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Abstract

Early-exit mechanisms allow deep neural net-
works to stop inference once prediction confi-
dence is high, reducing latency and energy on
easy inputs while retaining full-depth accuracy on
harder ones. Similarly, adding early exit mech-
anisms to Graph Neural Networks (GNNs), the
go-to models for graph-structured data, allows
for dynamic trading depth for confidence on sim-
ple graphs while maintaining full-depth accuracy
on harder ones to capture intricate relationships.
Yet, their potential in deep GNNs, where over-
smoothing, over-squashing or more generally van-
ishing gradients prevent these model to properly
learn, remains largely unexplored. To address this,
we introduce Symmetric-Anti-Symmetric GNNs
(SAS-GNN), whose symmetry-based inductive bi-
ases yield stable intermediate representations that
support safe early exits. Building on this back-
bone, we propose Early-Exit GNNs (EEGNNSs),
which attach confidence-aware exit neural heads
which are trainable end-to-end based on the task
objective, enabling on-the-fly termination at node
or graph level. Experiments show that EEGNNs
learn task-driven exit strategies, while achieving
competitive results on heterophilic graphs and
long-range tasks. Even when not outperform-
ing the strongest baselines, EEGNNSs consistently
deliver favorable accuracy—efficiency trade-offs
thanks to their adaptive and parameter-efficient
design. We plan to release the code to reproduce
our experiments.

1. Introduction

Deep learning models are increasingly deployed in la-
tency and energy-constrained settings (e.g., mobile AR,
autonomous drones, real-time recommendation). Graph
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Neural Networks (GNNSs) inherit these constraints because
their message-passing depth directly translates into runtime
and energy costs. In such scenarios, adapting computa-
tional effort to input difficulty is critical for both efficiency
and sustainability. GNNSs process graph-structured data
across domains such as text, images, knowledge graphs,
and social networks (Ul Qumar et al., 2023; van den Berg
et al., 2017; Hamaguchi et al., 2018), excelling in tasks
like node/graph classification (Xu et al., 2019) and link
prediction (Kumar et al., 2020). Most GNNs are Message-
Passing Neural Networks (MPNN5s) (Gilmer et al., 2017),
where each layer updates node states by aggregating neigh-
bor features via convolutions, attention, or learned func-
tions (Velickovi¢, 2023). The number of layers thus deter-
mines how far information can propagate: deeper models
capture broader context but incur higher cost. Intuitively,
increasing the number of layers should allow for better in-
tegration of long-range information, enabling messages to
traverse farther across the graph and enriching each node’s
representation with broader structural context. In practice,
however, depth is a double-edged sword: on the one hand,
too many layers cause over-smoothing (NT and Maehara,
2019), where node embeddings become indistinguishable,
and over-squashing, where information from distant nodes
is severely compressed due to topological or computational
bottlenecks (Alon and Yahav, 2021; Topping et al., 2022;
Arnaiz-Rodriguez and Errica, 2025), both hindering the suc-
cess of MPNNSs on tasks requiring long-range propagation;
on the other hand, too few layers result in under-reaching,
where messages fail to cover the task-specific problem ra-
dius (Alon and Yahav, 2021). Because the problem radius
cannot be known a priori, the layer count becomes a del-
icate hyperparameter that should be set to the shallowest
depth still able to span the necessary receptive field while
keeping model size and training cost as low as possible.

Our idea. Rather than fixing a single “best” depth, we allow
GNNs to decide on-the-fly: each node or the entire graph
can halt message passing once its prediction is sufficiently
confident. However, as shown in Figure 1, classic MPNNs
do not reliably scale in depth due to the above issues, even
in the presence of residual connections (Scholkemper et al.,
2025). As a consequence, early-exit mechanisms cannot
be straightforwardly applied to regimes that inherently re-
quire deep GNNgs, such as long-range reasoning, unless we
propose specialized approaches. When depth itself is unreli-
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able, early exits merely act as a safeguard, dedicating time
to easy inputs, but ignoring harder samples, which contrasts
with the core purpose of early-exit (Scardapane et al., 2020).
This limitation was already evident in the seminal work of
Spinelli et al. (2021), where the exit mechanism was learned
via maximum budget loss function. Reliable early exits
require intermediate representations that remain informative
across layers, so that the model can safely continue mes-
sage passing when it is not confident yet. However, this
requirement is not met by current methodologies: the trade-
off between exiting early and processing features deeply
enough is fundamentally unstable. In fact, we show that
existing early-exit, when rely on budget-aware training ob-
jectives bias the model toward premature halting focusing
more on computational constraints rather than predictive
correctness. In contrast to this, we believe that a reliable
early-exit mechanism must be agnostic to any predefined
budget, and allow for exit coherently with the task objec-
tive. To achieve this, we design Symmetric—Anti-Symmetric
GNNs (SAS-GNNs), whose weight-shared, ODE-inspired
message passing yields informative embeddings and con-
stant memory necessary to deploy EEGNN, an early exit
model which learns to halt propagation based on the task.

Contributions.

1. EEGNN. The first end-to-end early-exit GNN: nodes
or graphs halt when confident via Gumbel-Softmax
heads enabling end-to-end training and removing the
necessity for depth or budget tuning.

2. SAS-GNN backbone. A weight-shared,
symmetry/anti-symmetry MPNN (ODE-inspired) that
provides stable intermediate states for safe early exits
with constant memory.

3. Theory. We prove SAS-GNN preserves node infor-
mation while inducing adaptive attraction/repulsion
edge-wise, resulting as a good proxy for deep feature
processing and supporting long-range tasks.

4. Results. Extensive experiments on heterophilic and
long-range benchmarks demonstrate that EEGNN and
SAS-GNN match or surpass complex Attention-based
and Asynchronous MPNNs. Notably, they achieve this
with significantly fewer parameters, no normalization
or dropout, and contained latency, while successfully
adapting exit strategies to the specific demands of each
task.

2. Related Work

Early-Exit for GNNs. Our approach shares similarities
with Spinelli et al. (2021), which introduces the idea of
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Figure 1. Classic MPNNS + residual design is not enough for going
deep. Texas Dataset.

adaptive propagation node-wise for GNNs, allowing nodes
to halt their updates during message passing.

While their method discuss depth-related issues like over-
smoothing (OST), no solution for designing deep architec-
tures and dealing with long-range tasks has been proposed.
Additionally, their design requires auxiliary loss terms to
enable differentiable node-level exit decisions.

Other early-exit methods for GNNs (Xiao et al., 2021; Han
et al., 2024; Abbahaddou et al., 2025) are restricted to node-
level tasks and do not investigate deep regimes or OST/OSQ.
In contrast, we propose the first fully differentiable mech-
anism that naturally addresses deep MPNN flaws without
auxiliary supervision. Furthermore, we are the first to ex-
tend this capability to graph classification and regression
tasks.

Asynchronous / Transformer GNNs. Graph Transform-
ers (Shi et al., 2021) capture long-range dependencies via
global attention but incur quadratic computational costs.
Asynchronous MPNNs (Finkelshtein et al., 2024; Errica
et al., 2023) attempt to reduce this cost by adapting topol-
ogy at each layer at the cost of an increased architectural
complexity w.r.t. classic MPNNs. Unlike these approaches,
our model adapts depth dynamically at both train and test
time without altering the graph topology, sharing the com-
plexity with classic MPNNs.

Neural ODE methods. Graph Neural ODEs (GraphN-
ODEs) (Poli et al., 2021) model feature propagation as a
continuous-time dynamical system, providing a rigorous
framework to analyze stability. While initially used to ad-
dress over-smoothing (OST) (Rusch et al., 2022; Di Gio-
vanni et al., 2023), recent works leverage physics-inspired
architectures to mitigate over-squashing (OSQ) and enhance
long-range propagation (Gravina et al., 2023; 2025; Trenta
et al., 2025).

In this work, we draw inspiration from prior approaches
addressing both OST and OSQ, and we propose EEGNN,



Early-Exit Graph Neural Networks

the first GraphNODE who natively supports an early-exit
mechanism. We provide an extended related work
discussion in Appendix G.

3. Methodology

We use bold fonts for both matrices and vectors, with up-
percase letters representing matrices and lowercase letters
representing vectors (e.g., M, v). Scalars are denoted by
italic letters (e.g., s).

Notation. Let G = (V, £, X)) be an undirected graph, where
V is the set of nodes, £ C V x V is the set of edges and
X € R™ "™ is the instance matrix containing node features
representations. The u-th row of the instance matrix is
represented by x,, € R"™. G has n = |V| nodes and |£]
edges. T'(u) represents the neighborhood of node w, and
|T'(w)| denotes its degree. The degree matrix D € R™*"
has diagonal entries D, = |T'(u)|. The set of edges £ can
also be expressed as the adjacency matrix A € {0, 1}"*",
where A, = 1 if (u,v) € £, and A,,, = 0 otherwise.

Graph Neural Networks. Most GNNs follow the message-
passing paradigm (Gilmer et al., 2017), where node features
are iteratively updated. Let HY = X, or H? = f(X) when
using a learnable projection (e.g., an MLP). At layer [, the
hidden matrix is H! with node embeddings hfl IS Rm', and
the process continues up to L, conditioned on A. The final
representations H- = Z € R™*™ are used for downstream
tasks. For node classification, 4, = ¢(2,), and for graph
classification, § = g(Pool(Z)), where Pool is a permutation-
invariant operator (e.g., mean, max). For datasets D = G,
with graphs G; = (V;, £, X;) and adjacency A;, we anal-
ogously define H.. We use single-graph notation when
possible. We define a task as transductive when it is per-
formed on a single graph, while the task is inductive when
datasets contain more than one graph.

Our approach. A naive scheme would let every node
draw an arg max over the two actions—exit or continue—at
each layer and stop if it chooses the first. Since the hard
arg max is non-differentiable, the exit policy cannot be
learned with standard back-propagation. To retain end-to-
end differentiability, we need a soft, trainable substitute for
the discrete decision. This requirement leads to two concrete
design goals:

Ol1. Stable backbone. Design the message-passing back-
bone so that hidden node features stay stable and dis-
tinct as layers accumulate, i.e., they neither blow up
nor collapse into identical vectors. With useful infor-
mation preserved at every depth, any layer can serve
as a trustworthy early-exit point.

02. Contextual exit policy. Equip each layer with a dif-
ferentiable confidence head (implemented here with

the Gumbel-Softmax trick) that decides, on the fly,
whether a node or the whole graph has gathered enough
evidence to stop.

Because we want early-exit heads to act on reliable hidden
states, Ol is a prerequisite for O2.

Symmetric-Anti-Symmetric Graph Neural Network
(0O1). To accomplish O1, we build upon two message-
passing schemes proposed in recent years. One is the
Anti-Symmetric Deep Graph Network (A-DGN) (Gravina
et al., 2023), and the other is the Gradient Flow Framework
(GRAFF) (Di Giovanni et al., 2023). A-DGN preserves
long-range information by using antisymmetric learnable
matrices, yielding a stable and non-dissipative dynamical
system where gradients remain well-conditioned across
layers, resulting into a good proxy for OSQ. GRAFF,
instead, was introduced to deal with node classification in
heterophilic graphs'. Since OST causes nodes to converge
to the same representation, its negative effect is enhanced
when learning in heterophilic graphs. GRAFF takes advan-
tage of symmetric learnable matrices, that induce attraction
and repulsion edge-wise to prevent adjacent nodes from
becoming similar in the limit of many layers. Further discus-
sions on GRAFF and A-DGN are available in Appendix B.

Building on these ideas, we design the Symmetric—Anti-
Symmetric GNN (SAS-GNN), where antisymmetric
matrices preserve long-range dependencies and sym-
metric ones enforce discriminability across classes. Its
message-passing rule is

H' = 01(~02(H'Q0) + AH'W,), M

A = D 2AD 7 is the normalized adjacency matrix,
01, 09 are non-linear activation functions, and finally 2,
W, € R™*™ are the antisymmetric and symmetric
trainable weight matrices. We formalized Equation (1)
as an ODE since we build upon the Graph Neural ODE
framework. We integrate it via the Euler discretization as:

HIY = H! + TUI(—UQ(HtQas) + AHst) )

Here, 7 is the integration step. Weight matrices are shared
across layers, as specified in GRAFF. A-DGN performs
similarly with or without weight sharing (Gravina et al.,
2023), but we adopt it for space efficiency when scaling to
many layers (t — 00).

This design is supported by the following theorems.

Theorem 3.1. Let us assume that the node features H*
evolve according to Equation (1). if A does not contain
self-loops, and the derivative of o1 is bounded, then the
evolution of H! is stable and non-dissipative.

'A graph is heterophilic when adjacent nodes tend to share
different class labels.
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Proof sketch. This result follows from a standard stability
analysis of the ODE in Equation (1). The antisymmetric
term —o(H!'Q,s) contributes Jacobian eigenvalues with
purely imaginary components, while the symmetric term
involving W does not increase their real parts.

We can interpret the dynamics of SAS-GNN through an
energy functional

(h!, W,h}). A3)

ZW

The functional in Eq. (3) naturally encodes both attractive
and repulsive forces between adjacent nodes through the
symmetric weights W,. Minimization therefore drives rep-
resentations to respect structural patterns such as homophily
(attraction) or heterophily (repulsion). More formally the
following theorem holds.

Theorem 3.2. Let us assume that the node features H!
evolve according to Equation (1). Assuming that o1, and o2
are defined s.t. Vx € R, o1(x), 02(x) > 0. The evolution of
H! minimizes a parameterized functional Eq(H'), inducing
attraction or repulsion among adjacent nodes.

The proof can be found in Appendix C.

Corollary 3.3. Let 01(z) = ReLU(tanh(z)) and o2(x) =
ReLU(x), both of which are non-negative functions. Given
that the derivative of o1(x) is bounded, the evolution of
H? is stable and non-dissipative. Furthermore, this evolu-
tion minimizes a parameterized energy functional Eo(HY),
inducing attraction and repulsion among adjacent nodes.

Proof sketch. The proof, follows directly from Theorems 3.1
and 3.2, as ReLU+TanH and ReLU satisfy the required
boundedness and non-negativity conditions.

We adopt this activation pair in all experiments, and show
in Appendices F.3 and F.6 that it affects the model perfor-
mances differently w.r.t. other common activation functions.
Since edge features can also be included to improve graph
learning (Hu et al., 2020), we also propose a SAS-GNN
version that encompasses their use E € RI€1X¢ as follows.

H' = 0, (—0o(H'Qy,) + f.(E) + AH'W,) (4

Hu et al. (2020) implements f.(E) = BEW,, where B €
R™*I€ is the node-edges incidence matrix, s.t. B; () =1
if i = u Vi = v, otherwise B; (,,,) = 0, and W, € Rdxm’
is a learnable weight matrix. In this work, we propose
fe(E) = —ReLU(BEW.,). Since E is not dependent on ¢
or the node features, we can state the following theorem.

Theorem 3.4. Let us assume that the node fea-
tures H! evolve according to equation (4). If
o1(x) = ReLU(tanh(z)), o2(x) = ReLU(z), f.(E) =
—ReLU(BEW.,.), and A does not contain self-loops, then

Algorithm 1 Neural Adaptive-Step Early-Exit GNNs

1: Initialize H°, L, A, f., fo, fo, Ws, Qs 01, 02, Vo,
Z = 0,,xq, exit_list = {}
: for{=0to L do
Cl — f(HLA) v £, (HS AL )
c! < gumbel_softmax(C, V')
7!« cl(0)
AH! < 01(—09(H!Qys) + f(E) + AH'W,)
H*! « H' + 7' AH!
for; =0tondo
if argmazx{c'} = 1 Ai ¢ ewit_list then
10 Z; < hi;exit_list.add(i)
11: for: =0ton do
12: if i ¢ exit_list then
13: Z; < hlsexit_list.add(i)
14: return Z

R e A A R o

the evolution of H! is stable and non-dissipative and mini-
mizes a parameterized energy functional Eg(H?), inducing
attraction or repulsion among adjacent nodes.

This theorem can be proved analogously to the previous
ones, with full proofs provided in Appendix C. Ablation
studies of SAS-GNN with and without edge features
are available in Appendix F.5. Empirical validation
of SAS-GNN, using metrics for over-smoothing, over-
squashing, and performance on long-range tasks and highly
heterophilic datasets, is presented in Appendix F.1.

Gumbel Softmax Early-Exit Mechanism (02). Having
addressed O1, we now turn to O2: implementing a
contextual early-exit mechanism. We first focus on
node classification; the extension to graph classification
is presented in Appendix D. Taking inspiration from
Finkelshtein et al. (2024), we employ the straight-through
Gumbel-Softmax estimator (Jang et al., 2017; Maddison
et al., 2017), which provides a differentiable relaxation of
discrete sampling. Let Q2 be the action space, 2 = {0,1}
that corresponds to continue (0) or exit (1). For each node,
a confidence vector C € RI!l defines action probabilities
(e.g., C(1) is the exit probability). The Gumbel-Softmax
estimator approximates the categorical distribution C
using a Gumbel-distributed vector g € RI’l, where each
component g(a) ~ GUMBEL(0, 1) for a € {0,1}. For a
node ¢, given its confidence vector C; and a temperature
parameter v;, the Gumbel-Softmax score is computed as:

log(C; ,

¢:(Ci; 1) = Softmax <0g<>+g)
Vi

which approaches a one-hot encoding as v; — 0.

We compute C* € R™"*I?l and v* € R™*! from hidden
states H? using two GNN modules, f. and f,, with fixed
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depth Ly and hidden size m;. These are shared across
layers for efficiency. To our knowledge, this is the first
application of the Gumbel-Softmax reparametrization to
early exit in GNNs. Importantly, f. and f, are trained end-
to-end with only the task loss (e.g., cross-entropy, MSE), so
exit decisions depend purely on task-driven context without
auxiliary supervision. Additional details on the Gumbel-
Softmax distribution and implementation of f. and f, are
provided in Appendix B.1.

Early-Exit Graph Neural Networks. As shown,
SAS-GNN satisfies Goal Ol; combining it with the
Gumbel-Softmax early-exit mechanism (02) yields our
full framework, EEGNNS, presented in Algorithm 1. The
algorithm is presented for node classification but extends nat-
urally to inductive and graph-level tasks (see Appendix D).
To integrate our Early-Exit mechanism into SAS-GNN,
we need to include the Gumbel-Softmax scores in the
message-passing update. Unlike Finkelshtein et al. (2024),
who modify the topology (and backpropagate through A),
we adapt the integration constant 7, making it node- and
layer-dependent. We introduce so the Neural Adaptive-step:
we set 7! = c!(0), the non-exit probability. When
cl(O) — 0, the update reduces to H'*' « H!, naturally
encoding the exit bias. Nodes predicted to exit are stored
at step [, and any remaining nodes are output at depth L.

