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Abstract

Aim of this paper is to provide new characterizations of the curvature dimen-
sion condition in the context of metric measure spaces (X,d,m). On the geomet-
ric side, our new approach takes into account suitable weighted action functionals
which provide the natural modulus of K-convexity when one investigates the con-
vexity properties of N-dimensional entropies. On the side of diffusion semigroups
and evolution variational inequalities, our new approach uses the nonlinear diffusion
semigroup induced by the N-dimensional entropy, in place of the heat flow. Under
suitable assumptions (most notably the quadraticity of Cheeger’s energy relative to
the metric measure structure) both approaches are shown to be equivalent to the
strong CD*(K, N) condition of Bacher-Sturm.
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1 Introduction

Spaces with Ricci curvature bounded from below play an important role in many proba-
bilistic and analytic investigations, that reveal various deep connections between different
fields.

Starting from the celebrated paper by BAKRY-EMERY [13], the curvature-dimension
condition based on I'-calculus and the I's-criterium in Dirichlet spaces provides crucial tools
for proving refined estimates on Markov semigroups and many functional inequalities, of
Poincaré, Log-Sobolev, Talagrand, and concentration type (see, e.g. [36] 37, 38| 12, @ 14]).

In the framework of optimal transport, the importance of curvature bounds has been
deeply analyzed in [44], 26, [63]. These and other important results led STURM [51], [52]
and LOTT-VILLANI [42] to introduce a new synthetic notion of the curvature-dimension
condition, in the general framework of a metric-measure space (X,d, m).

In recent years more than one paper has been devoted to the investigation of the rela-
tion between the differential and metric structures, particularly in connection with Dirichlet
forms, see for instance [35], [34], [50], [6] and [7]. In particular, under a suitable infinites-
imally Hilbertian assumption on the metric measure structure (and very mild regularity
assumptions), thanks to the results of the last two papers we know that the optimal trans-
portation point of view provided by the LOTT-STURM-VILLANI theory coincides with the
point of view provided by BAKRY-EMERY when the inequalities do not involve any upper
bound on the dimension: both the approaches can thus be equivalently used to characterize
the class of RCD(K, 00) spaces with Riemannian Ricci curvature bounded from below by
K € R. More precisely, the logarithmic entropy functional

Uoo (p) := /Xgloggdm if = om < m, (1.1)

satisfies the K -convexity inequality along geodesics (is)seo1) induced by the transport
distance Wy (i.e. with cost equal to the square of the distance)

U () < (1= 8)Une(p10) + U (pr) — 551 = )W (120, 1) (1.2)

if and only if I'y(f) > K T'(f).

A natural and relevant question is then to establish a similar equivalence when upper
bounds on the dimension are imposed; more precisely one is interested in the equivalence
between the condition

La(f) 2 KT(f) + 1 (LF) (13)



(where L is the infinitesimal generator of the semigroup associated to the Dirichlet form)
and the curvature-dimension conditions based on optimal transport. In the dimensional
case, the logarithmic entropy functional (1)) is replaced by the “N-dimensional” Rény
entropy

Un(p) == / Un(o)dm = N — N/ o vdm  ifp=om+pt, ptlm (14)
X X

Except for the case K = 0, which can be formulated by means of a geodesic convexity
condition analogous to (L2]), the case K # 0 involves a much more complicated property
[52, [10], that gives raise to difficult technical questions.

Aim of this paper is precisely to provide new characterizations of the curvature dimen-
sion condition in the context of metric measure spaces (X,d, m). On the geometric side,
our new approach takes into account suitable weighted action functionals of the form

AD (i m) = /0 /X g(s, )0 N (z, $)v%(z, s) dm ds, (1.5)

where p; = osm, s € [0, 1], is a Wasserstein geodesic, g is a weight function and v is the
minimal velocity density of p, a new concept that extends to general metric spaces the
notion of Wasserstein velocity vector field developed for Euclidean spaces [3, Chap. 8].
Functionals like (LX) provide the natural modulus of K-convexity when one investigates
the convexity properties of the N-dimensional Rény entropy (L4]). On the side of diffusion
semigroups and evolution variational inequalities, our new approach uses the nonlinear
diffusion semigroup induced by the N-dimensional entropy, in place of the heat flow. Un-
der suitable assumptions (most notably the quadraticity of Cheeger’s energy relative to
the metric measure structure) both approaches are shown to be equivalent to the strong
CD*(K, N) condition of BACHER-STURM [I0].

Apart from the stated equivalence between the LOTT-STURM-VILLANI and the BAKRY-
EMERY approaches, our results and techniques can hardly be compared with the recent
work [29] of ERBAR-KUWADA-STURM, motivated by the same questions. Instead of the
Rény entropies (L)), in their approach an N-dependent modification of the logarithmic
entropy (LT) is considered, namely the logarithmic entropy power

()= exp (Ul (16)

and convexity inequalities as well as evolution variational inequalities are stated in terms
of 8, proving equivalence with the strong CD*(K, N) condition. A conceptual and tech-
nical advantage of their approach is the use of essentially the same objects (logarithmic
entropy, heat flow) of the adimensional theory. On the other hand, since power-like non-
linearities appear in a natural way “inside the integral” in the optimal transport approach
to the curvature dimension theory, we believe it is interesting to pursue a different line of
thought, using the Wasserstein gradient flow induced by the Rény entropies (in the same
spirit of the seminal OTTO’s paper [43] on convergence to equilibrium for porous medium
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equations). The only point in common of the two papers is that both provide the equiva-
lence between the differential curvature-dimension condition (L3]) and the so-called strong
CD*(K, N) condition; however, this equivalence is estabilished passing through convexity
and differential properties which are quite different in the two approaches (for instance
some of them do not involve at all the distorsion coefficients) and have, we believe, an
independent interest.

Our paper starts with Section Bl where we illustrate in the simple framework of a d-
dimensional Euclidean space the basic heuristic arguments providing the links between
contractivity and convexity. It builds upon the fundamental papers [45] and [27]. The
main new ingredient here is that the links are provided in terms of monotonicity of the
Hamiltonian, instead of monotonicity of the Lagrangian (see [39] for a related discussion of
the role of dual Hamiltonian estimates in terms of the so-called Onsager operator). More
precisely, if S, : R — R is the flow generated by a smooth vector field § : R? — R9,
and if C(z,y) is the cost functional relative to a Lagrangian £, then we know that the
contractivity property

C(Six, Siy) < C(x,y) for all t > 0,

is equivalent to the action monotonicity

d

), w(t)) <0 (1.7)

whenever x(t) solves the ODE

and w solves the linearized ODE

d
3 ©® = Di(z(®)w(?)

(in the applications w arises as the derivative w.r.t. s of a smooth curve of initial data for
the ODE). In Section [2 we use duality arguments to prove the same equivalence when the
action monotonicity (L) is replaced by the Hamiltonian monotonicity

d
where now ¢ solves the backward transposed equation
d
3 P(8) = —Di(a(®))Te(?), (1.9)
see Proposition Il Lemma provides, in the case when f = —VU and £, H are

quadratic forms, the link between the Hamiltonian monotonicity and another contractivity
property involving both € and U, see (Z.19); this is known to be equivalent to the convexity
of U along the geodesics induced by €.



In the context of optimal transportation (say on a smooth, compact Riemannian man-
ifold (M, g)), the role of the Hamiltonian is played by H(o, ) := § [y [Dyp|2odm, thanks
to BENAMOU-BRENIER formula and the OTTO formalism:

1 .
L(o,w) = 3 /X Delzodm, —divy(oVyp) = w. (1.10)

In other words, the cotangent bundle is associated to the velocity gradient V¢ and the
duality between tangent and cotangent bundle is provided by the possibly degenerate
elliptic PDE —div,(0V,yp) = w. With a very short computation we show in Example
how the BAKRY-EMERY BE(0,00) condition corresponds precisely to the Hamiltonian
monotonicity, when the vector field is (up to the sign) the gradient vector of the logarithmic
entropy functional. If the entropy U(om) = [ U(p) dx satisfies the (stronger) MCCANN’s
DC(N) condition, then the same correspondence holds with BE(0, N), see Example 2.4
In both cases the flow corresponds to the diffusion equation

o= 2,P(0) (111)

with P(p) := oU'(0) — U(p), which is linear only in the case of the logarithmic entropy
limi}

The computations made in Examples and Example 2.4] involve regularity in time
and space of the potentials ¢ in ([LI0), whose proof is not straightforward already in the
smooth Riemannian context. Another difficulty arises from the degeneracy of the PDE
—divg(0Vyp) = w, which forces us to consider weak solutions ¢ in “weighted Sobolev
spaces”. Keeping in mind these technical difficulties, our goal is then to provide tools to
extend the calculations of these examples to a nonsmooth context, following on the one
hand the I'-calculus formalism, on the other hand the calculus in metric measure spaces
(X,d, m) developed in [5], [6], [30] and in the subsequent papers.

Now we pass to a more detailed description of the three main parts of the paper.

Part I

This first part, which consists of Section 3 and Section 4, is written in the context of a
Dirichlet form & on L?(X, m), for some measurable space (X, B) endowed with a o-finite
measure m. We adopt the notation H for L?(X, m), V for the domain of the Dirichlet form,
—L for the linear monotone map from V to V' induced by &, P; for the semigroup whose
infinitesimal generator is L.

We already mentioned the difficulties related to the degeneracy of our PDE; in addition,
since we don’t want to assume a spectral gap, we need also to take into account the
possibility that the kernel {f : E(f, f) = 0} of the Dirichlet form is not trivial. We then
consider the abstract completion V¢ of the quotient space of V and the realization V% of
the dual of V¢ as the finiteness domain of the quadratic form £* : V' — [0, oo] defined by

%8*(6, 0) :=sup(l, f) — %8(]0, f)
fev



Section is indeed devoted to basic functional analytic properties relative to the com-
pletion of quotient spaces w.r.t. a seminorm (duality, realization of the dual, extensions
of the action of L). The spaces V, V¢ and their duals are the basic ingredients for the
analysis, in Section B.3] of the nonlinear diffusion equation

%Q—LP(Q) =0 (1.12)
(which corresponds to (ILI1])) in the abstract context, for regular monotone nonlinearities
P; the basic existence and uniqueness result is given in Theorem [3.4] which provides also
the natural apriori estimates and contractivity properties.

Chapter 4 is devoted to the linearizations of the diffusion equation (LI2)). We first
consider in Theorem [l the (backward) PDE

%w + P'(o)Lp =14

which is the adjoint to the linearized equation and corresponds, when v = 0, to the
backward transposed ODE ([L9) of the heuristic Section 2l Existence, uniqueness and
stability for this equation is provided in the class W2(0, T; D, H) of L?*(0, T; D) maps with
derivative in L?(0,7T;H), where D is the space of all f € V such that Lf € H, endowed
with the natural norm.

In Theorem we consider the linearized PDE

L = L(P (o) (1.13)
dt

since (LI3) is in “divergence form” we can use the regularity of P’(g) to provide existence
and uniqueness (as well as stability) in the large class W'2(0,T;H, D) of L*(0,T';H)
maps with derivative in L?(0,T; D). Here D is the space of all £ € I’ such that, for some
constant C, |(¢, f)| < C||Lf]||m for all f € D (endowed with the natural norm provided by
the minimal constant C'). In Theorem .60 we prove that the PDE is indeed the linearization
of (LIZ) by considering suitable families of initial conditions and their derivative.

Part 11

This part is devoted to the metric side of the theory and builds upon the papers [5],
[41], [6], [27] with some new developments that we now illustrate.

Chapter 5 is mostly devoted to the introduction of preliminary and by now well es-
tabilished concepts in metric spaces (X,d), as absolutely continuous curves -y, metric
derivative ||, p-action A,(v) = [ |§[P d¢, slope |Df| and its one-sided counterparts |[D=f].
In Section we recall the metric/differential properties of the map

Quf @)= int () + 5P y)  weX,

given by the Hopf-Lax formula (which provides a semigroup if (X,d) is a length space).
Section and Section [5.4] cover basic material on couplings, p-th Wasserstein distance
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W,, absolutely continuous curves w.r.t. W, and dynamic plans. Particularly important
for us is the 1-1 correspondence between absolutely continuous curves p; in (Z(X), W,)
and time marginals probability measures 7 in C([0, 1]; X') with finite p-action o7,(m) :=
[ Ay(y) dm (), provided in [41]. In general only the inequality | [P < [ |%|P dm(v) holds,
and [41] provides existence of a distinguished plan 7r for which equality holds, that we call
p-tightened to fu.

Section introduces a key ingredient of the metric theory, the Cheeger energy that we
shall denote by Ch and the relaxed slope |D f|.,, so that Ch(f) =% [, [Df|2 dm. The energy
Ch is by construction lower semicontinuous in L?*( X, m); furthermore, under an additional
quadraticity assumption it has been shown in [6l B0] that Ch provides a strongly local
Dirichlet form, whose Carré du Champ is given by

ID(f +eg)la, — IDf]2
2¢ ’

L(f,g) = lggl

Motivated by the necessity to solve the PDE —divy(0V,p) = ¢, whose abstract counterpart
is

/Xgl“(go, fydm = (¢, f) Vf eV, (1.14)

in Section B.7] we consider natural weighted spaces V, arising from the completion of the

seminorm 4/ [ « oI'(f) dm, and the extensions of I' to these spaces, denoted by I',. In con-

nection with these spaces we investigate several stability properties which play a technical
role in our proofs.

Section [0 provides a characterization of p-absolutely continuous curves p, : [0,1] —
Z(X) in terms of the following control on the increments (where |D*¢p| is the usc relaxation
of the slope |Dy|):

/s@dus—/wdut
X X

Any function v in LP(X x (0, 1), m®@.2") will be called p-velocity density. In Theorem [G.6] we
show that for all p € (1, 00) a p-velocity density exists if and only if u, € ACP([0, 1]; 2(X))
(see also [32] for closely related results). In addition we identify a crucial relation between
the unique p-velocity density ¥ with minimal LP norm and any plan 7 p-tightened to pu,
namely

t
§/ / |D*p|v dp, dr p € Lipy(X), 0<s<t<1.
s JX

v(y,t) = [3| for m-a.e. v, for L-ae. t € (0,1). (1.15)

Heuristically, this means that even though branching cannot be ruled out, the metric
velocity of the curve v in the support of @ depends only on time and position of the curve,
and it is independent of 7.

In Section [l we use the minimal velocity density © to define, under the additional
assumption pg = osm, the weighted energy functionals

1
Aq(p; m) ::/0 /Xﬂ(s,gs)@pgsdmds, (1.16)
8



where Q(s,7) : [0,1] x [0,00) — [0,00] is a suitable weight function (the typical choice
will be Q(s,r) = w(s)Q(r) with Q(r) = rP’(r) — P(r)). Notice that when Q = 1 we have
the usual action fol [ 7 dpsds = A,(p), which makes sense even for curves not made of
absolutely continuous measures. If 7 is a dynamic plan p-tightened to p (recall that this
means @7,(mw) = A,(u)), we can use ([LI5) to obtain an equivalent expression in terms of
7T

Aq(p;m / /Q 8, 0s(7s))[¥s[P d7e () ds.

