers the averaged
redshift 〈z1〉 as a function of the two adimensionalized

frequencies of an elliptic motion: Ω̂r = Gm2Ωr and

Ω̂φ = Gm2Ωφ and of the mass ratio q = m1/m2. The
1SF expansion of the latter function yields:

〈z1〉(Ω̂r, Ω̂φ, q) = 〈z1〉(Ω̂r , Ω̂φ, 0)+ q δz1(Ω̂r, Ω̂φ)+O(q2) ,
(5.1)

where the q = 0 term is the test-mass (Schwarzschild) re-

sult. The 1SF redshift is the function δz1(Ω̂r, Ω̂φ), which
can be alternatively expressed as a function of the un-
perturbed (Schwarzschild-backgound) semi-latus rectum
pphys ≡ Gm2 p and eccentricity e. Denoting u ≡ 1

p , the

function δz1(u, e) is obtained as an expansion in powers
of e, say

δz1(u, e) = δze
0

1 (u)+e2δze
2

1 (u)+ . . .+e8δze
8

1 (u)+O(e10) ,
(5.2)

where each coefficient δze
2n

1 (u) is computed as a PN ex-
pansion (i.e., an expansion in powers of u) up to some
order.
At the 4PN approximation, the functions δze

2n

1 (u) have
been determined up to the order O(e20) in Refs. [55, 56].

Higher-PN order computations of the functions δze
2

1 (u)

and δze
4

1 (u) were done in Refs. [54, 55] through the 9.5PN
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TABLE VI: h-route nonlocal EOB coefficients.

anl,c
7

(

206740
567

ln(2) + 12664
105

− 4617
14

ln(3)− 5044
405

γ
)

ν

+
(

− 1139672
945

ln(2) + 10132
105

+ 10449
7

ln(3) + 101272
315

γ
)

ν2

+
(

− 112
5

+ 32γ + 1214624
945

ln(2)− 4860
7

ln(3)
)

ν3 ,

anl,log
7 − 2522

405
ν + 50636

315
ν2 + 16ν3 ,

dnl,c6

(

− 6381680
189

ln(2) + 2043541
2835

+ 1765881
140

ln(3)− 64096
45

γ + 9765625
2268

ln(5)
)

ν

+
(

28429312
189

ln(2)− 3576231
70

ln(3) + 167906
105

+ 302752
105

γ − 9765625
378

ln(5)
)

ν2

+
(

− 9908480
63

ln(2)− 744704
945

+ 9765625
252

ln(5) + 2944
3

γ + 1275021
28

ln(3)
)

ν3 ,

dnl,log6 − 32048
45

ν + 151376
105

ν2 + 1472
3

ν3

qnl,c45

(

70925884
63

ln(2) + 13212013
5670

− 3873663
16

ln(3)− 8787109375
27216

ln(5)− 617716
315

γ
)

ν

+
(

92560887
280

ln(3)− 12619052648
2835

ln(2)− 1437979
63

+ 632344
315

γ + 7755859375
4536

ln(5)
)

ν2

+
(

− 177316
35

+ 11263031264
2835

ln(2) + 16544
9

γ − 4091796875
2268

ln(5) + 2908467
20

ln(3)
)

ν3

qnl,log45 − 308858
315

ν + 316172
315

ν2 + 8272
9

ν3

qnl,c64

(

− 211076833264
14175

ln(2) − 137711989
28350

− 9678652821
5600

ln(3) + 447248
1575

γ + 153776136875
23328

ln(5)

+ 96889010407
116640

ln(7)
)

ν

+
(

44592947739
2800

ln(3) + 2411178384736
42525

ln(2)− 126070663
4725

− 26848
175

γ − 796015515625
27216

ln(5)

− 96889010407
19440

ln(7)
)

ν2

+
(

− 40513708
4725

− 109566260523
5600

ln(3) + 1424826953125
54432

ln(5) + 96889010407
12960

ln(7) + 2368
5

γ

− 431564554688
8505

ln(2)
)

ν3

qnl,log64
223624
1575

ν − 13424
175

ν2 + 1184
5

ν3

qnl,c83

(

5196312336176
35721

ln(2) + 17515638027261
313600

ln(3)− 63886617280625
1016064

ln(5)− 29247366220639
933120

ln(7)

− 709195549
132300

)

ν

+
(

− 177055674739808
297675

ln(2) − 43719724468071
156800

ln(3) + 366449151015625
1524096

ln(5) + 26506549233199
155520

ln(7)

− 1746293
70

)

ν2

+
(

57604236136064
99225

ln(2) + 10467583300341
39200

ln(3)− 73366198046875
381024

ln(5)− 7709596970957
38880

ln(7)

− 154862
21

)

ν3

qnl,log83 0

order (i.e., up to u9.5), while the term δze
6

1 (u) was com-
puted to the same accuracy in our recent 5PN-level works
[1, 2]. For the present 6PN-level work, we needed to ex-

tend this determination to the function δze
8

1 (u). Our
result for this function (up to the 9.5PN order) reads:

δze
8

1 (u) = C3u
3 + C4u

4 + (Cc
5 + C ln

5 lnu)u5

+ (Cc
6 + C ln

6 lnu)u6 + C13/2u
13/2

+ (Cc
7 + C ln

7 lnu)u7 + C15/2u
15/2

+ (Cc
8 + C ln

8 lnu+ C ln2

8 ln2 u)u8 + C17/2u
17/2

+ (Cc
9 + C ln

9 lnu+ C ln2

9 ln2 u)u9

+ (Cc
19/2 + C ln

19/2 lnu)u
19/2

+ Oln(u)(u
10) , (5.3)

where the coefficients Ci are listed in Table VII.
The gauge-invariant information contained in the 1SF-

accurate (first order in mass ratio) function δze
8

1 can then
be converted (by extending the results of Ref. [47]) into
the corresponding O(ν) contribution to the EOB poten-

tial q8(u; ν) parametrizing the term q8(u; ν)p
8
r ∈ Q̂(u, pr).

More precisely, writing as above

q8(u; ν) = νqν
1

8 (u) + ν2qν
2

8 (u) + ν3qν
3

8 (u) + . . . , (5.4)

the 1SF result δze
8

1 (u), Eq. (5.3), leads to the determi-

nation of the O(ν) coefficient qν
1

8 (u) to a reduced (frac-
tional) 5.5PN accuracy. [In view of Eq. (4.12), such an
accuracy corresponds to an absolute 8.5PN accuracy of
the Hamiltonian, which is more than enough for reach-
ing our aimed 6PN accuracy.] We find the following u5.5

accurate value for qν
1

8 (u):

qν
1

8 (u) = B1u+B2u
2 +B5/2u

5/2

+ B3u
3 +B7/2u

7/2

+ (Bc
4 +Bln

4 lnu)u4 +B9/2u
9/2

+ (Bc
5 +Bln

5 lnu)u5 + (Bc
11/2 +Bln

11/2 lnu)u
11/2

+ Oln(u)(u
6) , (5.5)

where the various coefficients are listed in Table VIII.

VI. DETERMINING THE LOCAL PART OF
THE EOB POTENTIALS AT ORDER ν1

The next step of our strategy is to derive the local part
of the EOB Hamiltonian by subtracting the nonlocal part
of the EOB potentials (obtained in Sec. IV) from their
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TABLE VII: List of the various coefficients entering the self-force based expression of δze
8

1 (u).

C3
15
64

C4
3001
384

− 287
4096

π2

Cc
5

4597
96

− 162109375
2304

ln(5)− 11332791
1280

ln(3) + 55
6
γ + 15967961

90
ln(2)− 474715

196608
π2

Cln
5

55
12

Cc
6 − 9863051

40320
+ 96889010407

442368
ln(7)− 64481546637

114688
ln(3)− 5977

240
γ − 16605499789

5040
ln(2) + 1466047

196608
π2 + 4761539921875

3096576
ln(5)

Cln
6 − 5977

480

C13/2 + 7527343
145152

π

Cc
7 − 18761241007

870912
− 12511111253459

1492992
ln(7)− 75643996671875

5225472
ln(5)− 53971661

45360
γ

+ 13950859695883
408240

ln(2) + 32462513613
2240

ln(3)− 368710657
33554432

π4 + 205074667027
113246208

π2

Cln
7 − 53971661

90720

C15/2 − 107115666451
162570240

π

Cc
8 − 6488211537

11200
γ ln(3)− 45307496529

11200
ln(2) ln(3) + 111806640625

12096
ln(5)γ + 111806640625

12096
ln(5) ln(2)− 10769592586

525
γ ln(2)

+ 1919773074129997
10059033600

+ 111806640625
24192

ln(5)2 + 1922666600157935849
14014218240

ln(7)

− 6488211537
22400

ln(3)2 + 22363
45

γ2 − 555027930119
14175

ln(2)2 − 5263490413
453600

γ − 396348077586606421
1571724000

ln(2)− 4261220414023638519
35323904000

ln(3)

− 2926
3

ζ(3) + 2572903425668796875
103004504064

ln(5) + 472342810483
805306368

π4 − 83426620549601
4529848320

π2

Cln
8 − 5263490413

907200
+ 22363

45
γ + 111806640625

24192
ln(5) − 5384796293

525
ln(2) − 6488211537

22400
ln(3)

Cln2

8 + 22363
180

C17/2 + 76704522232619
15088550400

π

Cc
9

9273891051462598777
3814050240000

− 7041196288536323
687194767360

π4 − 534085235454726901
2536715059200

π2 − 6382001
350

γ2 + 148431462289177
198450

ln(2)2 + 76287
5

ζ(3)

+ 445208365512387
10035200

ln(3)2 − 3307792499609375
32514048

ln(5)2 − 8816899947037
663552

ln(7)2 − 297870709952219425357
273277255680

ln(7)

+ 242219572992492481181
143026884000

ln(2) + 344698525788968065625
360515764224

ln(5)− 863597247149654361801
1607237632000

ln(3)− 8816899947037
331776

γ ln(7)

− 8816899947037
331776

ln(2) ln(7) + 40278774263897
99225

γ ln(2) + 445208365512387
5017600

γ ln(3) + 1075881868211907
5017600

ln(2) ln(3)

− 3307792499609375
16257024

ln(5)γ + 42671896046383
174636000

γ − 3307792499609375
16257024

ln(5) ln(2)

Cln
9 + 42653978392783

349272000
− 8816899947037

663552
ln(7)− 6382001

350
γ + 40278774263897

198450
ln(2) + 445208365512387

10035200
ln(3)− 3307792499609375

32514048
ln(5)

Cln2

9 − 6382001
1400

Cc
19/2

3162423854803
95256000

πγ − 3345263881047
784000

π ln(3) + 1900712890625
72576

π ln(5)− 5131372911332653
95256000

π ln(2)− 44111568271901365400513
154661262852096000

π

− 29555363129
2721600

π3

Cln
19/2 + 3162423854803

190512000
π

complete local-plus-nonlocal parts (obtained in Sec. V
from self-force computations). As the self-force compu-
tation is only accurate to linear order in ν, we thereby
determine the local part of the EOB potentials only at
the first order in ν. The nonlocal part we computed was
of the h-type (and was determined exactly in ν). How-
ever, recalling that we will always consider flexibility fac-
tors of the type f = 1 + O(ν), the h-route and f-route

versions of both the nonlocal and the local Hamiltonians
only differ at the second self-force order, i.e., by terms
of order O(ν3) in the physical Hamiltonians, Hnonloc,h,f,
Hloc,h,f, corresponding to terms of order O(ν2) in the

corresponding squared effective Hamiltonians, Ĥ2
eff .

The values of the local EOB potentials at 4+5+6PN,
obtained from our results so far, can be written as:

a4+5+6PN,loc,f =

[(
2275

512
π2 − 4237

60

)
ν +

(
41

32
π2 − 221

6

)
ν2
]
u5 +

[(
−1026301

1575
+

246367

3072
π2

)
ν + a

(ν)
6,f

]
u6

+

[(
−2800873

262144
π4 +

608698367

1769472
π2 − 1469618167

907200

)
ν + a

(ν)
7,f

]
u7 ,

d̄4+5+6PN,loc,f =

[(
1679

9
− 23761

1536
π2

)
ν +

(
−260 +

123

16
π2

)
ν2
]
u4 +

(
331054

175
ν − 63707

512
νπ2 + d̄

(ν)
5,f

)
u5

+

[(
229504763

98304
π2 +

135909

262144
π4 − 99741733409

6350400

)
ν + d̄

(ν)
6,f

]
u6 ,
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TABLE VIII: List of the various coefficients entering the self-force based expression of q8(u).

B1 − 27734375
126

ln(5) + 6591861
350

ln(3) + 21668992
45

ln(2)− 35772
175

B2
13841287201

17280
ln(7)− 393786545409

156800
ln(3)− 16175693888

1575
ln(2) + 875090984375

169344
ln(5) + 5790381

2450

B5/2 + 5994461
12700800

π

B3 − 29247366220639
933120

ln(7)− 63886617280625
1016064

ln(5) + 5196312336176
35721

ln(2) + 17515638027261
313600

ln(3)− 2843819611
529200

B7/2 + 12986592749
22759833600

π

Bc
4

25659132742
606375

γ − 2458476234653610278
1719073125

ln(2)

+ 835937500
27

ln(5) ln(2) + 835937500
27

ln(5)γ − 21240840924
1225

ln(2) ln(3)

− 4080804948
875

γ ln(3)− 3558749575168
55125

γ ln(2) − 806339890542506373
1379840000

ln(3) + 581245383137875
1824768

ln(5)

+ 946254728855647813
1642291200

ln(7) + 417968750
27

ln(5)2 − 2040402474
875

ln(3)2 − 60734915396608
496125

ln(2)2

− 303760055
11010048

π2 − 68634427305713
185220000

Bln
4 + 12829566371

606375
− 1779374787584

55125
ln(2)− 2040402474

875
ln(3) + 417968750

27
ln(5)

B9/2 + 341391869291507
18435465216000

π

Bc
5 − 4856666007821

6306300
γ + 6818519203656774203

556215660
ln(2) + 156250000000000

729729
ln(10)

− 675460646171875
889056

ln(5) ln(2)− 675460646171875
889056

ln(5)γ + 1155153739426227
1372000

ln(2) ln(3)

+ 496094995065267
1372000

γ ln(3) + 5087539076789248
3472875

γ ln(2)− 1259557135291
12960

ln(2) ln(7) − 1259557135291
12960

γ ln(7)

+ 400332056150861177697
1757916160000

ln(3) + 1508174661184072060625
1025216704512

ln(5) − 6373038655368769648873
1067489280000

ln(7)

− 1259557135291
25920

ln(7)2 − 675460646171875
1778112

ln(5)2 + 496094995065267
2744000

ln(3)2 + 9330506645499392
3472875

ln(2)2

− 740234446559
176160768

π2 + 82809381657923339131
13984850880000

Bln
5 − 4856666007821

12612600
+ 2543769538394624

3472875
ln(2) − 1259557135291

25920
ln(7) + 496094995065267

2744000
ln(3)− 675460646171875

1778112
ln(5)

Bc
11/2 − 18492868322811

1097600
π ln(3) + 20550060546875

222264
π ln(5)− 627504931547331563

3333960000
π ln(2)

+ 1587378124097
3333960000

πγ + 37938867020822625604207
240584186658816000

π − 14835309571
95256000

π3

Bln
11/2 + 1587378124097

6667920000
π

q4,4+5+6PN,loc,f =
(
20ν + q

(ν)
43

)
u3 +

[(
−93031

1536
π2 +

1580641

3150

)
ν + q

(ν)
44,f

]
u4

+

[(
81030481

65536
π2 − 3492647551

423360

)
ν + q

(ν)
45,f

]
u5 ,

q6,4+5+6PN,loc,f =

(
−9

5
ν + q

(ν)
62

)
u2 +

(
123

10
ν + q

(ν)
63,f

)
u3

+

[(
−9733841

327680
π2 − 112218283

294000

)
ν + q

(ν)
64,f

]
u4 ,

q8,5+6PN,loc,f = q82(ν)u
2 +

(
−7447

560
ν + q

(ν)
83

)
u3 ,

q10,6PN,loc,f = q10,2(ν)u
2 . (6.1)