Thus, each node has a personalized trajectory: its total “time
in the network™ is Zszo 7!, giving a continuous view of
exit rather than discrete steps (visualized in Appendix F.14).
Practically, L acts as the maximum number of exit points.
Setting L high removes the need for manual depth tuning
and enables long-range reasoning and deep feature process-
ing, as long as intermediate features remain informative;
setting it within hardware limits guarantees inference never
exceeds the cost of a non-exiting model. Weight sharing
ensures memory remains constant regardless of L.

To summarize, using SAS-GNN in line 7 of the algorithm
offers two key benefits: (1) it provides a fallback that mit-
igates message-passing failures at any depth; and (2) the
weight sharing is a byproduct of the Neural ODE design,
which is an advantage for space complexity, and also avoids
parameter waste from unused layers. In Section F.10, we
discuss the connection of our Neural Adaptive Step, with
Adaptive Step in Runge-Kutta solvers (Dormand and Prince,
1980a), and also the mitigation of underreaching.

Discussion on Complexity. We analyze the space com-
plexity in terms of parameter count, comparing MPNNSs,
GTs, and Co-GNNs with our models. Thanks to weight
sharing, SAS-GNN maintains constant complexity w.r.t. L
and quadratic complexity in the hidden dimension m’ with
symmetry and antisymmetry halving the effective number of
parameters. EEGNN adds parameters via f. and f,,, but this
overhead depends only on L, not L, since these modules
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Figure 2. Node exit level statistics on sssp: APGCN and
EEGNN.

are shared across layers. In the long-range experiments, we
implemented f,. and f, as additional SAS-GNN:s, so there
the overall complexity becomes O(m/? + mfc) Table 1 also
includes Polynormer, a GT-based model that uses two mod-
ules: local attention (with L; layers) and global attention
(with L, layers), each using 4 non-shared weight matrices
of size m'?. Assuming L; = L, = L, the total complexity
becomes O(8Lm'?) as shown in table. Regarding time com-
plexity, SAS-GNN offers no clear runtime advantage, but
EEGNN may reduce computation by exiting early for many
nodes. Although some nodes may still require full-depth
processing, potentially becoming bottlenecks, this is not
always the case, as explored in Section 4.1.

4. Experimental Evaluation
4.1. Impact of the Early-Exit Components

Task-driven learning. Unlike approaches that rely on aux-
iliary budget-aware losses (Spinelli et al., 2021), EEGNN
updates the exit network’s weights coming from (f., f,),
directly via the task loss. This theoretically ensures that
decisions are strictly context-aware and eliminates the need
to tune depth L per dataset. We emprically validate the
efficacy of this task-driven mechanism through two sets of
experiments.

Task awareness. We first evaluate the ability to recog-
nize when deep computation is strictly necessary using the
SSSP dataset from the ECHO benchmark (Miglior et al.,
2025), a task requiring long-range propagation. We com-
pare EEGNN against APGCN (Spinelli et al., 2021), which
also utilizes node-level exits. As shown in Table 4, EEGNN
achieves state-of-the-art performance (MAE 0.065) by cor-
rectly maintaining deep exits. Figure 2 illustrates the exit
statistics across 4 seeds: EEGNN consistently maintains
exits in the deep regime, aligning more with the need for
long-range reasoning. Conversely, APGCN exits prema-
turely due to its budget-aware bias, resulting in significantly
higher error. Examples of task awareness in Appendix F.§.
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Table 1. Space complexity comparison among models.

Models GCN SAS-GNN

Co-GNN

EEGNN Polynormer

o) O@m?)  0om?)

O(Lm”? + 2Lym7)

O(m”? + 2Lfmfc) O(8Lm'?)

Table 2. Runtime and parameter analysis in Questions. Times
are in seconds.

Number of Par ters

Inference Time (s)

Model 10 Layers 20 Layers 10 Layers | 20 Layers
GCN 0.0168 4 0.0012 | 0.0251 + 0.0037 20,288 30,848
Co-GNN 0.0352 4 0.0038 | 0.0598 + 0.0087 34,982 55,782
Polynormer | 0.0278 +0.0053 | 0.0381 £ 0.0078 50,404 80,100
SAS-GNN 0.0279 4 0.0103 | 0.0425 +0.0133 11,840 11,840
EEGNN 0.0216 4 0.0064 | 0.0257 + 0.0078 12,562 12,562

Task adaptivity. Second, we assess how EEGNN adapts
depth to task definitions using Peptides—-func (clas-
sification) and Peptides—-struct (regression) from
LRGB (Dwivedi et al., 2023). Despite sharing the same
set of graphs, Figure 4 shows that EEGNN learns distinct
exit distributions for each. For Peptides—-func, the
model predominantly exits after just two layers, while for
Peptides-struct, it shifts to a slightly deeper distribu-
tion. This aligns with recent findings that these tasks do not
strictly require long-range propagation (Bamberger et al.,
2025). EEGNN’s adaptive shallow processing achieves
> 68% AP, (see Table 18), demonstrating its ability to tailor
computational depth to specific task requirements, a key
advantage over fixed-depth GNNs. This experiments also
complement those from ECHO, as here EEGNN learns to
exit very early. Other robustness checks on the other datasets
are provided in Appendix F.14.

Modularity. To illustrate modularity, we attach the exit
module to standard MPNNs (Appendix F.6). We observe
that in deep regimes (L = 20), baseline MPNNs degrade
severely, and early exits offer only unstable recovery. In
contrast, EEGNN remains stable as depth grows, confirming
that the SAS-GNN backbone provides the necessary stabil-
ity to preserve information across layers, enabling robust
early exiting (see Figures 1-3).

Runtime and efficiency. EEGNN reduces inference
costs by skipping redundant computation, treating L as a
maximum budget rather than a fixed requirement. Table 2
(averaged over 1,500 passes, m’ = 32) confirms that
while baselines like Polynormer scale linearly with depth,
EEGNN achieves nearly constant inference time even as L
increases. Furthermore, thanks to weight sharing, EEGNN
maintains a constant parameter count significantly lower
than competitive baselines, highlighting both computational
and memory efficiency. Later in this section we discuss
about the accuracy-efficiency trade-off of our models.
Additional runtime and parameters analyses are provided
in Appendix F.12.
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Figure 4. EEGNN’s Graph exit layer distributions. Numbers on
top of the bars correspond to the number of test graphs that decided
to exit at that layer. The associated performance is in Table 18.

4.2. Comparison with the Heterophilic and ECHO
Benchmarks

Datasets. (i) Heterophilic Node Classification. We
use Amazon Ratings (ACC), Tolokers (AUROC), and
Questions (AUROC) (Platonov et al., 2023) to assess
backbone robustness in low-homophily settings, where con-
nected nodes frequently differ in labels. Our goal is to verify
if our parameter-efficient backbone can match state-of-the-
art methods in these structurally complex scenarios.

(ii) The ECHO Benchmark. To evaluate long-range ca-
pabilities, we employ the recently released ECHO bench-
mark (Miglior et al., 2025). This suite was designed to
bridge the gap left by previous benchmarks, such as LRGB
(Dwivedi et al., 2023), where tasks were often solvable
with shallow receptive fields. We report performance on
the synthetic node-level tasks sssp and ecc, and the syn-
thetic graph-level task diam, which require several hop
of message-passing in order to perform well. This bench-
mark provides an ideal setting to validate the adaptivity
of our early-exit mechanism. Specifically, we aim to test
how EEGNN ranks among long-range specialized architec-
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Table 3. Node classification under heterophily. The scores are
marked in red for the first, blue for the second, and green for the
third. Results are averaged across different graph splits. Scores are
from Finkelshtein et al. (2024); Luo et al. (2024).

Model Amazon Ratings 1 Tolokers T Questions 1
GCN 51.37+£0.34 83.64 +0.67 76.58 +0.40
SAGE 51.12 £ 0.66 82.43£0.44 76.36 £ 1.50
GAT 51.48 + 0.28 83.78 £0.43 77.95+0.51
GT 51.17 £ 0.66 83.23 £0.64 77.95 £ 0.68
Polynormer 54.81 + 0.49 85.91 +0.74 78.92 £ 0.89
Co-GNN 54.17 £0.37 84.45+1.17 76.54 £0.95
SAS-GNN 51.47 £0.68 85.80 +0.79 79.60 + 1.15
EEGNN 51.54 + 0.5 85.26 + 0.65 78.90 +1.15

Table 4. Performance comparison on ECHO benchmark.

Model diam| ecc sssp

DRew 1.243+£0.047 4.651+0.020 1.279+0.011
GraphCON  2.969+0.189  5.474 £ 0.001 5.734 £0.011
GCN 3.832+£0.262  5.233+£0.034  2.102 +0.094
GCNII 2.005+£0.093  5.241+£0.030  2.128 +0.429
GIN 1.630 £0.161  4.869 £0.092  2.234 +£0.271
GPS 2.160 £0.098  4.758 £ 0.021 0.472 £+ 0.050
GRIT 1.014 £0.046  5.091 £ 0.158 0.121 £ 0.013
PH-DGN 1.627£0.398  5.068 + 0.126 1.323 £ 0.485
SWAN 1.121£0.070  4.840+0.045  0.896 £ 0.232
A-DGN 1.151 £0.038  4.981+£0.037  1.176 £+ 0.140
GRAFF 2.731+£0.052  5.344+£0.086  3.363 + 1.356
APGCN - 11.080 £0.099  6.729 £0.018
SAS-GNN  1.914+0.397  4.806 £0.018  0.244 +£0.243
EEGNN 1.805+£0.068  5.048+0.237 0.065 + 0.074

tures, and how it 1) correctly identifies the depth required
by the task node/graph-wise, and 2) keeps its features re-
liable for inference, without suffering from depth-related
degradation. Furthermore, we highlight that the ECHO
benchmark encompasses a wide and heterogeneous set of
topologies (Miglior et al., 2025); these structures frequently
induce topological bottlenecks, which typically cause perfor-
mance degradation via over-squashing (Arnaiz-Rodriguez
and Errica, 2025), presenting another crucial challenge for
EEGNN. In the appendix, we provide additional results on
the original LRGB datasets, transductive homophilic node
classification, graph classification (TUDataset (Morris et al.,
2020)), and large-scale OGB benchmarks (Hu et al., 2021)
in Appendix F.9-F.11. Full dataset descriptions and imple-
mentation details are provided in Appendix E.

Baselines. For heterophilic datasets (Platonov et al., 2023),
we compare with standard MPNNs (GCN, SAGE, GAT),
asynchronous methods (Co-GNN), and Transformers (GT,
Polynormer). Crucially, to ensure a fair comparison with
our theoretically constrained backbone, we adopt MPNN
variants without dropout or normalization, as they are also
the main responsible for boosting performance (Luo et al.,
2024). For the ECHO benchmark, we categorize baselines
into four groups: (i) standard MPNNs (GCN, GIN (Xu et al.,
2019), GCNII (Chen et al., 2020)); (ii) rewiring methods as

DRew (Gutteridge et al., 2023); (iii) Graph Transformers
(GPS (Rampasek et al., 2023), GRIT (Ma et al., 2023));
and (iv) Graph NODEs (GraphCON (Rusch et al., 2022),
A-DGN, SWAN (Gravina et al., 2025), PH-DGN (Heilig
et al., 2024)), the same class of SAS-GNN and EEGNN.
Additionally, we include APGCN (Spinelli et al., 2021),
to represent budget driven early-exit GNNs. We also im-
plement GRAFF (Di Giovanni et al., 2023) as a form of
symmetric-only ablation, complementing the antisymmetric
dynamics of A-DGN. Full details on hyperparameters are
provided in Appendix E.4.

Results. On the heterophilic datasets (Table 3), both SAS-
GNN and EEGNN consistently match or surpass standard
MPNN baselines and frequently outperform more complex
GTs. For instance, in Questions, SAS-GNN achieves
state-of-the-art performance, while EEGNN maintains ro-
bust accuracy across all tasks. It is important to note that for
GCN, SAGE, and GAT, we report results without dropout.
This ensures a fair comparison, as both SAS-GNN and
EEGNN are trained without normalization layers, dropout,
or bias terms. This design choice is imposed to satisfy the
theoretical conditions of our stability theorems, and mini-
mization of the energy functional. We further analyze the
efficiency advantages resulting from this lightweight design
later in this section.

The most significant capabilities of our proposed frame-
work are evident in the ECHO benchmark (Table 4).Here,
EEGNN and SAS-GNN track closely with GraphNODEs
explicitly specialized for long-range reasoning (e.g., SWAN,
A-DGN, PH-DGN). Notably, in the s ssp task, both models
rank among the top-3, with EEGNN achieving the best over-
all performance (MAE 0.065), significantly outperforming
the runner-up GRIT (0.121). In other metrics, our models
generally offer a superior alternative to standard MPNN’s
(with the minor exception of GIN on diam).

Unlike standard MPNNs (e.g., GCN), EEGNN manages
to outperform GTs on specific tasks. This result is par-
ticularly significant given that GTs are inherently resilient
to topological over-squashing due to their global attention
mechanisms. The superior performance of EEGNN sug-
gests that the inductive biases of the SAS-GNN backbone
effectively mitigate topological bottlenecks, allowing for
stable deep propagation, while the exit module successfully
identifies a meaningful halting point, as in Figure 2. Finally,
the comparison with APGCN is particularly instructive. As
shown in Table 4, APGCN exhibits always high test MAE.
This failure stems primarily from its budget-aware halting
mechanism, which forces nodes to exit prematurely. In
particular, when long-range reasoning is required, harder
samples are ignored rather than deeply processed. In con-
trast, EEGNN’s success corroborates the importance of our
Neural Adaptive Step: by learning exit decisions directly
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Figure 5. Accuracy-Efficiency trade-off on Questions.

via task loss gradients, our method ensures that the chosen
halting points align strictly with the computational needs of
the task.

4.3. Accuracy-Efficiency Trade-off

While our primary objective is not to surpass the raw
accuracy of large models, EEGNN aims to occupy a distinct
operational point: delivering competitive performance with
superior parameter efficiency. To assess this, we analyze
the trade-off between accuracy and model size (trainable
parameters) using the best-performing hyperparameters
from Table 3. Figure 5 illustrates this relationship on the
Questions dataset. Thanks to the layer-wise weight
sharing inherited from the SAS-GNN backbone, EEGNN
maintains a constant parameter count regardless of depth.
This allows it to reach strong accuracy with an order of
magnitude fewer parameters than heavier architectures
such as Polynormer, SGFormer (Wu et al., 2024) or
NodeFormer (Wu et al., 2023). Although EEGNN may
slightly underperform on datasets where dropout or
normalization are essential for generalization, it may offer a
highly favorable balance for resource-constrained scenarios.
By avoiding the parameter explosion typical of deep GNNs,
EEGNN proves that encompassing adaptive exits can
be integrated without inflating the computational budget.
Additional analyses, including inference time comparisons,
are provided in Appendix F.7.

4.4. Practical Recommendations

When to use. EEGNN is ideal when the required reasoning
depth is unknown or variable across samples (e.g., ECHO
tasks). Its success relies on a core design principle: early
exits are only reliable when the backbone resists deep pro-
cessing. Without a stable backbone like SAS-GNN, prema-
ture halting often acts merely as a safeguard against OST or
topological OSQ rather than a confident decision. EEGNN
combines stability with adaptivity, ensuring that the model
continues processing until it is truly confident, but without

requiring full-depth processing.

When not to use. As a Graph NODE, EEGNN inherits
certain limitations. It tends to lag behind heavily regularized
architectures or with a large number of parameters on tasks
where such mechanisms are critical for generalization. In
these cases, where the strict theoretical constraints of ODEs
(no dropout/bias) limit performance, or if the problem radius
is self-contained, we recommend using other models.

Hyperparameter strategy. Unlike fixed-depth GNNs
where depth (L) is a critical hyperparameter requiring
extensive tuning, EEGNN treats L as a budget. Since our
results (Figure 3) show that performance does not degrade
with increased depth, we recommend setting L to the
maximum value allowed by hardware constraints. This
simplifies the search space, allowing practitioners to focus
tuning efforts on other hyperparameters, trusting the Neural
Adaptive Step to identify the effective depth per sample.

5. Conclusions

We presented EEGNN, an end-to-end framework that re-
moves the fixed-depth limitation of conventional GNNs by
introducing a differentiable early-exit mechanism at both
node and graph levels. This design enables the network
to adapt its depth dynamically based on input complexity:
simple inputs exit early to conserve computation, while
complex inputs, requiring long-range propagation or richer
feature extraction, traverse deeper layers. This flexibility
allows users to tailor the model fixing the number of layers
as a budget, optimizing for either strict resource budgets or
maximum reasoning capacity. Unlike previous early-exit
approaches, which often ignore the inherent instability of
deep MPNNs, EEGNN explicitly addresses this challenge
through SAS-GNN. This novel, provably stable backbone
ensures that intermediate representations remain informa-
tive, allowing the model to safely leverage deep propaga-
tion when necessary without suffering from classic depth-
related message-passing flaws. Empirical evaluation on het-
erophilic and long-range benchmarks confirms that EEGNN
achieves competitive accuracy, while maintaining constant
memory complexity and superior runtime efficiency, while
adapting the exit choices to the task at hand.

Limitations. Despite these advantages, EEGNN inherits
some limitations of Graph Neural ODE-style architectures,
potentially underperforming on tasks requiring extremely
high expressive power. Furthermore, EEGNN does not
inherently overcome the expressiveness limits of the 1-WL
test, nor does it offer a formal solution to under-reaching
issues.

Future Work. Future directions include: (i) integrating
more expressive backbones that retain stability in deep con-
figurations, and (ii) extending the early-exit mechanism
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to edge-level tasks (e.g., link prediction), where handling
pairwise dependencies presents a non-trivial challenge.
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A. Appendix Overview

¢ Appendix B: Additional Preliminaries.
We provide information related to GraphNODEs, GRAFF and A-DGN, which are the foundation of SAS-GNN, but are
not discussed in the main paper. We discuss the seminal work on early-exit mechanisms for GNNs, which is APGCN,
that we also use in this paper. We also provide some preliminaries on the Gumbel-softmax distribution.

* Appendix C: Proofs of Theorems in Section 4.
Here, we provide the proofs of the theoretical results that support the design of SAS-GNN. We also show that including
edge features into the SAS-GNN update rule, SAS-GNN preserves its stability, non-dissipativeness, and its capability
of inducing attraction and repulsion.

¢ Appendix D: Additional details on Neural Adaptive-Step Early-Exit.
We report the extension of Algorithm 1 for node classification to the task of classifying graphs. We comment on
how EEGNN is related to the underreaching phenomenon, and we draw a connection of Neural Adaptive Step with
Adaptive-Step Runge-Kutta solvers.