In Theorem [Tl we provide, by Young measures techniques, continuity and lower semiconti-
nuity properties of p — Agq(u; m) under the assumption that the p-actions are convergent.

In Section [ we restrict ourselves to the case when p = 2 and Ch is quadratic. For
curves [i; = p,m having uniformly bounded densities w.r.t. m we show in Theorem
that (11s)sejo1) belongs to AC?([0, 1]; (2(X), Wa)) if and only if there exists ¢ € L*(0, 1; V')
satisfying, for all f € V,

i/ fosdm =0,(f)  in 2'(0,1),

In addition £, € V,,_ for & La.e. s € (0,1) and they are linked to the minimal velocity v
by €*(ls, ls) = [ |vs| 0s ds. Thanks to this result, we can obtain by duality the potentials
b associated to the curve, linked to ¢, by (L14).

In Section [@ we enter into the core of the matter, by providing on the one hand a char-
acterization of strong CD*(K, N) spaces whose Cheeger energy is quadratic in terms of
convexity inequalities involving weighted action functionals and on the other hand a char-
acterization involving evolution variational inequalities. These characterizations extend
(C2), known [6l 2] in the case N = oo: the logarithmic entropy and the Wasserstein dis-
tance are now replaced by a nonlinear entropy and weighted action functionals. Section [O.1]
provides basic results on weighted convexity inequalities and the distorsion multiplicative
coefficients a,(.f)(é) (see (@.I5)), which appear in the formulation of the CD*(K, N) condi-
tion. Section introduces the basic entropies and their regularizations. In Section
we recall the basic definitions of CD(K, 00) space, of strong CD(K, 0o) space (involving
the K-convexity (LZ) of the logarithmic entropy along all geodesics) and Proposition
states their main properties, following [48]. We then pass to the part of the theory involv-
ing dimensional bounds, by recalling the Baker-Sturm CD* (K, N) condition which involves
a convexity inequality along Ws-geodesics for the Rény entropies Uy, defined in (IL4]) and
the distortion coefficients UE?/M(cS), see (@.44), for all M > N.

Theorem is our first main result, providing a characterization of strong CD*(K, N)
spaces in terms of the convexity inequality

Un (1) < (1= Uy (p10) + t Un () — KA (m)  for every t € 0,1]. (117

Here Agf,) (u;m) is the (¢, N)-dependent weighted action functional as in (LI]) given by the
choice QW (s,7) :=g(s,t)r /N where g is the Green function defined in (@.1]), so that

A(t (p;m / / (s,t)0" YN (x,5)5%(x, 5) 0, dm ds.
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Comparing with the CD*(K, N) definition ([@.44]), we can say that the distortion due to
the lower bound K on the Ricci tensor appears just as a multiplicative factor, and that the
distortion coefficients ag)/M(é) are now replaced by the (¢, N)-dependent weighted action
functional. Hence, K and N have more distinct roles, compared to the original definition.
Let us mention that a convexity inequality in the same spirit of (LI7]) was also obtained
in [29, Remark 4.18], the main difference being that in the present paper Uy is the Reny
entropy functional (I4]) while in [29] a similar notation is used to denote the logarithmic
entropy power ([LG).

Our second main result is given in Theorem and Theorem 0.221 More precisely,
in Theorem we prove that in strong CD*(K, N) spaces whose Cheeger energy is a
quadratic form, for any regular entropy U in McCann’s class DC(V) the induced functional
U as in (4] satisfies the evolution variational inequality

i
%i—tWS(Stgm, v) + U(Stom) < U(v) — KAug(p.4;m), (1.18)
where S is the nonlinear diffusion semigroup studied in Part I, w(s) = (1 —s), Q(r) =
P(r)/r=U'(r) = U(r)/r and {fts:}seoq) is the unique geodesic connecting p; = S;om to
v. The proof of this result follows the lines of [6] (N = oo, m(X) < oo) and [2] (where the
assumption on the finiteness of m was removed) and uses the calculus tools developed in
[5], in particular in the proof of (@.82). In Theorem [0.22] independently of the quadraticity
assumption, we adapt the ideas of [27] to prove that the evolution variational inequality
above (for all regular entropies U € DC(N)) implies the strong CD*(K, N) condition.
Moreover we can use Lemma to get the CD(K, 00) condition and then apply the
characterization of RCD(K, 0c0) spaces provided in [6] to obtain that Ch is quadratic.
Hence, under the quadraticity assumption on Ch, the strong CD*(K, N) condition and
the evolution variational inequality are equivalent; without this assumption, as in the case
N = oo, the evolution variational inequality is stronger.

Part III

This last part is really the core of the work, where all the tools developed in Parts
I and II are combined to prove the main results. The natural setting is provided by a
Polish topological space (X, 7) endowed with a o-finite reference Borel measure m and a
strongly local symmetric Dirichlet form & in L?(X,m) enjoying a Carré du Champ T :
D(&) x D(&) — LY(X, m) and a I-calculus. All the estimates about the BAKRY-EMERY
condition discussed in Section [I0l and the action estimates for nonlinear diffusion equations
provided in Section [IIldo not really need an underlying compatible metric structure. In any
case, in Section [[2] they will be applied to the case of the Cheeger energy (thus assumed
to be quadratic) of the metric measure space (X,d, m) in order to prove the main results
of the paper. Let us now discuss in more detail the content of Part III.

In Section [0 we recall the basic assumptions related to the BAKRY-EMERY condition
and we prove some important properties related to them; in particular, in the case of
a locally compact space, we establish useful local and nonlinear criteria to check this

10



condition. More precisely, we introduce the multilinear form I'y given by

Lo(f, g:) = % /X (F(f, 9)Le —T(f,Lg)p —T(g, Lf)w) dm,

with (f,g9,¢) € Dy(L) x Dy(L) x Dp=(L), where we set Vo, := VN L¥(X,m), Dy, :=
DN L*(X,m),

Dpp(L):={feDnLP(X,m): Lf e LP(X,m)}  pe[l, o0
Dy(L)={feD: Lf eV}

When f = g we also set

1
Lu(fip)i=Talf fio) = [ (3E( L =D L1)e) dm
X
The I'y form provides a weak version (see Definition 0.1l inspired by [12, I3]) of the
Bakry-Emery BE(K, N) condition [13] [IT]

Ta(fie) 2 K [ T(f)pdme+ 5 [ (LP*dm, V(fp) € Du(L) x Dim(L), o 2 0.

(1.19)
We say that a metric measure space (X, d, m) (see §[E.0) satisfies the metric BE(K, N) con-
dition if the Cheeger energy is quadratic, the associated Dirichlet form € satisfies BE(K, N),
and any f € V,, with F( f) € L*(X,m) has a 1-Lipschitz representative.

In Section [IQ.1], by an approximation lemma, on the one hand we show that in order
to get the full BE(K, N) it is enough to check the validity of (LI9) just for every f €
Dy(L) N Dp~(L) and every nonnegative ¢ € Dy (L). On the other hand, thanks to the
improved integrability of I' given by Theorem [I0.6, in Corollary [[0.7] we extend the domain
of Ty to the whole (D, )? and we give an equivalent reformulation of the BE(K, N) condition
for functions in this larger space. Local and nonlinear characterizations of the BE(K, N)
condition for locally compact spaces are investigated in Section [[0.2t in Theorem we
show that in order to get the full BE(K, N) it is enough to check the validity of (ILI9) just
for every f € Dy(L)NDp~(L) and ¢ € Dy (L) with compact support, and in Theorem [[0.1T]
we give a new nonlinear characterization of the BE(K, N) condition in terms of regular
entropies, namely

nmmm+/

XR((p) (Lf)*dm > K/XF(f) P(p)dm. (1.20)

This last formulation will be very convenient later in the work in order to make a bridge
between the curvature of the space and the contraction properties of non linear diffusion
semigroups.

Chapter [l is devoted to action estimates along a nonlinear diffusion semigroup. The
alm is to give a rigorous proof of the crucial estimate briefly discussed in the formal
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calculations of Example 24l To this purpose, in Theorem [[TI] we prove that if g; (resp.
¢y) is a sufficiently regular solution to the nonlinear diffusion equation 9,0, — LP(p;) = 0
(resp to the backward linearized equation 0,y + P'(0;)Lg; = 0) then the map t
Ealpr) = [ < Pt (apt) dm is absolutely continuous and we have

d1 :

55/ pil (@) dm = To(p; P(pr)) +/ R(p)(Lpy)?dm  ZL'-ae. in (0,7).  (1.21)
X X

Notice that this formula is exactly the derivative of the hamlltonlan < ptF(got) dm along

the nonlinear diffusion semigroup. It is clear from (L20) and (ﬂﬂ) that the metric

BE(K, N) condition implies a lower bound on the derivative of the hamiltonian, more

precisely in Theorem [[T.3] we show that the metric BE(K, N) condition implies

dl1

FT5) / pil (o) dm > K/ (0)T () dm Ltae. in (0,7), (1.22)

and its natural counterparts in terms of the potentials ¢, (introduced in Part IT) associated
to the curve g;m. The inequality (L22) should be considered as the appropriate nonlinear
version of the Bakry-Emery inequality [I3] (see also [7] for the non-smooth formulation,
and [I5] for dimensional improvements) for solutions o, p7—; to the linear Heat flow

(i; / pil (1) dm > K/ oL (1) dm ZL'ace. in (0,7), (1.23)

which characterizes the BE(K, 00) condition. In this case, due to the linearity of the Heat
flow and to the self-adjointness of the Laplace operator, the backward evolution ¢; can be
easily constructed by using the time reversed Heat flow and it is independent of p.

In the last Chapter [[21 we combine all the estimates and tools in order to prove the
equivalence between metric BE(K, N) and RCD*(K, N). To this aim, in Section [2.1] we
show some technical lemmas about approximation of Ws-geodesics via regular curves and
about regularization of entropies. Section is devoted to the proof of Theorem
stating that BE(K, N) implies CD*(K, N). This is achieved by showing that the nonlin-
ear diffusion semigroup associated to a regular entropy provides the unique solution of
the Evolution Variational Inequality (LI8]) which characterizes RCD* (K, N). In the same
section we prove the facts of independent interest that BE(K, N) implies contractivity in
W5 of the nonlinear diffusion semigroup induced by a regular entropy (see Theorem [I2.5]),
and that BE(K, N) implies monotonicity of the action Ay computed on a curve which is
moved by a nonlinear diffusion semigroup (see Theorem [[2.6)).

The last Section [2.3]is devoted to the proof of the converse implication, namely that if
(X,d,m) is an RCD*(K, N) space then the Cheeger energy satisfies BE(K, N). The rough
idea here is to differentiate the 2-action of an arbitrary Ws-curve along the nonlinear diffu-
sion semigroup and use the arbitrariness of the curve to show that this yields the nonlinear
characterization (L20) of BE(K, N) obtained in Theorem [[0.I1l The perturbation tech-
nique used to generate a sufficiently large class of curves is similar to the one independently

proposed by [16].
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Main notation

Symmetric Dirichlet form € and its Carré du Champ, Sect. 31
L?*(X,m) and the domain of &

VN Le(X,m)

Markov semigroup induced by &

Infinitesimal generator of P

Domain of L, (5.32])

DN L*(X, m)

Homogeneous space associated to &€, Sect.

Dual of a quadratic form Q, (3.10)

Weighted quadratic form and Carré du Champ

Abstract completion of the domain of €,

Riesz isomorphism between V), and V,, (5.72)

metric velocity, or speed, Sect. [5.1]

p-absolutely continuous paths

p-action of a path ~y, (5.4

Lipschitz and bounded Lipschitz functions f : X — R
Lipschitz constant of f € Lip(X)

Slopes of f, (&5), (57

Hopf-Lax semigroup, (5.9)

Borel sets and Borel probability measures in X

Probability measures with finite p-moment

Absolutely continuous probability measures

p-Wasserstein extended distance in (X))

Evaluation maps v + 75 at time s

p-action of w € Z(C([0,1]; X)), (5I1)

Optimal geodesic plans, (5.21])

Cheeger relaxed energy, (5.25])

Minimal weak gradient, (5.20))

Weighted energy functional induced by 9, (7.4))

Weighted energy functional along a geodesic from pg to p;
Green function on [0, 1], (@)

Distorted convexity coefficients, ([@.15])

Entropy function and the induced entropy functional, ([@27), (@28
Pressure function induced by U, (0.27)

Nonlinear diffusion semigroup associated to an entropy U
Entropies satisfying the N-dimensional McCann condition, Def.
Curvature dimension conditions, Sect.

Riemannian curvature dimension condition, Def.

I’y tensor and Bakry—Emery curvature dimension condition, Sect. [0.1]
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2 Contraction and convexity via Hamiltonian esti-
mates: an heuristic argument

Let us consider a smooth Lagrangian £ : R? x RY — [0, 00), convex and 2-homogeneous

w.r.t. the second variable, which is the Legendre transform of a smooth and convex Hamil-
tonian H : R? x (R%)* — [0, c0), i.e.

L(SL’,’UJ) = Ssup <w7§0> - j{(xv 4,0)7 j‘f(:{},gp) = sup <307w> - ,E(LL’,U)); (21)

pe(R)* weRd

We consider the cost functional
1
C(xg, z1) := inf {/ L(xz(s), (s))ds : z € C([0,1]; RY), 2(i) = z;, i =0, 1} (2.2)
0

and the flow S; : RY — R? given by a smooth vector field § : R? — R?, i.e. x(t) = S4(Z) is
the solution of

d _
e =f®), 20 =z (2.3)

We are interested in necessary and sufficient conditions for the contractivity of the cost €
under the action of the flow S;.