Here, the first coefficients in each line (except in the
last two lines) belong to the 4PN level, and are equivalent

to results obtained in Ref. [23]. The explicit values of q
(ν)
43

and q
(ν)
62 are:

q
(ν)
43 = −83ν2 + 10ν3 ,

q
(ν)
62 = −27

5
ν2 + 6ν3 . (6.2)

As exemplified by these coefficients, we introduced here
the general notation C(ν) to denote all the contributions
to any ν-dependent coefficient C(ν) that are nonlinear in

ν, i.e.,

C(ν) = Cν1

ν + C(ν) ; with C(ν) = Cν2

ν2 + Cν3

ν3 + . . .
(6.3)

The second coefficients in each line (and the first on the
penultimate line) belong to the 5PN level, and were de-
termined in our recent work [1], modulo two unknown
coefficients at order ν2. They read

a
(ν)
6,f = aν

2

6 ν2 + 4ν3 ,

d̄
(ν)
5,f = d̄ν

2

5 ν2 +

(
1069

3
− 205

16
π2

)
ν3 ,
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q
(ν)
44,f =

(
−2075

3
+

31633

512
π2

)
ν2 +

(
640− 615

32
π2

)
ν3 ,

q
(ν)
63,f = −69

5
ν2 + 116ν3 − 14ν4 , (6.4)

where aν
2

6,f and d̄ν
2

5,f are the only two numerical coeffi-
cients left undetermined at 5PN by our method.
Finally, the values of the 6PN-level coefficients are de-

termined at the linear-in-ν level by our self-force compu-
tation and can be written as

a7,loc,f(ν) =

(
−2800873

262144
π4 +

608698367

1769472
π2

−1469618167

907200

)
ν + a

(ν)
7,f ,

d̄6,loc,f(ν) =

(
229504763

98304
π2 +

135909

262144
π4

−99741733409

6350400

)
ν + d̄

(ν)
6,f ,

q45,loc,f(ν) =

(
81030481

65536
π2 − 3492647551

423360

)
ν + q

(ν)
45,f ,

q64,loc,f(ν) =

(
−9733841

327680
π2 − 112218283

294000

)
ν + q

(ν)
64,f ,

q83,loc,f(ν) = −7447

560
ν + q

(ν)
83,f . (6.5)

At this stage, we have no information about the

nonlinear-in-ν coefficients a
(ν)
7,f , d̄

(ν)
6,f , q

(ν)
45,f , q

(ν)
64,f , and

q
(ν)
83,f . Let us, however, anticipate on the results of the
following section, where we will show how to determine

the four ν-nonlinear coefficients d̄
(ν)
6,f , q

(ν)
45,f , q

(ν)
64,f , q

(ν)
83,f ,

in terms of only two free numerical parameters, namely

d̄ν
2

6 , and qν
2

45,f . In addition, we will find that a
(ν)
7,f is at

most cubic in ν. Our final results will then read:

a
(ν)
7,f = aν

2

7 ν2 + aν
3

7 ν3 ,

d̄
(ν)
6,f = d̄ν

2

6 ν2 +

(
45089

72
− 44489

1536
π2 − d̄ν

2

5 − 15aν
2

6

)
ν3

−48ν4,

q
(ν)
45,f = qν

2

45ν
2 +

(
−474899

216
+

36677

1152
π2 − 14

3
d̄ν

2

5

)
ν3

+

(
−7375

6
+

1435

32
π2

)
ν4 ,

q
(ν)
64,f =

(
−21996581

21000
+

156397

1280
π2

)
ν2

+

(
6977

6
− 29665

256
π2

)
ν3

+

(
−3640

3
+

287

8
π2

)
ν4 ,

q
(ν)
83,f = −963

56
ν2 − 117

10
ν3 − 147ν4 + 18ν5 . (6.6)

In these results, the two coefficients aν
2

6 and d̄ν
2

5 come
from the 5PN level, while the new undetermined 6PN-

level numerical coefficients are aν
2

7 , aν
3

7 , d̄ν
2

6 , and qν
2

45 .
[The origin of these undetermined coefficients will be dis-
cussed below.]
The coefficient q10,2(ν) of p10r u2 cannot be extracted

from our O(e8) self-force results, but it can be derived
from the exact knowledge of the 2PM (O(G2)) EOB
Hamiltonian [57], as will be shown below. Its value is

q10,2(ν) = −11

21
ν − 11

7
ν2 − 20

7
ν3 − 5

3
ν4 + 6ν5 . (6.7)

Note the remarkable fact that the 4+5+6PN-accurate lo-
cal O(ν) EOB Hamiltonian is logarithm free. Not only
all the lnu terms present in the nonlocal EOB poten-
tials have disappeared (as expected because they have
been known for a long time to be linked to the time
nonlocality), but even the various numerical logarithms
ln 2, ln 3, . . ., as well as Euler’s constant γ have all disap-
peared. Only rational numbers, and π2 ∼ ζ(2) enter the
O(ν) local Hamiltonian. In addition, the fractional pow-
ers of u have also disappeared because they only come
from the nonlocal 5.5PN action. For convenience, all
these expressions are summarized in Table X.
Note finally that, contrary to the nonlocal EOB poten-

tials shown above, there are no contributions to the lo-
cal EOB potentials featuring powers of u strictly smaller
than 2. This follows from the fact that the PM expansion
of the exact potential Q starts at order G2 [57]. Contri-
butions to Q involving powers un with n < 2 can only
enter the nonlocal part of the Hamiltonian, where they
come from having expanded the nonlocal Hamiltonian as
a formally infinite series of powers of p2r [23].

VII. USING THE MASS-RATIO DEPENDENCE
OF THE SCATTERING ANGLE TO DETERMINE
MOST OF THE νn≥2 STRUCTURE OF THE 6PN

f-ROUTE LOCAL HAMILTONIAN

Up to this stage, our method has only determined (be-
sides the full nonlocal part of the Hamiltonian) the linear-
in-ν part of the local Hamiltonian. The next stage of our
method is to use the special ν-dependence of the scat-
tering angle pointed out in Ref. [58] to determine most
of the nonlinear dependence on ν of the local Hamilto-
nian. [See [59] for a generalization of this approach to
the dynamics of spinning bodies.] This is done by going
through several steps.

A. Going from the pr-gauge to the energy-gauge

As a first step, it is convenient to transform the above
pr-gauge form of the local EOB effective Hamiltonian,
(4.10), to its (H-type) energy-gauge version, defined by
writing

Ĥ2 EG
eff,loc,f(u, pr, j; ν) = H2

S + (1− 2u)Q̂EG
H loc,f(u,HS ; ν) ,

(7.1)
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where HS denotes the (rescaled) Schwarzschild Hamilto-
nian, i.e., the square root of

H2
S(u, pr, j) = (1− 2u)[1 + (1− 2u)p2r + j2u2] , (7.2)

and where

Q̂EG
H loc,f(u,HS ; ν) = u2qH2EG(HS ; ν) + u3qH3EG(HS ; ν)

+u4qH loc,f
4EG (HS ; ν) + u5qH loc,f

5EG (HS ; ν)

+u6qH loc,f
6EG (HS ; ν) + u7qH loc,f

7EG (HS ; ν) . (7.3)

We have added a label “H” on Q̂EG
H loc,f and its u-

expansion coefficients, as a reminder that we use here
the H-version of the energy gauge, by contrast to its E-

version [58]. This means that Q̂H is directly written as
a function of the phase-space variable q, p, via the argu-
ment HS(u, pr, j). In the E-version of the energy-gauge

Q̂ is written as a function of u and the effective energy

Êeff :

Q̂EG
E loc,f(u, Êeff ; ν) = u2qE2EG(Êeff ; ν) + u3qE3EG(Êeff ; ν)

+u4qE loc,f
4EG (Êeff ; ν) + u5qE loc,f

5EG (Êeff ; ν)
+u6qE loc,f

6EG (Êeff ; ν) + u7qE loc,f
7EG (Êeff ; ν) . (7.4)

The difference between the two sequences of expan-
sion coefficients only start at the u4 ∝ G4 level,
so that the first two functions5 coincide with each
other: qH2EG(γ; ν) = qE2EG(γ; ν), q

H
3EG(γ; ν) = qE3EG(γ; ν).

We henceforth denote them simply as q2EG(γ; ν) and
q3EG(γ; ν). [See below for the link between the higher-
order coefficients.] We did not put any extra label “loc,
f” on the first two coefficients because the effect of the
flexibility coefficient f only starts at the G4 level.

The energy-dependent coefficient qH loc,f
nEG (γ; ν) be-

longs to the n-PM approximation because un =
(GM/(rphysc2))n is proportional to Gn. The 2PM co-
efficient q2EG(γ; ν) is known exactly. It has been first
obtained in Ref. [57], and then confirmed in Refs. [60–
62]. The 3PM coefficient q3EG(γ; ν) has so far only be
derived (as a closed-form function of γ and ν) in Refs.
[61, 62]. Its 5PN expansion was confirmed in Ref. [1],
and its 6PN expansion was recently confirmed in Refs.
[2, 63, 64]. We will give below the details of our derivation
of the 6PN-accurate value of q3EG(γ; ν). The higher PM-

order coefficients qH loc,f
nEG (γ; ν) are currently only known

in their PN-expanded versions, say

qH loc,f
nEG (γ; ν) = q0nEG(ν) + q1nEG(ν)(γ

2 − 1)

+ q2nEG(ν)(γ
2 − 1)2 + . . . . (7.5)

5 When γ is used, as here, to denote the argument of qH loc,f
nEG , it

is understood as a mathematical argument, to be later replaced
by HS(u, pr, j).

We recall that the properties of the EOB formalism are
such that the full potential Q(u, γ; ν) vanishes in the test-
mass limit ν → 0, so that each PN expansion coefficient
qpnEG(ν) must be ∼ ν + ν2 + . . . when ν → 0.
The PN expansions of all the energy-gauge coefficients

qH,loc,f
nEG (γ) are determined from the corresponding pr-
gauge coefficients entering the Hamiltonian (notably the

6PN-level ones a
(ν)
7 , d̄

(ν)
6 , q

(ν)
45 , q

(ν)
64 and q

(ν)
83 ) by com-

puting the canonical transformation connecting the two
gauges. The structure of this canonical transformation is

g(r, pr) = (r pr) [g2PN + g3PN + g4PN + g5PN + g6PN] ,
(7.6)

where the factor r pr would describe an identity transfor-
mation, and where the leading-order term is at the 2PN
(and 2PM) level , and reads

g2PN =
3

2
η4

ν

r2
. (7.7)

The 2PN (g2PN) and 3PN (g3PN) terms were derived in
Ref. [57]; the 4PN one (g4PN) was derived in Appendix
A of Ref. [65]; and the 5PN one (g5PN) was derived in
our recent work [2]. We have extended the determina-
tion of the canonical transformation g(r, pr) to the 6PN
level. This is done by using the method of undetermined
coefficients. The looked-for g6PN is parametrized as

g6PN =
1

r2

[
w1j

4

r5
p2r +

w2j
8

r8
+ w3p

8
r +

w4

r4
+

w5

r
p6r

+
w6j

4

r4
p4r +

w7j
2

r2
p6r +

w8j
2

r4
p2r +

w9j
2

r3
p4r

+
w10j

6

r6
p2r +

w11

r2
p4r +

w12

r3
p2r +

w13j
2

r5

+
w14j

4

r6
+

w15j
6

r7

]
, (7.8)

with unknown coefficients w1, . . . , w15. The values of
these coefficients are then determined by imposing that
the two (effective, squared) Hamiltonians (4.1) (with
A = Aloc,f , etc.) and (7.1) are equivalent (at the 6PN
accuracy) through this canonical transformation.
The explicit expressions of the 6PN coefficients

w1 . . . w15 will be displayed later, in their final form, in
Table IX, after we determine, using our strategy, all pos-
sible unknowns.

B. Computing the f-route local scattering angle

The next step in the determination of many of the
non-linear-in-ν coefficients in the local EOB Hamiltonian
proceeds through the computation of the corresponding
scattering angle, χloc,f . This is most efficiently done in
the energy-gauge.
Several procedures (discussed in Refs. [57, 58]) can be

used to compute the expansion of χloc,f(γ, j) in powers
of 1

j ∝ G, at a fixed value of the EOB effective energy



16

TABLE IX: Final form of the coefficients w1 . . . w15 parametrizing the 6PN canonical transformation, Eq. (7.8).

w1 − 236879
80640

ν − 6753
1792

ν2 − 197
320

ν3 − 4965
256

ν4 − 1417
128

ν5

w2 − 33
512

ν − 99
512

ν2 − 45
128

ν3 − 105
512

ν4 + 189
256

ν5

w3 − 2123
10752

ν − 2123
3584

ν2 − 965
896

ν3 − 965
1536

ν4 + 579
256

ν5

w4

(

1483514111
9437184

π2 − 228466894127
190512000

+ 45303
1048576

π4
)

ν +
(

10486361
84000

+ 1
12
d̄ν

2

6 − 132333
40960

π2 + 1
12
aν2

6 − 1
60
d̄ν

2

5 − 1
20
qν

2

45

)

ν2

+
(

− 500837
61440

π2 + 213103
1440

+ 3
20
d̄ν

2

5 − 5
4
aν2

6

)

ν3 + 3
32
ν4 + 21

16
ν5

w5 − 284849
80640

ν − 9951
1792

ν2 − 8829
2240

ν3 − 5595
256

ν4 − 463
128

ν5

w6 − 11
20
ν − 33

20
ν2 − 3ν3 − 7

4
ν4 + 63

10
ν5

w7 − 869
1792

ν − 2607
1792

ν2 − 1185
448

ν3 − 395
256

ν4 + 711
128

ν5

w8

(

− 48669205
12582912

π2 − 781859
17640

)

ν +
(

− 2898667
20160

+ 781985
49152

π2
)

ν2 +
(

119531
720

− 741625
49152

π2
)

ν3 +
(

− 117029
1152

+ 7175
1536

π2
)

ν4 + 753
64

ν5

w9 − 138127
26880

ν − 14067
1792

ν2 − 1423
320

ν3 − 7199
256

ν4 − 1527
128

ν5

w10 − 77
256

ν − 231
256

ν2 − 105
64

ν3 − 245
256

ν4 + 441
128

ν5

w11

(

− 574296619
125829120

π2 − 200657371
3528000

)

ν +
(

− 158915363
1008000

+ 9227423
491520

π2
)

ν2 +
(

491849
2880

− 1750235
98304

π2
)

ν3 +
(

− 329935
2304

+ 16933
3072

π2
)

ν4 + 687
128

ν5

w12

(

− 4561111909
5292000

+ 15680782981
110100480

π2
)

ν +
(

− 2689283
172032

π2 + 134682217
1764000

+ 4
35
qν

2

45

)

ν2 +
(

− 1559441
4320

− 8
15
d̄ν

2

5 + 3831013
184320

π2
)

ν3

+
(

409
72

− 205
384

π2
)

ν4 − 33
8
ν5

w13

(

− 2031118237
7056000

+ 5643368761
110100480

π2
)

ν +
(

− 416103
57344

π2 + 4901243
196000

+ 3
70
qν

2

45

)

ν2 +
(

− 231013
1440

− 1
5
d̄ν

2

5 + 692411
61440

π2
)

ν3

+
(

1343
48

− 205
128

π2
)

ν4 − 9
2
ν5

w14

(

− 9733841
8388608

π2 − 2868989
235200

)

ν +
(

− 2745397
67200

+ 156397
32768

π2
)

ν2 +
(

48821
960

− 148325
32768

π2
)

ν3 +
(

− 16513
768

+ 1435
1024

π2
)

ν4 + 747
128

ν5

w15 − 44651
80640

ν − 717
1792

ν2 + 207
320

ν3 − 1425
256

ν4 − 433
128

ν5

γ ≡ Êeff . One uses the fact that, given any (local) Hamil-
tonian, the corresponding scattering angle of hyperboli-
clike motions is given by the integral (u = 1/r) [66]

1

2
(χ(γ, j) + π) = −

∫ umax

0

∂

∂j
pr(u; γ, j)

du

u2
, (7.9)

where umax = umax(γ, j) = 1/rmin corresponds to the
distance of closest approach of the two bodies, and where
the radial momentum pr = pr(u; γ, j) is obtained from
writing the energy conservation at a given angular mo-
mentum. When using the H-version of the energy gauge,
Eq. (7.1) directly defines the squared effective Hamilto-

nian, Ĥ2EG
eff,loc,f(u, pr, j; ν), as a function of pr, j and u. To

obtain pr as a function of γ ≡ Êeff one should then itera-
tively solve for pr (in a PM expanded way, i.e., using the
scaling u 7→ Gu and j 7→ G−1j) the energy conservation
law

γ2 = Ê2
eff = Ĥ2EG

eff,loc,f(u, pr, j; ν)

= H2
S + (1− 2u)Q̂EG

H loc,f(u,HS ; ν) , (7.10)

where HS(u, pr, j) was defined in Eq. (7.2), and

Q̂EG
H loc,f(u,HS ; ν) in Eq. (7.3). The computation of the

function pr(Êeff , j) is simpler when using the E-version of
the energy gauge, i.e., Eq. (7.4). Indeed, in that case
the EOB mass-shell condition reads

− Ê2
eff

1− 2u
+1+(1−2u)p2r+ j2u2+ Q̂EG

E loc,f(u, Êeff ; ν) = 0 ,

(7.11)

which is a linear equation in p2r(Êeff , j, u) whose exact

solution reads (denoting again γ ≡ Êeff)

p2r(γ, j, u) =
γ2 − (1− 2u)

(
1 + j2u2 + Q̂EG

E loc,f(u, γ; ν)
)

(1− 2u)2
.

