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Abstract

Predicting the accuracy that a classifier will have on unseen data (i.e., on un-
labelled data that were not available at training time) can be done via k-fold
cross-validation (kFCV). However, using kFCV returns reliable predictions only
when the training data and the unseen data are identically and independently
distributed (IID), i.e., were randomly sampled from the same distribution. Un-
fortunately, in real-world applications it is often the case that the training data
and the unseen data are not IID, i.e., that we want to deploy the trained model
on unseen data that exhibit some kind of dataset shift with respect to the train-
ing data. In this work we deal with the problem of predicting classifier accuracy
on unseen data characterised by prior probability shift (PPS), an important type
of dataset shift. We propose a class of methods built on top of quantification
algorithms robust to PPS, i.e., algorithms devised for estimating the prevalence
values of the classes in unseen data characterised by PPS. The methods we pro-
pose are based on the idea of viewing the cells of the contingency table (on which
classifier accuracy is computed) as classes. We perform systematic experiments
in which we test the prediction accuracy of our methods against state-of-the-art
classifier accuracy prediction methods from the machine learning literature.
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Chapter 1

Introduction

Classification is one of the most important tasks in machine learning (if not the
most important), and consists of assigning, given a predefined and finite set of
classes (the codeframe), each data item from a domain X to the class (or classes)
where it belongs. Classification is usually tackled by means of supervised learning,
whereby a learning algorithm trains a classifier (i.e., a function that assigns data
items to classes) by exposing it to a number of (“labelled”) data items whose
classes are known (the training examples). The classifier thus learns, by observing
the characteristics of the data items (the features, or covariates) and how these
characteristics are related to the class(es) assigned to the data items themselves,
the characteristics that a new data item should have in order to be assigned to a
given class.

Classification is a nondeterministic endeavour; in other words, any trained
classifier may make mistakes, i.e., misclassify into class y′ data items that should
have instead been assigned to class y′′. (Any similar deterministic endeavour, such
as assigning natural numbers to classes Prime and NonPrime, is not considered
classification). As a result, a key indicator of the quality of a trained classifier
is its accuracy , i.e., a quantitative measure of the tendency of the classifier to
assign to each data item its correct class. Mathematical measures of accuracy
have been defined (one of them is “vanilla accuracy”, i.e., the fraction of correct
class assignments that the classifier makes), and are routinely measured, in a
laboratory setting, by taking a new set of labelled items (the test examples),
hiding their class labels, asking the classifier to classify them, and checking the
classifier’s assignments against the true class labels.

However, once we exit the laboratory setting and deploy the classifier onto a
real-world application, we may face the problem of predicting the accuracy that
the classifier will have on the data to which we are going to apply it (the “unseen
(unlabelled) data”), whose true class labels are unknown. This task is called
classifier accuracy prediction (CAP).

7



1.1 Predicting the Accuracy of a Classifier

The standard way of predicting the accuracy of a classifier on unseen data U is
using k-fold cross-validation (kFCV). In a nutshell, k-FCV is performed by (i)
partitioning the training set T into k equally-sized subsets (“folds”), (ii) classi-
fying the data items in the i-th fold by means of a classifier trained on the other
(k − 1) folds, (iii) repeating the previous step for all the k folds, so that all the
training items have been classified, and (iv) measuring accuracy on the entire
training set, by checking the automatically assigned class labels against the true
class labels. For a sufficiently high value of k (typical values are 5 or 10), the
accuracy value returned is a good approximation of the accuracy that a classifier
trained on the entire training set would display.

However, the accuracy estimates that kFCV returns prove accurate only when
the training data T and the unseen data U are independently and identically
distributed (IID), i.e., when no dataset shift (Quiñonero-Candela et al., 2009) is
present in the data. Unfortunately, dataset shift is ubiquitous in real-world appli-
cations, for a variety of reasons. One such reason is the possible non-stationarity
of the environment across time and/or space and/or other variables, in which case
the deployment conditions are irreproducible at training time. Another reason is
the possible presence of sample selection bias in the training data, as when the
process of labelling these data has introduced bias in them intentionally (e.g.,
when oversampling the minority class) or unintentionally. In all these cases,
kFCV is a poor estimator of prediction accuracy for a classifier, and predicting
the accuracy of a classifier on unseen data becomes a non-trivial task.

1.2 Subject and Outline of this Thesis

In this thesis we tackle the problem of predicting the accuracy of a classifier on
unseen data affected by prior probability shift (PPS), an important type of dataset
shift ((Ziegler and Czyż, 2023) even call it “the paradigmatic case” of dataset
shift) in which P (X|Y ), the class-conditional distribution of the covariates, is
invariant across the training data and the test data, but P (Y ), the distribution
of the class labels, is not.

We propose a novel classifier accuracy prediction (CAP) method built on top
of quantification algorithms (Esuli et al., 2023) robust to PPS, i.e., algorithms
whose task is predicting the prevalence values of the classes (i.e., the class prior
probabilities) in samples of unseen data affected by PPS; we call this method
QuAcc (“Quantification for Accuracy Prediction”). The key idea that underlies
QuAcc is that of viewing the cells of the contingency table (a.k.a. “confusion
table”), on which classifier accuracy is computed, as classes, and estimating the
prevalence of these classes via quantification algorithms. QuAcc can thus deal
with (a) any classifier accuracy measure defined on a contingency table, and
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(b) classifiers trained by any supervised learning method. QuAcc is a radically
novel CAP method, since no previously proposed such method (a) is based on
viewing the cells of the contingency table as classes, and (b) is built on top of
quantification methods.

We present experiments in which we test QuAcc against state-of-the-art CAP
methods on data generated by a robust experimental protocol, i.e., on settings
characterised by many different amounts of training data imbalance, test data
imbalance, and prior probability shift. In order to ensure the reproducibility of
our experiments we make available the code and the data on which they are
based1. The main focus of this thesis, for what concerns both the presentation of
the method and the experimentation, will be on accuracy prediction for binary
classifiers; however, the techniques behind QuAcc extend straightforwardly to the
multiclass case.

The rest of the thesis is structured as follows. We first discuss preliminaries
and the problem setting in Chapter 2. This discussion is followed, in Chapter 3, by
a thorough presentation of previous works that address the problem of predicting
classifier accuracy under dataset shift. We then move to describing our proposed
methods in Chapter 4, and the results of our experiments in Chapter 5. In
Chapter 6 we will some conclusions about our work and outline possible avenues
for future research.

The work carried out in this thesis has originated a paper that we have sub-
mitted to the 41st International Conference on Machine Learning, and which is
currently under revision2.

1https://github.com/lorenzovolpi/QuAcc
2Lorenzo Volpi, Andrea Esuli, Alejandro Moreo, Fabrizio Sebastiani: Using quantification

to predict classifier accuracy under prior probability shift. Submitted to the 41st International
Conference on Machine Learning, Vilnius, LT. https://icml.cc/Conferences/2024
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Chapter 2

Preliminaries

2.1 Notation

In this thesis we adopt the following notation. By x we indicate a datapoint
drawn from a domain X . By y we indicate a class drawn from a set of classes
Y = {y1, ..., yn}, which we call the codeframe; when n = 2 we write Y = {⊕,⊖}
to indicate that ⊕ is the “positive” class, which is usually the minority class and
represents the concept we aim to characterise, and ⊖ is the “negative” class. We
write (x, y) to indicate that y is the class label of x. By T (the training set), V
(the validation set), and U (the unlabelled set) we denote three sets of labelled
datapoints, where the labels of U are assumed unknown.

We use symbol σ to denote a sample, i.e., a non-empty set of labelled data-
points (x, y). We use pσ(y) to denote the (true) prevalence of class y in sample σ
(i.e., the fraction of items in σ that belong to y); note that pσ(y) is just a short-
hand of Pr(Y = y | x ∈ σ), where Pr indicates probability and Y is a random
variable that ranges on Y . Note that (pσ(y1), ..., pσ(yn)) ∈ ∆(n−1) is a probability
distribution over Y , where ∆(n−1) denotes the probability simplex, i.e., the set of
all probability distributions over n classes.

We define a quantifier as a function q : 2X → ∆(n−1), i.e., a function that
maps a sample σ into a probability distribution (p̂qσ(y1), ..., p̂

q
σ(yn)) ∈ ∆(n−1),

where p̂qσ(yi) denotes the estimate of pσ(yi) returned by q. A quantifier is thus
an estimator of class prevalence values, and is trained by an inductive learning
algorithm on a set of labelled datapoints.

By h : X → Y we denote a classifier trained on T . We assume h to return
labels in Y by the usual rule

h(x) = argmax
yi∈Y

Pr(yi|x)

where the Pr(yi|x) (the posterior probabilities , which we assume to be well-
calibrated) each represent the probability that the classifier subjectively attributes
to the fact that x belongs to class yi. This assumption brings about no loss of
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generality, since a classifier that returns generic confidence scores (instead of pos-
terior probabilities) can be made to return well-calibrated posterior probabilities
by means of a calibration function.

By A(h, U) we denote a function that measures the accuracy of classifier h
on an unlabelled set U , while by E(A(h, U), Â(h, U)) we denote a function that
measures the CAP error incurred by estimating A(h, U) as Â(h, U).

2.2 Dataset Shift and its Subtypes

Standard supervised learning algorithms are based on the assumption that the
training distribution, on which a model is trained, and the unlabelled distribution,
on which the model is supposed to predict, are independently and identically
distributed (IID). In other words, since labelled datapoints are represented by
pairs of type (x, y), the distribution of pairs in the labelled set is assumed to be
the same as that in the set of unlabelled items, i.e.,

pT (x, y) = pU(x, y)

Of particular interest to quantification tasks is the fact that the distribution of
labels is assumed to stay constant, i.e., pT (y) = pU(y).

Data provided by the world we live in, though, are constantly evolving, and the
scenarios in which we would like to deploy trained models may differ substantially.
In many cases, this variety results in a violation of the IID assumption and
pT (x, y) ̸= pU(x, y). This phenomenon is usually referred to as dataset shift ; when
dataset shift is present, the data from pU(x, y) are often called out-of-distribution
(OOD) data.

It is interesting to note that p(y) may be written as

p(y) =
∑
x

p(y|x)p(x)

This formulation of p(y) can be useful to assess the impact of distribution shift
on quantification tasks and their applications.

When any of p(y|x) and p(x) vary when switching from training data to
unlabelled data, distribution shift occurs.

The scenario in which p(x) varies happens when certain regions of the feature
space are more densely populated in U than in T while, conversely, other regions
are more densely populated in T than in U . This phenomenon is called covariate
shift . It is important to note that, under covariate shift, while p(x) varies, p(y|x)
stays the same (see Figure 2.1 for an example).

The case in which p(y|x) varies, instead, occurs when the meaning of class
y has changed and the same item x is labelled differently in T and U . This is
known as concept shift . Also in this case, when concept shift takes place, p(x)
stays put while p(y|x) varies.
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Figure 2.1: Example of covariate shift generated with synthetic data using a normal distribution
for each cluster. Situation (a) (1st row): original data distribution. Each class consists on
two clusters of data (for example positive or negative opinions of two different categories:
Electronics and Books). Situation (b) (2nd row): there is a shift in the number of opinions
of one category, that affects both classes. P (X) changes (see 2nd column) but P (Y |X) remains
invariant. Situation C (3rd row), P (X) changes abruptly, affecting the posterior probabilities
s(x) that a soft classifier, trained via induction on this scenario, would issue. Image taken from
(González et al., 2023).

Covariate shift, concept shift and, in general, distribution shift, fall under the
so-called category of X → Y problems (Fawcett and Flach, 2005), i.e., problems
in which it is the values of the features in x that probabilistically determines the
label y of x.

Similarly to what we have seen above, we can rewrite p(x) using the following

12



Figure 2.2: Example of prior probability shift generated with synthetic data using a normal
distribution for each class. Scenario A (1st row): original data distribution, in which the positive
class (orange) and the negative class (blue) have the same prevalence, i.e., pA = 0.5. Scenario
B (2nd row): with respect to Scenario A there is a shift in the prevalence such that pB = 0.1.
Dashed lines represent linear hypotheses learnt from the corresponding empirical distributions.
Note that, although the positive class and the negative class may have not changed in meaning
between A and B, i.e., PA(Y |X) = PB(Y |X), the posteriors we would obtain by calibrating
two soft classifiers trained from the two empirical distributions would likely differ. Note also
that PA(X) ̸= PB(X) (2nd column) but PA(X|Y ) = PB(X|Y ) (3rd column). Image taken
from (González et al., 2023).

formulation:

p(x) =
∑
y

p(x|y)p(y)

This formulation is relevant in what Fawcett and Flach (2005) defined Y →
X problems , i.e., problems in which the class to which a datapoint x belongs
probabilistically determines the values of the features in vector x.

In Y → X problems, when p(y) varies between T and U , it does so indepen-
dently, as y is a cause and not an effect. When this happens we speak about
prior probability shift (Storkey, 2009) or label shift (Alexandari et al., 2020) (see
Figure 2.2 for an example).

In our work we will only focus on prior probability shift (PPS), leaving the
research on other kinds of shift to future work.
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2.3 Classification

Classification is a supervised machine learning task where a model tries to predict
the correct label of an input datapoint. Being a supervised learning method, the
model used is trained on a dataset, a collection of datapoints, for which the
correct labels are known.

The aspect of classification we are most interested in is accuracy. A perfect
model that tries to predict the correct labels of an unlabelled dataset will make
no errors. If the model is not perfect, it will misclassify some data points of the
unlabelled dataset. The accuracy of the model while predicting labels over an
unlabelled dataset measures how close the prediction is to ground-truth informa-
tion.

2.3.1 Evaluation Measures for Classification

Many measures can be used to assess classifier accuracy. The ones we will mainly
use and consider are vanilla accuracy and F1.

2.3.1.1 Vanilla Accuracy

Vanilla accuracy measures the fraction of correct predictions output by a classi-
fier. If X is the source dataset for the classifier h, ŷi the class predicted by h for
the i-th datapoint and yi its true class, then the fraction of correct predictions
over X is

Acc(ŷ, y) =
1

|X |

|X |∑
i=1

1(ŷi = yi) (2.1)

where Acc stands for vanilla accuracy and 1(x) is the indicator function.

2.3.1.2 F1

F1 is a special case of Fβ, which can be seen as a weighted harmonic mean of
precision and recall. F1 gives equal importance to precision and recall. It is an
error measure especially useful in cases of class imbalance. In these cases, e.g.,
when the number of negative datapoints is substantially higher than the number
of positives, a trivial rejector (a classifier that always predicts the negative label
for a datapoint) would obtain great results if vanilla accuracy is used. This is
because a measure like vanilla accuracy tends to favour trivial classifiers (models
that are not driven by the contents of training datasets) in cases of class imbal-
ance. F1 is an error measure that tries to discourage trivial classifiers by imposing
a non-linear relation between the correctly and incorrectly classified datapoints.
As an example, with a large disproportion in favour of negative datapoints in a
given distribution, while a trivial rejector would give a prediction resulting in a
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high vanilla accuracy, its prediction would result in an F1 value equal to 0, given
how it is computed in Equation 2.2.

In the binary case, we can see precision as the ability of a classifier not to
label as positive a datapoint that is negative and recall as the ability to find all
positive datapoints. Suppose to have the following contingency table for a binary
classifier:

TN FP
FN TP

then, we can compute precision and recall as follows:

P =
TP

TP + FP
R =

TP

TP + FN

where p stands for precision and r for recall. The value of F1 is then computed
as:

F1 = 2
P ×R

P +R

which, for the binary case, resolves to:

F1 =
2TP

2TP + FP + FN
(2.2)

This is what is known as the binary formulation for F1, which is fully computed
around the class labelled as positive, ignoring the other class.