* Appendix E: Additional Details on the Experimental Setup.
This section presents additional information on the datasets, training procedures, and the hardware used in the
experiments.

* Appendix F: Additional Results.

This section presents extended results from our experiments with EEGNN. We bring additional evidence that SAS-
GNN’s design is a proxy to mitigate over-smoothing and over-squashing, and also to retain performance as depth
increases. We provide additional baselines on the heterophilic benchmark and LRGB datasets. We provide results
on short-range, small, and large-scale homophilic node classification and graph classification datasets. We test how
classic GNNs perform when equipped with our early-exit module. We provide evidence that Early-Exit is a promising
direction to significantly improve the GNN performance. We illustrate the nodes’ exit distributions in the discrete and
continuous cases that we obtain for the other datasets.

* Appendix G: Extended Related Work.
In the main paper, we focused our discussion on related work, mainly on GNN papers where the targets are over-
smoothing and over-squashing, or papers discussing the adaptive depth choice. Here we extend the discussion by also
including GNNs and Early-Exit Neural Networks in general.

B. Additional Preliminaries

In this section, we provide the necessary background on the specific architectures that inspire our framework, namely Graph
Neural ODEs (GraphNODESs), A-DGN, and GRAFF. Furthermore, we detail the Adaptive Propagation GCN (APGCN), the
seminal work on early exiting for graphs, and the Gumbel-Softmax distribution, which enables the differentiability of our
discrete exit decisions.

Graph Neural Ordinary Differential Equations (GraphNODEs). GraphNODE:s (Poli et al., 2021) generalize discrete
Graph Neural Networks (GNNs) by modeling the evolution of node features H(¢) as a continuous-time dynamical system.

Instead of a fixed sequence of layers [ = 1,..., L, the feature transformation is governed by an Ordinary Differential
Equation (ODE):

dH(t

T _ pme..00. HO) =X, ©

where X represents the input features, G the graph structure, and f is a neural network (e.g., a GNN layer) parametrized by
0. The output features are obtained by integrating this system up to a time 7

T
MH=H®+AfM@£%W- ©)

This framework allows the use of many ODE solvers (e.g., Euler, Runge-Kutta) for the forward pass and adjoint methods for
memory-efficient backpropagation. If we consider the Euler integration (i.e. what we did in the main text) with step size 7,

14



Early-Exit Graph Neural Networks

Equation (6) becomes the following iterative update for each step k:

B = H + 7f(H", G, 0;). ™)

Our proposed EEGNN follows this continuous-depth paradigm but introduces a mechanism to dynamically determine the
integration endpoint 7; for each node or graph, which relies on considering 7 not as fixed, but as the output of a neural
network. In the main text we refer to it as Neural Adaptive Step.

Anti-Symmetric Deep Graph Networks. Let a message-passing update for a node ¢ be
hi = f(h) = o(Qh] + ow (H',T(i)) +b), @®)

where Q, W € R9%4 are trainable matrices, o is a non-linearity, h§ is the feature of node 7 at time ¢, I'(4) is the set of
neighbors of 4, H* € R"*? is the matrix containing all the d dimensional features for each node, b € R?. The following
definitions are from (Gravina et al., 2023).

Definition B.1. A solution hf of the ODE in Equation 8, with initial condition h?, is stable if for any w > 0, there exists
a d > 0 such that any other solution flf of the ODE with initial condition ﬁ? satisfying |hY — I~19| < 9 also satisfies
|hf — flf| < w, forallt > 0.

Definition B.2. Let E C R be a bounded set that contains any initial condition h? for the ODE in Equation 8. The system

defined by the ODE in Equation 8 is dissipative if there is a bounded set B where, for any E, there exists t* > 0 such that
{h!|h) € E} C Bfort > t*.

In (Gravina et al., 2023), the authors propose an instance of Equation (8) that is both stable and non-dissipative, leading to
an evolution of node features that retain all the information collected during the forward pass (e.g., from 0 to an arbitrary ?).
Such an instantiation is

h = f(h{) = tanh((2 — QT)h! + dw (H',I(i)) +b), ©)

which can be discretized through the Euler method (i.e. This is because it follows the GraphNODE’s paradigm) as

t+71 t
h!™™ — ht

- = f(h!) = tanh((Q — Q")h! + ¢w(H, T(3)) 4 b). (10)

Here, the author uses the tanh to keep bounded the Jacobian of the system, and ¢w (H¢, T'(4)), do not have any dependency
on h!.

Graph Neural Networks as Gradient Flows. Another message-passing rule (Di Giovanni et al., 2023) exploits
symmetric matrices s and W to contrast over-smoothing in heterophilic graphs, which is a desired feature for
message-passing neural networks. Using the symmetric bias, they are minimizing an energy functional that induces both at-
traction and repulsion to connected nodes via the eigenvalues of the weight matrices. This is the message-passing update rule:

H''" =H' + 70(H'Q, + AH'W,). (11)

As long as o is a non-linearity s.t. zo(z) > 0 (e.g., ReLU(+) or tanh(-)), and the weight matrices are symmetric, this rule is
proved in (Di Giovanni et al., 2023) to minimize the underlying functional:

Ef"(H) =Y (h;, Qb)) — Y ai;(hi, Why) (12)
i i,j
= (h;, (Q = Wo)h;) + Z(hi, W.hi) =) a;;(04hi,©4h) + ) a;;(©_h;,©_h;)  (13)
7 3 %,7 1,7
=> (h;, (2 — Woh; Z”@+ (VH);;|1? - Z”@ (VH);%, (14)

[

We consider a; ; = \/ﬁ which assigns to each edge a weight that depends on the degrees d;, d; of the nodes ¢ and j. We

leverage the symmetry of W € R™ *m’ which allows spectral decomposition as W, = Wdiag(u)¥ ". The eigenvalue
vector g can be split into its positive and negative components, yielding the decomposition:

W, = Udiag(p, )¥ " + Udiag(p_)¥' =W, — W_,
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where W and W _ are real, symmetric, and positive semi-definite matrices.

We then apply the Cholesky decomposition to each term, expressing:
W,=0/6,, W_=0'e_,

’ ’ . .
where ©,0_ € R™ *™ are lower triangular matrices.

We can see that a gradient flow for such energy, namely Equation (11), can minimize or maximize the edge gradients
computed on the node features. This results in a model’s behavior that allows for attraction and repulsion weighted by
O, and O _, specifically the positive semi-definite part ©_ contributes to smoothing by encouraging alignment between
neighboring node features, while © _ induces repulsion, preserving sharp differences.

Adaptive Propagation GCN (APGCN). APGCN (Spinelli et al., 2021) is the first approach to introduce adaptive depth in
GNNs using a halting mechanism inspired by Adaptive Computation Time (ACT) (Graves, 2017) for RNNs. In APGCN,
each node 7 maintains a halting probability p¥ at each layer k. The halting unit is defined as a sigmoid function over the
current node state: h¥ = o(MLP(h¥)). The process continues until the cumulative probability exceeds a threshold:

k/
N(i) = min{k’ : Y "hf >1—¢}, (15)

k=1

where 1 — € is a confidence threshold (typically 0.99). Crucially, APGCN requires an auxiliary ponder cost added to the loss
function, Lyyager = Y, N(i) + R;, to penalize the number of steps and prevent the model from running indefinitely. This
explicit penalty creates a "budget-aware" bias, where the model is incentivized to exit early to minimize the loss, potentially
at the cost of task performance (as discussed in Section 4.1). The final loss for APGCN becomes:

L= ACtask +u- ACbua{get (]6)

Here p is a coefficent needed to weight the need for budget in the early-exit setting. We remark that the halting unit cannot
be trained end-to-end if this additional loss is missing.

B.1. The Gumbel Distribution and the Gumbel-Softmax Temperature

The following exposition largely follows Finkelshtein et al. (2024). The Gumbel distribution is widely used to model the
maximum (or minimum) of a set of random variables. Its probability density function is asymmetric and has heavy tails,
making it suitable for representing rare or extreme events. When applied to logits or scores corresponding to discrete choices,
the Gumbel-Softmax estimator transforms these into a probability distribution over the available options.

The probability density function of a variable X ~ Gumbel(0, 1) is defined as:

—x

flay=e"7¢", (17)
and is shown in Figure 6.

The Straight-Through Gumbel-Softmax estimator typically benefits from learning an inverse temperature parameter before
sampling actions, a strategy we adopt in our experiments. For a given graph G = (V, £, X), the inverse temperature for node
v € V is computed by applying a bias-free linear layer f,, : R™ — R to the intermediate node representation H' € Rxm’
To ensure that the temperature remains positive, we apply a smooth approximation of the ReLU function followed by a bias
term vy € R:

1
Fo(HYv9) = — =log (1 + exp (g(H))) + vy (18)

Here, vy sets the minimum inverse temperature, thereby controlling the upper bound of the temperature. In our setup,
we implement f, as in Equation 18, with g = GNN(-) for node classification (see Algorithm 1) and g = MLP(-) for
graph classification (see Algorithm 2). The confidence estimator f. is defined as g(H'), choosing g based on the task,
similarly to f,. We implemented f,, and f. using SAS-GNN in the ECHO benchmark experiments, while we used
MeanGNN (Finkelshtein et al., 2024) otherwise.
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Gumbel(0, 1) Probability Density Function
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Figure 6. The pdf f(z) = e "¢ of Gumbel(0, 1).

C. Proofs of Section 3

We want to prove and understand the conditions under which our message-passing rule is stable, non-dissipative, and can
induce attraction or repulsion among adjacent nodes. Our proposal is the following:

H' = 01(—02(H'Qqs) + AH'W,), (19)
where ,, = © — Q. We state two different Theorems to understand if we can guarantee all of these specifics. In the first
proof, we leverage the node-wise Equation for h! to demonstrate that each node evolution is stable and non-dissipative.
The following exposition share similarities with (Chang et al., 2019; Gravina et al., 2023; Di Giovanni et al., 2023).

C.1. Proof of Theorem 3.1: stability and non-dissipativeness
Proof of the Theorem. We assume that we have a message-passing of the type:

hf = 01(~02((2 — Q7))h} + ow, (H', T (1)), (20)

where the derivative of o7 is a bounded and point-wise non-linear function, o2 is a non-linear activation function,
¢w,(H",T'(7)) do not depend on hf, and W is a symmetric matrix. We can rewrite (8) as:

Oht
L = f(h! 21
o f(h) @
If we differentiate (21) w.r.t. the initial condition of the node ¢ we have:
d dh! d
e A— T N 22
0 a ~ onod (B 22)

which can be adjusted through the chain rule as

d o d(f(ht)) Ok

dton? —  9hl  9nY’ @)
where d(g(}llzﬁ)) is the Jacobian of the system. So we rewrite Equation (23) in these terms.
t t
ivond = ouir @
Here, assuming that .J* does not change with ¢, and gl}l’é as the system’s state variables, we can write the solution of Equation
(24) as
gll’ll; — etJ — TetATfl
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where we apply the spectral decomposition of .J, and get its eigenvectors T, and eigenvalues A = diag()\;). As denoted in
(Gravina et al., 2023), to guarantee the stability of the system, we require the Re()\;) < 0,Vi = 1,...,d. However, when
the eigenvalues are less than zero, we can lose the information of the previous node representations, leading to a dissipative
behavior. For this reason we want Re();) = 0,Vi = 1,...,d, having only imaginary eigenvalues. In the case of Equation
(9), the Jacobian has only imaginary eigenvalues and takes the form of

J' = diag[tanh’((2 — QT)h! + ¢y (H',T(i)) + b)](2 — Q) (25)

Here, the choice of the antisymmetric multiplication by 2 — QT guarantees the presence of imaginary eigenvalues, and
left-multiplying it by a diagonal matrix does not change the nature of the overall spectrum. This was proved in (Gravina
et al., 2023). Our Jacobian instead becomes:

Jt = —diaglo’ (—o (2 — Q7 )h) + g, (HY, T(0))) diaglorp (2 — @ b)) — 7). 26)

Since we assume that the derivative of o, is bounded, the assumption that J t stays constant can be valid. Hereafter, we
show this proof, similarly to (Gravina et al., 2023).
Defining A = —diag[o} (—o2((22 — QT )hi) + ¢y, (H', T(3)))]diag[os((2 — QT )hi)] and B = (2 — Q7), we have:

J'= AB.

We now want to prove that the eigenvalues of AB are purely imaginary, namely Re()\;) = 0 for all \; eigenvectors of AB.
If all eigenvectors are zero, then the statement holds. Let us now consider an eigenpair of AB, where the eigenvector is
denoted by v and the eigenvalue by A. Then:

ABv = \v, (27)

A is a diagonal matrix with non-negative entries, let us denote by Z € [d] the set of indices s.t. Z = {i € [d] : A;; = 0}. If
v eigenvector of AB then v; = 0 Vj € Z. Indeed, we need for each entry £, > ; ABypiv; = Auy; for j in 7 the row the
j—throw of AB is 0. So we have Av; = 0, since we assumed A # 0, this implies v; = 0.

Let D be diagonal matrix with entries that are defined as D;; = v/A;;. We moreover denote by D! the matrix defined as

- 1 ifidT
LT 28)
0ifsel.

and by I the diagonal matrix defined as

~ 1ifi¢gZ
D SN (29)
0ifieZ.
Notice that D™'D = DD ! = I, and that IA = A and ID = D.
Let M be defined as M = D~ 'ABD.
M is skew symmetric, indeed M = D-*ABD = D~'DDBD = IDBD = DBD.
It is straightforward to derive that M is so that the rows in the set Z are null vectors.
We have that for every vector w s.t. w; = 0 Vj € Z, it holds that
DMD 'w = ABw. (30)

This property can be easily verified by noticing that if w has such a property, then Iw = w. Doing all the calculations,
DMD !'w = DD 'ABDD !'w = IABIw = ABw.

We can now prove that every eigenvector of AB is also an eigenvector of M.
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We have already observed that if v eigenvector of AB, it has entries in Z equal to 0. If ABv = Av, using (30),

DMD!v = \v, from which using that all the rows in M with index in Z are null vectors and that similarly the entries of
v with index in Z are null we obtain, MD~1v = \D~1v.

Since M is skew-symmetric, it has only pure imaginary eigenvalues, so A is pure imaginary.
As aresult, all eigenvalues of J¢ are purely imaginary.

As we can see, this process remains the same regardless of the symmetric matrix W ,. We must assure that ¢w (H?, T'(7))
does not depend on h;, otherwise the Jacobian would have become

J* = —diag[o’ (—o2((2 — Q7)h}) + dw, (H', I(0)))|diaglos (2 — ")h)|(2 - 27) + O), €3]

we can guarantee that there is no dependency, since we consider ¢ow (H?, I'(7)) = AH!'W, with no self-loops in A.. Thus,
we can conclude that Equation 20 is stable and non-dissipative, even if W is symmetric, and no specific characteristics are
associated with o5; it must only be a point-wise function. Moreover, the derivative of o7 must be bounded within an interval,
in order to let the constant Jacobian assumption be valid. This concludes the proof of the Theorem.

C.2. Proof of the Theorem 3.2: attraction and repulsion

Now, what we aim to understand is whether Equation 19 can also induce attraction and repulsion edge-wise as in (Di
Giovanni et al., 2023). Our assumptions are the same as the previous proof, but we also assume o5 to be a point-wise
activation function that returns only positive values, which do not violate the assumption of the previous proof.

Taking into consideration Equation (12), we notice that 2 is not the main responsible for the attraction and repulsion
behavior, but is W,. Because of this, we want to understand whether substituting 25 with 2,5 could preserve stability,
non-dissipativeness, edge-wise attraction and repulsion. By simply doing this substitution, we have:

R ) = 3 ) = 3 o) .
I
= Z la as - hz) + Z<hi) Wsh Z Qij (—)J"h“ @+ + Z a” @ h“ O-h; > (33)

i, 4,J

= Z ir (as — Wi )h, ZH9+ VH);; | — ZH@ (VH) 5. G4

4,J

which seems to imply that the antisymmetry would not affect the attraction/repulsion framework. However, the gradient
flow of this energy would become:

H' = (H'Q,, + H'Q]) + AH'W, (35)

which leads to:
H' = AH'W,, (36)
due to the antisymmetric matrix properties of ., = —€ .. Unfortunately, Equation 36 would not exploit the antisymmetric

properties associated with the Jacobian, and the results of the previous proof would not be valid.

So, we cannot directly use antisymmetric weights to minimize the energy in Equation (12), since antisymmetric matrices do
not yield a positive semi-definite quadratic form. However, we can still investigate whether the message-passing dynamics
defined in Equation (19) induce edge-wise attraction and repulsion. To do so, we define an alternative energy functional
whose minimization would have equivalent edge-level effects.
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We consider the following energy:

Ep(H) = — > a;;(h;, W,h;) (37)
‘7]‘
= Z h;, Wh;) + Z hy, Wohi) = > a;;(0:h;,0,.h5) + Y a;(0_h;, ©_hy) (38)
‘7.7‘ l7j
= 72 hi, W) Z 16+ (VH);(* Z 16— (VH)3]2, (39)
i
where (VH);; = \1/“7 - % is the discrete node-wise gradient.
i j

To arrive at this form, we leverage the symmetry of W € R™ ™' which allows spectral decomposition as W =
Wdiag(u)W . The eigenvalue vector g can be split into its positive and negative components, yielding the decomposition:

W, = Udiag(p, )¥ " + Udiag(p_ )V =W, —W_,

where W and W _ are real, symmetric, and positive semi-definite matrices.

We then apply the Cholesky decomposition to each term, expressing:
W,=0/6,, W_=0'e_,

where ©,,0_ € R™ %™ are lower triangular matrices. Substituting these into the energy functional results in Equation (39),
which clearly separates the smoothing (attraction) and sharpening (repulsion) effects. The positive semi-definite part ©
contributes to smoothing by encouraging alignment between neighboring node features, while ©_ induces repulsion,
preserving sharp differences.

Although this energy is no longer a direct generalization of the classic Dirichlet energy, the spectral properties of W still
allow edge-level attraction and repulsion to emerge via its eigenstructure. In the following, we analyze the time derivative of
this energy using the dynamics from Equation (19), to verify whether the system implicitly minimizes it through evolution.

