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PINNING OF INTERFACES BY LOCALIZED DRY FRICTION

LUCA COURTE, PATRICK DONDL, AND ULISSE STEFANELLI

ABSTRACT. We consider a model for the evolution of an interface in a hetero-
geneous environment governed by a parabolic equation. The heterogeneity is
introduced as obstacles exerting a localized dry friction. Our main result es-
tablishes the emergence of a rate-independent hysteresis for suitable randomly
distributed obstacles, i.e., interfaces are pinned by the obstacles until a cer-
tain critical applied driving force is exceeded. The treatment of such a model
in the context of pinning and depinning requires a comparison principle. We
prove this property and hence the existence of viscosity solutions. Moreover,
under reasonable assumptions, we show that viscosity solutions are equivalent
to weak solutions.

1. INTRODUCTION

The question of whether interfaces, like phase- or domain boundaries, become
stuck (are pinned) or propagate freely in environments where obstacles, e.g., stem-
ming from impurities in the medium, are present, is relevant for understanding the
behavior of a large number of physical systems. Examples in this direction can
be found in ferroelectricity, dislocation dynamics, solid-liquid phase change, and
martensitic transformations, just to mention a few.

In this article, we consider a model for interface evolution in a heterogeneous
medium of the form

(1.1) up — Au+ @z, u(x))OR(u) > f(x,t).

In this model, the graph of the function u: R™ x [0,00) — R, n > 1 represents an
interface in the domain, e.g., a phase boundary. This phase boundary propagates
in R™*! according to a local driving force, which is comprised of a regularizing term
(in this case the Laplacian as the linearization of a line tension) and a given driving
force f (which may come from, e.g., an external applied electric field in the case of a
ferroelectric phase boundary). Additionally, the effect of the heterogeneities in the
medium is modeled by the dry-friction term —p(xz, u(x))OR(us), with a space- and
state-dependent weight ¢ > 0. The regions where ¢ > 0 correspond to obstacles
in the medium and activate a friction force. This is specified via the corresponding
(pseudo)-potential of dissipation R(-) = |- | and we indicate by 0 its set-valued
subdifferential, namely dR(z) = z/|z| for  # 0 and OR(0) = [—1,1].
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In [§] an earlier, semilinear version of this model was discussed. In particular,
the equation

(1.2) us — Au+ o(x,u(z)) = f

is addressed, see [§] for further references regarding modeling. For this last class
of models, the case of periodic heterogeneities was considered in [9] [7, 1I]. For
the random case, see for example [8, [5, 12| T3] 14l B, 10] where various aspects of
the problem, including questions of pinning, depinning, and ballistic propagation of
the interfaces, were considered and more references to the physics and engineering
literature can be found. In the case where ¢ represents localized, according to a
Poisson point process randomly distributed obstacles, it was shown [§]—barring
some degeneracies and dependencies— that a stationary supersolution to equation
([I2) exists. The form of ¢ in this case is

plz) =Y ful@)pole — zx(w).y — ye(w)),

keN

where fi(w) > 0 are random obstacle strengths and (z, yx) is an n+ 1-dimensional
Poisson point process. The obstacle shape is then given by the function ¢¢ > 0,
0o € C(R™1). The setting of (L2) is however questionable from the modeling
viewpoint, for the effect of obstacles is directional: they exert a driving force on the
interface by pushing it downward. This is consistent with the case of an increasing
u only. It leads to the necessity of introducing some unnatural assumptions, e.g.,
in order to prove that a stationary solution exists one has to exclude the presence
of obstacles crossing the line v = 0. Otherwise, the force given by the function ¢
may push the interface towards —oco. Of course, this is not a physically reasonable
situation.

In order to amend such physical inconsistency, we focus here on the localized dry-
friction dynamic of (II). This provides a sounder description of the interaction
of obstacles and interfaces, which is in particular independent on the direction
at which defects are traversed. In fact, the friction force —p(z,u(x))OR(ut) is
aligned with —uy, so that the corresponding contribution ¢(x,u(x))OR(us)us =
o(x,u(z))R(ut) > 0 to energy dissipation is always non negative, regardless of the
sign of u; [31].

Dry-friction effects are ubiquitous in mechanics and have attracted attention
since the pioneering observations by Coulomb. The reader is referred to the mono-
graphs [I15], 17, 25 [33] for a mathematically-oriented collection of classical materials
on dry-friction modeling and analysis. In the context of dislocations dynamics, a
localized dry-friction assumption similar to (II)) is advanced by Koslowski, Cuitifio,
and Ortiz [24].

In the purely rate-independent case, i.e., when u; is omitted in (LI) and ¢
is taken to be constant, existence of strong solutions to (LIJ) is readily checked
by time discretization. The reader is referred to the monograph by Mielke and
Roubicek [30] for a thorough presentation of existence and approximation theories
for rate-independent systems. In absence of the viscous term wu; and for uniformly
positive weights ¢, equation (LI) would fall into the class of rate-independent
systems with state-dependent dissipation, which admit a well-posedness theory [2]
20, 27].
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The case of ([I.T]) is more involved, for mixed rate-independent and rate-dependent
dynamics occur. Existence for such mixed systems is also available. The reader is
referred to the series of contributions by Mielke, Rossi, and Savaré [28] 29] [32] on
these topics. The available theory seems however not to cover the specific case of
(1), where the switching between purely viscous and mixed dynamics is driven by
the state itself.

In order to treat the model in (I.T]) in the context of pinning and depinning of in-
terfaces, some technical hurdles have to be overcome. In particular, we abstain from
following the by-now classical path of the variational theory of rate-independent
processes [30], or the theory of balanced viscosity solutions [22] 23] [16], and focus
instead on solvability in the viscosity sense [6]. It should be noted that viscosity so-
lutions and balanced viscosity solutions (BV-solutions) are two different concepts.
The theory of viscosity solutions is instrumental for establishing comparison tools
which are crucial in order to give meaning to the eventually constructed super- and
subsolutions. The existence of viscosity solutions and the comparison principle are
proved in Section [2 for some more general problem including (I1J).

We then return to our specific choice ([I)) in Section Bl In Section Bl we
examine the relation of viscosity solutions to the already well known weak solutions
for (L)) on the flat torus. The pinning result is then presented in Section In
the same setting of randomly distributed, localized obstacles as treated in [], we
show existence of stationary super- and subsolutions for —F* < f < F* for some
deterministic F* > 0. This fully establishes the emergence of rate independent
hysteresis in such a system when considering (quasistatic) time-dependent loading
with changing sign. In particular, we see that the localized dry friction may be
used like an additional driving force with the appropriate sign (i.e., negative when
constructing a supersolution, positive when constructing a subsolution). A precise
statement of our main result is given in Theorem 3.7

2. VISCOSITY SOLUTIONS FOR PROBLEMS WITH RATE-INDEPENDENT
DISSIPATION

In order to treat the differential inclusion () (referred to as equation in the
following) we are going to resort to the notion of viscosity solutions (see for instance
[6]). In fact we will focus our attention on the following more general equation

(2.1) ug + F(x,t,u, Vu, D*u) € S(u)G(z, t,u, Vu) in Q x I,

with Q@ C R™ open and connected, I := (0,7T) for some final reference time 7" > 0,
F:OxIXxRxR"xSym(n) >R, G:QAXxIxRxR" = [0,00), S: R —= PR),
where Sym(n) is the set of all symmetric n x n matrices, and P(R) is the power set
of R. The specific case of equation (II]) is recovered by choosing

F(:z:,t,r,p,X) = —tI‘(DQU) —f(.I,t), G(I,t,?",p) = @(IaT)a S(CL) = —8R(a)
In particular, recall that one has S(0) = [—1,1] and S(a) = —a/|a| if a # 0.

