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ABSTRACT
Hydrogen clathrate hydrates are ice-like crystalline substances in which hydrogen molecules are trapped inside polyhedral cages formed by
the water molecules. Small cages can host only a single H2 molecule, while each large cage can be occupied by up to four H2 molecules. Here,
we present a neutron scattering study on the structure of the sII hydrogen clathrate hydrate and on the low-temperature dynamics of the
hydrogen molecules trapped in its large cages, as a function of the gas content in the samples. We observe spectral features at low energy
transfer (between 1 and 3 meV), and we show that they can be successfully assigned to the rattling motion of a single hydrogen molecule
occupying a large water cage. These inelastic bands remarkably lose their intensity with increasing the hydrogen filling, consistently with the
fact that the probability of single occupation (as opposed to multiple occupation) increases as the hydrogen content in the sample gets lower.
The spectral intensity of the H2 rattling bands is studied as a function of the momentum transfer for partially emptied samples and compared
with three distinct quantum models for a single H2 molecule in a large cage: (i) the exact solution of the Schrödinger equation for a well-
assessed semiempirical force field, (ii) a particle trapped in a rigid sphere, and (iii) an isotropic three-dimensional harmonic oscillator. The
first model provides good agreement between calculations and experimental data, while the last two only reproduce their qualitative trend.
Finally, the radial wavefunctions of the three aforementioned models, as well as their potential surfaces, are presented and discussed.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0200867

I. INTRODUCTION

Molecular hydrogen is only feebly soluble in ice at ambient
pressure, but when pressure is increased, this gas can penetrate into
the solid, giving rise to different phases of the mixed crystalline solid
depending on pressure and temperature.1 The solid H2O–H2 sys-
tem has been largely studied in the past, and several phases of the

mixture, stable at different temperatures and pressures, have been
identified. Hydrogen clathrate hydrates have been first identified
over 20 years ago2,3 and, together with other hydrogen hydrate sys-
tems, are currently considered as candidate materials for efficient
solid hydrogen storage.4–9 Here, we are interested in the compound
that is stable in the pressure range roughly below 400 MPa at tem-
peratures lower than 0 ○C. This is a non-stoichiometric clathrate
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FIG. 1. Graphical views of the unit cell of an sII clathrate (left) and the two types of cages therein (right). The oxygen atoms are red spheres, and the bonds are in black. Small
dodecahedron cages are colored in cyan, and large hexakaidecahedron cages are in dark blue. In addition to the description of the cages in the standard nomenclature nmi

i
(where ni is the number of edges in face type i and mi is the number of faces with ni edges), we report the number of cages per unit cell, the average cage radius, and the
number of oxygen atoms at the periphery of each cage.

hydrate, having the so-called cubic structure II (abbreviated as sII)
common also to other water–gas solid compounds.10 In this struc-
ture, the H2O molecules are connected by hydrogen bonds and form
cavities of two different sizes, named small cages (SC) and large cages
(LC), including either 20 (SC) or 28 (LC) H2O molecules, arranged
so that the oxygen atoms sit at the vertices of either a pentagonal
dodecahedron (for SC) or a hexakaidecahedron (for LC), i.e., a solid
having 12 pentagonal and four hexagonal faces.10 An atomistic view
of this arrangement is shown in Fig. 1. Simple (i.e., with only one
type of guest species) hydrogen clathrate hydrate forms at pressures
above ≈100 MPa, with the H2 molecules confined both in the SC
(one molecule per cage) and in the LC (up to four molecules per
cage, depending on the thermodynamic synthesis conditions).11–13

The study of the dynamics of nanoconfined H2 molecules,
which is intrinsically quantal, is of great importance from both an
applied and a fundamental point of view as it allows us to model the
interaction of the guest hydrogen with the water cage. In the singly
occupied SCs of sII clathrate hydrates, H2 molecules perform an
almost free rotation and a deeply anharmonic center-of-mass (CM)

vibrational motion (also known as “rattling”). This motion has been
experimentally investigated at low temperatures by spectroscopic
means, making use of both inelastic neutron scattering (INS)14–18

and Raman spectroscopy.13,19–21 More recently, the CM motion of
H2 in the LCs has been probed by quasi-elastic neutron scatter-
ing22 and INS23 experiments at low temperatures. Such a motion was
found to give rise to a triplet at low energy transfer values (located
between 1 and 3 meV) in the INS spectra.23 In the present paper, we
further investigate the same triplet at low energy transfer values by
measuring sII clathrate hydrate samples containing various amounts
of hydrogen guests, ranging from almost completely filled to mostly
empty cages. First, detailed neutron diffraction (ND) measurements
were carried out in order to characterize the structure of the sam-
ples, both pristine (i.e., as prepared) and undergoing an evacuation
process. Second, INS data were collected at various hydrogen fill-
ing levels, providing additional information on the H2 dynamics and
showing some counterintuitive results, such as an increase in inten-
sity of the mentioned rattling bands as the average H2 level decreases.
Finally, an interpretation of the band intensities as a function of

TABLE I. Details of the clathrate hydrate samples and their neutron scattering measurements. Sample number, host and guest molecules, preparation batch number, and
corresponding synthesis protocol type are reported. In addition, neutron technique, utilized ILL instrument, and neutron wavelength λ are also included. When available, the
average occupancy levels of the large cages, NLC, are reported, estimated either via Raman spectroscopy measurements at 77 K immediately after sample synthesis, or via
neutron diffraction at 130 K at the beginning of the kinetic study.

Sample no. Host Guest Batch no. Protocol Technique Instrument λ (Å)
Raman

NLC (T = 77 K)
ND NLC

(T = 130 K)

1 D2O D2 I IFAC ND D20 2.419 2.96 2.30
2 D2O H2 II HZB ND D20 2.419 ⋅ ⋅ ⋅ 1.25
3 D2O H2 III IFAC ND D20 2.419 2.91 1.90
4 D2O H2 III IFAC INS IN5 3.50 2.91 ⋅ ⋅ ⋅
5 D2O H2 II HZB INS IN5 3.50 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
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momentum transfer making use of analytical models containing no
fitting factors is reported, surpassing the previous23 suggestion of a
jump motion between four hypothetical equilibrium positions inside
the LCs. In our view, this represents a substantial extension of the
study contained in Ref. 23 and a clear interpretation of the spectro-
scopic bands at low energy transfer values in terms of the H2 rattling
motion in singly occupied LCs has now been achieved.

The rest of this paper will be organized as follows: Sec. II will
deal with the sample preparation as well as with the performed ND
and INS experiments, Sec. III will present the ND data analysis and
results, and Sec. IV will be fully devoted to the INS data analysis
procedure, the result presentation, and their scientific discussion.
Finally, Sec. V will conclude the present study providing some
perspectives for possible future theoretical work on this subject.