2.4 Quantification

As observed by Forman (2005), in several applications involving classification, the
final goal is not determining which class (or classes) single unlabelled datapoints
belong to, but estimating the prevalence (also called, “relative frequency”, “prior
probability” or simply “prior”) of each class in the unlabelled data.

The task of training class prevalence estimators via supervised learning has
come to be known as quantification (Forman, 2005); the term learning to quantify
is also used and widely accepted.

Quantification appears to be relevant in all those scenarios in which the in-
terest is not at the individual level and the aggregate level is all that matters.
Indeed, there are plenty of fields of human inquiry which are devoted to studying
phenomena only at a collective level, such as market research, social sciences,
epidemiology, to name a few.

Without methods for estimating class prevalence values more directly, the
obvious method for doing so is Classify and Count , i.e., classifying each unlabelled
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datapoint and estimating class prevalence values by counting the number of items
assigned to each class.

This approach, however, appears to be suboptimal: while a perfect classifier
is also a perfect quantifier, a good classifier can be a bad quantifier. To explain
this, let’s assume we have a couple of classifiers, h1 and h2. If h1 mispredicts
m1 datapoints and h2 makes m2 errors in its predictions with m1 > m2 we can
say that h2 is a better classifier. Nonetheless, if the number of false positives
and false negatives predicted by h1 matches, h1 results to be a perfect quantifier,
since the predicted class prevalence values perfectly match the true one. Even if
h2 is a better classifier than h1, it can be a worse quantifier if the number of false
positives and false negatives differs.

This means that even a good classifier can be biased, as long as it tries to
keep low the number of false positives at the expense of a higher number of
false negatives. This phenomenon is not infrequent, especially in the presence of
imbalanced data.

Generally, literature discerns two large classes of quantification methods:

• aggregative methods are methods that require the classification of all the in-
dividual data items as an intermediate step; this class includes both meth-
ods relying on general-purpose learners and methods using special-purpose
learning methods devised with quantification in mind; Classify and Count
falls inside this class;

• non-aggregative methods solve the quantification problem as a whole, i.e.,
without classifying individual items.

Our focus will be on aggregative methods. Sections 2.4.1 and 2.4.2 will be about
the two main quantification we focused on in our work. Section 2.4.3 will include
a brief discussion about other quantification algorithms we took into account in
our preliminary studies. Lastly, Section 2.4.4 will focus on possible evaluation
measures used with quantification.

2.4.1 The SLD Quantification Method

While many quantification methods have an inductive nature, since the quan-
tification model is trained exclusively on the training set, other methods have a
transductive nature, i.e., they are trained by also looking at certain characteris-
tics of the unlabelled data they are going to predict upon (although, not at their
labels).

The Saerens-Latinne-Decaestecker (SLD) algorithm, proposed by Saerens et al.
(2002), has a transductive component, since it applies a transductive correction
to the test predictions issued by an inductive classifier.

SLD is an instance of Expectation Maximisation (Dempster et al., 1977), a
well-known iterative method for finding maximum-likelihood estimates of param-
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Input : Class prevalence values pT (y) on T , for all y ∈ Y;
Posterior probabilities p(y|x), for all y ∈ Y and for all x ∈ U ;

Output : Estimates p̂U (y) of class prevalence values on U ;

/* Initialisation */

1 s← 0;
2 for y ∈ Y do

3 p̂
(s)
U (y)← pT (y);

4 for x ∈ U do
5 p(s)(y|x)← p(y|x);
6 end

7 end

/* Main Iteration Cycle */

8 while stopping condition = false do
9 s← s+ 1;

10 for y ∈ Y do
11 for x ∈ U do

12 p(s)(y|x)←

p̂
(s−1)
U (y)

p̂
(0)
U (y)

· p(0)(y|x)

∑
y∈Y

p̂
(s−1)
U (y)

p̂
(0)
U (y)

· p(0)(y|x)
;

13 end

14 p̂
(s)
U (y)← 1

|U |
∑
x∈U

p(s)(y|x);

15 end

16 end

/* Generate output */

17 for y ∈ Y do

18 p̂U (y)← p̂
(s)
U (y);

19 end

Algorithm 1: The SLD algorithm (Saerens et al., 2002).

eters (the class prevalence values) for models that depend on unobserved values
(the class labels).

SLD incrementally updates the posterior probabilities by using the class preva-
lence values computed in the last step of the iteration and updates the class
prevalence values by using the posterior probabilities computed in the last step
of the iteration in a mutually recursive fashion.

More in depth, the SLD algorithm updates, at each iteration s, the posterior
probability p(s)(y|x) with the fraction between the posterior of y at the previ-

ous iteration (s − 1) and the training prevalence of y (since p̂
(0)
U (y) = pT (y)),

all weighted with the posterior probability obtained by the inductive classifier
p(0)(y|x). This value is then normalised with the sum of the same value com-
puted on all y ∈ Y . After this step, the posterior probability for y at iteration s
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are computed as the mean of all posteriors p(s)(y|x).
It must be noted that the transductive step in the SLD algorithm is there to

try and improve the accuracy of posterior probabilities predicted by the under-
lying inductive classifier, i.e., it represents a strategy to adjust the posteriors we
would obtain using the Classify and Count method using the said classifier.

2.4.2 The KDEy Quantification Method

KDEy is a quantification algorithm proposed by Moreo et al. (2023) that relies on
the assumption that the source and target distributions are related to each other
by means of prior probability shift. KDEy builds on top of distribution-matching
(DM) methods and goes one step further by improving the application to the
multiclass case, a scenario in which traditional DM methods perform subopti-
mally.

Before delving deeper into the particularities of KDEy, it may be convenient
to succinctly review the rationale behind general DM approaches.

DM approaches aim at reconstructing the distribution of the test datapoints
by looking for the closest mixture of the class-conditional distributions of the
training datapoints. Modelling distributions is known to be difficult, and espe-
cially so when the covariates live in a very large-dimensional space. In order to
deal with this limitation, most DM approaches prefer to transform the datapoints
into posterior probabilities by means of a probabilistic classifier; the rationale is
that the space of posterior probabilities is much easier to handle than the original
space of covariates. Current DM methods model the distribution of posteriors by
means of class-specific histograms. In the binary case, this comes down to gener-
ating one histogram for the distribution of posteriors from the positive training
instances, and another for the distribution of posteriors of negative training in-
stances.

The first distribution matching method for quantification was proposed by
Forman (2005) and was originally called Mixture Model (MM). MM was devised
for binary quantification only and is based on the observation that

Q = αQ1 + (1− α)Q0

i.e., on the fact that the distribution of test instances (Q) is a mixture of the
class-conditional distribution of positives (Q1) and of the negatives (Q0), where
α is the mixture parameter, which corresponds to the proportion of positives (i.e.,
the sought prior probability). Here, distributions Q, Q1 and Q0 are represented
by means of discrete cumulative distribution function of classifier scores Q̃, Q̃1,
Q̃0. Of course, Q̃1 and Q̃0 are unknown since labels for test distribution are
not observed. However, under PPS conditions the class-conditional probability
distributions are assumed stationary, so one can safely assume that Q̃1 ≈ P̃1 and
Q̃0 ≈ P̃0. MM tries to reconstruct the test distribution as a linear combination
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of the class-conditional training distributions, with respect to any given specific
loss function L:

α∗ = argmin
0≤α≤1

L(αP̃1 + (1− α)P̃0, Q̃)

Later on, many variants of MM were proposed, varying on the loss function L,
the way the discrete distributions were presented and also replacing cumulative
distributions with histograms. HDy is a renowned example that uses the Hellinger
Distance (HD) as a loss function, a method that has become highly influential in
the field. Many adaptations to the multiclass scenario were then attempted for
DM methods (Bunse and Morik, 2022; Firat, 2016). All these attempts, however,
suffer from three main limitations:

1. A native extension of histograms to the multiclass case scales combinato-
rially, in terms of computational cost, with the number of classes and bins
in the histogram.

2. Binning posterior probabilities is akin to performing hard assignments to
the bin centres. These bin centres are data-agnostic, and the hard assign-
ment incurs a loss of information.

3. Modelling samples as a set of class-specific histograms is efficient, but fails
to capture inter-class information.

This is the point at which KDEy made its appearance. KDEy was proposed as
a means to overcome the above-mentioned limitations in the multiclass regime.
The main idea behind KDEy is to switch the problem representation from dis-
crete, univariate PDFs (histograms) of the posterior probabilities to continuous,
multivariate PDFs on the (n − 1)-simplex. The new PDFs are represented via
Gaussian Mixture Models (GMMs) obtained via kernel density estimation (hence
its name). At training time, the quantifier generates a representation (a KDE
function) for each of the class-conditional distributions of posterior probabilities
s(x) returned by or soft classifier. Given a set of reference points for each class
(T̃1, . . . , T̃n), where T̃i = {s(x) : x ∈ Ti} and Ti = {x : (x, y) ∈ T ∧ y = i}, and a
mixture vector α = (α1, . . . , αn) ∈∆(n−1), where∆(n−1) is the (n−1)-simplex (or
probability simplex) defined as ∆(n−1) = {(p1, . . . , pn) : pi ≥ 0,

∑
1≤i≤n pi = 1},

the density of a datapoint x ∈ X is estimated by plugin-in the posterior proba-
bility s(x) into the KDE mixture pα : ∆(n−1) → R≥0, which is defined as:

pα(x̃) =
n∑

i=1

αipT̃i
(x̃)

in which pR : ∆(n−1) → R≥0 is the GMM given by:

pR(x) =
1

|R|
∑
xi∈R

K

(
x− xi

h

)
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that uses the datapoints in R (called “the reference set”) as kernel centres and
where h is the bandwidth parameter of the Gaussian kernel K.

The distribution matching problem is framed in terms of the following opti-
misation problem:

p̂KDEy
U = argmin

α∈∆(n−1)

D(pα||qŨ)

where qŨ is the KDE function modelled on the reference set Ũ = {s(x) : x ∈ U}
that represents the unlabelled test set U , and where D is any divergence function
measuring the degree of discrepancy between the mixture distribution and the
test distribution.

Different such divergences were tested in Moreo et al. (2023), including the
(squared) Hellinger Distance, the Cauchy-Schwarz divergence, and the Kullback-
Leibler divergence. In this work, we rely on the latter (a configuration dubbed
KDEy-ML as the problem becomes a maximum likelihood estimate) since this is
the best-performing variant among the ones explored in the original paper.

Note that, while we mainly focus on binary classification problems, we are
instead particularly interested in multiclass quantification since many of the ap-
proaches we define recast the binary problem in terms of a multiclass one.

2.4.3 Other Quantification Methods

We have explored other quantification algorithms in our research and considered
the possibility to include them as a basis to our method. We have, eventually,
decided not to include them because the methods described above appeared to
be more advanced and to give higher performance. Nonetheless, we will briefly
describe them in the following sections.

2.4.3.1 Classify and Count

Classify and Count (CC) quantification algorithm is the most obvious method
for this machine learning task. It consists of training a classifier h on a labelled
dataset T via a standard learning algorithm, classifying the items in an unlabelled
dataset U and estimating the fraction of items in U belonging to class y pU(y)
by simply counting the number of items in U predicted to belong to y by h and
dividing this number by the cardinality of U . This corresponds to computing:

p̂CC
U (y) = phU(ŷ)

=
|{x ∈ U |h(x) = y}|

|U |

The name of this method comes from the definition given by Forman (2008).
CC is suboptimal because standard classifiers might be biased, i.e., gener-

ate unbalanced numbers of false negatives and false positives, and because they
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are trained to minimise classification error, which can be deeply distant from
quantification error.

However, CC represents a reasonable baseline for other quantification method
and was one of the quantification methods we firstly tried in our tests.

2.4.3.2 Probabilistic Adjusted Classify and Count

Probabilistic Adjusted Classify and Count (PACC) is a probabilistic variant of
Adjusted Classify and Count (ACC).

ACC, much like CC, works by training a classifier h over a labelled set T ,
classifying the items in an unlabelled set U , and then observing that it holds
that:

phU(ŷj) =
∑
yi∈Y

phU(ŷj|yi) · pU(yi) (2.3)

Here, phU(ŷj) represents the fraction of items in U that have been assigned to yj
by h and phU(ŷj|yi) is the fraction of items in U whose true class is yi and have
been assigned to class yj by h. While these two values can be observed (the
former) or estimated from T via k-fold cross-validation (the latter), the value
pU(yi) is unknown and is what we are interested in. Since Equation 2.3 defines
|Y| equations with |Y| variables of type pU(yi) we have a system of |Y| linear
equations. This system can then be solved to estimate the p̂ACC

U (yi) values.
PACC works in a similar way to ACC, with the underlying idea of replacing

both sides of Equation 2.3 with their expected values. Equation 2.3 then becomes:

E
[
phU(ŷj)

]
= E

[∑
yi∈Y

phU(ŷj|yi) · pU(yi)

]
=
∑
yi∈Y

E
[
phU(ŷj|yi) · pU(yi)

]
(2.4)

=
∑
yi∈Y

E
[
phU(ŷj|yi)

]
· pU(yi)

where

E
[
phU(ŷj)

]
=

1

|U |
∑
x∈U

p(yj|x) = p̂PACC
U (yi)

E
[
phU(ŷj|yi)

]
=

1

|Ui|
∑
x∈Ui

p(yj|x)

in a similar way to ACC, E
[
phU(ŷj)

]
can be observed and E

[
phU(ŷj|yi)

]
can be esti-

mated via k-fold cross-validation. So we are again in front of |Y| linear equations
with |Y| variables which can be solved in a linear system.
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PACC was first proposed by Bella et al. (2010) while ACC is actually very
old, since its binary version was most likely proposed by Gart and Buck (1966).

Both ACC and PACC can return values for p̂U(yi) that fall off the [0, 1]
range. To address this issue, Esuli et al. (2023) propose to apply a softmax as
an improvement with respect to methods (i.e., “clipping”) proposed by other
authors such as Forman (2008).

2.4.4 Evaluation Measures for Quantification

We will describe, in this section, some relevant evaluation measures used for the
quantification task. These measure are aimed to compute the distance between
the predicted prevalence of labels and the true one. Even though we did not use
these measures directly in our experiments, we consider them a good starting
point for the actual evaluation measures used in our work.

2.4.4.1 Absolute Error

Absolute Error (AE) (Saerens et al., 2002) is defined as:

AE(p, p̂) =
1

|Y|
∑
y∈Y

|p̂(y)− p(y)|

This measure enforces the fact that both negative and positive bias (the distance
between true and predicted prevalence for a class) are equally undesirable. More-
over, this measure is crafted in such a way that an error should be penalised
independently of the value of the true class prevalence. AE ranges between 0
(best) and zAE (worst), where zAE is defined as:

zAE =
2(1−min

y∈Y
p(y))

|Y|

i.e., its range depends on the true distribution p and the cardinality of Y .
Normalised Absolute Error (NAE) (Esuli and Sebastiani, 2014) is a variant

of AE that always ranges between 0 and 1 and is defined as follows:

NAE(p, p̂) =
AE(p, p̂)

zAE

=

∑
y∈Y |p̂(y)− p(y)|
2(1−min

y∈Y
p(y))

2.4.4.2 Relative Absolute Error

Relative Absolute Error (RAE) (González-Castro et al., 2010) is defined as

RAE(p, p̂) =
1

|Y|
∑
y∈Y

|p̂(y)− p(y)|
p(y)
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and is a refinement of AE that enforces the fact that the error is more serious
when the true class prevalence is smaller. Also in this case, as for AE, both
underestimation and overestimation of the true class prevalence are equally pe-
nalised. RAE ranges between 0 (best) and zRAE (worst), where zRAE is defined
as:

zRAE =

|Y| − 1 +
1−min

y∈Y
p(y)

min
y∈Y

p(y)

|Y|
i.e., its range depends on the true distribution p and the cardinality of Y .

