DOUBLY NONLINEAR STOCHASTIC EVOLUTION EQUATIONS

LUCA SCARPA AND ULISSE STEFANELLI

ABsTrRACT. Nonlinear diffusion problems featuring stochastic effects may be described by
stochastic partial differential equations of the form

da(u) — div (B1(Vu)) dt + Bo(u) dt 5 f(u)dt + G(u) dW.

We present an existence theory for such equations under general monotonicity assumptions
on the nonlinearities. In particular, a, 8o, and B1 are allowed to be multivalued, as required
by the modelization of second-order solid-liquid transitions. In this regard, the equation
corresponds to a nonlinear-diffusion version of the classical two-phase Stefan problem with
stochastic perturbation.

The existence of martingale solutions is proved via regularization and passage-to-the-
limit. The identification of the limit is obtained by a lower-semicontinuity argument based
on a suitably generalized It6’s formula. Under some more restrictive assumptions on the
nonlinearities, existence and uniqueness of strong solutions follows. Besides the relation above,
the theory covers equations with nonlocal terms as well as systems.

This is a post-print of the paper with DOI:10.1142/S0218202520500219

1. INTRODUCTION

Nonlinear diffusion arises ubiquitously in applications. Porous-media dynamics, the Hele-
Shaw cell, non-Newtonian fluids, and the Mean-Curvature flow are examples of relevant applied
settings falling into this class. The corresponding partial differential models generally feature
strong nonlinearities, also of degenerate or singular type, which in turn pose severe analytical
challenges.

In the paper we focus on a class of stochastic partial differential equations (SPDEs) arising
in nonequilibrium thermodynamics and describing solid-liquid phase transitions. In particular,
we are concerned with SPDEs of the form

da(u) —div (81(Vu)) dt + Bo(u) dt > f(u) dt + G(u) dW. (1)

The scalar-valued u models the temperature of a specimen and a(u) with o : R — 2% maximal
monotone represents the internal energy of the system. Note that the latter is possibly mul-
tivalued, modeling the case of so-called second-order phase change, namely the occurrence of
a latent heat of transformation. The field 8;(Vu) with 8 : RY — 2% maximal monotone is
a generalized nonlinear heat flur, —Bo(u) + f(u) with By : R — 2% maximal monotone and f
Lipschitz-continuous is a deterministic temperature-dependent forcing, while the term G(u) dW
models a stochastic temperature-dependent forcing instead. Here, W is a suitably defined Wiener
process, see below.
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Under different choices for the nonlinearities, relation (1) arises in relation with different
models for nonequilibrium thermodynamics. In particular, by letting the graph « include a
vertical segment through the origin, equation (1) corresponds to a nonlinear-diffusion version of
the two-phase Stefan problem with stochastic perturbation. More specifically, one can choose
a = sign +@, where & : R — R is a nondecreasing continuous function and sign : R — 2% is the
sign-graph, defined as sign(r) = r/|r| for r # 0 and sign(0) = [—1, 1]. By allowing noncoercive
graphs «, an option which is however not covered by our analysis, relation (1) arises in connection
with the Hele-Shaw cell and filtration through porous media as well. The reader is referred to
VISINTIN [54] for a discussion on the relevance of relation (1) in the frame of phase-transition
modeling.

The focus of the paper is on the existence of solutions for SPDEs of the class of relation (1).
In particular, we focus on a variational reformulation of the initial-boundary value problem for
(1) in terms of the abstract stochastic doubly nonlinear equation

d(Au) + Budt 3 F(u) dt + G(u) dW (Au)(0) > g . (2)

Here, the process u takes values in the real, separable Hilbert space V', which embeds compactly
and densely into a second Hilbert space H. The operators A =9y : H — 2% and B: V — 2"~
are maximal monotone, possibly multivalued, coercive and linearly bounded. The operator A
is assumed to be cyclic monotone, with Gateaux-differentiable inverse A~1 (see below), and the
map F': H — H is Lipschitz-continuous. Eventually, W is a cylindrical Wiener process on a
third, separable Hilbert space U and the time-dependent operator G takes values in the space
of Hilbert-Schmidt operators from U to H. The term doubly nonlinear refers here to the fact
that both operators A and B are nonlinear.

In the deterministic case G = 0, problem (2) is classical. Its analysis can be traced back at
least to BARDOS & BREZIs [13] and RAVIART [44]. Other early contributions are from GRANGE
& MIGNOT [26], BARBU [8], DIBENEDETTO & SHOWALTER [18], ALT & LUCKHAUS [7], and
BERNIs [15]. For a collection of further developments, the reader can check [1,4-6,21,25,28-30,
34,50-52], among many others.

In the stochastic case G # 0, problem (2) is well-studied for A linear and not degenerate. The
reader is referred to the seminal contributions by PARDOUX [41,42] and KRYLOV & ROZOVSKII
[33], and to the monographs [17,43|, for a general overview. In the context of variational
approach, problem (2) with A linear has been proved by GEss [22] to admit strong solutions
for B cyclic monotone and subhomogeneous. Well-posedness from a variational approach have
been obtained also under no growth condition on the drift in [35,37,38] for semilinear equations,
in [36,39,46] for equations in divergence form, and in [11,40,47] for porous-media, Allen-Cahn,
and Cahn-Hilliard equations.

Alternatively to the variational approach, the analysis of stochastic evolution equations in
the form (2) (in the case A linear) have been developed in several directions. First of all, in the
classical work by BENSOUSSAN & RASCANU [14], existence of strong and martingale solutions
in terms of stochastic variational inequalities is proved. Stochastic variational inequalities have
then been used to formulate weaker concepts of solutions also for other types of equations
as divergence-form equations [24] or fast-diffusion equations [23]. More recently, an operator
approach to monotone equations with maximal monotone drift and linear multiplicative noise
has been given by BARBU & ROCKNER in [12]: here solutions are defined using a suitable
rescaling argument and monotonicity techniques in spaces of stochastic processes.
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The case of A nonlinear and B linear has been originally treated by BARBU & Da PRATO [10]
(see also [9,32]) in the framework of the two-phase stochastic Stefan problem. There, the authors
study equation (1) with the choices 81 = I, fp = f = 0, and o = sign+I, with I being the
identity on R. Existence and uniqueness of strong solutions is obtained through a suitable
change of variable, rewriting the equation in the dual space H~!, and using regularization and
passage to the limit techniques. Such reformulation hinges on the linearity of 31 = I.

The only contribution tackling the genuinely doubly nonlinear case is SAPOUNTZOGLOU,
WITTBOLD, & ZIMMERMANN [45], where nonetheless A is assumed to be Lipschitz-continuous,
B has the specific divergence form of (1), and FF = 0. By contrast, these assumptions are
dropped here. In particular, we stress that in our analysis A is allowed to be multivalued, as for
«a = sign +& mentioned above. As far as the operator B is concerned, our techniques rely on
the Hilbert stricture of the space V' and require a linear growth assumption on B, while in [45]
also p-growth conditions for B are included. In this direction, let us mention that in order to
study equations in the form (2) with both A multivalued and B possibly of p-growth (as for
example in the case of pseudo monotone operators) one should set the problem in a Banach
space framework for V. This requires completely different techniques than the ones used in this
paper, and it is currently studied in a work in progress.

Our setting is exactly that of DI BENEDETTO & SHOWALTER [18], whose findings we extend
here to the stochastic case. In particular, note that doubly nonlinear equations in the form (2)
cannot be treated using existing techniques. Indeed, the intuitive substitution v = A(u) does
not work, as the operator B o A~! is not well-defined on V* due to the lack of coercivity of A
on V. For this reason, equations in the form (2) are usually referred to as implicit, in the sense
that they cannot be rewritten in the form dv + Bvdt = G dW, for any suitable choice of the
operator B.

Our main result is the existence of martingale solutions to problem (2) (Theorem 2.8). These
are obtained via a regularization and passage-to-the-limit procedure. The identification of the
nonlinear term Aw in the limit directly follows from a compactness argument, based on the linear
boundedness of A in the intermediate space H. On the other hand, the limiting Bu is identified
by a semicontinuity argument, which in turn hinges on the availability of an Ité6 formula for
¢* (Proposition 4.1), where dp* = A~L. This however does not fall within the framework of
PARDOUX [41] or DA PRATO & ZABCZYK [17] due to the nonlinearity of A. Note that well-
known approximation techniques based on regularization through linear smoothing operators are
ineffective in our framework, since they are in general not compatible with the nonlinearity A.
Such difficulties are overcome by an ad-hoc regularization based on smoothing nonlinear elliptic
operators: this procedure turns out to be effective for our purpose, and requires a specific
and detailed asymptotic analysis. For the validity of It6’s formula, whose proof represents the
technical core of the paper, one has to ask A~' to be well-behaved. In particular, A~' is here
assumed to be Gateaux differentiable and its differential D(A~!) to be smooth enough. These
smoothness assumptions are nonetheless fulfilled in the case of (1) whenever a~! is smooth
enough (see Section 7). Let us point out that such condition is satisfied also when « has the
form a = sign +@, as in the doubly nonlinear stochastic Stefan problem. In particular, o needs
not be Lipschitz-continuous nor single-valued.

Exactly as in the deterministic situation [18], in case A or B is linear, continuous, and
symmetric, one can prove that martingale solutions are unique. It hence turns out that they
are also strong in probability (Theorem 2.9). The conditions ensuring uniqueness are essentially
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sharp, in the sense that if any of them is not satisfied then nonuniqueness of solutions to problem
(2) may occur, even if F =G =0and V= H =R.

Let us now briefly summarize how the paper is structured. We fix the setting and state our
main results in Section 2. A collection of preliminary observations on the approximation of the
nonlinear operators is recorded in Section 3. Then, Section 4 is devoted to the proof of the above-
mentioned Itd formula. This is used in Section 5 in order to prove the existence of martingale
solutions, namely Theorem 2.8. Theorem 2.9 on existence and uniqueness of strong solutions
in probability is then proved in Section 6. Moving from the abstract theory, in Section 7 we
discuss the existence of solutions to SPDEs of the form (1). In addition, classes of SPDEs with
nonlocal terms and of SPDE systems are also proved to be solvable.

2. SETTING AND STATEMENT OF THE MAIN RESULTS

Let (2,7, P) be a probability space endowed with a filtration (% ).c[o,r] Which is complete
and right-continuous, where 7' > 0 is a fixed final time.