II. EXPERIMENTAL METHODS
As illustrated in Table I, the samples investigated in the present

study, i.e., sII clathrate hydrates containing H2 and D2, were pre-
pared following two different production routes: one performed at
Istituto di Fisica Applicata “N. Carrara” (IFAC) in Sesto Fiorentino,
Italy, and the other performed at Helmholtz-Zentrum Berlin (HZB)
in Berlin, Germany. In the former synthesis protocol, about 20 g of
D2O ice Ih powder, previously prepared by finely grinding a block
of ice in an inert N2 atmosphere, was pressurized in a Cu–Be auto-
clave with hydrogen gas up to a pressure of about 0.30 GPa at a

temperature of 257 K for 6–12 h. After this operation, we recov-
ered the sample at ambient pressure and a temperature of 77 K by
quenching the autoclave in a liquid nitrogen bath and then releasing
the pressure. The collected clathrate hydrate powder was inserted
into cryogenic vials and subsequently stored in a liquid nitrogen
Dewar suitable for shipment to Institut Laue-Langevin (ILL, Greno-
ble, France) for the neutron scattering measurements. The quality of
the recovered clathrate hydrate samples was checked by inspecting
the Raman spectra shown in Fig. 2. In the left panels of this figure,
one can recognize the band originated from the lattice translational
motion of the D2O molecules in the spectral range 180–310 cm−1

together with strong and well distinct bands originated from the
rotational transitions S0(j) (i.e., with ν = 0 and Δj = 2) of D2 (three
bands) and H2 (two bands) molecules, with ν and j indicating the
vibrational and rotational quantum numbers of the guest molecule,
respectively. The width of these rotational bands is larger than in the
free gas phase due to a more intense interaction of the confined guest
molecules with the cages, both small and large. Moreover, from the
Raman spectra of the vibrational mode of D2 and H2 (right panels of
Fig. 2), one can observe the roto-vibrational transitions Q1(j) (i.e.,
with ν = 1 and Δj = 0) of D2 and H2 molecules, verifying the pres-
ence of these guest molecules in both SCs and LCs, while no free gas
phase is detected.12,13 In the second protocol, sub-millimetric ice Ih
spheres, obtained by spraying ultra-pure D2O water into a liquid N2
bath within a N2-filled glovebox to prevent moisture condensation,
were exposed to an H2 pressure of 0.28 GPa at a temperature of 244 K

FIG. 2. Raman spectra, measured at 77 K and ambient pressure with a 514.5 nm Ar-laser line as an excitation source, of D2 (“batch no. I,” upper panels) and H2 (“batch
no. III,” lower panels) deuterated clathrate hydrates before the neutron scattering experiments. The left panels show the low frequency region containing the D2O lattice
translational band, as well as the D2 [panel (a)] and H2 [panel (c)] rotational bands S0( j). The right panels show the D2 [panel (b)] and H2 [panel (d)] vibrational bands Q1( j).
See the main text and Table I.
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for about 0.5 h. In this case, the hydrate samples were grown and col-
lected in small aluminum vials and then stored in a Dewar suitable
for shipment as in the case of the first protocol. It is important to
mention that for samples prepared using both production routes, the
obtained occupation level of the SCs is always close to 1. Meanwhile,
LC occupation strongly depends on the synthesis conditions: sam-
ples prepared at HZB typically contain 1.5–1.8 H2 or D2 molecules
on average in their LCs,23 while for the samples prepared at IFAC, a
mean occupation level of the LCs close to 3 is systematically obtained
in both H2 and D2 cases. In particular, for the IFAC sample batches
used in the present study, the estimated LC occupation level close to
3 was inferred via Raman spectroscopy measurements as described
in Ref. 13 (see also Table I). The major difference in the LC occu-
pation between the two mentioned sample sets is probably due to
the reduced size of the clathrate crystallites one can obtain when the
grinding method for the ice powder production is adopted (as done
at HZB). The H2 uptake under gas pressure is essentially compara-
ble for the two production routes, but it is partially reversible when
the sample is recovered at ambient pressure and low temperatures.
The reduced size of the clathrate hydrate crystallites implies a faster
(and, therefore, a larger) decrease in the LC occupation during such
a recovery process (see also our results in Sec. III).

The first part of this study is devoted to determining the kinet-
ics of the gas release from both types of clathrate hydrate samples.
To this end, we performed an experiment on the high-intensity D20
neutron diffractometer at ILL. For all the ND-measured samples, a
30 mm-long and 8 mm-thick cylindrical aluminum vial containing
the sample powder was inserted into an appropriate vanadium can,
which was equipped with a capillary connected to the pumping sys-
tem via a gas rig. After each loading, we verified the absence of the
most intense reflections belonging to ice Ih and ice Ic in the collected
diffractogram, in order to check that the starting ice powder was
completely transformed into clathrate hydrate during the sample
preparation procedure and no reverse transformation of the sam-
ple under measurement occurred. Sample no. 2 actually contained a
very small amount (about 1%) of ice Ic. In order to probe the emp-
tying of the deuterated clathrate hydrate cages, we applied dynamic
vacuum to the sample can for several hours at the fixed temperature
of 130 K, a procedure that guaranteed a significant out-diffusion of
the guest molecules from the LC without exiting the thermodynamic
metastability region of the sII clathrate hydrate structure.24. Five-
minute acquisitions with λ = 2.419 Å allowed us to obtain the best
compromise between the count rate and d-space resolution. For cal-
ibration purpose, the diffraction pattern of an Na2Ca3Al2F14 powder
sample, arranged in the same experimental configuration, was also
measured at the end of the ND experiment.

The second part of the present work is devoted to the INS study
of the CM vibrational dynamics of the guest molecules inside the
clathrate hydrate cages as a function of their decreasing occupa-
tion level. Since we are interested in the study of the dynamics of
a single guest molecule inside an LC, given the faster kinetics of
the LC evacuation for H2 (which requires 8 h as a maximum to
get a mean NLC ≤ 1.0) with respect to D2, we chose to focus our
INS experiments only on the H2–D2O clathrate hydrate system,
namely on sample nos. 4 and 5 in Table I. The INS measurements
were performed on the IN5 instrument25 at ILL, a direct-geometry
time-of-flight spectrometer, using λ = 3.50 Å. This wavelength value
corresponds to an incoming neutron energy Ei = 6.68 meV, which