We denote the parabolic superjet (subjet) of the function u : Q x I — R at the
point (x,t) € Q x (0,T) by P> Fu(x,t), P> u(x,t), respectively, see [6, Section 8]
for a rigorous definition, we introduce the following definition.
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Definition 2.1 (Viscosity Solutions). An upper-semicontinuous function
u € USC(Q x I) is a viscosity subsolution of @.II) if for all (z,t) € Q x I and for
all (a,p, X) € P> Tu(x,t) there exists p € S(a) such that

a + F(x7 t’u(x’t)7p’X) S /,LG(.I, t’u(x’t)7p)'

A lower-semicontinuous function v € LSC(Q x I) is a viscosity supersolution of
@) if for all (y,s) € 2 x I and for all (b,q,Y) € P>~ v(y, s) there exists v € S(b)
such that

b+ F(y,s,v(y,s),q,Y) > vG(y,s,v(y,s),q).

A viscosity solution of (2.1 is a function that is both viscosity sub- and supersolu-
tion.

This notion generalizes the definition of viscosity solutions from [6] to the class of
differential inclusions we are interested in. In order to prove that this generalization
is indeed appropriate let us now check that, under rather general assumptions,
uniform limits of viscosity solutions in the sense of [6] are viscosity solutions in the
sense of Definition 211

Proposition 2.2. Let u € USC(Q x I) be a sequence of viscosity subsolutions (in
the sense of [0]) of the regularized problem

ug + Fo(z,t,u, Vu, D*u) = Se(ug)Ge(x, t, u, Vu),

with Fe : @ X I x R x R™ x Sym(n) — R continuous, G. : § x Rx R x R" —» R
continuous, and S : R — R.

Assume that ue — u, Fo — F, and G — G locally uniformly and that whenever
ae — a there exists a not relabeled convergent subsequence Se(a.) — p € S(a).
Then, u is a viscosity subsolution of (2] in the sense of Definition 211

Proof. The local uniform convergence of v, — u standardly implies that, for every
(z,t) € Q x I and every (a,p, X) € P*Tu(z,t), we may find a sequence (z,t.) €
QO x I and (ac,pe, Xc) € P> uc(x,te) such that

(xévtéa ue(xea te)a Qe Pe, XE) - (Ia t,u(x,t), a, p, X)

as € — 0 [6, Proposition 4.3]. By passing to a subsequence, our assumptions provide
us with a g € S(a) such that

Se(ae) — p.
As u, are viscosity subsolutions in the sense of [6], it holds
e+ Fe(e, te, ue(Te, te), Pes Xe) < Se(e)Ge(@ey ey te(Xe, te), Pe)-
Using the local uniform convergence of F, G, we can pass to the limit and obtain
F(z,t,u(z,t),a,p, X) < pG(x, t,u(x,t),p),

and v is a viscosity subsolution (2)) in the sense of Definition 211 O
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2.1. Comparison Principles. In this section, we will prove first a comparison
principle on bounded domains (Theorem 23) and then in R™ (Theorem 2:6). The
exposition of this section and the proofs follow the structure of [6] Sections 3, 5.D.,
and 8|.

Let us start by listing assumptions on the nonlinearities F'; G, and S in (2.1).
We ask the following;:

The function F': @ x I x R x R™ x Sym(n) — R is continuous and it holds

F1) F(z,t,r,p,X) < F(x,t,s,p,X) for all r,s € R with r < s,
F2) There exists a modulus of continuity wp such that

F(y,t,T’,OA(.I—y),Y) —F(.I,t,T’,O&(.TE—y),X) < WF(|I—y| —|—O[|$—y|2)
whenever z,y € Q,t € I,r € R,a € R>¢ and

Id 0 X 0 Id -1Id
_30‘(0 Id>§(o —Y>§3a(—1d 1 )
The function G :  x I x R x R™ — [0, 00) is continuous and satisfies

Gl) |G(x,t,r,p) — G(z,t,s,p)| < Lg|r — s| for some Lg > 0 and all r, s € R,
G2) There exists a modulus of continuity wg such that
Gly,t,r,a(z —y)) = Gz, t, 1,0z — y)) < we(lz -yl + ale —y|?),
whenever z,y € Q,t € I,r € R.

The set-valued function S : R — P(R) \ @ is such that

S1) =S8 is mazimal monotone [1], namely supS(a) < inf S(b) for all a,b € R
with a > b, and the graph of —S cannot be properly extended (in the sense
of graph inclusion) by a monotone graph,

S2) the range S(R) = UgerS(a) is bounded, i.e., S(R) C [—Smax; Smax] for
some Spax > 0.

Note that all assumptions are fulfilled in the specific case of ([L]).

Theorem 2.3 (Comparison Principle I). Let Q@ C R™ be bounded. Assume
132)] G2), and and let u be a viscosity subsolution and v be a viscosity

supersolution of 2I)) with v < v on the parabolic boundary Op (2 x I), i.e., on
N x TUQ x{0}. Then, u<wv in QxI.

Proof. Comparison principles usually hinge on the monotonicity of the nonlinear
terms in the equation. As G is not necessarily monotone in u, we start by performing
an exponential rescaling, i.e., we let A\ > 0 and define U(x,t) = e Mu(z,t) and
V(z,t) == e Muv(x,t). It is easy to see that U and V are sub- and supersolution to

U + \U + F(x,t,U, VU, D*U) € S(eM(U; + \U))G(x,t,U, VU)
with
F(x, t,r,p,X) = e_’\tF(x, t,eMr, eMp, e’\tX)
and
G(x,t,r,p) = e MG(x,t,eMr, eMp).
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The functions F and G satisfy IF2)| and respectively, with the same

constants by rescaling the moduli by e~**

Let us check the comparison for U and V. Assume by contradiction that com-
parison does not hold, i.e.,

sup {U(z,t) = V(z,t)} =6 >0
€N
el

and define

Mg~ = sup {U(:z:,t) - V(y,t) = §lz — y|? — _th} .
z,yc2
tel

We have M, , > /2 for v small enough. Since the domain is bounded, the supre-
mum is achieved at a point (#,7,%) € Q x Q x [0, 7).