Normalised Relative Absolute Error (NRAE) (Esuli and Sebastiani, 2014) is
a version of RAE that ranges between 0 and 1 and can be obtained as:

NRAE(p, p̂) =
RAE(p, p̂)

zRAE

=

∑
y∈Y

|p̂(y)−p(y)|
p(y)

|Y| − 1 +
1−min

y∈Y
p(y)

min
y∈Y

p(y)

It must be noted that, even though NRAE is considered a relative error, it does
not enforce either the fact that the seriousness of the error depends on the true
class prevalence, or that the error is independent of this value.

2.4.4.3 Kullback-Leibler Divergence

Kullback-Leibler Divergence (KLD) (Forman, 2005), also known as normalised
cross-entropy, is defined as:

KLD(p, p̂) =
∑
y∈Y

p(y) log
p(y)

p̂(y)

KLD ranges between 0 (best) and +∞ (worst). This means that KLD is not
upper-bounded.

Normalised Kullback-Leibler Divergence (NKLD) (Esuli and Sebastiani, 2014)
is an upper-bounded variant of KLD which varies between 0 (best) and 1 (worst).
It is defined as:

NKLD(p, p̂) = 2
eKLD(p,p̂)

eKLD(p,p̂) + 1
− 1

Unfortunately, Sebastiani (2020) shows how both KLD and NKLD do not satisfy
any of the properties described for the other measures, i.e., there is no relation
between the seriousness of the error and the value of the true class prevalence,
the error is not necessarily penalised independently of the value of the true class
prevalence, and overestimation and underestimation of the true class prevalence is
not necessarily equally penalised. As stated by Esuli et al. (2023), these deficien-
cies make the use of KLD and NKLD as evaluation measures for quantification
questionable.
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Chapter 3

Previous Approaches to
Predicting Classifier Accuracy on
Out-of-Distribution Data

Although the problem of estimating a pre-trained classifier accuracy on an unla-
belled test set is practically very useful and can have many real-world applica-
tions, it seems to receive less attention than other classification-related problems.

In the following sections, we disclose some of the main works of the past
years, focusing first on those that we consider of greater relevance and then, in
Section 3.6, briefly reporting those related to the subject that we deemed of a
more relative interest.

It must be noted that, while treating previous works, we describe them in the
context of the binary classification problem, which is the main focus of our work
and is often the path chosen also in many of the works we describe. Nonetheless,
most the these approaches, such as ours, are able to perform also in the multiclass
formulation of the problem.

3.1 k-Fold Cross-Validation

Many methods have been proposed to estimate and predict the accuracy of a
classification model on unlabelled datasets. The best-known and most well es-
tablished baseline is easily k-fold cross-validation (kFCV).

The basic idea under this approach involves holding out a test set for final
evaluation from a labelled training set T and splitting the remaining data into
k smaller sets, also called folds. A model is then trained using (k − 1) of the
folds and the remaining part of the data, the test portion, is used as a test
set to compute a performance measure of the trained model. This procedure is
usually repeated k times, each time leaving out a different fold, and the resulting
performance measure obtained by k-fold cross-validation is the average of the
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measures computed on the test data in the k loops. kFCV and cross-validation
in general have many variants, but the one described is one of the most widely
used.

kFCV can be a powerful tool, even though it has its own downsides:

• First, it tries to predict the performance of a classifier only taking into
account the data the classifier is trained on. This means that the predicted
performance is the same for any unlabelled dataset the model is checked
against and that no information about any kind of shift on test data is
taken into account. For this reason, the estimation given by kFCV is flat
and stays the same at any time and in every condition.

• Moreover, kFCV estimates performance by retraining the same model each
time on a different portion of the training set, trying to catch different as-
pects and characteristics of this set. This can be costly, depending on the
size of the folds and their number, and can fail to consider a wide enough
range of possible shifts and variations to make the computed measure ac-
tually relevant, especially on test sets which are consistently distant from
the training set.

For this reason we look at other approaches that, by overcoming these downsides,
tend to result as more interesting methods.

3.2 Average Thresholded Confidence (ATC)

Average Thresholded Confidence (ATC) is a practical method proposed by Garg
et al. (2022) for predicting the target domain accuracy in real-world classification
settings characterised by distribution shift between source (training) and target
(test) distributions. It works by using only labelled source data and unlabelled
target data. It learns a threshold on the model’s confidence, predicting accuracy
as the fraction of unlabelled examples for which model’s confidence exceeds that
threshold.

ATC method defines, at first, a score function s : [0, 1]n → R, where n = |Y|,
that takes as input the posterior probabilities output by the classifier h and
outputs a scalar. The score functions explored by Garg et al. (2022) are:

• maximum confidence (MaxConf ): s(p) = max
j∈Y

pj

• negative entropy (NegEnt): s(p) =
∑
j∈Y

pj log pj

where p = {p1, . . . , pn} are the posterior probabilities obtained from h for a
datapoint x.
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The method finds a threshold t on the source dataset T such that the expected
number of datapoints that obtain a score less than t match the error of h on T :

Ex∼T

[
I[s(p) < t]

]
= E(x,y)∼T

[
I[argmax

j∈Y
pj ̸= y]

]
(3.1)

where y is the ground truth label for a datapoint x.
The vanilla accuracy estimate AATCs(U) given by ATC on a score function s

on the target dataset U is then given by the expected number of target datapoints
that obtain a score greater than t:

As
ATC(h, U) = Ex∼U

[
I[s(p) > t]

]
In other words, this method selects a threshold on the score function such that
the error in the source dataset matches the fraction of data points that receive a
score below t and then predict the error on the target domain as the fraction of
unlabelled datapoints that obtain a score below t.

While Garg et al. (2022) focus only on vanilla accuracy as a measure to
estimate the performance of a classifier h, other measures can be used, such as
F1. Computing F1 is straightforward once we have the threshold t and the scores
for the target domain U , at least for the binary case: all datapoints above the
threshold are considered to be true positives and true negatives, based on their
predicted class, and all datapoints below t are considered false positives and false
negatives.

It must be noted, also, that Garg et al. (2022) focus on many kinds of distri-
bution shift, not only prior probability shift, even though the description of what
kind of shift taken into account in every experiment reported in their work in not
always specified thoroughly.

3.3 Difference of Confidences (DoC)

Difference of Confidences (DoC) is a method proposed by Guillory et al. (2021)
to predict model performance on previously unseen distributions without access
to labelled data. The work relies on the fact that a substantial amount of in-
formation about various kinds of distribution shifts is encoded in the difference
of confidences of the model’s predictions between the training distribution and
the previously unseen test distribution. DoC tries to estimate the accuracy of
prediction on an unlabelled test set U of a model h trained over a dataset T using
a regression model R trained over data computed on a validation set V for which
it holds the IID assumption with respect to T and a set of sample validation
datasets V̄ expressing various kinds of dataset shift.

Given A(h,X) the accuracy of predictions from h on a dataset X, the method
tries to predict either the accuracy A(h, U) directly or the accuracy gap

∆A(h, V, U) = A(h, U)− A(h, V )
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since getting this last value allows to recover the other given that A(h, V ) is
known.

The regressor used by DoC is trained on the distance between the datasets
in V̄ and the validation set V using as a target the ∆A(h, V, Vi) for Vi ∈ V̄ . To
this end, DoC needs a measure of distance SV,Vi

. The measure mainly explored
for DoC is difference of confidence, from which the method takes its name. Guil-
lory et al. (2021) compute difference of confidence as the difference between the
average confidences of two datasets, i.e.,

DoC(V, U) = F (h, V )− F (h, U)

where F (h,X) is the average MaxConf of model h on dataset X and is defined
as

F (h,X) =
1

|X|
∑
x∈X

max
i∈Y

pi

where p = {p1, . . . , pn} are the posterior probabilities obtained from h for a
datapoint x. In practice, the method computes the average confidence F (h, V )
for V and the one for each dataset Vi ∈ V̄ . Then, the source datapoints for the
regressor are the DoCs computed between F (h, V ) and F (h, Vi) for each Vi ∈ V̄ :

DoC(V, Vi) = F (h, V )− F (h, Vi)

The targets the regressor is trained against are the accuracy deltas computed
between the same datasets, so, for each Vi ∈ V̄ we compute:

∆A(h, V, Vi) = A(h, Vi)− A(h, V )

Once the regressor is trained, we can use it on an unlabelled dataset U to predict
∆A(h, V, U) by passing DoC(V, U) = F (h, V ) − F (h, U) as input to the model.
The predicted accuracy of h on U can be retrieved as:

Â(h, U) = ∆A(h, V, U) + A(h, V )

The work by Guillory et al. (2021) also explores a variant of this method which
uses NegEnt as a score function instead of MaxConf, resulting in a method called
Difference of Entropy (DoE). While this still being an interesting and valid al-
ternative, we chose to pick only the first variant as a baseline.

The method can also be improved by using non-linear regression or by cali-
brating the model, as discussed by Guillory et al. (2021).

The main focus of this work is to use vanilla accuracy as an accuracy score,
but also other measures can be used, such as F1, by simply training the regressor
using the different measure as a target.
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3.4 Mandoline

Mandoline is a method to predict how well a deployed model will perform on a
target unlabelled dataset. It is based on the original idea of Importance Weight-
ing (IW) and Chen et al. (2021b) advocate how Mandoline should represent an
improvement over IW.

Importance Weighting is a general approach for estimating properties of a
random variableX drawn from a target distribution U given samples {xi}ni=1 from
a different source distribution T . Source and target distributions T and U have
densities pT and pU while ET and EU are expectations with respect to T and U .

Since ET

[
pU (X)
pT (X)

h(X)
]
= EU [h(X)], one can estimate EU [h(X)] with the empirical

average 1
n

∑n
i=1

pU (xi)
pT (xi)

f(xi). Typically, also the density ratio r(X) = pU (X)
pT (X)

is
unknown and must be estimated. This is actually why the method is also known
as density ratio estimation.

There are many approaches to estimate density ratio r(x). One of the best
kown is theKullback-Leibler Importance Estimation Procedure (KLIEP) described
by Sugiyama et al. (2007). This procedure models the density ratio r(x) by the
linear model:

r̂(x) =
b∑

l=1

αlφl(x)

where {αl}bl=1 are parameters to be learned from data samples and {φl}bl=1 are
basis functions. As discussed above, test input density can be estimated as:

p̂U(x) = r̂(x)pT (x)

since we know pT (x) beforehand, but we do not know pU(x).
Parameters {αl}bl=1 are determined so that the Kullback-Leibler divergence

from pU(x) to p̂U(x) is minimised. To do this, we can maximise the following
term, which is independent of pU(x), which we do not know:

nt∑
j=1

log
b∑

l=1

αlφl(x
t
j)

This is a convex optimisation problem and the global solution can be obtained
by simply performing gradient ascent.

IW works well when the source and target distributions overlap significantly,
but performs poorly when the distributions’ supports have little overlap, which
is common under distribution shift. Moreover, IW works well in low dimensions
but struggles with large variances of estimated density ratios in high-dimensional
settings (Chen et al., 2021b).
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Mandoline tries to overcome these limitations leveraging on the information
the user can convey to the method: users can construct slicing functions to
identify the axes along which the distributions may have shifted. These slices
create a common representation on which the methods can project and compare
source and target data, reducing dimensionality and thus mitigating the prob-
lems proper of IW. Other than that, Mandoline can be instantiated with many
standard density ratio estimation methods at its core.

Chen et al. (2021b), however, present an extension of the LL-KLIEP method
that can denoise the density ratio. In fact, this is needed because slices are user-
provided and can be noisy, correlated and incomplete. This core is then able
to represent slices in a graphical model, polish them and then use the denoised
density ratio to generate importance weights for evaluating models.

The need to provide information to the method in the form of slices may
pose a limitation since, in many cases, the structure of the datasets used both
as source and as target is not known and can be difficult, in few dimensions, to
capture important and significant properties of these distributions.

Fortunately, Chen et al. (2021b) themselves give a general idea of what can
be used as a slicing function for Mandoline, which comes very close to what we’ve
already seen in other works and also to what we will see in our methods. The
proposed idea uses:

• 6 fixed slices computed using negative entropy on posteriors output by
model h with H(p) = −

∑
i∈[1..3] pi log pi. The slices gj for j ∈ [1..6] are

then computed as follows:

gj(x) = 1[H(p) ∈ [0.2 · (j − 1), 0.2 · j]]

• n slices, where n = |Y| for the original classification problem; these slices
are computed as follows:

gj(x) = 1[arg max
i∈{1,...,n}

pi = j] for j ∈ {1, . . . , n}

Here, p = {p1, . . . , pn} are the posterior probabilities obtained from h for a
datapoint x.

The focus of (Chen et al., 2021b), for what concerns accuracy measures, is
on vanilla accuracy. This score is computed directly by the method and appears
non-trivial to extend it to use other measures, such as F1.

3.5 Reverse Classification Accuracy

Reverse Classification Accuracy (RCA) is a method proposed by Elsahar and
Gallé (2019) to estimate the performance of a classifier h. It uses h to pseudo-label
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the target distribution and then train a new classifier h′ on the newly obtained
dataset; the accuracy of h′ is measured on a validation dataset obtained as a
held-out set from the training distribution and is used to estimate the accuracy
of h on the target distribution.

More in detail, the classifier h is trained on a labelled distribution T and is
then used to perform predictions on an unlabelled target distribution U . The
labels obtained by this prediction, or pseudo-labels, are then used as training
data for a reverse classifier h′; this is trained using the same architecture and
the same training algorithm used to train h. The performances of both classifiers
are then compared on a validation set V , obtained as a held-out set from T , and
used to define the RCA score:

RCA(h, V ) =
1

|V |
∑

(xi,yi)∈V

1
[
yi = h(xi)

]
− 1
[
yi = h′(xi)

]
Elsahar and Gallé (2019) advocate that RCA score could be low for two main
reasons:

• the domain shift which the measure tries to capture, as a very different
distribution could have a major impact on the training data for h′ generated
on U

• the accumulation of error generated by the “back-and-forth” training

To mitigate these effects they propose a variant of RCA, called RCA*, which
works in a similar way to RCA; in this case the newly fit classifier h′ is compared
to another newly fit model h∗ which is trained on the pseudo-labelled set V , with
pseudo-labels obtained using the predictions of h on V . It must be noted that V
used to train h∗ is the same dataset used, both in RCA and in RCA*, to evaluate
the two classifiers, but with different labels in the two contexts. RCA* score can
then be defined as:

RCA*(h, V ) =
1

|V |
∑

(xi,yi)∈V

1
[
yi = h∗(xi)

]
− 1
[
yi = h′(xi)

]
The RCA and RCA* measures are finally used to train a linear regressor which
in turn is able to predict the accuracy of h on an unlabelled dataset U . To do
this, the method assumes the existence of a small fixed number of validation
datasets Ṽ . For each of these validation sets the chosen measure is computed
together with the accuracy on that dataset. These values are used to train the
linear regressor, which, in turn, is then able to predict the accuracy of h on an
unlabelled dataset once the proper measure, RCA or RCA*, is computed.