allows us to attain a maximum energy transfer hω = 4.00 meV and
a maximum wavevector transfer Q = 3.28 Å−1. Making use of a
chopper velocity v0 = 12 000 rpm (revolution per minute), an elastic
energy resolution Δhω ≈ 240 μeV was achieved. This figure repre-
sents the full width at half maximum at hω = 0. As for the negative
values of hω (neutron energy gain), only data with hω > −16.00 meV
were considered. Both samples were contained in cylindrical alu-
minum vials, as in the D20 experiment, but in this case also the
external can was made of aluminum. Sample no. 4 (belonging to the
same preparation batch as the aforementioned ND sample no. 3)
was measured as synthesized (i.e., with about three H2 guests in
an LC) and at different stages of the process of emptying the LCs
from the guest H2 molecules. The emptying procedure was carried
out by heating the sample at T = 130 K under dynamic vacuum for
∼30 min. After each heating treatment, the sample was cooled down
to base temperature [i.e., T = (1.5 ± 0.1) K] for a new INS measure-
ment. This cycle was repeated four times on sample no. 4 in order to
achieve a good single-occupation level of the LCs. Sample no. 5 coin-
cided with the aforementioned sample no. 2, previously measured
and partially emptied during the D20 experiment. It had an average
of about 0.5 H2 guests in each LC at the end of the D20 experiment
and, subsequently, during the IN5 experiment. Raw experimental
data were transformed from time-of-flight and scattering angle to hω
and hQ using the appropriate instrument routines (i.e., the LAMP
code). Then, the processed data were reduced to constant-Q spec-
tra with the recorded intensity being a function of hω. They covered
the experimentally accessible Q range, which stretches from 0.6 to
2.8 Å−1, with a selected Q-spacing equal to 0.2 Å−1. The samples
always exhibited the crystalline structure of the type sII clathrate
hydrates in both diffraction and spectroscopy experiments. Powder
diffraction patterns were obtained directly on IN5 from the intensi-
ties of the elastic peak as a function of the scattering angle. In spite of
the limited instrumental resolution, they were sufficient to identify
the crystalline phase of the measured samples.

III. NEUTRON DIFFRACTION RESULTS
Comparing the diffraction patterns of the samples measured

before and after the evacuation process (see Fig. 3), one can only see
a difference in the relative intensities of the Bragg reflections, prov-
ing that no structural phase transition occurred, while there was a
different occupation level of the crystallographic sites by the H2 or
D2 guest molecules. As a function of time, for the D2–D2O sam-
ple (i.e., no. 1), we observe an increase in the intensity of the 111,
220, 311, 222, 400, and 331 reflections and a decrease in the intensity
of the 511, 440, and 531 ones. This finding is in agreement with a
previous report.26 As for the H2–D2O samples (i.e., nos. 2 and 3),
the situation is essentially reversed, with the reflections 111, 220,
311, and 222 losing intensity with time and the reflections 422, 511,
440, and 531 gaining it. In the case of the sample nos. 2 and 3, the
removal of the H2 guest molecules is also visually confirmed by the
decrease in the background level [see panels (b) and (c) in Fig. 3],
due to the much larger incoherent scattering cross section of the
H2 molecules with respect to D2. Figure 3 also shows a small shift
in the position of the peaks for sample nos. 1 and 3, particularly at
high 2θ values, indicating a change (namely, a reduction) in the unit
cell volume for these two samples along with time (at fixed tempera-
ture). The diffraction data were analyzed by means of the Rietveld
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FIG. 3. Examples of neutron powder diffraction patterns of the three investigated samples (namely, nos. 1–3 in Table I) are plotted in panels (a)–(c), respectively. Data
have been collected using λ = 2.419 Å at T = 130 K at the start (blue lines) and the end (red dotted-dashed lines) of the kinetic study. Difference signals are also plotted.
Symbol “ ∗ ” indicates the main peak from ice Ic in sample no. 2. The tick marks show the Bragg reflection positions calculated for the sII clathrate (space group Fd3̄m and
a = 17.157 Å). The first twelve Miller indices are also reported. The few peaks from the aluminum sample holder were not subtracted.

refinement using the known sII clathrate crystal structure, which
is common to many other gas hydrates for the water host lattice.
The space group is Fd3̄m, and the cubic lattice constant a is about
17.2 Å. For the atomic positions of the guests, the structural model of
Ref. 23 was applied. This model is a small adjustment to the model
for the Ne-filled sII clathrate hydrate reported in Ref. 24 and has also
been successfully employed in Ref. 27. It describes the orientationally
disordered H2 or D2 molecule in the SCs with a 96g Wyckoff posi-
tion (0, 0, ≈0.022), accounting for three orientations of a hydrogen
molecule located in the SC center, which is at (0, 0, 0). The posi-
tionally and orientationally disordered H2 or D2 molecules in the
LCs are also modeled with a 96g position (≈0.4, ≈0.43, ≈0.43), which
yields a distribution of 12 H or D atoms around the LC center, which

is at (3/8, 3/8, 3/8). The correlations among the parameters make it
impossible to simultaneously refine atomic positions, thermal para-
meters, and crystallographic occupancies. So, in our refinements, the
atomic positions and the thermal parameters for the guest molecules
were restrained to the values of Ref. 23 and only the crystallographic
occupancies were refined.

The obtained mean occupation level of the guest molecules in
both cage types is shown in Fig. 4, where the following various results
are worth noticing:

(a) The difference in the mean initial occupation number of the
LC, NLC, as measured by Raman spectroscopy at 77 K after the
sample preparation (NLC ≈ 3 as given in Table I) and by ND at
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FIG. 4. Average occupation level of the large cages [panel (a)] and of the small
cages [panel (b)] for the three ND investigated samples, kept at T = 130 K, as a
function of the elapsed time. The red, blue, and green lines refer to sample no. 1
(with D2), no. 2 (with H2), and no. 3 (with H2), respectively.

130 K at the beginning of the actual kinetic study (NLC ≈ 2 as
shown in panel (a) of Fig. 4 and reported in Table I) must be
attributed to a very significant outgassing phenomenon hap-
pening at temperatures between 77 and 130 K, which appears
to be particularly important in the case of hydrogenous guests.
The sample transfer procedure could also have played a role in
this effect.

(b) The kinetic curves in panel (a) of Fig. 4 show that H2 molecules
leave the LCs slightly faster than D2 molecules, which could be
a consequence of their lighter mass.28,29 Whether a manifesta-
tion of residual quantum effects (analogous to the well-known
“quantum sieving” in porous media30,31), or, more simply, an
expression of the classical Graham’s law for effusion,32 which
justifies a difference in diffusion out of the cages proportional
to the square root of the molecular mass ratio, this is still rather
unclear. However, the latter scenario seems much more proba-
ble than the former considering the relatively high temperature
of the evacuation procedure, i.e., T = 130 K.

(c) The H2-containing clathrate hydrate sample produced at HZB
exhibits a slightly faster decrease in the LC occupation if com-
pared to that produced at IFAC [see panel (a) of Fig. 4]. This

can be explained by the reduced size of the clathrate crystallites,
resulting in a faster emptying of the samples. Such a peculiar-
ity can be also held responsible for the lower starting filling rate
for this sample.

(d) Interestingly, H2 and D2 molecules appear to leave the SCs at
the same rate, which is also independent of the sample syn-
thesis route: the three curves in panel (b) of Fig. 4 can be
perfectly superposed by simply applying a vertical shift. In this
context, the fact that some of our initial SC occupation values
are slightly larger than 1.0 should be most likely interpreted as
being due to the typical uncertainty level of our ND results for
H2.