For any Banach space E we shall use the usual symbols LP(Q2; E), LP(0,T; E) and C°([0,T]; E)
for the spaces of p-Bochner integrable E-valued functions on 2 and (0,7, and for the space of
continuous functions [0, T] — E, respectively. We will also use the symbol L°(£2; F) for the space
of measurable functions from (Q2,.#) to E. Furthermore, if F; and Fy are Banach spaces, the
symbols Z(E1, Es), Zs(E1, E2) and %, (E1, E2) denote the space of linear continuous operators
from F; to Ey endowed with the norm topology, strong operator topology, or weak operator
topology, respectively. If E; and E, are Hilbert spaces, we shall also use Z!(E;, F3) and
£?(Ey, Ey) to indicate the spaces of trace-class and Hilbert-Schmidt operators from E; to Es,
respectively.

Let W be a cylindrical Wiener process on a separable Hilbert space U. This amounts to
saying that W is formally defined as the infinite sum

W(t) = Zﬁk(t)ek , te [O,T] ,
k=0

where (eg); is a complete orthonormal system in U and (f); are real-valued independent
Brownian motions.

Let V and H be separable Hilbert spaces such that V < H densely, continuously and
compactly. By identifying H with its dual H*, (V, H,V*) turns out to be a classical Hilbert
triplet. In particular,

VS HS Y
where all inclusions are dense, continuous, and compact. Norms, scalar products, and dualities
will be denoted by the symbols ||-||, (-, -), and (-, -), respectively, with a sub-script specifying the
spaces in consideration. We shall denote by R : V' — V* the Riesz isomorphism of V' and define
the Hilbert space

Vo:={xeV: ReeH}, |zlly, = ll=lly, + | Rel% , € Va.

Note that the inclusion Vj < V' is compact and dense. Indeed, if (z,,), C Vo, x € Vp and x,, — x
in Vg, then by compactness of V' in H we have x,, — x strongly in H; since also Rx,, — Rz in
H, we infer that

lzally = (Rn,@n)y = (Ren,@n)n = (Re,a)n = |ally |
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so that z,, — x in V strongly, and Vj SV compactly. Moreover, it is also not difficult to check
that V4 is dense in V.

The following assumptions will be in order throughout the work:
(H1): A = 9y, where ¢ : H — [0,+00) is proper, convex, and lower-semicontinuous,
A(0) 5 0, and there exists C'4 > 0 such that
lylly < Call+|lzlly) VYeeH, VyeA(lz).

For any € > 0, the e-Yosida approximation of A will be denoted by A, namely A® :=
(I — (I +eA)~1)/e where [ is the identity on H (see [16]), and we assume that

(A%(x), Rx)g >0 VzelVy, Ve>0.
(H2): A is strongly monotone on H, i.e. there exists ¢4 > 0 such that
(y1 — Y2, 01 — T2) g > ca |21 — 22| Vo, € D(A), Vy € Ax), i=1,2.

Since A(0) > 0, this implies in particular that A is coercive on H, hence also surjective
by maximal monotonicity, and that the inverse operator A=! : H — H is well-defined
and Lipschitz-continuous.

(H3): A~!: H — H is Gateaux-differentiable and there exists a Banach space Y — H
continuously and densely such that

D(A™Y) e C°(H; Zu(H, H)N Z (Y. H)),
[[+DA Y (I+A N )] eL(V,Y) VaeV.
Note that such assumption implies that (¢*),; € C*(V), so that in particular D(A™")(y)
is symmetric for all y € V.
(H4): for any family (z:)eso C V, v € V, and y € A(x) such that z. — z in V and
Af(z.) =y in H as € \, 0, it holds
DA™ (A%(we)) = D(A™)(y)  in Zu(H,H).
This assumption is of a technical nature and has to be checked in each specific problem.
Note nonetheless that it is satisfied in several relevant situations (see Section 7 for some
concrete examples).
(H5): B:V — 2" is maximal monotone and there exists Cg,cp > 0 such that
lylly- < Cs(1+|zlly) and (y,2), >cplaly,  VzeV, Vye B(z).
(H6): F:[0,T7)x H — H is measurable with F(-,0) € L*(0,T; H) and there exists Ly > 0
such that, for almost every t € (0,7,
||F(t,1'1)—F(t,JL‘2)||HSLF ||.1?1—ZZ?2||H Vai,20 € H.
(H7): G :[0,T] x H— £*(U, H) is measurable and there exists Lg > 0 such that, for
every t € [0,T] and x1, 22,2 € H,
Gt 21) = G(t, 22) || g2y < La |1 — 22|
||G(t795)||$2(U,H) < La(L+ (o] y) -
(H8): vo € LU(Q, Fo; H), p*(vo) € LI?(Q, Fy), ug := A~ (vg) € LI(Q, Fo; V), for ¢ > 2.

Let us comment now on assumptions (H1)-(H5), pointing out their major consequences and
giving some sufficient conditions for these to hold. For explicit examples of operators A and B
we refer to Section 7.
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Remark 2.1 (Hypothesis (H1)). Assumption (H1) is very common in the context of doubly
nonlinear evolution equations: see for example [18]. In particular, it entails that Ay : V' — V"
is maximal monotone. Indeed, the monotonicity is trivial. As for the maximality, note that
for any € > 0 the Yosida approximation A® : H — H is Lipschitz-continuous, so that for every
y € V* there is a unique . € V such that

Rx. + A%z, = y.
Testing by x. € V, it follows that

2 1 2 1 2
Hwa‘lv + (A%, 2 ) = <y,x5>v < 9 ||1'5HV + ) Hy”v* )

so that (x.) is bounded in V. Recalling (H1) we deduce that (A.z.). is bounded in H. Hence,
there are z € V and z € H such that, as e \(0, . =~ 2 in V, z. — = in H, and A%z, — z in
H, which yield z € Az by strong-weak closure of A in H x H. Letting € \, 0 we also deduce
that Rx + z = y, from which we conclude that Ay : V — 2V" is maximal. Since one readily
has that Ay C dppy 1 V — 2V" | by maximality of Ay it holds Ay = dgy .

Remark 2.2 (Hypothesis (H2)). Note that, although A~! : H — H is Lipschitz-continuous by
(H2), A can still be multivalued. A relevant class of strongly monotone operators A is given by
those of the form A = ¢l + A, where A is maximal monotone on H and ¢ > 0: see Section 7.

Remark 2.3 (Hypothesis (H3)). We are requiring that A~! is Gateaux-differentiable on the
whole space H, with Gateaux derivative D(A~!) continuous from H to .%,,(H, H), and Fréchet-
differentiable with continuous derivative in Y. Of course, if A= € C1(H, H) these conditions
are easily satisfied. However, in many applications the operator A~ is not Fréchet-differentiable
in H, so it is important to require less stringent assumptions as in (H3). For example, if A is
the Nemitzsky operator associated to a maximal monotone graph « on R, it is well-known that
A1 is always Gateaux differentiable as soon as o' is C1!, and is Fréchet-differentiable if and
only if the a~! is an affine function, which is clearly a too restrictive condition. Further details
are given in Section 7.

Remark 2.4 (Hypothesis (H4). If A is the Nemitzsky operator associated to a maximal mono-
tone graph « on R, as in the framework of problem (1), it can be seen that (H4) is always
satisfied when « is a continuous function (single-valued), not necessarily Lipschitz-continuous.
Additionally, one could consider multivalued graphs « as well, see Section 7 for details.

Remark 2.5 (Hypothesis (H5). In [45] the operator B is just required to be polynomially
bounded, which calls for framing the problem in a Banach-space setting. We impose a linear
bound on B instead, see (H5), which allows a formulation in Hilbert spaces.

Let us now state the concepts of strong and martingale solution for problem (2).

Definition 2.6 (Strong solution). A strong solution to (2) is a triple (u,v,w) of progressively
measurable processes with values in V', H, and V*, respectively, such that

u € LY%(Q; L*(0,T;V)),

ve LY L2(0,T; H)nC°([0,T); V™)),
w e LO(Q; L2(0,T; V™)),

v € Au, w € Bu a.e. in Q x (0,T),

U(t)—i—/o w(s) ds:vo—i—/o F(s,u(s))ds+/0 G(s,u(s))dW(s) V" Vte[0,T] P-a.s.
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Definition 2.7 (Martingale solution). A martingale solution to (2) is a quintuplet
((07 j? (jt)te[mT] ) I@))7 Wa ,&’ ﬁa ﬁ))v

where (Q,j,}ﬁ’) s a probability space endowed with a filtration (j.t)te[O,T] which is saturated

and right-continuous, W is a (,?t)t-cylmdrical Wiener process on U, and 1, ¥, and W are
progressively measurable processes with values in V, H, and V*, respectively, such that

ae L, L2(0,T;V)),

v e LY(Q; L2(0,T; H)n ([0, T]; V*)),
W e LO(Q; L2(0,T; V™)),

beAu, weBi  ae inQx(0,7T),

t t t R R
() —|—/ w(s)ds = 9(0) +/ F(s,u(s))ds +/ G(s,u(s))dW(s) i V* Vte[0,T] P-as.
0 0 0
and 0(0) has the same law of vg on V*.

The main results of this work are the following.

Theorem 2.8 (Existence of martingale solutions). Assume (H1)-(H8). Then problem (2) ad-
mits a martingale solution which additionally satisfies

@ e LY L0, T; H) N L2(0,T; V),
b e LYQ; L0, T; H) N C°([0,T]; V*)),
W e LI(Q; L2(0,T; V).
Theorem 2.9 (Existence and uniqueness of strong solutions). Assume (H1)—(H8) and that the

initial datum vy € H is nonrandom. If either A or B is linear, continuous, and symmetric, then
problem (2) admits a unique strong solution (u,v,w) with

u € LIY(Q; L°°(0,T; H)N L*(0,T;V)),
v e LI(Q; L=(0,T; H) n C°([0,T]; V™),
w € LI(Q; L2(0,T;V*)).

Remark 2.10. Note that the conditions on A and B ensuring uniqueness are sharp, in the
sense that they cannot be weakened, even for H = R: see [18] for details.

3. PRELIMINARY RESULTS

We collect in this section some auxiliary results that will be used throughout the work.

Recall that, for all € € (0, 1), A® is the e-Yosida approximation of A, namely, A° := (I — (I +
eA)~1)/e where I is the identity on H. We can equivalently rewrite A% as

A= (eI+AHY 1 H - H.