Elsahar and Gallé (2019) also propose other measures in their work, but we
chose to focus on the two described above because they seem to be the most
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interesting ones and those that most distinguish themselves from other works we
describe in this chapter.

This method, while interesting, has one major downside in the computational
overhead. The need to train at least one new classification model for each dataset
encountered, both while training the regressor and in testing, represents a signif-
icant cost.

3.6 Other Works

In this section we briefly present some of the works of the past years related to
the CAP problem that we consider of a more moderate interest with respect to
those presented above.

3.6.1 Trust Score

A work that moves towards the prediction of a classifier accuracy is proposed by
Jiang et al. (2018), which proposes to compute the so called trust score, a mea-
sure of the agreement between the classifier and a modified nearest-neighbour
classifier on an unlabelled test set. This work does not try to estimate classifica-
tion accuracy directly, but to measure a confidence score for the original classifier
accuracy on a test set, which, in turn, can be used to assess the performance of
the model on unlabelled data and if the prediction can be trusted or not.

The approach proceeds in two steps:

1. The training set is pre-processed to find the α-high-density-set of each class,
which is defined as the training samples within that class after filtering
out α-fraction of the samples with lowest density, where α is a threshold
parameter.

2. Given a test dataset, its trust score is defined to be the ratio between the
distance from the testing set to the α-high-density-set of the nearest class
different from the predicted class, and the distance from the test set to the
α-high-density-set of the class predicted by the original method h. The
intuition, here, is that if h predicts a label that is considerably farther than
the closest label, then this is a warning that the classifier may be making a
mistake.

This procedure can thus be viewed as a comparison to a modified nearest-neighbour
classifier. Jiang et al. (2018) remarks how many distance measures can be used
in this approach, such as nearest-neighbour distance or k-nearest-neighbour dis-
tance.

Even though this method cannot be applied directly to predict the accuracy
of a classifier, it poses an interesting alternative in its approach and we considered
it worth of a mention.
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3.6.2 Reverse Testing

Bhaskaruni et al. (2018) propose an idea for classifier accuracy prediction which is
actually based on the reverse testing framework, an approach originally proposed
by Fan and Davidson (2006).

The idea of this approach is, given a labelled training set and an unlabelled test
set, to first train a model on the training set and to use it to perform predictions
on the test set obtaining pseudo-labels for said test set. Then a new equivalent
model is trained on the pseudo-labelled test set and used to perform predictions
on the original training set. These predictions are used to obtain an estimation of
the accuracy of the original model on the test set. Bhaskaruni et al. (2018) calls
the prediction qualities of the second model on the training set reversed testing
qualities and they hypothesise these qualities to be more accurate estimates of
the testing qualities than traditional training qualities.

While simple, this method appears to be an interesting approach to accuracy
estimation that tries to differentiate itself from classic approaches such as k-fold
cross-validation.

3.6.3 Performance Predictor

Redyuk et al. (2019) propose an approach where a performance predictor tries to
predict the classification accuracy of a black-box model h leveraging on several
shift generators provided by the user of the framework, i.e., functions that are
able to generate new datasets characterised by some kind of shift starting from
a known and labelled dataset.

The aim of the method is to compute the estimation l̂U of the actual accu-
racy score lU that h achieves on the target test distribution U without access to
ground truth labels yU . First, the method computes a series of validation labelled
sets with user-provided shift generators applied on an original labelled validation
set. For each validation set V generated in this way, the model h is applied on V
and the predictions for this dataset are indicated as ŷV . A score lV is computed
comparing the predicted and true labels for V using a loss function L. Then,
an univariate non-parametric estimate of the distributions of each output dimen-
sion of h, indicated as ϕV , is computed. Redyuk et al. (2019) call these values
percentiles. These percentiles and the lV score previously computed are stored
for each validation set V and are finally used to train a regression model. The
estimated accuracy score l̂U for an unlabelled test set U can then be computed
obtaining the value ϕU for this set and then using the regressor on it.

Although interesting, this method appears similar to other approaches re-
viewed above. Moreover, this description appears less precise, given the fact
that neither the kind of accuracy score l is explicitly specified, nor it is clearly
described how to obtain percentile values ϕ.
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3.6.4 Self-Training Ensembles

Chen et al. (2021a) propose a framework that uses a self-training technique on
ensembles of models for accuracy estimation and error detection of a pre-trained
model on unlabelled test data.

The framework’s approach uses a check model k and the disagreement between
k and the pre-trained model h in order to estimate accuracy. This disagreement
approach succeeds if k agrees with h on points where h is correct and disagrees
with h on points where h is incorrect. To ensure that this requirement is satisfied
in as many cases as possible, Chen et al. (2021a) propose to use an ensemble
of models as a check model. A datapoint x is, then, identified as misclassified
if a large fraction of the models in the ensemble disagree with h on x. Since
the ensemble may only be able to identify a subset of the misclassified points,
Chen et al. (2021a) propose to iteratively identify more and more misclassified
datapoints using self-training. For each misclassified datapoint x identified by the
ensemble, a pseudo-label is assigned to it that is different from h(x). Then, a new
ensemble is trained in such a way that the disagreement of the models in the new
ensemble with h on the pseudo-labelled data R is encouraged. Pseudo-labels may
not all be correct, but the only requirement here is that the new ensemble mostly
disagrees with h onR so that the ensemble’s models still identifyR as misclassified
points. This process is repeated N times, where N is an hyperparameter of the
framework.

This approach appears to be interesting and general enough to be considered
as a viable and broad method to estimate classification accuracy.

3.6.5 AutoEval

Deng and Zheng (2021) formulate the accuracy prediction problem of a pre-
trained classifier on unlabelled test sets as a dataset-level regression problem.

The proposed method involves a training set on which the original model
is classified and a set of validation sets (also called meta-dataset), which is con-
structed through data synthesis via various transformation of the original training
set. Since the problem was tackled under the visual classification domain, these
transformations include rotation, background substitution, foreground scaling,
etc. Given N validation sets, Deng and Zheng (2021) represent the j-th set Dj

with (D̃j, Aj), where D̃j is the representations for Dj used to train the regression
algorithm and Aj is the corresponding target which equals to the accuracy of the
original model on Dj. The method aims to use a regression model to be trained
on the representations of the validation sets which will then be able to predict the
accuracy of the original model on unseen and unlabelled test sets, for which the
same representation used in training is extracted and provided to the regressor.
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The regression model is indicated as:

Aj = R(D̃j)

Deng and Zheng (2021) consider the possibility of using mainly two types of
regression model, i.e., linear regression and neural network regression. For each
of these models a different dataset representation is used, in both cases the main
proposed idea is based on using Fréchet distance (Dowson and Landau, 1982)
computed on the gap between the dataset for which the representation is being
computed and the original training set.

One of the main downsides of this method is the restricted domain for which
the method was conceived, which implies that trying to make the method suitable
for a more general use requires finding other ways to generate synthetic validation
sets when they are not available in nature.

3.6.6 Generalisation Disagreement Equality (GDE)

Jiang et al. (2022) propose a method to estimate a model’s accuracy by training
the same architecture on the same training set twice and then measuring the
disagreement rate between the two models on an unlabelled test distribution.

More specifically, the two models are trained on two training sets of the same
size independently drawn from the same distribution. These two models are then
used to predict over an unlabelled test set and the rate of disagreement between
those two predictions is used as an estimate of the original model on the test set.

This method was originally devised for Stochastic Gradient Descent (SDG), so
it is not clear if it is suited to a more general application in the field of classifier
accuracy prediction. Nonetheless, it appears to be an interesting and simple
approach that could potentially give good results.

3.6.7 Majority Voting ensemble

You et al. (2022) propose another approach based on an ensemble of models
to estimate the accuracy of a pre-trained classification model on unlabelled test
sets. This approach exploits the concepts of majority voting, which is achieved
by training, first, an ensemble of multiple homogeneous models. You et al. (2022)
outline the proposed method as follows:

1. Use the training dataset to train M = 2N + 1 models, where N is a suffi-
ciently large positive number.

2. Let bi ← 0 for 1 ≤ i ≤ N + 1.

3. Use the trained models to predict the label of one data point in the unla-
belled dataset. Suppose that m models predict the datapoint as positive
and the rest as negative.
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4. If m ≤ N , then bm+1 ← bm+1 + 1; otherwise b2N+2−m ← b2N+2−m + 1.

5. Repeat Steps 3 and 4 for all the datapoints in the dataset.

6. Compute R(k) over the cumulated bin number k as

R(k) =

∑k
i=1 bi
|U |

where |U | is the number of datapoints in the test distribution and k is in
the range of 1 to (N + 1).

7. Use R(k) to estimate the prediction accuracy of the test dataset with a
linear model.

In other words, this approach puts each datapoint in a bin indexed with the
number corresponding to the number of discordant models in the ensemble. R(k)
is then the fraction of datapoints for which the number of discordant models was
less or equal to k.

The linear model suggested by You et al. (2022) is a linear regressor to be
trained on a set of labelled validation datasets and featuring a linear equation
like the following:

Â = a0R(k) + b0

This method, although interesting, shows some downsides. First, it needs to
train and use a relatively large number of models to build the ensemble, which
can result in poor performance. Moreover, the need to choose a proper value for k
and N to correctly estimate the original classifier accuracy can pose a challenge,
also given the fact that the value of N itself can impact on performance, since
the number of models in the ensemble is proportional to N .

3.6.8 SHAP-Eval

Silva and Veloso (2022) propose SHAP-Eval, a method for classifier accuracy
estimation where SHAP values, i.e., local feature importance information, are
used to provide patterns of correct and incorrect predictions on the training and
test sets, which in turn can be used to estimate the efficacy of a model h on a
particular test set.

SHAP values (Lundberg and Lee, 2017) represent a way to interpret pre-
dictions of a model. The SHAP framework assigns each feature an importance
value for a particular prediction in a weighted fashion by learning how the model
behaves in the vicinity of a datapoint.

The SHAP-Eval method explores SHAP values to discover correct and incor-
rect classification patterns. First, SHAP-Eval trains a model h on the training
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set T . Then, an explainer G is used to generate SHAP values of h on T and the
test set U , i.e., XG

T and XG
U . Next, a new dataset Xtci is created concatenating

the values from XG
T and from yn, which is a vector of randomly generated labels.

Also ytci is created, checking, for each datapoint, if yin = yiT and assigning 1 to
yitci if they match, 0 otherwise. Finally, a model hci is trained on (Xtci,ytci). To
estimate the efficacy of h on U also a test set Xteci is created based on SHAP val-
ues XG

U and predictions h(U), which are concatenated together. The prediction
of hci on Xteci is then used to estimate the accuracy of h on U . Since SHAP-Eval
involves randomness, the process of generating SHAP values is repeated v times
and the final estimated accuracy is the mean of all estimations.
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Chapter 4

A Quantification-Based Approach
for Predicting Classifier
Accuracy on Data Characterised
by Prior Probability Shift

Suppose we have a classifier h : X → Y trained on a set T of labelled items (x, y),
where data items in X are represented as vectors x = (x1, ..., xm) and labels y
range on Y = (y1, ..., yn). We will outline, in this chapter, the characteristics of
our method, QuAcc, describing in detail what machine learning tools it leverages
and how they are used to tackle the CAP problem.

4.1 Single Multiclass Quantifier (1×4)
We focused our investigation and our experiments mainly on the binary instance
of the problem, even though our method can easily be extended to the multiclass
case. In the general multiclass case, our method for estimating A(h, U) is based
on the following idea:

1. View the contingency table C = {c11, ..., cnn} of classifier h as a codeframe,
i.e., consider each cell cij ∈ C as a class.

2. Consider the values cUij of the cells that would result by applying classifier h
(trained on set T ) to the datapoints in U and checking, for each unlabelled
datapoint (x, y) ∈ U , the assigned label h(x) against the corresponding
true label y. Note that the values cUij are unknown, since the true labels of
the datapoints in U are unknown.

3. Train, on a separate labelled set V , a model that estimates the values cUij.
We use a separate labelled set V since we here make the assumption (which
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is likely satisfied in many real-world applications) that the set T on which
the classifier has been trained is no longer available. We will also make
this assumption in our experiments of Chapter 5. If T were still available,
though, nothing would prevent us from using T in place of V .

4. Use the estimates ĉUij to compute Â(h, U).

The contingency table C we refer to in Step 1 stores, in each cell cij, the number
of datapoints that actually belong to class i and were predicted to fall in class j
by the classifier h. As mentioned in Step 2, these values are only known when we
refer to a contingency table for a labelled set T , but are unknown when we refer
to an unlabelled set U .

Step 3 can obviously be recast as training on V a model that estimates the
prevalence values pU(cij) of classes cij in U . This is a crucial aspect to our method,
since we assess that its strength comes from the fact that we use, for tackling
this step, techniques from quantification, since this task is indeed concerned with
training estimators of the class prevalence values and can perform particularly
well under prior probability shift (Esuli et al., 2023). The quantifier of Step 3 is
trained on a separate labelled set V since here we make the assumption (which
is likely satisfied in many real-world applications) that the set T on which the
classifier has been trained is no longer available. The only assumption we make
on the relation between T and V is that they are IID. Our method is supposed
to run well also lifting this assumption, even though we have not explored this
scenario in our experiments.

Step 4 can also be recast to produce estimates in the form of prevalence values
such as p̂U(cij). The way the estimated accuracy measure Â(h, U) can be obtained
from the prevalence values will not be explored further in this chapter as it will be
the main focus of Section 5.3. We will mainly deal with how to obtain prevalence
estimations.

In order to carry out Steps 3 and 4, we represent the datapoints as pairs (ẍ, ÿ).
Here ẍ is a vector

ẍ = (x,Pr(y1|x), ...,Pr(ym|x))

which incorporates (i) the original representation x that classifier h has used, and
(ii) the posterior probabilities that h has returned for x. In other words, we train
a quantifier q by providing it with all the information we have available about x
and that q might need to figure out which cell cUij datapoint x is likely to belong
to. Of course, the quantifier is not interested in individual datapoints per se,
but is interested in them only insofar as they contribute to the distribution of U
across the classes. If ẍ is the representation of a datapoint (either in V or in U)
the posterior probabilities and the prediction are those returned by the trained
classifier h.

In our pairs (ẍ, ÿ), ÿ is instead a label that ranges not on Y but on Ÿ ≡ C.
When ÿ is the label of a datapoint in V , this indicates that ÿ is its true label.
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When ÿ is the label of a datapoint in U , instead, ÿ is unknown. While it is not
our goal to guess ÿ for this datapoint in particular, it is our goal to estimate, for
each yi, yj ∈ Y , the prevalence pU(cij) ≡ cUij/|U | of datapoints (x, yi) ∈ U such
that h(x) = yj. It is for reaching this goal that we use a quantifier. Once we have
estimated the prevalence in U of all class pairs (yi, yj) ∈ Y × Y , by multiplying
all these estimates by |U | we obtain estimates of all counts cUij, and we thus can
compute the estimate of A(h, U).

An important aspect of this method is that it works for any classifier accuracy
measure A defined in terms of a contingency table, since it does not estimate
measure A directly but estimates the values of the cells of the contingency table
C on which measure A is based. Another important aspect of this method is
that it is learner-independent, since the learner used to train the classifier whose
accuracy needs to be estimated plays no role in the method. Our method is also
quantifier-independent, i.e., it does not make any hypothesis on which method
has been used to train quantifier q.

In the binary case (to which we restrict our analysis in this thesis) in which
Y = {⊕,⊖}, the contingency table is C = {TP,TN,FP,FN}, and we need to
train one multiclass quantifier that operates on these four classes; we thus call
this the 1×4 method.