W+ W,
2
Without loss of generality, we use a unique symmetric matrix W . If we want to represent Vg Eg(H?) in a vectorized form,

where we stack all the columns together, Vi g (H') € R™*™' becomes vec(Vy Eg(H?)) € R™™ *1, According to this
we derive Equation (40) through the kronecker product ® formalism as

VuEy(H') = —AH( )= —AH'W,, (40)

vec(VuFEy(HY)) = —(W,] @ A)vec(H') (41)
And we can also derive Equation (19) as

vec(Ht) = 01((W;r ® A)vec(H') — 02((9; ® I, )vec(H"))) (42)

The time derivative through this formalism can be written as:

t
dEzi(tH) = vec(VuEy(H?)) " vec(H') (43)
= f(W;r ® A)Vec(Ht)arl((WsT ® A)vec(H') — 02((91g ® I,,)vec(H"))) (44)
~Z'oy(Z'+ YY) (45)

We consider Z! = (W] ® A)vec(H!) and Y = —02((Q], ® I,)vec(H")), which are nm/-dimensional vectors. We refer
to Z! and Y as their i-th component. Every choice of o s.t. the following condition is verified

Z.-01(ZE+YH) >0 Vi=1,.nm, (46)
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will make Equation (43) monotonically decreasing as ¢ — oo, and the associated evolution equation would be expressive

enough to induce attraction and repulsion edge-wise. What would be such a choice of non-linearity?

ReLU, or tanh, does not satisfy this condition, thus, we elaborate on this step by imposing the following constraints.
dEy(H?)

) — 20,(2 — ReLU(Y")) @7

t
dEZi(tH) = —Z'ReLU(tanh((Z' — ReLU(Y")) (48)

The conditions in Equation (46) are always satisfied, since when Z! < 0, we have that everything is 0. Otherwise, we
consider two cases, namely when Z! > ReLU(Y!) and Z! < ReLU(Y?}). In the former, we have that ReLU(tanh(-)) is
always positive, and also Z!. In the latter case, we have a negative argument, and the Equation goes to 0. Generally, we
could satisfy these conditions for any choice of o1 () > 0,Vx € R, and also for o > 0,Vz € R. We conclude that through
our assumptions, Equation (19) can induce attraction and repulsion edge-wise.

C.3. Proof of Corollary 3.3

Assuming that o; = ReLU(tanh(-)), oo = ReLU(-), and considering A, with no self-loops, we can enclose all the
assumptions made in our Theorems’ proofs. Such an instantiation of o; would have a bounded derivative that guarantees the
Jacobian being approximately constant as follows:

1 —tanh?(z) ifz >0

) 49
0 ifx <0 “49)

o1(z) = (ReLU(tanh(z)))’ {

then the time derivative of the energy functional will be monotonically decreasing, and the Jacobian of each node feature will
be constant and with purely imaginary eigenvalues. These steps are easy to verify once the proofs of the Theorems have been
understood. According to these assumptions, we conclude that Equation (19), with 03 = ReLU(tanh(-)), 02 = ReLU(:), is
stable and non-dissipative, and induces attraction and repulsion edge-wise.

C.4. Proof of Theorem 3.4

Proof of the theorem. Theorem 3.4, is simple to demonstrate, since —o2(BEW ) is not dependent on the node features and
can be encompassed in the ¢y, (H', T'(4)) term of Equation (20), and repeat the same proof. According to this, Equation
(4) is stable and non-dissipative. To prove that it induces attraction and repulsion edge-wise, we can take Equation (43),
and now specify that Y* = —o5 (], ® I,,)vec(H?)) — 02 ((ET ® I,,)vec(B)). We will derive the same result, since each
element of Y is less than or equal to 0.

This concludes the proof.

D. Early-Exit Graph Neural Networks Algorithm for Graph Classification

Neural Adaptive Step for Graph Classification. In Algorithm 1, we describe how the Straight-Through Gumbel-Softmax
estimator is integrated with SAS-GNN to allow each node to decide, at every layer, whether to exit or continue processing.
However, since we also address graph classification, we refine this procedure to enable early-exit decisions at the graph
level. Specifically, instead of applying the Gumbel-Softmax to individual nodes as in Algorithm 1, we apply it to the
entire graph, so that the model determines whether a graph’s representation is sufficiently complete to make a prediction.
This modification ensures that exit decisions align with the prediction target: nodes for node classification, graphs for
graph classification. To maintain consistency, we define the "agent"—the entity responsible for triggering the exit—as the
unit on which the prediction task is performed: nodes for node-level tasks and graphs for graph-level tasks. While it is
theoretically possible to perform graph classification with node-level exits (e.g., by aggregating node predictions), we leave
such extensions for future work. The refined algorithm follows.

Here, we consider the case of a single graph, but it can be iterated all over the dataset D as well. As we can see, C! and /!
are scalars, conversely from node classification, since we have pooled the node representation. As a consequence, 7' is a
scalar, and is not defined node-wise anymore. Despite this, we retain the same meaning, indeed 7! = 0 leads the algorithm to
stop updating the node features (H'*! <~ H!). We understand that now the personalization will be at the graph level. Indeed
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Algorithm 2 Neural Adaptive-Step Early-Exit GNNs for Graph Classification

1: Initialize G = (H°, A),E € RIEX4 L f. f,, fo,Pool, W, Qus, 01,02, 1
2: for =0to L do
3: C! « f.(Pool(H'!))

4 vl f,(Pool(H!,1p))

5: c! « gumbel_softmaz(C!, 1)

6: 1l cl(0)

7: H*! « H! + 7loy (oo (H'Qys) + f.(E) + AH'W,)
8: if arg max{c'} = 1 then

9: Z <+ pool(H")

10: return Z

11: Z + pool (HF¥)
12: return Z

for graphs i and j, we will have 7/ # le», since these depends on H! and Hé respectively. In the same fashion as Algorithm
1, we have a varying integration constant, namely 7'. This value is continuous, but we denote [ as the I-th exit point. Also,
here L can be seen as the number of candidate exit points. In the time domain, the total time that a graph undergoes into the
GNN is computed as ZIL:() 7!, where each 7! is predicted by f. and f, and it corresponds with the non-exiting probability.

Relation to Adaptive-Step in Runge-Kutta solvers. Our framework is conceptually related to adaptive-step ODE solvers
such as DOPRI (Dormand and Prince, 1980b). However, our approach differs in that a neural network determines the
stopping condition, whereas DOPRI solvers rely on integration error tolerance. Although integrating these methods may be
beneficial, it is outside the scope of this work.

Mitigation of Underreaching. EEGNN is inherently robust to under-reaching by treating the total depth L as a computational
budget rather than a fixed architectural constraint. As demonstrated in Figure 3, increasing L does not degrade performance,
as the model naturally exits early when deep processing is unnecessary. Crucially, the Neural Adaptive Step, which is driven
exclusively by the task loss, tend to align with the effective depth with the problem radius. For tasks requiring long-range
propagation, such as sssp (Figure 2) and ecc (Figure 17), the model learns to delay exits, utilizing the full depth to
capture global dependencies. Conversely, on tasks with local signals like Pept ides—func and Peptides—-struct
(Figure 26), the distribution shifts towards shallow layers. Unlike prior works that learn a single fixed depth for the entire
dataset (Errica et al., 2023), our approach adapts depth dynamically per sample. It is true that our method is not tailored for
mitigating underreaching, but (Errica et al., 2023) is complementary to our effort, as we could use methodologies learn the
budget L without changing our model.

E. Additional Details on the Experimental Set-Up
E.1. Datasets

Table 5 lists some statistics of the heterophilic benchmark that we use. They are computed after the graphs were made
undirected, which is a standard procedure with GNNs. The datasets selected belong to a recent collection (Platonov et al.,
2023), which was proposed to enrich the current dataset availability for the GNN experimental setting under heterophily.
&edge (edge homophily) and &,4; (adjusted homophily) are metrics that estimate the heterophily level of a graph; the lower
they are, the more the graph is considered as heterophilic. For a deeper understanding of these metrics, we suggest the
interested reader refer to the original paper (Platonov et al., 2023). In Table 6, we report the statistics associated with

Table 5. Dataset Information

Datasets N €] d |C| fedge Eadj
Amazon Ratings 24492 186100 300 5 038 0.14
Roman Empire 22662 65854 300 18 0.05 -0.05
Minesweepers 10000 78804 7 2 0.68 0.01
Questions 48921 307080 301 2  0.84 0.02
Tolokers 11758 1038000 10 2 059 0.09
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Table 6. ECHO benchmarks statistics.

Dataset # Graphs Avg Nodes Avg Deg. Avg Edges Avg Diam  # Node Feat # Edge Feat # Tasks
Graph Topologies 10,080 83.69 £66.24 2.53+1.19 211.63+209.39 28.50=+6.92 2 None 3
line 1,680 75.60 £27.32 2.37£0.10 90.10 £ 33.89 28.50 £6.92 2 None 3
ladder 1,680 56.52 £13.82 2.92+0.02 82.54+£20.72  28.50£6.92 2 None 3
grid 1,680 193.10 £93.10 2.95+0.12 288.32+£145.29 28.50 +6.92 2 None 3
tree 1,680 60.42 +£17.17 1.96 +£0.01 59.42 £ 17.17 28.50 £ 6.92 2 None 3
caterpillar 1,680 34.71+£7.96  1.94+0.02 33.71 £ 7.96 28.50 £ 6.92 2 None 3
lobster 1,680 81.79 £25.46 1.97+0.01 80.79 £ 25.46 28.50 £6.92 2 None 3

the ECHO benchmark. In particular we describe the input node and edge features, the graph structural properties such as
average degree, average edges, and average diameter, and we report the associated graph topology. As remarked in the main
paper the topologies are structured in a way that the tasks can be solved only through a correct and effective long-range
reasoning. This is due to the nature of the task but also their structure. These graphs contains topological bottlenecks because
of the type of generated topology, and this is a good way of measuring how models behave in scenario where topological
over-squashing, and also computational over-squashing (Arnaiz-Rodriguez and Errica, 2025). combined may arise. The
tasks that are considered are Single-Source-Shortest Path (sssp), which predicts the shortest path across all the nodes,
then we have Eccentricity (ECC), builds on this by computing the longest shortest path from each node. Finally Diameter
(diam), is a task where we look for the longest shortest path between any two nodes. All of these tasks require to span
information all over the graph, implying global understanding, and long-range reasoning form the modle. This benchmark is
ad-hoc for long-range interaction w.r.t. the existing and widely adopted LRGB (Dwivedi et al., 2023).

The dataset released by (Dwivedi et al., 2023) instead has the statistics reported in Tables 7 and 8.

E.2. Baselines

Baselines for heterophilic graphs. We consider the set of heterophilic graphs introduced in (Platonov et al., 2023). We test
our models in heterophilic settings, since these are scenarios that typically cause over-smoothing, and we want to gauge
in practice how they compare against existing models. We briefly describe the baselines used for comparison against
SAS-GNN and EEGNN in node classification. From the benchmark introduced in (Platonov et al., 2023), we include the
reported performances of GCN, GraphSAGE (Kipf and Welling, 2017; Hamilton et al., 2017), GAT (Velickovic et al.,
2018), and GT (Dwivedi and Bresson, 2021a). Additionally, we consider GAT-sep and GT-sep, two variants of these
models specifically designed for heterophily. Even though these baselines seem outdated, it is known that the experiments
in (Platonov et al., 2023) revealed that classic models outperform methods specialized for heterophily. More recently,
Finkelshtein et al. (2024) introduced the Cooperative Graph Neural Networks (Co-GNNs) model, which we also include in
our evaluation. This family of models is also more expressive than classic message-passing neural networks (Xu et al.,
2019), thanks to an asynchronous message-passing.

Baselines for ECHO Benchmark. We categorize baselines into four groups: (i) standard MPNNs (GCN, GIN (Xu
et al., 2019), GCNII (Chen et al., 2020)), here we have the message-passing paradigm where each layer dictates how far
information propagates; (ii) rewiring methods as DRew (Gutteridge et al., 2023); (iii) Graph Transformers (GPS (RampaSek
et al., 2023), GRIT (Ma et al., 2023)) leveraging global attention; and (iv) related Graph NODEs (GraphCON (Rusch et al.,
2022), A-DGN, SWAN (Gravina et al., 2025), PH-DGN (Heilig et al., 2024)), the class to which SAS-GNN and EEGNN
belong. Additionally, we include APGCN (Spinelli et al., 2021), a representative early-exit GNN, to contrast our task-driven
mechanism against its budget-aware halting. We also employ GRAFF (Di Giovanni et al., 2023) as a symmetric-only
ablation, complementing the antisymmetric dynamics of A-DGN.

Baselines for Long Range Graph Benchmark. We compare SAS-GNN and EEGNN on 3 datasets from LRGB (Dwivedi
et al., 2023). These datasets were collected to assess how much GNNs can preserve information exchanged among distant
nodes. We take advantage of these datasets to test how much our model performs compared to other methods. Among the
baselines, we compare Classic MPNNs: GCN (Kipf and Welling, 2017), GIN (Xu et al., 2019), GINE (Hu et al., 2020),
GatedGCN (Bresson and Laurent, 2018), which is the category that encompasses SAS-GNN and EEGNN. These methods
need to process [ message-passing steps to allow nodes distant ! to communicate. Graph Transformers: (Dwivedi and
Bresson, 2021a), SAN (Kreuzer et al., 2021), and GraphGPS (Rampések et al., 2023), this category uses self-attention to all
the nodes, so it allows nodes to reach every part of the graph, but it has a quadratic complexity w.r.t |V|. Rewiring methods:
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Table 7. Dataset details, tasks, and performance metrics.

Dataset Domain Task Node Features (dim) Edge Features (dim) Performance Metric
PascalVOC-SP Computer Vision  Node Classification Pixel + Coord (14) Edge Weight (1 or 2) macro F1
Peptides—func Chemistry Graph Classification Atom Encoder (9) Bond Encoder (3) AP
Peptides-struct Chemistry Graph Regression Atom Encoder (9) Bond Encoder (3) MAE

Table 8. Statistics of the proposed LRGB datasets.

Dataset Total Graphs Total Nodes Avg Nodes Mean Deg. Total Edges Avg Edges Avg Shortest Path Avg Diameter
PascalVOC-SP 11,355 5,443,545 479.40 5.65 30,777,444 2,710.48 10.74 +£0.51 27.62+£2.13
Peptides-func 15,535 2,344,859 150.94 2.04 4,773,974 307.30 20.89 £9.79 56.99 £ 28.72
Peptides-struct 15,535 2,344,859 150.94 2.04 4,773,974 307.30 20.89 £9.79 56.99 £ 28.72

DIGL (Gasteiger et al., 2022), MixHop (Abu-El-Haija et al., 2019), and DRew (Gutteridge et al., 2023), these approaches
modify the graph topology during the message-passing, in this way messages can be delivered through paths that did not
exist before, and so long-range interactions are fostered. Asynchronous Message-Passing methods: Co-GNN (Finkelshtein
et al., 2024), AMP (Errica et al., 2023). These can be seen similarly to graph rewiring, since the computational graph is
different from the input graph, as well as rewiring methods. However, here there exists the interpretation of nodes that
decides what messages to filter, rather than rewiring the graph.

We test our approach only on 3 out of 5 datasets, because of computational constraints. These are Peptides—func,
Peptides-struct, and Pascal-VOC. Results are averaged across 4 different weight initializations.

E.3. Implementation Details

The metrics that we use are the Area Under the Curve (AUC) for the binary classification experiments, accuracy for
Roman Empire and Amazon Ratings, average precision (AP) for Pept ides—func, mean-absolute error (MAE)
for Peptides-struct, and macro F1-Score (F1) for Pascal-vOC. All the experiments concerning EEGNN and
SAS-GNN implied that we removed self-loops from the graphs, in order to satisfy the assumptions made in Theorems 3.1,
3.2. We always apply f(X) implemented via a one-layer perception with ReLU. And in the LRGB, we also use a final
decoder MLP to refine the representations of Z, details on the hyperparameter are in the code. In the heterophilic graphs,
each training lasts 3000 epochs, and the optimizer that we use is Adam (Kingma and Ba, 2017). Concerning the quantitative
results, we report the mean and standard deviation, which are computed from the metric averaged across 10 runs. Each
run corresponds to a different split of the nodes used for training, validation, and testing. These experiments were run on a
single Nvidia GeForce RTX 3090 Ti 24 GB and also a single NVIDIA A100 80GB PCle.

The experiments on ECHO, share same optimizers, metrics, and task objectives (except for APGCN which uses an additional
loss term). There we run an hyperparameter optimization via optuna (Akiba et al., 2019) with 32 trials per model, and 1000
epochs per trial. The results we present are averaged across 4 weights initialization.

As concerns the LRGB experiments, we run each configuration for a maximum of 1000 epochs across 4 different weights
initializations, using the AdamW optimizer. We picked the best configuration based on the validation metric. These
experiments were run on a single NVIDIA A100 80GB PCle.

As concerns with the experiments on the TUDatasets for short-range graph classification (see Table 25) and homophilic
node classification (see Section F.9), we also used a single NVIDIA A100 80GB PCle. All the data was taken mostly from
the PyTorch Geometric library (Fey and Lenssen, 2019), and other open-source sources. We always refer to their provenance
in the code when using them.

E.4. Hyperparameters

For a fair comparison, the hyperparameter tuning process was done according to the hyperparameter set used by Finkelshtein
et al. (2024). In the SAS-GNN experiments, we choose 7 among {0.1,0.5, 1}. While in the experiments with EEGNNSs, we
do not need to tune 7 because it is adaptive (see Algorithm 1), and we do not need to tune the number of layers parameter
since we use a large and upper bound depth L = 20. In the case of EEGNN, we choose f.(-) as a Mean-GNN (Hamilton,
2020). Similarly to (Finkelshtein et al., 2024), we test a contained number of layers {1, 2, 3}, and then as hidden dimension
we select 4, 8, 16, 32 or 64. Then we also tune the value of the temperature v between 0 and 0.1. f,(-), the network that
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learns the adaptive temperature v, adopts the design proposed in (Finkelshtein et al., 2024). In the ECHO benchmark, we
performed the hyperparameter tuning based on the following hyperparameter ranges in Tables 9, 10, 11, 12. There we also
consider the best values per-dataset.

Table 9. Hyperparameter search space and best configurations for EEGNN (Adastep) on ECHO tasks. 7 and L are fixed as they depends
on node features at each layer.

Hyperparameter Search Space SSSp Eccentricy Diameter

L 40 40 40 40
m' 32, 256] 69 57 254
' 32, 128] 87 55 113
Ly [1,40] 1 14 24
Learning Rate [107°,102]  0.001907  0.006095  0.003307
Weight Decay [1078,1073]  0.000919  0.000133  0.000744
T 1.0 1.0 1.0 1.0
L, 2 2 2 2

o 1.0 1.0 1.0 1.0

Table 10. Hyperparameter search space and best configurations for SAS-GNN on ECHO tasks.