Note that the operator eI + A~! : H — H is maximal monotone, Lipschitz-continuous, and
coercive on H, hence invertible. In order to prove that the two definitions coincide, fix x € H,
and define y© := (eI + A~ 1)~!(z) so that ey® + A~1(y°) = z. Setting also 2° := A~1(y¢) we infer
that 2° + ¢A(z®) > x, so that 2° = J§(z), where J§ := (I + €A)~! : H — H is the resolvent
of A. Eventually, we deduce that y* = (z — x%) /e, as desired.
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We collect some useful properties of A in the following lemma.
Lemma 3.1 (Properties of A%). Let e € (0,c,'). Then the following properties hold:
(P1): for every x1,x9,x € H it holds

(A%(1) — A (@), 21 — 22) g > —- [lw1 — 22|y

e

2
1

1A% (@1) = A%(w2)lg < < s = all

4@l < Ca (142 ] )

(P2): there erists a convex function ¢° : H — [0, +00) with o* € CY(H), Dy = A and
* 6 *
@) W) =5lle +e"@w)  VYyed.
(P3): Af is Gateaux-differentiable and D(A®) € CO(H; £ (V, H)).
Proof. Ad (P1). Since A™! : H — H is monotone and Lipschitz continuous, the operator
el + A~ is monotone, coercive, and Lipschitz-continuous. Hence, A% : H — H is well-defined,

monotone, and Lipschitz-continuous as well. Moreover, for every =i,z € H, setting y; :=
A% (z1) and yo := A°(x2), by strong monotonicity of A we have

(A%(x1) — A%(22), 21 — 22) g
= (1 —y2.elyr —12) + A (1) — A7 (2))
=cllyr — y2||§{ + (yl —y2, A" (y1) — Ail(yQ))H
> & lyr = yallf; +ea A7 @) — A @),
=¢llyr — vollyy +callzs — z2 — e(yr — )l -
Noting that ec4 < 1 by assumption, we also have
G llar = wallfy < caller — w2 — ey — o)l + cas® lyn — selly

2 2
<ecallry — w2 —eyr —y)lly +ellyr — vall

so that the strong monotonicity of A° follows. The Lipschitz-continuity of A° is well-known (see
e.g. [16]). Finally, if z € H and y := A®(z), we have ey + A~1(y) = =, so that y € A(z — ey):
hence, by (H1) and the already proved Lipschitz-continuity we have ||y||;; < L ||z, vielding

lyllg <Ca+lz —eylly) < Call +llxlly +ellylly) < Ca(l+2]lly)
from which the linear growth condition of A¢ follows, uniformly in e.

Ad (P2). Tt is well-known that, by defining ¢° as the Moreau-Yosida regularization of ¢,

namely
) im it (10
v " veH 2e 7 ’

we have 9p° = A° and 9(p°)* = (A°)~!. Since A° is Lipschitz-continuous, we deduce that
actually ¢° € C'(H) and Dyp® = A¢, as required.

Ad (P3). Let us show that A% is Gateaux differentiable. By (H3), (4°)~! = el + A=t is
Gateaux differentiable and, for all y € H, D((A%)™1)(y) = el + D(A71)(y) is a linear isomor-
phism of H. Hence, this implies that A° is Gateaux-differentiable and its differential is given
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by

D(A%)(z) = (eI + D(A™")(A%(x))) ' € L(H,H), zcH.

Let us show that D(A%) € C°(H; £ (V,H)). Let (z,), C H, x € H with x, — z in H, and
z € V be arbitrary. Setting

hy = D(A%)(xn)z, h:= D(A%)(z)z,
we have that
2 =¢eh, + D(A™N) (A% (z,)) h z=¢ch+ D(A Y (A%(z))h,
from which
e(hn — h) + DA™ (A% (@) (hn — h) = (D(A™1)(A%(2)) — D(A™)(A%(wn))) b
Hence, testing by h,, — h, using the monotonicity of A~! we have

e [[hn = hll3 < ((D(AT)(A%(2)) = D(A™)(A% (0))) by oy = B)
< & Wi — Bl o (DAY (A%(@) — DA (A ) Bl
yielding
[P = bl < é [ (D(A™)(A%(x)) = D(ATH) (A% (2n))) b -
Now, recalling (H3), we have that D(A%)(z) = (eI + D(A~1)(A%(x))) "
since z € V, we infer that

h=D(A%)(z)z €Y and |[h]ly <[[DAT) (@) 2wy llzlly -
We deduce that
o= Al < 2 IDA%@) gy | (DA™Y A ) = DATYA @) iy =l
hence also, from the arbitrariness of z € V,
ID(A%) (@) = D(AT) ()| (v, 1)
< % IDA%) (@) vy | (DATH(A (@) = DAT)A @) | oy iy -

By the Lipschitz-continuity of A° we have that A®(z,) — A°(z) in H as n — oo, hence the
right-hand side converges to 0 as n — oo again by (H3). O

€ Z(V,Y): hence,

For every ¢, A > 0, we define the operator
NEARL AR V=V

Since A5 is maximal monotone and coercive, its inverse (45)~! : V* — V is well-defined and
Lipschitz-continuous. We prove some properties of A5 in the following lemma.

Lemma 3.2 (Properties of A5). Let ¢, A > 0 and define
£ g A g
ey V = [0,+00),  ©i(2) ::§Hx||f,+<p (), zeV.
Then the convex conjugate (¢5)* of ¢S, defined as
(PR)": VT = [0,400),  (p3)"(y) = sgg{<y7x>v —¢5@)}, yevr,
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satisfies (p5)* € C*(V*), D(p5)* = (A5)7', and D(¢5)* and D*(p5)* are locally bounded in
V*. Moreover, (Af\)’1 : H — Vy is Gdteaux-differentiable and the following characterization
holds: for every y € H, setting x5 = (AS) ' (y), we have

D((A3)™)(y) = [I + AD((A%)7)(A%(25)) o R 0 D((A%)7")(A%(25)) € Z(H, Vo).

1

Proof. As X\ and ¢ are fixed throughout, we shall simplify notation and drop them in this proof.
By the classical results on the sum of subdifferentials [16, Cor. 2.1, p. 41|, we have that
A5 = AR+ A‘EV = 05 so that

0(e5)" = (AR + Alsv)*1 VPV
is Lipschitz-continuous. This implies that (¢5)* € C'Y(V*) and D(¢5)* = (AR + ATV)_1 is
bounded on bounded subsets of V*. Let us show now that (AR + A‘EV)’1 € CY(V*, V). To this

end, we first note that the strong monotonicity of A° and the definition of Gateaux derivative
readily imply that

(DA (x)h, h) g > %A b2, VYa,heH.
Let y € V* be arbitrary and set z := (AR + AIEV)_ly € V. Since R and A\Ev are Fréchet-
differentiable in = by (P3), it is well-defined the operator
D(AR+ Afy)(z) = AR+ DAjy(z) € Z(V,V7) :
let us show that it is an isomorphism from V to V*. It is clear that if k € V satisfies (AR +
Afv(x))k; = 0, then
2, ¢A 2
Mkl + = Ikl < 0,

from which k = 0, hence AR + DAf, (z) is injective. Moreover, since k — ARk + DAf, (x)k is

linear, continuous, monotone, and coercive on V| it is also surjective, hence an isomorphism from
V to V*. The theorem on differentiability of the inverse function yields then that (AR + ATV)_1

is Fréchet-differentiable in V* and
D(AR + Alav)_l(y) =(AR+ DA“EV(()\R + A“EV)_ly))_1 YyeV*.

Let us show finally that y — D(AR + A‘EV)*l(y) is continuous from V* to Z(V*, V). Let
y € V* (yn)n C V* with y,, = y in V*, and h € V*. Setting k,, := D(AR + ATV)_I(yn)h and
k:= D(AR+ A‘EV)’l(y)h, we have

AR(kn — k) + DAR (AR + Afy) ™ 'yn)kn — DAR (AR + Afy) 'y)k =h —h =0,

from which

Mlkw =Kl < | DAR (AR + Af) ) = DAR(OAR+ A7) 0) |, k=Kl
The Young inequality yields
1 _ 3 2
Mk = KI5 < 5[ DA (AR + 45)'9) = DAR(OR+AR) ), -

Since (AR + AIEV)_lyn — (AR + A‘lfv)_ly in V and Af, € CH(V,V*) by (P3), we deduce that
the right-hand side converges to 0 as n — oo, hence also

2
DR+ Af) " Hyn) — DOAR + Af,) = sup |kn—k[[} =0
[POR+43)7 ) = DOR+ A3 = s = EI
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as n — 00, from which (AR + Afy,)~! € CH(V*, V). We deduce that (¢5)* € C*(V*). Moreover,
the fact that (AR + A‘EV)’1 is Lipschitz-continuous yields immediately that D?(5)* is bounded
in V*.

Let us prove the last part of the lemma. Note that, for every y € H, setting z§ := (A5) *(v) €
Vo, we have ARz§ + A°(x5) = y, from which 25 = $R™*(y — A°(z5)), so that

_ 1 _
(A7) = TRy —A((A3) () VyeH.

Since we already know that y — (A5) ™' (y) € C'(H; V), recalling that Ay € CL(V; H) by (P3)
and that R~!' : H — Vj is linear and continuous, we infer that the operator

g (45071 () = 3 Ry — A4 )

is Fréchet-differentiable from H to V. Furthermore, since 2§ = (4%)~!(y — ARz5), we also have
that

(A3) 7' (y) = (A°) 7'y = AR(A3)"'(y))  VyeH.
Since we have just proved that y — (A5)!(y) is Fréchet-differentiable from H to Vp, taking
into account that R : Vo — H is linear continuous and that (A°)~! is Lipschitz-continuous and
Gateaux-differentiable from H to H, we get

D((A5)™N)(y) = D((A) ™)y — ARz5) o (I = AR o D((A3)"1)(v)) ,
from which
[7+AD((A%)7)(A%(25) o R] o D((A3)™")(y) = D((A%)~H)(A%(25))-
Since [I + AD((A®)71)(4%(25)) o R] € £(Vo, H) is a linear isomorphism, we conclude. O

The next lemmata state some asymptotic properties of the operator A5 when A\, 0 and ¢ is
fixed.

Lemma 3.3. Lety € H and ¢ € (0,¢,") be fized. For any X\ > 0 set x5 := (A5) " (y): then, as
AN O,

a5 = (A)7H(y) i H,

A% (25) =y in H,

D((A3)™)(y) = D((A*)™)(y)  in ZLo(H, H).