4.2 Multiple Binary Quantifiers (2×2)
A viable alternative of the 1×4 method can be obtained by observing that, once
we have applied classifier h to U , we already know the value of |TP∪FP| (resp.,
the value of |TN ∪ FN|), since this is the number of datapoints in U which h
has assigned to class ⊕ (resp., to class ⊖). This means that we can leverage this
information and solve our prediction problem by training, instead of one 4-class
quantifier, two binary quantifiers, i.e., one, q⊕ that estimates how the datapoints
in {x|h(x) = ⊕,x ∈ U} are distributed across TP and FP, and one, q⊖ ,that
estimates how the datapoints in {x|h(x) = ⊖,x ∈ U} are distributed across FN
and TN. Note that the prevalence values predicted by q⊕ and by q⊖ will both
sum up to 1, i.e.,

p̂⊕U(TP) + p̂⊕U(FP) = 1

p̂⊖U(TN) + p̂⊖U(FN) = 1

This means that, to retrieve the estimated contingency table, we have to multiply,
in this case, each estimated prevalence for the size of the corresponding subset for
which it was computed, respectively |U⊕| and |U⊖|. Since this method involves
two binary quantifiers, we call it the 2×2 method.

The rationale behind this method is that, by having two separate quantifica-
tion models focusing on two separate and distinct subsets, we are able to simplify
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the task, down to binary quantification problems in the case of two original clas-
sification classes, and this can potentially provide more accurate results.

In the multiclass case, switching from the analogue of the 1×4 method to
the analogue of the 2×2 method means switching from a single quantifier that
operates on n2 classes to n quantifiers that operate on n classes each.

4.3 Single Multiclass Quantifier with Collapsed

Classes (1×3)

A further variant of the 1×4 method can be obtained by observing that class FP
is likely to be largely composed by negative (resp., positive) examples that, while
lying in the region that the classifier has assigned to class ⊕ (resp., class ⊖), lie
just across the separating surface. In other words, most of the false positives
and most of the false negatives are likely to lie in two regions of space that both
flank (from two different sides) the separating surface, i.e., are likely to lie in
two contiguous regions of space. It may thus make sense to merge FP and FN
into a single class FP∪FN. This solution would thus involve a single three-class
quantifier that needs to estimate how the datapoints are distributed across classes

Ÿ = {TP,TN,FP ∪ FN}

and not across classes defined by C. Since this method involves a quantifier
working on three classes (in the binary case) we call it the 1×3 method.

In this case, the contingency table ĈU cannot be fully reconstructed from the
prevalence values predicted by q. This poses a potential disadvantage for this
solution with respect to the two previous ones, in that it does not work for all
classifier accuracy measures; in particular, it does not work for measures A such
that |FP| and |FN| contribute differently to A (one example are cost-sensitive
accuracy measures, in which the cost of a false positive may be stipulated to be
different from the cost of a false negative). However, this solution does work
for important classifier accuracy measures such as, e.g., vanilla accuracy and F1,
whose mathematical forms (see Equations 2.1 and 2.2) are such that knowing the
value of |FP ∪ FN| suffices, and knowing the individual values of |FP| and |FN|
is not required.

This method can be potentially extended to the multiclass case by collapsing
false classes in various ways. This poses the same problems as in the binary case
and possibly more, since any variation of this method in the multiclass case could
make the computation of F1 unfeasible. Moreover, collapsing classes in multiclass
could pose some theoretical issues, that, however, we did not explore thoroughly.
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4.4 Variants and Extensions

When we extend the covariates of a datapoint x with posterior probabilities ob-
tained from h prediction to build extended datapoint ẍ, we are giving q additional
pieces of information to determine how well h classified datapoints in V and to
predict its performance on any unlabelled dataset U . We can choose to give
additional information to q to better estimate h performance.

The ideal kind of information we would like to include in ẍ would be relative
to the ability of h to predict, hence a measure of h’s confidence in its prediction.

We devise three interesting functions able to detect the confidence score of
h on each datapoint, plus an additional one based on the core idea proposed by
Garg et al. (2022) in their method. These confidence measures can be added all
together or in part. The best selection of covariates to add to ẍ can vary and can
be chosen case by case, e.g., employing proper methods of model selection, as we
will discuss in Section 5.6.

4.4.1 MaxConf

Given x the feature vector for a datapoint and p = (p1, ..., pn) its posterior
probabilities obtained from h, the MaxConf covariate (previously used by Garg
et al. (2022) as a score) is defined as:

MC(p) = max
i∈{1,...,n}

pi

The value computed by MaxConf ranges from a maximum of 1 to a minimum
of 1/|Y| and gives a measure of how confident is h of its prediction of the class
label of x: the higher the value the higher the confidence in the prediction. The
confidence level is thus decoupled from the actual class yi it is associated with.
This gives q an additional information on how much it can trust the prediction
obtained from h and included in ẍ. It must be noted that this information is
already present in ẍ. The additional covariate reinforces this information making
it potentially easier for the quantifier to exploit it.

4.4.2 Negative Entropy

In general information theory, entropy of a random variable is a measure of the
level of uncertainty proper of the variable possible outcomes. In machine learning
negative entropy (NegEnt) is usually used as a measure to indicate the level of
confidence of a prediction emitted by a model h. This is due to the fact that
the opposite of a measure, entropy, which can measure the level of uncertainty,
is viable as a confidence measure.

This measure is usually computed on the posterior probabilities p emitted by
h. We use NegEnt as an additional covariate by drawing inspiration from (Garg
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et al., 2022) (who use it as a score in their computation) and we compute it as:

NE(p) =
n∑

i=1

pi log pi

NE, just like MC reaches its maximum value for cases in which pi = 1 for some
i, and attain its minimum value for the uniform distribution. However, NE con-
tributes a different type of information than MC: while the latter only accounts
for the maximum value in a distribution, NE processes all values. This gives a
quantifier q a potentially more interesting information about the confidence of h.

4.4.3 Inverse Softmax

The third type of additional covariate that we explore is based on the well known
softmax function s : Rn → (0, 1)n, also known as normalised exponential function.
It transforms any real-values vector z = (z1, . . . , zn) into a probability distribution
s(z) ≡ p = (p1, . . . , pn), where each distribution value is obtained as:

si(z) = pi =
ezi∑n
j=1 ej

(4.1)

In other words, it applies the exponential function to each element of z and
normalises these values by dividing them by the sum of all these exponentials.
The normalisation ensures that the sum of the components of p is equal to 1,
making it a probability distribution.

The canonical base used in this function is e. In general, for any base b > 1,
larger input values will result in lager output probabilities and for values of z
greater than 1 the softmax function tends to amplify the maximum due to the
use of the exponential function.

If we try to apply softmax function to a vector of probabilities, e.g., a vector of
posteriors as in our case, we tend to obtain the opposite effect as we are applying
the exponentials on an array of values which are already normalised and ranging
in [0, 1], so we tend to flatten values instead of amplifying them.

To amplify the values of a probability distribution we can invert the softmax
function, thus obtainining the inverse softmax function s−1(p) = (z′1, . . . , z

′
n). To

invert softmax we can apply log function to both sides of Equation 4.1 and get:

log pi = z′i − log
( n∑

i=1

ezi
)

Rearranging the function we get:

z′i = log pi + log
( n∑

i=1

ezi
)
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Factor c = log
(∑n

i=1 e
zi
)
is a constant for all components of p. Since we do not

know a priori the actual values zi, we cannot know of c. We can, though, choose
c in such a way that the sum

∑n
j=1 z

′
j = 0 and that all values z′i are centred

around 0:

c = − 1

n

n∑
j=1

log pj

The resulting equation is then:

z′i = log pi −
1

n

n∑
j=1

log pj (4.2)

The rationale behind inverse softmax is that of amplifying, in a non-linear way,
the difference between low-confidence and high-confidence values.

As with MC, we focus on the maximum value. The resulting max inverse
softmax (MIS) covariate is then given by:

MIS = max
i∈{1,...,n}

(
log pi −

1

n

n∑
j=1

log pj

)

Using MIS as a covariate can potentially result in an improvement to other ad-
ditional covariates such as MC, since the amplified values can add important
information for the quantifier q.

4.4.4 Threshold

Taking direct inspiration from the work of (Garg et al., 2022), we devised an
additional covariate called threshold (TS). Since the threshold value t proposed
by (Garg et al., 2022) and reported in Equation 3.1 is supposed to separate well-
classified datapoints from misclassified ones, we can use this approach to craft
a covariate. The separation of datapoints is determined by the value of a score
computed for each datapoint with respect to t: if the score is higher than t the
datapoint is estimated as well-classified, otherwise it is estimated as misclassified.
The score, here, is either MaxConf or NegEnt (Garg et al., 2022). TS can, then,
be computed on a distribution of posterior probabilities as:

TS(p) = ts − s(p)

where s is the chosen score measure for the evaluation.
Although interesting, we have tested this covariate in various settings exploit-

ing well suited validation sets, but it did not show any improvement with respect
to the results obtained employing other covariates. For this reason, we decided
to not use it further in our experiments and it will not be featured in our results.
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Chapter 5

Experiments

In this section we describe the experiments we have carried out and discuss the
results we have obtained.

5.1 Evaluation Protocols

A dataset for testing quantification systems is usually the result of the application
of an extraction protocol (Esuli et al., 2023, §3.4) to a dataset Ω = (T ,V ,U)
otherwise used to test classification systems, where:

• T is a labelled training pool from which we extract training samples to
train the classifier for which we want to estimate accuracy;

• V is a labelled validation pool from which we extract validation samples to
train quantification algorithms;

• U is an unlabelled1 test pool from which we extract test samples to be used
to evaluate methods performance.

To extract training and validation samples we first resample training and valida-
tion pools T and V with random sampling (without replacement) in such a way
that prevalence values for positive and negative classes are equal (pT (⊕) = pT (⊖)
and pV(⊕) = pV(⊖)). This inevitably reduces the original size of the two pools,
but allows us to apply the extraction protocol starting always from the same
conditions, despite the original characteristics of the given dataset.

After this, we randomly extract (with replacement) from T a training sample
Ti for each value of p(⊕) that lies on the 9-point grid {0.1, . . . , 0.9}. These 9
samples are equally sized, and their size is

|Ti| =
10

9
·min{p(⊕), p(⊖)} · |T |

1All test sets at our disposal are actually labelled, but in out experiments we treat them as
if we did not have ground truth labels in order for them to simulate real-world scenarios.
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which is the largest possible number that can result in 9 equally-sized samples.
Similarly, we randomly extract (with replacement) from V a validation sample
Vi for each value of p(⊕) that lies on {0.1, . . . , 0.9}. In all our experiments we
keep pTi

(⊕) = pVi
(⊕). Using training samples Ti characterised by different pTi

(⊕)
values is meant to test our methods under different conditions of class imbalance,
while stipulating that pTi

(⊕) = pVi
(⊕) is meant to represent the fact that Ti and

Vi are sampled from the same distribution.
For test samples extraction, we here use the widely adopted artificial preva-

lence protocol (APP – (Esuli et al., 2023, §3.4.2)), originally proposed by Forman
(2005), which, in the binary case, consists of randomly extracting from U a num-
ber of test samples U1, . . . , Uk characterised by values of p(⊕) that lie on a prede-
fined grid of values. In this case, we use a 21-point grid: {0.00, 0.05, . . . , 0.95, 1.00}.
In our experiments, for each value of the grid we randomly extract (with replace-
ment) 100 test samples consisting of 1000 datapoints each, for a total of k=2100
test samples. The implementation of APP in our experiments was realised using
the QuaPy open-source Python library (Moreo et al., 2021).

Each result we report is thus the average value of E(A(h, U), Â(h, U)) (see
Equation 5.1) across some of the axes of all combinations of 9 values of pTi

(⊕)
(and pVi

(⊕)), 21 values of pUj
(⊕), and 100 samples for each value of pUj

(⊕). Final
results, that we shown in Table 5.2, will interest the average across all possible
combinations, i.e., across 9×21×100=18,900 combinations. Therefore, the result
of using this protocol is that of “stress-testing” the CAP methods, i.e., testing
their ability to correctly estimate classifier accuracy in a wide range of situations,
characterised by different values of training class imbalance, test class imbalance,
and PPS .

Concerning this latter, note that this experimental protocol clearly simulates
PPS, since the distribution of the covariates X conditional on the distribution
of the labels Y is the same for the Ti’s and the Uj’s, but the distribution of the
labels Y is not the same for the Ti’s and the Uj’s.

5.2 Datasets

The data we used in our experiments were mainly taken from two datasets:

• The well-known IMDB movie reviews dataset (IMDB – (Maas et al., 2011)).
IMDB is a binary dataset in which labelled data are balanced with 50% of
positives and in which both training and test sets include 25000 documents.
The dataset was imported through the QuaPy library (Moreo et al., 2021)
and imposing a minimum document frequency of 3 per term.

• The well-known Reuters Corpus Volume I (RCV1), an archive of manually
categorised newswire stories available by Reuters, Ltd. for research pur-
poses (Lewis et al., 2004). RCV1 is comprised of 804414 samples of which
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|T | |U| pT (⊕) |Ti|

IMDB 12,500 25,000 0.500 6,944
CCAT 11,575 781,265 0.474 5,992
GCAT 11,575 781,265 0.297 3,872
MCAT 11,575 781,265 0.255 3,267

Table 5.1: Main features of the datasets used in this thesis; |T | is the size of the training
pool from which the training samples Ti are extracted (which is equal to |V|, the size of the
validation pool), |U| is the size of the test pool, from which the test samples Uj are extracted,
pT (⊕) is the prevalence value of ⊕ in the training pool (which is the same as the prevalence
value pV(⊕) of ⊕ in the validation pool), while |Ti| is the size of the samples used for classifier
training (which is the same as the size |Vi| of the samples used for quantifier training).

the first 23149 correspond to the training set, while the others are to be
considered part of the test set. Datapoints have 47236 features, while labels
have 103 categories, making the dataset multiclass in its original form. Since
we focused our experimentation mainly on the binary case, we have used
RCV1 as a binary dataset selecting one category at a time. The categories
we mainly used were CCAT, GCAT and MCAT. In fact, these resulted to
be the categories more balanced both in training and test sets. We will con-
sider, hereafter, CCAT, GCAT and MCAT as standalone datasets, rather
than categories selected from RCV1, and we will treat them as such. These
datasets were imported directly through “scikit-learn” Python library (Pe-
dregosa et al., 2011) and adapted to our codebase.

Table 5.1 shows more detailed characteristics about datasets presented above.
More specifically, we can see how dataset IMDB is completely balanced in the
training (and validation) set, with exactly half datapoints in class ⊕ and half in
⊖. Other datasets do not show the same balance in training (and validation)
set. Dataset sizes reported in column |Ti| are relative to the size of training (and
validation) samples obtained via the extraction protocol described in Section 5.1.