We will now show that the triplet (:%,Q,f) is in the interior of the parabolic
domain if « is large enough. Assume first that ¢ = 0 then

Mo =U(2,0) =V (5,0) — 2]z — 9] — =25 < —

T & — > — 75 <0,

T—t —

n[Q

since u < v on the parabolic boundary 0p(Q2 x I), contradicting My, > /2. We
now check that, if o is chosen to be large enough, & and ¢ necessarily belong to €.
Assume the contrary, namely there exists a subsequence a,, — oo with &,, € 9
realizing the sup. Then, we also have ¢, — g € 02 and therefore

lim M, ,= lim (U(ﬁ:n,f) V(D) — %[ — Gl — L) <0-2<0,

n—oo n—oo T—t

where we used again that u < v on dp(€2 x I) and reached a contradiction. There-
fore, we have proved that (,7,%) € Q x Q x (0,T), at least if « is large enough.
Hence, we have [0, Theorem 8.3]

(a, (& — ), X) € P>TU(&,1) and (b, (& — 9),Y) € P27V (3, 1)

witha—b:ﬁand

Id 0 X 0 Id -1d
_30‘<0 Id>§<o —Y>§3a<—1d 1d >
which implies that X <Y. As U is a subsolution and V' is a supersolution, we can

find pu € S(eM(a+ A\U)) and v € S(eM(b+ AV)) such that
(2.2) a+ U+ F(&,t,U a(z — ), X) — pG(&,t,U, (i — §)) <
(2.3) b+ AV + F(,t, V(@ —9),Y) —vG(§,1,V,a(@ — ) >
By subtracting (2:2) from (Z3]), we obtain
a—b< NV —-U)+F(4,t,V,a(@ —9),Y) - F(2,t,U,a(z — §), X)
i, t,U

—vG(,t,V,a(@ —9)) + pG(&,t, U, a(i — §)).
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Adding and subtracting terms, we get
o S AV =U) + F(,1,V,a(@ —9),Y) - F(i,1,V,a(@ — ), X)
+ F(&,t,V,a(d — §), X) — F(2,1,

+ [vle Mwe (|2 — §| + ald — §I°) + [v|La|U — V|
+ (u = v)G(&,t, U, & — ).

Where the second inequality follows from and by noticing that,
U>V,X <Y,and a > b. In particular, we have e*(a + AU) > e*(b+ \V)

and implies that y — v < 0. As G > 0, it follows that the last term above is
negative. Eventually, by means owae get

g <MV = U) 4+ e Nup(d — gl + ol — )

+ e Mwa(|E — 9l + ald — ) + Y| La|U - V|
< (SwaxLe =AU =V)
+ (1 + Smax) (wr (|2 — 9] + alz — 1)
+we(|t — gl + alz —§*)).
By choosing A > Syax L the first term becomes negative and hence

s . —
0< 77 < GEE
< (14 Smax) (wr (1@ — 9l + alz = §1*) +wa (|2 — gl + alz — g[*)) .
By taking o — oo, we have a|# — §|?> — 0 which implies |& — §| — 0. Therefore,
the right-hand side above goes to 0, leading to a contradiction. ]

Corollary 2.4 (Comparison Prlnmple II) Let Q C R™ be bounded. Assume
. and [S1) . - Instead of [F1), F is asked to satisfy
|F(‘T7t7r7p7X)_F(:E7t7S7p7 )|§LF|T_S|
for some Lrp >0 and all r,s € R, p € R", X € Sym(n).

Let u be a wviscosity subsolution and v be a viscosity supersolution of 2.1l with
u<vondp(QxI). Then, u<wv in Qx 1.

Proof. The result follows from the first comparison principle and an exponential
scaling. Proceeding as in the proof of Theorem B3] we let A > 0 and define
U(z,t) = e Mu(z,t) and V(z,t) := e Mv(x,t). Recall that U and V are sub- and
supersolution to

Wi+ AW + e MF(x,t, MW, MV, M D2W) € S(eM (W, + AW)G (x, t, W, VIV)

with G(z,t,7,p) = e MG(x,t,eMr, eMp). The function G satisfies and
with the same constant by rescaling the modulus by e=**. On the other hand,



8 LUCA COURTE, PATRICK DONDL, AND ULISSE STEFANELLI

the function F(z,t,7,p, X) == Ar+e MF(z,t, e r eMp, eMX) clearly satisfies
Let » < s and compute

F(,T, t,r,p, X)— F(,T, t,5,0,X) = ANr —s) + e MF(x,t,eMr, eMp, e X)
— eiAtF(x, t,eMs, eMp, e)‘tX)
< XNr—8)+ Lpjr —s|
= (Lp — N)|r —s|

which shows that, choosing A > Lp, F fulfills as well. We can now apply
Theorem 23] and obtain that U < V, hence u < v. O

Remark 2.5. The comparison principles proved above would also hold on the flat
torus T™, the main difference being that the parabolic boundary dp(T™ x I) =
T x {0}, i.e., we only have to specify an initial condition. To see that comparison
holds just note that we can assume T = R™/Z"™ ~ [—1,1]". In the proof of the
comparison principle a maximum of M, - will always be achieved in the interior of
some larger domain say [—2, 2]™, letting condition « < v on 9[—2, 2]™ x I redundant.

As it is usual in the treatment of viscosity solutions, assumptions on F' and G
have to be strengthened in order to be able to prove comparison results on the
whole space R™. We hence replace F2) and G2) by the following conditions:

FU) The function F can be written as F(x,t,r,p, X) = Fi(z,t,7) + Fa(t, p, X)
with Fi and Fh continuous. Moreover, there are Cp, > 0, Krp > 0, and
moduli of continuity wp, and wg,, such that for all z,y e R*, t € I, r € R,
a,beR™ p,g € R and X,Y € Sym(n), the following conditions hold:

(1) Fl(ya t,T) - Fl(‘rvta T) < wF1(|‘T - y|)
(ii) F2(t=a(x - y),Y) - FQ(tva(x - y)vX) < sz(l‘r - yl + O‘l‘r - y|2)7
whenever

0 X 0 4 —Id
_30‘<0 Id>§<o —Y>§3a<—1d 1d >
(iif) Fi(y,t,r) — Fi(z,t,r) < COp + Krlz —yl.

GU) The function G can be written as G(z,t,r,p) = G1(z,t,r) + Ga(t, p) with
G1 and G2 continuous. Moreover, there are Cg, > 0, Kg > 0, and a
modulus of continuity wg,, such that for all z,y € R, t € I, r € R, and
p,q € R", the following conditions hold:

(i) Gl(xvtv ’I“) -Gy (y,t,?‘) < wGl(lx - yl)?
(11) Gl(xvta T) - Gl(ya t,T) <Cq, + I(G|:Zj - y|7

Theorem 2.6 (Comparison Principle in R™). Assume IEU)|, |G1)| [GU)|, and
IS1)| on R™, and let u be a viscosity subsolution and v be a viscosity supersolution

of ) with
(2.4) u(z,t) —v(y,t) < L1+ |z| + |y|) for all (z,y,t) € R* x R"® x I
for some L > 0 which is independent of t. If u(-,0) < v(-,0) then u < v in R™ x I.

Proof. We will again start by an exponential rescaling, i.e., take A > 0 and define
Ul(z,t) = e Mu(z,t) and V(z,t) == e v(z,t). In this case, U and V are sub- and
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supersolutions to the equation
Wy + AW + F(x,t, W,VW, D*W) € S(eM (W, + A\W))G(z, t, W, VW),
with appropriately redefined F and G (see the proof of Theorem 23). We now

proceed in steps.