Proof. Since ARz + A®(25) = y, testing by «5 and using (P1) we get

5 ca 9 ca 2 1 2
Maslly + 5 llealle < Iylly leXllr < -7 230 + o Iyl

from which Az§ — 0 in V. Moreover, testing by A®(z5) and using the monotonicity assumption
in (H1) we get || A%(25) || ; < ||yl for every A, from which the second convergence follows by the
uniform convexity of H. The first convergence is then a consequence of the fact that (A4%)~! is
Lipschitz-continuous. As for the third one, let h € H be arbitrary, and set k5 := D((A5) ") (y)h
and h§ = D((A°)~')(A%(25))h, so that by Lemma 3.2 we have
kS + AD((A%) 1) (A%(a5)) RES = h5, -
Note that by definition of A° and (H3), we have
5 =ch+ D(AT)(A°(25))h = eh+ D(AT)(y)h = D((A*)")(y)h  in H,
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so that in particular (k5)x is bounded in H. Hence, testing by ARkS and employing the mono-
tonicity of A1 we get

eA? 1
MISIE, + X2 RRSIE < MRS L IRRS L < o NRKSIE, + o RS2

Since (h5) is bounded in H, we infer that (Ak5)y is bounded in Vy and (AY/2k5) is bounded

in V: it follows that Ak — 0 in Vj, hence in particular that ARk — 0 in H. Since D(A Y e

C(H; Z(V,H)) and D(A™')(A%(x5)) is symmetric, for every z € V we have
(AD((A%)"1)(A%(25))RES, 2) ;; = € (ARKS, 2) g + (ARKS, D(A™")(A%(25))z) ; = 0,

where we have used that AREKS — 0 and D((A%)71)(A%(z5))z — D((A°)7')(y)z in H. Conse-
quently, we have that

*

AD(A™Y(A%(25))RES, =0 in V*.
Since we also have that (k5) is bounded in H, hence k§ — k° in H for a certain k° € H, letting
AN, 0 we infer that k& = D((A°)71)(y)h, and we conclude. O

Lemma 3.4. Let ¢ € (0,c;") and y € H be fized. For any A\ > 0 let yx € H, and define
z° = (A%)"H(y) and 25 = (A5) " (yr). If 25 — 2° in H as A\ 0 and (y»)x is bounded in H,
then it holds that, as A\ 0,

A (25) >y in H,

yy—y i H,

D((A3)™)(yn) = D((A%)"")(y) in Lu(H H).

Proof. First of all, since A® is Lipschitz-continuous, we have A°(z5) — A°(z°) = y. Moreover,
since ARx§ + A°(z5) = yx, testing by 5 and using (P1) we get

5 ca 9 cA 2 1 2
Mzl + = 2l < lyallg I3y < = 25l + o lyallzr

from which Az§ — 0 in V. Hence, by comparison in the equation and the boundedness of (yx)x
in H we infer that yy — y in H, and the second convergence is proved. Let us show the last
one. Let h € H be arbitrary, and set k5 := D((A5) 1) (yx)h and k5 := D((A%)~1)(A%(25))h, so
that by Lemma 3.2 we have
k5 + AD((A%)71)(A%(a5))RES = b5,
where by definition of A° and (H3), we have
S = eh+ D(A™)(A%(23))h — eh+ D(A™)(y)h = D((AT) ™ )(wh i H,
so that in particular (h5)x is bounded in H. Arguing as in the proof of Lemma 3.3 we obtain
that £ — k° and ARkS — 0 in H for a certain k* € H. Moreover, for every z € V we
have D((A®)~1)(A4%(25))z — D((A°)"')(y)z in H thanks to (H3), so that by the symmetry of
D(A™1)(A%(25)) we get again
(AD((A%)~")(A%(25))RES,, 2) ;; = € (ARKS, 2) g + (ARKS, D(A™")(A%(25))z) ; = 0,

hence

*

AD(A™Y) (A% (25))RES =0 inV*.
By comparison in the equation we infer then that k* = D((A%)~!)(y)h, and we conclude. [

Finally, we prove a fundamental asymptotic property of A5 when € = A converge jointly to
0. To this end, we introduce for brevity of notation the operator Ay := A3 for any A > 0.
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Lemma 3.5. Lety € H, x:= A~'(y) € H, and for any A > 0 set x := Ay '(y) € V. Then, as
ANDO,

ry—x nH,

AMzy) =y in H,

DAN)(y) = D(A™)(y)  in ZL(H, H).

Moreover, if x € V it holds that
Ty — T m V.

Proof. Since ARxy + A*(z)) = vy, testing by z, and using (P1) we get
2, €A 2 cA 2 1 2
Maally + - lleally < Iylly leally < -5 el + o 9l

from which Azy — 0in V, so that A*(x)) — y in V*. Moreover, testing by A*(z)) and using the
monotonicity assumption in (H1) we get || A* (IA)HH < |ly||; for every A, from which the second
convergence follows by the uniform convexity of H. The first convergence is then a consequence
of the strong-weak closure of maximal monotone operators. Let us focus on the last one. Let
hi,hs € H be arbitrary and consider the double real sequence (axs)x,s given by

i—1 !
am:;(AA<y+6m> Ak<w’b> |
H

5

Setting )5 := fl;l(y + dhy), we have
AR(zxs — ) + Ak(x)\(;) — A)‘(x,\) 3 0hy .

Testing by xxs — =\, using the strong monotonicity of A* and the Young inequality, it is a
standard matter to check that

2 2 1 e
< — b+ 2
< il + 5

2
Trs —Tx
0

TA§ — T ca
5|y 2

Rearranging the terms we deduce that

Txs — T

A 5

H H

2
laxs| < on [Pl Vhelly VA,6>0:

hence, the Bolzano-Weierstrafs theorem for double sequences ensures that there is a double
subsequence (a6, )j,x and a € R such that

Aim a5, =a.
j,k—o00

Now, note that the limits
lim a and lim a
s axs Jm axs

exist and are finite for every § > 0 and for every A > 0, respectively. Indeed, by the results
already proved we have

lim ays =

<A‘1<y +6h1) — A7 (y)
ANO

0
and, by definition of Gateaux-differentiability of fl;l,

limy a3 = (D(A;l)(y)hl,hQ)H YA 0.

,h2> V>0
H
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This implies that the limit a can be computed using the iterated limit procedure in any order,
ie.

a= lim lim ay.s, = lim lim a)_ s, -
joookooo U kSoojooo IR

In particular, the second equality implies that
AL drhy) — AL
0 lim ( (y + 0kh1) (y),h2>
H

6k = (D(Ail)(y)hl, h2)H .

k—o0

Since this is true for any arbitrary subsequence of (), d), a well-known criterion of classical
analysis implies that the convergence holds also along the original sequence, i.e.

lhlll a = (D A L .
)\1115\(0 A0 ( ( )(y)h17 h2)H
USng the first iterated limit we have then

lim (D(AL ) (@) b ) | = (DA W) ha)

from which the thesis follows by arbitrariness of h; and hs.

Finally, let us show that if we also suppose x € V, then x5 — z in V. From the relation
ARz + AMNzy) —y = 0, we test by z and rearrange the terms in the following way:

Azally + (AMzn) =y, 20 — (AN 1Y) = (v — ANz2), (AN (), -

Noting that y = A((A*)~(y)), the second term on the left-hand side is nonnegative; moreover,
since (AM)71(y) = \y + A~ (y) = \y + =, we get

Maally < (y = AM@x) Ay + )y < Myl [ly = A @)l + (v - AN@a),z) -

Recalling that y — A*(z)) = ARz and using the Young inequality, we get

A A
2 2 2
Mally < Mylly [ly = A @] 423 el lelly < Myl v = A @0 +5 leallv+5 il
from which, dividing by A and rearranging the terms we get
2 2
lzally < 21yl g |y — A @) || + s -
Hence, recalling that A*(xy) — y in H, we infer that

li 2 <9 li —A>‘ 2 _ 2
H;l\sgpllwx\\v_ IIyllHAI{%Hy @) + I=ly = =]y

from which we conclude by uniform convexity of V. U

4. A GENERALIZED ITO’S FORMULA

In this section we prove a generalized It6’s formula that will be crucial in the proofs on
the main results of the work. In particular, due to the weak assumptions on the derivatives
of p*, we cannot rely directly on the classical frameworks by DA PRATO & ZABCZYK [17] or
PARDOUX [41], as the second derivative D?¢* is assumed to exist in the sense of Fréchet only
in V and the process y below is not V-valued a priori. This gives rise to several nontrivial
difficulties. Nevertheless, using the the continuity of the Gateaux derivative D2p* from H to
Zw(H,H) and the fact that y € A(z) for a suitable V-valued process z, we are able to show
that the It6 formula for ¢* can still be written in an appropriate sense.
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Proposition 4.1 (Generalized 1t6’s formula). Assume that x, y, w are progressively measurable
processes with values in V', H, and V*, respectively, such that

r e LY%(Q; L*(0,T;V)),
y € LY L=(0, T H) N CY([0,T]; V™)),
w e L0 L2(0,T; V™)),
y € A(z) ae inQx(0,T),
C e L°(9; L?(0, T-.z?(U H))),
yo € LO(Q, Fo; H), x0:= A (yo) € LY(Q, Fo; V),
+/w ds—y0+/0 VAW (s) in V' Vte[0,T], P-as.
0

Then, for every t € [0,T], P-almost surely,

t
+/ v ds
0
1 [t . _
= " (w0) + / (@(6). €6 W)+ 5 [ T (C (DA () ) ds.

Since dp* = A~! : H — H is Lipschitz-continuous, we have in particular that H = D(p*):
since y € Cy([0,T]; H) and yo is H-valued, the first terms on the left and right hand side in It6’s
formula are finite for every t. Moreover, since z = A~!(y) and A~! is Lipschitz-continuous, we
also have z € L°(Q; L*°(0,T; H)), hence (z,C)y € L*(0,T;£%(U,R)) and also the stochastic

integral on the right-hand side is well-defined. Finally, the trace term is also well-defined since
D(A™!) is bounded by assumption (H3).

Proof of Proposition 4.1. For every A > 0 by Lemma 3.2 we can apply the classical It6’s formula
to the function @3, where @y := <p§, getting

Ewo)+ | (w(s). A5y, ds
= AAlw) ¥ / (4596.06) , W) + 5 /OtTT (" (5)DA) W) () ds

for every t € [0, T], P-almost surely. By Lemma 3.5 we have that

A;ly —x in L?(0,T;V),
D(ATY)(y(s)) = D(A™)(y(s)) in ZLy(H,H) V¥sel0,T].