As a direct approach, for every solution z of the ODE (Z3]) one can consider the
linearized equation

d
(1) = Di((t)w(?). (2:4)

It is well known that if s — Z(s) is a smooth curve of initial data for (Z3]) and x(t,s) :=
S:Z(s) are the corresponding solutions, then 0sx(t, s) solves ([2.4]) for all s, i.e.

w(t, s) = %x(t, s) satisfies %w(t, s) = Df(x(t, s))w(t,s), w(0,s)=1xz(s). (2.5)
It is one of the basic tools of [45] to notice that S satisfies the contraction property

G(ST[Z’(), STi’l) < e(i’o, Zi'l) for every g, r; € ]Rd, T>0 (26)
if and only if for every solution z of (2.3]) and every solution w of (2.4]) one has

d

aL(m(t),w(t)) <0. (2.7)
As we will see in the next sections, in some situations it is easier to deal with the

Hamiltonian H instead of the Lagrangian £. In order to get a useful condition, we thus

introduce the backward transposed equation

() = ~Di((t) (1) 2.3
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It is easy to check that w'(t) = A(t)w(t) and ¢'(t) = —A(t)T¢(t) imply that the duality
pairing (w(t), p(t)) is constant. Hence, choosing A(t) = Df(z(t)) gives

t — (w(t), ¢(t)) is constant, whenever w solves (2.4)), ¢ solves (ZJ)). (2.9)

In the next proposition we assume a mild coercitivity property on £, namely

R
L(z,w) > v(|z])|w]? with }%im / VA(r)dr = o0

— 00 0
for some continuous function 7 : [0,00) — (0, 00). Under this assumption, by differentiating
the function ¢ — f“;(g))” V() dr, it is easily seen that

1
sup |2, (0)] +/ L(xn(s),2n(s))ds <oo = sup I[rolai? |z,| < 0. (2.10)
n 0 ’

n

Proposition 2.1 (Contractivity is equivalent to Hamiltonian monotonicity) The
flow (St)i>0 satisfies the contraction property (20) if and only if

%.‘H(m(t), o(t)) >0 whenever z solves 23) and ¢ solves (2.8)). (2.11)

Notice that the monotonicity condition (ZII) can be equivalently stated in differential
form as

(Hy(z, 0), f(2)) — (Hp(z, ), Df(2(t))Te) > 0 for every z € R, ¢ € (RY)*. (2.12)

Proof. Let us first prove that ZII) yields Z8). Let z € C([0,1];R?) be a curve con-
necting Ty to 71, let z(¢, s) := S;z(s) and w(t, s) := dsx(t, s). The thesis follows if we show
that

L(z(T, s),w(T,s)) < L(z(s),z(s)) for every s € [0,1], T >0, (2.13)

since then

G(a:(T,O),x(T,l))S/O L(x(T,s),w(T,s))dsS/o L(z(s),x(s))ds

and it is sufficient to take the infimum of the right hand side w.r.t. all the curves connecting
) to x1.
For a fixed s € [0,1] and 7" > 0 we consider a sequence @,(s) such that
L(x(T,s),w(T,s)) = lim (w(T,s), gn(s)) = H(z(T' 5), Guls)), (2.14)

n—o0

and we consider the solution ¢, (t, s) of the backward differential equation with terminal
condition

o alt,9) = ~Di(a(t, ) enlts), 0SEST, pu(T,5) = @uls)
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By 23) and ([Z3) we get (w(T, s), ¢n(s)) = (w(0,s),»(0,s)). In addition we can use the
monotonicity assumption (ZI1]) to get

H(z(T, s), puls)) = H(Z(s), (0, 5)).
It follows that

(w(T, 5), on(s)) = H(x (T, 5), Puls)) w(0,5), on(0,5)) = H(Z(s), n(0, )

{
L(z(s),w(0,5))

IA A

and passing to the limit as n — oo, by (ZI4) we get (ZI3) since w(0, s) = z(s).
In order to prove the converse implication, let us first prove the asymptotic formula

. C(x(0),z(0)) :
161%1 — s = L(z(0),2(0)) (2.15)

for any curve s — x(s) right differentiable at 0. Indeed, notice first that the inequality

lim sup w < L(z(0),2(0))
510

immediately follows considering an affine function connecting z(0) and z(J). In order to
get the liminf inequality, notice that for any curve s — y(s) and any vector ¢ one has

/Olz(y(s),yf(s))ds > /01 <<y(8),<p> _g{(y(s)’go)) ds
= ) -30).9) - [ )9

so that choosing an almost (up to the additive constant §%) minimizing curve y = x5 :
[0, 1] — R? connecting x(0) to x(d) and replacing ¢ by dp with § € (0, 1), the 2-homogeneity

of H yields
5o e(:c(o;;x(a)) . <x(5) - x(o)’¢> _/0 H(s(s), ) ds.

Since (Z.I0) provides the relative compactness of x5 in C([0,1]; RY) and since v > 0, it is
easily seen that zs uniformly converge to the constant x(0) as § | 0. Therefore, passing to
the limit as § | 0 we get

lim inf —G(x(O), Q)

0 52 > (2(0), ) — H(z(0), ¢)

and eventually we can take the supremum w.r.t. ¢ to obtain (ZI5).
If (28] holds and x(t) and ¢(t) are solutions to (Z3) and (Z8) respectively, we fix
to > 0 and w € R? such that

H(x(to), p(to)) = (w, ¢(to)) — £(x(to), w). (2.16)
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We then consider the curve s — x(ty) + sw and we set x(t,s) = Si—¢, (2(ty) + sw), so that
w(t) = Osx(t, s)|,_, is a solution of (Z4) with Cauchy condition w(tg) = w. For ¢ > t, we
can use twice (ZI5]) and (2.9) once more to obtain

C(z(t,0),x(t,9))

et o) > (plt),w(t)  tim L0
= ot w) -ty S0 020000

(p(to), w) — L (x(ty), w) B F(x(ty), p(to)).

O

We can refine the previous argument to gain further insights when H, £ are quadratic
forms and § is the gradient of a potential U. More precisely, we will suppose that

S w) = (G w), H(rp) = (e H@)e), H@ =6, (217

and G(z) are symmetric and positive definite linear maps from R¢ to (R?)*, smoothly
depending on z € R%. The vector field f is the (opposite) gradient of U : R? — R with
respect to the metric induced by G if

(G(x)f(z),w) = (~=DU(x),w) for every w € RY, ie. f(x) = —H(x)DU(z).  (2.18)

In [27] it is shown that U is geodesically convex along the distance induced by the cost €
if and only if

C(Zo, Stx1) + t(U(St(:El)) — U(:EO)> < C(Zg, ;) for every Tp, T; € RY ¢t >0. (2.19)
Here is a simple argument to deduce (2.19]) from 2IT]).
Lemma 2.2 Let £, H, | be given by 211) and 2ZI8). Then @RII) yields (219).
Proof.  Let us consider a curve Z(s) connecting Zo to Z; and let us set

y(t,s) = Su(@(s)), a(t,s):=y(st,s), =2(t,s):= %y(t, s), w(t,s) = %!E(t, s),
so that (2I8) gives

w(t,s) = z(st,s) + tf(x(t, s)) = z(st, s) — tH(x(t, s))DU(x(t, s)). (2.20)

Clearly for every t > 0 the curve s — x(t, s) connects Zy to S;z; and therefore

6(£O,Stz1)§/0 L(x(t,s),w(t,s))ds, U(Sti’l)—U(:Z’O):/O (DU (x(t,s)),w(t,s))ds.
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It follows that

C(Zo, Si1) + t(U(St(:Zl)) . U(:EO)> < /0 1 (L(:c(t, s), w(t, ) + H{DU (a(t, 5)), w(t, s)>> ds.

For a fixed s € [0, 1] the integrand satisfies

L(x(t,5), w(t, s)) + HDU((t, 5)), wt, s)) (2.21)
= ¢€SEIJR8)*<¢ —i—tDU(I(t, S)),w(t, S)> — :}C(I(t7 5)7¢)
= Es(llle)*@o,w(t, s)) — H(x(t, s), o —tDU(z(t, 5))).

Substituting the expression (2Z20) and recalling (2.I7) we get

(o, w(t,s)) — H(x(t, s), o —tDU(x(t, 5)))
= (. 2(st, s)) — t{p, H(z(t, 5))DU (2(t, 5))) — H(x(t, 5), o — tDU(z(t, 5)))
= <Q0> Z(St S)> }C(x(ta S)a 90) - t2g'f(£l:'(t, S)a DU(I(t> S))) < <Q0> Z(St> S)> - }C(x(ta S)a 90)'

Choosing now an arbitrary curve ¢(s) and solutions ¢(7, s) of

0
5-(78) = =Diy(r,5))T(r,5), 0=<7<st, p(st,s) = (s)
-
we can use the monotonicity assumption and (2.9) to obtain

{o(s), 2(st, 8)) — H(x(t, 5), 0(s)) < ((0, 8),2(0, 5)) — H(x(0, 5), 0(0, 5))
= (p(0,5), (0, s)) = H(x(0, 5), (0, 5))
L(z(s), w(0,5)).

Since ¢(s) is arbitrary and w(0, s) = Z(s), considering a maximizing sequence (¢, (s)) in
([221) we eventually get

IN

1
€(a0, i) + (U (Si(31)) = Ulao) ) < / £(2(s), 7 (s)) ds
0
and taking the infimum w.r.t. the initial curve  we conclude. 0
In order to understand how to apply the previous arguments for studying contraction
and convexity in Wasserstein space, let us consider two basic examples. For simplicity

we will consider the case of a compact Riemannian manifold (M?, d, m) endowed with the
distance and measure associated to the Riemannian metric tensor g.

Example 2.3 (The Bakry-Emery condition for the linear heat equation) In the sub-
space of smooth probability densities (identified with the corresponding measures) the
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Wasserstein distance cost €(gg, 01) = %sz(gom, o1m) is naturally associated to the Hamil-
tonian

1
H(o.0) =5 [ IDelZodm: (222
X
in fact the Otto-Benamou-Brenier interpretation yields
1
C(go, 01) = inf {/ L(0s,0s)ds : s+ ps connects g to gl}, (2.23)
0
where .
L(o,w) = 5/ |Dg0|§gdm, —divg(oVyp) = w, (2.24)
X
ie. .
L(o,w) = sup / pwdm — —/ |Dg0|§gdm. (2.25)
¢ Jx 2 Jx

In other words, the cotangent bundle is associated to the velocity gradient Ve and the
duality between tangent and cotangent bundle is provided by the possibly degenerate
elliptic PDE

— divy(oVyp) = w. (2.26)

If we consider the logarithmic entropy functional U, (o) := f « ¢log odm, then its Wasser-
stein gradient flow corresponds to the linear differential equation

d

&Q = Ago (2.:27)

and thus the backward equation (2.8 for ¢ corresponds to
d

—p = —A4p. 2.2
¥ o (2.28)
Evaluating the derivative of the Hamiltonian one gets
—H (01, 01) = 545 [ 0|Dpslgdm = = [ Agor|Dopy[gdm + | 0i(Dps, D(—Ag¢1))g dm
dt 2dt Jx 2 Jx X

1
_ /X o(580/Di 2 — (D, D)y ) dm
Since o > 0 and ¢ are arbitrary, (ZI1]) corresponds to the Bakry-Emery BE(0, 0o) condition

1
Ta(p) = §A9|Dgpt|§ — (D, DAgpr)g >0 for every ¢.

It is remarkable that the above calculations correspond to the Bakry-Ledoux [15] deriva-
tion of the I's tensor: if P, denotes the heat flow associated to (221, it is well known that

d
R20 e —(PIDPpl) 20
ds
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or, in the integrated form,

1d

d
2ds Pso |DPt—S‘p‘§ dm = —H(Pspo,P;_sp) >0 for every ¢, 0 > 0.
X

ds

Thus the combination of the forward flow P,o, and the backward flow P, ;¢ in the deriva-
tion of I'y tensor corresponds to the Hamiltonian monotonicity (2.11]).

Example 2.4 (The Bakry- Emery condition for nonlinear diffusion) If we apply the

previous argument to the entropy functional U(p) = [, U « U(0)dm, we are led to study the
nonlinear diffusion equation

d . /

2= 8Pl with  P(o):=oU'(e) - Ulo). (2.29)

The corresponding linearized backward transposed flow is

d )
i —P'(0)Agp (2.30)

and, setting R(p) := oP’(0) — P(p), we get

d

&j{(@tﬂ@t)

1d ,
= 55/ Qt‘DSOt|g dm

1 ,
- 5/ AgP(01)|Dipy|2 dm — / 0:(Depy, D(P'(01) Agepr))g dm

/ &D@MM+/P@WMJMM%—/&meWQMMmNm
X X

/ (00)T2 (¢ dm+/X(—P(@t)+@tP’(@t))(Ag%)zdm—/XAQMD%,DP(&»gdm

/ Ay (D, Do) g dm
—/XP(&)B(%) dm+/XR(@t)(Agsot)2dm-

If U satisfies McCann’s condition DC(N), so that R(o) > —=P(0), and the Bakry-Emery
condition BE(0, N) holds, so that I'y(p) > +(Agp)?, we still get <3 (o, ¢) > 0.

Example 2.5 (Nonlinear mobilities) As a last example, consider [28] the case of an
Hamiltonian associated to a nonlinear positive mobility A

H(e.¢)i= 3 [ ho)IDglidm (231)
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under the action of the linear heat flows ([Z27) and ([Z28): with computations similar to
those of the previous examples we get

d 1d ,
Gl = 55 [ Me)Dgfim
1

—5 [ Wle)daiDpfdm — [ (o) DpDAGR))dm
X X

1

1 "
:§/XAg(h(gt))lD<pt|§dm—/Xh(gtxD@t,DAgcpt»gdm—§/Xh (00)|Doy|? Dy |2 dm

1 i
- / h(o)Ta(ipr) dm — / W' (0)IDarf2 D2 dm.
X 2 X

If h is concave and the Bakry-Emery condition BE(0, c0) holds, we still have %J’C(g, ) >0.
According to Proposition 2.1], this property formally corresponds to the contractivity of
the h-weighted Wasserstein distance W), associated to the Hamiltonian (2.31]) along the
Heat flow, a property that has been proved in [24] Theorem 4.11] by a different method.

Part 1
Nonlinear diffusion equations and
their linearization in Dirichlet spaces

3 Dirichlet forms, homogeneous spaces and nonlinear
diffusion

3.1 Dirichlet forms

In all this first part we will deal with a measurable space (X, B), which is complete with
respect to a o-finite measure m : B — [0, oo]. We denote by H the Hilbert space L*(X,m)
and we are given a symmetric Dirichlet form € : H = L*(X, m) — [0, oc] (see e.g. [I7] as a
general reference) with proper domain

V=D(&):={feLl*X,m):&(f) <oo}, with Vi :=VNLX, m). (3.1)
V is a Hilbert space endowed with the norm

LA = NN my + ECF); (3.2)

the inclusion of V in H is always continuous and we will assume that it is also dense

(we will write V & H); we will still denote by E(+,-) : V — R the symmetric bilinear
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form associated to €. Identifying H with its dual H', H is also continuously and densely
imbedded in the dual space V', so that

VEH=H SV isastandard Hilbert triple (3.3)
and we have
(f,9) :/ fgdm whenever f € H, g€V (3.4)
X

where (-, ) = (-, -)y denotes the duality pairing between V" and V, when there will be no
risk of confusion.

The locality of € and the I'-calculus are not needed at this level: they will play a crucial
role in the next parts. On the other hand, we will repeatedly use the following properties
of Dirichlet form:

Voo is an algebra,  €'2(fg) <[|fll€"%(9) + lgllE*(f) f, 9 € Vs, (DF1)
if P:R — R is L-Lipschitz with P(0) = 0 then the map f — Po f (DF2)
is well defined and continuous from V to V with &(Po f) < L*&(f),
if P;: R — R are Lipschitz and nondecreasing with P;(0) =0, i = 1,2, then (DF3)
E(Prof,Pyof)>0 forevery feV.

We will denote by —L the linear monotone operator induced by &,

L:V—=V, (=Lfg) :=¢&(fg) forevery f,geV, (3.6)
satisfying
2

[(Lf.g)|” < &(f. f)€E(g.g) forevery f, g€V, (3.7)

and by D the Hilbert space
D:={feV:LfeH} endowed with the Hilbert norm || f[|3 := || f[|3 -+ ||ILf|7- (3-8)
Thanks to the interpolation estimate
lellv < Cllelli” llells™  for every ¢ € D, (3.9)

which easily follows by the identity &(p, 0) = — [ + 0Lodm, the norm of D is equivalent to
the norm || f][f; + [[Lf/f-
We also introduce the dual quadratic form £* on V', defined by

%8*(6, () :=sup (¢, f) — %8(f, f)- (3.10)
fev

It is elementary to check that the right hand side in ([BI0) satisfies the parallelogram rule,
so our notation £*(¢, /() is justified (and actually we will prove that £*, when restricted
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to its finiteness domain, is canonically associated to the dual Hilbert norm of a suitable
quotient space; see the following Section for the details).