(e) The occupation level of the SCs decreases by about 20% in
12 h. This rate happens to be much smaller than the evacu-
ation rate of the LCs (namely, 42% and 63% in 12 h for D2
and H2 guests, respectively), and this is an expected behav-
ior similar to that reported for the evacuation of the Ne guest
atoms from the cages of the sII Ne clathrate hydrate.24 This
fact might be explained by the hindered diffusion of a guest
molecule through the (small) pentagonal faces of an SC.33 Con-
versely, hydrogen molecules can easily travel between large
cages passing through the hexagonal faces.

(f) We can also notice a smaller rate of out-diffusion from the LCs
for hydrogen molecules with respect to Ne atoms: in the lat-
ter case, the LCs resulted completely emptied after just 4 h at
the same temperature of 130 K.24 This discrepancy is probably
due to the difference in the strength of the guest–host inter-
actions in the case of Ne-clathrate as compared to H2- and
D2-clathrate hydrates.

In Fig. 5, we report another result of the Rietveld refinement of
the measured diffraction patterns: the lattice constant a at 130 K as
a function of the total (weighted) hydrogen occupation in the small
and large cages. For sample no. 2, which exhibited SCs that were
always almost completely filled, a was rather constant throughout

FIG. 5. Cubic lattice constant for the three ND investigated samples, kept at
T = 130 K, as a function of the total hydrogen occupation in the unit cell (given
by 16 NSC + 8 NLC). The red, blue, and green circles refer to sample nos. 1–3,
respectively.
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the evacuation process. However, in sample nos. 1 and 3, the lat-
tice constant is significantly larger (by approximately a hundredth
of an Å) for hydrogen fillings above 25 H2 or D2 molecules per
unit cell, meaning that, not entirely surprisingly, the encaged hydro-
gen molecules expand the water host lattice to some extent. To the
best of our knowledge, no such observation has been reported so
far for the hydrogen clathrate hydrate or for clathrate hydrates of
any other guest as small as H2. However, Lokshin et al. in Ref. 11
described an anomalous decrease in the lattice constant of the sII
hydrogen clathrate hydrate during heating from 90 to 130 K, in con-
junction with a reduction of the D2 occupation level of the LCs,
roughly from four to three. This observation is in qualitative agree-
ment with our results and has been attributed to the interaction
between guest molecules and water framework.11 Data on the link
between cage fillings and lattice constants are, in general, scarce in
the literature on gas clathrate hydrates, and the role of the guest–host
attractive-vs-repulsive interactions is far from being understood.
Some authors34,35 previously suggested that there is a connection
between cage filling and lattice constant of sI clathrate hydrates in
order to reconcile their experimental results with the literature data.
Specifically, this concerned an increase in the lattice constant of the
Xe clathrate hydrate (at fixed temperature) for a high Xe occupa-
tion of the small and large cages, as well as in the case of the CO2

clathrate hydrate for a high occupation of the SCs. An expansion
of the lattice was also reported for the phase-C0 hydrogen hydrate
with increasing H2 filling36 and similarly for the isostructural Ne-
and O2-filled hydrates.37 Finally, the empty sII clathrate remarkably
exhibits a lattice constant larger than those in the N2 and Ne sII
clathrate hydrates24,34 (e.g., with the Ne-filled one having 0.86 and
1.18 guest atoms in the small and large cages, respectively24). This
is, not unexpectedly, an effect exhibiting its largest magnitude at the
lowest investigated temperatures.24,34 By comparing our lattice con-
stant values for hydrogen clathrate hydrate with that of the empty
sII clathrate (also known as ice XVI), namely 17.142 Å at 130 K,34

one finds that the values of a for the former system are larger than
those for the latter at the same temperature. However, Ref. 34 also
noticed that comparing absolute lattice constant values from inde-
pendent investigations might lead to misleading conclusions because
of possible systematic experimental errors.

IV. INELASTIC NEUTRON SCATTERING RESULTS
The INS spectra are shown in Fig. 6 as a function of the empty-

ing of the cages for sample no. 4, limited to the low-frequency range
that is of interest in the present work, for some selected Q values. We
did not repeat the same emptying procedure for sample no. 5 (also

FIG. 6. Experimental INS spectra from sample no. 4 at constant Q values, during the emptying process, measured on the IN5 spectrometer at T = 1.5 K. The four panels are
related to some selected Q values, namely (a) Q = 0.8 Å−1, (b) Q = 1.4 Å−1, (c) Q = 1.8 Å−1, and (d) Q = 2.4 Å−1. The used color code is the following: black dots for the
pristine sample (i.e., just inserted in the cryostat), while red, green, blue, and magenta refer to measurements taken after the first, second, third, and last evacuation cycles,
respectively. Each cycle was operated at T = 130 K and lasted for about 30 min. Experimental INS spectra from the pre-evacuated sample no. 5 are also reported as orange
lines. They have been vertically shifted for graphic reasons.
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shown in Fig. 6). In this section, we will focus our attention on the
low frequency zone (namely, from 0.5 to 3.5 meV) of the least-loaded
spectra (e.g., those plotted in magenta or orange in Fig. 6) for both
samples measured on IN5 (i.e., nos. 4 and 5 as in Table I). In these
spectra, three peaks appear more and more intensely as the sample is
being emptied, i.e., their intensity increases with the advance of the
evacuation process (see Fig. 6). Taking into account the scientific
literature on this subject as well as our previous experience,15,23 we
can interpret the three spectral features as being due to the rattling
of a single H2 inside an LC of the host and, in particular, the pres-
ence of the three non-degenerate peaks can be reasonably attributed
to the anisotropy of the cage via the H2-cage potential. Thus, the
purpose of the following data reduction procedure will be obtain-
ing for each peak its intensity as a function of Q in order to probe
the possible anharmonic effects. The data analysis can be briefly
summarized in four steps: first, for each constant-Q spectrum, an
appropriate linear background is subtracted exploiting the regions
where no spectroscopic signal is expected (i.e., 0.75 < h̵ω < 0.95 and
3.2 < h̵ω < 3.5 meV). Second, the background-corrected INS spec-
tra are fitted using three Gaussian profiles plus an additional linear
background. This simple fitting model contains 11 free parameters:
intensity I1,2,3(Q), mean position e1,2,3(Q), and width w1,2,3(Q) for
each of the three Gaussian curves, plus the intercept p(Q) and the
slope m(Q) of an additional linear background. Third, from the fit
results, we can easily calculate the average centroid positions (ē1,2,3)
and widths (w̄1,2,3) of the three experimental spectral peaks for
both samples, as the incoherent nature of the excitations implies
that no dispersion in Q is expected. So, one finds ē1 = 1.305(7)
meV, ē2 = 1.83(2)meV, and ē3 = 2.63(4)meV. Finally, we re-fit the
background-corrected INS spectra using the same model as before,
but this time constraining peak positions and widths to their average
values, obtaining in this way better estimates of the peak intensities

FIG. 7. Examples of the multi-Gaussian fitting procedure operated on sample no.
4 after the last evacuation procedure. Three selected Q values have been plotted:
Q = 1.0, 1.6, and 2.0 Å−1. The INS data (black dots with error bars) correspond
to the spectra shown in Fig. 6 with magenta dots. The red, green, and blue lines
represent the three rattling transitions related to the single-H2 CM dynamics in the
LCs, while data best fits are displayed as gray lines.