Consequently, we have

/Ot <w(s),/~1§1y(s)>v ds — /Ot (w(s),z(s))y ds

and, by the dominated convergence theorem,

[ (' ©DUANWECE) ds - [ T (C @D HEI0) ds.
0 0
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Moreover, since @y = Ay and dp* = A*, for every t € [0,T] we have

[

;
= (s, 45190) 2 A5 — o A
) A
2

H
= (v, A1), - 30|, - (A e A w),
L2 won|) + et (2 e

Now, by Lemma 3.5 we have that

@) »e) mH,  AUATEO) -0 nH, A7)
for a constant M independent of A\. Hence, as A \, 0 we get
() = " (y(?)) -
Similarly, the same argument and the fact that zg = A= (yg) € V yields
@x(mo) = " (vo) -
Finally, let us show the convergence of the stochastic integrals: note that

[y~ 2).00]

T 2
ra 2
e © [0~ et i

where the integrand converges pointwise to 0 in [0, T]. Moreover, from the proof of Lemma 3.5
we infer that

Aty =l 1 < MICIE 2 4 all?
y—z HH ||$2(U,H)— | ||$2(U,H) Iyl + =l

for a positive constant M only dependent on c4. Since z = A~!(y) and A~! is Lipschitz-
continuous, recalling that y € L*°(0,T; H) we deduce that also x € L*(0,T; H), hence the
dominated convergence theorem yields

[y~ 2).00]

L2(0,T;£2(U,R))

P-almost surely. We deduce that

L/Yﬁxww»cwnHdwm@—+AQx@»0@»HdW@)

0

in probability. Hence, the thesis follows letting A ~\, 0. O

The following result follows using exactly the same proof with A¢ instead of A.
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Proposition 4.2 (Generalized 1t0’s formula for A®). Let € € (0, C:‘l). Assume that ¢, y=, w®
are progressively measurable processes with values in V', H, and V*, respectively, such that

¢ € LO%(Q; L*(0,T; V),

y* € LO(Q; L(0,T; H) N C°([0,T]; V™)),

w® € LO(Q; L2(0,T; V™)),

yo = A°(zf) a.e. inQx(0,7),

C e L°(Q; L%(0,T; £*(U, H))),

yo € LO(Q, Fos H),  aj:= (A7) (vf) € L*(Q, Fo; V),

t t
() + / wE(s) ds = yE + / C(s)dW(s) inV* Vte[0,T], P-as.
0 0

Then, for every t € [0,T], P-almost surely,

() (1) + / (W (5),2(s)),y ds

0

= (we)*(yS)Jr/o (2°(s),C(3)) dW(S)Jr%/O Tr (C*(s)D((A%)71)(y*(5))C(5)) ds-

5. EXISTENCE OF MARTINGALE SOLUTIONS: PROOF OF THEOREM 2.8

We introduce two separate approximations on the problem, depending on two different pa-
rameters A\, > 0, prove uniform estimates on the regularized solutions (Subsection 5.1), and
pass to the limit as A\ 0 first (Subsection 5.2) and then as € \, 0 (Subsection 5.3).

5.1. The approximated problem. Let ¢ € (0,0;1) be fixed. For every A > 0, we consider
the approximated problem

d(ASuS) + Baus dt = F(t,uS) dt + G(t,uS)dW,  ASus(0) = vf

where B) : V — V* is the Yosida approximation of B and v§ := (I +&R) ™! (vy). We recall that
since V' is a Hilbert space then R is linear and B} is Lipschitz-continuous. Setting v§ := Ajua,
the approximated problem can be written in terms of v§ as an evolution equation on V* of the
form

dv§, + Ba(A5) "5 dt = F(t, (AS) " 05) dt + G(t, (AS) 1vs) dW v5(0) = 05 .

Since (A5)~! : V* — V is Lipschitz-continuous, the operator By o (A5)™! : V* — V* is
composition of Lipschitz-continuous operators, and there is a unique strong solution

vf € LY ([0, T); V7))
such that, setting u§ := (A5) " tv§ € L9(Q;C°([0,T];V)), we have

Ui(t)—i—/o B,\ui(s)ds:vo—k/o F(s,uf\(s))ds—i—/o G(s,u5(s))dW(s) in V™

for every t € [0,T], P-almost surely. We now prove a priori estimates, independent of A\ and e.



18 LUCA SCARPA AND ULISSE STEFANELLI

Lemma 5.1 (A priori estimates). Letn € (0,1/2). Then there exists a positive constant M > 0
such that, for any X\ >0 and € € (0, c:\l),

A2 Hui”Lq(Q;CO([O,T];V)) +e'/? HAE(ui)”LQ(Q;CO([O,T];H)) =M,

U Lo oo o, 73300y + AT (W) agasooo,mmmyy + 197 (AT (W) | Larzsnoe 0,1y) <M
||J)\Bu§\||Lq(Q;L2(07T;V)) +1Baui Laarz0.mvy) < M,
1G( uS) Laucoo,1122w, 1Y) <M
1GCux) - Wil pawnao, ey <M
[v} = G(-,u}) - W”LQ(Q;Hl(O,T;V*)) <M,
MR Lo swnaco,rvey) T IAT W La@wnao, vy <M,
where JP .= (R+ AB)"1 o R:V — V s the resolvent of B.

Proof. By Lemma 3.2, we can apply Ito’s formula to (¢5)*(v5) in V*, getting
(R (50) + [ (Bras(s) k() ds = (63)" (o) + [ (Fls15(9). 05 () ds
0 0
+ [ (60, Gl i (D) dW(s) 5 [T (67 (5,05 () OR + DA (05 (5))) G, 15 () ds
0 0

for every t € [0, 7], P-almost surely. Let us analyse the different terms separately. First of all,
by definition of convex conjugate and the fact that ARu§ + A°(u5) = v5 we have

(927 (05) = (65)" (VRS + A7(u5) = (ARuS + A°(05), 05 )y — 95 (u5)
g € g g >\ g g g
= Ml + (A (@S, ) = 5 s — ()

>\ 1> £\ * g £ A £ € 1> g * 1> g
= SIS+ ) (A7) = 5 IS + 5 4@l + 97 (A°(5))

Since ¢ has at most quadratic growth in H, there are constants M’, M > 0, independent of A
and &, such that

* 2
P (A% (u ))>M'|\AE( Mg —M".
Noting further that u§ = eA°(u§) + A1 (A%(u5)), we infer by the Lipschitz-continuity of A~
that
7 (A7(5)) 2 2M ' sy — M

Secondly, setting ug, = (AR + A‘V) v§, a similar argument yields
* A 2 *
(3)7(vo) = 5 llugally + (¢%)7(A%(u5)) -
Since ARuf, + A®(uf,) = v, testing by ug, and using the Young inequality we obtain

2 * *
Mlugally + @7 (uga) + (7)) (A%(u5n)) = (vo, ugn)a < ©°(uga) + (©°)*(v5) 5
where, by definition of ¢°,

()" (v5) = HvollH + 9" (v5) < ML+ |lv§l7) < ML+ [[voll7) -

Hence,

(650" (08) = 5 sl + ()" (A%(ug) < (6" (o) < ML+ oolly) € L72(@).
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Moreover, hypothesis (H6) and the Young inequality immediately yield

¢
[ 36860 5 < FIFCO i+ 05+ [ I b
while by definition of J and coercivity of B we have
(Bauis ul)y = (Baus, JYus)y, + (Baui, us — J{us )y,
= (Baus, J{us)y, + A (Baus, R Baus),, > e || JX Uf\”f/ + X || Brus 3 -
Furthermore, let h € H be arbitrary and set k5 := (AR + DA®(u5))~'h € V, so that
ARES, + DA (u3)k = h.

Testing by k5 and using the strong monotonicity of A* we have

2 A 2
MRS + =5 [R5 I3 < (b k) ||k)\||H - ||h||H :
We infer that the following uniform estimate holds:
g £ — 2 4
|OR+ DA W) ™ o) < - (3)
A

Hence, the trace term on the right-hand side of It6’s formula can be estimated by

5 (G (R R + DAR (1)) G 18)) £ 2 160 ) P < 2 (1 i)

Finally, by the Burkholder-Davis-Gundy and Young inequalities we have, for every § > 0,
E sup

a/2 T
<cE (/ [us (s HH |G (s, u5(s)) Hz?(UH) ds)
te[0,7) 0

2 2
<E (115192 0,7, ||G< N0 72w

q/4

/0 (5. (5), G5, u5.(5))) 1 AW (5)

<J/E HuAIILm o 1 15 ||G( (5))”%2(0,T;$2(U,H))
LG
S (14 s o))

where ¢ is a positive constant, depending on data only. Hence, recalling that A and B have
linear growth, taking supremum in time, power ¢/2 and expectations in It6’s formula, choosing
0 small enough, rearranging the terms, and employing the Gronwall lemma yield the first three
desired estimates. Moreover, the fourth and fifth estimates easily follow from (H7) and the
properties of the stochastic integral.

< OB usl o 07y +

Let us show now the last two estimates: since (Bau§)a,c is uniformly bounded in the space
L(Q; L%(0,T; V*)), we have
| Brtaso s
0

for a positive constant M independent of A and . Now, since € (0,1/2) and ¢ > 2, we have
that 1 —1/2 > n — 1/q, so the Sobolev embeddings imply that H'(0,T;V*) — W40, T;V*)
continuously, hence by comparison in the equation we have

<M

La(Q;H(0,T;V*))

||’U§‘HLLI(Q;W”*‘I(O,T;V*)) <M.
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Now, recalling that v§ = ARu§ + A°(u5), we have

T T IAR(us (s) — us (1) + A% (u5) (s) — A (us) (r)II5
=)

[s — r|ttne

“dsdr < M.

Since for almost every s,r € (0,7) we have, by monotonicity of A°,

MRS (s) = ui (1))l = (AR(u5 () = u5 (1), Aus (s) — a5 (r)))y
< (AR(ui(s) = ui(r) + A% (u})(s) = A%(u3)(r), A(ui(s) — ui(r)y
< % INR(u5(s) — u5.(r)) + A% (u5) () = A°(5)(r) I~ + % 1R (S (s) = S (r)3- »

we deduce that (ARuS)» is uniformly bounded in the space L(2; W™4(0,T;V*)), hence also
A®(u5) = v5 — ARu§ by difference. O

5.2. Passage to the limit as A N\, 0. In this section we perform the passage to the limit as
AN\ 0, while ¢ € (0, czl) is fixed. We shall divide the passage to the limit is several steps.

