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ARTICLE INFO ABSTRACT

MSC: In this manuscript, we propose a stable algorithm for computing the zeros of Althammer
33C47 polynomials. These polynomials are orthogonal with respect to a Sobolev inner product, and are
65D32

even if their degree is even, odd otherwise. Furthermore, their zeros are real, distinct, and located

65F15 inside the interval (-1, 1). The Althammer polynomial p,(x) of degree n satisfies a long recurrence

X s relation, whose coefficients can be arranged into a Hessenberg matrix of order n, with eigenvalues
eywords: . equal to the zeros of the considered polynomial.

Sobolev orthogonal polynomials 3 : X X .

Zeros Unfortunately, the eigenvalues of this Hessenberg matrix are very ill-conditioned, and standard

Hessenberg eigenvalue problem balancing procedures do not improve their condition numbers. Here, we introduce a novel
algorithm for computing the zeros of p,(x), which first transforms the Hessenberg matrix into a
similar symmetric tridiagonal one, i.e., a matrix whose eigenvalues are perfectly conditioned, and
then computes the zeros of p,(x) as the eigenvalues of the latter tridiagonal matrix. Moreover,
we propose a second algorithm, faster but less accurate than the former one, which computes
the zeros of p,(x) as the eigenvalues of a truncated Hessenberg matrix, obtained by properly
neglecting some diagonals in the upper part of the original matrix. The computational complexity
of the proposed algorithms are, respectively, (‘)(%), and O(¢?n), with # < n in general.

1. Introduction

The analytic theory of orthogonal polynomials with respect to a Sobolev inner product associated with a vector of probability
measures has received a lot of attention from the pioneering works by Althammer [1] and Schifke [12], taking into account a
2-dimensional vector of measures whose components are the Lebesgue measure supported on the interval (-1, 1).

From the point of view of approximation theory, in [7,9] they have been studied in a more general framework when the
2-dimensional vector of measures is a coherent pair. Therein, a simple algebraic connection formula between Sobolev orthogo-
nal polynomials and the standard orthogonal polynomials with respect to the first measure has been stated. An overview on Sobolev
orthogonal polynomials can be found in the survey [10].

In [14,4,2] the numerical aspects of Sobolev orthogonal polynomials have been studied and, more recently, in [13] the problem
of generating a finite sequence of Sobolev orthogonal polynomials has been formulated as a Hessenberg inverse eigenvalue problem.
The spectral information can be analyzed in terms of the Jordan matrix containing the eigenvalues of the Hessenberg matrix and the
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normalized first entries of its eigenvectors. This represents an extension of the well known Golub-Welsch approach [5] in the context
of classical orthogonality theory.

In this work, we focus on the computation of the zeros of Althammer polynomials [1], which are orthogonal with respect to a
Sobolev inner product with the Legendre weight on the interval (—1, 1). They are also called Legendre-Sobolev orthogonal polynomials
[10].

Given an Althammer polynomial p,(x) of degree n, it is even if n is even, and it is odd otherwise. Furthermore, Althammer
polynomials satisfy a higher order recurrence relation, and its zeros, real, distinct, and located inside the interval (-1, 1) [3,12], can
be computed as the eigenvalues of a Hessenberg matrix of order n obtained by properly arranging the coefficients of the recurrence
relation in matrix form.

Unfortunately, the eigenvalues of the aforementioned Hessenberg matrix are very ill-conditioned [13], and standard balancing
procedures [11] do not improve their condition numbers.

In [13], the problem of computing the zeros of p,(x) was formulated as a Hessenberg inverse eigenvalue problem and two methods
were proposed to solve it, one based on the Arnoldi iteration with full reorthogonalization and the other based on a procedure using
plane rotations.

Here, we propose a stable algorithm, denoted by .4, for computing the zeros of p,(x), which first transforms the Hessenberg
matrix into a similar symmetric tridiagonal one, and then computes the zeros of p,(x) as the eigenvalues of the latter tridiagonal

matrix. The overall computational complexity is (9(%).