The operator L generates a Markov semigroup (P¢);>o in each LP(X,m), 1 < p < oo:
for every f € H the curve f; := P, f belongs to C!((0,00); H) N C°((0,00); D) and it is the
unique solution in this class of the Cauchy problem

d
&ft =Lf, t>0, lti% fi = f strongly in H. (3.11)

The curve (f;)>0 belongs to C([0, 00); H) if and only if f € D and in this case
fe— 1
t

lim

i =Lf strongly in H. (3.12)
t

(P¢)i>0 is in fact an analytic semigroup of linear contractions in H and in each LP(X, m)
space, p € (1, 00), satisfying the regularization estimate

1 1
SIPUI + (P + RILPIE < SIFIE  for every ¢ > 0. (313)

The semigroup (P;);>¢ is said to be mass preserving if
/ P.fdm = / fdm Vt>0  forevery f € L' N L*(X,m). (3.14)
b b

Since (P;);>o is a strongly continuous semigroup of contractions in L'(X, m), the mass
preserving property is equivalent to

/ Lfdm =0 forevery f € DN L' (X, m) with Lf € L'(X, m). (3.15)
X

When m(X) < oo then (814 is equivalent to the property 1 € D(€) with £(1) = 0.

3.2 Completion of quotient spaces w.r.t. a seminorm

Here we recall a simple construction that we will often use in the following.
Let N be the kernel of € and L, namely

N::{feV:S(f,f):O}:{feV:Lf:O}. (3.16)
It is obvious that N is a closed subspace of V and that it induces the equivalence relation
f~g < [f—geN. (3.17)

We will denote by V= V/~ the quotient space and by f the equivalence class of f (still
denoted by f when there is no risk of confusion); it is well known that we can identify the

dual of V with the closed subspace N+ of V', i.e.

V:NL:MEV’: (¢, f)y =0 forevery f € N}. (3.18)

24



Since € is nonnegative, we have E(f1, g1) = E(fo, go) whenever fy ~ f; and gy ~ g1, so that
€ can also be considered a symmetric bilinear form on @', for which we retain the same
notation. The bilinear form € is in fact a scalar product on V, so that it can be extended
to a scalar product on the abstract completion Ve of V, with respect to the norm induced
by €. The dual of Ve will be denoted by (Ve)'.

In the next proposition we relate (Vz)' to V' and to the dual quadratic form £* in ([B10).

Proposition 3.1 (Basic duality properties) Let V, &, V be as above and let Ve be the
abstract completion of V w.r.t. the scalar product €. Then the following properties hold:

(a) (V&) can be canonically and isometrically realized as the finiteness domain of E* in
V', endowed with the norm induced by E*, that we will denote as V.

(b) If ¢ € Vi and (f,,) is a mazimizing sequence in (BI0), then the corresponding elements
in Ve strongly converge in Ve to f € Ve satisfying

0= ()~ 58D, EWO=Eff) (3.19)

(¢) The operator L in ([B6) maps V into V{; it can be extended to a continuous and linear
operator Lg from Ve to Vi and —Lg : Ve — V/ is the Riesz isomorphism associated
to the scalar product & on V.

(d) €(0,—Lf) = ((, f) forall L€ V!, f € V.

Proof. (a) The inequality 2|(¢, f)| < E(f, f) + €*(¢,¢), by homogeneity, gives |(¢, f)| <
(E(f, f))/2(E*(¢,0))/2. Hence, any element ¢ in the finiteness domain of €* induces a
continuous linear functional on V and therefore an element in (V;)’, with (dual) norm less
than (&%(¢,0))/2. Conversely, any ¢ € (V¢)" induces a continuous linear functional in V,
and then a continuous linear functional ¢ in V, satisfying [£(f)| < ||€||¢sy (E(f, f))/% By
the continuity of €, ¢ € V'; in addition, the Young inequality gives £*(¢,¢) < ||¢ ||%V£ -

(b) The uniform concavity of g — (¢, g) — %E(g, g) shows that E(f, — fu, fn— fm) = 0
as n, m — oo. By definition of Ve this means that (f,,) is convergent in V;. Eventually
we use the continuity of (£,-) in V¢ to conclude that the first identity in ([B.19) holds. The
second identity follows immediately from 2(E(f, f))Y2(E*(L, 0))V/2 > E(f, f) + E*(L, 1),

(c) By (87), L can also be seen as an operator from V to Ve, with [[Lf(lv; < (E(/, 2
forall f € V. Tt extends therefore to the completion Vg of V. Denoting by Lg the extension,
let us prove that —L¢ is the Riesz isomorphism.

We first prove that —L¢ is onto; this follows easily proving that, for given ¢ € V¢, the

maximizer f € Ve given by (b) satisfies £ = —L¢ f. Since V is dense in Ve, we obtain that
{E e Vi: £ =—Lf for some f € @'} is dense in V;. (3.20)

Computing E*(—=Lf, —Lf) for f € V and using the definition of & immediately gives
E*(=Lf,—Lf) = E(f, f). By density, this proves that —Lg is the Riesz isomorphism.
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(d) When £ = —Lg for some g € V it follows by polarization of the identity &*(—Lh, —Lh) =

E(h, h), already mentioned in the proof of (¢). The general case follows by (B.20). O

We can summarize the realization in (a) by writing

Ve=DE)={teV: [{(,)] <CVE(f f) forevery f eV}, (3.21)

According to this representation and the identification H = H', f € H belongs to V¢ if and
only if there exists a constant C' such that

/ngdm‘ SC(E(g,g)>1/2 Vg e V.

If this is the case, we shall write f € H N V..

Remark 3.2 (Identification of Hilbert spaces) In the usual framework of the varia-
tional formulation of parabolic problems, one usually considers a Hilbert triple as in (3.3])
V C H= H' C V' so that the duality pairing (¢, f) between V' and V' coincides with the
scalar product in H whenever ¢ € H. In this way the definition of the domain D of L as
in (B:19) makes sense. In the case of Ve, V! one has to be careful that Ve is not generally
imbedded in H and therefore H is not imbedded in Vg, unless € is coercive with respect to
the H-norm; it is then possibile to consider the intersection H N V! (which can be better
understood as H' N'V{). Similarly, V is imbedded in V¢ if and only if V¢ is dense in V', and
this happens if and only if N = {0}, i.e. € is a norm on V.

The following lemma will be useful.
Lemma 3.3 The following properties of the spaces H, V and Vi hold.
(a) A function f € H belongs to V if and only if

/ ngdm‘ < C(e(g,g))1/2 Vg € D. (3.22)
X

(b) {Lf: feD} isdensein Vi and, in particular, HNV{ is dense in V.

Proof. (a)If f € V we can integrate by parts and conclude via Cauchy-Schwartz inequality
by choosing C' = &(f, f)'/2. To show the converse implication first of all note that the
property (3:22) is stable under the action of the semigroup (P;);>o. Thus we can argue by
approximation by observing that if f € D one can choose g = f; then integrate by parts
on the left hand side to obtain &(f, f) < C2.

(b) Let us consider an element ¢ € V¢ such that

E(,Lf)=0 forevery feD.
Applying Proposition BI(d) we get
(0, f)y =0 forevery feD.
Since ¢ € V" and D is dense in V we conclude that ¢ = 0. U
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3.3 Nonlinear diffusion

The aim of this section is to study evolution equations of the form
d

32~ LP( =0, (3.23)

where P : R — R is a reqgular monotone nonlinearity satisfying
PcC'R), P0)=0, 0<a<P(r)<a! foreveryr>0. (3.24)

The results are more or less standard application of the abstract theory of monotone
operators and variational evolution equations in Hilbert spaces [18, 19, 20, 21], with the
only caution described in Remark and the use of a general Markov operator instead of
a particular realization given by a second order elliptic differential operator.

If Hy, Hy are Hilbert spaces continuously imbedded in a common Banach space B and
T > 0 is a given final time, we introduce the spaces of time-dependent functions

W2(0,T; Hy, Hy) = {u € WH(0,T;B) : uwe L*0,T; Hy), o € L*(0,T; HO)}, (3.25)
endowed with the norm

||u||%/[/1’2(0,T;H1,H0) = HUH%Z(O,T;Hl) + HuHiz(O,T;HO)' (3.26)

Denoting by (Hy, H1)g2, ¥ € (0, 1), the family of (complex or real, [40, 2.1 and Thm. 15.1],
[54, 1.3.2]) Hilbert interpolation spaces, the equivalence with the so-called trace Interpola-
tion method [40, Thm. 3.1], [54, 1.8.2], shows that

if Hy < Hy then WW"(0,T;Hy, Hy) — C([0,T); (Ho, Hi)1/22), (3.27)

with continuous inclusion.
As a possible example, we will consider W2(0,T;V,V{) (in this case V and V} are
continuously imbedded in V') and W'2(0, T; D, H). Since [40, Prop. 2.1]

VCV, (V,V)ipo=H, and (D,H)ip,=V,
we easily get
Wh2(0,T;V,Vg) < C([0,T); H),  W"*(0,T;D,H) < C([0,T}; V), (3.28)
Let us fix a regular function P according to ([B.24]): we introduce the set
ND(0, T) = {g e WL2(0,T:H) N CL([0,T]; V2) : P(o) € L2(0, T; D)}. (3.29)

Notice that
ND(0,T) C C([0,T]; V). (3.30)

Indeed, if o € ND(0,T) then by the chain rule P(p) € W12(0,T; D, H), so that P(p) €
C([0,T); V) thanks to (328). Composing with the Lipschitz map P~! provides the conti-
nuity of ¢ in V thanks to (DE2).
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Theorem 3.4 (Nonlinear diffusion) Let P be a reqular function according to (B.24).
For every T > 0 and every g € H there exists a unique curve o = Sg € W'2(0,T;V, V)
satisfying

d
Tl LP(o) =0 ZL'-a.c.in (0,T), with oy = 0. (3.31)

Moreover:

(ND1) For everyt > 0 the map 0 — S;0 is a contraction with respect to the norm Vi, with
t
IS:2" — Se2®[[%, + 2a / / S,;8" = S, dmdr < |3 — 2|3 (3.32)
0 Jx
(ND2) If W € CHY(R) is a nonnegative convex function with W(0) = 0, then

/XW(Qt)dm%—/OtE(P(gr),W’(gr))dr:/XW(g)dm vt > 0. (3.33)

Moreover, for every convex and lower semicontinuous function W : R — [0, o]

/X W (o) dm < /X W (g) dm. (3.34)

In particular, S; is positivity preserving and if 0 < o0 < R m-a.e. in X, then
0< o0 <Rm-a.e. in X for everyt > 0.

(ND3) If g €V then o € ND(0,T) c C([0,T); V)N C*([0, T); V{) and

1
lim —(0rn — 01) = LP(0:)  strongly in Vg, for all t > 0. (3.35)
h—0 h

(ND4) The maps S, t > 0, are contractions in L' N L*(X, m) w.r.t. the L'(X,m) norm
and they can be uniquely extended to a C°-semigroup of contractions in L'(X,m)
(still denoted by (St)i>0). For every g; € L*(X,m), i = 1,2,

/ (St02 — St01)+ dm < / (02 — 01)+dm  for every t > 0. (3.36)
X X

In particular S is order preserving, i.e.
01< 02 = 501 <502 foreveryt>0. (3.37)

Moreover, if o € L*(X, m) with bounded support, then S;0 — Finally, if Py is mass
preserving then

/ S;odm = / odm for every p € L'(X,m), t>0. (3.38)
X X
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We split the proof of the above theorem in various steps. First of all, we introduce the
primitive function of P,

V(r):= / P(z)dz, (3.39)
0
which, thanks to ([B:24), satisfies

a o 1,
_ < < > (). 4
2r <V(r)< 2ar Vr >0 (3.40)

We adapt to our setting the approach of [I9], showing that the nonlinear equation (331])

can be viewed as a gradient flow in the dual space V{ driven by the integral functional
V:V — [0, 00] defined by

/ V(o)dm if o € H,
X
+00 if o € V'\ H,

V(o) := (3.41)

associated to V.

Since H is not included in V{ in general, if ¢ is a solution of (3.31) with an arbitrary
o0 € H only the difference o, := g, — p, will belong to V{; therefore it is useful to introduce
the family of shifted functionals V, : V' — [0, 00|, n € H, defined by

V(o) :=V(n+o0), for every o € V'. (3.42)

Notice that, thanks to (8:40), V,, is finite on H. Dealing with subdifferentials and evolutions
in Vi, we consider the restriction of V, to Vi, with D(V,) := Vi N H and we shall denote
by 0V, (-) the E*-subdifferential of V,, defined at any o € D(V,) as the collection of all
¢ € V; satistying

E(L,C—0) S V()= Vylo) V¢ € D(V,).

In the next lemma we characterize the subdifferentiability and the subdifferential of V,).
Lemma 3.5 (Subdifferential of V,)) For every n € H the functional V,, : Vi — [0, o]
defined by [B.42) is convex and lower semicontinuous. Moreover, for every o € D(V,) we

have
tedVy(oc) <= Plo+n eV, (=-LP(c+n). (3.43)

In particular OV, is single-valued in its domain and D(OV,) ={c € H: P(o +n) € V}.

Proof. 'The convexity of V, is clear. The lower semicontinuity is also easy to prove, since
V,(0,) < C < oo and 0,, = 0 weakly in Vi imply that ¢ € H and o,, weakly converge to
o in H, by the weak compactness of (0,,) in the weak topology of H.
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The left implication <= in (3.43)) is immediate, since by Proposition BI(d) and the fact
that ( —oc e HN'V;

&(-LP(+1).=0) = [ Plotnc=adn= [ Plr+n)((C+m)—(o+m)dm

X

< [ (Vic+m =Vie+n)dm =)= V,fo).

where we used the pointwise property P(z)(y —z) < V(y) — V() for every x, y € R.
In order to prove the converse implication =, let us suppose that ¢ € 9V, (o); choosing
(=0+¢ep, with p € HNVZ, we get

E o) <e! (\7,7(0 +ep) — \7,7(0)) < /X Plo+n+ep)pdm.

Passing to the limit as ¢ | 0 and changing ¢ into —¢ we get
EX (L, p) :/ P(oc+n)pdm for every ¢ € HN V;.
b's

Choosing now ¢ = —Lf with f € D we get

1/2
)

_/Xp(ngn)Lfde H£||Vé(8(faf)>

so that Lemma [B.3|(a) yields P(c +n) € V. Therefore (using Proposition B.I(d) once more
in the last equality), we get

et -Lf) = - [ PlotnLidn=&(P(r+).5
X
= —(LP(o+n), f) = &(=LP(o +n), -Lf)
for all f € D, and this proves that ¢ coincides with —LP(o + ). O

Proof of Theorem[3.4] Let p € H and let n € H be any element such that ¢ := og—n € Vi
(in particular we can choose n = g, so that ¢ = 0; as a matter of fact,  plays only an
auxiliary role in the proof and the solution p will be independent of n). Setting o, := 0, — 17,
the equation (B3.31]) is equivalent to

d d

0 LP(oc+mn)=0, ie. Fridy IV,(0) >0, with oy =a, (3.44)
where 0V, is the subdifferential of V,, characterized in (B.43).

Proof of existence of solutions and (ND1). Since Lemma [B.3|(b) provides the density of the
domain of V, in Vg, existence of a solution o € C([0,77;V;) satisfying LP(c + n), %O’ €
L*(0,T;V{) (and thus P(oc+n) € L*(0,T;V)) follows by the general theory of equations in

Hilbert spaces governed by the subdifferential of convex and lower semicontinuous functions
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[19], so that g; := oy + n satisfies (B31)). Since P(p) € L*(0,T;V) and P satisfies the reg-
ularity property ([B.24)), we also get o € L?(0,T;V); since %Q e L*0,T; V) c L*0,T;V")
we deduce ¢ € C([0,T]; H) by [B.28).