Stochastic compactness. Fix n € (1/¢,1/2), which is possible since ¢ > 2. First of all,
recalling Lemma 5.1, we have that the families (A°(u5))x and (G(-,u5) - W), are uniformly
bounded in the space

L9 (W90, T;V*) N C°([0,TT; H))
and the family (W), is constant in C°([0,T]; U). Since H Sy compactly and ng > 1, by the

classical compactness results by Aubin-Lions and Simon (see [49, Cor. 5, p. 86]) we have the
compact inclusion

W90, T H) N CO([0,T); H) =+ CO([0,T]; V™) .
This ensures by a standard argument based on the Markov inequality that the family of laws
of (A%(u5))a and (G(-,u3) - W), are tight on the space C°([0,T]; V*). Secondly, it is clear that

the laws of the constant sequences (W), and (v§)x are tight on the spaces C°([0,T];U) and H,
respectively.

In particular, so is the family of laws of (A°(u5), G(-,u5) - W, W, v§)x on the product space
C°([0, T); V*) x C°([0,T); V*) x C°([0,T]; U) x H. By Skorokhod’s theorem (see [31, Thm. 2.7])
there exist a probability space (Q, Z, IF”)7 a family (¢ ), of measurable mappings ¢, : (Q, ﬁ) —
(Q, F) such that

P=Pop,' VA>0,

and measurable random variables oc, 15 : (Q,.F) = C°([0,T); V*), We : (Q,.F) — C°([0,T); U)
and 0§ : (Q,.%) — H such that, setting 45 := u5 o ¢x, as A \, 0,
A(a5) —» o°  in C°([0,T];V*), P-as.
I§ = (G(,u5) - W)ogy = IF inC°0,T);V*), P-as.
Wy =W og¢y — W in C°([0,T);U), P-as.
Do x = VG 0 P — Vg in H, P-a.s.

Setting also 05 := v§ o ¢y, since P = Po qﬁ;l the uniform estimates given by Lemma 5.1 are
preserved on the space ) for (@5)a and (05)a. Consequently, there exist also two measurable
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random variables @ : (€,.%) — L2(0,T;V) and @° : (,.%) — L2(0,T;V*) such that, as
AN 0,

A5 — 0 in LY(Q;C°([0,T]; V),
JPas, —af i LIY(Q; L2(0,T; V),
Byis — w°  in LY(Q; L2(0,T; V*)),
05, A%(a5) — o° in LP(CO([0,T); V™)) VYpe[l,q)
AS(05) — o in LI(Q; L%(0,T; H)),

S AT in LYQ W0, T H)).
Moreover, noting that a5 — Jy@§ = AR™!Byi5, it is immediate to deduce also that
a5, —a°  in LYQ; L*(0,T;V)).

Also, by lower semlcontlnmty of ¢* and Lemma 5.1 we deduce that ¢*(9°) € L¥/2(; L>=(0,T)).
Since (H1) implies that ¢* is coercive on H this immediately yields

o e LY(Q; L°(0,T; H)).

Moreover, since A‘EV -V — 2V is maximal monotone by assumption (H1), by strong-weak
closure we immediately infer that

= A%(4°)  ae inQx(0,7).
Now, noting that ARa5 + A®(u5) = 05, it is clear that
ARGS + AS(45) — 0° = 05 — ©0°,
hence testing by 45 and using that 9° = A®(4°) yields
NI + (A°(a5) — 0%, 85) = (05 — 0%, 85
Rearranging the terms and employing the strong monotonicity of A€ yields
N
Alaxlly +
< [|A%(a3) — o7

ag - asly < (05 - 0°,05) — (A5(85) — 0%, 0% m

axlly + 1A% (a5) — o

@l

Since (45)x is bounded in L9(Q; L2(0,T;V)) and A®(a5) — 0°, 95 — 9% in LP(Q; L2(0,T; V*))
for p € [1,q), we deduce also that

1% 1%

a5 —a°  in LP(Q; L2(0,T; H)) Ype[l,q),
which implies by the Lipschitz-continuity of F' and G that
F(-,05) = F(-,a°)  in LP(Q; L*(0,T; H)) Vpe[l,q),
G(-,45) = G(-,0°)  in LP(Q; L2(0,T; 2*(U,H))) Vpe[l,q).

Identification of the stochastic integral. By definition of I5 : (€,.%) — C°([0,T]; V*) we
have that _ )
f;:@§+/ Bxﬁf\(s)ds—ﬁm—/ F(s, 05
0 0

By introducing the filtration (ﬁf eefo,T) as
F5, = o{i5(s), [5(s), Wa(s) s s < t},  tel0,T],
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one can show that / 5 is a square integrable V' *-valued martingale with respect to the filtration
(5 )telo,r) With quadratic variation process given by

I,\ / G(s, ||$2(Uv -y ds.

Indeed, for any s,t € [0,7] with s < ¢ and for any real bounded continuous function g on
Co([0,T); V*), recalling that u§ and 45 have the same law, it is possible to see (for further
details we refer here to [20] and [17, § 8.4]) that

B ((I0) - 55(s).2) 9(@5j0.)) =0 ¥zeV

and
re e /e TE
E K<I>‘(t)’zl>v< )‘(t)’22>v < )\(s),21>v< A(s) Z2>V
¢
—/ (G(r,u5(r))* 21, G(r, a5 (1)) 22) dr) g(ﬁil[o’s])] =0 V21,20 € V.
S
Hence, thanks to a classical representation theorem for martingales (see [17, Thm. 8.2]), there

exists a further probability space that we can identify with no restrictions with ( ﬂi ]f”) such
that (possibly enlarging the filtration (yf,t)te[o,Tﬂ

:/O G(s,i5(s)) dW(s),  tel0,T].

Now, passing to the limit as A \, 0 in the approximated equation we infer that

/ s)ds = 05 + /Fsu ))ds + I¢,

while the boundedness and continuity of g together with the convergences obtained above imply
that

E(<f5(t)—fs(s),z>vg(a5[0’sl)) =0 VzeV

i K<j£(t)’zl>v <j€(t)’22>v B <j8(8)’zl>v <j8(8)’22>v

- / (Gr i (1)) 21, Gl (1) 22), dr) g(aﬁo,s])] —0 Va,meV.

and

Using now the strong convergences of W, to WE, G(-,45) to G(-,4°), and fi to fE, following
the approach contained in [45, § 4.5] (and the references therein) one can show that, by possibly
enlarglng the probablhty space (Q J I@’) there exists a complete right-continuous filtration
(9 )te[o,7] such that W€ is a cylindrical Wiener process adapted to (eﬁff)te[o’ﬂ and

/ G(s,a°(s))dWe(s), te0,T].

Consequently, we deduce that

t
6E(t)+/ we(s)ds:ﬁg—&-/ F(s ds—l—/ G(s ) dWe(s) Vtel0,T], P-as.
0
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Identification of the nonlinearities. We have already proved that ¢ = A°(4°). Let us

show now that ¥ € Bac almost everywhere in € x (0,T). To this end, recalling the proof of
Lemma 5.1 we have that

with obvious meaning of the symbol E. Now, note that
A

(@3)"(0X(1)) = 5 185 (T)II5 + ()" (A%(a5(T))) = (#°)"(A°(G5(T))) ,

while from the proof of Lemma 5.1 we also know that
* [ A ~ 2 * ~ [N
(@3)7(00) = 5 laoally + (¢7)"(A%(@6,)) < (0%)"(55) -
Moreover, since A°(a5(T)) — 9°(T) in L*(2; H), by weak lower semicontinuity of (¢°)* we have
that

T
lim sup B / (Bt (), @5.(5))y ds
ANO 0

T
< B(e)(66) ~ inint B()" (AT + i B [ (P(s.5(5). 85 (5)

1 T
+ 3 limsupE/ Tr (G*(s, 05(s)) (AR + DA®(45(s))) ' G(s,45(s))) ds
ANO 0

N . T
< E(p%)"(05) — E(p")"(0°(T)) + ]E/O (F'(s,a%(s)), a°(s)) y ds

1 T
+ 3 limsupE/ Tr (G*(s,05(s)) (AR + DA®(45(s))) ' G(s,45(s))) ds.
ANO 0
Now, by Lemma 3.4 and the strong-weak convergence, we deduce that
Tr (G* (- a)(AR + DA®(45)) "' G(,45)) — Tr (G* (-, a°)D((A°)~1)(°))G (-, a%))
almost everywhere in QO x (0,T). Moreover, we have already proved that

T (G, 8)D((A%) ) E))G () | < e (14 a1

where the right hand side is bounded in L/2(Q x (0,T)) and c¢ is a positive constant depending
on data. Since ¢/2 > 1, the right-hand side is uniformly integrable in 2 x (0,T"), hence so is the
left-hand side, and Vitali’s convergence theorem yields

IN

T
limsupr/ (Bat5(s),45(5))y ds
0

()" (85) — E(¢®)* (8°(T))
ANO
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Finally, by Proposition 4.2 it is immediate to see that this implies
T T
limsupIE/ (BAU5(5),05(s))y, ds < IE/ (W (s),u(s))y ds.
ANO 0 0
Hence, we infer that @° € Baf a.e. in Q X (0,T) by [16, Prop. 2.5, p. 27].