Moreover, observing that the absolute values of the entries different from zero, in each row of the upper triangular part of the
Hessenberg matrix, are in a decreasing order and that many of them are very tiny, a faster modification of the proposed algorithm
is described, denoted by A,. This computes the zeros of p,(x) as the eigenvalues of a truncated Hessenberg matrix, obtained by
neglecting diagonals, with entries below a certain tolerance, in the upper part of the original matrix. Its computational complexity is
O(¢2n), with ¢ < n in general.

The paper is organized as follows. Notations are introduced in Section 2. The main features of Althammer polynomials are described
in Section 3. The proposed algorithms are described in Section 4. Some numerical tests are reported in Section 6, followed by the
conclusions.

2. Notations

Upper—case letters A, B, ..., denote matrices and A
matrix A is denoted by a; ;.

Submatrices are denoted by the colon notation of Matlab, i.e., A(i : j,k : ) is the submatrix of A obtained by the intersection
of rows i to j and columns k to /, and A(i : j,:) and A(:,k : [) are the rows of A from i to j and the columns of A from k to /,
respectively.

The diagonal matrix with entries d,, ...,d, is denoted by diag(d,,...,d,).

Bold lower—case letters x, y, ..., ®, ..., denote vectors, and x; denotes the ith element of the vector x.

Lower—case letters x,y, ..., 4,0, ..., denote scalars.

The notation |y| stands for the largest integer not exceeding ye R,..

The identity matrix of order » is denoted by 1,,.

The vector e, ,, or simply e, if there is no ambiguity, denotes the kth vector of the canonical basis of R", i.e., e, , = I,,(:, k).

The notation || - ||, denotes any of the p-norms.

mn» OF sSimply A, if m = n, denotes matrices of size (m,n). The entry (i, j) of a

3. Althammer polynomials

Althammer polynomials p,(x), n=0,1, ..., are orthogonal with respect to the Sobolev inner product
1 1
(v,w)g = / v(x)w(x)dx + y/ v (0w’ (x)dx, y>0. [€))
-1 -1

The monic Althammer polynomial (MAP) p,(x) of degree n > 0 is odd if » is odd, and it is even if n is even (odd—even property) [1].
It satisfies the recurrence relation

K= )
_ o 1 if neven,
Pp(xX) = xp,_1(x) = ; MaitignP2ivig—1(%); o= { 2 ifnodd, (2)
where
(xpj_1,Pi-1s
ij = . 3
Pi—1>Pis

Observe that, due to the odd-even property of MAPs, h; ; =0 if i + j is even. The coefficients 4, ; in (3) can be computed by the
modified Chebyshev algorithm or by the Stieltjes algorithm in an accurate way [2,4,3].
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Condition numbers of the eigenvalues of H, , Computed eigenvalues of H, , by eig.m
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Fig. 1. Left: condition numbers of the eigenvalues 4; of H,, (“+”), for n =60, and y = 100, and condition numbers of the eigenvalues A?b), obtained applying the
function balance.mof Matlab to H, , (“¢”), on a logarithmic scale. Right: eigenvalues of H,, , for n =60, and y = 100, computed by eig.m of Matlab in double
precision (“+”) and variable precision with 100 digits (“+”). (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Let H, be the semi-infinite matrix

and

T
P(X)=| po(x), pi(x), ... p (), p,(x)| , neEN.

Then, (2) can be written in a matrix form

py_(OH,, =xp]_ (x)=p,(x)e,, “
where H,, =H,/(l:n1:n).

The zeros of p,(x) are real, distinct, and inside the interval (-1, 1) [3,12]. Moreover, by (4), X is a zero of p,(x) if and only if X is
an eigenvalue of H,, . Therefore, the computation of the zeros of p,(x) reduces to that of the eigenvalues of H, ,.