(7.12)
In both cases, one expands pr(γ, j, u), as it appears in
Eq.(7.9), in powers of u 7→ Gu, say

pr = p(0)r +Gp(1)r +G2p(2)r + . . . , (7.13)

whose first two terms read

p(0)r =
√
−1 + γ2 − j2u2 , (7.14)

and

p(1)r =
(−1 + 2γ2 − j2u2)u√

−1 + γ2 − j2u2
. (7.15)

All the integrals that appear in the PM expansion of
Eq.(7.9) are elementary and are evaluated (following [40])
by using Hadamard’s partie finie.
The scattering angle is then obtained as a PM expan-

sion of the form

1

2
χloc,f(γ, j; ν) =

∑

n≥1

χloc,f
n (γ; ν)

jn
. (7.16)

Here, each n-PM-order expansion coefficient χloc,f
n (γ; ν)

is determined from the value of the corresponding

n-PM-order energy-gauge coefficient qH loc,f
nEG (γ; ν), or
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qE loc,f
nEG (γ; ν), together with the values of the lower PM-
order coefficients.
Denoting, for brevity,

∆χn(γ) ≡ χn(γ)− χSchw
n (γ) , (7.17)

the scattering-angle coefficients obtained from the E-

version Q̂EG
E loc,f(u, γ; ν) corrected of the energy gauge

(which is simpler to implement in view of the explicit
expression (7.12)) read

∆χ2(γ) = −π

4
q2(γ) ,

∆χ3(γ) = − 2γ2 − 1√
γ2 − 1

q2(γ)−
√
γ2 − 1q3(γ) ,

∆χ4(γ) = π

[
3

16
q2(γ)

2 − 9

16
(−1 + 5γ2)q2(γ)

−3

8
(−1 + 3γ2)q3(γ)−

3

8
qE4 (γ)(γ

2 − 1)

]
,

∆χ5(γ) =
(2γ2 − 1)√

γ2 − 1
q2(γ)

2 +
[
2
√
γ2 − 1q3(γ)

−2

3

(60γ2 − 5 + 64γ6 − 120γ4)

(γ2 − 1)3/2

]
q2(γ)

−2
(8γ4 + 1− 8γ2)√

γ2 − 1
q3(γ)

−4(4γ2 − 1)
√
γ2 − 1

3
qE4 (γ)

−4(γ2 − 1)3/2

3
qE5 (γ) ,

∆χ6(γ) = − 5

32
q2(γ)

3 +

(
−45

64
+

225

64
γ2

)
q2(γ)

2

+

[(
45

16
γ2 − 15

16

)
q3(γ)

+

(
−15

16
+

15

16
γ2

)
qE4 (γ)

−17325

256
γ4 +

4725

128
γ2 − 525

256

]
q2(γ)

+

(
15

32
γ2 − 15

32

)
q3(γ)

2

+

(
−1575

64
γ4 +

525

32
γ2 − 75

64

)
q3(γ)

+

(
−525

64
γ4 +

225

32
γ2 − 45

64

)
qE4 (γ)

+

(
−75

32
γ4 − 15

32
+

45

16
γ2

)
qE5 (γ)

+

(
−15

32
− 15

32
γ4 +

15

16
γ2

)
qE6 (γ) . (7.18)

The first three equations above (for χ2, χ3, χ4) agree
with the corresponding ones in Ref. [58].

While the E-version of the energy-gauge is more simply
connected to the scattering angle, the H-version is more
simply connected to the usual pr-gauge EOB Hamilto-
nian. This is why we use the H-version in practice, as
indicated in Eq. (7.5). Let us therefore complete the
above E-type scattering-angle results by the transforma-

tion between the E-type coefficients, qE loc,f
nEG (γ; ν), and

the H-type ones, qH loc,f
nEG (γ; ν). We recall that the first

two, q2 and q3, are the same. To write the link between
the higher-order ones, it is convenient to provisionally
use as common argument for these functions x ≡ γ2.
By writing that Eqs. (7.10) and (7.11) define the same
mass-shell constraint one finds (where, for uniformity,
we have left the labels E or H on qE2 = qH2 = q2 and
qE3 = qH3 = q3):

qH4 (x) = qE4 (x) + qE2 (x)
dqE2 (x)

dx
,

qH5 (x) = (qE3 (x)− 2qE2 (x))
dqE2 (x)

dx
+ qE5 (x) +

dqE3 (x)

dx
qE2 (x) ,

qH6 (x) =
1

2

d2qE2 (x)

dx2
qE2 (x)

2 + qE2 (x)

(
dqE2 (x)

dx

)2

+ (qE4 (x)− 2qE3 (x))
dqE2 (x)

dx

+(qE3 (x) − 2qE2 (x))
dqE3 (x)

dx
+ qE6 (x) + qE2 (x)

dqE4 (x)

dx
,

qH7 (x) = (−2qE2 (x)
2 + qE2 (x)qE3 (x))

d2qE2 (x)

dx2
+

1

2

d2qE3 (x)

dx2
qE2 (x)

2 + (qE3 (x) − 4qE2 (x))

(
dqE2 (x)

dx

)2

+

[
2
dqE3 (x)

dx
qE2 (x) + qE5 (x)− 2qE4 (x)

]
dqE2 (x)

dx
+ (qE4 (x)− 2qE3 (x))

dqE3 (x)

dx

+(qE3 (x) − 2qE2 (x))
dqE4 (x)

dx
+ qE7 (x) + qE2 (x)

dqE5 (x)

dx
, (7.19)
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which can also be written in the reverse direction:

qE4 (x) = −dqH2 (x)

dx
qH2 (x) + qH4 (x) ,

qE5 (x) =
dqH2 (x)

dx
[−qH3 (x) + 2qH2 (x)]− dqH3 (x)

dx
qH2 (x) + qH5 (x) ,

qE6 (x) = −dqH4 (x)

dx
qH2 (x) +

(
dqH2 (x)

dx

)2

q2(x) −
dqH2 (x)

dx
(qH4 (x) − 2qH3 (x)) +

1

2

d2qH2 (x)

dx2
[qH2 (x)]2

−dqH3 (x)

dx
(qH3 (x) − 2qH2 (x)) + qH6 (x) ,

qE7 (x) = −qH2 (x)(−qH3 (x) + 2qH2 (x))
d2qH2 (x)

dx2
+

1

2

d2qH3 (x)

dx2
qH2 (x)2 + (qH3 (x)− 4qH2 (x))

(
dqH2 (x)

dx

)2

+

[
2
dqH3 (x)

dx
qH2 (x) − qH5 (x) + 2qH4 (x)

]
dqH2 (x)

dx

+(−qH4 (x) + 2qH3 (x))
dqH3 (x)

dx
+ (−qH3 (x) + 2qH2 (x))

dqH4 (x)

dx
− dqH5 (x)

dx
qH2 (x) + qH7 (x) . (7.20)

C. Using the mass-ratio dependence of the f-route
local scattering angle

Applying the scattering-angle results derived in the
previous subsection to our PN-expanded parametriza-
tion of the H-type energy-gauge coefficients, Eq. (7.5),
yields explicit, PN-expanded (6PN-accurate) expressions
for the scattering angle. [These can also be obtained by
directly evaluating the integral (7.9) in a PN-expanded
way]. Let us only give here one specific example:

χloc,f
5 =

1

5p5∞
− 2

p3∞
η2 +

32− 8ν

p∞
η4

+

[
320 +

(
−1168

3
+

41

8
π2

)
ν + 24ν2

]
p∞η6

+

[
640 +

(
5069

144
π2 − 227059

135

)
ν

+

(
−287

24
π2 +

7342

9

)
ν2 − 40ν3

]
p3∞η8

+

[
1792

5
+

(
−1460479

525
+

111049

960
π2

)
ν

+

(
41026

15
− 40817

640
π2 − 4

15
d̄ν

2

5

)
ν2

+

(
−11108

9
+

451

24
π2

)
ν3 + 56ν4

]
p5∞η10

+

[(
93031

2304
π2 − 498343703

604800

)
ν

+

(
2827607

1152
− 31633

768
π2

)
ν2

+

(
205

16
π2 − 253361

96

)
ν3 +

212879

384
ν4 +

63

64
ν5

−2q43EG − 4q34EG − 4

3
q25EG

]
p7∞η12 . (7.21)

Here, we used as energy variable the EOB asymptotic
momentum p∞, defined as

p2∞ ≡ γ2 − 1 . (7.22)

This quantity naturally appears in the PM-expanded
mass-shell condition, see Eq. (7.14), and is also a con-
venient PN-expansion parameter p2∞ 7→ η2p2∞. We recall
that the qknEG’s appearing in Eq. (7.21) are the coeffi-
cients of the expansion in powers of p2∞ of the H-type

qH loc,f
nEG (γ; ν) coefficients, see Eq. (7.5).
Having in hands the expressions of the χloc,f

n (p∞; ν)’s
(which we shall indifferently denote as χloc,f

n (γ; ν)), let
us now consider the following energy-rescaled versions of
these coefficients

χ̃loc,f
n (γ; ν) ≡ [h(γ; ν)]

n−1
χloc,f
n (γ; ν) , (7.23)

where

h(γ; ν) ≡
√
1 + 2ν(γ − 1) =

H

Mc2
. (7.24)

Ref. [58] has shown that the total (local plus nonlocal)
scattering angle satisfied the following condition:

Ctot
n : χ̃tot

n (γ; ν) = P γ
dn
(ν) ; with dn ≡

[
n− 1

2

]
. (7.25)

Here, and below, the notation P γ
k (ν) denotes a generic

polynomial of degree ≤ k, with γ- (or, equivalently, p∞-)
dependent coefficients.
In Ref. [2] we pointed out the simplification brought in

the determination of the local Hamiltonian by choosing
a flexibility factor f(t) in the definition of the Pf scale

rf12 = f(t)rh12 such that the condition Ctot
n separately ap-

plies to the nonlocal contribution χnonloc,f
n (γ; ν), and to

the local one χloc,f
n (γ; ν). [We recall that χtot

n (γ; ν) =
χloc,f
n (γ; ν) + χnonloc,f

n (γ; ν), because the nonlocal part
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can be treated as a first-order perturbation.] We showed
there that it was always possible to construct such a flexi-
bility factor f = 1+O( ν

c2 ) at the 1PN fractional accuracy.
We will show in a separate work that this holds also at
the 2PN fractional accuracy, of relevance to the present
study. This choice of such a tuned f allows us to separate
the determination of the f-route local Hamiltonian, from
the discussion of the corresponding nonlocal contribution
to the scattering angle, χnonloc,f

n (γ; ν).
We shall then enforce the condition (with dn ≡

[
n−1
2

]
)

C loc,f
n : χ̃loc,f

n (γ; ν) = P γ
dn
(ν) ; (7.26)

i.e.,

C loc,f
n : χ̃loc,f

n (γ; ν) = cn0(γ)+cn1(γ)ν+ . . .+cndn(γ)ν
dn .

(7.27)
This condition yields strong constraints on the ν-
dependence of the various coefficients in the local Hamil-
tonians (in any gauge), and allows one to determine most
of the coefficients entering the (usual) local Hamiltonian
H loc,f(r, pr, j).
Applying the condition C loc,f

n for n = 2, . . . , 7, we could
determine the nonlinear ν-dependence of the coefficients
entering the 6PN-accurate pr-gauge effective Hamilto-

nian Ĥ2
eff loc,f , except for the following four numerical co-

efficients

aν
2

7 , aν
3

7 , d̄ν
2

6 , and qν
2

45 . (7.28)

We recall that, at the 5PN level, we could determine the
nonlinear ν-dependence of the EOB potentials except for

two numerical coefficients: aν
2

6 , and d̄ν
2

5 . We list in Table
X the knowledge of the coefficients parametrizing the f-
route local EOB potentials. We note that among the
52 coefficients entering the 5+6PN local EOB potentials
our method allowed to determine 46. To complete the
previous information we also list in Tables XI, XII the
parameters entering the H-type and E-type energy-gauge
(squared) effective Hamiltonian for n ≥ 3 and n ≥ 4,
respectively. [We recall that qE3 = qH3 .]
The situation is even more impressive if one considers

the usual Hamiltonian, expressed in terms of the effective
one by Eq. (4.5), as a function of u, pr, and p2 ≡ p2r +
j2u2,

H loc,f,6PN =
∑

0≤k≤7,0≤l≤5,k+l≤7

C
(2l)
2k (ν)p2kp2lr u

7−k−l .

(7.29)

Indeed, the ν-dependence of this 6PN-level Hamiltonian
(see Table XIII) contains 151 (or 147, if we consider that
four coefficients start at O(ν2)) numerical coefficients,
and our method determines 151− 4 = 147 (or 147− 4 =

143) of them. The ν-dependent coefficients C
(2l)
2k (ν) =∑

n C
(2l)
2k,nν

n are listed in Table XIII.
VIII. VALUES OF THE 6PN-ACCURATE f-

ROUTE LOCAL SCATTERING ANGLE AT PM
ORDERS G3, G4, G5 AND G6

Having determined most of the coefficients parametriz-
ing the f-route local Hamiltonian we can write down the
(PN-expanded) values of the corresponding successive n-
PM contributions, χn, to the scattering angle. The re-
sults are more compactly expressed when writing them in
terms of the difference between the energy-rescaled angle
(7.23) and the corresponding test-mass (Schwarzschild
value).
Let us first recall that the exact values of the

Schwarzschild scattering angle coefficients are

χSchw
1 (p∞) =

1

p∞
+ 2p∞ ,

χSchw
2 (p∞) = π

(
3

2
+

15

8
p2∞

)
,

χSchw
3 (p∞) = − 1

3p3∞
+

4

p∞
+ 24p∞ +

64

3
p3∞ ,

χSchw
4 (p∞) = π

(
105

8
+

315

8
p2∞ +

3465

128
p4∞

)
,

χSchw
5 (p∞) =

1

5p5∞
− 2

p3∞
+

32

p∞
+ 320p∞

+640p3∞ +
1792

5
p5∞ ,

χSchw
6 (p∞) = π

(
1155

8
+

45045

64
p2∞ +

135135

128
p4∞

+
255255

512
p6∞

)
,

χSchw
7 (p∞) = − 1

7p7∞
+

8

5p5∞
− 16

p3∞
+

320

p∞
+ 4480p∞

+14336p3∞ +
86016

5
p5∞ +

49152

7
p7∞ .