Step 1: Growth estimate. The first step of the proof consists in proving that the
difference U — V satisfies the growth estimate
(2.5) sup Uz, t) = V(y,t) = 2K|z — y| — 75 < o0,
(@,y,t) ER™ XR™ X T

where K = Kr + SmaxKg. Following [6] Theorem 5.1], we choose a family Sg of
C?(R™) functions such that

Z) ﬁR > 07

it) liminf |, o 222 > 21,
)
)

||
iii) |DBr(z)| + |D?*Br(z)| < C, for R>1, z € R™,
i) lmpr_ o0 Br(x) =0 for x € R™,

where C' > 0 is a positive constant. A suitable choice would be a radially symmetric
cutoff function, namely g = 1 on Br(0) := {r € R : |r| < R} and fgr = 0 on
Bsr(0)°. Let us now define the function

(I)(.’L',y,t) = U(J,',t) - V(yat) - 2K(1 + |.’II - y|2)% - (BR(‘T) - ﬁR(y)) - ﬁ
Note that condition i) implies that there is a constant r(R) such that Sgr(z) >
S L|z| if || > r(R). Moreover by (24)), we obtain for |z|, |y| > r(R) the estimate

®(x,y,t) < LA+ o] +|yl) = 2K = §L|z| = 5Lly| - F = L= 2K — 3 — 5 L(|z| + [y]).

Hence, the function has to attain its supremum in a compact subset of R x R™ x I.
Let (Z,9,t) be this maximum. First we consider the case ®(&,7,¢) < 0. We then
have for R big enough

Uz, t) = V(y,t) = 2K|r — y| — 75
< ®(@,9,0) + 2K(1+ |z — y*)2 — 2K |z — y| + (Br(2) — Br(y))
< 2K + (Br(x) — Br(y)) < o0,

where the right-hand side can be chosen independently of R. Therefore, the asserted
inequality (23] holds. Secondly assume the other case, i.e., ®(&,¢,t) > 0, which
implies that

In case t = 0 then we would get

0 < ®(,9,8) < —2K(1+ |2 — §*)F — (Br(2) - Br(9)) — 75 <0,

which is a contradiction. Hence, the maximum (&, ¢, t) lies inside R™ x R™ x (0,T),
yielding

(a,p + DBr(%), X + D?*Br()) € P> TU(&,1),
(bvp - DﬂR(y)v -X - D2ﬂR(y)) S ,sz_v(ga ﬂa
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wﬁha:b+j?ﬁv,p:2kfﬁ%%F,mﬂ
2K b — b —
X=— " _Td4Kk— Y o~ Y __
1+ |2 — g L+[2 =g  1+|2 -9

This implies that one can find u € S(e*(a + AU)) and v € S(eM(b + AV)) such
that

(2.7) a+\U + F(2,t,U,p+ DBr(%), X + D*Br(2)) < uG(2,t,U,p + DBr(2)),
(2.8) b+ AV + F(3,4,V,p — DBr(), X — D*Br(9)) = vG(§,1,V,p — DBR(Y))-
Subtracting (27) from (2.8) shows that
a—b< ANV -0U)
+ P(§,4,V,p— DBn(§),—X — D*Bp(§)) — F(3,6,U, p+ DBa(2), X + D*Bn(2))
—v (G &, V.p = DBR(5)) + G(&,E,U,p+ DBr(2)))
+ (u —v)G(2,t,U,p+ DBr(2)).

As V < U and b < a, we have p < v and we can estimate the last term in the
right-hand side above by 0. To treat other terms we use condition
and As Fy and G9 are continuous there is C'(\,p, X, DBgr, D?Br) > 0 locally
bounded such that

T S O Snacl )V = U) + OO p. X, D, D)

+ (KF + SmaxKG”j - :’ﬂ

As p, X are bounded by K and DBr and D?Bgr are bounded independently of R
we will introduce a constant C(A) > 0 which is independent of R and obtain

(A = SmaxLa)(U = V) < C(N) + K|z — 9.

As U > V at the maximum point, we can choose A > Cp, + Cg, + 1, fixing the
constant C'(X), to obtain with (2.6))

U-V<CN+3U-V).
Hence, the difference U — V' is bounded which implies that
O(z,y,t) < ©(2,9,1) < U(,1) - V(g,1) < 20(\).
By sending R — oo we obtain
Ua,t) = V(y,t) —2K(1+ |z —y[))* — 715 <20())
and (Z3)) is proved.
Step 2: Comparison principle. We proceed by contradiction: Let us assume that
sup {U(z,t) = V(z,t)} =0>0
£fo'r)

and define

Moer = sup {Ulat) = V(w.t) = §la —yl* = ol +1o/?) - 75}
z,yER™
tel
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By (Z3), My, is bounded and we have My ., > /2 for v,e small enough.
Furthermore, we see that M, . is attained at (&, g, f) satisfying

(29)  gle =g +e(@l® +191*) <U@,1) = V(§,1) - 75 < 2K|i —g| + C
< sl - g+ 4,
for some constant C' = C(M\,Cp,Cr,) > 0. Hence, the maximum is achieved at
some (&, 9,t) € R™ x R™ x (0,T) and we can again apply the Jensen-Ishii Lemma
to obtain that
(a,a(3 — 9) + 2¢2, X + 2¢1d) € P>TU (2, 1),
(bya(d — §) — 2€3,Y — 2¢1d) € P2~V (4, 1),

Witha—b:ﬁand

Id 0 X 0 Id -1d
_30‘<0 Id>§<o —Y>§3a<—1d 1d >
This implies that X < Y. As U is a subsolution and V is a supersolution, we can

find pu € S(eM(a+ A\U)) and v € S(eM(b+ AV)) such that
a+ N + F(z,t,U, o — §) + 2ei, X + 2¢1d)

(2.10) — uG(2,1,U, (& — §) + 2¢i) <0,
b4+ AV + F (4,1, V,a(d — §) — 2€3,Y — 2¢1d)
(2.11) —vG(§,t,V, (& — §) — 2¢§) > 0.

By subtracting (210) from (2I1), we obtain

a—b< NV -=0)
+ F(,5,V,a(@ —9) —2e9,Y — 2¢1d) — F(2,t, U, (& — §) + 2¢2, X + 2¢1d)
—vG(§, 1, V,a(d — ) — 269) + pG (2,1, U, (3 — §) + 2¢d).

By adding and subtracting terms and indicating p := a(& — §) one has that

(212) i < AV - U)
+ F(,t,V,p —2e0, Y — 2e1d) — F(i,t,V,p + 2€i, X + 2¢1d)
+ F(2,t,V,p + 2¢9, X + 2¢e1d) — F(2,1, U, p + 2e2, X + 2¢1d)
—vG(9,t,V,p — 2€)) + vG(,t,V,p + 2¢k)
—vG(&,1,V,p+ 2e2) + vG(Z,1,U, p + 2€i)
—vG(&,t,U,p+ 2ei) + puG(2,t,U, p+ 2€i)
<NV -U)

+ F(9,£,V,p —2e0,Y —2e1d) — F(&,t,V,p + 2€5, X + 2¢1d) 40
—vG(§,t, V,p — 2€4) + vG(&,t,V,p+ 2€i)
+ Smax La|U = V| + (1 — v)G(&, 1, U, p + 2¢i).