5.3. The passage to the limit as € \ 0. In this last section we perform the passage to the
limit as € N\, 0.

First of all, by Lemma 5.1, the convergences proved in the previous section and the weak
lower semicontinuity of the norms, there exists a positive constant M, independent of &, such
that

51/2 <M

10°M L@ zoe 0,711y + 1% Laq@ywmnaco,mivey)
[|a° HLq(Q Le(0,T;H)) T |0 ||Lq(Q Le(0,T:H)) T " (0 )||Lq/2(Q ;L= (0,T)) <M,
%[ o @22 0,mv)) + 10 pagosr20.mv)) <M,

1G (@) gaucno.mezawmy + |G i) - e

o — G(-,a°) - We

La(uWna(0,T5H))

<M
La(Q;H(0,T5V*))

Proceeding now as in the passage to the limit as A \, 0 in the previous section, using Skorokhod’s
theorem and the usual representation theorems for martingales, we infer that there exist a further
filtered probability space and a cylindrical Wiener process on it, which we shall assume with no
restriction to coincide with (€,.%, (J)te[o T],]P’) and W, respectively, such that
0" =0 in C°([0,T]; V*), P-as.,
We =W in C°([0,T];U), P-as.,
G(,a%)-We =1  inC°0,T];V*), P-as.,

b

05 — o in H, P-as.
and
et =0 in L9(Q; L>(0,T; H)),
af —a  in LYQ; LX(0,T; V),
W = in LY(Q; L2(0,T; VY)),
0° — D in LP(Q; L*(0,T;V*)) Vpe[l,q),
0° — D in LI(Q; L*(0,T; H)),

Hence, the strong-weak closure of A readily implies that ¢ E A(4) almost everywhere in Qx (0, T').
Furthermore, since ¢ = A%(4°), we have that 4° = 9° + A~1(9°), from which

0 € A(GF — ev%) and v e Ad).
Consequently, the strong monotonicity of A yields
ca ||t — i —ebf||3 < (0° — 0,05 — 0 — %)

< e =ollg 0% + [10° = olly- la° —ally
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so that, integrating in time and recalling that ¢ € (0,¢,;") we have

CA | + L2 - p He (12 Tl
5 10 =@l 207,y < calld® —a— e (|27 + cae® 10°1 2 0,m;0)

o7y Y el 201y -

<ellof - @HLz(o,T;H) ||@E||L2(0,T;H) + [|o°
For every p € [1, q), taking power p/2 at both sides and expectations, it follows from the Holder
inequality that

2 p/2
~E “ p/2 |5 _ 511P/2 ~e1P/2
18 = Al 120, ryamy) < (CA> (5 197 = oWz 0 ) 17N o020 oy
_ o p/2 p/2 || nE p/2
+11o° v”m Q:L2(0,T;V ” ally, @:12(0,7v)) T € 19 ||LP(Q;L2(O,T;H))> ’

from which, taking into account the already proved estimates,

e D /2 _ A~ p/2
18° = 1 g s 0y S Mo (772 +10° = 00700 a0y

where M), is a positive constant independent of €. Thanks to the strong convergence of (0°).,
we get
W — 4 in LP(Q; L*(0,T; H)) Vpe([l,q),
from which
F('7ﬂ6) %F(aa) in LP(Q7L2(07T7H)) vpe [LQ)v
G('vas) - G(aa) in LP(Q7L2(07T7$2(U7 H))) vpe [LQ))
and arguing again as in the previous section, we have that

I=G(,a)-W  inC°0,T);V*), P-as.

In order to conclude, we only need to prove that @ € B(4) almost everywhere in Q x (0,T).
To this end, we recall the Itd formula for A from Proposition 4.2 and by definition of A° and
have

T
SE IS (DI + B (M) +E [ (@(s) () ds

T
= SR + B0 +E | (F(5.0%(5). 0(5) ds
T

T
+ gE/O ||G(s,a€(s))\|ffzw,m ds + %E/ T (G* (s, 45 () (D(A™Y) (65(s))) G(s, 8 (5))) ds

0
which by lower semicontinuity, assumption (H4), and the Dominated Convergence Theorem,
implies

lim supI@/ (0% (s), 55 (5))y ds < Ep*(i9) — Ep*(0(T))
N0 0

T A A 1. (T o o )
\E /0 (F (s, 4(s)), 2(s)) 1 ds + 3B /0 Tr (G (s, () (D(A™Y)(8(s))) G (s, a(s))) ds.

We now use the It6 formula for A from Proposition 4.1 in order to check that

liI?\s(l)lp]E/o (W°(s),0°(s))y ds < E/o (w(s),u(s))y ds.

Owing to the latter, we conclude that w € B(@) almost everywhere in  x (0,T) by [16, Prop.
2.5, p. 27].
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6. UNIQUENESS AND EXISTENCE OF STRONG SOLUTIONS: PROOF OF THEOREM 2.9
We begin by showing uniqueness of martingale solutions on the same probability space. Let

(u1,v1,w1) and (ug, va,ws) be two martingale solutions to the problem (2) on the same proba-
bility space. Then we have

d(vl—U2)+(w1 —’LUQ) dt = (F(~,u1)—F(-,u2)) dt+(G(~,u1)—G(-, Ug)) C”/V7 (Ul—UQ)(O) =0.

If A is linear, continuous, and symmetric we have that
dA(u; —ug) + (w1 —ws)dt = (F(,u1) — F(ug))dt + (G(-,ur) — G(+,u2)) dW ,

so that It6’s formula and the Burkholder-Davis-Gundy inequality yield, for every r € [0,T],

1 "
§Et2}é€_] (A(ur — u2))(t), (ur — u2)(t)) y +/O (w1 —w2)(s), (w1 — u2)(s)) ds

< E/OT (F'(s,u1(s)) = F(s,ua(s)), (ur — ug)(s)) y ds

" 1/2
+cE </0 ||G(5, (Ul (5)> - G(57u2(8))”?22(U,H) ||(U1 — ’U/Q)(S)”il d3>

.\ % /r - (G*(s, (u1 — u2)(8)) DA™ (A(ur — u2)(8))G(s, (ug — u2)(8))) ds
0

where c is a positive constant depending on data. Using now the Lipschitz-continuity of F' and
G, the boundedness of D(A™1), and the Young inequality, we deduce that for every § > 0

E sup (A(u1 —u2))(t), (ur —u2)(t))y + /OT (w1 —w2)(s), (ur —uz)(s)) ds

te(0,r]

< 0B s o~ )+ o [~ u2) (5 s
tel0,r 0

The monotonicity of B, the strong monotonicity and linearity of A and the Gronwall Lemma
imply that we can choose ¢ sufficiently small such that ||(u; — u2)(t)||; = 0 for every ¢ € [0,T].
It follows that uq(t) = wua(t) and v1(t) = va(t) for every t € [0,7], hence also w; = ws by
comparison in the equation.

If B is linear continuous and symmetric, we have

(v —v2)(t) + B/o (ug —ug)(s)ds = /0 (F(s,u1(s)) — F(s,uz(s)))ds
+ [ (Gls(s) = Gl as) aw ()



DOUBLY NONLINEAR STOCHASTIC EVOLUTION EQUATIONS 27

for every t € [0,T]. Testing by (u; — us2)(t), further integrating in time, and using the Young
inequality, yield, for all » € [0, 77,

B [ (o = o)~ )0 a4 55 (8 [ =)o), [ = un)(e) as)

\%4

[(ur = u2)(B)l|  dt
H

E 07“ /OF(s,ul(s))—F(s,ug(s))ds

+B [ [ (6 9) - Gloua) aw(s)
ca [T 1 T
<% [N - w0l a+ L |

1 r t
+aﬂ<:/0 /0 (G, 12(5)) = G, o)) dW ()|

Hence, the strong monotonicity of A, the monotonicity of B, and the Lipschitz-continuity of F'
and G imply that

2 2
/Hm—wMNHﬁ<h$Lk//HmwaMH%ﬁ

so that u; = ug on [0,7] by the Gronwall Lemma, hence also w; = ws by linearity. By
comparison in the equation, also using the fact that (v; — v2)(0) = 0 it follows that v; = va.

[(ur = u2) (@)l dt
H
2

dt
H

/0 F(s,u1(s)) — F(s,uz2(s))ds

2
dt.

Finally, a classical argument shows that uniqueness of martingale solutions on the same
probability space yields also existence (hence uniqueness) of a strong solution. Indeed, this
follows by a direct application of the following lemma, due to GYONGY & KRyLOV [27, Lem. 1.1].

Lemma 6.1. Let X be a Polish space and (Z,)n be a sequence of X-valued random variables.
Then (Zy)n converges in probability if and only if for any pair of subsequences (Zn, ). and (Zy;);,
there exists a joint sub-subsequence (anz,ang)g converging n law to a probability measure v
on X x X such that v({(z1,22) € X x X : 21 = 22}) = 1.

Going back to the proofs of Theorem 2.8, it is not difficult to check that the Skorokhod
theorem and the uniqueness of the limit problem yield exactly the condition of the lemma above:
see for example [53, § 5|. Hence, one can recover strong convergences of the approximating
sequences (v5)x and (v°): in CY([0,7]; V*) in probability also on the original probability space
Q, ]P) The conclusion follows then by the same arguments on the space (Q, %, P), instead
of (0, Z,P).

7. APPLICATIONS

We present now the application of the abstract existence theory to nonlinear SPDE problems.
In particular, we will provide an existence result for martingale solutions for relation (1), when
complemented with initial and boundary conditions.

7.1. Doubly-nonlinear SPDEs with multivalued graphs. In the following, let O C R?
(d € N) be a nonempty, open, bounded, and connected domain, with Lipschitz-continuous
boundary I'. For definiteness we shall let

V=H}0O), H=L*0), Vy=H*0O)nHO).
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which corresponds to consider homogeneous Dirichlet conditions. Note however that other
classes of boundary conditions, including Neumann, Robin, and mixed, also of nonlinear type,
may be considered as well, at the expense of minor notational modifications. Moreover, we let

2d
d<r< 0 ifd>3
Y=1(0), with{ ~"Sg-g 1=

2 <r < 400 ifd=1,2.

This choice ensures that V' C Y C H densely and continuously.

The function f: (0,7) x O x R — R is assumed to be of Carathéodory type with f(-,-,u) €
L2((0,T) x O) for all u € R and Lipschitz continuous in the variable u, uniformly in (0,7) x O.
In particular, by defining the Nemitzsky operator F'(t,u)(x) = f(t,z,u(z)), for a.e. z € O,
we have that (H6) follows. Eventually, we assume to be given another separable Hilbert space
U and require that the operator-valued function G : (0,T) x L*(0) — £?(U, L?(0)) satisfies
assumption (HT7).

We now turn to the specification of classes of operators A which can be treated in our
framework. Let & : R — R be convex, define a = d& : R — 2% and assume that a~! € C'(R),
0 € «(0), and there exists ¢y, Cq > 0 such that

(v1 — v2)(u1 — ug) > colur — u2|2 Yu; € R; v; € afuy;),
[v]| < Co(1+ |u]) VueR, vealu).

Let us show that these positions entail the structural assumptions (H1)-(H4).