(8.1)

We then find that the differences χ̃loc,f
n −χSchw

n (recalling
the definition Eq. (7.23)) read

π−1
(
χ̃loc
2 − χSchw

2

)
= 0 ,

ν−1
(
χ̃loc
3 − χSchw

3

)
= − 1

3p∞
η2 − 47

12
η4p∞ − 313

24
η6p3∞ − 749

320
p5∞η8 − 7519

4480
η10p7∞ +

211469

161280
η12p9∞ ,

ν−1π−1
(
χ̃loc,f
4 − χSchw

4

)
= −15

4
η4 +

(
−557

16
+

123

256
π2

)
η6p2∞ +

(
−4601

96
+

33601

16384
π2

)
η8p4∞
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TABLE X: List of the f -route EOB potentials in pr-gauge.

aloc,f
5

(

− 4237
60

+ 2275
512

π2
)

ν +
(

41
32
π2 − 221

6

)

ν2

aloc,f
6

(

− 1026301
1575

+ 246367
3072

π2
)

ν + aν2

6 ν2 + 4ν3

aloc,f
7

(

− 2800873
262144

π4 + 608698367
1769472

π2 − 1469618167
907200

)

ν + aν2

7 ν2 + aν3

7 ν3

d̄loc,f4

(

1679
9

− 23761
1536

π2
)

ν +
(

123
16

π2 − 260
)

ν2

d̄loc,f5

(

331054
175

− 63707
512

π2
)

ν + d̄ν
2

5 ν2 +
(

− 205
16

π2 + 1069
3

)

ν3

d̄loc,f6

(

229504763
98304

π2 + 135909
262144

π4 − 99741733409
6350400

)

ν + d̄ν
2

6 ν2 +
(

45089
72

− 44489
1536

π2 − d̄ν
2

5 − 15aν2

6

)

ν3 − 48ν4

qloc,f43 20ν − 83ν2 + 10ν3

qloc,f44

(

1580641
3150

− 93031
1536

π2
)

ν +
(

− 2075
3

+ 31633
512

π2
)

ν2 +
(

640− 615
32

π2
)

ν3

qloc,f45

(

81030481
65536

π2 − 3492647551
423360

)

ν + qν
2

45 ν
2 +

(

− 14
3
d̄ν

2

5 + 36677
1152

π2 − 474899
216

)

ν3 +
(

1435
32

π2 − 7375
6

)

ν4

qloc,f62 − 9
5
ν − 27

5
ν2 + 6ν3

qloc,f63
123
10

ν − 69
5
ν2 + 116ν3 − 14ν4

qloc,f64

(

− 9733841
327680

π2 − 112218283
294000

)

ν +
(

156397
1280

π2 − 21996581
21000

)

ν2 +
(

6977
6

− 29665
256

π2
)

ν3 +
(

287
8
π2 − 3640

3

)

ν4

qloc,f82
6
7
ν + 18

7
ν2 + 24

7
ν3 − 6ν4

qloc,f83 − 7447
560

ν − 963
56

ν2 − 117
10

ν3 − 147ν4 + 18ν5

qloc,f10,2 − 11
21
ν − 11

7
ν2 − 20

7
ν3 − 5

3
ν4 + 6ν5

TABLE XI: List of the p2∞-expansion coefficients of the u-coefficients in the H-type energy-gauge (squared) effective Hamiltonian
for n ≥ 3, see Eqs. (7.3) and (7.5).

q03EG 5ν

q13EG 27ν − 23
4
ν2

q23EG
1021
80

ν − 445
16

ν2 + 49
8
ν3

q33EG − 213
2240

ν − 2409
320

ν2 + 437
16

ν3 − 407
64

ν4

q43EG − 50557
80640

ν + 1149
1792

ν2 + 489
320

ν3 − 6735
256

ν4 + 835
128

ν5

q04EG ν
(

175
3

− 41
32
π2

)

− 7
2
ν2

q14EG

(

5632
45

− 33601
6144

π2
)

ν +
(

− 405
4

+ 123
64

π2
)

ν2 + 13
2
ν3

q24EG

(

− 93031
12288

π2 + 699761
7200

)

ν +
(

31633
4096

π2 − 77443
480

)

ν2 +
(

− 615
256

π2 + 130
)

ν3 − 293
32

ν4

q34EG

(

− 40415563
1411200

− 9733841
4194304

π2
)

ν +
(

− 6742919
67200

+ 156397
16384

π2
)

ν2 +
(

80153
480

− 148325
16384

π2
)

ν3 +
(

− 7223
48

+ 1435
512

π2
)

ν4 + 185
16

ν5

q05EG

(

− 29917
6144

π2 + 44357
360

)

ν +
(

− 2387
24

+ 205
64

π2
)

ν2 + 9
4
ν3

q15EG

(

15540691
25200

− 2590847
61440

π2
)

ν +
(

1
5
d̄ν

2

5 − 15581
80

+ 347673
20480

π2
)

ν2 +
(

− 1763
256

π2 + 5131
24

)

ν3 − 93
16
ν4

q25EG

(

− 807638471
1764000

+ 30033990443
440401920

π2
)

ν +
(

3
35
qν

2

45 + 6466655
114688

π2 − 299020817
588000

)

ν2 +
(

− 7356287
245760

π2 + 289783
1440

− 2
5
d̄ν

2

5

)

ν3

+
(

− 41833
128

+ 5535
512

π2
)

ν4 + 657
64

ν5

q06EG

(

541363
10240

π2 − 69733
350

)

ν +
(

11717
60

+ aν2

6 + 1
5
d̄ν

2

5 + 17857
5120

π2
)

ν2 +
(

326
3

− 287
64

π2
)

ν3 − 11
8
ν4

q16EG

(

45303
524288

π4 − 195178823647
47628000

+ 100876235443
165150720

π2
)

ν +
(

1
6
d̄ν

2

6 + 11
70
qν

2

45 + 7
6
aν2

6 + 596127373
588000

+ 593223
28672

π2 + 1
6
d̄ν

2

5

)

ν2

+
(

− 431999
30720

π2 − 78703
90

− 9
10
d̄ν

2

5 − 5
2
aν2

6

)

ν3 +
(

− 28463
96

+ 205
16

π2
)

ν4 + 73
16
ν5

q07EG

(

− 5556443
524288

π4 − 37569023551
4762800

+ 1163042866561
990904320

π2
)

ν +
(

83453959
29400

− 675041
8960

π2 + aν2

7 + 25
6
aν2

6 + 1
14
qν

2

45 + 1
6
d̄ν

2

6 − 1
30
d̄ν

2

5

)

ν2

+
(

aν3

7 + 373067
12288

π2 − 1
2
d̄ν

2

5 − 5
2
aν2

6 − 222749
144

)

ν3 +
(

− 3021
32

+ 615
128

π2
)

ν4 + 13
16
ν5

+

(
−3978707

134400
+

93031

32768
π2

)
η10p6∞ +

(
29201523

33554432
π2 +

5058313

627200

)
η12p8∞ ,

ν−1
(
χ̃loc,f
5 − χSchw

5

)
=

2

5p3∞
η2 +

(
−121

10
+

1

5
ν

)
η4

p∞
+

(
−19457

60
+

59

10
ν +

41

8
π2

)
η6p∞

+

(
−41

24
νπ2 +

10681

144
ν +

5069

144
π2 − 4572503

4320

)
η8p3∞

+

(
111049

960
π2 +

23407

5760
νπ2 − 4

15
νd̄ν

2

5 − 55558621

33600
− 573577

4320
ν

)
η10p5∞
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TABLE XII: List of the p2∞-expansion coefficients (similarly to Eq. (7.5)) of the E-type energy gauge (squared) effective
Hamiltonian, Eq. (7.4), for n ≥ 4.

q04E,EG

(

175
3

− 41
32
π2

)

ν − 7
2
ν2

q14E,EG

(

5632
45

− 33601
6144

π2
)

ν +
(

− 441
4

+ 123
64

π2
)

ν2 + 13
2
ν3

q24E,EG

(

699761
7200

− 93031
12288

π2
)

ν +
(

− 90403
480

+ 31633
4096

π2
)

ν2 +
(

− 615
256

π2 + 601
4

)

ν3 − 293
32

ν4

q34E,EG

(

− 9733841
4194304

π2 − 40415563
1411200

)

ν +
(

156397
16384

π2 − 7498919
67200

)

ν2 +
(

102833
480

− 148325
16384

π2
)

ν3 +
(

1435
512

π2 − 8789
48

)

ν4 + 185
16

ν5

q05E,EG

(

− 29917
6144

π2 + 44357
360

)

ν +
(

205
64

π2 − 2747
24

)

ν2 + 9
4
ν3

q15E,EG

(

15540691
25200

− 2590847
61440

π2
)

ν +
(

− 29501
80

+ 347673
20480

π2 + 1
5
d̄ν

2

5

)

ν2 +
(

− 1763
256

π2 + 6499
24

)

ν3 − 93
16
ν4

q25E,EG

(

− 807638471
1764000

+ 30033990443
440401920

π2
)

ν +
(

3
35
qν

2

45 − 472730717
588000

+ 6466655
114688

π2
)

ν2 +
(

− 7356287
245760

π2 − 2
5
d̄ν

2

5 + 965323
1440

)

ν3

+
(

5535
512

π2 − 57457
128

)

ν4 + 657
64

ν5

q06E,EG

(

− 69733
350

+ 541363
10240

π2
)

ν +
(

aν2

6 − 5083
60

+ 37537
5120

π2 + 1
5
d̄ν

2

5

)

ν2 +
(

1775
12

− 287
64

π2
)

ν3 − 11
8
ν4

q16E,EG

(

100876235443
165150720

π2 − 195178823647
47628000

+ 45303
524288

π4
)

ν +
(

1
6
d̄ν

2

5 − 109708309
196000

+ 11
70
qν

2

45 + 7
6
aν2

6 + 1754467
28672

π2 + 1
6
d̄ν

2

6

)

ν2

+
(

− 963359
30720

π2 + 186533
360

− 9
10
d̄ν

2

5 − 5
2
aν2

6

)

ν3 +
(

205
16

π2 − 42773
96

)

ν4 + 73
16
ν5

q07E,EG

(

− 5556443
524288

π4 − 37569023551
4762800

+ 1163042866561
990904320

π2
)

ν +
(

1
6
d̄ν

2

6 + 39167441
44100

+ 25
6
aν2

6 − 1
30
d̄ν

2

5 + 1
14
qν

2

45 − 348401
53760

π2 + aν2

7

)

ν2

+
(

aν3

7 − 49799
144

+ 46379
12288

π2 − 1
2
d̄ν

2

5 − 5
2
aν2

6

)

ν3 +
(

615
128

π2 − 4921
32

)

ν4 + 13
16
ν5

+

(
− 4

35
νqν

2

45 − 184881

4480
π2 +

1219303

20160
νπ2 − 16844006729

21168000
ν +

15827493497

42336000

)
η12p7∞ ,

ν−1π−1
(
χ̃loc,f
6 − χSchw

6

)
=

(
−625

4
+

105

16
ν +

615

256
π2

)
η6 +

(
−1845

512
νπ2 +

257195

8192
π2 +

10065

64
ν − 224113

192

)
η8p2∞

+

(
−15

32
νaν

2

6 − 15

32
νd̄ν

2

5 − 61855

32768
νπ2 +

2321185

16384
π2 +

4625

192
ν − 20420849

6720

)
η10p4∞

+

(
−35

64
νd̄ν

2

5 − 5

64
νd̄ν

2

6 − 4911465305

25165824
π2 − 11437991

8960
ν − 35

64
νaν

2

6 − 15

64
νqν

2

45

+
2363865

65536
νπ2 − 679545

16777216
π4 +

1343882527

10160640

)
η12p6∞ ,

ν−1
(
χ̃loc,f
7 − χSchw

7

)
= − 3

7p5∞
η2 +

(
227

28
− 3

7
ν

)
η4

p3∞
+

(
−60377

168
+

339

14
ν +

41

8
π2 − 1

7
ν2
)

η6

p∞

+

(
33131

192
π2 − 221

28
ν2 +

158129

112
ν − 152237341

20160
− 123

4
νπ2

)
η8p∞

+

(
378953

384
π2 − 18343

128
νπ2 +

41

8
ν2π2 − 64315

336
ν2 − 8νaν

2

6 − 4νd̄ν
2

5

+
2208701

480
ν − 6769922309

201600

)
η10p3∞

+

(
4

5
d̄ν

2

5 ν2 − 284141687

69120
π2 − 3474679

3840
νπ2 − 64

5
νd̄ν

2

5 − 196222844821

16934400
− 1811850763

1008000
ν

+
596213

720
ν2 − 128

5
νaν

2

6 − 8

5
νaν

2

7 − 8

5
ν2aν

3

7 − 8

5
νd̄ν

2

6

−12

5
νqν

2

45 − 11471

384
ν2π2 +

666241

40960
π4

)
η12p5∞ . (8.2)

These results for the scattering angle provide a lot of
new information that offers gauge-invariant checks for fu-
ture independent computations of the dynamics of binary
systems.

In particular, using the fact (explicitly proven in

Ref. [67]) that the nonlocal dynamics starts contributing
to the scattering angle only at O(G4), so that χtot

3 = χloc
3 ,

our result above for χloc
3 actually describes the total 3PM-

level scattering angle. The corresponding explicit 6PN-
accurate expression of the unrescaled, and unsubtracted
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TABLE XIII: Coefficients entering the 6PN real EOB Hamiltonian (7.29).