In the second inequality we used and [G1)| along with U > V, X <Y, and
a>b. As eM(a+ NU) > eM(b+ AV), implies that p1 — v < 0 and by the
positivity of G it follows that the last term is negative.
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To treat the other terms in ([212) we use and to obtain,
7257 S O = SmaxLa) (V = U) + Fi(3,1,V) = Fi(#,4,V)
+ Fy(t,p— 2e,Y — 2e1d) — Fo(t,p + 2ez, X + 2¢1d)
+ Snax G1(9, 6, V) — G1(2, 1, V)| + Smax|Ga(t, p + 2€9) — Ga(t, p — 2¢3)|
< (A= SmaxLa)(V = U) +wp (|2 — 9])
+ Fy(t,p— 2e, Y — 2e1d) — Fo(t,p + 2ei, X + 2¢1d)
+ Smaxwa, (|12 = J) + Smax| G2(t, D + 2€9) — Ga(t,p — 2¢€7)]
As equation (23] implies that a|2—¢|? is bounded independently of €, and therefore

also p,q, X, and Y, we can take the limit inferior as ¢ — 0 of the above inequality
and obtain

ﬁ < ()\ - SmaXLG)(V - U) +Twr (|aﬁ: - y') + FZ(Euﬁv Y) - F2(£7ﬁ7 X)
+ Smaxwa, (1T = ]) + Smax| G2 (L, D) — G2 (L, p)|-
Note that we used the continuity of F5 and of G. Finally, by choosing A > SyaxLa
we can use [F'U)| to reach a contradiction as follows
0 < F <liminfwr, (|2 - §1) + wr, (& = §| + ald = §1°) + Smaxwe, (| = 1) = 0.

Hence, U < V and therefore u < v. O

2.2. Existence of solutions: Perron’s Method. Now that we have the com-
parison principles at hand, we can construct solutions by the Perron method [19].
We will make use of some properties of the set-valued mapping & which we record
in the following proposition for later reference.

Proposition 2.7 (Properties of S). Let S : R — P(R) fulfill S1) and S2). We
have the following:

C1) If a, — a then any sequence p, € S(a,) has a subsequence i, such that
finy, — 1 € S(a);

C2) For all a € R and for each € > 0 there is a § > 0 such that for all b € R
with |a — b| < & there are p € S(a) and v € S(b) with | —v| < ¢;

C3) For all a € R the set S(a) is compact.

Proof. Ad C1): Let a,, = a, pn, € S(a). Since the range of S is bounded by S2) we
can extract a not relabeled subsequence p,, such that p, — p. Take any i € S(a)
and compute

(n = f)(a —a) = lim (o —j)(an —a) <0.
If p ¢ S(a), preserving monotonicity one could properly extend the graph of —S(a)
by adding the point (a, —u) to it. This contradicts the maximality of —S.

Ad C2): Assume by contradiction that there exist a € R and e > 0 such that for
all 6 > 0 there exists b € R with |a — b| < § such that for all 4 € S(a) and v € S(b)
one has

(2.13) |p—v| > e

Let § = 1/n and denote by b,, € R a point fulfilling the above property. One can
hence extract a monotone, not relabeled subsequence b, — a. Note that b, # a
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definitely, otherwise one could choose p = v contradicting ([ZI3]). Let us assume
that b,  a (the case b, N\, a is analogous). Then (2I3]) ensures that

supS(r) < infS(a) —e.

r<a
This in turn implies that (infS(a) — ¢,inf S(a)) N S(R) = @, contradicting the
maximality of —S. Indeed, one could then properly extend the graph of —S by
adding the segment {a} x (—inf S(a), — inf S(a) + €) and preserving monotonicity.

Ad C3): As S(a) is bounded by S2), one has to check closedness. Assume
tn € S(a) with p,, — p. By arguing as in the proof of C1) we have that maximality
—&§ implies that p € S(a). O

The following arguments are an adaptation of the theory from [6] Pages 22-24]
to the specific form of equation (21).

Lemma 2.8 (USC envelopes of subsolutions). Let F be a non-empty set of subso-
lutions of 21 and define
w(x,t) == sup u(x,t).
ucF

If w(z,t) < oo then the upper-semicontinuous envelope w* of w, is also a subsolu-

tion of 2.1]).

Proof. Let (z,t) € Q x I and (a,p, X) € P>+ w*(x,t). By definition of the upper-
semicontinuous envelope one can find a sequence (Z,tn,un) € Q x I x F such
that wp(zn,t,) = w*(x,t) and for any other sequence («,,t,) — (z,t) we have

n'n

lim sup,,_, o un (2}, t),) < w*(x,t). This implies that there is a sequence (&,,t,) €

n»’n

Q x I and a sequence (@, pn, Xn) € P> uy, (&, t,) such that
(Zns s U (B s ) Gy Py X)) — (2,8, w* (2, 1), a, p, X),
see [6, Proposition 4.3]. As u,, € F is a subsolution there is a p, € S(a,) such that
U A F (& by w(Zns )y Py X)) < pin G (& s w(dn, t), D)
Passing to a subsequence, by we have pu,, — 1 € S(a) and the last inequality
still holds for this subsequence. Letting k& — oo implies that
a+ F(x,t,w*(x,t),p, X) < uG(z, t,w* (z,t),p).

We proved that for all (z,t) € Q x I and all (a,p, X) € P> w*(z,t) there is a
u € S(a) such that the above inequality holds. This shows that w* is a subsolution

of 21). O

Lemma 2.9. Let u be a subsolution of (ZI). Assume that u. is not a supersolution
at some point (i,1), i.e., there exist (a,p, X) € P> u.(&,t) such that for all p €
S(a) we have
(2.14) a+ F (2,6, ue(2,8),p, X) < uG(2,t, ue (2, 1), p).
In this case, for any € > 0 there exists a subsolution u. :  x I — R satisfying

o uc(x,t) > u(x,t),

o sup(ue —u) >0,
o uc(x,t) = u(z,t) for all (x,t) € Q x I with |(x,t) — (&,1)] > e.
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Proof. Let (#,t) and (a,p, X) € P>~ u(#,t) be such that inequality (ZI4) holds.
As S(a) is compact, see one can find o > 0 such that
a+ F(i,8,u(2,1),p, X) — pG(&,,u(@,1),p) < —a
for all u € S(a). Let us define
Usy(2,t) = w (&, 8)+0+a(t—t)+(p,z — B)+1 (X (z — ), 2 — 2)— L |(z, 1) — (&, ) >
As F is continuous we have for |(x,t) — (Z,%)| — 0,
F(x,t,us~(z,t), Vs (7,1), D*us (2,1))

= F(z,t,us~(z,t),p —y(x — &), X —vId)

= F(&,t,u.(2,1),p, X) +o(1).
Analogously, for G we have

G(w,t,us~(2,t), Vus o (7,1)) = G(2,%,u.(2,1),p) + o(1).