Hyperparameter Search Space SSSpP Eccentricity Diameter
L [1,40] 32 27 19

m’ (32, 256] 50 196 66
Learning Rate [107°,1072]  0.001907 0.000556 0.006141
Weight Decay [10-8,1073]  0.000270 0.000246 0.000165
T [0.01,1.0] 0.000165  0.09946355197568157  0.4037

Table 11. Hyperparameter search space and best configurations for GRAFF on ECHO tasks.

Hyperparameter Search Space SSSP Eccentricity Diameter

L [1,40] 21 15 9

m/ [32, 256] 37 32 123
Learning Rate [107°,1072]  0.007387 0.006607 0.003168
Weight Decay [1078,107%]  0.000259  0.000134  0.000077
T [0.01,1.0] 0.3253 0.8447 0.8447
Self Loops False False False False

Table 12. Hyperparameter search space and best configurations for APGCN on ECHO tasks. Here L is fixed, as we adapt the value at
each layer, based on the node features. L., stands for number of layers that the encoder of input node features has. y is the multiplying
coefficient of the budget-aware loss.

Hyperparameter Search Space SSSpP Eccentricity

L 40 40 40

m’ 32, 256] 183 183
Learning Rate [107°,1072]  0.002801 0.003853
Weight Decay [1078,1073]  0.000672  0.000997
Lene 5 5 5

7 [1074,1072] 0.0054 0.0069

In this case the exit and temperature networks, namely f. and f,, were implemented using another SAS-GNN, so the
overall parameter complexity can be simplified to O ( m’? + m}z . In the experiments concerning the LRGB datasets, f.

and f, keep the same hyperparameter set as the heterophilic experiments. The main hyperparameter set is the same used
in (Tonshoff et al., 2023). In any experiment with SAS-GNN and EEGNN, we do not use any dropout or normalization
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Table 13. Hypeparameters used for the Dirichlet Energy and Sensitivity analyses.

Amazon Ratings Roman empire Minesweeper Questions Tolokers Peptides-func Peptides-struct Pascal-VOC
m’ 256 128 32 64 32 300 300 128
L 50 50 50 50 50 10 10 10

layer within the message-passing updates, to follow the ODE interpretation and directly minimize the energy functional in
Equation (3). We only use them in the feature encoder and in the final decoder.

In the experiments with Pept ides—func and Peptides-struct, we use two positional encoding techniques, which
are typically approached in these settings. For Peptides—-func we used RWSE (Dwivedi et al., 2022), while instead in
Peptides-struct, we used LapPE (Dwivedi and Bresson, 2021b). We used these according to the best hyperparameters
used for graph convolutional methods in (Tonshoff et al., 2023). We do not use positional encodings in Pascal-VOC.

F. Additional Results

In this section of the appendix we are going to include additional results that are incremental w.r.t. the claims made in the
main paper. We show empirical validation of our theoretical properties, and also prove that both in synthetic and real-world
experiments representative of long-range tasks and highly heterophilic graphs, SAS-GNN showcases its inductive bias,
indicating that are good proxy to mitigate over-squashing and over-smoothing. We also provide complementary experiments
that further support our claims or prove additional aspects, such as the scalability of our model.

We then move to provide a broader view on the real-world experiments presented in Tables 17 and 18. Then we also provide
additional experiments on homophilic node classification, short-range graph classification on both medium-size and large
scale datasets. Other content of this section are ablation and sensitivity studies on the early-exit components.

F.1. Empirical Validation of the SAS-GNN Theoretical Properties

Having introduced the new SAS-GNN backbone, and proved the theorem behind its architectural choices, we now turn
to validating the theoretical claims underlying the SAS-GNN block. We already showed in the main text that SAS-GNN
is capable of deep processing, and long-range reasoning. However, we want to understand whether this also translates in
possible OST and OSQ mitigation, namely, do the SAS-GNN inductive biases also a good proxy to mitigate over-smoothing
and over-squashing? We believe this might be the case according to the theoretical properties expressed in Section 3.
Over-smoothing. To assess OST, we monitor the Dirichlet Energy E%" (H), which quantifies feature smoothness over a
graph:

(50)

. h; h;
EYT(H) = VH);|I>, (VH);; = ——— — ———.
(H) (gégll( )il (VH)y NS RN

Lower values of E%7 indicate smoothing; values near zero signal OST (Cai and Wang, 2020). In Figure 7a, we report
E%"(H?) at each layer on Minesweeper, a heterophilic dataset. GCN rapidly collapses, while GRAFF oversharpens, as
described in Di Giovanni et al. (2023). SAS-GNN and A-DGN, in contrast, maintain stable energy profiles, suggesting
SAS-GNN inherits its stabilizing behavior primarily from A-DGN.

L
Over-squashing. We evaluate OSQ using layer-wise sensitivity S;, defined as 5} = Z(U’u)e £ H ghT}”

, which measures
1

intermediate embeddings affects final representations. Due to its computational cost, we compute .S; on one test graph.
Results on Peptides—func (Figure 7b) show that GCN outputs are more affected by the latest layers, indicating limited
early-layer influence. In contrast, GRAFF, A-DGN, and SAS-GNN maintain higher sensitivity in early layers, suggesting a
more balanced propagation of information.

These trends affirm that SAS-GNN is effective as a proxy to contrast OST and OSQ. We must notice that the sensitivity
metric do not directly distinguish among the types of OSQ, so we just show this as a way of highlighting the general
advantage of SAS-GNN w.r.t. existing methods.

We provide additional plots of Dirichlet Energy and layer-wise sensitivity to witness the model’s resilience to over-smoothing
and over-squashing. Here we perform one training per model, sharing for each model the hyperparameters in Table 13.
GCN is implemented such that OST is prone to occur, so we did not use residual connections and used ReL.U as activation
function (Scholkemper et al., 2024; Alvaro Arroyo et al., 2025). We report the sensitivity S for Pascal-voC and
Peptides-struct in Figure 8. We notice that, similarly to the example in the main paper, we do not record any
difficulties by the models to keep high sensitivity. Also, we notice that in Peptides-struct, we have a similar trend to
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Figure 8. Comparison of models’ performance on different datasets with increasing depth.

Peptides-func, which reflects the same dataset domain. In Figure 8a, we record a decreasing trend in sensitivity from all
the models, but in general, they all have S; # 0, also in this case. In Figure 9, we analyse the E%" trends for GCN, GRAFF,
A-DGN, and SAS-GNN, to understand whether SAS-GNN effectively mitigates over-smoothing. We observe that also in
this case, as in the Minesweeper example of Figure 7a, SAS-GNN follows a similar trend of A-DGN, in all the other
datasets, meaning that its ability to mitigate over-smoothing is more inherited from this model, rather than GRAFF. In these
other experiments, we notice that E%" for GRAFF grows exponentially. As observed also in Minesweeper, it is clear
that these plots describe the over-sharpening phenomenon discussed by (Di Giovanni et al., 2023). For instance, GRAFF is a
more expressive version of GCN, which is provably capable of both asymptotically experiencing over-smoothing, as well as
the opposite effect, namely over-sharpening. The desired behavior is a trade-off of the two, which is what we observe when
GRAFF has a contained number of layers. Here, GRAFF underperforms due to an asymptotic behavior that lets adjacent
node features diverge; indeed, E%" increases. As concerns GCN, as expected, it experiences over-smoothing also in the
remaining heterophilic datasets.

F.2. SAS-GNN is able to retain performance as depth increases

Having proposed SAS-GNN, we have demonstrated that it is always stable and non-dissipative, and also able to allow each
node to induce attraction or repulsion edge-wise. We study the behavior of SAS-GNN when the depth increases up to 50
layers, which is an overestimate of what we need in practice. In our experiments, we design SAS-GNN, as specified in
Corollary 3.3. All the data points corresponds to a different training procedure, where we display the best accuracy. We
present the results in Figure 10a, where we show an experiment with Cora, a homophilic dataset. In Figure 10b, we assess
the resilience to depth via Minesweeper, an example of a heterophilic graph. In Cora, we notice that both A-DGN
and SAS-GNN can retain their performance. Also, GRAFF can maintain it up to the 30th layer, then it starts decreasing.
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Figure 9. E%" trends for heterophilic graphs, with associated accuracies.

This behavior is expected since GRAFF is only designed to contrast over-smoothing, which does not occur, but it is not
specifically designed to be robust to the number of layers. It is interesting to notice that SAS-GNN, even though part
of its architecture is inherited by GRAFF, can retain its performance, behaving similarly to A-DGN. As far as GCN is
concerned, we see that it has started losing its performance in the earlier layers. Here, we consider a GCN design that
lacks the residual connection and does not use weight sharing. As concerns Minesweeper, we notice that GRAFF is the
model that maximizes the most E%", while SAS-GNN and A-DGN still have a similar trend. None of these models seems
to experience over-smoothing, except for GCN, where E%" approaches 0. Also, in this case, all the models retain their
performances, except for GCN, which starts decreasing from the beginning. Since GRAFF is the only model that perceive
the performance degradation, and Dirichlet Energy does not record over-smoothing, we conclude that it probably suffer
from other phenomena, that do not affect A-DGN and SAS-GNN.

We also provide further experiments showing that SAS-GNN preserves its predictive power even when the number of layers
increases. This property is crucial for two reasons. First, deeper models enable richer feature extraction, which can improve
generalization, something that standard MPNNSs often fail to achieve due to their limitations. Second, in the specific case of
MPNNS, increased depth allows for long-range information propagation, which shallower networks cannot capture, but
could be critical in some settings.
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Table 14. Performance across different model sizes and layer depths

Model 10 layers 50 layers 100 layers  # of Parameters
m' =32 9295+05 93.05+03 93.64+0.2 2,496
m' =64 91.95+0.1 92544+0.1 92.85+0.3 9,088
m' =128 91.20+0.2 92.87+0.1 93.24 +0.1 34,560
m' =256 90.734+0.1 92.674+0.2 92.9040.3 134,656
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Figure 10. Comparison of models’ performance on different datasets with increasing depth.

To assess these two aspects, we examine two different scenarios:

1. Highly heterophilic graphs. In this setting, the challenge lies not in long-range propagation but in the ability to
correctly separate adjacent nodes that frequently belong to different classes. We focus on the WebKB datasets introduced by
Garcia-Plaza et al. (2016), namely Texas, Wisconsin, and Cornell. Their statistics are reported in Table 15.

Table 15. Highly-Heterophilic Graphs.

Datasets N € d ICl  Eeage  &ads
Texas 183 574 1703 5 0.09 -0.26
Wisconsin 251 916 1703 5 0.20 -0.15
Cornell 183 557 1703 5 0.13 -0.21

Although these datasets are no longer widely used for benchmarking (Platonov et al., 2023), since models typically exhibit
high variance across folds, they are valuable examples of extreme heterophily. Both £.q4. and &,q4; take very low values,
meaning that neighbors share different classes very frequently, even regardless of class distribution (i.e. {cqqe does not
consider number of classes of class balance). Compared to the benchmarks introduced by Platonov et al. (2023), the WebKB
graphs display significantly stronger heterophily.

For this scenario, depth is not used to capture long-range dependencies but rather as a stress test: we want to see whether the
model can maintain performance across layers while still separating adjacent nodes correctly. SAS-GNN is a hybrid of
GRAFF, which addresses over-smoothing and heterophily, and A-DGN, which addresses over-squashing and long-range
propagation. Thus, it is particularly interesting to evaluate its behavior here. In the main paper, we already showed that
SAS-GNN is actually effective in this scenario by maintaining its performance on Texas even as depth increases (see
Figure 1), whereas classic MPNNSs, even with residual connections, which safeguard from over-smoothing (Scholkemper
et al., 2024), still suffer performance drops at larger depths. In Figure 11, we report additional results on Cornell and
Wisconsin, confirming the same trend. The common aspects among these comparison are that GRAFF is not able to
retain its performance across layers, which is expected, since it was not designed for deep configurations. Specifically, in
the original paper of GRAFF, the best configurations were typically using very shallow configurations (i.e. 2-3 layers (Di
Giovanni et al., 2023)). The other aspect is that SAS-GNN is always retaining accuracy, showing also that regardless of the
hostility of the class distribution, it still preserve information, similarly to A-DGN. A-DGN seems to lag behind SAS-GNN
in these scenarios, probably because A-DGN was not designed to deal with high heterophily. Nonetheless, we did not tune
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extensively on of these models, these experiments are mostly a proof of concept that illustrates the capabilities of our model
and how its inductive biases reflect on real-world graphs. The details to reproduce these experiments are in the codebase.
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Figure 11. Accuracy comparison of all baselines on Wisconsin and Cornell.

2. Synthetic datasets for long-range propagation. In contrast, our second scenario is designed to explicitly test whether
depth enables the model to exploit long-range information. For this purpose, we use synthetic graphs where the predictive
task depends on aggregating information across distant nodes. In this setting, the ability of SAS-GNN to propagate signals
over many layers is the main factor under evaluation, rather than heterophily and retaining performance after many layers.

Following the experimental setup of Gravina et al. (2025), we consider the Graph Transfer task. This resilience of a model
to over-squashing when transmitting information across multiple hops.

Graph Transfer. The Graph Transfer task focuses directly on the problem of topological and computational over-squashing.
The setup consists of a source—target pair of nodes separated by & hops (k € {3,5,10,50}). The goal is to transfer a binary
label from the source to the target across different graph topologies (line, ring, and crossed-ring). A better definition of
the task is described by Gravina et al. (2025). This task can only be solved by preserving source information over long
distances, where topology may be responsible for compressing excessively such information.

In Figure 12, we report the results of our experiments. SAS-GNN maintains stable performance across depths, confirming
that it inherits the inductive bias of A-DGN, which was explicitly designed for long-range propagation. However, SAS-GNN
performs slightly below A-DGN and SWAN in this benchmark. Notably, GRAFF alone performs poorly in this setting, and
this suggests that the symmetric component inherited from it does not provide benefits here and likely reduces predictive
accuracy. This likely explains why SAS-GNN lags behind the other two models despite retaining stability across layers.
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Figure 12. Performance on the Graph Transfer task for line, ring, and crossed-ring graphs at increasing distances. SAS-GNN remains
stable across depths, though it lags behind A-DGN.

Summary. Taken together, these results show that SAS-GNN is effective under multiple challenging conditions: extreme
heterophily, very deep architectures, and long-range propagation. By combining the strengths of GRAFF (robustness
to heterophily) and A-DGN (resilience to over-squashing and long-range propagation), SAS-GNN emerges as a reliable
architecture for both deep processing and information preservation. This makes it a strong candidate not only for tackling
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Table 16. Comparison of the activation types based on the models. The scores are marked in red for the first, blue for the second. These
results are taken from Platonov et al. (2023); Finkelshtein et al. (2024); Luo et al. (2024).

Model Activation Amazon Ratings Minesweeper Roman Empire Tolokers Questions
TanH 49.14 £ 0.7 94.81 + 0.4 82.53+0.7 8490+ 1.1 76.51+1.0

A-DGN ReLU 5141+04 95.08 £ 0.5 84.83 £ 0.6 8532+ 1.0 7824+18
ReLU+TanH 51.57+1.3 94.86 + 0.4 84.66 + 0.6 8535+ 1.7 79.01+1.1

TanH 50.02+ 1.5 92.44 + 0.7 78.76 £ 0.8 85.03+1.8 7677+ 15

GRAFF ReLU 5141 +0.7 9323 +£0.5 78.98 £ 0.4 85.67+0.7 7627+ 12
ReLU+TanH 50.77 + 0.6 92.59 + 0.7 78.59 + 0.5 8529+09 79.04+1.1

TanH 4891 £0.8 93.80 £ 0.5 82.07 £ 0.5 8456 +0.7 7793+13

SAS-GNN ReLU 51.39 £ 0.6 93.38 £ 0.5 83.59 £ 0.5 85.72+1.8 79.13+04
ReLU+TanH 51.47 £ 0.7 93.29 + 0.6 83.46 £ 0.6 85.80 0.8  79.60 £ 1.1

over-smoothing and over-squashing simultaneously, but also for practical applications such as the design of early-exit
strategies.

F.3. Analysis on the use of ReLU+TanH as activation

Here, we want to understand how our instantiation of the non-linearities o1 (z) = ReLU(TanH(z)) and 02 = ReLU(z)
results in effective w.r.t. more common choices in the design of neural networks, such as ReLU or TanH. In order to assess
these aspects, we compare SAS-GNN against A-DGN and GRAFF, using all the possible combinations of ReLU, TanH, and
ReLU+TanH. Our objective is to understand whether we have any advantage in terms of performance, rather than a result that
is limited to the theory. We present such a comparison in Table 16. From the Table, we see that our principled approach ranks
first in 2 out of 5 datasets, namely Tolokers and Questions. While A-DGN performs significantly better than GRAFF
and SAS-GNN in Minesweeper and Roman Empire. In the other datasets, the performance remains comparable for
all the activation types. Surprisingly, GRAFF tends to perform worse than the other models, even though it was designed
specifically to handle heterophilic graphs. However, when it was proposed by (Di Giovanni et al., 2023), this specific
benchmark was not introduced yet, thus, we attribute this gap to this new collection. We present additional evidence on the
impact of ReLU+TanH, when used within other GNNs, such as GCN, GraphSAGE, GAT, and GIN, in Section F.6.

F.4. Full Results on the Benchmark for Heterophily

In this section, we present the full leaderboard results from the heterophily benchmark introduced by Platonov et al. (2023).
While Table 3 already provided a fair comparison with our approach, here we aim to give a more complete picture.

The benchmark of Platonov et al. (2023) evaluates GNNs on diverse medium-to-large graphs spanning different domains
and exhibiting varying degrees of heterophily, density, and size. Their study revealed that many models explicitly designed
for heterophily often underperform compared to classical GNNs such as GCN, GraphSAGE, GAT, or even GTs when tested
under this more realistic setting. More recently, Luo et al. (2024) showed that the performance of these classic MPNNs
can be pushed even further by incorporating simple architectural components, most notably, dropout layers interleaved by
message-passing layers. Table 17 reports the updated benchmark. Results are taken by Platonov et al. (2023); Finkelshtein
et al. (2024); Luo et al. (2024).

From this broader context, two main observations emerge with respect to our approach. First, our models consistently
outperform heterophily-specialized architectures, even without extensive tuning, demonstrating that our design generalizes
well to heterophilic settings. Second, performance gains in these benchmarks are strongly correlated with components that
are not currently supported by our theoretical framework, such as dropout or normalization layers. Indeed, ablating dropout
leads to significant performance drops across baselines. In some cases (e.g., Minesweeper and Roman Empire) models
without dropout still surpass ours, while in others (e.g., Questions and Tolokers) dropout is less critical and our
models perform comparably or even better. These cases highlight situations where our principled design is particularly
effective.