The abstract theory also provides the regularization estimates

PG+l =1 E(P@). Pe)) < [ V@dm  foreery >0, (3.45)
. Ot+h — Ot . /
l}glg — = LP(g;) in V; for every t > 0, (3.46)

and the fact that the semigroup S; : p — g is nonexpansive in Vi. If g € V (so that
o € D(0V,)) the limit in (340]) holds also at ¢ = 0. Since JV,, is single-valued, this proves

In order to prove ([B:32) we simply consider two solutions ¢} = o7 + 1, j = 1, 2 (we can
choose the same 7 since p' — p? € V), and we evaluate the time derivative of 1€*(o; — 07),
obtaining

a1 a1, .
&58 (of — 0}) = 555 (0 —0o}) = E* (0} — 0}, LP(0;) — LP(¢}))
. /X (0! — @)(Plal) — P(¢)) dm (3.47)

< —allo; = &2 (xm)s

where a is the constant in (3:24)).

Proof of (ND2). We consider the perturbed function We(r) := W(r)+eV(r),r € R, e > 0,
and we can apply Lemma to the integral functional W, defined similarly to V, with
We instead of V'; by denoting by G the derivative of W and by G¢(r) := G(r) + eP(r) the
derivative of W¢, the Vi-subdifferential OW; can then be represented as —LG®(o + 7)) as
in (B:43) and its domain is contained in D(9V,). If o is a solution of (B.44]), the chain rule
for convex and lower semicontinuous functionals in Hilbert spaces yields

d d d
-— We(gt) dm = _Wn(gt) = —8*(—O't, LGE(O} + 7])) = —8*(LP(Ut -+ 7]), LGE(O} + 7]))
&t s dt dt

= —&(P(01),G(01)).

We can eventually integrate with respect to time and pass to the limit as € | 0 to obtain
B.33).

The inequality (3.34]) follows now by (DEF3)) and by a standard approximation procedure,
e.g. by considering the Moreau-Yosida regularization of W. Choosing now W (r) := (r —
R)Z with R > 0 or W(r) := (R —r)3 with R < 0, we prove the comparison estimates
w.r.t. constants.

Proof of (ND3). We already proved (B33); let us now show that & € L2(0,7;H) if
o € V. This property follows easily by (B:32) applied to the couple of solutions g} := g
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and 07 := g1, since it yields

2a (T ) 1 ) 1y 2
w lor — ornllz2xmy At < ﬁ”@h —oollyy < (E/O HEQHVSI dt)

= (i [ Iere

where we used the fact that the map t — [|[LP(g;)] v
&

Lo € L*0,T;H) yields P(o) € L*(0,T;D) and therefore P(o) € W"2(0,T; D, H), so that

the map ¢ — P(g;) belongs to C([0,T]; V) by (828). The differential equation (ALI9]) then

yields o € CY([0, T); V).

Proof of (ND4). For every 7 > 0 and o € H let us consider the resolvent equation

2
v

W dt)2 < HLP(@)‘ =E&(P(p), P(p)) forevery h e (0,T),

is nonincreasing. The regularity

find o' € H with P(¢") € D such that ¢ — 7LP(¢") = 0. (3.48)

By introducing the resolvent operators J,, : V; — D(dV,), 7 > 0 and n € H, defined by
Jry = (I +79V,)~ ", Lemma 3.5 shows that whenever o —n € V¢ a solution ¢ € H with
o' —n € V¢ can be obtained by setting

o = Jdrylo—n)+n. (3.49)

In particular, the choice 7 := g ensures the existence of a solution to (B:48]). We will show
that the solution ¢ of (48] is in fact unique and independent of the choice of 7 in (3.49)).
More precisely, we will show that if a couple ¢, € H, i = 1,2, solves (8.49) with data ¢; € H
one has

/ (0} — g'2)+ dm < / (01 — 92)+ dm for every oy, 0, € H. (3.50)
X X

The monotonicity inequality ([B50) can be proved by introducing an increasing sequence
of smooth maps approximating the Heaviside function:

fn€ CHR;[0,1]), fo=0 in(—00,0), 0< f.(r)<mn, fu(r)1T1 foreveryr > 0.
Since P(¢;) € D and f,, is Lipschitz with f,,(0) = 0, f,,(P(0})—P(0dh)) € L*NL®(X, m)NV.
We thus get by (8:49) and the positivity of f,

/X(@’l — &) fu(P(0) — P()) dm + 7€ (fn(P(g’l) — P(ay)), P(d}) — P(@é))

~ [ (o= e f(Pleh) - P& dm < [ (o 02)  am

X

By neglecting the positive contribution of the Dirichlet form € thanks to (DF3), we can
pass to the limit as n — oo by the monotone convergence theorem observing that (¢} —
05) fn(P(0}) — P(c5)) 1 (¢} — 0h)+ as n — oo; when (01 — 02)+ € L'(X,m) we thus obtain
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Recalling (3:49) and the exponential formula S;(0) = n+1limy, o (Ji/n,y)" (0—n) strongly
in V! and weakly in H for some n € H with g—n € V{, we obtain (8.30)), the L'-contraction
of and the order preserving property (B.37).

Let us now consider the operator

A:o+ —LP(p) defined in D(A) :={p€ L' N L*(X,m) : LP(p) € L' N L*(X, m)}
(3.51)
and its multivalued extension obtained by taking the closure of its graph in L'(X,m):

Ao = {g e LY(X,m): 30, € D(A): 0n — 0, Aon — € in LY(X, m)}. (3.52)

If o € D(A) it is easy to check by (B.50) that Ap = {Ap} and the resolvent J, := (I+7A4)~!
of A coincides with the map J, : ¢ — ¢ induced by B48) on L' N L*(X,m). Since
LN L2(X,m) is dense in L'(X, m), it follows by ([3.50) that A is an m-accretive operator
in L'(X,m). By Crandall-Liggett Theorem the limit S;(g) = lim, 0 (Ji/n)"0 exists in
the strong topology of L'(X,m) uniformly on [0,7] and provides the unique extension
of (S¢)¢>0 to continuous semigroup of contractions in L'(X,m). In particular, for every
o € L' N L*(X, m) the sequence (J;/,)"0 converges strongly to S;(o) in L' (X, m).

In order to check the mass preserving property (B.38) in the case when P is mass
preserving, it is therefore sufficient to prove that J, is mass preserving on L' N L*( X, m),
ie.

/ o dm = / odm whenever ([3.49) holds. (3.53)
X X
Eventually, (853) follows by integrating (3.49) and recalling (B.15). O

For later use, we fix some of the results obtained in the last part of the above proof in the
next Theorem.

Theorem 3.6 Let P be a reqular nonlinearity according to ([3.24)); the operator A defined
by B52) and B5I) is m-accretive in L'(X, m) with dense domain, its resolvent J. =
(I+7A)L is a contraction satisfying [B.50) for every o, = J,0;. For every o € L*'NL*(X, m)
Jr0 provides the unique solution ¢ of [BAS) and the solution o, = S;0 of B3I) can be
obtained by the exponential formula o = lim, J?/n,g as strong limit in L*(X, m).

We only considered nonlinear diffusion problems associated to regular monotone functions
P as in ([324), since they provide a sufficiently general class of equations for our aims.
Nevertheless, starting from Theorem B4 and adapting its arguments, it would not be
difficult to prove existence and uniqueness results under more general assumptions. The
next result is a possible example in this direction: a proof can be obtained by the same
strategy (we omit the details, since we need only Theorem B.4]in the sequel); notice that the
fact that S; preserves L*™ bounds allows to modify the behaviour of P for large densities,
so that its primitive function V' has a quadratic growth and its domain coincides with
L*(X,m) when m(X) < co.
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Theorem 3.7 (Nonlinear diffusion for general nonlinearities) Let P € CO(R) be a
nondecreasing function and let us suppose that m(X) < oo. For every p € L*°(X, m) there
exists a unique curve o = Sp € W2(0,T; V)N L>®(X x (0,T)) with P(o) € L*(0,T;V) sat-
isfying B3T). (S¢)e=o0 is a semigroup of contractions in Vi and in L'(X, m) and properties
(ND2), (ND4) still hold.

4 Backward and forward linearizations of nonlinear
diffusion

In this section we collect a few results concerning linearization of the nonlinear diffusion
equations of the form studied by Theorem [3.4l

The linearized PDE discussed in the next proposition corresponds to (2.8) of the heuris-
tic Section 2 while the evolution semigroup is provided by the nonlinear diffusion equation
of Theorem B4l Recall the notation W'2(0,T; D, H) = L*(0,T;D) N W2(0, T; H), (3:29)
for ND(0,7), and that, according to ([B.28)) and (B30,

ND(0,T) c C([0,T]; V), W2(0,T; D, H) — C([0,T]; V). (4.1)

Theorem 4.1 (Backward adjoint linearized equation) Let P be a reqular monotone
nonlinearity as in B.24) and let o € L*(0,T; H).

For every ¢ € V, T > 0 and v € L*(0,T;H) there exists a unique strong solution
© € WH(0,T; D, H) of
d _
Pt Ple=v, er=¢ (4.2)

(BA1) For allr € [0,T], the solution ¢ satisfies

T SR 1 [ 1 , 1o,

(BA2) If ¢ € L>*(X,m) and ¢ =0, then ¢, € L®(X, m) with |¢,] < [|@]|Loo(x,m) M-a.e. in
X for every t € [0,T].

(BA3) If 0" — 0™, ¥™ — > in L*(0,T;H), " — ¢= in V and ¢", n € NU {oo}, are
the corresponding solutions of [A2), then @™ — > strongly in W12(0,T; D, H).

Remark 4.2 (Forward adjoint linearized equation) By time reversal, the previous
Theorem is equivalent to the analogous result for the forward linearized equation

d _
EC - P/(Q)Lg = ¢ € L2(07T7H)7 CO = C € Va (44)
that admits a unique solution ¢ € W2(0,T; D, H).
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The following lower semicontinuity result will often be useful.

Lemma 4.3 Let Y be a Polish space endowed with a nonnegative o-finite Borel measure
n, let w, € L*(Y,n) and Z, € L=(Y,n), Z, > 0. If w, — w in L*(X,n) and Z, — Z
pointwise n-a.e. in Y, then

n— o0

liminf/ Zn|wn|2dn2/Z|w\2dn. (4.5)
Y Y

Proof.  Let us first assume that n(Y") < oo; by Egorov’s Theorem, for every § > 0 we can
find a n-measurable set B; C Y such that n(Y \ Bs) < § and Z, — Z uniformly on B;.
Since ||wy||2(v.ny < C independent of n we obtain

liminf/ Zn|wn\2dn2hminf/ Zn|wy|* dn
Y n Bs

n—oo —00

n—oo

> —c2nmsupy|zn—Z||Loo(36,n)+1immf/ Z\wn|2dn2/ Zlw|? dn.

By letting § | 0 we obtain (£H). When n(Y) = oo, since n is o-finite, we can find an
increasing sequence Yy, 1Y of Borel sets with n(Y;) < oo. By the previous claim, we get

liminf/Zn|wn|2dnzliminf/ Zn|wn|2dn2/ Zw|*dn
)% n—o00 Ys, Ys,

n—oo
for every k € N. As k — oo we recover (5. O

Proof of Theorem[{.dl Let us fix the final time 7" and set oy := P'(0or—t), gt := Y. We
can thus consider the forward equation

d
E.ft - O4tL.ft = Gg¢ in (O>T)a fO - f = ©, (46)

where « is a Borel map satisfying (with a the positive constant in (3.24]))

1
0<a<a<- m®L%ae in X x(0,7). (4.7)

[o5)

In order to solve ([LG]) we use a piecewise constant (in time) discretization of the coefficients
ay: we introduce a uniform partition of the time interval (0,77 of step 7 := T'/N given by
the intervals IV := ((k — 1)7, k7], k =1,..., N and we set

1

N._ ~N ._ N N

= — o, dr, o =ap iftel,
T I}i\f

sothat a < a¥ < a~!. Applying standard result for evolution equation in Hilbert spaces (in
particular we write the PDE as the gradient flow of & w.r.t. the L*(X,1/afm) norm when
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g = 0 and in the inhomogeneous case we use Duhamel’s principle) we can find recursively
strong solutions f¥ € WH2(I}Y; D, H) of

1 .
L = e B k= Dn) = (G-, @
A
with the convention f&(0) = f. Defining the function fV(t) := fN(t) if t € IV, we easily
check that f~ € W12(0,T; D, H), that fV is a strong solution of the differential equation

%fN —a"LfN =g in (0,7), (4.9)

and that it satisfies the apriori energy dissipation identity

// ‘dth‘d mdt+ 5 SR = // I demdt+ S(f,‘). (4.10)

Since 1/a" > a and f € V, this shows in particular that fV is uniformly bounded in
Wh2(0,T;D,H). Since & — « in L*(0,T;H) we can then easily pass to the limit as
N — oo (see also the more detailed argument below), obtaining (A.6]). Since (6] holds in
the strong form, we can also write it as

gt .
—— == 0, T
tdtft Lfi o in (0,7),
and then the energy identity corresponding to (£3)) follows by multiplying both sides by
df;/dt. This proves (BA1). )
When g = 0 and f € L*(X,m) satisfies |f| < F m-a.e. in X, a standard truncation
argument based on ([A.8)) yields the recursive estimate

LA BTl e ey < LAY Ol xtamy < ey (B = 1)7) oo xmy for ¢ in LY,

and therefore | (t)] < F m-a.e. in X for every t € [0, T]; this estimate passes to the limit
as N — oo providing the statement (BA2).