Coefficient Powers Value

C
(0)
14 (ν) p0rp

14u0 33
2048

ν + 33
2048

ν2 + 45
2048

ν3 + 15
512

ν4 + 35
1024

ν5 + 63
2048

ν6 + 33
2048

ν7

C
(0)
12 (ν) p0rp

12u1 21
1024

ν + 21
1024

ν2 + 21
1024

ν3 − 35
512

ν5 − 189
1024

ν6 − 231
1024

ν7

C
(0)
10 (ν) p0rp

10u2 − 7
512

ν − 7
512

ν2 − 15
512

ν3 − 5
64
ν4 − 35

256
ν5 + 63

512
ν6 + 693

512
ν7

C
(0)
8 (ν) p0rp

8u3 5
256

ν − 5
256

ν2 − 1
256

ν3 + 7
128

ν4 + 45
128

ν5 + 385
256

ν6 − 1155
256

ν7

C
(0)
6 (ν) p0rp

6u4 − 5
128

ν +
(

385
384

− 41
1024

π2
)

ν2 +
(

373
384

− 41
1024

π2
)

ν3 + 1
32
ν4 +

(

− 925
192

+ 205
1024

π2
)

ν5 − 595
128

ν6 + 1155
128

ν7

C
(0)
4 (ν) p0rp

4u5 7
64
ν +

(

1141
480

− 1619
8192

π2
)

ν2 +
(

1153
240

− 2275
8192

π2
)

ν3 +
(

10105
8192

π2 − 21721
960

)

ν4 +
(

− 123
128

π2 + 347
16

)

ν5

+ 357
64

ν6 − 693
64

ν7

C
(0)
2 (ν) p0rp

2u6 − 21
32
ν +

(

254113
12288

π2 − 8478053
50400

)

ν2 +
(

7466063
50400

− 234685
12288

π2 + 1
4
aν2

6

)

ν3 +
(

10861
240

− 1
4
aν2

6 − 6169
2048

π2
)

ν4

+
(

− 507
16

+ 369
256

π2
)

ν5 − 91
32
ν6 + 231

32
ν7

C
(0)
0 (ν) p0rp

0u7 − 33
16
ν +

(

− 2081602903
1814400

− 2800873
524288

π4 + 756731519
3538944

π2
)

ν2 +
(

1
2
aν2

6 + 133421
3072

π2 + 1
2
aν2

7 − 4823719
12600

)

ν3

+
(

1
2
aν3

7 + 1
2
aν2

6 + 6169
2048

π2 − 11251
240

)

ν4 +
(

167
12

− 41
64
π2

)

ν5 + 7
16
ν6 − 33

16
ν7

C
(2)
10 (ν) p2rp

10u1 63
256

ν + 63
256

ν2 + 21
64
ν3 + 105

256
ν4 + 105

256
ν5 + 63

256
ν6

C
(2)
8 (ν) p2rp

8u2 35
128

ν + 35
32
ν2 + 135

128
ν3 + 55

64
ν4 − 25

128
ν5 − 105

64
ν6

C
(2)
6 (ν) p2rp

6u3 − 5
32
ν − 185

32
ν2 − 81

16
ν3 − 239

32
ν4 − 269

32
ν5 + 135

32
ν6

C
(2)
4 (ν) p2rp

4u4 3
16
ν +

(

611
48

− 25729
8192

π2
)

ν2 +
(

− 13921
8192

π2 − 779
24

)

ν3 +
(

− 13921
8192

π2 − 1189
48

)

ν4 +
(

− 69
16

+ 369
256

π2
)

ν5 − 45
8
ν6

C
(2)
2 (ν) p2rp

2u5 − 5
16
ν +

(

36359
2048

π2 − 447313
1400

)

ν2 +
(

− 4267103
8400

− 1
4
d̄ν

2

5 + 47511
2048

π2
)

ν3 +
(

45409
2048

π2 − 1
4
d̄ν

2

5 − 16871
48

)

ν4

+
(

− 41
16
π2 + 767

48

)

ν5 + 75
16
ν6

C
(2)
0 (ν) p2rp

0u6 7
8
ν +

(

− 137379058337
12700800

+ 271118011
196608

π2 + 135909
524288

π4
)

ν2 +
(

8602849
12600

+ 1
2
aν2

6 − 3
2
d̄ν

2

5 − 238105
6144

π2 + 1
2
d̄ν

2

6

)

ν3

+
(

− 15
2
aν2

6 − 99253
6144

π2 + 18713
144

)

ν4 +
(

517
24

− 41
64
π2

)

ν5 − 9
4
ν6

C
(4)
6 (ν) p4rp

6u2 35
32
ν − 5

32
ν2 + 35

32
ν3 + ν4 + 31

32
ν5 + 15

16
ν6

C
(4)
4 (ν) p4rp

4u3 15
16
ν + 141

16
ν2 − 6ν3 − 63

16
ν4 − 57

8
ν5 − 15

4
ν6

C
(4)
2 (ν) p4rp

2u4 − 3
8
ν +

(

93031
6144

π2 − 924983
6300

)

ν2 +
(

23773
1575

− 467
1536

π2
)

ν3 +
(

− 469
12

− 21793
2048

π2
)

ν4 +
(

615
128

π2 − 903
8

)

ν5 + 15
4
ν6

C
(4)
0 (ν) p4rp

0u5 1
4
ν +

(

− 18410298107
4233600

+ 83902033
131072

π2
)

ν2 +
(

2968391
6300

+ 1
2
qν

2

45 − 201851
3072

π2
)

ν3 +
(

− 799151
432

− 7
3
d̄ν

2

5 + 555389
9216

π2
)

ν4

+
(

205
16

π2 − 4153
12

)

ν5

C
(6)
4 (ν) p6rp

4u2 − 27
80
ν2 − 27

20
ν3 − 9

40
ν4 + 9

80
ν5 + 9

8
ν6

C
(6)
2 (ν) p6rp

2u3 5
4
ν − 331

40
ν2 − 57

40
ν3 − 243

10
ν4 − 309

20
ν5 − ν6

C
(6)
0 (ν) p6rp

0u4 1
2
ν +

(

− 109101883
588000

− 9733841
655360

π2
)

ν2 +
(

156397
2560

π2 − 23052881
42000

)

ν3 +
(

− 29665
512

π2 + 29551
60

)

ν4

+
(

287
16

π2 − 32533
60

)

ν5 − 5
2
ν6

C
(8)
2 (ν) p8rp

2u2 − 3
14
ν2 − 6

7
ν3 − 3

2
ν4 + 9

14
ν5 + 3

2
ν6

C
(8)
0 (ν) p8rp

0u3 − 1787
224

ν2 − 7311
560

ν3 − 837
140

ν4 − 921
14

ν5 + 6ν6

C
(10)
0 (ν) p10r p0u2 − 11

42
ν2 − 11

14
ν3 − 10

7
ν4 − 5

6
ν5 + 3ν6

3PM-level scattering angle (which is equivalent to the
simpler rescaled, subtracted result above) reads

χ3 = − 1

3p3∞
+

4

p∞
+ (24− 8ν)p∞

+

(
64

3
− 36ν + 8ν2

)
p3∞

+

(
−91

5
ν + 34ν2 − 8ν3

)
p5∞

+

(
69

70
ν +

51

5
ν2 − 32ν3 + 8ν4

)
p7∞

+

(
1447

5040
ν − 93

56
ν2 − 27

10
ν3 + 30ν4 − 8ν5

)
p9∞

+O(p11∞) . (8.3)
This result is in agreement with the corresponding 6PN-
level term in the PN expansion of the 3PM-level recent
result of [61, 62]. It has also been recently obtained in
Refs. [63, 64].

Let us emphasize that our results also provide a com-
plete, 6PN-accurate value for the 4PM-level scattering

angle χ4 = χloc,f
4 + χnonloc,f

4 . We will discuss separately

the 6PN-accurate nonlocal contribution χnonloc,f
4 . Let us,

for completeness, exhibit the unrescaled, unsubtracted

value of χloc,f
4 . It reads
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π−1χloc,f
4 =

(
105

8
− 15

4
ν

)

+

[
315

8
+

(
−109

2
+

123

256
π2

)
ν +

45

8
ν2
]
p2∞

+

[
3465

128
+

(
33601

16384
π2 − 19597

192

)
ν +

(
4827

64
− 369

512
π2

)
ν2 − 225

32
ν3
]
p4∞

+

[(
−1945583

33600
+

93031

32768
π2

)
ν +

(
1937

16
− 94899

32768
π2

)
ν2 +

(
−2895

32
+

1845

2048
π2

)
ν3 +

525

64
ν4
]
p6∞

+

[(
3879719

313600
+

29201523

33554432
π2

)
ν +

(
4843207

89600
− 469191

131072
π2

)
ν2 +

(
444975

131072
π2 − 15875

128

)
ν3

+

(
104755

1024
− 4305

4096
π2

)
ν4 − 4725

512
ν5
]
p8∞ +O(p10∞) . (8.4)

Finally, concerning our results above for the 5PM, 6PM
and 7PM local scattering angles, if we transcribe them in

terms of the unrescaled coefficients, χloc,f
5 , χloc,f

6 , χloc,f
7 ,

they contain (in spite of the presence of undetermined
parameters at the O(ν2) level) a lot of new informa-
tion, both for the linear-in-ν contributions, and for many
terms involving higher powers of ν.

IX. RADIAL ACTION AND ITS HIDDEN
STRUCTURE

In Ref. [2] we pointed out the existence of a hidden
simplicity in the mass-ratio-dependence of the (rescaled)
radial action

Ir(γ, j) =
1

2π

∮
prdr , (9.1)

when it is expressed in terms of the EOB effective en-

ergy γ = Êeff (or equivalently p∞) and of the rescaled
angular momentum j = J/(GMµ). We work here
with dimensionless scaled variables Ir = Iphysr /(GMµ),
pr = pphysr /µ, r = rphys/GM .

This hidden simplicity consists in noting the remark-
ably simple ν-dependence of the coefficients In(γ; ν) en-
tering the following way of writing the 6PN-accurate ex-
pression for Ir :

I loc,fr (γ, j) = −j + IS0 (γ) +
IS1 (γ)

hj
+

I3(γ; ν)

(hj)3

+
I5(γ; ν)

(hj)5
+

I7(γ; ν)

(hj)7

+
I9(γ; ν)

(hj)9
+

I11(γ; ν)

(hj)11
. (9.2)

First, the second term I0(γ) in this expression is inde-
pendent of ν and equal to the analytic continuation (in

γ) of χ1 [68]

IS0 (γ) =
2γ2 − 1√
1− γ2

, (9.3)

and, second, and most importantly, after having factored
out the same power of 1

h as the power of 1
j , the numerator

I2n+1(γ; ν) is a polynomial in ν of degree n:

I2n+1(γ; ν) = IS2n+1(γ) +

n∑

k=1

Iν
k

2n+1(γ)ν
k . (9.4)

The latter polynomial structure was not pointed out in
previous discussions [40, 68] of the radial action. Several
conditions are needed to reveal it: the use of the effective
EOB energy Êeff as energy variable, and a PN-complete

account of each coefficient I2n+1(Êeff ; ν). We note in this
respect that Eq. (3.10) of Ref. [40] used the specific bind-
ing energy (H−Mc2)/µ as energy variable, and that Eq.
(4.29) of Ref. [68] is a PN-incomplete 2PM truncation of
Ir, which does not satisfy the simple rule (9.4).
As pointed out (and proven) in our previous work [2],

the ν0 terms (corresponding to the ν → 0 limit) in Eq.
(9.4) can be exactly computed (for all values of n) be-
cause they correspond (like the term IS0 (γ)) to the test-
mass dynamics, described by a Schwarzschild metric of
mass M = m1 +m2. The exact values of the most 6PN-
relevant ν0, Schwarzschildlike, terms read

IS1 (γ) = −3

4
+

15

4
γ2,

IS3 (γ) =
35

64
− 315

32
γ2 +

1155

64
γ4,

IS5 (γ) = −231

256
+

9009

256
γ2 − 45045

256
γ4 +

51051

256
γ6

IS7 (γ) =
32175

16384
− 546975

4096
γ2 +

10392525

8192
γ4

−14549535

4096
γ6 +

47805615

16384
γ8
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IS9 (γ) = −323323

65536
+

33948915

65536
γ2 − 260275015

32768
γ4

+
1301375075

32768
γ6 − 5019589575

65536
γ8

+
3234846615

65536
γ10 .

(9.5)

Let us only cite the γ → 1 value of the last Schwarzschild-
like coefficient entering Eq. (9.2) (which suffices at the
6PN accuracy)

IS11(γ) =
14196819

256
+O(γ2 − 1) . (9.6)

The most useful consequence of the expression (9.2) for
the radial action is that it condenses the irreducible (post-
test-mass) information about the 6PN local dynamics in
a rather small number of coefficients, namely the fifteen

energy-dependent coefficients Iν
k

2n+1(γ), with 1 ≤ k ≤ n
and 1 ≤ n ≤ 5. Our 6PN-accurate computation yields
these coefficients in the form of a PN expansion, i.e., an
expansion in powers of p2∞ ≡ γ2 − 1. [Note that the so-
defined quantity p2∞ is negative for bound states.] We
found, for example,

Iν
1

3 (γ) = −5

2
η4 +

(
41

128
π2 − 557

24

)
p2∞η6

+

(
−4601

144
+

33601

24576
π2

)
p4∞η8

+

(
−3978707

201600
+

93031

49152
π2

)
p6∞η10

+

(
9733841

16777216
π2 +

5058313

940800

)
p8∞η12 . (9.7)

The other ν-dependent contributions can be read off Ta-
ble XIV, which lists the PN expansions of the full coeffi-

cients I2n+1(γ; ν) = IS2n+1(γ) +
∑n

k=1 I
νk

2n+1(γ)ν
k.

We recall that the periastron-advance parameter is de-
rived from the radial action as follows [40]:

K ≡ 1 + k ≡ Φ

2π
= −∂jIr(γ, j) . (9.8)

Inserting the expression (9.2) in the latter formula yields

k(γ, j) =
IS1 (γ)

hj2
+ 3

I3(γ; ν)

h3j4

+ 5
I5(γ; ν)

h5j6
+ 7

I7(γ; ν)

h7j8

+ 9
I9(γ; ν)

h9j10
+ 11

I11(γ; ν)

h11j12
,

(9.9)

where the various coefficients In(γ, ν) are listed in Table
XIV.
Recently, Ref. [68] pointed out that the periastron

precession Φ(γ, j) − 2π = 2πk(γ, j) could (under some

conditions) be identified with a suitably defined analytic
continuation of χ(γ, j)+χ(γ,−j). The ν-structure of the
formula (9.9) is then seen to be a consequence of the rule,
Eqs. (7.26), (7.27), found in Ref. [58], about the polyno-
mial ν-structure of the energy-rescaled scattering angle
hn−1χn(γ, ν). We then tried to replace the imposition
of the constraint (7.27) by the imposition of the poly-
nomiality constraint (9.4) directly to the radial action
[or, equivalently to the periastron precession k(γ, j), Eq.
(9.9)]. However, imposing the polynomiality constraints
(9.4) or (9.9) is not equivalent, and, in fact, significantly
weaker than imposing the conditions (7.27). Imposing
the conditions (9.4) or (9.9) at the 6PN level leaves un-
determined many more coefficients than imposing (7.27).
This non equivalence essentially follows from the fact that
I2n+1(γ; ν) is proportional to χ2n+2(γ, ν) and therefore
misses the ν-information contained in the odd scattering-
angle coefficients χ2n+1(γ, ν).
Finally, let us recall the well-known fact that the

gauge-invariant relation between energy and angular mo-
mentum along circular orbits can be conveniently ob-
tained by setting Ir = 0 in Eq. (9.2). The resulting
equation,

j = IS0 (γ) +
IS1 (γ)

hj
+

I3(γ; ν)

(hj)3

+
I5(γ; ν)

(hj)5
+

I7(γ; ν)

(hj)7

+
I9(γ; ν)

(hj)9
+

I11(γ; ν)

(hj)11
, (9.10)

can then be easily perturbatively solved to get either 1
j2

as an expansion in powers of p2∞, or p2∞ as an expansion
in powers of 1

j2 , say

1− γ2 = −p2∞ =
1

j2
+

2

j4
+ (9− 2ν)

1

j6

+

(
54− 154

3
ν +

41

32
π2ν

)
1

j8
+ · · · ,(9.11)

or, equivalently,

γ ≡ Êloc,f,circ
eff = 1− 1

2j2
− 9

8j4
+

(
−81

16
+ ν

)
1

j6

+

(
−3861

128
+

157

6
ν − 41

64
π2ν

)
1

j8

+ · · · . (9.12)

The local contribution to the circular energy then
straightforwardly follows:

Eloc,f,circ(j) = M

√
1 + 2ν(Êloc,f,circ

eff − 1) . (9.13)

Here, we have simply indicated the 3PN-accurate begin-
ning of these expansions. It is easy to use our results to
derive the 6PN-accurate local circular energy. We leave
to future work the completion of these results to the full
6PN level, obtained by adding the 4+5+6PN nonlocal
contribution.
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TABLE XIV: List of the various coefficients In(γ, ν) (expressed in terms of p2∞ ≡ γ2 − 1 < 0) entering the expression (9.2) of
the radial action.