5.3 Evaluation Measures for Classifier Accuracy

Prediction

The goal of our method when targeting the CAP problem is to output a contin-
gency table ĈU that estimates the ground-truth contingency table CU proper of
the predictions of a classifier h with respect to the true (and unknown) labels of
an unlabelled set U . To evaluate the performance of the prediction given by our
method, instead of comparing Ĉ and C directly, we compute an accuracy value
A(h, U) of classifier h on the unlabelled set U . The two accuracy measures used
to compute A(h, U) in our experiments are vanilla accuracy and F1, described in
more details in the following two sections.
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As the measure of the error we incur into when predicting the accuracy
A(h, U), we use the absolute difference between the true accuracy value and
its estimate, i.e.,

E(A(h, U), Â(h, U)) = |A(h, U)− Â(h, U)| (5.1)

5.3.1 Vanilla Accuracy

The formulation we saw in Equation 2.1 for vanilla accuracy is only available
when we have at hand predictions and true labels of each single datapoint from a
dataset. When our method outputs a contingency table we only have prevalence
values of classes defined considering C as a codeframe, namely (in the binary
case) pTP, pTN, pFP and pFN. To compute vanilla accuracy from these values, we
can observe that the prevalence values pTP (resp. pTN) represent the fraction of
datapoints that were correctly predicted to belong to ⊕ (resp. ⊖) by h. This
means that we can compute vanilla accuracy by summing the prevalence values
of classes that refer to correctly classified datapoints, i.e.,

Acc(h, U) = pTP + pTN

5.3.2 F1

Since F1 is obtained from a contingency table, the computation of this measure
from the output of our method is straightforward. The only difference stands in
the fact that, while in Equation 2.2 the values indicate the amounts of datapoints
belonging to a certain class, in our output they indicate the prevalence values of
those classes. This, though, is not relevant for the purpose of the computation of
F1, which can still be computed similarly as in Equation 2.2, i.e.,

F1(h, U) =
2 · pTP

2 · pTP + pFP + pFN

5.4 Baselines

We compared the results to our work to a variety of baselines taken from previous
works. The approaches we decided to adopt as baselines are:

• ATC (Garg et al., 2022) (see Section 3.2). The original work did not tackle
classifier accuracy prediction using F1, but the method itself allows the use
of this measure, so we decided to include it alongside with vanilla accuracy
as a baseline. Moreover, we decided to compare our work with only one
version of the two provided by Garg et al. (2022), i.e., the one based on
the use of MaxConf. This was done because, by preliminary tests on some
validation sets, we noticed how the two alternative approaches gave very
similar results.
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• DoC (Guillory et al., 2021) (see Section 3.3). Also in this case the approach
allowed the use of F1 measure even though the original work did not take it
into account so we decided to include the measure in our baselines for DoC.
Moreover, also in this case Guillory et al. (2021) provided more variants for
the same approach and for similar reasons as for ATC we decided to include
the alternative that appeared to be the main one. Although Guillory et al.
(2021) took into account the possibility of using many regression methods
inside their method, we chose, for sake of simplicity, to use DoC as a baseline
based on a linear regressor.

• Mandoline (Chen et al., 2021b) (see Section 3.4). As discussed above, it is
not easy to extend Mandoline to measures other than vanilla accuracy, for
this reason we limited our use of this approach as a baseline to this measure.
Moreover, Mandoline allows many possible configurations, and the results
can vary considerably depending on the slicing functions used. The slicing
we decided to use as baseline is the one proposed by Chen et al. (2021b)
and discussed in Section 3.4 since it seems reasonable and in line with our
work and other methods we consider.

• RCA and RCA* (Elsahar and Gallé, 2019) (see Section 3.5). The approach
proposed by Elsahar and Gallé (2019) uses RCA and RCA* scores to train
a linear regressor. Other scores were proposed in the same work, but we
considered these two the most interesting and innovative and used only
them as baselines to our work. Also in this case it is possible to extend the
capabilities of the method to use F1 as an error measure and is what we
have done in using RCA and RCA* as baselines.

• Näıve. In this case the baseline is a simple approach which estimates the
prediction error as the Absolute Error between the accuracy obtained on
the test samples and the one obtained on a validation set.

For various reasons, we did not take into account other previous works. For some
methods (Deng and Zheng, 2021; Redyuk et al., 2019; Silva and Veloso, 2022)
the code was not available. For other methods (Chen et al., 2021a; You et al.,
2022), while the code was available, we could not import it in such a way that we
could use it in our codebase as a baseline. We could not use some other works
(Jiang et al., 2018) directly as baselines since the accuracy prediction was not
the direct scope of the works. We, also, previously tested some of the remaining
works (Bhaskaruni et al., 2018; Jiang et al., 2022) on separate validation sets
and we acknowledged how they were not high-performing enough to be used as
effective baselines.
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5.5 QuAcc Instances and Optimisations

QuAcc methods we used in our experiments employ one of SLD (see Section 2.4.1)
and KDEy (see Section 2.4.2) quantification algorithms, with one of logistic re-
gression and C-support vector classification (SVC) with radial basis function
(RBF) kernel as underlying classification algorithm.

We obtained optimised QuAcc methods via model selection. More specifi-
cally, we executed a grid search to explore a set of available hyperparameters,
that depend on the quantification and underlying classification algorithms on
which the method is instantiated. This search aims to minimise the loss function
E(A(h, U), Â(h, U)) on a validation sample. In particular, model selection:

• chooses the best regularisation factor C in the range {10i}i=3
i=−3 for all un-

derlying classification algorithms;

• decides whether to rebalance, for both underlying classification algorithms,
the instances in order to counter the possible class imbalance of the training
sample;

• chooses the best γ hyperparameter for SVC algorithm with RBF kernel in
the range s × {10i}i=2

i=−2, where s is a scale factor defined as s = 1
|V |·Var(V )

for a validation sample V ;

• decides whether to recalibrate via bias corrected temperature scaling (BCTS)
the classifier underlying SLD quantification algorithm;

• chooses the best bandwidth for KDEy in the range (0.01, 0.02, . . . , 0.2)

• checks whether the additional covariates of Section 4.4 are worth including.

This model selection is able to generate optimised versions of the three methods
described in Sections 4.1, 4.2 and 4.3. We also applied a further model selection
that decides which of these three variants should be used for each training (and
validation) sample, i.e., in each scenario characterised by a given training (and
validation) prevalence.

5.6 Results

We conducted several experiments that interested multiple directions of investi-
gation. We can summarise the explored experimentation paths as follows:

• We compared the Single Multiclass Quantifier (1×4) method with all the
selected baselines.

• We compared all base versions of our methods (1×4, 2×2 and 1×3) among
themselves.
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• We tested variants of our methods featuring many combinations of addi-
tional covariates among themselves.

• We tested optimised versions of our methods obtained through grid search
on quantifier and classifier hyperparameters against the base versions.

• We tested two different quantification algorithms against each other.

• We tested quantification algorithms with two different classification algo-
rithms as their core.

• We tested our methods on both datapoints with original covariates enriched
with posterior probabilities and possible additional features and datapoints
with only posteriors and additional features.

• We applied model selection to our optimised methods and tested the re-
sulting methods against the best baselines.

• We tested our methods on different accuracy prediction measures, showing
different plot and table representations for each of our tests and repeated
our experimentation over all the four datasets presented in Section 5.2.

In the following sections we will discuss in depth about all the tests we conducted,
showing relevant results for each direction of investigation. The results we present
will be mainly relative to the IMDB dataset and vanilla accuracy as a prediction
error measure, reporting data mainly with the amount of PPS on the x-axis. This
will be true for all the following sections, except for Section 5.6.9, where we will
show final results, also varying on these aspects.

5.6.1 Single Multiclass Quantifier against Baselines

The Single Multiclass Quantifier (1×4) was the first formulation of our solution
to the classifier accuracy estimation problem. For this reason, we conducted our
first tests comparing this method against all the baselines. In Figure 5.1 we show
a plot representing 1×4 method based on SLD algorithm which is using a logistic
regressor as its core ((1x4)_SLD_LR in the plot) compared with all the baselines
on vanilla accuracy (Acc).

We obtained this result averaging results given by experiments conducted on
multiple training sets with various class prevalence values. Data are shown by
amount of prior probability shift , i.e., values represented at a given point on the x-
axis are the average of all the results for a given method whose absolute difference
between the training and test prevalence values result to that x-axis value. In
practice, this means that the more a value is encountered to the right in the plot
the higher was the prior probability shift affecting training and test distributions
when we obtained that specific result. The prior probability shift measure is
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Figure 5.1: Results of tests conducted comparing 1×4 method based on SLD algorithm and
logistic regression ((1x4) SLD LR) against all baselines in IMDB. The plot shows the amount
of PPS on x-axis and Acc error on y-axis (lower is better). The amount of PPS is computed as
the absolute difference between the prevalence value of positive datapoints measured in training
and test samples. The resulting plot is the average of values obtained over 9 training prevalence
values.

obtained as the absolute distance between the prevalence of the positive class in
training and test sets. The y-axis shows accuracy error as described in previous
sections.

As can be seen in Figure 5.1, our first formulation of 1×4 shows promising
results in comparison with other baselines, putting already itself almost on par
with those that show the best results and strictly outperforming some of them,
such as Mandoline (Mandoline in the plot) and Näıve (Naive). Another inter-
esting aspect to note is that our method shows a tendency to lower, or at least
steady, accuracy errors when put in conditions of extreme shift, in contrast to
other methods that tend to show always higher errors while the shift increases.

Due to the poor performance of some baselines (e.g., Mandoline and Näıve)
and to the overlapping results of others (e.g., RCA and RCA*), obtained not only
in this test but throughout all our experiments, we will present only a subset of
these in future plots, both for sake of clarity in our presentation and to allow
ourselves to show results on a finer scale for what concerns the y-axis. This can
be confirmed by comparing Figure 5.1 with Figure 5.2, which shows the same
results, but presents a smaller set of baselines.
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Figure 5.2: As in Figure 5.1 but showing only the baselines RCA. ATC and DoC since other
baselines perform substantially worse than all the methods that we here plot.

5.6.2 Base Versions of our Method

The next focus in our research was to improve our method by finding new ways of
exploiting quantification to solve the accuracy estimation problem. We devised
two other methods still based on the same idea, but following a slightly different
approach: Multiple Binary Quantifiers (2×2), using two different quantifiers on
different portions of the same set (see Section 4.2), and Single Multiclass Quan-
tifier with Collapsed Classes (1×3), featuring a single quantifier that predicts
on a reduced number of quantification classes (see Section 4.3). We show in
this section results of tests comparing SMQ with the two new methods and the
best-performing baselines.

Similarly to what can be seen in the previous Section, plot in Figure 5.3 shows
the accuracy error (y-axis) with relation to the variation of prior probability shift
measure (x-axis). Moreover, all methods were based on a SLD quantifier relying
on a logistic regressor as its core classifier.

As we can see, 2×2 and 1×3 methods show a promising improvement with
respect to 1×4, giving results that narrow the distance from the best-performing
baseline, DoC (Guillory et al., 2021). Even though the two methods showed an
improvement over 1×4, we decided to keep testing all three methods in further
scenarios, both because the improvement is not steep enough to justify the exclu-
sion of the original method from our research, and because of the limited cases
in which these three methods were compared at this point.
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Figure 5.3: Results comparing 2×2, 1×4 and 1×3 methods ((2x2) SLD LR, (1x4) SLD LR, and
(1x3) SLD LR respectively) all featuring a SLD quantifier with a logistic regressor. The methods
are compared against ATC, DoC and RCA. We here do not plot other baselines since, in this
experiment, they perform substantially worse than all the methods that we here plot. Results
are shown for the IMDB dataset. The plot shows Acc error on the y-axis and amount of PPS
on the x-axis.

As a side note, the RCA baseline (Elsahar and Gallé, 2019) keeps showing
itself as the one that, overall, performs most poorly among those shown. Since
we noticed this behaviour in all scenarios, we will not keep reporting its results
in our results from now on, for sake of clarity.

5.6.3 Additional Covariates

As a further improvement, we included additional covariates to the datapoints
on which our quantifiers are trained and tested in order to improve the quality
of the information they have access to (see Section 4.4).

The plot in Figure 5.4 shows a comparison of all the three additional covari-
ates applied one at a time to the 2×2 method, the one that showed the best
performance in the previous section. Also the base version of 2×2 method and
ATC and DoC baselines are shown for reference. It appears clear how the three
additional covariates show a progressive improvement on the method, with the
last two giving results that beat all the baselines over the whole shift spectrum.

We also tested whether various combinations of additional covariates could,
when added to ẍ, improve the performance of our methods. The rationale behind
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Figure 5.4: Results comparing variants of the 2×2 method enriched with MaxConf, NegEnt and
max inverse softmax ((2x2) SLD LR mc, (2x2) SLD LR ne, and (2x2) SLD LR is respectively)
all featuring a SLD quantifier with a logistic regressor. The methods are compared against
ATC and DoC. We here do not plot other baselines since, in this experiment, they perform
substantially worse than all the methods that we here plot. Base version of the 2×2 method
((2x2) SLD LR) is also shown for reference. Results are shown for the IMDB dataset. The plot
shows Acc error on the y-axis and amount of PPS on the x-axis.

this idea is that the information provided to a quantifier by multiple covariates
could improve its ability to better predict classifier prediction accuracy. Results
shown in Figures 5.5 and 5.6 show how this is only partially true. In fact, co-
variates that, when added on their own to ẍ, give better performance, tend to
dominate the outcomes when joined by other less performing covariates. This
is true both when we add both MaxConf and NegEnt as covariates, obtaining
method (2x2)_SLD_LR_c in the plot of Figure 5.5, and when we add all covari-
ates, getting method (2x2)_SLD_LR_a in the plot of Figure 5.6. In both cases,
the method resulting from the union of covariates performs almost indistinguish-
ably from the method featuring the best covariate by itself. To highlight this, we
show (2x2)_SLD_LR_c along with (2x2)_SLD_LR_mc and (2x2)_SLD_LR_ne in
Figure 5.5, and (2x2)_SLD_LR_a along with all methods featuring a single addi-
tional covariate in Figure 5.6. It appears that adding multiple covariates does not
provide substantially valuable information to the quantifier in addition to those
already provided by the best-performing covariate on its own. Nonetheless, we
will consider these combinations in future plots and refinements of our methods
presented below as they still appear as a well-performing configuration.
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Figure 5.5: As in Figure 5.4, but comparing the variants of method 2×2 using one of covariates
MC, NE and MIS ((2x2) SLD LR mc, (2x2) SLD LR ne, and (2x2) SLD LR is respectively)
with the variant that combines them ((2x2) SLD LR a). Only DoC is shown for reference, in
this experiment, since other baselines perform substantially worse than all the methods that
we here plot.

Note that, in Figures 5.5 and 5.6, we only show DoC among all baselines as
a reference to better focus the comparison on how our methods behave.

5.6.4 Optimised Versions of our Methods

In order to get better results, we performed a model selection on the hyper-
parameters regarding our methods, as described in Section 5.5. Note that, in
this context additional covariates become hyperparameters for our methods and
the model selection protocol decides, for each training prevalence, if and which
covariates to add to obtain the best performance based on accuracy prediction
error.

The plot in Figure 5.7 shows a comparison among the 1×3 method optimised
over accuracy error ((1x3)_SLD_LR_gs), the same method with default hyperpa-
rameters and all additional covariates ((1x3)_SLD_LR_a), and the method with
default hyperparameters and no additional covariates ((1x3)_SLD_LR). All meth-
ods shown are based on SLD and logistic regression. DoC is also shown as a
reference. As we can see, while (1x3)_SLD_LR_a showed already a consistent
improvement over the original version of the method, (1x3)_SLD_LR_gs pushes
the performance a step further, managing to stay on par or below the showed
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Figure 5.6: As in Figure 5.4, but comparing the variants of method 2×2 using one of covari-
ates MC and NE ((2x2) SLD LR mc and (2x2) SLD LR ne respectively) with the variant that
combines them ((2x2) SLD LR c). Only DoC is shown for reference, in this experiment, since
other baselines perform substantially worse than all the methods that we here plot.

baseline consistently (here DoC is the best performing baseline).
Figure 5.8 shows all optimised versions of our methods using SLD and logistic

regression. They are compared against DoC and ATC, the baselines that get the
best results in this setting. We can observe how our methods all beat consistently
the best baselines. Other than that, they also show a trend to get low and steady
values of prediction error for high values of PPS, while other methods tend to
lose performance in these circumstances. This denotes a desirable resilience to
harsh scenarios in which training and test prevalence values differ considerably,
a real-world case that can present itself more often than not.