Unfortunately, the eigenvalues of H,, , are very ill-conditioned, independently of the choice of y in (1), and the Mat1ab function
balance.m, commonly used as a balancing technique [11], does not improve their condition numbers (see Fig. 1, left plot). As a
consequence, the Matlab function eig.m yields unreliable results if used in double precision (see Fig. 1, right plot).

A novel algorithm for computing the zeros of p,(x), i.e., the eigenvalues of H,,, in an efficient and accurate way in double
precision is described in the next Section.

4. Computation of the zeros of Althammer polynomials

The algorithm we propose for computing the eigenvalues of H, , can be divided into three steps:

Step 1. Reduction algorithm transforming H,,, into a similar tridiagonal one T,, , .
Step 2. Transformation of T, , into a similar symmetric tridiagonal one Tn,y.

Step 3. Computation of the eigenvalues of Tn’y
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Fig. 2. Reduction of H,,, n =38, to the similar matrix 7, , by a sequence of elementary similarity transformations. The nonzero entries of the matrix are denoted by
“X”. At each step, the rows and columns involved in the computation are indicated by the arrows “—” and “]”, respectively, the entry of the matrix to be eliminated
is denoted by “®” and the modified entries are denoted by “x”.
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Fig. 3. Maxima of the absolute values of the multipliers involved in the reduction algorithm of the matrices HW, n=100,y =10%, k=—15,-14,...,-1,0,1,...,14,15.

4.1. Step 1. Reduction algorithm transforming H,, , into a similar tridiagonal one T, ,

This step is accomplished by applying a sequence of elementary Gaussian similarity transformations

i=1,2,...,n=3,
j:i+3,i+5,...,i+2l

n—i—1
2

M, =1,+n.,:€.€;,
ij n i+1,j%i+1 J J+i+1’

where 7, 1,; are the so called multipliers [6, p. 112], such that
-1
Tn,y = RWHMRW

is a tridiagonal matrix, with

n—i—1 .
n—3 [—2 +i+1
Riy=IT II M
i=1 i+3

This step is depicted in Fig. 2 in a graphical fashion, and its computational complexity is O(ﬁ).
The stability of this reduction depends on the size of the multipliers. In [6, p. 130] it is shown that, if the absolute values of all
the multipliers are bounded by 1, T}, is computed in a stable way.

Example 1. The matrices H, , are computed by the modified Chebyshev algorithm, and the reduction algorithm is applied to them,
evaluating the maximum of the multipliers in absolute value, for = 100 and y = 10%, k=-15,-14,...,—1,0,1,...,14,15. The results
are displayed in Fig. 3. It can be noticed that, for all considered matrices, the maximum in absolute value of the multipliers is below
0.4. Therefore, in all considered cases, the tridiagonal matrices T,,, are computed in a stable way.
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Table 1
Matlab function reduction.m.

function[H,w,ell] = reduction(H,n)
% reduction of the upper Hessenberg matrix to a similar tridiagonal one
w=0;
for i=1:n-3
for j=i+3:2:n
v=-H(i,J)/H(i,1+1);
w=max (w,abs (v)) ;
for k=i:2:1+2
H(k,j)=v+H(k,1+1)+H(k,J) ;
end
for k=i+2:2:n
H(i+1l,k)=H(i+1,k)-v*H(j, k);
end
end
end

Table 2
Matlab function DscaleT.m.

function[T] = DscaleT(T,n)

o

balancing the tridiagonal matrixT,,

input: T,
n, size of the matrix

o

o0 o

output: T,,

for i=1:n-1
T(i,i+1)=sqrt(T(i,i+1)*T(i+1,1i));
T(i+1,1)=T(i,1i+1);

end

The Matlab function reduction.m, implementing this step, is described in Table 1.
4.2. Step 2. Transformation of T, , into a similar symmetric tridiagonal one T,,’y

Although the matrix T, ,, is tridiagonal with 0 on the main diagonal, the condition numbers of its eigenvalues are still comparable
to those of the eigenvalues of H, ,. Since the eigenvalues of T, , are real, there exists a diagonal matrix D, such that

7 —1
1,,=D,T,,D,

is symmetric tridiagonal and, hence, its eigenvalues are perfectly conditioned.
The Matlab function DscaleT.m, implementing this step, is reported in Table 2.