I0(p∞) 1√
−p2

∞

(1 + 2η2p2∞)

I1(p∞) 3η2 + 15
4
η4p2∞

I3(p∞; ν) 35
4
η4 + 105

4
p2∞η6 + 1155

64
p4∞η8

+
[

− 5
2
η4 +

(

41
128

π2 − 557
24

)

p2∞η6 +
(

− 4601
144

+ 33601
24576

π2
)

p4∞η8 +
(

− 3978707
201600

+ 93031
49152

π2
)

p6∞η10

+
(

9733841
16777216

π2 + 5058313
940800

)

p8∞η12
]

ν

I5(p∞; ν) 231
4
η6 + 9009

32
p2∞η8 + 27027

64
p4∞η10 + 51051

256
p6∞η12

+
[(

123
128

π2 − 125
2

)

η6 +
(

− 224113
480

+ 51439
4096

π2
)

p2∞η8 +
(

464237
8192

π2 − 20420849
16800

)

p4∞η10

+
(

− 135909
8388608

π4 − 982293061
12582912

π2 + 1343882527
25401600

)

p6∞η12
]

ν

+
[

21
8
η6 +

(

− 369
256

π2 + 2013
32

)

p2∞η8 +
(

925
96

− 3
16
aν2

6 − 3
16
d̄ν

2

5 − 12371
16384

π2
)

p4∞η10

+
(

− 7
32
d̄ν

2

5 − 7
32
aν2

6 − 3
32
qν

2

45 − 1
32
d̄ν

2

6 − 11437991
22400

+ 472773
32768

π2
)

p6∞η12
]

ν2

I7(p∞; ν) 32175
64

η8 + 109395
32

p2∞η10 + 2078505
256

p4∞η12

+
[(

425105
24576

π2 − 248057
288

)

η8 +
(

2310485
16384

π2 − 99111883
13440

)

p2∞η10

+
(

− 109665759605
75497472

π2 − 28658940509
3386880

+ 81987555
8388608

π4
)

p4∞η12
]

ν

+
[

(

− 1025
256

π2 + 18925
96

)

η8 +
(

− 1290275
24576

π2 + 1089349
576

− 15
8
aν2

6 − 5
8
d̄ν

2

5

)

p2∞η10

+
(

− 103473815
196608

π2 − 15
32
qν

2

45 − 405
32

aν2

6 − 15
16
aν2

7 + 832072211
161280

− 135
32

d̄ν
2

5 − 15
32
d̄ν

2

6 + 25215
65536

π4
)

p4∞η12
]

ν2

+
[

− 45
16
η8 +

(

− 7595
64

+ 3075
1024

π2
)

p2∞η10 +
(

15
32
d̄ν

2

5 − 15
16
aν3

7 + 5585
32

− 477255
65536

π2 + 15
32
aν2

6

)

p4∞η12
]

ν3

I9(p∞; ν) 323323
64

η10 + 11316305
256

p2∞η12

+
[(

121807
1024

π2 − 6817563
640

)

η10 +
(

− 551913398477
113246208

π2 + 387365405
8388608

π4 − 23711330921
345600

)

p2∞η12
]

ν

+
[(

− 7
16
d̄ν

2

5 + 572999
128

− 35
16
aν2

6 − 1755159
16384

π2
)

η10

+
(

− 385
32

d̄ν
2

5 − 21
32
qν

2

45 − 35
8
aν2

7 + 176505
32768

π4 − 122488583
49152

π2 − 1925
32

aν2

6 − 35
32
d̄ν

2

6 + 6532266163
115200

)

p2∞η12
]

ν2

+
[

(

10045
1024

π2 − 42665
96

)

η10 +
(

105
16

aν2

6 + 35
16
d̄ν

2

5 + 13076035
98304

π2 − 35
8
aν3

7 − 11754113
2304

)

p2∞η12
]

ν3

+
[

385
128

η10 +
(

291655
1536

− 10045
2048

π2
)

p2∞η12
]

ν4

I11(p∞; ν) 14196819
256

η12

+
[(

− 3236467169
30240

− 188085303629
50331648

π2 + 350055909
8388608

π4
)

η12
]

ν

+
[(

− 21
32
d̄ν

2

6 + 529515
65536

π4 + 2062272503
22400

− 1911
32

aν2

6 − 9
32
qν

2

45 − 63
16
aν2

7 − 179354853
65536

π2 − 273
32

d̄ν
2

5

)

η12
]

ν2

+
[(

− 63
16
aν3

7 + 315
32

aν2

6 + 24980025
65536

π2 − 978061
64

+ 63
32
d̄ν

2

5

)

η12
]

ν3

+
[(

− 38745
2048

π2 + 428085
512

)

η12
]

ν4

+
[

− 819
256

η12
]

ν5
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X. POST-MINKOWSKIAN VIEW OF THE
DETERMINATION OF THE LOCAL DYNAMICS.

At any given PN accuracy, our new method is able
to determine most of the structure of the two-body dy-
namics except for a relatively small number of numerical
coefficients. When working at the 5PN accuracy, only
two numerical coefficients are left undetermined in the
local dynamics, namely aν

2

6 and d̄ν
2

5 . When working at
the 6PN accuracy, four more numerical coefficients are

left undetermined, namely aν
2

7 , aν
3

7 , d̄ν
2

6 , and qν
2

45 . Let us
clarify the basic reason underlying this incompleteness,
in a way which will allow us to anticipate the number
and structure of the higher-order analogs of these un-
determined parameters. This is easily done by working
within a PM-expanded scheme, and by using some of the
structural results of PM gravity discussed in Ref. [58]. It
was found there that the general structure of the PM co-
efficients qEn (γ, ν) of the EOB Q potential in the E-type
energy gauge was

qEn (γ, ν) = qn,0(γ) +
qn,1(γ)

h(γ, ν)
+ . . .+

qn,n−1(γ)

hn−1(γ, ν)

=

n−1∑

k=0

qn,k(γ)

hk(γ, ν)
, (10.1)

with the constraint

n−1∑

k=0

qn,k(γ) = 0. (10.2)

The important structural information in the expression
(10.1) is the fact that the ν-dependence of qEn (γ, ν) is
entirely described through the powers of h(γ, ν) enter-
ing the denominators. All the corresponding numerators

qn,k(γ) depend only on the EOB effective energy γ = Êeff .
The constraint (10.2) expresses the fact that

lim
ν→0

qEn (γ, ν) = 0 , (10.3)

i.e., the basic feature of the EOB formalism that the
ν → 0 limit of the EOB mass-shell condition reduces to
a geodesic in a Schwarzshild metric of mass M . Let us
also note that the behavior of the coefficients qEn (γ, ν) in
the γ2 → 1 limit,

qE loc,f
nEG (γ; ν) = q0nE,EG(ν) + q1nE,EG(ν)(γ

2 − 1)

+ q2nE,EG(ν)(γ
2 − 1)2 + . . . . (10.4)

is smooth, i.e., the expansion coefficients, and notably
the first one, q0nE,EG(ν), are all finite (and O(ν)).
As explicitly discussed in the 3PM case, n = 3, in

Ref. [58], there are more constraints on the n energy-
dependent coefficients qn,k(γ) which determine some of
them in terms of the lower PM orders. Indeed, let us first
insert the decomposition (10.1) in the expressions (7.18)
relating the PM-expansion coefficients qEn (γ, ν) of the

EOB potential to the PM-expansion coefficients χn(γ, ν)
of the scattering angle. This yields explicit expressions
for the χn(γ, ν)’s in terms of the qEn (γ, ν)’s. For instance,
at the lowest PM order (n = 2) we have

χ2(γ, ν) = χSchw
2 (γ)− π

4
q2(γ, ν)

= χSchw
2 (γ)− π

4

(
q2,0(γ) +

q2,1(γ)

h(γ, ν)

)
,(10.5)

so that

χ̃2(γ, ν) ≡ hχ2 = h
(
χSchw
2 (γ)− π

4
q2,0(γ)

)
− π

4
q2,1(γ).

(10.6)
Imposing the condition that χ̃2 is independent of ν re-
duces to imposing that the coefficient of h(γ, ν) on the
right-hand side vanishes. This yields the constraint

χSchw
2 (γ)− π

4
q2,0(γ) = 0 , (10.7)

which determines q2,0(γ) in terms of χSchw
2 (γ). The

summed constraint (10.2) then determines q2,1(γ) =
−q2,0(γ). One then recovers the result [66]

q2(γ, ν) =
4

π
χSchw
2 (γ)

(
1− 1

h

)
=

3

2
(5γ2 − 1)

(
1− 1

h

)
.

(10.8)
In other words, the 2PM dynamics is entirely determined
by the test-mass scattering angle.
At the 3PM level the three coefficients entering

q3(γ, ν) = q3,0(γ) +
q3,1(γ)

h(γ, ν)
+

q3,2(γ)

h2(γ, ν)
, (10.9)

satisfy two constraints. First, the sum constraint (10.2),
i.e.,

q3,0(γ) + q3,1(γ) + q3,2(γ) = 0 , (10.10)

and then the condition that χ̃3(γ, ν) ≡ h2χ3(γ, ν) be
linear in ν. The second Eq. (7.18) allows one to express
χ3(γ, ν) in terms of the q3,k(γ)’s. It is easily seen that
inserting the expression (10.8) of q2(γ, ν) in the second
Eq. (7.18) yields χ̃3(γ, ν) in the form of a polynomial in
h, namely,

χ̃3(γ, ν) = h2χSchw
3 (γ)− 2γ2 − 1√

γ2 − 1
h2q2(γ, ν)

−
√
γ2 − 1h2q3(γ, ν)

= h2χSchw
3 − 2γ2 − 1√

γ2 − 1

3

2
(5γ2 − 1)

(
h2 − h

)

−
√
γ2 − 1

(
h2q3,0(γ) + h q3,1(γ) + q3,2(γ)

)
.

(10.11)

As h2 = 1 + 2ν(γ − 1), the condition to be linear in ν
(at a fixed value of γ) is equivalent (for a polynomial in
h with γ-dependent coefficients) to having the structure
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c0+c2h
2. This gives one constraint, namely the vanishing

of the coefficient of h1. This constraint determines the
coefficient q3,1(γ) to have the value [58]

q3,1(γ) =
3

2

(2γ2 − 1)(5γ2 − 1)

γ2 − 1
. (10.12)

The two remaining coefficients q3,0(γ), q3,2(γ) then sat-
isfy the single sum constraint (10.10). The conclusion is
that the general solution of the 3PM constraints is a Q
potential of the form

q3(γ, ν) = q3,1(γ)

(
1

h(γ, ν)
− 1

)

+q3,2(γ)

(
1

h2(γ, ν)
− 1

)
, (10.13)

where q3,1(γ) is determined from (10.12), and where
q3,2(γ) is, at this stage, left undetermined by the gen-
eral PM-EOB constraints of Ref. [58]. On the other
hand, let us assume that one has somehow determined
(maybe to some limited PN accuracy) the value of the
gauge-invariant 3PM scattering angle, which must have
the structure

χ3(γ, ν) = χ3,0(γ) +
χ3,2(γ)

h2(γ, ν)
. (10.14)

Let us now insert in the second Eq. (7.18) the ex-
pressions of χ3(γ, ν) and q3(γ, ν) as polynomials in 1

h
(with coefficients depending only on γ), i.e., Eqs. (10.9)
and (10.14). As both sides are polynomials in 1

h , we can

identify the coefficients of 1
h2 on both sides. Indeed, we

are dealing here with expressions depending on ν only
through the energy parameter h(γ, ν). Therefore, two
functions of γ and ν, which can written as polynomials
in 1

h , can be equal only if all the γ-dependent (but cru-
cially ν-independent) coefficients of the various powers of
1
h agree with each other. This yields the simple link:

χ3,2(γ) = −
√
γ2 − 1 q3,2(γ) . (10.15)

In addition, using the fact that χSchw
3 (γ) = χ3(γ, 0) +

χ3,2(γ), we can rewrite Eq. (10.14) as

χ3(γ, ν) = χSchw
3 (γ)− 2ν

(γ − 1)χ3,2(γ)

h2(γ, ν)
. (10.16)

This formula shows that the function χ3,2(γ)
parametrizes the deviation of χ3(γ, ν) away from
its test-mass limit limν→0 χ3(γ, ν) = χSchw

3 (γ). Let us
again emphasize (following Ref. [58]) that even if one
knows only the linear-in-ν (1SF) expansion of the 3PM
scattering angle, Eq. (10.16) shows that this suffices
to fully determine the function χ3,2(γ). Then having
extracted the function χ3,2(γ) from the 1SF expansion
of χ3(γ, ν), we can compute q3,2(γ) from Eq. (10.15),
and thereby obtain the full 3PM dynamics by using Eqs.
(10.12), (10.13).

As our method, when applied at any PN approxima-
tion, determines (in particular) the 1SF expansion of the
local dynamics, we see that it will determine the function
q3,2(γ) with the PN accuracy with which we work. This
is why we could determine the 6PN expansion of q3,2(γ),
i.e., of the local 3PM dynamics.
In view of the several independent 6PN-accurate con-

firmations ([63, 64], and the present work) of the value of
χ3(γ, ν) derived in Refs. [61, 62], we shall assume in the
following that q3,2(γ) is exactly known, namely (using
the notation6 of [58])

q3,2(γ) = −C
B
(γ)

γ − 1
, (10.17)

with

C
B
(γ) =

2

3
γ(14γ2 + 25)

+ 4
4γ4 − 12γ2 − 3√

γ2 − 1
arcsinh

(√
γ − 1

2

)
.

(10.18)

This assumption will allow us to simplify the discussion
of the determination of the higher PM-order coefficients.
Let us indeed indicate how the above 2PM and 3PM

results extend at higher PM levels. This will allow us
to clarify the effectiveness (associated with a partial in-
effectiveness) of our method in determining (or leaving
undetermined) the parameters entering the local dynam-
ics.
The structure of the 4PM-level EOB Q potential is

qE4 (γ, ν) = q4,0(γ) +
q4,1(γ)

h(γ, ν)
+

q4,2(γ)

h2(γ, ν)
+

q4,3(γ)

h3(γ, ν)
,

(10.19)
with the usual constraint

q4,0(γ) + q4,1(γ) + q4,2(γ) + q4,3(γ) = 0 . (10.20)

The third Eq. (7.18) leads to an expression for χ4(γ, ν)
of the form

χ4(γ, ν) = χSchw
4 (γ)− 3π

8
(γ2 − 1)qE4 (γ, ν)

+K [q2(γ, ν), q3(γ, ν)] , (10.21)

where K[q2, q3] denotes some known terms, namely

K[q2, q3] = π

[
3

16
q22(γ, ν)−

9

16
(5γ2 − 1)q2(γ, ν)

−3

8
(3γ2 − 1)q3(γ, ν)

]
. (10.22)

6 The coefficients q3,0(γ), q3,1(γ), q3,2(γ) are respectively denoted

A(γ), B(γ), C(γ) there, with C(γ) ≡ −(γ − 1)C(γ).
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Inserting the 1
h parametrization (10.19) of qE4 (γ, ν), to-

gether with the above explicit expressions of q2(γ, ν), and
q3(γ, ν) (as polynomials in 1

h ), then leads to an expres-
sion for χ4(γ, ν) having also the structure of a polynomial
in 1

h , say

χ4(γ, ν) = χq
4,0(γ) +

χq
4,1(γ)

h(γ, ν)
+

χq
4,2(γ)

h2(γ, ν)
+

χq
4,3(γ)

h3(γ, ν)
,

(10.23)
where the superscript q means that all the coefficients
χq
4,k(γ) are explicit expressions in the qn,k’s.