Let us now prove the last statement (BA3); we thus consider a sequence a™ satisfying
the uniform bounds a < o™ < a~! and the limit o — a® m ® Z*-a.e. in X x (0,T), and
corresponding solutions f™ of

d n n n__ .n n _rn
St AL =gt ) = T (a.11)

with f* — f° strongly in V and ¢" — ¢ strongly in L?(0,7;H). Using the energy
identity ([Z3) it is easily seen that (f™) is bounded in W12(0,T;H) and in C([0,T]; V); we
can also use the PDE ({I1)) to show that (f,,) is bounded in L?(0,T; D). Hence, possibly
extracting a suitable subsequence (still denoted by f"), we can assume that f™ — f* in
W12(0,T;D,H), so that % n % * and Lf" — Lf* in L*(0,T;H). Since for every
s € [0, T] the linear operator f + f(s) is continuous from W2(0,7;D,H) to V thanks to
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(A1), we also obtain the weak continuity property f"(s) — f*°(s) in V for every s € [0, T.
In particular f°° satisfies (LI1]) with n = oo
Taking also Lemma into account, it follows that

liminf E(f"(s), f(s)) > E(f>(s), f=(s)),

dmdr>/ / am)dthO) dm dr

lim inf / /
n—00 o
and

lim £, ") = (7, 1) gg//ﬁ@fmwi//qafmw
so that by (L3 we obtain

lim / /
n—00 am

dtf

1 n n o0 o0 [e.9]
Sl am s e, g //?m&fddﬂ—&ff)

:/OS/XO%O‘&J”O‘ dmdr -+ SE(f2(5). ()

We conclude (see Remark B below) that /-4 fm — /L4 £ strongly in L2(0,T; H),

a> dt
so that we can use the strong convergence and the uniform boundedness from below of o
to conclude that f* — > strongly in W12(0,7; D, H). O

Remark 4.4 We will repeatedly use the following simple property, valid for sequences
(an), (b,) of nonnegative real numbers: if

liminfa, >a, liminfb, >b, limsup (a,+0b,) < (a+b),

n—00 n—00 N—s00
then
lim a, =a and lim b, = b.
n—oo n—oo

The next proposition provides existence and regularity for the linearization of the nonlinear
diffusion equation of Theorem [3.4]
In the statement we will make use of the space I/, the dual of DD, and

D. = {g el : [0, f)] < C|[Lfllx for every f € D}. (4.12)

Since D —% V we have H % V' <9 )Y with continuous and dense inclusions; the
duality pairing between D' and D is an extension of the one between V' and V and of
the scalar product in H, and we will still denote it as (-, -) whenever no misunderstanding
are possible. Denoting by [|¢||p; the least constant C' in (£12), D; is also a Hilbert space,
precisely it can be identified with the dual of the pre-Hilbert space one obtains endowing
D with the norm ||Lf||g, smaller than the canonical norm of D. Arguing as in Section B.2]
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we can and will identify D; with the finiteness domain in D’ of the lower semicontinuous
functional

1 1
S = s ey = 5 [ g dm, (1.13)
feb X

By duality, any element h € H induces an element Lh € Dy, via the relation

,(Lh, = h Lfdm.
ot b /X fdm

We shall also make use of the space W2(0,T;H,D}), fitting in our framework because
both H and D} embed into the space D'. Since D — D’ and the duality formula for
complex interpolation yields (H,D'),/, = V', (B27) yields

W20, T; H,D}) — W0, T; H,D') — C([0, T]; V'). (4.14)

Theorem 4.5 (Forward linearized equation) Let P be a reqular monotone nonlinear-
ity as in B24) and let p € L*(0,T;H).

(L1) For every w € Vi, T > 0 there exists a unique solution w € W'2(0,T;H,D;) of

Cw=L(P(ow),  w=w (4.15)

in the weak formulation (recall (E1)) and (414))

A\ <ws7 793>V - / / (&tﬁt + P/(Qt>L19t)wt dmdt = \ <U_), 190>V Vs € [0, T], (416)
0 JX

for every 9 € W12(0,T;D,H). In addition, the function w satisfies

t 1 1
/ / P'(0,)|w,|* dmdr + §Hwt||%,é = §||u‘)]|%,&, vt € [0,7] (4.17)
0o Jx
and, for every solution ¢ of ([@2) with v =0 one has
vi{we, o)y = (@, o)y (4.18)

(L2) Ifw = L( for some( €'V, then w, = L{, for everyt € [0, T], where { € W42(0, T; D, H)
is the solution of (A4 with ) = 0.

— m ; w" — w>* mn and w", n € NU (oo}, are the corre-
(L3) If o" — ¢ in L*(0,T;H), @" — @ in V, and w", n € NU {oo}, are th
sponding solutions of ([EIH), then w™ — w™ strongly in W20, T; H, D}).
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Proof of Theorem[[.5, Let us first show the second claim: if w, = L¢, € W2(0,T; H; D})
for the solution ¢ € W2(0, T;D; H) of ([&4) and if ¥ is any function in W2(0,T; D, H)
we have

A (wy, 19t>v = V/<LCt>?9t>V = —&(C, V),

so that ¢ — y, (wy, ¥y)y is absolutely continuous in [0,7] and for Z'-a.e. t € (0,7) its
derivative is given by

—%S(Chﬁt) = /X <LQ 0y + L, §t> dm = /th <19t + P'(o1) Lﬁt) dm.

A further integration in time yields (£I6]). In this case (4I7) is a consequence of (£3])
with 1) = 0, by noticing that

8(%@) = 8*(wt7wt> = ||wt’|§zé, Q = P/(Qt)wt-

The uniqueness of the solution to (AI6) is clear thanks to (L.IS).

The general result stated in the first claim for arbitrary w € V¢ follows by the linearity
of the problem, the estimate ([LIT), and the density of the set {L{ : ¢ € V} in V{, see
Lemma B3|(b).

The proof of (L3) is completely analogous to the proof of (BA3) in Theorem [FIk
the weak convergence of w" to w™ in W12(0,T;H,D}) follows by the a priori estimate
([@17), the linearity of the problem w.r.t. w for given g and the uniqueness of its solution.
Strong convergence can then be obtained by standard lower semicontinuity arguments and

Remark 4] by passing to the limit in ([€IT). O

Theorem 4.6 (Perturbation properties) Let us suppose that P is a reqular monotone
nonlinearity as in [B24). Let 0. := 0 + ew. with ¢, 0. € L* N L>®(X,m), 0. uniformly
bounded in L* N L>=(X,m), and w. — © strongly in V{ ase | 0. Let o.; (resp. o) be the
solutions provided by Theorem [3.4 with initial datum o. (resp. 0) and set

Qs,t — 0t
- .

Wet =

Then for every t > 0 there exists the limit lim. o w.; = w; strongly in V;, the limit function
w belongs to W2(0, T;H, D) and satisfies [ETIH).

Proof. By the Lipschitz estimate [B3.32) of S : V{ — L?(0,T;H) N L>(0,T; V{) we know
that (w.) is bounded in L?*(0,7;H) and in L*°(0,T;V{), in particular this gives o0. — o
in L?(0,T;H). We can then find a subsequence &, | 0 such that w., — w weakly in
L*(0,T;H) and weakly* in L>(0,T; V{).

Since P € CY(R) and there exists a constant R > 0 such that |o.| < R, |o| < R, we
can use the inequalities (depending on the parameter § > 0 and on the fixed constant R)

|P(0:) — P(0) — P'(0)(0- — 0)| < 6lo- — ol + Cslo- — ol (4.19)
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and the uniform bound of e™(g. — ) in L?*(0,T;H) to obtain
en ' (P(o-,) — P(0)) = P'(0)w weakly in L*(0,T; H). (4.20)

In fact, since P is Lipschitz, e '(P(o.) — P(0)) is also uniformly bounded in L*(0,7’; H)
thus we can use a bounded test function ¢ € L*(0,T;H) to characterize the weak limit in
([20). For such a test function, denoting by E an upper bound of e 0. — 0| 2(0,7.m), we
have

\// PO = PO _ pr() == 0)camae| < 5 B Clizora + = Cs B sup

£

thus showing (£20) as 0 > 0 is arbitrary.
Let us now consider for every ¢ > 0 and ¢ € V the solution ¢ of (A2]) with final
condition ¢; = ¢ and arbitrary ¢ € L?(0,T;H), thus satisfying (by the Leibniz rule)

/ We t‘p dm =€ / / Qer - ( r))LSOT + (Qe,r - Qr)@r) dm drr +/ U_JE(PO dm
X

Since ¢, Ly € L*(0,T;H) we obtain that for every ¢t > 0 the sequence (wy, ;) converges
weakly in V' (and thus in V{, since it is uniformly bounded in V{) and the limit w, will

satisfy
(W, @ //wrlprdmder/ wpo dm. (4.21)

Choosing in particular ¢ = 0, the previous formula identifies the limit, so that w; = w; for
Llae. t € (0,T) and moreover the limit does not depend on the particular subsequence
(€,). Since ® is arbitrary, we also get that w satisfies (4.I3]) in the weak sense of (£.I6]).

In order to prove strong convergence of w. to w in V¢ for every ¢ € [0,7] and in
L?(0,T;H), we start from ([B.47) written for o' := g and ¢? := g.. Since

lim inf 5—128 (o(t) = 0:(t), e(t) — e=(t)) = limyinf &"(we(t), we(1)) > &"(w(t), w(t)),

and the limit w satisfies ({17), by the argument of Remark [L.4]it is sufficient to prove that

im nf / [ (o= e)P(e) - Plo)) dmas > / | P@panas. 2

el0
Setting
P(o) — P(o.) .
L, (o) — P(o:) if o4 0.
g 0 — Oe
P'(0) if 0 = o.,

we obtain a family of nonnegative and uniformly bounded functions that satisfies Z., —
P'(o) m®@ L'ae. in X x (0,T) whenever 9., — o m ® Z1-ae. in X x (0,7). On the

other hand .

(0= 0)(P(0) = Plo:)) = ZeJuw.[.
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We conclude by applying Lemma 3] to a subsequence (g,,) on which the liminf in (£22)
is attained and convergence m ® Z'-a.e. in X x (0,7 holds.
U

Let 0 € ND(0,T') be the solution provided by Theorem [B.4] with initial datum g € V.
By applying Theorem to the difference quotients
1

g (Qt-i-a - Qt)

and using the strong differentiability of ¢ — g, with respect to V! (see ([B.33])) we obtain
the following corollary.

Corollary 4.7 Let o € ND(0,T) be the solution provided by Theorem with initial
datum g € VN L®(X,m). Then w := $p is a solution to [@IT), with initial datum
w=LP(0).

Part 11

Continuity equation and curvature
conditions in metric measure spaces

5 Preliminaries

5.1 Absolutely continuous curves, Lipschitz functions and slopes

Let (X, d) be a complete metric space, possibly extended (i.e. the distance d can take the
value +00). A curve v : [a,b] — X belongs to ACP([a, b]; (X, d)), 1 < p < o0, if there exists
v € LP(a,b) such that

t
d(v(s),v(t)) < / v(r)dr for every a < s <t <b. (5.1)
We will often use the shorter notation ACP([a, b]; X)) whenever the choice of the distance

d will be clear from the context. The metric velocity of v, defined by

A1) 1= lim d(y(r + h),y(r))

h—0 |h| ’ (5.2)

exists for #!-a.e. r € (a,b), belongs to LP(a,b), and provides the minimal function v, up
to #1-negligible sets, such that (51]) holds. We set

otherwise.

b - -
) / APy dr if v € ACP([a, bl; X), .
400
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Notice that d?(y(a), (b)) < (b —a)P~ A, (7).

A continuous function v : [0,1] — X is a length minimizing constant speed curve
if Ai(y) = d(7(0),~v(1)) = |¥|(t) for L'ae. t € (0,1), or, equivalently, if A,(y) =
d?(~v(0),7v(1)) for some (and thus every) p > 1. In the sequel, by geodesic we always
mean a length minimizing constant speed curve.

The extended metric space (X,d) is a length space if

d(xg, 1) = inf {Al(v) cy € AC([0,1]; X), ~(i) = x,} for every zg, 1 € X. (5.4)

The collection of all Lipschitz real functions defined in X will be denoted by Lip(X), while
Lip, will denote the subspace of bounded Lipschitz functions.

The slopes |D*¢p|, the local Lipschitz constant |Dy| and the asymptotic Lipschitz con-
stant |D*¢| of ¢ € Lip,(X) are respectively defined by

L (p(y) — o()) o lo(y) — o(2)]
[D*(z) = limsup =37 =, Dg|(x) == lim sup == -3 (5.5)
D) o= timsup P25 i i, B, (), (5:6)

with the convention that all the above quantities are 0 if z is an isolated point. Notice
that |D*¢| is an u.s.c. function and that, whenever (X, d) is a length space,

ID*¢|(x) = limsup [De|(y),  Lip(p) = sup [Dyp(x)| = sup [D*p(z)]. (5.7)

y—x rzeX zeX

For ¢ € Lip,(X) we shall also use the upper gradient property

p(v(1)) = 0 (7(0))] S/O Dl (v ()15(8)] dt (5.8)

whose proof easily follows by approximating |D*p| from above with the Lipschitz constant
in balls and then estimating the derivative of the absolutely continuous map ¢ o 7.

5.2 The Hopf-Lax evolution formula

Let us suppose that (X,d) is a metric space; the Hopf-Lax evolution map Q; : Cy(X) —
Cp(X), t >0, is defined by Qof = f and

. d*(y, »)
Quf(x) := inf f(y) + —, t>0. (5.9)
We shall need the pointwise properties
i%ff < Quf(z) <sup f foreveryx € X, t>0, (5.10)
X
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__Qt f(z) > |D Quf*(x) forevery z € X, t >0 (5.11)

(these are proved in Proposition 3.3 and Proposition 3.4 of [4], d*/dt¢ denotes the right
derivative).

When (X, d) is a length space (Q;)i>0 is a semigroup and we have the refined identity
[5, Thm. 3.6]

Qt f(z) = |DQtf| (x) forevery x € X, t > 0. (5.12)

Inequality (5.I1]) and the length property of X yield the a priori bounds

Lip(Q.f) < 2Lip(f) ¥t>0,  Lip(Qf(z)) <2[Lip(f)]° Ve e X, (5.13)

5.3 Maeasures, couplings, Wasserstein distance

Let (X, d) be a complete and separable metric space. We denote by (X)) the collection of
its Borel sets and by (X)) the set of all Borel probability measures on X endowed with
the weak topology induced by the duality with the class C,(X) of bounded and continuous
functions in X. If m is a nonnegative o-finite Borel measure of X, &2%( X, m) denotes the
convex subset of the probabiliy measures absolutely continuous w.r.t. m. &2,(X) denotes
the set of probability measures p € Z2(X) with finite p-moment, i.e.

/ d?(x, ) du(z) < oo for some (and thus any) xy € X.
X

If (Y,dy) is another sparable metric space, r : X — Y is a Borel map and p € £(X),
ryu denotes the push-forward measure in Z(Y) defined by ryu(B) := u(r~'(B)) for every
Be B(Y).

For every p € [1,00), the LP-Wasserstein (extended) distance W, between two measures
o, p1 € P(X) is defined as

WP (1, pio) := inf {/ d? (21, 22) dp(zy, 22) - p € P(X x X), mjp = /M}, (5.14)
XxX

where 7 : X x X — X, i =1, 2, denote the projections 7(zy, z2) = x;. A measure p with
mip = 1 as in (BI4) is called a coupling between gy and pg. If p1, py € Z,(X) then a
coupling g minimizing (B.14)) exists, W),(po, pt1) < 00, and (Z,(X), W,) is a complete and
separable metric space; it is also a length space if X is a length space. Notice that if X is
unbounded (£ (X),W,) is an extended metric space, even if d is a finite distance on X.