First of all, from the linear growth of a one has that &(u) < C(1 + |u|?) for some positive
C > 0. By defining ¢ : H — [0, 00] as

wm=éamme

one has ¢ is convex, everywhere defined (hence proper), lower semicontinuous, and A = Jyp :
H — 2% is maximal monotone with 0 € A(0). The strong monotonicity and the sublinearity A
follow from those of a with the choices Cy = v/2C,, min{|O|'/2,1} and ¢4 = c,. In particular,
we have that D(A) = H D V. Secondly, the e-Yosida regularization A® is given by v € H
af(u) = (u— (Id+ea)~(u))/e € H. Note that A°(V) C V as o is (1/¢)-Lipschitz continuous.
In particular, we have that

(A°(w), R(u)) i = (R(u), A*(u)) = /O Vu - V(o (u) dz = /O(of)’(u)|Vu|2da; >0 VueVp,

so that assumptions (H1)—(H2) are satisfied.

Let us check (H3). The operator A~! : H — H is Lipschitz-continuous and A~!(v) = a~1(v),
veE H,ae. inO. Asa™!is Ct, A~1 is differentiable and its differential D(A™') : H — £ (H, H)
is given by

D(A Y (w)h =~(v)h ae. in O, for v:=(a"') € C(R)NL>®(R).

Let now v, — v in H. Then y(v,) — v(v) in L"(0O) for all r < oo and y(v,) — v(v) in L=(0O).
We then have that

(D(A™Y) ()b, ho)ir = /

Aoz = [ A@hihads = (DA™ Wi, ha)i,
(@) (@)
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so that D(A™') € C°(H; %4,(H,H)). Since V CY = L"(O) C H, one can compute that

ID(A™) (vn) = DA™Y (V)| v,y = e ID(A™)(vn)h = D(A™Y) ()|

< [lv(vn) = ()l g2r/ -2 0) = 0.
We have hence checked that D(A™1) € C°(H; £(Y, H)) as well.
Let now z, v € V be given and define y = (I + D(A=Y)((I + A~1)~1x)) v, namely
y+DATNI+AT) )y =v.

Test this equation on |y|"~2y and integrate on O in order to get

r —1\— r r— 1 T r r
lolly + [ A+ A )yl de < [ ol o de < el + ol
16 o r r—

where we used the Young inequality. As V' C Y we conclude that |ly|ly < M|v||y for M > 0,
as required.

We are hence left with checking (H4). Let then v, — w in V and A®(u.) — v in H with
v € A(u): we have to show that

v (af(u))h — v (v)h in H VheH. (4)

Assume at first that « is continuous, hence single-valued. Then A®(u.) = A(JAu.) = a(JAu.) —
a(u) =wv a.e. in O. In particular, for all h € H we have that

D(A™) (A% (ue))h = (a(Jue))h — o' (v)h = D(A™)(v)h in H

by dominated convergence and (4) follows. Note that we need no Lipschitz-continuity here. In
fact, the Lipschitz-continuous case has been indeed discussed in [45].

The argument can however be extended to include the case of non-single-valued graphs. For
the sake of definiteness, let a = s+a, where & is monotone and continuous and s is the sign graph
s(z) = x/|x| for © # 0 and s(0) = [—1,1]. Let us start by checking that v/ (a®(u:)) — +'(v)
a.e. in O. In order to prove this, we use the notation 14 for the indicator function of the
measurable set A C O, rewrite

7' (0 (ue)) = 7' (0 (ue)) 1 fus 0y + 7' (@ (ue)) L{ucoy +7'(0 (ue)) L {u=o},
and discuss each term of this sum separately. As J&u. — u a.e. in O, we have that
. / € I / « . / ~ «
lim A (@ (ue ) Luso0y = lim 7' (a(Joue))lfus0y = v/ (14 & (I ue)) L fuso0
=7 (14 a(u)liuso; =7 (v)1{u>0y a.e.in O.
Analogously, 7'(a® (uc))1{u<oy — 7' (v)1{u<o} a.e. in O. We now show that the remaining term

on the set {u = 0} is infinitesimal, namely +'(a®(u.))1{y=0} — 0 a.e. in O. Indeed, we can
further decompose it as

’YI(O‘E(“E))l{u=O} = 'Y/(as(us))l{u=0, luc|<e} T 7/(a6(u6))1{u=0,u5>5} + 7/(a5(us))1{u=0,ue<—6}'
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Since af(r) = r/e for |r| < e and v/ = 0 on [—1, 1], the first term in the above right-hand side
vanishes. As for the remaining terms we argue as follows
tim (70 (102)) Lo, e} + 7 (07 () L a0, o))
= lim (V' (U4 @(TEu)) fu=0, ue e} + 7 (=1 + @(J2ue)) fu=0, u. < —c})
< lim (7/(1+ &(J2ue)) + 9/ (=1 + &(Jue))) Lu=oy
=7'(1+a(0)) + (=1 +a(0)) =~'(1) ++'(=1) = 0.

We have hence proved that

et %{ 7 o) }UE%(U) V(v) e inO.

Since 4 is bounded, dominated convergence entails (4), so that (H4) follows.
As for initial conditions, we require vy € L9(Q, .%o; L?(O)) with a*(vg) € LY/?(Q, Fy; L*(0)),
and ug := o (vg) € LI, Fo; H} (0)), which is noting but (HS).

Let us now present a class of operators B fitting our frame. Assume to be given 81 : R? — 28’
and fp : R — 2% maximal, monotone, and linearly bounded. Note that 8; is not required to be
cyclic monotone. Moreover, we assume 3, to be coercive, namely

Jeg>0: cple> <n-& VEERT, nepBi(E).

We define B : HE(O) — 25 () by letting w € B(u) iff there exist £ € L2(O,R%) and b € L2(O)
with £ € 81(Vu) and b € By(u) a.e. such that

(w,v)z/f-Vvdm+/bvda: Yo € Hy(O).
o o

It is a standard matter to check that B is actually defined in all of H}(0), is maximal monotone,
linearly bounded, and coercive. In particular, (H5) holds.

Along with these positions, the abstract relation (2) corresponds to the variational formulation
of (1) under homogeneous Dirichlet boundary conditions, namely

d(a(u)) — div 31 (Vu) dt + Bo(u) dt > f(u)dt + G(u)dW in H™Y0O), ae. in Qx (0,7) (5)

u=0 on 00, ae. in Qx (0,7), (6)

a(u)(0) =vy in H1O), ae. in Q. (7)

Under the above assumptions, a direct application Theorem 2.8 entails the existence of a
martingale solution to (5)-(7).

Theorem 7.1 (Existence of a martingale solution to (5)-(7)). There exists a quintuplet

((Q7 j? (jt)te[mT] ) I@))7 Wa r&’a /IA}) ﬁ))7

where (Q, Z, I@’) is a probability space endowed with a filtration (jt)te[oﬂ which is saturated and

right-continuous, W s a cylindrical Wiener process, and u, 0, and & are progressively measurable
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processes with values in HE(O), L2(0), and L?(O;RY), respectively, such that
@ e LIS L°(0,T; L2(0)) N L2(0,T; Hi (0))),
b e LY L0, T; L2(0) n C([0, T); H~1(0)),
e LUQ; LP(0, T; L*(O;RY)))
beafd), £€p(Va) ae inQx0Ox(0,T),

a(t) — /0 div £(s) ds = (0 / @ )ds+/0 (s, a(s)) AW (s)
in H-H(O) Yt e[0,T], P-as.
and 9(0) has the same law of vg on H=1(0).

7.2. Stochastic equations with nonlocal terms. Before closing this discussion let us men-
tion that the abstract existence result of Theorem 2.8 applies to other classes of SPDEs as well.
As regards A, one could consider some linear operators of positive type, even nonlocal in space.
An example in this direction is A = dyp for

W= [wkdeeg [ ke - uw)ardy

where ¢ > 0 and k € L?(O x O) nonnegative and symmetric. In particular, ¢ is convex and lower
semicontinuous and Au(z) = dp(u)(z) = cu(z)+ [, k(z,y) u(y) dy for a.e. x € O. Assumptions
(H1)—(H3) are hence easy to check and assumption (H4) would actually be not needed here, for
A is already Lipschitz-continuous.

Nonlocal operators B could also be considered. A relevant example in this direction is the frac-
tional laplacian (—A)" with » € (0,1). When with homogeneous Dirichlet boundary conditions
in R?\ O, this can be variationally formulated by letting H = {v € L?(R?) | v = 0 a.e. in R4\ O}
and defining the fractional Sobolev space [19]

V:=H(0)={veH | [vgr(o) < oo}

where the Gagliardo seminorm [v], reads

)|2 1/2
: dx d .
</A><O |.7J - y|d+27 y)

When endowed with the norm ||v[?, := ||11||L2(Rd) + ]HT(O) the Hilbert space V' C H densely
and continuously. The subdifferential B = 9[-]%,, ©) " : V' — V™ is hence linear, positive, and con-

tinuous and delivers a weak formulation of the fractional laplacian (—A)", up to a multiplicative
dimensional constant [3].

7.3. Systems of doubly-nonlinear SPDEs. Eventually, as B is not required to be cyclic

monotone, one can tackle some classes of SPDE systems as well. An example in this direction

is

d(@(@)) — Div by (V@) dt + by (@) dt 5> F(i0) dt + G(@)dW in (H-(0))", a.e. in Q x (0,T)

(8)

where @ = (ug,...,u,) : @ x [0,7] x O — R", now with @(t) € V = (H}(O))" a.e. in O.

The maximal monotone graph @ : R® — 28" is assumed to be diagonal, namely &@(#) =

diag(ay(u1), ..., an(u,)), with all a; : R — 2% being of the type discussed above. The graphs
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by : Rxd 2B and I;O : R® — 2R" are maximal monotone, possibly noncyclic, linearly
bounded and b; is coercive. Note that in the vectorial case Div is the standard tensorial di-
vergence, namely (Divb); = Z;lzl d;jb;j. We define the operator B : V — 2V as w € B(4) iff

€ € (LA(0))"*4 and b € (L*(0))" exist such that ¢ € by (V), b € by() a.e. in O, and
(w,2) = Z/ & -Vzidgc—i—/ b-Zdr Vze (H}(O))"
=170 o

and remark that it fulfills (H5) by not being cyclic monotone. Asking @ — F (%) to be Lipschitz
continuous, and G and W to be corresponding vectorial versions of operator-valued coefficients
and cylindrical Wiener processes, the initial-value problem for the SPDE system (8) can be
variationally reformulated as relation (2) and the abstract Theorem 2.8 provides the existence
of martingale solutions.
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