The rule found in [58] restricts h3χ4(γ, ν) to be lin-
ear in ν. This is equivalent to the following restricted

polynomial structure for χ4(γ, ν):

χ4(γ, ν) =
χ4,1(γ)

h(γ, ν)
+

χ4,3(γ)

h3(γ, ν)
, (10.24)

with the constraint

χ4,1(γ) + χ4,3(γ) = χSchw
4 (γ). (10.25)

For the general reason already explained above, the
equality (for all values of ν) between two functions of
γ and ν, which can both be written as polynomials in
1
h with γ-dependent (but crucially ν-independent) coeffi-
cients, implies the equality of the γ-dependent coefficients
of all the various powers of 1

h . We therefore conclude that
the coefficients q4,k must satisfy the two equations

χq
4,0(γ) = 0 ; χq

4,2(γ) = 0 . (10.26)

In view of Eq. (10.21), the latter two equations
are respectively linear in q4,0(γ) and q4,2(γ), and con-
tain “source terms” provided both by χSchw

4 (γ) and by
K [q2(γ, ν), q3(γ, ν)]. We can then solve the system of
the two equations (10.26) for q4,0(γ), and q4,2(γ). This
yields the (unique) solution

q4,2(γ) = a2(γ) + b2(γ)q3,2(γ) ,

q4,0(γ) = −a1(γ)− a2(γ)− b2(γ)q3,2(γ) ,(10.27)

where we denoted

a2(γ) =
9

8

(5γ2 − 1)2

γ2 − 1
,

b2(γ) = −3γ2 − 1

γ2 − 1
,

a1(γ) = −1875γ6 − 2529γ4 + 905γ2 − 59

16(γ2 − 1)2
.

(10.28)

Let us now consider the sum constraint, Eq. (10.20).
The latter constraint, together with the solution (10.27),
yields the following expression for q4,1(γ):

q4,1(γ) = a1(γ)− q4,3(γ) . (10.29)

In other words, the exact structure of the 4PM Q coeffi-
cient is

qE4 (γ, ν) = a1(γ)

(
1

h(γ, ν)
− 1

)

+ (a2(γ) + b2(γ)q3,2(γ))

(
1

h2(γ, ν)
− 1

)

+ q4,3(γ)

(
1

h3(γ, ν)
− 1

)
. (10.30)

In this expression, q3,2(γ) can (as far as we know) be
replaced by (10.17), so that the only undetermined func-
tion of γ is the last coefficient q4,3(γ). The latter can
be determined by the knowledge of χ4(γ, ν). Indeed, the
link (10.21) between q4 and χ4 implies that the coeffi-
cient χ4,3 of 1

h3 in the 1
h -polynomial expression (10.24)

of χ4 is directly linked to q4,3(γ) via

χ4,3(γ) = −3π

8
(γ2 − 1)q4,3(γ) . (10.31)

In addition, we note that Eq. (10.24) can be rewritten
as

χ4(γ, ν) =
χSchw
4 (γ)

h(γ, ν)
+ χ4,3(γ)

(
1

h3(γ, ν)
− 1

h(γ, ν)

)

=
χSchw
4 (γ)

h(γ, ν)
− 2ν(γ − 1)

χ4,3(γ)

h3(γ, ν)
. (10.32)

The latter expression clearly shows that the knowledge
of the O(G4) scattering angle χ4(γ, ν) at the linear order
in ν (1SF order) suffices to determine the exact function
χ4,3(γ), and thereby to have the full ν dependence of the
scattering angle, as defined by the expression (10.32).
We have derived above the 4PM scattering angle

χ4(γ, ν) with 6PN accuracy. Using the representation
(10.32) we can transcribe our results into the following
corresponding 6PN knowledge of the more primitive func-
tion χ4,3(γ):

χ4,3(γ) = π

[
15

4p2∞
+

391

8
− 123

256
π2

+

(
4597

48
− 35569

16384
π2

)
p2∞

+

(
372943

5600
− 217695

65536
π2

)
p4∞

+

(
−4976527

1881600
− 49220339

33554432
π2

)
p6∞

+O(p8∞)

]
, (10.33)

where p2∞ = γ2 − 1. The latter result can then be tran-
scribed in a corresponding 6PN-accurate knowledge of
the function q4,3(γ), and thereby of the full 4PM Q po-
tential qE4 (γ, ν), using Eq. (10.30). We note in passing
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that the result (10.33) implies for q4,3(γ) a behavior in
the small p∞ limit of the form

q4,3(γ) = − 10

p4∞
+

(
−391

3
+

41

32
π2

)
1

p2∞

+

(
−4597

18
+

35569

6144
π2

)

+

(
−372943

2100
+

72565

8192
π2

)
p2∞

+

(
4976527

705600
+

49220339

12582912
π2

)
p4∞ +O(p6∞) ,

(10.34)

so that the corresponding contribution to qE4 (γ, ν), Eq.
(10.30), reads

q4,3(γ)

(
1

h3(γ, ν)
− 1

)
=

15ν

p2∞
+

[(
767

4
− 123

64
π2

)
ν − 75

4
ν2
]

+

[(
4033

12
− 33601

4096
π2

)
ν +

(
−235 +

615

256
π2

)
ν2 +

175

8
ν3
]
p2∞

+

[(
6514457

33600
− 93031

8192
π2

)
ν +

(
−69605

192
+

158165

16384
π2

)
ν2 +

(
25795

96
− 1435

512
π2

)
ν3

− 1575

64
ν4
]
p4∞

+

[(
−6859063

156800
− 29201523

8388608
π2

)
ν +

(
−1114333

6720
+

781985

65536
π2

)
ν2

+

(
−1038275

98304
π2 +

411425

1152

)
ν3 +

(
−37905

128
+

12915

4096
π2

)
ν4 +

3465

128
ν5
]
p6∞ +O(p8∞) .

(10.35)

This contribution is singular as p∞ → 0. However, it
is easily checked that the other contributions to qE4 (γ, ν)
in Eq. (10.30) cancell this low-velocity singularity and
leave a finite result,

qE4 (γ, ν) =

(
175

3
− 41

32
π2

)
ν − 7

2
ν2 +O(p2∞) , (10.36)

in agreement with the result listed in Table XII.
Let us sketch the extension of these results to the ≥ 5

PM orders. [See Appendix A for more technical details.]
Again the basic trick is to express all dynamical functions
as polynomials in 1

h , with γ-dependent coefficients. This
trick is efficient because the PM-EOB results Eqs. (7.18)
involve no explicit ν dependence. In turn, this property
follows from the basic fact that the 1PM-accurate EOB
dynamics is ν-independent when expressed in terms of

the EOB effective energy γ = Êeff [66].
The structure of the 5PM Q potential reads

qE5 (γ, ν) = q5,0(γ) +
q5,1(γ)

h(γ, ν)

+
q5,2(γ)

h2(γ, ν)
+

q5,3(γ)

h3(γ, ν)
+

q5,4(γ)

h4(γ, ν)
, (10.37)

with the usual constraint

q5,0(γ)+q5,1(γ)+q5,2(γ)+q5,3(γ)+q5,4(γ) = 0 . (10.38)

The fourth Eq. (7.18) leads to a corresponding expression
for χ5(γ, ν) of the form

χ5(γ, ν) = χSchw
5 (γ)− 4(γ2 − 1)3/2

3
qE5 (γ) +K[q2, q3, q4] ,

(10.39)
where the “known” contribution, K[q2, q3, q4], which in-
volves previous PM orders, q2, q3 and q4, will be found
in Appendix A.
The rule restricting the ν structure of χ5(γ, ν) [58] is

equivalent to imposing:

χ5(γ, ν) = χ5,0(γ) +
χ5,2(γ)

h2(γ, ν)
+

χ5,4(γ)

h4(γ, ν)
, (10.40)

with the constraint

χ5,0(γ) + χ5,2(γ) + χ5,4(γ) = χSchw
5 (γ). (10.41)

Imposing this structure on the expression following from
Eq. (10.39) then yields two constraints expressing the
vanishing of the terms ∝ 1

h and ∝ 1
h3 . This yields two

equations of the type

q5,1(γ) = known ,

q5,3(γ) = known , (10.42)

whose explicit form will be found in Appendix A.
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In addition, we have the third equation (10.38). The
latter equation yields an expression for q5,0(γ) of the form

q5,0(γ) = −q5,2(γ)− q5,4(γ) + known . (10.43)

At the end of the day, we have a general expression for
q5(γ, ν) of the form

qE5 (γ, ν) = known + q5,2(γ)

(
1

h2(γ, ν)
− 1

)

+q5,4(γ)

(
1

h4(γ, ν)
− 1

)
, (10.44)

where “known” means here

known = q5,1(γ)

(
1

h
− 1

)
+ q5,3(γ)

(
1

h3
− 1

)
, (10.45)

with q5,1(γ) and q5,3(γ) given in Eqs. (A3).
The expression (10.44) involves only two undetermined

(at this stage) parameters q5,2(γ) and q5,4(γ). As be-
fore (mutatis mutandis), the two remaining parameters
q5,2(γ) and q5,4(γ) would be determined by the knowl-
edge of the two corresponding coefficients in χ5(γ, ν), Eq.
(10.40), namely χ5,2(γ) and χ5,4(γ). Indeed, we have the
two equations

χ5,2(γ) =
45γ4 − 34γ2 + 7

3(γ2 − 1)1/2
q3,2(γ)

−4

3
(γ2 − 1)3/2q5,2(γ)

−3(14γ2 − 5)(−1 + 5γ2)2

4(γ2 − 1)1/2
,

χ5,4(γ) = −4

3
(γ2 − 1)3/2q5,4(γ) , (10.46)

where we recall that the 3PM-level function q3,2(γ) is
known.
However, there is now a difference with what happened

at lower PM orders. Indeed, we can rewrite Eq. (10.40)
in the form

χ5(γ, ν) = χSchw
5 (γ) + χ5,2(γ)

(
1

h2(γ, ν)
− 1

)

+χ5,4(γ)

(
1

h4(γ, ν)
− 1

)
, (10.47)

or, equivalently,

χ5(γ, ν) = χSchw
5 (γ)

− 4

h4

[
ν(γ − 1)

(
χ5,4(γ) +

1

2
χ5,2(γ)

)

+ ν2(γ − 1)2 (χ5,4(γ) + χ5,2(γ))
]
,

(10.48)

In other words, after factoring 1/h4 the difference
χ5(γ, ν) − χSchw

5 (γ) has a ν structure of the type ∼
ν + ν2. By contrast, we previously had a difference

χ4(γ, ν) − χSchw

4
(γ)

h(γ,ν) of the type ∼ ν. This change of ν

dependence (from ∼ ν to ∼ ν + ν2) implies that, at the
5PM level, there appear two independent functions of γ
parametrizing the scattering function, after having taken
into account the general structural information about its
ν dependence, while there appeared only one function
of γ at the 3PM and 4PM levels. As a consequence, our
method (which completes a linear-in-ν self-force informa-
tion by a general ν-dependence information) is able to
get complete PN-expanded results at the 3PM and 4PM
levels (up to the PN accuracy it uses). However, at the
5PM (and also 6PM) levels, it can only determine one
combination of the two independent functions of γ ap-
pearing at these levels (namely the function parametriz-
ing the coefficient of ν among the total ∼ ν + ν2 de-
pendence just mentioned). More specifically, at the 5PM
level, one sees from Eq. (10.48) that, when working at
some given PN accuracy, our method will be able to de-
termine, within this PN accuracy, the PN expansion of
the function χ5,4(γ)+

1
2χ5,2(γ), but will leave (partially)

undetermined that of the complementary combination
χ5,4(γ) + χ5,2(γ). Using our results, we find

χ5,4(γ) +
1

2
χ5,2(γ) =

4

p3∞
+

(
−41

16
π2 +

587

3

)
1

p∞

+

(
−10507

576
π2 +

480263

540

)
p∞

+

(
−715139

11520
π2 +

30034567

18900

)
p3∞

+

(
1160329

161280
π2 +

411639569

1176000

)
p5∞

+ O(p7∞) , (10.49)

which is, indeed, fully determined to our 6PN accuracy,
while

χ5,4(γ) + χ5,2(γ) = − 8

p3∞
+

(
−406

9
+

41

24
π2

)
1

p∞

+

(
112333

270
+

4

15
d̄ν

2

5 − 18487

5760
π2

)
p∞

+

(
4

35
qν

2

45 +
2

15
d̄ν

2

5 +
1993193869

1323000
− 5049671

80640
π2

)
p3∞

+O(p5∞) , (10.50)

involves the undetermined parameters d̄ν
2

5 and qν
2

45 .
When translating this knowledge in terms of the EOB

Q potential (in E-type energy gauge7), this means that
our method is able to determine the function q5,4(γ) +
1
2q5,2(γ), but leaves partly undetermined the complemen-
tary function q5,4(γ) + q5,2(γ). Concerning the other co-

7 The relations we gave above then allow one to translate the qEn ’s
into their H-type correspondants qHn .
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efficient functions q5,k(γ), with k = 0, 1, 3, parametriz-
ing q5(γ, ν), the generalization of the reasoning explained
above for q4(γ, ν) shows that they are fully determined
in terms of the lower PM information.
One can check that a similar situation occurs at the

6PM level, where the structure of the scattering angle
reads

χ6(γ, ν) =
χSchw
6 (γ)

h(γ, ν)
+ χ6,3(γ)

(
1

h3(γ, ν)
− 1

h(γ, ν)

)

+χ6,5(γ)

(
1

h5(γ, ν)
− 1

h(γ, ν)

)
. (10.51)

The two independent functions χ6,3(γ), χ6,5(γ)
parametrize a structure ∼ h−5(ν + ν2). Similarly
to Eq. (10.48), this can be made manifest by introduc-
ing the following two combinations (with γ-dependent
coefficients) of χ6,3(γ) and χ6,5(γ), say

χ̂6,ν(γ) ≡ −4(γ − 1)

(
1

2
χ6,3(γ) + χ6,5(γ)

)
,

χ̂6,ν2(γ) ≡ −4(γ − 1)2 (χ6,3(γ) + χ6,5(γ)) , (10.52)

such that Eq. (10.51) reads

χ6(γ, ν) =
χSchw
6 (γ)

h(γ, ν)
+

νχ̂6,ν(γ) + ν2χ̂6,ν2(γ)

h5(γ, ν)
. (10.53)

Again, our method can only determine one combi-
nation (namely χ̂6,ν(γ)) of the two functions χ6,3(γ),
χ6,5(γ). When translating this knowledge in terms of
the EOB Q potential (in energy gauge), this means that
our method will be able to determine only one combi-
nation of the two functions q6,3(γ),and q6,5(γ), via the
link of Eqs. (A4). On the other hand, the other coeffi-
cient functions q6,k(γ), with k = 0, 1, 2, 4, parametrizing
q6(γ, ν) are fully determined in terms of lower PM infor-
mation.
At 7PM , one finds that there are three independent

functions of γ, namely χ7,2(γ), χ7,4(γ) and χ7,6(γ). They
are linked to their EOB counterparts q7,2(γ), q7,4(γ) and
q7,6(γ) (and to lower PM functions) via the relations Eqs.
(A5). The three functions χ7,2(γ), χ7,4(γ) and χ7,6(γ)
parametrize a ν dependence of the type ∼ (ν + ν2 +
ν3)/h6. More precisely, there are three combinations of
χ7,2(γ), χ7,4(γ) and χ7,6(γ), say

χ̂7,ν(γ) ≡ −2(γ − 1)(χ7,2(γ) + 2χ7,4(γ) + 3χ7,6(γ)) ,

χ̂7,ν2(γ) ≡ −4(γ − 1)2(2χ7,2(γ) + 3χ7,4(γ) + 3χ7,6(γ)) ,

χ̂7,ν3(γ) ≡ −8(γ − 1)3(χ7,2(γ) + χ7,4(γ) + χ7,6(γ)) ,

(10.54)

such that

χ7(γ, ν) = χSchw
7 (γ)+

νχ̂7,ν(γ) + ν2χ̂7,ν2(γ) + ν3χ̂7,ν3(γ)

h6(γ, ν)
.