4.3. Step 3. Computation of the eigenvalues of Tn’y

Let
_ fl .
i )
. 7y
T,,= ; s
n=2
) [P}
L Th-1 i

and let Z, be the permutation matrix Z, = I,(:,z,), where z, =[1: 2 : 1,2 : 2 : n]”. Then
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Fig. 4. Left: size of the absolute values of the entries of H,, for n =60 and y = 100, on a logarithmic scale. Right: condition numbers of R,,D,. n=10,20,...,190,200,
on a logarithmic scale.
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with B, bidiagonal, B; € R™" where m =i = [g] ifneven, m=|2]+1, = [gJ if n odd.
Let o) >0y > -+ > oLz be the nonzero singular values of B;. Then, there exists an orthogonal matrix Q, € R™" such that [6,
p. 486]

o, =diag(0'l,0'2,...,O'L%J,—O'l,—o'z,...,—o'ng, 0 ).

m—n
Therefore, the positive eigenvalues of H,, , can be computed as the singular values of B; by the function svd.m, available in Mat1ab,

2
with (9("7) computational complexity.

Remark 1. The size of the absolute values of the entries of H, ,, for n = 60 and y = 100, computed by the modified Chebyshev

ny?

algorithm [2,4,3], are displayed in Fig. 4 (left) on a logarithmic scale. It can be observed that

|hi’j| > |h,-’j+2|, i=1,....n—1, j=i+1,...,n—=2, i+ jodd,

i.e., the absolute values of the entries different from zero, in each row of the upper triangular part of H,, ,, are in a decreasing order.
Moreover, many of them are very tiny.
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Table 3
Matlab function reductionl.m.

function[H,w,ell] = reductionl(H,n,tol)
% reduction of the truncated upper Hessenberg matrix to a similar tridiagonal one
ell=0;
J=4;
while ell==0 & j < n
if abs(H(1,j))>tol
Jj=3+2;
else
ell=j;
end
end
w=0;
for i=1:n-3
for j=i+3:2:min(i+ell-1,n)
v=-H(i,3)/H(i,1i+1);
w=max (w, abs (v)) ;
for k=i:2:1+2
H(k,j)=v+H(k,i+1)+H(k,3) ;
end
for k=i+2:2:min(i+ell-1,n)
H(i+1,k)=H(i+1,k)-v*H(], k);
end
end
end

Let E, , . be the matrix whose elements are those of H,,, that are, in absolute value, below a certain tolerance r. Then, by the

Bauer-Fike theorem [6, p. 3571, if 4 is an eigenvalue of H,, and y is an eigenvalue of H, , — E, , ,

|4 — 1l S k(X DNE,, -2,

where X, =R,,D,Z,0,.
In Fig. 4 (right), the condition numbers «, (R, , D,), for n= 10,20, ...,200, and y = 100, are displayed on a logarithmic scale. We
point out that k(R , D,,) = k(X,).

It can be noticed that x,(R,, D,) grows as 10%"_1. Extensive tests of the same type were carried out by considering different
values of y and the condition numbers of R, , D, exhibited a similar behavior.

LetH,, . :=H,,-E,, . Hence, the eigenvalues of H, , . can differ from those of H, , by a quantity that depends on x,(R,, , D,),
although this can be an overestimate.

Therefore, neglecting entries of H,, , that are below a certain tolerance 7 in absolute value, would reduce the overall complexity
of the numerical method, but it could affect the accuracy of the eigenvalues.