FIG. 8. Intensities of the three low-frequency INS peaks (related to a single H2
rattling in a LC) for the least-loaded spectra of sample no. 4 (in red) and sample
no. 5 (in blue) as a function of the momentum transfer hQ. The squares, triangles,
and circles refer to mode “1” (centered at about ē1 = 1.305 meV), mode “2” (cen-
tered at about ē2 = 1.83 meV), and mode “3” (centered at about ē3 = 2.63 meV),
respectively. The solid lines represent guides for the eye.

I1,2,3(Q) (see Fig. 7 for some selected examples). In Fig. 8, we have
reported these results as a function of Q for sample nos. 4 and 5,
resulting in six bell-shaped curves.

Before studying the Q-behavior of the INS spectral bands
observed at hω ≈ 1.305, 1.83, and 2.63 meV and plotted in Fig. 8,
one needs to discuss their physical origin, show that they arise from
the rattling excitation of a single H2 molecule in the LC, and explain
the counterintuitive trend of the spectral intensity, visible in Fig. 6,
which grows as the H2 evacuation process is continued. These three
bands correspond to the fundamental rattling transition of the H2
CM, namely that described by the following quantum numbers:
(N1 = 0, L1 = 0)→ (N2 = 0, L2 = 1), of which the meaning is
explained in the Appendix. In order to justify this assignment,
we carried out a theoretical calculation by numerically solving the
Schrödinger equation (SE) for the H2-CM states. The potential
energy for a single H2 molecule, as a function of its CM displacement
from the center of the hexakaidecahedron cage, has been calcu-
lated by summing the contributions due to all the H2–D2O pairs
(assumed to be given by the standard hydrogen-water potential)38

over 514 D2O molecules placed around the cage center in a rigid
lattice and subsequently averaged over the H2 molecular orienta-
tions, following the procedure described in Ref. 14. The disorder of
the deuterons belonging to the host water molecules has been taken
into account by performing a second average over several random
configurations, all of them complying with the well-known Bernal
and Fowler ice rules.39 A further average over the direction of the
H2-CM coordinate, ŝ (see the Appendix for details), provided the
isotropic part of the potential. The solution of the radial Schrödinger
equation for an H2 molecule sitting in such an isotropic poten-
tial well determines the first quantum transition, that is, (N1 = 0,
L1 = 0)→ (N2 = 0, L2 = 1), characterized by an energy jump equal
to 2.21 meV, which compares reasonably well with the observed
ē1,2,3, whose average value is ēav = 1.92(3) meV. Obviously, the
splitting of this transition, which is experimentally observed, is not
reproduced by this model, but it can be attributed to the small
anisotropic components of the real interaction between an LC and

J. Chem. Phys. 160, 164706 (2024); doi: 10.1063/5.0200867 160, 164706-8

© Author(s) 2024

 22 April 2024 12:12:29

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

TABLE II. Rotational form factors derived from Eq. (A3) determining the intensity of the H2 rattling bands (see the main text
for details) as a function of the momentum transfer hQ. Symbol 𝒿l(. . .) stands for a spherical Bessel function of lth order,
while r0 is the H2 interatomic distance.
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a guest H2 trapped inside it, able to completely lift such a degen-
eracy if containing both azimuthal (ϕ) and elevation (θ) parts. So,
the presence of three bands is very likely due to the anisotropy of
the H2–LC interaction potential. As a matter of fact, in our case, the
situation is slightly more complicated since the rotational degrees
of freedom of H2 (described by j and m) have to be properly taken
into account. Now, in our experiment, for neutron cross section rea-
sons,40 the measured signal is dominated by the transition j1 = 1
→ j2 = 1, so, in the case of an m degeneracy, no relevant rotational
contribution to the energy jump is expected. However, we have to
remark that, because of the interplay between the anisotropic com-
ponents of the H2–LC interaction and the H2 intrinsic quadrupole,
one may suppose that the j1,2 = 1 rotational level involved is also
split into three sublevels with m1,2 = −1, 0, 1, so that, in principle,
the j1 = 1→ j2 = 1 transition could exhibit several components, cor-
responding to the combinations of the three initial and the three
final states (with three “purely elastic” terms having m1 = m2 actu-
ally coinciding). These terms of the rotational manifold that is always
associated with each CM rattling transition are weighted by the rota-
tional form factors a2(Q, j1, m1, j2, m2) calculated in Table II (see
also the Appendix for further details), and one can simply ver-
ify that in our experimental INS conditions, due to the Q values
explored, only the three purely elastic terms [namely, ( j1 = 1, m1
= −1)→ ( j2 = 1, m2 = −1), ( j1 = 1, m1 = 0)→ ( j2 = 1, m2 = 0), and
( j1 = 1, m1 = 1)→ ( j2 = 1, m2 = 1)] provide sizable contributions.
The mathematical reason for this is given by the interatomic dis-
tance in H2, r0 ≃ 0.7414 Å, so that one obtains 𝒿2

0(Qr0
2 )≫ 𝒿2

2(Qr0
2 )

for Q ≤ 4 Å−1, which implies that in the present INS experiment, all
the transitions with m1 ≠ m2 have a negligible intensity. Thus, even
if we do not know the magnitude of the possible rotational splitting,
we have shown that the observed INS triplet cannot have a rotational
origin and, consequently, has to be ascribed to the rattling dynamics
in a slightly aspherical potential well.