(10.55)
The situation is similar at the 8PM level, with three

independent functions of γ χ8,3(γ), χ8,5(γ) and χ8,7(γ),

related to their corresponding EOB functions q8,3(γ),
q8,5(γ) and q8,7(γ) via the relations Eqs. (A6). The
three functions χ8,3(γ), χ8,5(γ) and χ8,7(γ) parametrize
a ∼ (ν+ν2+ν3)/h7 structure for the difference χ8(γ, ν)−
1
hχ

Schw
8 (γ). And again our method can only determine

one combination of these three functions.
We summarize in a pictorial manner the irreducible

information contained, at each PM level, in the local dy-
namics in Fig. 1. The horizontal axis indicates the suc-
cessive PM orders, while the vertical axis indicates suc-
cessive PN orders, keyed by powers of p2 (representing
p2∞ ≡ γ2 − 1 when working in the energy-gauge). This
figure displays the information contained either in the
PM-expansion coefficients χn(γ, ν) of χ, or in the PM-

expansion coefficients qEn (γ, ν) of Q̂E(u, γ; ν). [We have
explained above the (recursive) one-to-one map between
these two sequences of coefficients.] By irreducible infor-
mation we mean the building blocks that depend only on
γ and that parametrize the ν-dependence of the coeffi-
cients χn(γ, ν) or q

E
n (γ, ν). For instance, at the PM level

n = 3 (or u3 in Q̂E(u, γ; ν)), the 3PM local dynamics is
fully described by Eq. (10.14), which we write again for
conceptual clarity,

χ3(γ, ν) = χ3,0(γ) +
χ3,2(γ)

h2(γ, ν)
, (10.56)

i.e., by two independent functions of γ: χ3,0(γ) and
χ3,2(γ). One half of this information comes from the test-
mass limit, ν → 0 (namely χ3,0(γ)+χ3,2(γ) = χSchw

3 (γ)),
while the other half is encoded in the 1SF (linear in ν)
expansion of χ3(γ, ν). This is clear if one rewrites Eq.
(10.56) in the form of Eq. (10.16), i.e.,

χ3(γ, ν) = χSchw
3 (γ)− 2ν

(γ − 1)χ3,2(γ)

h2(γ, ν)
. (10.57)

Here we are talking about the PM expansion. When
working within a PN approximation scheme, some of the
functions of γ entering as irreducible building blocks are
only known in their PN-expanded forms, i.e., only a lim-
ited number of terms in their expansion in powers of
p2∞ ≡ γ2 − 1 is known. For instance, we derived here, by
working at the 6PN approximation, the first five terms of
the function χ3,2(γ), in the form of the related function

C(γ) =
γ − 1

p∞
χ3,2(γ) = −(γ − 1)q3,2(γ) , (10.58)

namely

C
6PN

(γ) = 4 + 18p2∞ +
91

10
p4∞ − 69

140
p6∞

− 1447

10080
p8∞ +O(p10∞) . (10.59)

See Eq. (10.33) for the analogous result at the 4PM level.
Having in mind this PN-expansion of the γ-dependent

irreducible PM building blocks χn,k(γ), we represent in
Fig. 1 each such building block χn,k(γ) by a vertical
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FIG. 1: Schematic representation of the irreducible informa-
tion contained, at each post-Minkowskian level (keyed by a
power of u = GM/r), in the local dynamics. Each vertical col-
umn of dots describes the post-Newtonian expansion (keyed
by powers of p2) of an energy-dependent function parametriz-
ing the scattering angle. The various columns at a given
post-Minkowskian level correspond to increasing powers of
the symmetric mass-ratio ν. See text for details.

line of filled circles. At the 1PM and 2PM levels there
is only one irreducible building block, and therefore only
one vertical line of dots. Moreover, these building blocks
can be entirely deduced from the test-mass limit, i.e.,
they are encoded in the ν → 0 limit (or Schwarzschild
limit) of the scattering angle. At the 3PM level, there
are two independent irreducible functions of γ, repre-
sented as two vertical sequences of filled circles in the
figure. One can think of the left column of dots as being
of order ν0 in the SF expansion, and therefore as being
entirely deducible from the Schwarzschild limit. By con-
trast, the right column of dots represents (modulo some
h-dependent prefactor) a 1SF-level information, i.e., it is
encoded in the O(ν1) term in the expansion of χ3(γ, ν)
in powers of ν. At the 4PM level we have again only
two vertical sequences of dots, say one encoded in the
ν → 0 limit, and the other one representing a fresh 1SF
information encoded (modulo some h-dependent factor)
in the O(ν1) term in the ν-expansion of χ4(γ, ν). [Note
in passing that the ν-dependence of the 4PM EOB po-
tential q4(γ, ν) deduced from χ4(γ, ν) is more involved
than the one of χ4(γ, ν). In particular, the O(ν1) term
in q4(γ, ν) is partly determined by the O(ν1) information
present at the 3PM level, and by fresh O(ν1) information
contained in χ4(γ, ν).]

At the 5PM and 6PM levels, we have three indepen-
dent building blocks (see Eqs. (10.48) and (10.53)),

represented as three vertical columns of dots. Again
the left column can be thought of as being O(ν0) (and
Schwarzschildlike), the middle column as being O(ν1)
and 1SF-determined, while the third column is now
O(ν2), i.e., encoded at the 2SF level. The only knowl-
edge we currently have of this 5PM third column is its
lowest PN approximation, i.e., the filled circle located at
u5 on the horizontal axis. Indeed, this term ∼ ν2u5p0

was determined by the computation of the 4PN dynam-
ics. In the pr gauge, it is described by the contribution

+
(
41
32π

2 − 221
6

)
ν2 to the coefficient aloc,f5 of the u5 term

in the EOB radial A(u, ν) potential. The 5PN approxi-
mation consists of collecting the terms along the second
slanted line represented in Fig. 1. We see that the slanted
5PN line passes through two of the O(ν2) third vertical
columns. In the current implementation of our method,
the third (and higher) vertical columns, corresponding to
O(ν≥2) (2SF and higher) contributions are left undeter-
mined. We highlight this fact by using empty circles to
represent these columns. This visually explains the origin
of the two coefficients left undetermined by our method
at 5PN. The empty circle in the u5 column corresponds

to d̄ν
2

5 , while the empty circle at the u6 location on the

horizontal axis corresponds to aν
2

6 .

At the 7PM and 8PM levels, we have four independent
building blocks parametrizing a ∼ ν0+ν1+ν2+ν3 struc-
ture (see Eq. (10.55)). When considering the 6PN, upper
slanted line, we now understand clearly why there were
four extra coefficients left undetermined by our method
at 6PN. Namely: one in the u5 O(ν2) third vertical col-

umn (qν
2

4,5p
4
ru

5); one in the u6 O(ν2) third vertical column

(d̄ν
2

6 p2ru
6); and two on the u7 location on the horizontal

axis, linked to the third and fourth columns (ν2aν
2

7 u7 and

ν3aν
3

7 u7).

Looking at Fig. 1, we can also see what information
could give a 7PN-level extension of our method (com-
pleted by a 6.5PN-level purely nonlocal dynamics). It
would: (i) provide a 7PN-level test of the 3PM dynamics
of Refs. [61, 62]; (ii) improve the knowledge of the 4PM
dynamics at the 7PN level; (iii) improve the kowledge
of the O(ν1)-encoded local dynamics at the 5PM, 6PM,
7PM and 8PM levels; but (iv) leave undetermined six
numerical coefficients encoding effects of the type

ν2(u5p6 + u6p4 + u7p2 + u8) + ν3(u7p2 + u8) . (10.60)

[In the pr-gauge all the powers of p have to be interpreted
as being powers of pr.] Note that the current lack of de-
termination of coefficients entering ν2 and ν3 effects is
not a conceptual limitation of our method. It is rather
a technical limitation of the current development of SF
theory which cannot yet compute any genuine O(ν2) ef-
fects. [See, however, [69] for significant progress towards
that goal.] The combination of our method with a 2SF-
level technology would allow one to cover, in principle,
many more dots in the plane of Fig. 1.
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XI. CONCLUDING REMARKS

We have extended the application of a new ap-
proach to binary dynamics [1] to the 6PN level. Our
approach has allowed us to derive an almost com-
plete expression for the 6PN-level action, given by the
sum of a 4PN+5PN+5.5PN+6PN nonlocal action, Eqs.
(2.1),(2.2), (2.3), and of a local one

∫
pdq−H4+5+6PN

loc,f dt.
We succeeded in determining the full functional structure
ofH≤6PN

loc,f (which contains 151 numerical coefficients), ex-

cept for four coefficients: three ν3-level coefficients, and
one ν4-level one (when counting powers of ν in the un-
rescaled Hamiltonian H = Mc2 + . . .). One of the cru-

cial tools in our derivation of H≤6PN
loc,f has been the com-

putation of the Detweiler-Barack-Sago redshift invariant
along eccentric orbits in a Schwarzschild spacetime, up to
the eight power of the eccentricity and the 9.5-th power
of the inverse semi-latus rectum. This computation alone
has been the most time-consuming element of our work,
and has extended the frontier of analytical gravitational
self-force theory.

We have expressed our final results in five different
gauge-invariant ways: (i) in terms of the PM-expanded
scattering angle (see Eqs. (7.16), (7.18) and discussion
in the text ); (ii) in terms of the PN-expanded radial
action (see Eqs. (9.2), (9.5), with results summarized in
Table XIV); (iii) in terms of the pr-gauge effective EOB
Hamiltonian (see Eqs. (6.1)-(6.7) as well as the summary
in Table X); (iv) in terms of the H-type energy-gauge
effective EOB Hamiltonian (see the defining relation in
Eq. (7.4) and results listed in Table XI); and also, (v)
in terms of the irreducible building blocks parametrizing
a general PM dynamics (see Sec. X, and notably Eqs.
(10.33) and (10.59)).

Among our new results, let us emphasize: (1) the ob-
tention of the 6PN-accurate O(G3) scattering angle χ3

(see notably Eq. (8.3)), in agreement with the PM com-
putation of Refs. [61, 62] (and with the PN computations
of Refs. [63, 64]); (2) the obtention (without any unde-
termined parameters) of the 6PN-accurate, 4PM (O(G4))

local scattering angle χloc,f
4 (see notably Eq. (8.4)); (3)

the obtention of the linear-in-ν contributions to the 6PN-
accurate 5PM, 6PM and 7PM local scattering angles

χloc,f
5 , χloc,f

6 , χloc,f
7 (see Eqs. (8.2)); (4) the derivation

of the explicit link between the PM-expanded scattering
angle and the PM-expanded EOB Q potential (in energy
gauge) at the 5PM, 6PM and 7PM levels. We leave to
future work the derivation of the nonlocal contributions
to the scattering angle, and the associated explicit deter-
mination of the tuned flexibility factor f(t) used here to
define the local part of the dynamics.

Finally, in Sec. X we have discussed the synergis-
tic interplay between four approaches to binary dynam-
ics: post-Minkowskian, effective-one-body, gravitational
self-force, and post-Newtonian (see Fig. 1). Effective-
one-body theory offers an efficient framework for com-
bining gauge-invariant information coming from post-

Newtonian, post-Minkowskian, and gravitational self-
force results. It has also allowed to discover the hidden
simplicity of binary dynamics through a deeper under-
standing of the mass-ratio dependence of perturbative
results (see, notably Eqs. (9.2), (9.3) and (9.4), and the
discussion of Sec. X).
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Appendix A: Higher post-Minkowskian links
between the scattering angle and the E-type

energy-gauge EOB QE potential.

The terms on the right-hand side of Eq. (10.37) read

χSchw
5 (γ) =

1

5(γ2 − 1)5/2
(1792γ10 − 5760γ8

+ 6720γ6 − 3360γ4 + 630γ2 − 21) , (A1)

and

K[q2, q3, q4] = q22(γ)
(2γ2 − 1)

(γ2 − 1)1/2

+
[
2q3(γ)(γ

2 − 1)1/2

−2

3

(64γ6 − 120γ4 + 60γ2 − 5)

(γ2 − 1)3/2

]
q2(γ)

−2q3(γ)
(8γ4 − 8γ2 + 1)

(γ2 − 1)1/2

−4

3
q4(γ)

(4γ4 − 5γ2 + 1)

(γ2 − 1)1/2
. (A2)

The explicit form of Eqs. (10.42) (where the 4PM-level
term q4,3(γ) is considered as being known) is

q5,1(γ) =
9(5γ2 − 1)

4(γ2 − 1)
q3,2(γ) +

(4γ2 − 1)

(γ2 − 1)
q4,3(γ)

+
1

16(γ2 − 1)3
(11160γ8 − 20193γ6

+137− 2323γ2 + 11603γ4) ,

q5,3(γ) = −9(5γ2 − 1)

4(γ2 − 1)
q3,2(γ)−

(4γ2 − 1)

(γ2 − 1)
q4,3(γ) .

(A3)

At 6PM, the explicit links between the irreducible
blocks of the scattering angle and the corresponding
building blocks of the QE potential read

χ6,3(γ) = − 15

128
π(−21 + 174γ2 − 345γ4)q3,2(γ)

− 15

128
π(−10 + 48γ2 − 70γ4)q4,3(γ)



34

−15

32
π(γ2 − 1)2q6,3(γ)

− 15

128
π(−9 + 135γ2 − 675γ4 + 1125γ6) ,

χ6,5(γ) = −15

32
π(γ2 − 1)2q6,5(γ) . (A4)

At 7PM, we have the analogous links:

χ7,2(γ) =
4

5
q23,2(γ)(34γ

2 − 9)(γ2 − 1)1/2

+
1

20(γ2 − 1)3/2
(+2685γ8 − 7692γ6

+4626γ4 − 692γ2 − 27)q3,2(γ)

−6

5
q4,3(γ)(34γ

2 − 9)(−1 + 5γ2)(γ2 − 1)1/2

+
2

5
q5,2(γ)(99γ

4 − 62γ2 + 13)(γ2 − 1)1/2

−8

5
q7,2(γ)(γ

2 − 1)5/2

− 3

40(γ2 − 1)3/2
(−1 + 5γ2)(60330γ8 − 114477γ6

+65651γ4 − 12773γ2 + 669) ,

χ7,4(γ) = − 2

5(γ2 − 1)1/2
q23,2(γ)(34γ

2 − 9)

+
45

4
q3,2(γ)(25γ

4 − 10γ2 + 1)(γ2 − 1)1/2

+
6

5
q4,3(γ)(170γ

4 − 79γ2 + 9)(γ2 − 1)1/2

+
2

5
q5,4(γ)(99γ

4 − 62γ2 + 13)(γ2 − 1)1/2

−8

5
q7,4(γ)(γ

2 − 1)5/2 ,

χ7,6(γ) = −8

5
q7,6(γ)(γ

2 − 1)5/2 . (A5)

The analogous 8PM links read:

χ8,3(γ) =
945

128
π(γ2 − 1)(−1 + 5γ2)q23,2(γ)

+ π

[
35

64
(γ2 − 1)(47γ2 − 11)q4,3(γ) +

35

2048(γ2 − 1)
(−18032γ2 + 92698γ4 + 889 + 40485γ8 − 139080γ6)

]
q3,2(γ)

− 35

1024π(γ2 − 1)
(65 + 2792γ6 − 1590γ4 + 301γ8 − 32γ2)q4,3(γ)

+
105

256
π(γ2 − 1)(−1 + 5γ2)(47γ2 − 11)q5,2(γ)

+
35

64
π(33γ4 − 19γ2 + 4)(γ2 − 1)q6,3(γ)−

35

64
π(γ2 − 1)3q8,3(γ)

− π
945

8192(γ2 − 1)
(−1 + 5γ2)2(185γ6 − 3359γ4 + 1627γ2 − 85) ,

χ8,5(γ) = −π
945

256
(γ2 − 1)(−1 + 5γ2)q3,2(γ)

2 − π
35

128
(47γ2 − 11)(γ2 − 1)q4,3(γ)q3,2(γ)

+ π
2835

512
(−1 + 5γ2)2(γ2 − 1)q4,3(γ) + π

105

256
(47γ2 − 11)(−1 + 5γ2)(γ2 − 1)q5,4(γ)

+ π
35

64
(33γ4 − 19γ2 + 4)(γ2 − 1)q6,5(γ)− π

35

64
(γ2 − 1)3q8,5(γ) ,

χ8,7(γ) = −π
35

64
(γ2 − 1)3q8,7(γ) . (A6)
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post-post-newtonienne de la relativité générale,” C.R.
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