Nevertheless, here we propose a simple criterion to determine which entries of H, , can be discarded, given a certain tolerance

7, by just looking for the column index # in the first row corresponding to the first nonzero entry, below 7 in absolute value, i.e.,

lhi ol 27 and |h .l <7

Then, the reduction algorithm is applied to the banded Hessenberg matrix triu(H, ,_,). The corresponding Mat1lab function re-
ductionl.m, requiring ()(¢?n) computational complexity, is described in Table 3.

5. On the stability of the proposed algorithm

If an algorithm for computing the eigenvalues of an n x n diagonalizable matrix H produces the matrix A := diag(ﬁl,...,ﬁ,,) of
(appropriately ordered) approximate eigenvalues 4,, such that

(H+MX=XA, where X7'X=1, and ||All, <OE|H|,, (5)

then the algorithm is said to be backward stable, because the computed eigenvalues 1, are the exact eigenvalues of a slightly perturbed
matrix H + A, where A is known as the backward error.
Let us consider the following modification of the Eckhart-Young Theorem [6, p. 79].

Lemma 1. Let the smallest singular value of the n X n matrix H — Z,.I , be equal to 6, then the smallest perturbation A to make the matrix
H + A — A,1, singular has norm ||A||, equal to o, and is given by A = u,0c, UI, where u, and v, are the singular vectors of H — 4,1,
corresponding to o,,.

We can not prove the backward stability for the proposed algorithm, but the next best property shows that for each computed
eigenvalue /;, there exists a backward error A, such that
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(H + ApX; =X;4;, where fc,chi =1 and ||A;ll, <O@IH],. (6)

According to Lemma 1, this property is guaranteed if for each eigenvalue A, o,(H — A,1,) = ¢;|| H ||, with €; = O(e), since, in this
case, we can set A; ;= X;¢; yl.T||H |l,, where %; and J; are the normalized singular vectors associated with the singular value ;|| H||, of

(H — 2,1,). The property (5) follows from property (6) if and only if there exists a common perturbation matrix A for all eigenvalues
2,- in (6). Furthermore, from Lemma 1 it follows that

1All, > max o, (H - ALy
Therefore, the corresponding algorithm will be backward stable only if
max o, (H — 4;1,) = O(e). %)
1

It is worth stressing that test (7) is only necessary for the backward stability of the algorithm, but it is not sufficient. Nevertheless,
it is a reasonable indication that the algorithm might be backward stable. In Section 6, test (7) is performed successfully for all the
considered matrices.

If an algorithm for computing the eigenvalues of an n x n diagonalizable matrix H produces the matrix A of (appropriately
ordered) approximate eigenvalues fli, such that

max(|4; = A1) := A = All, = 0@ H .
then the algorithm is forward stable in an absolute sense. If, on the other hand,
A=A
A

1

_ a8,
AL

max ' =0(e),
1

then the algorithm is forward stable in a relative sense. In Section 6 we analyze this for the different algorithms described in this
paper.

6. Numerical examples

The proposed numerical method, and its variant based on computing the eigenvalues of H, ,y.c» denoted respectively by .A; and
A,, are compared with the two algorithms proposed in [13], denoted respectively by .45 and A, in terms of efficiency and accuracy.

In these first set of tests we analyze the absolute and relative forward stability of the method, since we look at the absolute and
relative forward error in the computed eigenvalues’

The entries of H, , are computed by the modified Chebyshev algorithm [2,4,3]. Its eigenvalues, computed by the Advanpix
Multiprecision Computing Toolbox? for Matlab [8] with precision of 200 digits and rounded in double precision by the
Matlab function double.m, are considered as the exact ones and denoted by /1?'40), i=1,...,n.

These eigenvalues are compared with those computed by A;, A,, A; and A, denoted respectively by /11(.’4‘), /11(.’42), /11(.“43), and

Al(.A“), i=1...,n, such that

A <0 i1, k=0,...,4.
i i+1
The considered matrices are HW, with y = 10%, k = —-15,-14,...,-1,0,1,...,14,15, and n = 100,200, 300. Their norm ||HW||2 is

always of the order of 1.