5.6.5 Varying the Quantification Algorithm

Given the flexibility our methods offer in terms of instantiation with underlying
quantification algorithms, we tested the same configuration seen in Figure 5.8,
but using KDEy quantification algorithm (see Section 2.4.2) for our methods.

In Figure 5.9 we show our optimised methods instantiated with KDEy and lo-
gistic regression ((2x2)_KDEy_LR_gs, (1x3)_KDEy_LR_gs and (1x4)_KDEy_LR_gs).
We also show (1x3)_SLD_LR_gs (best of our methods in Figure 5.8) and DoC
and ATC baselines as a reference.

First we note how all our optimised methods, instantiated with KDEy, per-
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Figure 5.7: Results comparing the optimised version of 1×3 method ((1x3) SLD LR gs) with
its base version ((1x3) SLD LR) and the variant featuring all additional covariates at the same
time ((1x3) SLD LR a). All our methods use SLD and logistic regression as quantification and
classification algorithms. ATC and DoC are also shown for comparison. We here do not plot
other baselines since, in this experiment, they perform substantially worse than all the methods
that we here plot. The prediction error measure considered is vanilla accuracy. These results
are relative to the IMDB dataset.

form really well against both the two baselines and the best method, in this
setting, instantiated with SLD. This is not necessarily true for KDEy vs. SLD in
all scenarios, but they tend to show similar results, with KDEy outperforming
SLD in some cases. This is justified by the fact that KDEy is a quantification
algorithm tailored to work best under PPS in the multiclass case, and, in our
methods in many cases we need to solve a multiclass quantification problem to
predict accuracy.

In Figure 5.9, note that we have no data for the (2x2)_KDEy_LR_gs method
when the amount of PPS exceeds 0.8. This is due to the fact that some instanti-
ation of our methods might fail to train a quantifier on most unbalanced training
samples in some specific datasets. This failure is caused by the fact that some of
the classes considered by the quantifier might remain empty (with no datapoints)
due to the lack of examples falling in one of the cells of the contingency table C
(defined in Section 4.1). This represents surely a limitation of our method, even
though we will describe later how we can try to address this issue with a further
model selection on optimised methods.

Figure 5.10 shows a comparison among optimised versions of our methods
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Figure 5.8: Results comparing the optimised version of all our methods ((2x2) SLD LR gs,
(1x4) SLD LR gs and (1x3) SLD LR gs) with the two best baselines, ATC and DoC. We here do
not plot other baselines since, in this experiment, they perform substantially worse than all the
methods that we here plot. All our methods use SLD and logistic regression as quantification
and classification algorithms. The prediction error measure considered is vanilla accuracy.
These results are relative to the IMDB dataset.

1×4 and 1×3 instantiated with both KDEy and SLD in the same setting of
Figure 5.9. DoC is also shown for reference. Here we can better see, with a
finer grained scale on y-axis, how KDEy methods tend to outperform some SLD
methods in this scenario ((1x4)_SLD_LR_gs) while with others they remain on
par ((1x3)_SLD_LR_gs).

5.6.6 Varying the Classification Algorithm Underlying the
Quantification Method

Other than the quantification algorithm, another flexible aspect of our methods
is the classification algorithm used as core for our quantifiers. We executed all
experiments shown so far on models using a logistic regressor as quantification
core. A suitable alternative is to use a different kind of classifier, e.g., a Support
Vector Machine (SVM).

In this section we explore the results obtained using a C-support vector classi-
fication (SVC) algorithm, using a radial basis function (RBF) kernel, as a quan-
tification core.

Note that SVM methods generally perform best when applied to datapoints
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Figure 5.9: Results comparing the optimised version of all our methods instantiated with KDEy
((2x2) KDEy LR gs, (1x4) KDEy LR gs and (1x3) KDEy LR gs) with the optimised version of
1×3 method instantiated with SLD ((1x3) SLD LR gs) and the two best baselines, ATC and
DoC. We here do not plot other baselines since, in this experiment, they perform substantially
worse than all the methods that we here plot. All our methods use logistic regression as a
classification algorithm. The prediction error measure considered is vanilla accuracy. These
results are relative to the IMDB dataset.

characterised by dense covariates, while the datapoints on which this classifier is
supposed to work on, in our case composed like ẍ = (x, p̂⊕, p̂⊖, F1, . . . , Fk), are
sparse in the first part (x) and dense in the second. For this reason, when ap-
plying quantification algorithms featuring SVM models, we strip out the original
sparse covariates x from ẍ in order to have a methods that performs in its ideal
conditions.

Figure 5.11 shows the results of optimised versions of our methods instantiated
with SLD using this classifier (methods ending with “RBF_gs” in the plot) and
compares them with our optimised method featuring SLD and a logistic regressor
that performs best in this setting. Also DoC is shown for reference, as it is the
best-performing baseline.

The results show how, in this specific setting, RBF methods do not add any-
thing in terms of performance with respect to LR ones, as they never manage
to beat the best LR method. While this is surely correlated to the domain in
which these experiments were conducted (dataset IMDB belongs to the senti-
ment analysis domain), also the absence of the original covariates might play a
significant role in the obtained results, showing how original covariates x carry
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Figure 5.10: Results comparing the optimised version of methods 1×4 and 1×3 instantiated
with both SLD ((1x4) SLD LR gs and (1x3) SLD LR gs) and KDEy ((1x4) KDEy LR gs and
(1x3) KDEy LR gs) quantification algorithms. The DoC baseline is also shown for reference.
We here do not plot other baselines since, in this experiment, they perform substantially worse
than all the methods that we here plot. All our methods use logistic regression as a classifier
training algorithm. The prediction error measure considered is vanilla accuracy. These results
are relative to dataset IMDB.

non-redundant information for our quantifiers.

5.6.7 Removing the Original Covariates

To elaborate on the statements of Section 5.6.6 about the influence of removing
sparse covariates in our methods, we conducted some tests comparing optimised
versions of our methods against the same methods applied on datapoints ẍ from
which the original covariates x (the sparse component) were removed.

The results shown in Figure 5.12 confirm how the original covariates x carry
valuable information that cannot be easily removed when trying to predict ac-
curacy. We can see, in fact, how our optimised methods working on only dense
covariates (those starting with “d” in the plot) tend to generally perform worse
than other methods that work with full covariates (here (1x3)_SLD_LR_gs is
shown for reference together with DoC). This appears to be true, not only for
this experimental setting, but was evident also in other scenarios.

We can conclude that our methods involving all covariates are the most
promising and we will focus on them in further analysis.
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Figure 5.11: Results comparing the optimised version of all our methods instantiated with
SVC classification algorithm with RBF kernel ((2x2) SLD RBF gs, (1x4) SLD RBF gs and
(1x3) SLD RBF gs) with the optimised version of 1×3 method instantiated with logistic re-
gression ((1x3) SLD LR gs) and the best baseline DoC. We here do not plot other baselines
since, in this experiment, they perform substantially worse than all the methods that we here
plot. All our methods use SLD as a quantification algorithm. The prediction error measure
considered is vanilla accuracy. These results are relative to the IMDB dataset.

5.6.8 Model Selection on Optimised Methods

Our optimised methods perform well against all baselines in all datasets they were
tested in. There is not, however, a method among the three that outperforms
the others clearly, as some methods perform best in some situations while others
perform best in others. For this reason we devised a model selection approach that
selects, for each training and validation prevalence, the best-performing method
among the three, and uses the selected method in that particular setting.

The results shown in Figures 5.13 and 5.14 present the effects of these model
selections applied over our methods using SLD and KDEy quantification algo-
rithms (respectively SLD_LR_gs and KDEy_LR_gs in the plot). As we can see, the
selected method tends to perform, in both cases, as the best method among all,
giving a unique resulting method that matches our expectations.

It must be noted that, in cases in which one of our methods fails, the method
obtained through model selection chooses among the available ones, as it can
be seen in Figure 5.14. This partially overcomes the problem described in Sec-
tion 5.6.5, since we only need one successful method among 1×4, 1×3 and 2×2
for each training prevalence to get one single method that is able to produce valid
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Figure 5.12: Results comparing the optimised version of all our methods working only on dense
covariates (d (2x2) SLD LR gs, d (1x4) SLD LR gs and d (1x3) SLD LR gs) with the optimised
version of 1×3 method working on all covariates ((1x3) SLD LR gs) and the best baseline DoC.
We here do not plot other baselines since, in this experiment, they perform substantially worse
than all the methods that we here plot. All our methods use SLD and logistic regression as
quantification and classification algorithms. The prediction error measure considered is vanilla
accuracy. These results are relative to the IMDB dataset.

results across all prevalence values.

5.6.9 Final Results

The results presented so far always shared the same characteristics for what
concerns

1. the dataset chosen (IMDB);

2. the CAP error measure (vanilla accuracy);

3. the kind of data visualisation (amount of PPS on the x-axis).

We have also conducted experiments on different datasets and using different
error measures, and all data were visualised using multiple representations. We
will present in this section a representative set of results for all these variants.

Figures 5.15, 5.16, 5.17 and 5.18 all show the best optimised version of our
methods instantiated with SLD and KDEy (both using a logistic regression core)
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Figure 5.13: Results comparing the optimised version of all our methods ((2x2) SLD LR gs,
(1x4) SLD LR gs and (1x3) SLD LR gs) with the version obtained through model selection
applied to all of them (MS SLD LR). Also DoC baselines is shown for reference. We here do not
plot other baselines since, in this experiment, they perform substantially worse than all the
methods that we here plot. All our methods use SLD and logistic regression as quantification
and classification algorithms. The prediction error measure considered is vanilla accuracy.
These results are relative to dataset IMDB.

compared with the two best baselines ATC and DoC on all the datasets, respec-
tively IMDB, CCAT, GCAT and MCAT. These plots show how our methods
consistently beat the baselines for mid and high amounts of PPS, while providing
similar values of prediction error on low values of PPS. Note that, in real-world
settings, mid and high values of shift are more likely than low ones. We can
also see how, in this collection of datasets, QuAcc instantiated with KDEy tends
to perform better than QuAcc instantiated with SLD, except for CCAT where
results are mixed, while still being good.

We used so widely the data visualisation representing the amount of PPS on
the x-axis, since we consider it the most interesting one, and the one that conveys
the higher amount of information in our problem setting, given our specific focus
on this kind of shift. However, it is also interesting to see the results of our
experiments under a different perspective. Figure 5.19 shows the same data
represented in Figure 5.15, but using a different representation. Here, we show
on the x-axis the prevalence values (p⊖, p⊕) of the test samples on which each
method was evaluated. Each point in the plot is the average of results obtained
over test samples with the corresponding class prevalence and over all training
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Figure 5.14: As in Figure 5.13, but instantiating our methods with KDEy quantification algo-
rithm.

prevalence values. In our setting, there are 100 test samples per prevalence value
for every training sample, i.e., each point in the plot is the average of 9×100=900
results. We can see here how, despite changing the way data are represented,
the results given by of our methods still outperform all baselines, giving great
average results on the whole spectrum of test prevalence values.

Vanilla accuracy was not the only measure we used to measure prediction
error. Figures 5.20 and 5.21 show the same results presented respectively by
Figures 5.15 and 5.19, but using F1 as accuracy prediction error measure. Also
in this case we can see how QuAcc performs better that the baselines, despite
showing a different outline in the plot given by the different nature of the measure.
Overall, under F1 our methods show even a higher increase of performance with
respect to the baselines. It must be said that none of the previous methods to
which we compare were originally devised to be measured using F1. Nonetheless,
given that their extension to use this measure is actually straightforward, we have
decided to compare with them also in this context.

In order to give a more complete view of how our method performs across
all datasets, we show in Table 5.2 the results values for the best optimisation of
our methods instantiated with SLD and KDEy with a logistic regression core (in-
dicated with QuAcc(SLD) and QuAcc(KDEy), respectively) compared with all
the baselines. We also show the results of QuAcc(CC), i.e., the method QuAcc
instantiated with the trivial quantification algorithm CC. This method is shown
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Figure 5.15: Results comparing the optimised and model selected versions of our methods,
instantiated with both SLD (MS SLD LR) and KDEy (MS KDEy LR) quantification algorithms,
with the two best baselines, ATC and DoC. We here do not plot other baselines since, in
this experiment, they perform substantially worse than all the methods that we here plot. All
our methods use logistic regression as a classification algorithm. The prediction error measure
considered is vanilla accuracy. These results are relative to the IMDB dataset.

as a reference for the other two methods in order to give an idea of how much
the choice of the right quantification algorithm can make a difference. All results
are shown for all datasets averaging the values obtained for each method over all
9×21×100=18,900 test samples. Table 5.2a shows the results using vanilla accu-
racy as a prediction accuracy error measure, while Table 5.2b shows the results
using F1. It is evident how our methods show a significant performance improve-
ments with respect to all baselines over all datasets and over both measures.
This is made explicit by the values reported in the last rows of both Tables 5.2a
and 5.2b. We can see how the improvement given by our best method with re-
spect to the best baseline ranges from 5.52% to 31.66% for vanilla accuracy and
from 67.99% to 75.93% for F1, which confirms how for F1 we obtain even better
results, as anticipated before.

In Table 5.3 we show data describing how our best optimised methods are
selected in model selection when instantiated with SLD and KDEy. We can see
that additional covariates are selected at least 62.97% of the times for SLD and
at least 71.03% of the times for KDEy, meaning that they represent a valuable
addition to the base versions of QuAcc. Also recalibration (for SLD) and class
balancing appear to be important hyperparameters that, when properly tuned,
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Figure 5.16: The same results reported in Figure 5.15 but for dataset CCAT.

Figure 5.17: The same results reported in Figure 5.15 but for dataset GCAT.

improve the performance of QuAcc. We also show how many times the three
methods are selected while generating the final one. Here, there is no clear
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Figure 5.18: The same results reported in Figure 5.15 but for dataset MCAT.

Figure 5.19: As in Figure 5.15 for dataset IMDB, but showing the test prevalence as the x-
axis. Every point on the plot is the average of results obtained on the test samples for that
test prevalence value over all training prevalence values, i.e., the average over 9×100=900 test
samples.

67



Figure 5.20: As in Figure 5.15 for dataset IMDB, but reporting F1 as the prediction error on
the y-axis.

prevalence of one method over the others, as the distribution of selected methods
change significantly from one dataset to another.

We also conducted tests of statistical significance employing the Wilcoxon
signed-rank test (Wilcoxon, 1945). We conducted this test on pairs of methods,
obtaining a p-value for each test. This p-value indicates how much the averages
obtained by two methods compared to each other are statistically significant: the
lower the value the more statistically distinct are the two methods. In Table 5.4
we show the Wilcoxon p-values for all methods reported in Table 5.2 taken in pairs
on the IMDB dataset. Methods bound by a p-value p ≥ 0.05 are marked with ·‡,
indicating a low decoupling between them; methods bound by a p-value 0.001 ≤
p ≤ 0.05 are marked with ·†, indicating an intermediate level of decoupling;
unmarked methods are considered statistically distinct by the Wilcoxon test. We
can see how we get good statistical results overall, even though some methods
show relatively high p-values, e.g., QuAcc(KDEy) and DoC.