As for the other issue, the increase in the band intensity during
the progress of the H2 evacuation in sample no. 4, as a matter of fact,
the detailed excited states of two (or more) ortho-H2 molecules in a
LC are still unknown, since it is already quite demanding the calcula-
tion of the ground state of such a system,41 where at least ten degrees
of freedom have to be tackled. However, noticing that the increase in
the mentioned bands in the 1 < h̵ω < 3 meV-interval proceeds with-
out any relevant distortion, we can propose a reasonable explanation
based on two simple assumptions: (A) the INS spectral features
related to H2, when NLC > 1, lie outside the studied energy transfer

interval, even though at the moment we cannot clearly locate them.
This fact is not surprising, since in the extremely crude model of a
quantum particle in a box, one observes that energy eigenvalues are
proportional to V−2/3, where V is the box volume available to the
particle. Now, if V is halved because NLC goes from 1 to 2 and then
is even further reduced by the existence of an H2–H2 short-distance
repulsive potential, it is reasonable to assume that the corresponding
hω values of our INS spectral features get more than doubled. (B)
During the evacuation process, the number of singly occupied LCs
grows, and, so, the probability of a scattering event occurring from
an H2 trapped in a singly occupied LC becomes also larger. This pro-
vides a simple explanation of what is visible in Fig. 6 concerning the
step-by-step H2 removal from sample no. 4. As a matter of fact, we
have also considered the possibility of an alternative explanation for
the band growth in the 1 meV < h̵ω < 3 meV-interval. Hypotheti-
cally, one might wonder if the heating and cooling cycles operated
on the hydrogen-filled clathrate hydrate sample during the evacu-
ation process could increase the ortho–para H2 ratio, inducing the
mentioned band growth. For this reason, after each evacuation step,
we have monitored the j1 = 1→ j2 = 0 rotational transition (which is
proportional to the ortho-H2 content) present in the anti-Stokes part
of the INS spectra, by integrating their signal in the following zone
of the kinematic plane: −16 meV < h̵ω < −11 meV and 1.6 Å−1 < Q
< 3.28 Å−1. In this way, we have obtained five measurements that
exhibit a trend that is opposite to that observed for the 1–3 meV
spectral intensity. In other words, while the j1 = 1→ j2 = 0 rota-
tional line decreases in parallel with the H2 evacuation process, the
1–3 meV spectral intensity counterintuitively increases.

A more quantitative study of the INS data plotted in Fig. 8 can
be carried out by establishing a comparison between them and the
calculated form factor, I0,0;0,1(Q), reported in Eq. (A14). However,
given the spherical symmetry of the potential used for the evalua-
tion of the latter quantity, it is appropriate to take the sum [dubbed
Isum(Q)] of the three curves included in the former dataset, since
their splitting, as we have already seen, is caused by the aspheri-
cal component of the real potential felt by an H2 in an LC. As for
I0,0;0,1(Q) in Eq. (A14), this CM form factor has been complemented
with the appropriate rotational terms, a2(Q, 1, m1, 1, m2), which, as
shown in Table II, simply reduce to 𝒿2

0(Qr0
2 ) + 2𝒿2

2(Qr0
2 ) in the case

of a sum over m1 and m2. As explained above, in our Q range, such
a rotational term is largely dominated by 𝒿2

0(Qr0
2 ), which actually

coincides with the spectral modulation caused by the rotation of
a classical molecular dumbbell. The product between the CM and
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FIG. 9. Experimental intensity of the H2 rattling bands (sum of the three curves in
Fig. 8) as a function of the momentum transfer, hQ. The red circles with error bars
refer to sample no. 4, while the blue squares with error bars refer to sample no.
5. The black solid line stands for the full quantum calculation (SE), the magenta
dashed line stands for the spherical box approximation (SB), and the green dotted-
dashed line stands for the three-dimensional isotropic harmonic approximation
(IH).

the rotational term, named ICM+R(Q), is plotted in Fig. 9 together
with the two “toy models” presented in the Appendix, namely H2
inside a spherical box (SB) [see Eq. (A17)] and the three-dimensional
isotropic harmonic (IH) oscillator [see Eq. (A19)]. It is worth noting
that these two analytical calculations have been carried out (see the
Appendix for details), imposing an energy jump ΔE0,0;0,1 between
the respective first two levels equal to the exact experimental value
(namely 1.92 meV), rather than the calculated value derived from
the eigenvalues of isotropized potential by Alavi et al.38 (namely,
2.21 meV). Even a simple visual inspection of Fig. 9 is sufficient to
verify that Isum(Q) is well reproduced by the form factor ICM+R(Q)
obtained from the exact solutions of the Schrödinger equation (SE)
for the aforementioned isotropized potential, while the two analyti-
cal models are clearly unable to predict the Q value corresponding
to the maximum of the INS dataset, providing only a qualitative
description of Isum(Q). In this respect, the SB model seems slightly
more performing than the IH one.

This result might appear as slightly surprising, since one would
have expected IH (parabolic potential well) and SB (infinite poten-
tial well) to be the two extreme cases with the anharmonic SE lying
in between the two. For this reason, it might be of some use
to pay attention to the radial density distributions of the initial,
(N1 = 0, L1 = 0), and final, (N2 = 0, L2 = 1), states for the three
aforementioned potential schemes. Using the symbols of the
Appendix, one can easily verify that these physical quantities would
amount to s2∣R00(s)∣2 and s2∣R01(s)∣2, respectively, where s is the dis-
tance between the H2 CM and the LC center. However, since INS,
differently from neutron Compton scattering,42 does not probe the
state itself, but rather the transition (N1 = 0, L1 = 0)→ (N2 = 0, L2
= 1), it is worthwhile to focus on the overlaps between these two
states, namely s2R∗00(s)R01(s). They are shown in Fig. 10 for IH, SB,
and SE. One can see that the IH and SB overlaps appear similar to
each other, with the exception of the region where the radial value
is larger than s0 = 2.36 Å, which is forbidden for the SB wavefunc-
tions, but can be accessed by the tail of the IH ones. The reason
for such a difference is due to the fact that the SB model, differently

FIG. 10. Overlap between the (N1 = 0, L1 = 0) and the (N2 = 0, L2 = 1) radial
states of an H2 center-of-mass inside a large cage of an sII clathrate hydrate. The
black solid line represents the full quantum calculation (SE), while the magenta
dashed line and the green dotted-dashed line stand for the spherical box approx-
imation (SB) and the three-dimensional isotropic harmonic approximation (IH),
respectively. The blue vertical line placed at s = 4.73 Å marks the crystallographic
extension of the large cage. The inset shows the three isotropic potentials used to
obtain the mentioned overlaps, exploiting the same color code.

from the IH one, is evaluated assuming an infinitely steep potential
wall located at s0 (see the inset of Fig. 10). Here, it is important to
note that the s0 radial value is fixed once the energy jump ΔE0,0;0,1
is determined, and as shown in Fig. 10, in our case, s0 turns out
to be almost exactly one half of the crystallographic mean value of
the LC radius (i.e., 4.73 Å22). On the contrary, IH is based on a
broad parabolic potential (see again the inset of Fig. 10), of which
the curvature cannot be adjusted since it determines ΔE0,0;0,1, giving
rise to a rather unrealistic description of the H2 probability distri-
bution inside the LC. Finally, as for the SE overlap, this quantity is
more concentrated in the low-s range and can hardly exceed radial
values of about 1.8–1.9 Å. This figure is also very sensible since it
turns out to be close enough to 1.775 Å, which is simply the differ-
ence between the mean crystallographic LC radius (i.e., 4.73 Å) and
the sum of half of the Lennard-Jones particle size for H2 plus the
van der Waals radius for O (namely, σ[H2] = 2.87 Å43 and rvw[O]
= 1.52 Å,44 respectively). This fact proves that SE is by no means
an intermediate anharmonic scenario in between a purely harmonic
well and an infinitely steep potential wall, but it must be consid-
ered as a separate case as clearly shown in the inset of Fig. 10. As
a final point, we want to remind that the SB model is actually able
to provide a fairly good description of the present intensities of the
three low-frequency INS peaks, if ΔE0,0;0,1 is artificially increased to
3.08–3.09 meV, so that s0 gets shrunk to about 1.86 Å. However, such
an energy jump would be severely incompatible with its experimen-
tal value, ēav = 1.92(3) meV, reported above and, for this reason,
must be rejected.