The dual Kantorovich characterization of W, provides the useful representation formula
(here stated only in the case p = 2)

1 .
W3 (o, p11) = sup {/ Qupdpr — / pdug = p € Llpb(X)}7 (5.15)
2 b X

where (Qq)s>o is defined in (B.9).
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5.4 W,-absolutely continuous curves and dynamic plans

A dynamic plan 7 is a Borel probability measure on C([0,1]; X'). For each dynamic plan
7 one can consider the (weakly) continuous curve pu = (pts)sc,) € Z(X) defined by
w(s) == (es)ym, s € [0,1] (we will often write s instead of p(s) and we will also use an
analogous notation for “time dependent” densities or functions); here

es : C([0,1; X) — X, es(y) == (s) (5.16)

is the evaluation map at time s € [0, 1].
We say that 7r has finite p-energy, p € [1, 00), if

y(m)i= [ Ay dm(y) < oc, (5.17)

a condition that in particular yields v € ACP([0,1]; X) for mr-almost every . If for some
p > 1 the dynamic plan 7 has finite p-energy, it is not hard to show that the induced curve
e belongs to ACP([0,1]; (£(X),W,)) and that

1
|fus|? < /|f'ys\p dm(y) for £L'-ae. s € (0,1), so that / lfs|P ds < (7)),  (5.18)
0

where |f15] denotes the metric derivative of the curve p in (£2(X), W,). Notice that the sec-
ond inequality in (5.I8]) can also be written as A,(u) < o7,(7). The converse inequalities,
which involve a special choice of 7r, provide a metric version of the so-called superposition
principle, and their proof is less elementary.

Theorem 5.1 ([41]) For any p € ACP([0,1]; (P (X),W,)) there exists a dynamic plan
with finite p-energy such that

1
= (e foreveryte 0.1, [P dt = (). (5.19)
0

We say that the dynamic plan 7 is p-tightened to p if (519) holds. For this class of
plans equality holds in (5I8), namely

|fis|P = / Y|P d7e () for Z'-a.e. s € (0,1). (5.20)

Focusing now on the case p = 2, the distinguished class of optimal geodesic plans GeoOpt(X)
consists of those dynamic plans whose 2-action coincides with the squared L?-Wasserstein
distance between the marginals at the end points:

m € GeoOpt(X) if @h(m) = Wi(po, 1), i = (€)ym. (5.21)
It is not difficult to check that (5.21]) is equivalent to

m-a.e. 7 is a geodesic and (e, e1)y7r is an optimal coupling between g, f1. (5.22)
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It follows that w € GeoOpt(X) is always 2-tightened to the curve of its marginals, and that
a curve p € Lip([0, 1]; (P2(X), Wh)) is a geodesic if and only if there exists m € GeoOpt(X)
having p has curve of marginals (Theorem [5.1]is needed to prove the “only if” implication).

Finally, when a reference o-finite and nonnegative Borel measure m is fixed, we say that
e Z2(C([0,1]; Z(X))) is a test plan if it has finite 2-energy and there exists a constant
R > 0 such that

p = (e )y = pm < m, o <R m-ae in X for every t € [0,1]. (5.23)

5.5 Metric measure spaces and the Cheeger energy
In this paper a metric measure space (X,d, m) will always consist of:
e a complete and separable metric space (X, d);

e a nonnegative Borel measure m having full support and satisfying the growth condi-
tion

m(B,(z9)) < AP for some constants A, B > 0, and some z € X. (5.24)

The Cheeger energy of a function f € L?(X,m) is defined as

Ch(f) := inf{liminf%/X|Dfn|2dm . fu € Lipy(X), fo— fin L2(X,m)}. (5.25)

n— o0

If f € L?(X,m) with Ch(f) < oo, then there exists a unique function |Df|, € L?(X,m),
called minimal weak gradient of f, satisfying the two conditions

Lipy(X)NL*(X,m) > f, = f, IDf,] = G in L*(X,m) = |Df|, <G m-a.e.

Chif) = 5 /X D[ dm.

(5.26)
In (B28) we can also replace |Df| with |D*f| since a further approximation result of [4]
§8.3] (see [1] for a detailed proof) yields for every f € L*(X,m) with Ch(f) < oo

3f, € Lip,(X)NL*(X,m): f,—f, |D*fu| = |Df|w strongly in L*(X,m). (5.27)

We will denote by W?(X,d, m) the vector space of the L*(X,m) functions with finite
Cheeger energy endowed with the canonical norm

£ 2 x damy = 11172 ) + 2CH(F) (5.28)

that induces on W?(X,d, m) a Banach space structure. We say that Ch is a quadratic
form if it satisfies the parallelogram identity

Ch(f 4 g) + Ch(f — g) = 2Ch(f) +2Ch(g) for every f,g € W *(X,d, m). (5.29)
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In this case we will denote by & the associated bilinear Dirichlet form, so that Ch(f) =
%8( f, f); if B is the m-completion of the collection of Borel sets in X, we are in the setting
of Section B} keeping that notation, H = L?(X, m) and V is the separable Hilbert space
W12(X,d, m) endowed with the norm (5.28). Under the quadraticity assumption on Ch it
is possible to prove [6, Thm. 4.18] that (5.29) can be localized, namely

ID(f +9);, + ID(f — )2, = 2IDf[2, + 2|Dg[?, m-a.e. in X. (5.30)
It follows that

ID(f +eg)lz — IDfL3,
2e

(F.9) = T(f.9) := {ID(f + ) = {ID(f — )2 = lim (5:31)
is a strongly continuous bilinear map from V to L'(X,m), with I'(f) = |Df|%. The
operator I' is the Carré du Champ associated to € and € is a strongly local Dirichlet form
enjoying useful I'-calculus properties, see e.g. [17,[7,149], and the mass preserving property
(BI4) (thanks to (524)). In the measure-metric setting we will still use the symbol L to
denote the linear operator —A : V — V’ associated to &€, corresponding in the classical
cases to Laplace’s operator with homogenous Neumann boundary conditions. We also set

D:={feV: Lf e H}, (5.32)

the domain of L. as unbounded selfadjoint operator in H, endowed with the Hilbertian
norm || f||3 := ||flI3 + ||ILf||4. The operator —L generates a measure preserving Markov
semigroup (Py);>o in each LP(X,m), 1 < p < 0.

Recall that the Fisher information of a nonnegative function f € L'(X,m) is defined

F(f) :=4&(\/f,\/f) = 8Ch(\/f) :/ Mdm (5.33)

oy f
with the usual convention F(f) = 400 whenever v/f &€ W'?(X,d, m).

5.6 Entropy estimates of the quadratic moment and of the Fisher
information along nonlinear diffusion equations

In this section we will derive a basic estimate involving quadratic moments, logarithmic
entropy, and Fisher information along the solutions of the nonlinear diffusion equation
(323) in the metric-measure setting of the previous section (E.5 In order to deal with
arbitrary measures satisfying the growth condition (5.24]), we follow the approach of [5]:
we will derive the estimates for a reference measure with finite mass and then we will
extend them to the general case by an approximation argument. A basic difference here is
related to the structure of the equations, which are not L? gradient flows; we will thus use
the L'-setting by taking advantage of the m-accretiveness of the operator A of Theorem
0.0l
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Let us first focus on the approximation argument. Taking (5.24)) into account, we fix a
point xy € X and we set

V() = (a+bd(a, xo))l/z, V(@) == V(z) A, (5.34)

for suitable constants b:= B + 1, a > (log A), so that

/ e V@) qm = Qbe_“/ re " m(B,(z)) dr < e_“A/ 2re”"" dr < 1. (5.35)
X 0 0

As in [B, Theorem 4.20] we consider the increasing sequence of finite measures

my:=e V'm=fBm, m:=pFm=c%m, B =ec%“ Y, keN,. (5.36)

Notice that S, is a bounded Lipschitz function and ;' is locally Lipschitz. The map
Yi 0~ 0/Br isan isometry of L'(X,m) onto L'(X,my). (5.37)

We will denote by Chy, the Cheeger energy associated to the metric measure space (X, d, my);
by the invariance property [5, Lemma 4.11] and (5.30) Chy, is also associated to a sym-
metric Dirichlet form & in L?(X,my), inducing a selfadjoint operator L, with domain
Dy C L*(X,my). We fix amap P : R — R as in (324) and we define the m-accretive
operator Ay, in L'(X,m;) as in ([3.52), by taking the closure of the graph of A;, := —Lj o P
defined by ([B.51). We eventually consider the realization of A in L*(X,m)

Ay = Y ALY (5.38)

since Y}, are isometries, Ay is m-accretive in L'(X,m) and it generates a contraction semi-
group (SF)i>o by Crandall-Liggett Theorem as in Theorem B.4(ND4). Notice that for every
0 € L'(X,m) with

Yio € L*(X,my) ie. / eV’ g2 dm < oo (5.39)
X
(in particular when g belongs to L?(X, m) and has bounded support), setting of := S¥g

the curve Y} is a strong solution of the equation u' — Ly P(u) = 0 in W"?(0,T; V, Vg )
and for every entropy function W as in Theorem [3.4] (ND2) we have

/ W (o /30) B dm + / Ex(P(dt/5), W' (" /5,)) dr = / W(g/B)fdm. (540

Theorem 5.2 For every p € L'(X,m) we have

]lciTm SFo=S,0 strongly in L'(X,m) (5.41)
and the limit is uniform in every compact interval [0, T].

47



Proof. By Brézis-Pazy Theorem [22, Thm. 3.1], in order to prove (5.41) it is sufficient
to check the pointwise convergence of the resolvent operators = (T +7A) 1 to ), =
(I+7A)" in LY (X, m), i.e

I£1Tm Jf=1.f strongly in L'(X,m) forevery 7 >0, f € L'(X,m). (5.42)

Since J¥, J. are contractions, for every g € L'(X, m) we have

||J7]?.f - JT.fHLl S ||J7]?f - Jf—g + Jﬁg - ‘JTg + ‘JTg - -JTf||L1 S 2||.f - gHL1 + ||Jf—g - JTg||L1

so that by an approximation argument it is not restrictive to check (5.42) for f € L' N
L*(X,m) with bounded support.

Let f* = Jkf € LY(X, m); recalling Theorem [B.6] it is easy to check that h* =Y}, f¥ =
fk/B, € L*(X, my,) is the solution of

hy — LyP(hY) = f/By in L*(X,my).
If we denote by P~! : R — R the inverse function of P, then z¢¥ = P(h¥) belongs to
Dy C L*(X,m;) and solves
Pz k)—LkaZf/ﬁk (5.43)
Introducing the uniformly convex function V*(r fo x) dz which still satisfies the

uniform quadratic bounds ([B40), the solutlon to problem (IBI{I) can be characterized as
the unique minimizer in L?(X, my,) of the uniformly convex functional

z s DF(2) = /X V*(z) dmg + Chg(z) — /szdm. (5.44)

Arguing as in the proof of [5, Theorem 4.18] it is not difficult to show that z* converges
strongly to z, in L*(X,mg) C L*(X,m), where z, is the unique minimizer of

2 P(z2) = /XV*( z)dm + Ch(z) / f zdm, (5.45)

with
/V*(z’j)dmk:/ V*(z]j)ﬁkdm—)/ V*(z;)dm as kT oo. (5.46)
b b b

Since every subsequence n — k(n) admits a further subsequence n +— k’(n) along which
PR z, converges mgy (and thus m)-a.e., the Lipschitz character of P yields pEm) h.-
m-a.e.; since fy — 1 uniformly on bounded sets we also get fT ) fr m-a.e.

When f > 0 the order preserving property (3.49) shows that f¥ > 0 and the mass

preserving property yields

/Xffdm:/)(h’jdmk:/xfdm:/)(ﬁdm, (5.47)

so that fr " — f, strongly in L'(X,m). Since the sequence n +— k(n) is arbitrary, we
conclude that f* — f, strongly in L*(X, m) as k — oo. When f has arbitrary sign, we still
use the monotonicity property to obtain the pointwise bound |f¥| < J¥| f| and we conclude
by applying a variant of the Lebesgue dominated convergence theorem. U

k' (n)
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We consider now the logarithmic entropy density U, (r) := rlogr, r > 0 and for given
nonnegative measures y € Z(X) and k € Ny, we set

UL, (1) :Z/XUoo(@/ﬁk)Bk dm = /Xglog(@/ﬁk) dm, p=om < m; (5.48)

we will simply write U (1) when k = oo and S, = 1; we will set U* (i) = +o0 if p is not
absolutely continuous w.r.t. m. The inequality
Uso(r) > 1 — e —rv? for every ve R, r> 0, (5.49)

and (5.35]) show that the negative part of the integrand in (5.48)) is always integrable
whenever € Z(X) and k < oo with

Uk () +/ VZdu > 0. (5.50)
X
When k = oo and p € P5(X) we also have
U (1) +/ V2 dp = Uk () +/ V2dp > 0. (5.51)
b b

Moreover, if pup = opm is a sequence of probability measures with g — o strongly in
LY(X, m) with = gm € P5(X), by [3, Lemma 9.4.3] and writing U%_ (1) + [y Vi duy as
the relative entropy of p; with respect to the finite measure my we have

lim inf U (1) +/ Vi dpe > Use () +/ V2dp. (5.52)
Even easier, since the sequence Vj, is monotonically increasing, we have
lim inf/ VEdpy > / V2dp. (5.53)

Finally, defining the relative Fisher information in (X,d, m;) as in (5.33]) by

Fi(0) := 8Chy(v/0/Br) (5.54)
and observing that |[\/o/Bk|r2(x,my) = [x 0dm, [5, Proposition 4.17] yields
lign inf Fy.(0x) > F(o). (5.55)
—00

Theorem 5.3 (Entropy, quadratic moment and Fisher information) In the
metric-measure setting of Section 5.3, let p € LY(X,m) satisfying i = pm € P(X) and
Uy (1) < 00, and let p be the corresponding solution of the nonlinear diffusion equation
B31) according to Theorem [3.4 Then there exists a constant C' > 0 only depending on
a, B of B24) and [B.24) such that for every t € [0,T] the probability measures i = oym
belong to P2(X) and satisfy

t
um(ut)+2/ V2 dut+3/ F(p,)dr §e0t<uoo(,1)+2/ V2 dﬂ). (5.56)
X 2 0 X
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Proof. By a standard approximation argument, the L'-contraction property of Theorem
B4 (ND4) and the lower semicontinuity of entropy, quadratic momentum and Fisher infor-
mation (5.52), (5:53), (5.59)), it is not restrictive to assume that p also belongs to L*(X, m)
and has bounded support. By Theorem [5.2] it is also sufficient to prove the analogous
inequality

a t
U () + 2 / V2 duf 42 / Fulpl) dr < o (U (1) + 2 / Vi), (5.57)
X 0 X

where pf := SFg and p¥ := ofm.