As Oyus (2,t) = a—v(t—t), condition[C2)|implies that there are y1, € S(Oyus ~(, 1))
with  small enough such that p, = i+ o(1). Hence we conclude that if 6,v,r are
small enough then is us -, a subsolution of ZI)) in B,(%,t). Moreover, since

U(Iat) Z u*(xvt) Z u*(jvf) + <a’7t - £> + <p,$ - 'i>
T+ L(X (o - 8),0 — 8) +oll(@, ) — (3, D)),
we can choose 0 = c(, ) to obtain u(z, t) > us(z,t) for (z,t) € B.(z, f)\Bg (&,1).
Therefore the function

_f max{u(z,t),us(z,t)} in B.(,7),
Uy (2,1) = { u(z,t) elsewhere,

is a subsolution by Lemma 2.8 It is clear that u,(z,t) > u(x,t) and that in a

neighborhood of (#,%) we have u,(z,t) > u(z,t). For e given, by choosing r,v < €
we have that u. satisfies all the required properties. O

Theorem 2.10 (Perron’s Method). Assume that comparison holds for (1)), let
u be a subsolution and v be a supersolution of (ZI) with u. < v* on dp(2 x I).
Then the function

W (z,t) = sup{w(z,t) | w is a subsolution with u < w < v}
is a viscosity solution of (ZI)) with u, < W < v* on dp(Q x I).

Proof. The standard theory of upper- and lower-semicontinuous envelopes provides
uy S W <W < W™ <o*

which in particular entails that u, <W < v* on 9p(Q x I). We use Lemma [Z.8] to
conclude that W* is a also a subsolution and hence W* < v by comparison. This
however implies that W = W* and in particular W is a subsolution.

Now assume that W, fails to be a supersolution at some point (Z,). Then
Lemma [Z.9 provides us with subsolutions W, that satisfy W < W, and u < W, <wv
on 9p(Q2 x I) by choosing € small enough. Moreover, we have u < W, and by
comparison also W, < v. By the maximality of W this implies that W > W..
Still, there are points where W, > W which is a contradiction. Therefore, W, is a
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supersolution and by comparison we have W < W, and hence W, = W* = W. We
conclude that W is a viscosity solution. O

2.3. Continuous dependence and regularity on the torus. In this section we
will prove continuous dependence and some regularity of viscosity solutions on the
flat torus. In the following, we say that u is a viscosity subsolution (supersolution)
of equation E(Fy,S1,G1) if u is a subsolution (supersolution) to (21) with F' = Fy,
8281, and G = Gl.

Let Lg,, Lg, be the Lipschitz-constants from corresponding to equation E;
and Fs respectively, Spax the supremum of S as in We will call

/\(El, EQ) = Smax min{LGl y LG2}
the minimal exponential scaling factor of these two equations and the scaled differ-
ence between the data is
|F1 — F|oo + Smax||G1 — G2|| o

A(Er, By) i= | NE1, B»)

Theorem 2.11 (Continuous dependence on data). Let u be a subsolution of Ey =
E(F1,8,G1) and v a supersolution of Ea = E(F»,S,G2). Assume that a compari-

son principle and hold for E5. Moreover, let and be satisfied by

both equations. We then have for all (x,t) € Q x I

u(w,t) — vl 1) < ANEVE < max  {(u(z,t) — v(z, 0)*) +A<E1,E2>>
(z,t)€dp (2XI)

— A(E4, Es).

Proof. Set

A(t) = €>\(E1’E2)t ( max {(U(I, t) - U(IE, t))+} + A(El, EQ)) — A(El, EQ)
(z,t)€dp(Q2XT)

and define @ == u(x,t) — A(t). We will show that @ is also a subsolution to E,. In
order to check this, we formally compute
iy + Fo(x, t, 0, Vi, D*i) = uy — N (t) + Fay(z,t,u — A(t), Vu, D*u)
<y — N (t) + Fo(x, t,u, Vu, D*u)
<y — N (t) + Fi(z,t,u, Vu, D*u) + ||F1 — F3)|oo,

where we used in the first inequality. Note that, as u is a viscosity subsolution,
there exists p € S(uy) such that

Uy + Fo(x,t, 0, Vi, D*) < pGq(z,t,u, Vu) — A (t) + ||FL — Fal|oo-

Using we find a i € S§(u:) with & > p. Hence, the positivity of G, and
give

(
< pGy(z, t,u, Vu) — N (@) + || F1 — Falloo
< ﬂGQ(I, t,u, Vﬂ) + )\(El, EQ)A(t) + SmaxHGl — G2||Oo — A/(t) + ||F1 — F2||Oo
= ﬂGQ(ZE,t,ﬁ, Vﬂ)
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This shows that @ is a viscosity subsolution of E(Fs, S, G2). Moreover, we have for
(z,t) € Op(2 x I) that

w(z,t) <ulx,t) — (m)t)gi)&lx]){(u(:ﬂ, t) —v(z, 1))} <wo(z,t)

which allows us to use the comparison principle to conclude that @ < v on Q x I,

and the statement follows. O

Lemma 2.12 (Holder-Continuity on the Torus). Let u be a viscosity solution to
@I, i.e, to E=E(F,S,G), on T" x I. Assume that comparison holds and
and are satisfied. Moreover, assume that F and G are a-Holder-
continuous for a € (0,1] in the (z,t)-variables, i.e., there are Hp, Hg > 0 such
that

|F(x,t,r,p, X) = F(y,s,7,p, X)| < Hp(Jz —y|* + |t — s|*),
|G(I,t,7",p) - G(ya SaTap)| < I{G(|'r - y|0¢ + |t - S|a)7

forall z,y € T", s,t € [0,T), r € R, p e R", X € Sym(n). If u(-,0) is a-Hélder-
continuous with constant Hy > 0 and u has a-growth, i.e., there exists M > 0 such
that for all (z,t) € T™ x I, we have

lu(z, t) — u(z,0)] < Mt
then u is a-Holder-continuous, i.e., for all x,y € T", t,s € I it holds
ful,t) — uly, )| < Ha(lz -yl + [t — s|),
with H,, depending on Hp, Hg, Hy, Smax, La, and M.

Proof. Let h > 0 and define v(z,t) := u(x+e,t+h). Then, v is a viscosity solution
of

v+ F(z +e,t + h,v, Vv, D*v) € S(v))G(x + e,t + h,v, Vv).
We will call this shifted equation E. j, := E(Fe,S, Ge) and apply Theorem 2.17]
to u(z,t) and v(x,t) in order to obtain
Ju, t) — v(w, B)] < EFent (m%x{lu@c, 0) — v(z, 0)[} + A(E, E>)
xeT™

—AE,E. ).

Note that AM(E, Ee ;) = SmaxLa,
o ||F_Fe,h||oo +Smax||G_Ge,h||oo HF"'SmaxHG

A(E,E.p) = < 4 p),
5 Fer) \(E, Ec.) = Sale UMY
and finally

max{|u(z,0) - v(z, 0)l}

< max{Ju(z,0) — u(x + ¢,0)| + ulx +¢,0) — u(x + ¢, )]}
fASHING
S H0|6|a —|— Mha.
Combining these information we obtain

lu(z,t) —v(z, t)| < Hy (le]* + h?). O
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3. APPLICATION TO THE PINNING PROBLEM

In this section, we leave the general setting of (2]) and return to the specific
case of equation (LI]).