At the same time, these results underscore an important limitation of principled architectures: in practical scenarios, accuracy
improvements often require the inclusion of black-box components that fall outside current theoretical guarantees. This gap
between theoretical soundness and empirical performance remains a key challenge for future work. We included in the
table also some non-principled version of SAS-GNN, with no hyperparameter tuning, where we remove weight-sharing, or
include dropout, or include normalization, and all the possible combination of these components. Here we see, that with
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no hyperparameter tuning the test performance already improves significantly. An example of this is Roman Empire
(83.46 — 87.32). We believe that our model could benefit from an extensive hyperparameter tuning, however this questions
its capabilities for safe early exits.

Neural Adaptive Step. We further analyze the role of our Neural Adaptive Step mechanism in node classification, an
aspect not covered in the main paper. Specifically, we compare the default formulation, where each node is assigned its own
adaptive step vector, against a simplified variant where the step is reduced to a scalar shared across all nodes. To ensure
differentiability, the scalar is defined as the mean of the vector entries. Concretely, in Algorithm 1, the update rule becomes:

H'™ « H' + mean(r') AH',

so that every node is updated with the same constant factor, namely the average prediction of the confidence network.

This experiment highlights the impact of personalized integration constants. While the scalar variant enforces a uniform
update across all nodes, the full neural adaptive step allows each node to adapt its integration constant based on its own
confidence estimate. As shown in Table 17, moving from the vector to the scalar consistently degrades performance across
datasets, with particularly pronounced drops on Que st ions. We attribute this to the fact that averaging removes much of
the information conveyed by the confidence network, weakening its guidance to the message-passing process.

We do not extend this analysis to graph-level tasks, as in those cases, we already use a scalar integration constant by design,
since there the confidence prediction already operates at the graph level. Nevertheless, these results provide strong evidence
that node-wise adaptive steps are essential for capturing heterogeneity in node-level tasks, and that personalized integration
constants substantially contribute to the effectiveness of our approach.

F.5. Full Results on the Long Range Graph Benchmark

In the main paper, we compared SAS-GNN and EEGNN against classical MPNNs, Graph Transformers (GTs), asynchronous
message-passing models such as Co-GNN, AMP, MTGCN (Pei et al., 2024), and graph neural ODEs, which are the class of
models most closely related to ours. Among these we considered a diffusion-inspired message-passing, namely GRAND
(Chamberlain et al., 2021), a physics-inspired scheme GraphCON (Rusch et al., 2022), and two examples of stable and
non-dissipative methods, namely A-DGN and SWAN (Gravina et al., 2025). SWAN is an example of global as well as
local stable and non-dissipative message-passing, making it a better alternative w.r.t. A-DGN. Our models, SAS-GNN and
EEGNN are limited by local non-dissipativeness.

Here, we provide a broader view of the Long Range Graph Benchmark (LRGB).

As discussed in the main text, peptide datasets are no longer considered representative of long-range dependencies (Bam-
berger et al., 2025), a point we also validated in Figure 4. Beyond this, we also include the revised results of Luo et al.
(2025), who revisited inductive tasks and introduced GCN™, a variant that view classical GCN layers as a combination of
message-passing with dropout, normalization, residual connections, and feedforward layers, inspired by Transformer archi-
tectures. In practice, dropout and normalization were the most influential components. We further include rewiring methods
specifically designed to address topological bottlenecks (Arnaiz-Rodriguez and Errica, 2025), such as DIGL (Gasteiger
et al., 2022), MixHop (Abu-El-Haija et al., 2019), and DRew (Gutteridge et al., 2023). Results are taken from Finkelshtein
et al. (2024); Gravina et al. (2025); Luo et al. (2025); Tonshoff et al. (2023), and are summarized in Table 18.

We report three SAS-GNN variants: SAS-GNNj,ocdge (fe(E) = 0), SAS-GNN_44. (fe(E) = BEW,), and SAS-
GNN/EEGNN,,,,s (fo(E) = —ReLU(BEW,,)). While we do not outperform all baselines, we surpass classical MPNNs
on Peptides-func and Peptides-struct with SAS-GNN,,,cq4¢. Interestingly, edge features offer little benefit
on peptides, though our edge-based formulation still slightly improves over SAS-GNN,44.. On Pascal-VOC, however,
classic MPNNs remain stronger overall, but edge features boost our F1 scores, showing their usefulness in this domain.

Against rewiring methods, our models remain competitive: in Pept ides—func, we outperform most approaches except
DRew-GCN and its LapPE variant; in Pept ides-struct, SAS-GNN,44. underperforms, but the other variants remain
strong. While DRew-GCN excels on peptide datasets, we surpass it on Pascal-vVOC. Compared to DIGL, our methods
are stronger on peptides but weaker on Pascal-VOC.

When comparing to GTs, we generally perform better in peptide tasks, except for inductive node classification. Relative
to asynchronous MPNNs, we fall slightly behind Co-GNN on Peptides—func and remain comparable to AMP on
Peptides-struct, despite their higher expressivity beyond 1-WL. Results for Pascal-VOC are not available in this
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Table 17. Node classification under heterophily. The scores are marked in red for the first, blue for the second, and green for the third. The
models marked with the asterisks are those presented in Table 3, reported by Luo et al. (2024). Results are taken by Platonov et al. (2023);
Deng et al. (2024); Finkelshtein et al. (2024); Luo et al. (2024).

Model Amazon Ratings Minesweeper Roman Empire Tolokers Questions
Classic GNNs (Platonov et al., 2023)
GCN 48.70 + 0.63 89.75 +£0.52 73.69 +0.74 83.64 £0.67 76.09 +1.27
SAGE 53.63 +0.39 93.51 £0.57 85.74 £ 0.67 82.43+0.44 7644 +0.62
GAT 49.09 + 0.63 92.01 +0.68 80.87 +0.30 83.70+0.47 77.43+1.20
GAT-sep 52.70 £ 0.62 93.91 +£0.35 88.75+0.41 83.78 £0.43 76.79+£0.71
GT 51.17 £ 0.66 91.85+0.76 86.51 £0.73 83.23+0.64 77.95+0.68
GT-sep 52.18 +£0.80 92.29 +0.47 87.32 £0.39 82.52+0.92 78.05+0.93
Heterophily-Specialized Models (Platonov et al., 2023)
H>GCN 36.47 £0.23 89.71 £ 0.31 60.11 £0.52 7335+£1.01 63.59+1.46
CPGNN 39.79 £0.77 52.03 +5.46 63.96 + 0.62 7336 +1.01 6596+ 1.95
GPR-GNN 44.88 +0.34 86.24 + 0.61 64.85 +0.27 7294 +£0.97 5548 £0.91
FSGNN 52.74 +0.83 90.08 +0.70 79.92 +0.56 82.76 £ 0.61  78.86+0.92
GloGNN 36.89 £0.14 51.08 £ 1.23 59.63 +0.69 7339+1.17 6574+£1.19
FAGCN 44.12 +0.30 88.17 £ 0.73 65.22 +0.56 77.75+1.05 77.24+1.26
GBK-GNN 4598 +0.71 90.85 +0.58 74.57 £ 0.47 81.01 £0.67 74.47+0.86
JacobiConv 43.55+0.48 89.66 + 0.40 71.14 £0.42 68.66 +0.65 73.88+1.16
Reassessment + Current SOTA (Luo et al., 2024)
GCN* 53.80 + 0.60 97.86 + 0.52 91.27 £ 0.20 83.64 +£0.67  79.02 +1.27
— Dropout 51.37+0.34 94.28 £2.29 85.10 £ 0.61 - 76.58 £ 0.48
SAGE* 55.40 + 0.21 97.77 + 0.62 91.06 + 0.67 8243+044 7721+1.28
— Dropout 51.12 £ 0.66 93.83 +£0.38 84.49 +0.35 - 76.36 + 1.58
GAT* 55.54 + 0.51 97.73 £ 0.73 90.63 +0.14 83.78 £0.43  77.95+0.51
— Dropout 51.48 £0.28 92.26 +4.63 82.47 £0.70 - 76.19 £ 0.88
GT 51.17 £ 0.66 91.85+0.76 86.51 £0.73 83.23+0.64 77.95+0.68
NodeFormer* 43.79 £ 0.57 87.71 £ 0.69 74.83 +0.81 78.10+1.03  75.02 +1.61
SGFormer 54.14 £ 0.62 9142 +0.41 80.01 £0.44 - 73.81 £0.59
Polynormer* 54.81 + 0.49 97.46 +0.36 92.55 + 0.37 8591 +0.74 78.92 +0.89
CO-GNN (Finkelshtein et al., 2024) 54.17 £0.37 97.31 £0.41 91.37 £ 0.35 8445+ 1.17 76.54+0.95
Ours
SAS-GNN 51.47 +0.68 93.29 + 0.61 83.46 + 0.61 85.80 +0.79  79.60 + 1.15
SAS-GNN_ 5 51.51 +£0.41 92.62 + 0.45 84.45 +0.44 85.46 +0.63  78.79 +0.97
SAS-GNN i 4rop+norm 51.194+0.53 93.40 + 0.48 86.00 + 0.53 85.98 £ 0.55 76.64 + 1.40
SAS-GNN | dgrop+norm—ws 52.16 + 0.50 93.21 +0.40 87.32 £ 0.00 85.87£0.70 77.57+1.10
EEGNN 51.47 +0.51 93.18 + 1.37 80.36 + 0.43 85.26 +0.65 78.90+1.15
EEGNNyo/NeuraladaStep 50.73 £ 0.60 91.92+1.20 78.63 +1.40 84.89+0.70 72.33+1.15
category.

Finally, when comparing with GCN™, we observe that its performance boost in peptides primarily comes from dropout,
whose effect is much smaller in our framework. Yet, as already noted, peptides are not long-range benchmarks, and no
class of models, including Transformers, rewiring methods, or asynchronous approaches—shows a consistent advantage
there. In this setting, black-box components appear to dominate. By contrast, Pascal-VOC constitutes a true long-range
task, as evidenced by the performance gap between Transformers and MPNNs and validated in Bamberger et al. (2025).
Interestingly, even methods explicitly designed for long-range reasoning, such as A-DGN and SWAN, fall behind on this
dataset, even trailing GCN™. Since ablations reveal that GCN™ benefits primarily from normalization layers, also present
in Transformers, we attribute this gap not to an inability to capture long-range dependencies, but rather to the increased
complexity required in message passing.

Overall, these findings suggest that while Graph Neural ODEs provide transparency and theoretical grounding, they may
underperform in practical long-range scenarios where architectural heuristics (e.g., dropout, normalization) play a decisive
role.

F.6. Results using Straight-Through Gumbel-Softmax on Classic GNNs

In this section, we demonstrate that our early-exit (EE) module, based on the Straight-Through Gumbel-Softmax estimator,
is modular and can be integrated with various GNN architectures, including GCN (Kipf and Welling, 2017), GraphSAGE
(Hamilton et al., 2017), GAT (Velickovi¢ et al., 2018), and GIN (Xu et al., 2019). We first show how these models perform
using the deep regime L = 20. Then we perform a sensitivity analysis study, where we include also EEGNN, where we
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allow L to vary across an interval, to understand how the number of parameters, exit distributions, and performance change.
We already provided an example with the performance variation in the main text in Figure 3.

Deep Regime experiment. To integrate the EE module, we focus on message-passing schemes with weight sharing, which
allows the shared functions f. and f, to operate across layers. We consider a deep regime with L = 20, enabling each
node to leverage all shared weight matrices and allowing us to study the effect of deep processing on classic MPNNSs.
Concretely, we replace line 7 in Algorithm 1 with the message-passing function of the desired GNN. We denote these
models as EE+GNN-type, where GNN-type € {GCN, SAGE, GAT, GIN}.

All models use the same hyperparameters as the best-performing EEGNN configuration in Table 3, available in our code
repository. We do not perform additional tuning, as our goal is to isolate the impact of the Neural Adaptive Step and
end-to-end early-exit optimization in deep regimes. Note that these implementations differ from prior benchmarks (Luo
et al., 2024), as they are evaluated within our experimental framework.

We report results on the heterophilic graph benchmarks from Platonov et al. (2023), which vary widely in density, size,
and context, providing a more representative evaluation not biased by homophily assumptions. Table 19 shows results
on Minesweeper, Questions, and Tolokers, while Table 20 shows results on Amazon Ratings and Roman
Empire. Bold indicates EE variants outperforming their base model, and asterisks mark cases where ReLU+Tanh generally
improves over ReLU.

Across the tables, we observe that EE modules generally improve performance, especially with ReLU activations. Base
models often struggle in deep regimes (e.g., GAT on Minesweeper, GIN on Questions or Roman Empire), likely
due to over-processing in deep layers. In these cases, EE enables early termination, stabilizing performance. SAS-GNN, by
contrast, naturally avoids over-smoothing and over-squashing, making it robust to deep configurations.

Some exceptions occur where EE slightly reduces performance, such as GIN on Minesweeper or GraphSAGE on
Tolokers. This may result from applying weight sharing to architectures not originally designed for it, reducing
expressivity. Generally, we do not expect EE to always increase performance, as the application of Neural Adaptive Step and
exiting before is require only to stabilize the performance, it does not add additional information that potential can improve
performance. We also observe from these experiments that GraphSAGE generally tolerates deep processing well, showing
notable improvements with EE. Additionally, ReLU+Tanh activations consistently yield stable performance across both
base and EE models, suggesting this combination effectively stabilizes layer-wise feature evolution in practice. However,
we still suggest SAS-GNN or the use of more principled design as a backbone to perform early-exiting, since these are
supported by theoretical proofs, and remain a safer solution to perform deep processing when needed.

Instability of Early-Exit. As discussed in Section 4, the effectiveness of an early-exit head depends on the stability of node
embeddings throughout their feature evolution. But what happens when deeper processing is required? In Figure 3, we
illustrate this issue on the Questions dataset: early-exit performance appears sensitive to changes in the budget L, which
is undesirable.

To further investigate, we compare EEGNN against baselines and provide additional evidence of its advantages. Figure 13
reports both (i) parameter counts (without weight sharing for classic MPNNs, and with for EEGNN) and (ii) exit distributions
across different budgets L. On the right, we observe that weight sharing keep the number of parameters for EEGNN
self-contained. On the left, EEGNN uniquely shifts its exits toward higher depths, indicating that the model attempts to fully
utilize its capacity. Although we cannot directly link this behavior to problem-radius prediction, since even with knowledge
of the radius, it remains unclear whether sufficient feature extraction occurs within that many layers, we can conclude that
EEGNN manage also to increase its effective depth on average when adopting a training with higher budget. Consistent
with this, its performance improves at L = 20, confirming the benefit of deeper processing.

However, this trend does not always hold. For example, in the Tolokers dataset (Figure 14), we repeat the same analysis
over a restricted interval of L values. Here, EEGNN again shows superior stability and reduced sensitivity to budget
variation. At test time, the average exit shifts toward the maximum budget, suggesting that the model tends to fully exploit
the available depth. In these case, all the baselines tend to use full model capacity, but without improving the overall
performance, and sometimes degrading it. We don’t want to affirm that EEGNN always improves, as L increases, but rather
show how it never degrades significantly. In this setting, efficiency is not the main objective; rather, the focus is on verifying
the model’s ability to process up to a large L. Finally, thanks to weight sharing, the parameter count remains constant,
enabling improved performance without increasing memory complexity.
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Figure 13. Exit distributions of EEGNN against the others (left) and Parameter evolution based on L (right).

F.7. Additional Results on Accuracy-Efficiency Trade-Off Analysis

In this section, we extend our trade-off analysis to further compare EEGNN and SAS-GNN against classical MPNNs, Graph
Transformers (GTs), and asynchronous MPNNs. While our models are not always state-of-the-art in terms of raw accuracy,
partly due to the stronger regularization and normalization schemes employed by competing methods, we argue that they
provide clear benefits in terms of space and time efficiency.

This analysis differs from the runtime comparison in Table 2, as here we evaluate models under their best-performing
hyperparameter configurations, namely the hidden dimension m’ and number of layers L (summarized in Table 21). In
the main paper, we showed that SAS-GNN and EEGNN achieve competitive accuracy on several benchmarks. Here, we
complement those results with experiments on Amazon Ratings and Roman Empire, two datasets where our models
underperform relative to GTs or heavily regularized MPNNS.

The results, illustrated in Figures 15-16, highlight the main advantage of our approach. Even when not achieving the highest
accuracy, SAS-GNN and EEGNN consistently deliver superior space efficiency, requiring significantly fewer parameters.
In terms of inference time, our models are also among the fastest across both datasets, with the sole exception of GCN
on Roman Empire. These findings reinforce our claim that EEGNN and SAS-GNN strike a favorable balance between
accuracy, scalability, and efficiency.

F.8. Additional Results on APGCN vs. EEGNN

As we have analysed and commented in the main text, the advantage of our EEGNN is that it correctly update the exit module
based on the task, and this gives a potential to identify the correct exit point, as well as preserving feature informativeness
when it exits. We now analyse such a behavior on the Eccentricity dataset, where a similar trend is observed. As
illustrated in Figure 17, APGCN fails to propagate information sufficiently, exiting early with an average depth of only
7.10 & 0.74, resulting in a high Test MAE of 11.08. In contrast, EEGNN correctly identifies the complexity of the task,
adapting to a significantly deeper regime with an average of 16.71 & 6.76 steps, an average value even higher than that
observed for SSSP. While the performance is not absolute state-of-the-art, the error is reduced by over 50% compared
to APGCN (MAE 5.05). This confirms that when deep processing is required, but we don’t want to manually tune the
depth it is crucial to learn how to select the exit point, and having stable intermediate representations. EEGNN leverages
these representations to sustain deeper propagation without succumbing to the premature exiting behavior typical of
budget-constrained mechanisms.

F.9. Results on Homophilic Node Classification

To ensure completeness in terms of the graph types used for testing, we evaluate our models on standard homophilic node
classification datasets. Our goal is to assess whether our models remain competitive, achieving performance comparable to
classic GNNs. These benchmarks typically do not require deep architectures to achieve high accuracy, so we do not expect
our methods to provide a clear advantage over shallow baselines in this setting. In fact, we propose SAS-GNN, and EEGNN
as a solution when we want to extend MPNNs to a deep regime, which is not required to succeed in this set of datasets.
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Figure 14. Performance variation based on budget L. Exit distributions of EEGNN against the others (right). Number of Parameters
evolution based on L (bottom).

We evaluate our proposed models, SAS-GNN and EEGNN, on transductive homophilic node classification on the datasets
Computer, CS, Photo, and Physics, introduced by (Shchur et al., 2019). We report the mean accuracy and standard
deviation over 10 trials, with dataset statistics summarized in Table 22.