The accuracy and the efficiency of the considered methods, for n = 100,200, 300, are reported in Fig. 5, Fig. 6, and Fig. 7, re-
spectively. For each considered matrix, the maxima of the absolute errors of the computed eigenvalues applying the considered
methods

max [0 =AM =
i=1,...,n
and the execution times are displayed in the figures (left, and right, respectively).

Concerning the algorithm A,, the tolerance is fixed to the machine precision € ~ 2.22 X 10~'°, The number # of considered
diagonals are reported in Fig. 8.

We can observe that, although .4, is the fastest algorithm, the computed eigenvalues are not accurate if y <0, while the algorithm
A, is the most accurate and slightly slower than A,.

In these experiments, the algorithm A, appears to be forward stable, both in an absolute and relative sense. But this of course is
not a proof that the algorithm is forward stable.

1 We consider H, , matrices with n even, since 0 is an eigenvalue of H,, for n odd, and the relative forward error cannot be computed. On the other hand, for the
proposed algorithms .4, and A,, the eigenvalue 0 is exactly detected when # is odd.

2 We preferred to consider the eigenvalues computed by Advanpix Multiprecision Computing Toolbox as the exact ones since the eigenvalues computed
by using variable precision arithmetic of Matlab where not reliable for matrices of size equal to 200.
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methods A, A,, A3, and A, on a logarithmic scale.

To check the backward stability of the proposed method A;, for each matrix H,,, n =100, 200, and 300, y = 107%, k =
—15,-14,...,-1,0,1,..., 14,15, we perform test (7).
For each computed eigenvalue AEA'), i=1,...,n, the smallest singular value of H, ny — /ll(.A' r ,, is computed and then the maximum

Ty is taken, i.e.,
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Fig. 8. Number of diagonals selected by A,
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WOu(H,y, =AML,y =107, k=-15,-14,...,1,0,1,...,14,15., n = 200.

The results are depicted in Figs. 9, 10, and 11, for n = 100, 200, and 300, respectively.
In all considered cases, the value of r, , is of the order of the machine precision.

7. Conclusions

A novel algorithm for computing the zeros of Althammer polynomials has been proposed. It relies on the computation of the
eigenvalues of the associated Hessenberg matrix, which are very ill-conditioned.
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Fig. 11. max,_,__,0,(H,, — A1), y=107"*, k=-15-14,...,-1,0,1,...,14,15., n =300.

This problem is overcome transforming the given Hessenberg matrix into a similar symmetric tridiagonal one. The proposed

algorithm has (‘)(ﬁ) computational complexity.

The performance of the novel algorithm is compared with that of other algorithms recently proposed in the literature, in terms of
accuracy and efficiency.

Extensive tests show that the former method outperforms the latter ones.

A more efficient but less accurate variant of the novel algorithm is also proposed, consisting in neglecting some diagonals of the
Hessenberg matrix, with O(¢£2n), ¢ < n, computational complexity, where # denotes the number of kept diagonals in the Hessenberg
matrix.

Finally, it is worth stressing that the proposed algorithm is tailored to compute the eigenvalues of the Hessenberg matrices H,, ,,
since all the involved elementary matrices constructed in Step 1 of the algorithm have the absolute values of the multipliers bounded
by 1. For other cases of Sobolev orthogonal polynomials having only real zeros, the key point is to apply a similarity transformation to
the involved Hessenberg matrix, in order to transform its main tridiagonal part into a symmetric tridiagonal matrix, i.e., Step 2 of the
proposed algorithm should be performed first. This step should reduce the condition numbers of the eigenvalues of the Hessenberg
matrix. Then, the eigenvalues of the transformed matrix can be computed, for instance, by the O R method.
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