3.1. Equivalence of viscosity solutions and weak solutions on the torus.
Establishing an energy equality for solutions of (II)) in R™ asks for a control on the
decay at infinity, which cannot be assumed in general. In the particular case when ¢
represents periodically distributed obstacles an energetic formulation (on the torus
instead of on R™) makes sense. In this case we prove that viscosity solutions are
weak solutions which implies that they satisfy an energy equality. This suggests
that viscosity solutions are an appropriate solution concept to treat the equation
in the whole space.

The equivalence of weak and viscosity solutions was first studied by Ishii in [20].
We are going to use similar methods to prove regularity of viscosity solutions. This
will eventually lead us to the equivalence result.

Let us start by an approximation of the problem. For € > 0, we consider the
equation

ug + gé(ut)¢(xvu(x)) —Au = f(xvt) in T" x (Oa OO),

u(-,0) = 0 on T" x {0}
where & : R — [—1, 1] is a smooth, increasing function with &.(a.) — &o, & € OR(a)
whenever a, — a, p € CO(T" x R)NWH(T" xR), f € CO(T" x ) NWH>(R" x I),
and I = (0, 7).

(3.1)

We refer to (B]) as the approzimate problem and start by proving that it obeys
a comparison principle and that one can find unique viscosity solutions.

Theorem 3.1 (Comparison and existence for the approximate problem). The ap-
proximate problem obeys a comparison principle, i.e., let u and v be viscosity solu-
tions to the approximate problem with u(-,0) < v(-,0) then u <wv on T" x I.

Moreover, it admits a unique viscosity solution u¢ € C(T™ x I) N Wh(T" x I)
with u¢(-,0) = 0 for all z € T and

(3.2) (e, )] < t([[f]loo + [[@lloo) -

Finally, the Lipschitz-constant of u® does not depend on €.

Proof. We can rewrite the approximate problem as
ug + F(x,t, D*u) = Sc(us)G(x,u) in T™ x (0,7)

with F(z,t, X) == —tr(X)— f(x,t), Se(a) = =& (a), and G(z,r) = ¢(x,r). Hence,
F, G and S, satisfy all assumptions of Theorem 23] (see also Remark [Z0)), i.e.,
comparison holds.

In order to construct a solution by Perron’s method, we have prove that a sub-
and supersolution exist that satisfy the boundary condition in a strong sense. To
this aim, define (@) = —t (|[flloc + ll¢lloc) and () = t (|| lloc + llplloo).
These functions are sub- and supersolutions respectively and, by comparison, (3.2)
holds for the Perron solution u¢ (see Theorem 2.10]).



18 LUCA COURTE, PATRICK DONDL, AND ULISSE STEFANELLI

As the unique solution u€ satisfies the growth condition (2), we can use Lemma
with o = 1 and check that u€ is indeed Lipschitz-continuous and the Lipschitz-
constant Lye is independent of e. In fact L, depends only on || f||w1., ||¢]|w1.e,
and [ oo - O

Theorem 3.2 (Improved regularity for the approximate problem). Let u® be the
unique viscosity solution of the approximate problem. Then, for almost everyt € I,

uc(+,t) € W2P(T™) N CH*(T™) and it holds

[l () fwwmy + [[uC ) [eramny
< O(n;p7 OZ) (||’U,E||W1,oo(']1‘n><[) + ||90||L°°('JI‘"><]R) —+ ||f||L°°(']1’")) .

Proof. From Theorem B.I] we know that u¢ is Lipschitz-continuous with a constant
which does not depend on the Lipschitz-constant of £&. We will now prove that u°
has improved space regularity. To simplify notation we will write u = u® for the
rest of this proof. We introduce the sup- and inf-convolutions of u, i.e.,

uP(z,t) = sup {u(y,s) _ w} ,
(y,8)€Tm X I L
- i |(yvs)*(zﬁt)|2}
up(,t) : (y,s)lg'ﬂf‘nxl {u(y, s)+ o )

As these functions are semi-convex and semi-concave, respectively, we can apply
Alexandroff’s theorem to conclude that for almost every pair (x,t) € T" x I, we
have

(Opul (x,t), VuP (z,t), D*ul(x,t)) € P>Tul(z,t),
(Oup(z,t), Vuy(z,t), D?*uy(z,t)) € P> u,(z,t).
Furthermore, the Lipschitz-continuity of u is carried over to the convolutions with
the same constant. The Lipschitz-constant bounds the absolute value of the first
order jet elements of the convolutions. Moreover, by the magic property of sup-,
inf-convolutions (see for instance [2I] Chapter 4, Theorem 7)), it follows that if
(a,p,X) € P>TuP(x,t) then (a,p,X) € P> u(z + pp,t + pa). Hence, we can
compute, that
a+&(a)p(x, uf (z,t)) — tr(X) — f(z,t)
< &e(a) (plz, v (2, 1)) — @(x + pp, u(z + pp, t + pa)))
— (f(z,t) = f(z + pp, t + pa))
Ly (plpl + [u”(z,t) — u(z + pp, t + pa)]) + pLs(lal + [p])
< p(LyLu+2L5Ly) + Ly (0 (2,t) — ulw, O] + Jule.t) — ulz + pp,t+ pa)])
< p(LoLu+2LgLy +2L,L%) 4 Ly|uf (z,t) — u(z, t)|

=W (a, 1),
with W? uniformly bounded and ¥# — 0 in CY (T™x I). In this series of inequalities
we also used the aforementioned Lipschitz-continuity of the convolution and the
bounds on the jet elements. We obtain a similar inequality for the inf-convolutions
by changing < by > and ¥ by a ¥, which has the same uniform bound and also
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converges to zero. We hence proved that the sup-, inf-convolutions satisfy
utp + g(utp)@(xa UP(I, t)) — Auf — f('rv t) < \I/p(:E, t)a
(up)t + 5((up)t)90($7 up(xvt)) - AUP - f(.%‘,t) > \I]P(xvt)v

in the viscosity sense and due to Alexandroff’s theorem also almost everywhere.
Therefore, we can take a function ¢y € C®(T™ x I) with ¢ > 0, multiply the
equations and integrate to obtain

// P+ E&(u (w,up)¢+wp-w—f¢dxdtg/OT/nq;%dxdt,

As the first weak derivative of u exists and u” — w locally uniformly, it is easy to
show that uf — w; and Vu? — Vu in LP for all p < co. Moreover, one can find

n € L=(T" x I) such that £(uf) = n with || < 1. Sending p — 0 we conclude that

T
/ / w) + np(z,u)y + Vu - Vip — foo de dt < 0.
O n

Analogously for the inf-convolutions, we can find an 77 € L>°(T™ x I) such that

T
/ / uth + Nz, w)y + Vu - Vip — foo de dt > 0.
O n

Combining both inequalities, we see that for all ¢ € C°(T™ x I),1 > 0 we have
T T
/ / —uth — e(x, u) + fi de dt < / / Vu -V do dt
0 n 0 n

T
< /0 /n —u) — ne(x,u)yY + f do dt.