The baselines that we use are both message-passing methods, specifically the revised version of Luo et al. (2024) with
respective ablations of GCN, GraphSAGE, and GAT, as well as Graph Transformers (GT), such as NAGphormer (Chen et al.,
2023), Exphormer (Shirzad et al., 2023), GOAT (Kong et al., 2023), Polynormer (Deng et al., 2024), and SGFormer (Wu
et al., 2024).

We used the same hyperparameter search space proposed by Luo et al. (2024). Specifically, their configurations heavily rely
on the use of normalization and dropout layers within the message-passing pipeline, techniques we deliberately avoid in
favor of a principled design that emphasizes structural simplicity.

In Table 23, we show our models’ performance. We observe that they are never among the top-2 models. This is not
surprising, since the other models in the benchmark leverage normalization and dropout layers, while our design is focused on
efficiently handling long-range information propagation. Nevertheless, both SAS-GNN and EEGNN perform competitively,
trailing the top models only marginally and outperforming several Transformer-based and classic baselines. These results
further support the adaptability and robustness of our methods across diverse graph learning settings.

F.10. Results on TUDataset benchmark for Graph Classification

To ensure completeness, we evaluate our models on standard graph classification datasets. Our goal is to assess whether our
models remain competitive, achieving performance comparable to classic GNNs. These benchmarks typically do not require
deep architectures to achieve high accuracy, so we do not expect our methods to provide a clear advantage over shallow
baselines in this setting.

We evaluate our proposed models, SAS-GNN and EEGNN, on the TUDataset graph classification benchmark (Motris et al.,
2020), following the protocol established by Finkelshtein et al. (2024). We report the mean accuracy and standard deviation
across seven datasets, with dataset statistics summarized in Table 24. These results were directly taken from Finkelshtein
et al. (2024).
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Figure 15. Trade-off analysis on Amazon Ratings.

PolyNormer [L =20 ‘PolyNormer I[L=20 |
Co-GNNIL =12 1 Co-GNNIL =12

e
N
in

°

N

in

v
S
>

3

S

s

%
Pl
n

%

3

n

GCNIL=9 GCNIL=9

'SAS-GNNIL =12

%
n
=

%

n

=

SAS-GNNIL =12

%
<
n

%

N

n

EEGNN | L =20 EEGNN | L =20

Accuracy (%)
Accuracy (%)

%

e

>
"

SGFormer | L =10

%
S
>

SGFormer | L =10

<
Pl
n
]
Py
n

NodeFormer | L =10

3
o0
=

NodeFormer | L = 10

3
7
>

105 10°

002 004 006 008 010 012 014 016
Number of Parameters

Inference Time (s)

(a) Accuracy vs Parameters (b) Accuracy vs Inference Time

Figure 16. Trade-off analysis on Roman Empire.

Our models are compared against a broad range of baselines, including established GNNs such as DGCNN (Wang
et al., 2019), DiffPool (Ying et al., 2019), ECC (Simonovsky and Komodakis, 2017), CGMM (Bacciu et al., 2020),
ICGMMT (Castellana et al., 2022), SPN (Abboud et al., 2023), and GSPN (Errica and Niepert, 2024). We also include
results for Co-GNN (Finkelshtein et al., 2024) for direct comparison.

To ensure fairness, we adopt the same hyperparameter search space and evaluation pipeline used in previous work.

Configurations that failed due to excessive memory or runtime demands are marked as OOR (Out of Resources) in the results
tables.

As shown in Table 25, both SAS-GNN and EEGNN achieve competitive or superior performance across datasets. For
instance, our models match or outperform Co-GNN on datasets like IMDB-B and PROTEINS. Notably, despite using
simple mean pooling, our models sometimes surpass approaches with more complex pooling strategies such as DiffPool.
Furthermore, EEGNN improves upon SAS-GNN on the ENZYMES dataset, despite the high variance typically observed
there. The exception is NCI1, where exiting before the full-depth lead to a significant performance degradation.
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Figure 17. Distribution of exit steps on the Eccentricity dataset over 4 seeds. Left: APGCN exits prematurely (Mean = 7) leading
to high error. Right: EEGNN adapts to the task’s long-range requirements by sustaining deeper propagation (Mean ~ 17), significantly
reducing the Test MAE.

F.11. Experiments on Open Graph Benchmark datasets for Node and Graph Classification

To further address reviewer concerns regarding scalability and evaluation on larger benchmarks, we complement our previous
experiments with results on two widely used datasets from the Open Graph Benchmark (OGB) (Hu et al., 2021) suite:
ogbn—-arxiv (node classification) and ogbg-molhiv (graph classification). These datasets are representative of two
key scaling regimes: a single large graph with over 169k nodes and 1.1M edges (ogbn-arxiv), and a large collection of
over 41k molecular graphs with an average of 25.5 nodes and 27.5 edges per graph (ogbg-molhiv).

While there are currently no publicly available OGB datasets that explicitly address the scenarios that we want to scrutinizeize
to test long-range dependency or heterophilic graphs, these two tasks allow us to test model robustness with respect to graph
size and number of graphs.

We evaluate both SAS-GNN and EEGNN, comparing them against standard GNN baselines and their ablated versions
without dropout or normalization layers, following Luo et al. (2024). Similar to Tables 17 and 18, we show that high
performance is typically due to the use of dropout and normalization layers. When removing these components in the ogb
dataset, the other baselines lag behind our model, which still manages to perform when learning on large-scale datasets.

Node classification on ogbn—arxiv. Results are reported in Table 26. Our methods achieve competitive accuracy
compared to GCN*, GraphSAGE*, and GAT*, when they are ablated by normalization and dropout. This is not the case
with Polynormer, that still outperform the other models. However, we manage to improve over two transformer baselines,
namely GraphGPS and NAGphormer. This highlights the scalability of our approach to graphs exceeding one million edges.

Graph classification on ogbg-molhiv. Results are reported in Table 27. This dataset provides molecular edge features,
which we incorporate following the methodology formalized in Theorem 3.4, and we distinguish between models with
and without these features (denoted as edge vs. ours). More specifically: SAS-GNN,,4¢q4e ( f(E) =0), SAS-GNN,gge
(fe(E) = BEW,), and SAS-GNN/EEGNN,,,,,-s (f.(E) = —ReLU(BEW,.)).

We note that GCNT and GatedGCN™ are not simply the classical models, but rather stronger variants that explicitly add
dropout, normalization, and additional feedforward networks. For this reason, we regard them as distinct baselines. Through
ablation, it becomes clear that the performance gap between these variants and our methods can largely be attributed to such
auxiliary components rather than fundamental architectural differences, which is what we are rather more interested.

Relative to the standard GCN and GatedGCN (without enhancements), both SAS-GNN and EEGNN achieve higher AUROC
scores, confirming the benefit of our design. When including the edge features validated by our theoretical results, our
methods further improve, aligning with the theoretical justification that our edge-aware message passing better leverages
structural information. While we trail slightly behind the heavily tuned GCN' and GatedGCN™, our models remain
competitive without requiring other components.
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Discussion. Across both benchmarks, our methods remain competitive with state-of-the-art baselines and scale effectively
to graphs with over a million edges or tens of thousands of graphs. While tuned variants of classical GNNs with dropout and
normalization achieve the strongest results, our models perform well without these components, supporting the robustness
of our principled design. We note that publicly available OGB datasets do not yet include large-scale heterophilic graphs or
verified long-range benchmarks, and we regard this as an important direction for future evaluation.

F.12. Extended Runtime Analysis
In Table 28, we show our extended runtime analysis, and in Table 29.

‘We confirm our claims in Section 4.1, where we show that not only are SAS-GNN and EEGNN parameter-efficient, but
EEGNN preserves its time complexity even when allowing it to go deeper, implementing it with a higher L budget (i.e.,
from L = 10 to L = 20). This analysis can be seen as a way to say that EEGNN has constant time complexity w.r.t. the
number of layers. This is simply a result of the learning algorithm that does not let the nodes/graph exit distribution change
when the budget has increased. However, whenever we record an increased inference time by EEGNN, it could mean
that the nodes/graphs require could benefit from more processing time, and increasing L allows the model to test deeper
configurations.

F.13. Promising Directions for Early-Exit and GNNs

In addition to the results presented in the main paper, we aimed to explore whether implementing early-exit mechanisms in
GNN s has space for accuracy improvements. (Spinelli et al., 2021) provides evidence of accuracy enhancements within
their experiments, but their experimental setup differs from ours; in particular, we consider heterophilic graphs and do not
use any additional losses. However, due to the depth robustness of SAS-GNN, we hypothesize that exiting early or late may
offer no significant accuracy gains, as the network’s performance is stable across varying depths. To assess this hypothesis,
we designed an oracle-like evaluation for SAS-GNN. In this setup, the network ‘knows’ the optimal exit point for each node,
defined as the point where its latent representation would be classified correctly. Our goal is to compare this oracle-based
performance with that of a standard SAS-GNN. If the accuracy remains the same, we conclude that EEGNN does not
provide any inherent accuracy advantage. More specifically, for each node, we track the logits produced at each possible
exit point and check whether they yield a correct prediction. If no intermediate layer produces a correct output, we default to
the logits from the final layer. The results of this analysis are summarized in Table 30. As seen in the Table, individual
nodes often arrive at correct predictions earlier in the forward pass, but when forced to process through all layers, the overall
performance drops compared to the optimal exit scenario. This aligns with the ‘over-thinking” phenomenon frequently
observed in early-exit neural networks (Wang et al., 2017), where intermediate layers produce accurate predictions, but later
layers overwrite them with incorrect outputs. Now that GNNs have made progress in mitigating simple message-passing
flaws and deepening architectures, these results highlight the potential of EEGNNs to further enhance performance by
integrating early-exit strategies. We believe that this promising direction opens new possibilities for more efficient and
accurate GNNSs. So far, we observed that our current framework tends only to reconstruct the performance of SAS-GNN,
but the results presented in Table 30 let us believe that EEGNN can impact more than what is currently achieved.

F.14. Additional Examples of Exit Distributions

In the main paper, we presented an example of graph exit distributions on the test set of Peptides—-Func and
Peptides-struct. Here, we extend this analysis to Tolokers, Amazon Ratings, Minesweeper, Roman
Empire, and Questions. In Table 31, we compare the fixed depth chosen in SAS-GNN with discrete statistics of the
learned exit distributions (minimum, maximum, median), averaged across splits. For EEGNN, we set a budget of L = 20
layers, which we found sufficient with respect to the median of most distributions. Interestingly, there are datasets where
the median exit depth exceeds the fixed baseline (e.g., Amazon Ratings, see Figure 20), as well as cases where nodes
tend to exit much earlier than the fixed number of layers (e.g., Roman Empire and Questions, see Figures 25 and 24).
For Tolokers, Figure 19 shows a clear contrast: many nodes exit before | = 10, while others go significantly deeper,
whereas SAS-GNN enforces a rigid L = 10, constraining the model to a fixed behavior. Figure 18 illustrates the case of
Pascal-VOC. These results also highlight variability across splits. The Minesweeper dataset, in particular, exhibits
a high standard deviation in exit statistics. Examining the distribution plots clarifies this phenomenon: in some splits, all
nodes exit very early (Figure 22); in others, nearly all nodes use the full budget (Figure 21); and in yet others, exits are
smoothly distributed (Figure 23). Thanks to EEGNN, such diverse behaviors can be expressed naturally, since exits are
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determined adaptively at the node level. Future works can also build upon this capabilities to enable more personalized and
adaptive behavior when the confidence network decides whether to exit or not.

Robustness to Training Conditions. The analyses above focused on split-level variability. To further examine robustness,
we conducted additional experiments on the Pept ides—struct dataset from the LRGB benchmark, where results are
averaged by varying random seeds. Here we assess the exit distributions according to these, the hidden dimensions m/,
and the depth budget L. Exit distributions under these settings are reported in Figure 26, while Table 32 summarizes the
quantitative results.

From these results, two consistent trends emerge: (i) increasing the hidden dimension improves performance while leaving
exit behavior largely unaffected—most graphs exit after only 1-2 layers regardless of width, with deeper exits occurring only
in lower-performance regimes; and (ii) increasing the depth budget L up to 50 layers does not shift the distributions, with
the model consistently exiting early. Importantly, these exit patterns remain robust across random seeds, demonstrating that
EEGNN is stable not only to dataset splits but also to training stochasticity. In this particular case, Peptides—struct is
known to be a short-range dataset (Bamberger et al., 2025), so the insensitivity to L becomes appropriate, even though our
model is not designed to be aware of the problem radius.
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Figure 20. Amazon Ratings: Exit point of the nodes in the test set. We have the discrete case (Right) and the continuous case (Left),
thanks to our neural Adaptive-step mechanism.
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Figure 21. Minesweeper: Exit point of the nodes in the test set. We have the discrete case (Right) and the continuous case (Left),
thanks to our neural Adaptive-step mechanism. At the first fold.

G. Extended Related Work

This section reviews the literature most relevant to our work, encompassing Graph Neural Networks (GNNs), advanced
message-passing strategies, early-exit mechanisms for GNNSs, and early-exit techniques in general neural architectures.

Graph Neural Networks (GNNs). Most GNNs follow the message-passing paradigm (Gilmer et al., 2017), where node
features are iteratively updated by aggregating information from neighboring nodes via convolutions, attention, or neural
networks (Velickovié, 2023). These Message-Passing Neural Networks (MPNNs), including GCN (Kipf and Welling, 2017),
GraphSAGE (Hamilton et al., 2017), and GAT (Velickovi¢ et al., 2018), achieve strong empirical performance but are
inherently limited by the number of layers: a k-layer MPNN can only propagate information along paths of length at most k.
Deep MPNNSs often suffer from over-smoothing (OST: node features become indistinguishable) (Rusch et al., 2023; NT and
Maehara, 2019), over-squashing (OSQ: long-range information compressed through narrow bottlenecks) (Topping et al.,
2022), and under-reaching (insufficient depth to capture necessary dependencies) (Alon and Yahav, 2021). Other limitations
stem from restricted expressivity, as classical MPNNs are at most as powerful as the 1-WL (Weisfeiler-Lehman) test (Xu
et al., 2019).

Enhancing expressivity. Several strategies aim to address these issues. Higher-order message passing (Hajij et al., 2023)
improves substructure expressivity beyond the 1-WL test. Graph Transformers (GTs) (Shi et al., 2021) leverage self-attention
to allow unrestricted node interactions, avoiding reliance on depth to capture long-range dependencies. However, GTs
generally scale quadratically with the number of nodes, limiting their scalability, and Cai et al. (2023) shows that they are
not inherently more expressive than MPNNs equipped with a virtual node. Moreover, in practice, GTs do not consistently
outperform classical MPNNs such as GCN on benchmarks like LRGB (Tonshoff et al., 2023), casting doubts on their
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Figure 22. Minesweeper: Exit point of the nodes in the test set. We have the discrete case (Right) and the continuous case (Left),
thanks to our neural Adaptive-step mechanism. At the second fold.
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Figure 23. Minesweeper: Exit point of the nodes in the test set. We have the discrete case (Right), and the continuous case (Left),
thanks to our neural Adaptive-step mechanism. At the fifth fold.

suitability for long-range tasks. Both GTs and MPNNSs also typically rely on normalization and dropout (Luo et al., 2024),
which can obscure model dynamics.

Neural ODE-inspired GNNs. GraphNODE:s (Poli et al., 2021) are a class of GNNs that model node features propagation
through a continuous-time dynamical system defined by a differential equation. This paradigm offers a way of interpreting
GNN s as discretisations of ODEs and PDEs and provides a principled framework for model design, as the differential
equation formulation enables an easier theoretical analysis of stability and expressiveness of neural networks. Among these
we have examples of GNNs which simulate the heat equation diffusion process (Chamberlain et al., 2021; Thorpe et al.,
2022). However, even if these models present the opportunity for a more principled-then-interpretable design, MPNNs are
prone to common learning flaws, as they are typically encompassed in the message-passing paradigm. In order to overcome
this, the design of GraphNODE have been biased towards the mitigation of well known problems such as over-smoothing
(OST) or over-squashing (OSQ). For OST we have examples of GNNs interpreted as gradient flaw, as GRAFF (Di Giovanni
et al., 2023), here node message-passing simulate a dynamics where nodes induce attraction-repulsion behavior edge-wise.
In (Rusch et al., 2022), an example of second-order differential equation for GraphNODE, oscillator equations are used to
model the way messages are exchanged across adjacent nodes. We also have another class of attraction-repulsion mechanism,
based on allen-cahn dynamics (Wang et al., 2025), or Graph Neural Diffusion-Reaction equation (Choi et al., 2023). More
recently, as the phenomenon of over-squashing (OSQ) has attracted increasing attention, GraphNODE-based approaches
have also been explored in this context. From the GraphNODE point of view, the problem of OSQ has been studied as a way
of increasing the long-range capabilities of these networks, which unfortunately leave unsolved the more recent problem of
short-range over-quashing (Mishayev et al., 2025; Blayney et al., 2025). However, in terms of long-range over-squashing,
the use of physics-inspired architectures have seen its development encoding the stability and non-dissipativity properties
both locally as well as globally within the message-passing (Gravina et al., 2023; 2025). Similarly, these properties can be
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Figure 24. Questions: Exit point of the nodes in the test set. We have the discrete case (Right) and the continuous case (Left), thanks
to our neural Adaptive-step mechanism.

preserved through the use of GNNs behaving as port-Hamiltonian (Heilig et al., 2025). Second-order differential equations
found place also for GNNs who preserves long-range propagation (Trenta et al., 2025).

In this work, we draw inspiration from prior approaches addressing both OST and OSQ, and we propose EEGNN, the
first GraphNODE who natively supports an early-exit mechanism. Recently, have been shown that over-smoothing and
over-squashing are related to the vanishing gradient phenomenon, and a state-space modelling have been proposed to
mitigate both (Alvaro Arroyo et al., 2025).

Despite these advances, most approaches either increase architectural complexity or incur scalability issues. Our work
departs from this by enabling dynamic, per-node (or per-graph) depth selection without altering the topology. Unlike many
methods, we do not consider the expressivity limitations of the 1-WL test, leaving this for future work.

Asynchronous Message Passing. Asynchronous MPNNs (Finkelshtein et al., 2024; Errica et al., 2023; Faber and
Wattenhofer, 2023) dynamically alter graph connectivity at each layer to improve long-range communication. For instance,
Co-GNN (Finkelshtein et al., 2024) introduces node-level interaction modes (e.g., isolate, broadcast, listen) to address OST
and OSQ. Inspired by this, we allow discrete node decisions—but instead of modifying connectivity, nodes decide whether
to exit or continue, preserving topology and ensuring efficiency. Unlike Co-GNNs, which require manual depth tuning and
higher inference cost, our approach is lightweight and scalable. Similarly, AMP (Errica et al., 2023) learns depth and a
message-filtering strategy, but applies a fixed depth at inference. In contrast, we adapt depth both at training and testing time
while using a fixed topology.