These results are also reported in Table 5.2 with the same notation for meth-
ods compared to the best-performing approach.
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Figure 5.21: As in Figure 5.20 for dataset IMDB and error measure F1, but showing the test
prevalence as the x-axis. Every point on the plot is the average of results obtained on the test
samples for that test prevalence value over all training prevalence values, i.e., the average over
9×100=900 test samples.

Figure 5.22: A screenshot of the web application we realised to visualise the results of our
experiments.
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IMDB CCAT GCAT MCAT
B
as
el
in
es

Näıve .1799 ± .208 .1274 ± .165 .1071 ± .150 .1183 ± .164
RCA Elsahar and Gallé (2019) .1085 ± .116 .0493 ± .056 .0519 ± .051 .0618 ± .076
RCA* Elsahar and Gallé (2019) .1099 ± .118 .0564 ± .073 .0504 ± .049 .0610 ± .076
Mandoline Chen et al. (2021b) .3616 ± .280 .1920 ± .176 .1581 ± .161 .3599 ± .346
DoC Guillory et al. (2021) .0226 ± .020 .0145 ± .013‡ .0112 ± .010 .0199 ± .022†

ATC Garg et al. (2022) .0613 ± .078 .0292 ± .036 .0151 ± .017 .0230 ± .030

O
u
rs

QuAcc(CC) .0474 ± .038 .0297 ± .024 .0201 ± .015 .0313 ± .042
QuAcc(SLD) .0162 ± .013 .0151 ± .014 .0097 ± .007 .0136 ± .010
QuAcc(KDEy) .0167 ± .018 .0137 ± .012 .0090 ± .008 .0143 ± .013‡

Error reduction 28.32% 5.52% 19.64% 31.66%

(a) Vanilla Accuracy as the classifier accuracy measure.
IMDB CCAT GCAT MCAT

B
as
el
in
es

Näıve .1512 ± .226 .1327 ± .229 .1288 ± .225 .1300 ± .223
RCA Elsahar and Gallé (2019) .1204 ± .148 .1008 ± .134 .1058 ± .147 .1147 ± .151
RCA* Elsahar and Gallé (2019) .2085 ± .237 .2593 ± .284 .2347 ± .238 .2486 ± .250
Mandoline Chen et al. (2021b) — — — —
DoC Guillory et al. (2021) .0809 ± .096 .0951 ± .109 .0947 ± .126 .0911 ± .123
ATC Garg et al. (2022) .1015 ± .133 .0798 ± .116 .0918 ± .141 .0765 ± .124

O
u
rs

QuAcc(CC) .0640 ± .091 .0499 ± .082 .0470 ± .094 .0492 ± .092
QuAcc(SLD) .0259 ± .038 .0199 ± .032 .0221 ± .051 .0227 ± .055
QuAcc(KDEy) .0292 ± .066 .0201 ± .051 .0240 ± .067 .0302 ± .080

Error reduction 67.99% 75.06% 75.93% 75.08%

(b) F1 as the classifier accuracy measure.

Table 5.2: Results of our experiments (expressed in terms of E(A(h, T ), Â(h, T ))) on the IMDB,
CCAT, GCAT, MCAT datasets with vanilla accuracy in Table 5.2a and F1 in Table 5.2b as the
classifier accuracy measure A. Boldface indicates the best method, while underlining indicates
the best baseline. Each figure is an average across all 9×21×100=18,900 combinations of a
training sample and a test sample for the given dataset. The last row indicates the reduction in
error obtained by the best method over the best baseline. No results are available for Mandoline
with F1 since (i) its proposers (Chen et al., 2021b) use vanilla accuracy only as the classifier
accuracy measure, and since (ii) it is not obvious how to modify the Mandoline code for use
with a measure different from Acc. Also the other baselines were tested by their proposers
with vanilla accuracy only, but in their case it is immediate to understand how to modify the
code for tackling F1. An indication of Wilcoxon p-values are reported for methods comparing
to the best performer. Values p ≥ 0.05 are indicated with ·‡ while values 0.001 ≤ p ≤ 0.05 are
indicated with ·†.

5.6.10 A Web Application for Visualising Experimental
Results

It is worth mentioning that we have also developed a web application focused
on data visualisation that shows all results from our experiments. This applica-
tion, which we make publicly available,2 was realised using the “Dash” Python

2http://ilona.isti.cnr.it:33421/?root=output%2Fmain

70

http://ilona.isti.cnr.it:33421/?root=output%2Fmain


D
at
as
et

Q
u
an

ti
fi
er

A
d
d
it
io
n
al

C
ov
ar
ia
te
s

R
ec
al
ib
ra
ti
on

C
la
ss

B
al
an

ci
n
g

T
h
e
1×

4
va
ri
an

t

T
h
e
2×

2
va
ri
an

t

T
h
e
1×

3
va
ri
an

t

IMDB
SLD 81.49% 77.78% 59.26% 66.67% 11.11% 22.22%
KDEy 71.43% — 88.18% 55.56% 11.11% 33.33%

CCAT
SLD 62.97% 70.38% 77.78% 22.22% 66.67% 11.11%
KDEy 78.06% — 84.82% 22.22% 55.56% 22.22%

GCAT
SLD 76.93% 61.54% 65.39% 0.00% 55.56% 44.44%
KDEy 71.36% — 78.65% 11.11% 44.44% 44.44%

MCAT
SLD 62.97% 48.15% 74.08% 33.33% 66.67% 0.00%
KDEy 71.03% — 68.70% 22.22% 33.33% 44.44%

Table 5.3: Frequencies with which the model selection phase chooses (i) options Additional
Covariates (see Section 4.4), Recalibration (for the SLD quantifier, as KDEy does not recalibrate
the classifier), and Class Balancing (for logistic regression), and (ii) the three variants of our
method (1×4, 2×2, 1×3). Concerning the values of the last three columns, note that they
are all multiples of 11.11% (i.e., 1

9 ); this is because, for each combination of a dataset and a
quantifier (SLD or KDEy), 9 model selections (i.e., one for each pair (Ti, Vi)) are performed.

RCA RCA* Mandoline DoC ATC QuAcc(CC) QuAcc(SLD) QuAcc(KDEy)

RCA 1.0000e+0
RCA* 5.8428e-185 1.0000e+0
Mandoline 0.0000e+0 0.0000e+0 1.0000e+0
DoC 0.0000e+0 0.0000e+0 0.0000e+0 1.0000e+0
ATC 0.0000e+0 0.0000e+0 0.0000e+0 0.0000e+0 1.0000e+0
QuAcc(CC) 0.0000e+0 0.0000e+0 0.0000e+0 0.0000e+0 1.7853e-15 1.0000e+0
QuAcc(SLD) 0.0000e+0 0.0000e+0 0.0000e+0 6.2143e-3† 4.6722e-283 0.0000e+0 1.0000e+0
QuAcc(KDEy) 0.0000e+0 0.0000e+0 0.0000e+0 4.0410e-1‡ 0.0000e+0 0.0000e+0 2.2710e-7 1.0000e+0

Table 5.4: Wilcoxon p-values computed on the shown methods taken in pairs on the CCAT
dataset. The p-values are computed across all 9×21×100=18,900 test samples for each pair.
The table is represented as a triangular inferior matrix as results above the main diagonal
repeat. Values p ≥ 0.05 are indicated with ·‡ while values 0.001 ≤ p ≤ 0.05 are indicated with
·†.

framework,3. A screenshot of the application can be seen in Figure 5.22. Via
the application it is possible to select a dataset, a prediction accuracy measure
and multiple methods at the same time. The plot updates dynamically when
the selection changes. It is also possible to select different kinds of visualisation,
both plots and tables. Each visualisation changes the way results are aggregated

3https://dash.plotly.com/
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and averaged. Some representations are also available for each single training
prevalence (selectable on the left). Each plot can be dynamically manipulated
(e.g., selecting a specific area or zooming in and out) and can be downloaded as
a PNG image.

5.6.11 Wrap-up

To summarise, the main observations we can derive from the results obtained
from our experiments, as displayed in Tables 5.2 and 5.3, are the following:

1. The best performance, on all 8 combinations of a dataset and a classifier
accuracy measure, is obtained by either QuAcc(SLD) or QuAcc(KDEy);
this confirms the validity of the intuitions underlying QuAcc.

2. While the best performer is always one of QuAcc(SLD) and QuAcc(KDEy),
it is not always the same. (This is true also for the baselines, since the best
baseline is not always the same method.) QuAcc(SLD) is the best on 6 com-
binations of a dataset and a classifier accuracy measure, and QuAcc(KDEy)
on 2. It is noteworthy, though, that only in 1 combination (CCAT+Acc)
the best baseline (slightly) beats our 2nd best method; in the other 7 com-
binations both QuAcc(SLD) and QuAcc(KDEy) beat all baselines.

3. In terms of the amounts of error reduction that our best method obtains
with respect to the best baseline (see last rows of Tables 5.2a and 5.2b),
while these amounts are very respectable when Acc is the classifier accuracy
measure (from +5.52% to +31.66%), they are dramatic when F1 is the
measure (from +67.99% to +75.93%). A detailed inspection of Table 5.2
shows that, while all methods perform better with Acc than with F1 (no
doubt due to the instability of F1 (Sebastiani, 2015)), the difference in
performance is small for QuAcc and very large for all the baselines. QuAcc
thus also proves robust to “difficult” classifier accuracy measures.

4. Table 5.3 shows that all the three methods discussed in Sections 4.1 to 4.3
are chosen in the model selection phase a substantive number of times. Out
of 72 invocations of model selection (4 datasets × 2 quantification methods
× 9 (Ti, Vi) pairs), Method 1×4 is selected 21 times, Method 2×2 is selected
32 times, and Method 1×3 is selected 20 times. This shows that none of
them is a strawman, while also confirming the intuition that the 2nd is
superior to the 1st, given that it additionally exploits the knowledge of
TP ∪ FP and TN ∪ FN.

5. QuAcc(CC), a variant of QuAcc that uses the trivial “Classify and Count”
(CC) quantifier, beats (see 3rd-to-last rows of Tables 5.2a and 5.2b) all
baselines in 4 cases out of 8. Since CC is not robust to PPS (Esuli et al.,
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2023, §1.2), this result shows that the idea of estimating the prevalence
values of the cells of the contingency table is a good idea in itself. However,
QuAcc(CC) always dramatically underperforms QuAcc(SLD) and QuAcc(KDEy),
which shows that using “true” quantification algorithms robust to PPS for
performing this estimation is also a good idea.

6. The best-performing baseline is always either DoC (Guillory et al., 2021)
or ATC (Garg et al., 2022). RCA and RCA* (Elsahar and Gallé, 2019) are
always worse than both DoC and ATC, and Mandoline (Chen et al., 2021b)
always follows at a distance.
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Chapter 6

Conclusion

In this thesis we have explored the problem of Classification Accuracy Prediction
(CAP), a problem with many potential real-world applications that has not been
extensively investigated in the literature.

We have presented QuAcc, a new method for CAP devised for scenarios in
which the data are affected by prior probability shift (PPS), an important type
of dataset shift. QuAcc is built on top of quantification methods robust to PPS,
i.e., methods devised for estimating the class prevalence values in samples of
unlabelled datapoints affected by PPS. QuAcc is based on the key intuition of
viewing the cells of the contingency table, which is used for computing classifier
accuracy, as classes, and of training a quantifier that estimates the values of these
cells. The experiments we run on four large datasets simulate a wide variety (a)
of amounts of training and/or test data imbalance, and (b) of amounts of PPS.

6.1 The Takeaway Message

The results of our experiments show that QuAcc systematically outperforms (on
all combinations of a dataset and a classifier accuracy measure) all four state-of-
the-art baseline methods we have tested, exhibiting average levels of error reduc-
tion, with respect to the best baseline method for the tested (dataset, classifier
accuracy measure) combination used, ranging from +5.52% to 75.93%. These re-
sults pave the way for potential new CAP techniques built on top of quantification
techniques, that we plan to investigate in the near future.

QuAcc is independent of the algorithm used for training the classifier, of the
algorithm used for training the quantifier, of the function used for measuring
classifier accuracy, and of the function used for measuring classifier accuracy
prediction error. QuAcc can thus be instantiated with methods and evaluation
measures different from those used in this thesis.

While our experiments have concentrated on the binary case, we note that
two of the QuAcc variants we have presented (the 1×4 and 2×2 methods) extend
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straightforwardly to the multiclass case.

6.2 Future Work

This research can be extended on several fronts, of which we here mention the
most interesting ones.

6.2.1 Predicting the Accuracy of Multiclass Classification

This research can be extended by carrying out systematic experiments in the
multiclass case too. While the extension to the multiclass case is straightforward
for the 1×4 method, which would become a 1×n2 method (n being the number of
classes on which the original model issues predictions), and for the 2×2 method,
which would become a n × n, the extension of method 1×3 is non-trivial. This
latter method, in fact, relies on an assumption (that of spatial contiguity between
the FN region and the FP region) that proves fruitful in the binary case, as
confirmed by our results, but does not have obvious equivalents in the multiclass
case. A possible extension of the 1×3 method to the multiclass case thus requires
further research.

6.2.2 Prior Probability Shift, Again

A further direction that we would like to explore consists of testing QuAcc also
on the more challenging scenario in which the data V on which the quantifier is
to be trained, and the data T on which the classifier was trained, are not IID
(as in this thesis) but are themselves affected by prior probability shift. This
experimental protocol would mirror a scenario that is likely to occur in practice,
since we often cannot guarantee that the data on which we would like to train our
quantifier is representative of the data that was used for training the classifier.

6.2.3 Types of Dataset Shift other than Prior Probability
Shift

Additional future research that can be carried out concerns the problem of clas-
sifier accuracy prediction under types of dataset shift different from PPS, such as
e.g.,covariate shift. This might not necessarily mean devising methods alterna-
tive to QuAcc, but might mean instantiating QuAcc with quantification methods
which have proven robust to types of dataset shift different from PPS. This may
prove nontrivial, though, since most of the quantification literature has focused
on PPS (González et al., 2023), somehow neglecting other types of dataset shift.
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Classifier Accuracy Prediction

(CAP), 7, 8, 37, 46, 74
Classify and Count (CC), 15, 20
Codeframe, 7, 10, 37
Contingency table, 37
Contingency table, 8, 40, 46
Covariates, 7

D
Distribution

Probability, 10

Divergence
Kullback-Leibler, 23, 28
Normalised Kullback-Leibler, 23

I
Independently and Identically

Distributed (IID), 8, 11, 38

K
KDEy, 18, 49

M
Machine Learning

Supervised, 7
Maximum Confidence, 25
Maximum Confidence, 27, 41, 54
Maximum Inverse Softmax, 43
Mixture Model, 18

N
Negative Entropy, 25
Negative Entropy, 27, 41, 54

P
Posterior Probability, 50
Posterior Probability, 10, 17, 18, 25,

27, 38, 41
Probabilistic Adjusted Classify and

Count (PACC), 21

Q
Quantification, 8, 11, 15, 16, 18, 20,

22, 38, 39, 44, 49
Quantification methods

Aggregative, 16
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Non-aggregative, 16
Quantification methods

Distribution-matching, 18

S
Saerens-Latinne-Decaestecker

algorithm (SLD), 16, 49
Shift

Concept, 11

Covariate, 11, 75

Dataset, 8, 11, 75

Distribution, 25, 26, 28

Label, 13

Prior Probability, 8, 13, 18, 38,
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