By choosing 9 = 47 (t)ia(z) with ¢ € C2°(1),0f > 0 and ¢ € C2(T"), 42 > 0
and letting ¥ — &, in distribution, we have that for almost every ¢ € I the
following inequality holds

[ e ot)n = Rt uC ) + o do

< i Vu(-,t) - Vipg do

< [~ = o ul )z + fo do
Note that —u; (-, t) — fo(z, u(-, 1)) + f, —ue(-, t) — ne(z, ul-,t)) + f € L°(T™). This
shows us that the weak Laplacian of u(-,¢) is a linear and continuous functional

from (WL2(T"),||-||z1) to R. By extension, the weak Laplacian is an element of
(LY(T™))" and therefore we have that —Au(-,t) € L°°(T") with

AU, )| oo ey < J|ullwi,oo(rnx 1) + |10l Loe (r xr) + 11 fll Lo (Tr % 1)-

At this point standard regularity theory applies. As the torus is a compact manifold,
we have for almost every ¢ € I that u(-,t) € W2?(T") N C1*(T") with

uls llw2e ) + lus Dllore
< C(n,ps a)(||ull Lo (roxry + [[Au(, )| Lo (rn))- 0
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Corollary 3.3 (Equivalence of solutions for the approximate problem). The unique
viscosity solution u® of the approximate problem is a strong solution, i.e., we have
that

(3.3) uf(x,t) + Ec(uf(z, 1)) p(x, u(x,t)) — Au(x,t) = f(x,t)

for almost every (z,t) € T" x (0,T). Such strong solution is unique.

Proof. By Theorem for almost every ¢t € I we have u¢(-,t) € W2P(T") N
CLe(T™) for every p € [1,00), € [0,1) and in particular the derivative of u(-,t)
is absolutely continuous. As an absolutely continuous function Vue(-,t) is differ-
entiable almost everywhere. Furthermore, u¢ is also Lipschitz-continuous and by
Rademacher’s theorem u§ exists for almost every (z,t) € T™ x I. Combining these
information we see that at almost every point in (x,t) € T" x I the functions
ué, Vu, and D?uc exist. Hence,

(ug(z,t), Vus(x,t), D?uf(x,t)) € P2 Y u(x,t) N PHu(x, t)

almost everywhere. Therefore, B3] follows. Uniqueness can be checked by a
standard Gronwall-Lemma argument. O

Theorem 3.4 (Equivalence of solutions to the original problem). The unique vis-
cosity solution u € CO(T™ x I) of equation (L)) is a weak solution, i.e., there is a
function n € L°°(T™ x I) such that for all w € L*(I, WH2(T"™))

T T
/ / ww + ne(z, w)w + Vu - Vw dz ds = / fwdz ds
o Jn o Jn

and n € OR(uy) almost everywhere and u(-,0) = 0.

Proof. For ¢ > 0 given consider the unique viscosity and strong solution u‘ of
the approximate problem. This is Lipschitz-continuous with a Lipschitz-constant
that is independent of ¢, see Theorem Bl Therefore, we can extract a converging
subsequence using Arzela-Ascoli’s Theorem. The limit v € CO(T" x I) is a viscosity
solution of (III) by Theorem 22 with u(-,0) = 0. As comparison also holds for the
limit equation, this limit is the unique viscosity solution.

On the other hand, for some not relabeled subsequences we also have

u® — u strongly in C°(I, WhH2(T™)),
u® — u weakly in L2(I, W?(T™)) n WY2(I, L*(T™)),
& (uf) = n weakly-* in L>°(I x T™).

Sending € — 0 in equation (B3)) entails

T T
/ / ww + ne(z, uw)w + Vu - Vw dz ds = / / fw dz ds.
o Jn o Jrn
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It remains to prove that n € OR(u;). Let us first compute

T
limsup/ Ec(uf)p(z, u)uy = hmsup/ / —uy + Au+ f)ug
o Jrn "

e—0 e—0

T
= lim sup —/ ||u§||%2——||VUE(T)||%2+—||Vu6(0)||%2—|-/ / Fus
e—0 0 2 2 o .
r 2 1 2 1 5 T
< (= [ ulizs = SIVDIEs + SIVa@E+ [ [ Fu
0 o Jon
T T
:/ /(_“t+Au+f)Ut=/ / ne(x, u)uy
0 n 0 n

The latter and the lower-semicontinuity of (u,v) — R(u)¢(-,v) entail that

/OT /n ne(@, u)(w — ug) + /OT /n R(u)p(x, u)
= oyt </T Ee(up)p(m, u)(w —ug) + /OT - R(Ui)@(:c,zf))

T
<hm1nf/ / xué):/ / R(w
n O n

This shows that no(-,u) € OR(u¢)p(-, u) almost everywhere. By possibly redefining
1 whenever ¢(-,u) = 0, we obtain n € OR(u;) almost everywhere.

Therefore, the sequence u¢ converges both to the unique viscosity solution and a
weak solution. This shows that the unique viscosity solution is a weak solution. [J

Remark 3.5. The Gronwall Lemma can again be used to prove that the weak
solutions are unique in the following sense: Let (u,n) and (@, 7) be weak solution
pairs, then u = 4 and ny(-,u) = fe(-, 4) almost everywhere.

3.2. The pinning result. In line with our modeling considerations from the In-
troduction, we consider the differential inclusion for u: R™ — R,

(3.4) uy — Au+ oz, u(x))0u] 3 f(x,t),

u(-,0) =up on R".
where ¢(z,y) = ns * xo with O = ey Bp(ze(w)) € R™™1, 6 > 0, p > 0. That
is, ¢ is described by a (smoothed out using a standard mollifier 7s) characteristic
function of obstacles localized around centers zx(w) € R*T1, distributed according

to a random process, with realization w € Q, a probability space. In the following
we will omit referring to the realization w € Q) unless necessary.

We first note that solutions to this problem exist and admit a comparison prin-
ciple.

Proposition 3.6 (Existence and comparison). For f € CY(R™ x (0,T)) uniformly
continuous and bounded with T > 0 and ug € C*(R™) with linear growth there exists
a unique viscosity solution to B4 for any w € Q.

Proof. This follows immediately by an application of Theorem [2.10 O
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The main pinning result can now be proved by reproducing in this context the
argument of [8, Theorem 2.4]. We have the following.

Theorem 3.7 (Pinning). Assume that the zi are given by a n + 1-dimensional
Poisson point process with intensity A > 0. Then, there exists a deterministic
F* > 0 such that for ||f]|L < F* and ug bounded there exist random stationary
sub- and supersolutions w: R™ — R, u: R™ — R such that any viscosity solution u

of B4 satisfies u(x) < u(x,t) <u(z).

Proof. By translation of the construction in [8] by supug we obtain a stationary
supersolution noting that 1 € d|s| at s = 0. A subsolution is found analogously, by
using the fact that —1 € 9|s| at s =0 as well. O

Remark 3.8. We note that, by [I8, Theorem 2], we see that the sub- and superso-
lutions can be chosen such that they are of bounded expectation at every point x.
In fact, they even have a finite exponential moment.

Before closing this discussion, let us note that the original pinning result in [§]
uses a slightly different model for the obstacles, including for example a random
strength as well as the possibility of stacking obstacles for nearby points in the
Poisson point process in an additive fashion. Due to issues with the requirement
of global Lipschitz continuity of ¢, we have chosen an a-priori truncated obstacle
field. We argue that the model used here is in fact reasonable for many physical
situations, e.g., when considering precipitate hardening as for example discussed
in [4].
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