V. CONCLUSIONS
In the present work, we have experimentally investigated

both the structure and the dynamics of a hydrogen-containing sII
clathrate hydrate during the evacuation of its guest gas molecules,
reaching a mean occupation level near unity (1.0) for the LCs.
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In particular, we have shown the results of two neutron scatter-
ing experiments on such a system: a diffraction measurement on
the structure of such a compound and a spectroscopic study on
the microscopic dynamics of the H2 molecules trapped inside the
clathrate LCs, with both investigations carried out by varying the
gas content in the sample. In the former experiment, by means of
a Rietveld refinement of the neutron diffraction patterns, we have
been able to estimate the mean occupation level of the small and
large cages by guest H2/D2 molecules as a function of time. We have
also shown that the water host lattice is slightly expanded for a large
hydrogen content. In the latter experiment, we have demonstrated
that for a small hydrogen content, since in this case the probability of
single occupation of the LCs becomes larger, three spectral features
can be observed at low energy transfer (namely, around 1–3 meV as
in Ref. 23) which can be assigned to the rattling motion of a single H2
molecule in such a cage type. This model simply explains a remark-
able experimental finding, i.e., the fact that increasing the hydrogen
filling, these three INS bands gradually lose their intensity and finally
completely disappear from the measured spectra.

Focusing on the case of single occupation of the LCs, the spec-
tral intensity of the mentioned H2 rattling bands has been studied as
a function of Q and compared with three distinct quantum mod-
els, all of them being able to reproduce the correct energy jump
obtained averaging the energy transfer values pertaining to these
bands, namely (i) the exact solution of the Schrödinger equation
for a semiempirical force field, (ii) a particle trapped inside an
infinitely rigid sphere, and (iii) an isotropic three-dimensional har-
monic oscillator. The first model provides good agreement between
calculations and experimental INS data, while the last two, which
are quite simple approaches, reproduce only qualitative trend of the
band intensities with Q. Subsequently, the radial wavefunctions of
the three aforementioned models, as well as their potential surfaces,
have been presented and discussed, shedding some light on the rea-
son why models (ii) and (iii) fail to accurately describe our INS
results.

Finally, one can conclude that the present study has proved
that, once a hydrogen-containing clathrate hydrate is fully character-
ized via ND, INS represents a sensitive probe for the H2 microscopic
dynamics in the LCs, similarly to what has been already found for
the SCs.18 In particular, if significant single H2 occupation of the
LCs is obtained in the sample, intense inelastic bands in the mea-
sured spectra are due to such a dynamics. This can be interpreted as
the quantum rattling motion of an individual particle in an isotropic
potential well exhibiting a radial “trough,” which is 7.2 meV deep
and is placed at about 1.3 Å from the cage center. However, we have
also to admit that a complete description of the INS spectral band
splitting cannot be derived in such an isotropic framework, and fur-
ther work on the aspherical potential components would be needed
in order to fully clarify this spectroscopic scenario.
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APPENDIX: THEORETICAL BACKGROUND
AND RELEVANT FORMULAS

The INS spectrum of trapped hydrogen molecules has gener-
ally been interpreted neglecting the coherent part of the scattering,14

due to the fact that the incoherent neutron scattering length for a
proton is by far larger than the coherent one. A second customary
approximation that we will consider from the beginning, in order to
arrive at approximate formulas for the description of the H2 molecu-
lar motion, is the hypothesis of the decoupling of the rotations of the
molecule from its CM motion (i.e., the so-called rattling) so that the
double differential neutron scattering cross section can be written as

( d2σ
dΩdE f

) = k f

ki
Sself(Q,ω)⊗∑

j1 ,j2

δ(h̵ω − h̵ω12)a2(Q, j1, j2), (A1)

where ki and k f denote the initial and final neutron wavevectors,
respectively, and the symbol ⊗ represents a convolution product.
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The Dirac δ functions are centered at the energies of the rotational
transitions hω12 of the H2 molecule, and the rotational form factor
a2(Q, j1, j2) is a function of the momentum transfer Q depending
on the rotational transition j1 → j2 of the molecule. The dependence
on the m1 and m2 quantum numbers will be considered in the fol-
lowing. The scattering law Sself(Q,ω) is the self-part of the dynamic
structure factor for the CM motion.

The energy levels of a single caged hydrogen molecule can be
described by its rotational states combined with the discrete trans-
lational states of the CM motion, the rattling. In the framework of
the Young and Koppel model,40,45 the energy levels can be identi-
fied by the same rotational quantum numbers j and m of the free
molecule, plus the translational quantum numbers N, L, and M for
the CM rattling motion in the cage, with N = 0, 1, . . ., L = 0, 1, . . .,
and−L ≤M ≤ L. The general expression of the rotational form factor
a2(Q, j1, j2) is given in Ref. 40. In principle, the rotational energy lev-
els and wavefunctions of a single, rigid H2 molecule can be calculated
[e.g., via density functional theory (DFT)] knowing the interaction
of the H2 molecule with the crystal field of the water lattice, which
alters the free molecule rotational states, lifting the degeneracy of
the m sublevels, even without considering the effect of the other H2
molecules in the nearby cages. It is well known that for a freely rotat-
ing molecule, the eigenfunctions of the rotational states are spherical
harmonics Y jm(û), where û represents the molecular orientation,
while the energy of these eigenstates depends only on j and is given,
for a rigid molecule, simply by E(j) = B0j( j + 1). However, in the
presence of an interaction with the cage, the energy levels of this
guest molecule do depend on the value of m. In view of the con-
siderations above, we have to take into account the m dependence of
the molecular rotational states, so one needs to write the double dif-
ferential neutron cross section reported in Eq. (A1) in the following,
slightly modified, form:

( d2σ
dΩdE f

) = k f

ki
Sself(Q,ω)⊗ ∑

j1 ,m1
j2 ,m2

a2(Q, j1, m1, j2, m2)

× δ(h̵ω − h̵ωj1 ,m1 ;j2 ,m2), (A2)

where the rotational form factor a2(Q, j1, m1, j2, m2) can be written
as

a2(Q, j1, m1, j2, m2) = σ(j1, j2)(2j1 + 1)(2j2 + 1)

×
j1+j2

∑
l=∣j1−j2 ∣

(2l + 1)𝒿2
l (Qr0/2)

× (j2 j1 l
0 0 0

)
2

( j2 j1 l
−m2 m1 m2 −m1

)
2

,

(A3)

with 𝒿l(. . .) being a spherical Bessel function of lth order, the quan-
tity r0 representing the internuclear distance in the H2 molecule, and
σ( j1, j2) depending only on the parity of j1 and j2, which will be indi-
cated by the letters “e” or “o” (for even or odd parity, respectively).
Written in a more explicit way, we have45 that

σ(e, e) = 4σcoh, (A4)

σ(e, o) = 4σinc, (A5)

σ(o, e) = 4
3
σinc, (A6)

σ(o, o) = 4σcoh +
8
3
σinc, (A7)

where σcoh and σinc stand for the neutron coherent and incoherent
cross section for H, respectively.