Overall, compared to asynchronous message-passing, our synchronous design is more efficient in time and space complexity
while still mitigating OST and OSQ.
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Figure 25. Roman Empire: Exit point of the nodes in the test set. We have the discrete case (Right) and the continuous case (Left),
thanks to our neural Adaptive-step mechanism.
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Figure 26. Exit distributions of EEGNN on Peptides-struct. Left: varying hidden dimensions (m’) across random seeds. Right:
varying depth budgets (L) across random seeds.

Note on Short-Range Over-squashing: In this work, we focus on long-range information propagation. We do not explicitly
address "computational over-squashing” in the short-range scenario (Mishayev et al., 2025), a recently observed phenomenon
where capacity limits hinder local processing. As shown by Blayney et al. (2025), this can be mitigated by increasing model
width/capacity, which is complementary to our depth-adaptive approach. Generally graph transformers are a better fit than
MPNNS in these settings.

Early-Exit Mechanisms in GNNs. Few works have explored early-exit in GNNs. Spinelli et al. (2021) introduced an exit
mechanism allowing nodes to stop updating during message passing. However, their method relies on auxiliary loss terms, is
limited to addressing OST, and does not handle OSQ or deep architectures. Other works (Xiao et al., 2021; Han et al., 2024;
Abbahaddou et al., 2025) also propose exit mechanisms, but remain restricted to node classification and do not analyze
OST/0SQ theoretically. In contrast, we design an early-exit mechanism that is fully differentiable, trained end-to-end with
only the task loss, and applicable to both node-level and graph-level tasks. Nodes remain active as long as necessary for
feature extraction, addressing deep MPNN flaws by design.

Early-Exit in Neural Networks (General). Early-exit has been widely explored in standard deep learning to reduce
inference cost by attaching auxiliary classifiers to intermediate layers. Training paradigms include deeply supervised
nets (Lee et al., 2014), layer-wise pretraining (Hettinger et al., 2017), and independent exit training (Venkataramani et al.,
2015). Inference termination typically depends on confidence thresholds (Wang et al., 2017; Xin et al., 2020; Baccarelli
et al., 2020; Xin et al., 2021) or threshold-free approaches (Pomponi et al., 2022; Ju et al., 2021). These works inspire our
threshold-free, jointly trainable exit mechanism, tailored to graph-structured data and obviating the need for hand-tuned

thresholds.
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Table 18. Performance comparison of models across LRGB datasets. The scores are marked in red for the first, blue for the second, and
green for the third. Results are taken from Finkelshtein et al. (2024); Luo et al. (2025); Gravina et al. (2025); Errica et al. (2023); Tonshoff
et al. (2023).

Model Peptides—-func Peptides—-struct Pascal VOC-SP
AP 1 MAE | F1 1
Classic MPNNs (Tonshoff et al., 2023)

GCN 68.60+0.50 0.2460+0.0013 20.78+0.31

GatedGCN 67.65+0.47 0.2477+0.0009 38.80+0.40
Reassessment of MPNNs (Luo et al., 2025)

GCN+ 72.61 + 0.67 0.2421+0.0016 33.57+£0.87
— Dropout 67.48 £ 0.55 0.2549 + 0.0025 30.72 £ 0.69
— Norm 71.07 £0.27 0.2509 + 0.0025 18.02 £ 1.11

GatedGCN* 70.06 £ 0.33 0.2431 = 0.0020 42.63 + 0.57
— Dropout 66.95 + 1.01 0.2508 + 0.0014 33.89 £ 0.66
— Norm 67.33 £0.26 0.2474+0.0015 36.28 £0.43
Rewiring Methods

DIGL+MPNN 64.69+0.19 0.3173£0.0007 28.24+0.39
+LapPE 68.30+0.26 0.2616+0.0018 29.21+0.38

MixHop-GCN 65.92+0.36 0.2921+0.0023 25.06+1.33
+LapPE 68.43+0.49 0.2614+0.0023 22.18+1.74

DRew-GCN 69.96+0.76 0.2781+0.0028 18.48+1.07
+LapPE 71.50+0.44 0.2536+0.0015 18.51+0.92
GTs

GT+LapPE 63.26+1.26 0.2529+0.0016 26.94+0.98

SAN+LapPE 63.84+1.21 0.2683+0.0043 32.30+0.39

GraphGPS+LapPE 65.35+£0.41 0.2500+0.0005 37.48+1.09
Methods for OSQ and OST

CO-GNNs 69.90 £ 0.93 0.2503 + 0.0025 -

AMP 71.63 + 0.58 0.2431 + 0.0004 -

MTGCN 69.36 £ 0.89 0.2461 £ 0.0019 -
Graph Neural ODEs

GRAND 57.89 £ 0.62 0.3418 £ 0.0015 19.18 £ 0.97

GraphCON 60.22 + 0.68 0.2778 £ 0.0018 21.08 £0.91

A-DGN 59.75 +£0.44 0.2874 + 0.0021 23.49 +£0.54

SWAN 63.13 £ 0.46 0.2571 £0.0018 27.96 +£0.48
Ours

SAS-GNN,,0edge 69.71 £0.62 0.2449 + 0.0013 22.65+0.27

SAS-GNN_gge 69.27 £ 0.58 0.2547 +£0.0163 23.31 +£0.49

SAS-GNN, s 69.44 +0.63 0.2528 +0.0130 25.64 +0.63

EEGNN,,5 68.23 +0.37 0.2532 + 0.0050 24.10+£0.73
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Table 19. Performance of classic GNNs using Gumbel Softmax as early-exit on Minesweeper, Questions, Tolokers. Models are
also tested by changing the activation function type.

Model Minesweeper Questions Tolokers

ReLLU ReLU + Tanh ReLU ReLU + Tanh ReLLU ReLU + Tanh
GCN 91.29 £ 0.5 90.42+0.6 74.92+14  *76.56 +1.0 75.58=+3.7 *84.89+0.89
EE+GCN 91.07 £ 0.7 90.39+06 7556+1.1 *76.33+£13 7802+53 *8354+£14
SAGE 95.61+£0.6 *96.60+0.3 75.03+04  *75.22+1.0 84.544+0.65 84.13+0.42
EE+SAGE 95.73+04 *96.56+06 71.36+t1.2 *72.09+1.7 76.04+3.7 74.66=+0.99
GAT 73.98 £ 15 *91.08+£0.5 7439+0.9 *7553+13 76.84+78 *84.09+0.89
EE+GAT 84.17+14 *91.89+15 7491+11 7490+22 79.02+3.8 8044140
GIN 61.92+£19  *89.89+0.7 50.0 £ 0.0 *T7.94+1.2 50.0 £ 0.0 *82.55 £ 1.1
EE+GIN 51.11£0.3 51.03£16 71.27+£0.8 7099+14 50.0 £ 0.0 *78.87 £ 4.3
SAS-GNN - 93.29 +£0.61 - 79.60 £1.15 - 85.80 £0.79
EEGNN - 93.18 £1.37 - 78.90 £ 1.15 - 85.26 = 0.65

Table 20. Performance of classic GNNs and SAS/EEGNN on Amazon Ratings and Roman Empire datasets. Bold indicates EE variants
outperforming the base model.

Model Amazon Ratings Roman Empire
ReLLU ReLU + Tanh ReLLU ReLU + Tanh
GCN 4972 £03 4853+£04 81.16 + 0.6 76.75 £04
EE+GCN 51.13+0.7 *51.254+04  79.89 £ 0.7 79.76 £ 0.4
GAT 4840£05 *49.08+0.7 4226+324 *7586+L1.1
EE+GAT 5188+ 0.5 51.85+0.5 7721 £ 09  *7748 £ 0.8
SAGE 52.06 £ 04 *52264+0.6 8428 £0.8  *86.55+0.6
EE+SAGE 5051 +£0.7 *50.67+£0.6 7894+64  *81.10£1.2
GIN 4269 £43  *49.50 £ 0.5 1396 £ 0.0 #8327 £ 1.1
EE+GIN 5112 £ 0.8 *51.26 = 0.5 65.85 + 0.8 65.75 £0.8
SAS-GNN - 51.47 £ 0.7 - 83.46 £ 0.6
EEGNN - 51.54£0.5 - 80.36 £ 0.4

Table 21. Model configurations across Questions, Roman Empire, and Amazon Ratings during trade-off analysis. We report
hidden dimension m’ and number of layers L.

Model Questions (m/,L) Roman Empire (m’,L) Amazon Ratings (m/,L)
SAS-GNN (64,9) (128, 12) (256, 9)
EEGNN (64, 20) (128, 20) (256, 20)
Co-GNN (64,9) (512, 12) (256,9)
PolyNormer (64, 10) (64, 20) (256, 20)
SGFormer (64, 10) (256, 10) (64, 10)
NodeFormer (64, 10) (256, 10) (64, 10)
GCN (512, 10) (256, 9) (512, 4)

Table 22. Statistics of the homophlic node classification datasets.

Computer Photo CS Physics
# nodes 13,752 7,650 18,333 34,493
# edges 245,861 119,081 81,894 247,962
# features 767 745 6,805 8,415
# classes 10 8 15 5
metric Accuracy  Accuracy Accuracy  Accuracy
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Table 23. Performance on Node classification datasets. These scores are taken from (Luo et al., 2024). The scores are marked in red for
the first, blue for the second.

Computer Photo Cs Physics
NAGphormer 91.69£0.30 96.14+0.16 95.85+0.16 97.35+0.12
Exphormer 91.47+0.17 95.35+0.22 94.93+£0.01 96.89+£0.09
GOAT 92.294+0.37 94.33+£0.21 93.81+0.19 96.47+0.16
GraphGPS 91.79+0.63 94.89 +£0.14 94.04+0.21 96.71 £0.15
Polynormer 93.78 £0.10 96.57£0.23 95.424+0.19 97.18 £0.11
SGFormer 91.99£0.76 95.10£0.47 94.78 +£0.20 96.60 = 0.18
GCN* 93.99+0.12 96.10+0.46 96.17£0.06 97.46+£0.10
— Norm 92.60+0.14 9548 +0.36 95.30+0.05 97.16 £0.11
— Dropout 93.78 £0.26 95.31+0.10 95.95+£0.13 97.30+£ 0.06
GraphSAGE*  93.254+0.14 96.78 £0.23 96.38 £0.11 97.19 + 0.05
— Norm 92.77£0.63 95.51+£0.14 95.424+0.17 96.97 £ 0.07
— Dropout 92.02+0.35 96.03+0.27 96.11+£0.17 97.07+£0.09
GAT* 94.09 £ 0.37 96.60 +0.33 96.21 £0.14 97.25 £ 0.06
— Norm 93.22+1.27 96.09+0.20 95.13+£0.35 97.08£0.04
— Dropout 93.14+0.29 96.36 +£0.25 96.05+£0.09 97.01+£0.05
SAS-GNN 92.274+0.29 96.47+0.33 9446 +£0.10 96.49+0.10
EEGNN 90.24 +0.93 95.23+0.35 95.56 £0.07 96.22 £ 0.09

Table 24. Dataset statistics for the TUDataset benchmark for graph classification.

IMDB-B IMDB-M REDDIT-B REDDIT-M NCT1 PROTEINS ENZYMES
# graphs 1000 1500 2000 4999 4110 1113 600
# avg. nodes 19.77 13.00 429.63 508.51 29.87 39.06 32.63
# avg. edges 96.53 65.94 497.75 1189.74 32.30 72.82 64.14
# classes 2 3 2 5 2 2 6
metrics Accuracy Accuracy  Accuracy Accuracy  Accuracy  Accuracy Accuracy

Table 25. Graph classification results on the TUDataset benchmark. The scores are marked in red for the first, blue for the second.

IMDB-B IMDB-M REDDIT-B REDDIT-M NCI1 PROTEINS ENZYMES
DGCNN 692+30 456+£34 878+£25 492+12 76417 T729+£35 389+57
DiffPool 684+33 456+34 89.1+£16 538+14 769+£19 737£35 59556
ECC 67.7£28 435+3.1 OOR OOR 762+14 723+34 295+82
GIN 71.2+£39 485+33 899+19 561+£17 800+24 753£25 59.6£45
GraphSAGE 68.8+45 476+35 843+19 500+36 749£19 705+32 582+6.0
CGMM - - 88.1+1.9 - - - -
ICGMMf 718 +44 49.0+38 91.6=+2.1 556+17 764+£13 732+£39 -
SPN(k = 5) - - - - 742 £2.7 - 69.4 £6.2
GSPN - - 90.5 £ 1.1 553+£20 766=+19 - -
Co-GNN 722+41 4994+45 905£19 563=£21 79.4£07 T713+2.0 683+57
SAS-GNN 723+29 480+45 883+£23 551422 779+£18 T720£3.0 665+59
EEGNN 71.2+£39 468+44 865+28 539+24 6253+43 708+£27 703=£73
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Table 26. Results on ogbn-arxiv (node classification). Dataset: 169,343 nodes, 1,166,243 edges. Baselines and ablations are reported
from Luo et al. (2024).

Model Accuracy T
Polynormer 73.46 £0.16
GCN* 73.53 £0.12
— Dropout 72.06 £0.13
— Normalization 71.53 +0.14
GraphSAGE* 73.00 £0.28
— Dropout 71.30 £0.21
— Normalization 71.13 £ 0.27
GAT* 73.30 £0.18
— Dropout 71.68 £0.32
— Normalization 71.33 +0.29
GraphGPS 70.97 £0.41
NAGphormer 70.13 £ 0.55
SAS-GNN 71.83 £0.20
EEGNN 71.47 £0.40

Table 27. Results on ogbg-molhiv (graph classification). Dataset: 41,127 graphs, avg. 25.5 nodes, 27.5 edges. Baselines and ablations
are reported from Luo et al. (2024).

Model AUROC 1

GraphGPS 78.80 £ 1.01
GCN 76.06 = 0.97
GatedGCN 76.87 £ 1.36
GCN+ 80.12 +1.24

— Dropout 74.31 £1.85

— Normalization 77.53 £ 0.49
GatedGCN™ 80.40 4 1.64

— Dropout -

— Normalization 78.79 £ 1.78
SAS-GNNcgge 77.26 £ 1.60
EEGNN,g4e 77.39 £ 1.00
SAS-GNN, -5 78.09 £ 0.50
EEGNN, s 78.05 £ 0.80

Table 28. Runtime Analysis Across Datasets and Layers.

Model Roman Empire Minesweeper Tolokers Amazon Ratings

10 Layers 20 Layers 10 Layers 20 Layers 10 Layers 20 Layers 10 Layers 20 Layers
GCN 0.0266 + 0.0108 | 0.0411 £ 0.0147 | 0.0139 +0.0082 | 0.0273 & 0.0119 | 0.0286 = 0.0099 | 0.0428 + 0.0124 | 0.0269 = 0.0113 | 0.0370 = 0.0140
Co-GNN 0.0553 £ 0.0167 | 0.0739 £ 0.0253 | 0.0315+0.0091 | 0.0665 + 0.0221 | 0.0498 + 0.0156 | 0.0874 + 0.0225 | 0.0562 =+ 0.0163 | 0.0838 + 0.0262
Polynormer | 0.0192 = 0.0031 | 0.0312 £ 0.0045 | 0.01509 = 0.0022 | 0.0274 % 0.0030 | 0.0183 & 0.0025 | 0.0322 = 0.0045 | 0.0191 % 0.0037 | 0.0310 £ 0.0046
SAS-GNN | 0.0323 +0.0126 | 0.0510 +0.0156 | 0.0177 £ 0.0080 | 0.0371 %+ 0.0123 | 0.0268 & 0.0098 | 0.0437 £ 0.0131 | 0.0278 +0.0106 | 0.0442 £ 0.0150
EEGNN 0.0288 + 0.0107 | 0.0290 £ 0.0117 | 0.0153 £ 0.0108 | 0.0209 £ 0.0111 | 0.0227 +0.0120 | 0.0283 +0.0126 | 0.0267 £ 0.0128 | 0.0227 = 0.0092

Table 29. Number of Parameters Across Datasets and Layers.
Model Roman Empire Minesweeper Tolokers Amazon Ratings

10 Layers | 20 Layers | 10 Layers | 20 Layers | 10 Layers | 20 Layers | 10 Layers | 20 Layers

GCN 20,768 31,328 10,880 21,440 10,976 21,536 20,352 30,912

Co-GNN 35,478 56,278 25,574 46,374 25,670 46,470 35,049 55,849

Polynormer 48,164 81,124 37,732 70,692 37,828 70,788 47,306 80,266

SAS-GNN 12,320 12,320 2,432 2,432 2,528 2,528 11,904 11,904

EEGNN 14,562 14,562 4,674 4,674 4,770 4,770 14,146 14,146
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Table 30. Metrics computed at the Optimal Exit.

Metrics No Exit Optimal Exit
Amazon Ratings 51.47+0.68 68.36+0.86
Tolokers 85.80+£0.79 89.21 £1.37
Questions 79.60+£1.15 80.35+1.29
Roman Empire 8346 +£0.61 89.45+0.37
Minesweeper 93.29+£0.61 96.93 +0.58

Table 31. Comparison of the fixed number of layers selected by SAS-GNN (i.e., Fixed # Layers) with the minimum, median, and
maximum number of layers selected by EEGNN (Min. Layers, Median Layers, Max. Layers). The values are averaged across 10 test
splits and are taken from the discrete exit point distributions.

Datasets Fixed # Layers Min. Layers Median Layers Max. Layers
Amazon Ratings 10 5.1+£2.64 13.8 £1.39 21.0 £0.00
Roman Empire 12 1.7 £0.48 3.3+048 10.2 +4.84
Minesweeper 15 11.4 £10.13 15.6 + 8.69 15.7 + 8.53
Questions 9 1.0 £ 0.00 7.0 £ 0.66 18.8 +2.78
Tolokers 10 1.7 £ 0.82 8.3 £2.00 21.0 + 0.00

Table 32. Robustness analysis of EEGNN on Peptides—-struct under varying hidden dimensions and depth budgets. Reported values
are accuracy (mean = std) and parameter counts. Exit distributions are shown in the figures.

Setting Accuracy + Std  Parameters

{m’ =50, L =10}  0.2783 £+ 0.0120 21,599
{m’ =100, L = 10}  0.2668 + 0.0065 63,649
!
/!

{m’ =200, L =10} 0.2607 +0.0049 207,749
{m’ =300, L =10} 0.2532 +£0.0050 431,849

{m’ =300, L =10} 0.2532 +0.0050 431,349
{m’ =300, L =20} 0.2548 +0.0057 431,349
{m’ =300, L =50} 0.2572 +0.0066 431,849
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