Since the coupling between rotational and rattling states is
weak, it will be neglected for the rest of this appendix. In addition, for
the purpose of the derivation described below, we will consider only
the spherical average of the interaction energy between the caged
hydrogen molecule and the water molecules of the crystal. We will
indicate this quantity with the symbol V(s), where s is the distance
of the particle CM from the cage center. In this approximation, the
angular part of the wavefunction describing the CM motion can be
factorized so that one can write

ψNLM(s, θ,ϕ) = RNL(s)YLM(θ,ϕ), (A8)

where the CM spherical harmonic YLM(θ,ϕ) must not be con-
fused with the rotational (or orientational) spherical harmonic
Y j,m(û), while RNL(s) is the radial part of the CM wavefunction,
which can be calculated either analytically for few model cases
(e.g., three-dimensional harmonic oscillator or infinite spherical
well) or numerically, once V(s) is known. It is worth noticing
that RNL(s) complies with the standard normalization condition:
∫ ∞0 ∣RNL(s)∣2s2ds = 1.

It is straightforward to prove that the intensity of the neutrons
scattered by a single particle undergoing a transition from an initial
state ψ1 (with quantum numbers N1, L1, M1) to a final state ψ2 (with
quantum numbers N2, L2, M2) is proportional to

I1,2(Q) = ⟨∣⟨ψ1∣eiQ⋅s∣ψ2⟩∣
2⟩

Q̂
, (A9)

where the outer angular brackets indicate a spherical average over
the Q orientation, Q̂, due to the polycrystalline nature of our
clathrate hydrate samples. Equation (A9) can be simplified mak-
ing use of the well-known spherical harmonics expansion of a plane
wave, namely,

eiQ⋅s = 4π
∞
∑
L=0

L

∑
M=−L

iL𝒿L(Qs)Y∗LM(Q̂)YLM(ŝ), (A10)

where ŝ indicates the orientation of the vector s joining the H2 CM
with the cage center and, as we have seen above, is expressed by ϕ
(azimuth) and θ (elevation). For practical calculations, one uses the
well-known expression for the integral of three spherical harmonics,
namely,

∫
Ω

YL1M1(ŝ)Y∗L2M2(ŝ)YLM(ŝ)dŝ

= (−1)M2[(2L1 + 1)(2L2 + 1)(2L + 1)
4π

]
1
2

(A11)

× (L1 L2 L
0 0 0

)( L1 L2 L
M1 −M2 M

). (A12)
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For a spherically symmetric potential, the energy levels with the
same L (and different M) are degenerate, so the calculation proceeds
performing the average over the initial states labeled by M1 and the
sum over the final states labeled by M2. In this way, the result for the
transition from the initial state identified by N1, L1 to the final state
identified by N2, L2 is simply given by

IN1 ,L1 ;N2 ,L2(Q) = (2L2 + 1)
L1+L2

∑
L=∣L1−L2 ∣

(L1 L2 L
0 0 0

)
2

× ∣∫
∞

0
s2R∗N1L1(s)RN2L2(s)𝒿L(Qs)ds∣

2
. (A13)

Finally, we are mainly interested in transitions where the initial state
is the ground state, i.e., with N1 = 0 and L1 = 0, so that the 3j−symbol
is zero unless L = L2, and Eq. (A13) reads

I0,0;N2 ,L2(Q) = ∣∫
∞

0
s2R∗00(s)RN2L2(s)𝒿L2

(Qs)ds∣
2
. (A14)

Surely, by applying Eq. (A14) to an H2 molecule, one should con-
sider that the intensity of a specific roto-rattling transition also
contains the additional form factor a2(Q, j1, m1, j2, m2), which takes
into account the rotational transition, as clearly shown in Eq. (A3).
In the practical case related to the interpretation of the present INS
data, one can select N2 = 0, L2 = 1.

It might be interesting in this context to analytically approx-
imate the equation above, assuming R00(s) and R01(s) to be the
eigenstates of a particle confined inside an infinitely rigid sphere of
radius s0, namely,

R00(s) ≈

¿
ÁÁÀ2κ2

0

s0
𝒿0(κ0s),

R01(s) ≈

¿
ÁÁÀ 2κ4

1s0

κ2
1s2

0 − 1
𝒿1(κ1s),

(A15)

where κ0 = π/s0 and κ1 ≈ 4.493 41/s0.46 In this simple model, the
energy jump, ΔE0,0;0,1, for the (N1 = 0, L1 = 0)→ (N2 = 0, L2 = 1)
transition is given by the difference of the two kinetic energies,

ΔE0,0;0,1 =
h̵2

4MH
(κ2

1 − κ2
0) ≈ 10.3211

h̵2

4MHs2
0

, (A16)

which is totally determined by the magnitude of sphere radius s0. So,
one can write an analytic expression for the approximate I0,0;0,1(Q),

I0,0;0,1(Q) ≈
⎡⎢⎢⎢⎢⎣

¿
ÁÁÀ 4κ2

0κ4
1

κ2
1s2

0 − 1∫
s0

0
s2𝒿0(κ0s)𝒿1(κ1s)𝒿1(Qs)ds

⎤⎥⎥⎥⎥⎦

2

.

(A17)
An analogous approach can be taken if Eq. (A14) is approx-

imated by a three-dimensional isotropic harmonic oscillator (with
frequency ω0),46 where now

R00(s) ≈

¿
ÁÁÀ 4α3
√
π

exp(−α
2s2

2
),

R01(s) ≈

¿
ÁÁÀ 8α5

3
√
π

s exp(−α
2s2

2
),

(A18)

with α being directly related to the harmonic oscillator energy jump,
ΔE0,0;0,1 = hω0, for the (N1 = 0, L1 = 0)→ (N2 = 0, L2 = 1) transi-
tion: α2 = 2MHω0h−1. Plugging Eq. (A18) into Eq. (A14), one finally
obtains

I0,0;0,1(Q) ≈
⎡⎢⎢⎢⎢⎣

4α4

√
2

3π∫
∞

0
s3 exp (−α2s2)𝒿1(Qs)ds

⎤⎥⎥⎥⎥⎦

2

= Q2

6α2 exp(− Q2

2α2 ). (A19)
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