Since U, does not satisfy the conditions of (ND2) of Theorem [B:4, we cannot imme-
diately compute its derivative along the solution of the nonlinear diffusion equation as in
[B33); we thus introduce the regularized logarithmic function

W.(r) = (r+e)(log(r+¢e) —loge) —r =Ux(r+e) —Ul(e)(r+e)+e, ¢>0, (5.58)

satisfying

1
We(0) =W(0) =0, Wi(r) =log(r+¢)—loge, WI(r)=

= . 5.59
r+e ( )

Applying (540) to W, we obtain

t
[ Witk /m)sedm [ euPlet) 50, Wk /) dr = [ Welg/Bsdm. (.00
be 0 b
Standard T-calculus (see e.g. [17]) and the fact that of/B; € D(Chy) for almost every
t €[0,7] yield
_Pler) o
of /B + e oF /B + e

Setting W (r) := rlog(r + ) and W2(r) := e(log(r + ¢) — loge) and using the fact that
[y of dm = [, odm and W2(r) > 0, (5.60) yields

T(P(dy/Br), Wl (0} /Br)) = (0¥ /B, of /B) > (o /By, 0¥/ Br).

t k k
/XWS(Qf/ﬁk)ﬁkdm%—a/O /){F(Q;f//ﬁ;;i/fk>ﬁkdmdr (5.61)
< [ (Wierm + w2/ o dm (5.62)

We observe that

Wir)y <r(r+e—1), Wrr) L Us(r), W2(r)<r, lmWZ3(r)=0,

€ € = =10
so that we can pass to the limit in (5.61]), (5.62) as € | 0 obtaining

UL () +a o) dr < U (). (5.63)
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We now compute the time derivative of t — [, Vi duy obtaining

c(lit Viduy = 28,(P(df/Br), Vi) < \/_/\/ L(of /Br)ViSi dm

4vb 1/2 8b
< —<Fk(@t)/ Vidut) " < §Fk(@f)+a—2/ V2 duk.
X X

Integrating in time and summing up with (5.63) we obtain
t
k) +2 [ Vidut+ 3 [ R ar <k +2 [ Vidi
X 0

+§—f ;(/szduff) dr.

Since UE (uf) +2 [ Viduf > [, Vi duf Gronwall Lemma yields (557) with €' := S(BH).
U

5.7 Weighted I'-calculus

In the metric-measure setting of Section 5.0 consider a nonnegative function o € L (X, m).
Any f € LP(X,m) obviously induces a function in LP(X,n), with n = pm, that we shall
denote f ; in the following we will often suppress the symbol ™ when there will be no risk of
ambiguity.

Consider now the symmetric and continuous bilinear form in V x V

€o(f,9) :Z/XQF(f,g) dm  f,geV, (5.64)

which induces a seminorm: we will denote by V, = Vg  the abstract Hilbert spaces con-
structed from €, as in Section B.2] namely the completion of the quotient space of V
induced by the equivalence relation f ~ g if £,(f —g, f —g) = 0, with respect to the norm
induced by the quotient scalar product. If ¢ € V then its equivalence class in V, will be
denoted by ¢, (or still by ¢ when there is no risk of confusion), whereas we will still use
the symbol €, to denote the scalar product in V,. By locality, if ¢,9 € V with ¢ = ¢
m-a.e. on {p > 0} then ¢, = ¢,. In the degenerate case when ¢ = 0 m-a.e., then V, reduces
to the null vector space and everything becomes trivial.

Notice that the quadratic form %89 is always larger than the Cheeger energy Ch,, induced
by the measure n = gm, in the sense that for every f € V 1&,(f) > Cha(f), see also
Lemma below. When p = 1, V; corresponds to the homogeneous space Vg associated
to & already introduced in Section

The following two simple results provide useful tools to deal with the abstract spaces
V,.
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Lemma 5.4 (Extension of I' to the weighted spaces V,) Let p € LY(X, m), and let
(pn) C V be a Cauchy sequence with respect to the seminorm of V,, thus converging to
¢ €V,. Then F(gon) is strongly converging in L'(X, om) to a limit that depends only on o

—_~—

and ¢ and that we will denote by T)(¢). When ¢ = ¢, for some ¢ € V then T)(¢) = T'(y)
om-a.e. in X. The map

6.9) = 16+ 8) — {06~ ) (5.65)

is a continuous bilinear map from V, to L' (X, om) and (5.64) extends to V, as follows:

£,(6,1) = /X oT(b)dm ¢ eV, (5.66)

Proof. 'The convergence of F((pn) in L'(X, om) and the independence of the limit follow
from the obvious inequality

/X T (1) =T (v2)| odm = /X Dty — ) T (61 + 42) " 0dm < oy = g s + sl

for every vy, ¥ € V. When ¢ = ¢, then we can choose the constant sequence ¢, = ¢,
thus showing that I,(¢) = I'(¢) om-a.e. in X. It is immediate to check that I,() satisfies
the parallelogram rule, so that the properties of I, (-, -) defined in (5.65), and (5.66]) follow
from the corresponding properties of I' and €, in V. O

The following lemma shows that when the weight o satisfies a mild additional regularity

—~—

assumption, then [y (yp,) = F(gp) coincide with the minimal relaxed slope relative to the
measure on.

Lemma 5.5 (Comparison with the weighted Cheeger energy) Let n = om where
0 € L*(X,m) is a nonnegative function satisfying \/o € V, and let Ch, be the Cheeger
energy induced by n in L*(X,n) with associated minimal weak gradient |D - |, .. For every

¢ € V we have ¢ € D(Ch,) with |D@|,. =L (p); in particular, one has the identifications
ID@luwn =T(¢) = L,(¢,) n-a.e. in X.

Proof. By the previous Lemma, setting ¢ = ¢,, with ¢ € V, we have I},(¢) = F(go) n-a.e.
On the other hand, [2, Thm. 3.6] yields I'(¢) = |[D@|,n n-a.e. in X. O

Lemma 5.6 (Stability) Let o, € L(X,m), t € [0,1], be a uniformly bounded family,
continuous with respect to the convergence in m-measure, let o € L°(X, m) and let By :
V — V be a family of linear operators satisfying

/ ol (Byp) dm < C'/ ol (¢) dm  for every t € [0,1], p €V, (5.67)
X X
t — Byp € C([0,1]; V) for every ¢ € V. (5.68)
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Then By can be extended by continuity to a family of uniformly bounded linear operators
from V, to V,, such that

Eo(Bip) < E,(9), for everyt €[0,1], ¢ €V, (5.69)
t = oL, (Big) € C([0,1]; LY (X, m))  for every ¢ € V,,. (5.70)

Proof.  Assumption (5.67)) shows that for every ¢ € [0, 1] the operator B, is compatible with
the equivalence relations associated to V, and V,,, so that it can be extended by continuity
to a linear map between the two spaces, still denoted B; and satisfying (5.69). Given any
¢ € V,, choosing (p,) C V such that the corresponding elements ((,), converge to ¢ in
V,, the estimate (5.67) shows that oI, (B:p,) converges uniformly in time to oI}, (B;¢) in
L'(X,m), so that the continuity property (E.70) follows from the continuity of each curve
t = 0Ly, (Bipn). O

Finally, we discuss dual spaces, following the general scheme described in Section B.2],
see in particular Proposition B.Il The space V] is the realization of the dual of V, in V'. It
can be seen as the finiteness domain of the quadratic form

1 1
Sl 0) = sup (6, 0) = SE(p.p),  LEV. (5.71)

peV

We shall denote by &5(-,-) the quadratic form on V, induced by &£;. We denote by —A,
the Riesz isomorphism between V, and V,, and by —A} its inverse. It is characterized by

¢p=—AU <= Eyp,V) = () forevery €V, (5.72)

Notice that it is equivalent in (572) to require the validity of the equality for all ) € V;
in this sense, (B72) corresponds in our abstract framework to the weak formulation of the
PDE —div(oV¢) = ( in ([Z.26)), and —A} is the solution operator. Since —A, is the Riesz
isomorphism, we get

EX(0,0) = &,(A%L, A%0). (5.73)

Correspondingly we set

[y (0) :=T,(A;f) whenever £ €V, (5.74)
It is clear that I7, : V) LY(X, om) is a nonnegative quadratic map.

Lemma 5.7 (Dual characterization of I'}) For every £ € V' and o € LY (X, m) let us
consider the (possibily empty) closed convex subset of L*(X, om) defined by

G(o,0) :== {g € L*(X, om) : |{€, )| < /Xg\/FQp) odm for every ¢ € V}. (5.75)

Then ¢ €V if and only if G(o, () is not empty; if £ € V, then \/Tx({) is the element of
minimal L*(X, om)-norm in G(p,?).
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Proof. 1f g € G(p,¢) then

1/2
(£.6) < gllizcxom (Eoli ) for every p €V,

so that ¢ € V; and
/XFg(ﬁ) odm = 8’;(6, 0) < /Xg2 odm. (5.76)

Conversely, let us suppose that £ € V) and let ¢ = —A3(; (B.72) yields

(6, )] < /X IT,(6, 9)] odm < /X 1) \/Tu() odm for every o € V

so that \/ Lx(0) \/ I[,(¢) € G(o, /). Combining with (5.76) we conclude that ,/Ix(¢) is

the element of minimal norm in G(p, ?). O

The following lower semicontinuity lemma with respect to the weak topology of V' will
also be useful. Remembering the identification (B.21]), the lemma is also applicable to
sequences weakly convergent in V.

Lemma 5.8 Let o, — 0 in L®(X,m) be nonnegative and assume that £, — ¢ in'V'. Then

liminf €% (6, 6,) > E5(L, 0). (5.77)

n—oo

If moreover o, — o also in the strong topology of L*(X, m) and

limsup &) (£y, n) < E(¢,€) < o0, (5.78)

n—o0

then for every continuous and bounded function @ : [0,00) — [0,00) we have

n—oo

in [ Qo) (6o, dm = [ QUoT;(0) odm, (5.79)

Proof. Concerning (5.77), for every ¢ € V, we have

(0, ) — %/ng(w) dm = lim ((6,“ ) — %/Xgnl“(go) dm) <liminf &} (¢,,0,).

n—o0 n—oo

Taking the supremum with respect to ¢ € V we get (5.77).

Let us consider the second part of the statement and let us set g, = /I ({n),

h, = gnon. Since h, is uniformly bounded in L?(X,m), possibly extracting a suitable
subsequence we can assume that h,, weakly converge in L*(X, m) to h. Since the measures
h,m, o,m weakly converge respectively to hm and gm and the densities g, of h,m w.r.t.
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onm satisfy sup,, ||gnll22(x,0,m) < 00 We can apply a standard joint lower semicontinuity
lemma (see, for instance [3, Lemma 9.4.3]) to write h = gp for some g € L?(X, om), with

/ g° odm < lim inf / g2 on dm. (5.80)
X n—oo X

Passing to the limit in the inequalities

|<€n,¢>|S/X,/an(ﬁn)\/f‘(z/)) Qndm:/th\/F(z/))dm for every ¢ € V,
we get
|(€,¢>|§/Xh\/lﬂ(¢) dm:/Xg\/F(z/))gdm for every ¢ € V,

which shows that g € G(p,¢). On the other hand, (5.78) and (5.80) yield

n— oo

/ g% odm < liminf/ gp 0 dm = liminf &% ((,,0,) < E5(0, () = / I, (¢)odm,
X n—oo X

so that Lemma 5.7 gives g = 4 /I(€).

Setting now t, = g,m, M = pm, we know that limsup, [ g2dm, < [, ¢°dm, and
(5.79) can be written in the form

i [ Qlen)g? dev, - /Q )g? diin.

n—oo

This convergence property can be proved writing the integrals in terms of the measures
0, = (0n, gn)sm, which converge in Z(R x R) to 6 = (p, g)ym, using the test function
(u,0) = Q(u)v]*. O

6 Absolutely continuous curves in Wasserstein spaces
and continuity inequalities in a metric setting

In this section we extend to general metric spaces some aspects of the results of [3] Chap. 8].
Even if we will use only the case p = 2, we state some results in the general case for possible
future reference.

Let (X,d) be a complete and separable metric space; we set X := X x [0, 1] and define
&:C([0,1],X) x [0,1] = X by &(v,t) := (y(t),t). For every dynamic plan 7 we consider
the measures

=1 T =T RN, fi:=¢(mw) € 2(X x [0,1]). (6.1)

|[0,1]7

Notice that the disintegration of fi with respect to time is exactly ((e¢)s7)scjo,1), i-€. fi
admits the representation

ﬂ:/o pe dA(t)  with gy = (eg)yr. (6.2)
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If 7 has finite p-energy for some p € (1,00), the Borel map (v,t) — v(v,t) = |¥|(t)
(defined where the metric derivative exists) belongs to LP(C([0,1]; X) x [0, 1], %), so that
the mean velocity v of 7t can be defined by

(v m) = v with o€ P(EA). oot = [l d0) (6.3

(here (741)(pnex © Z(C([0,1]; X)) is the disintegration of & w.r.t. its image f1). More
precisely, Jensen’s inequality gives

/ vPdip < Apy(w). (6.4)

X

In the next definition we make precise the concept of a square integrable velocity density
for a curve of probability measures: differently from [3], here we can consider only the
“modulus” of the velocity field, but this already provides an interesting information in
many situations.

Definition 6.1 (Velocity density) Let u € C([0,1]; 2(X)), i := [ d\ € P(X). We
say that v € LY (X, 1) is a velocity density for u if for every ¢ € Lip,(X) one has

‘/@dut—/wdus
X X

The set of velocity densities is a closed convex set in Ll(j(,,a), and we say that v is a
p-velocity density if v € LP(X,f1). We say that v € LP(X,fi) is the minimal p-velocity
density if v is the element of minimal LP(X, fi)-norm among all the velocity densities.

< / |ID*plvdi  for every 0 <s<t<1. (6.5)
X X(s,t)

Remark 6.2 (Lipschitz test functions with bounded support) We obtain an equiv-
alent definition by asking that (6.5]) holds for every test function ¢ € Lip,(X) with bounded
support: in fact, fixing ro € X and the family of cut-off functions

Yr(x) = n(d(z,z0)/R) where n(y) = (1—(y —1)4)4, (6.6)

every ¢ € Lip,(X) can be approximated by the sequence ¢, = ¢ - 1,; if v € Ll(f(,ﬁ)
satisfies (6.0 for every Lipschitz function with bounded support, we can use the dominated
convergence theorem to pass to the limit as n — oo in

)/%dut—/s@ndus
X X

since

S/ ID*¢lvdii+sup|g| [ vdji,
X X(s,t) (Ban (20)\Bn(z0)) X (s,t)

[D%¢nl(z) < (D[ (x) Pn(2) + sup [£|XB,, (20)\ B (20) (%)-
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For p € (1,00), we are going to show that the minimal p-velocity density exists for curves
w e ACP([0,1]; (£(X),W,)) and that it is provided exactly by (€3], for every dynamic
plan with finite p-energy 7 tightened to p. Heuristically, this means that for a tightened
plan 7 associated to p, while branching may occur, the speed of curves at a given point at
a given time is independent of the curve and given by the minimal p-velocity. The starting
point of our investigation is provided by the following simple result.

Lemma 6.3 (The mean velocity is a velocity density) Letw be a dynamic plan with

finite p-energy and let ju, ji, v be defined as in ©J), ©62), @I). Then v € LP(X,fi) is a
velocity density for p.

Proof.  Immediate, since for all ¢ € Lip,(X) the upper gradient property of [D*p| yields

[ etui [ ean= [ (o600 -etin)dnt < [ [ Drelahie) arant

-/ \WMWWWWJMﬂ%ﬂz/ Dglodz
C([0,1];X) x (s,1) X X(s,t)

The next Lemma shows that we can use a velocity density even with time-dependent
test functions.

Lemma 6.4 Let p € C([0,1]; (X)), pp = [
velocity density for p. Then p € AC([0, ] (2
has

pedh € P2(X) and let v € LY(X, i) be a
(X),W1)) and for every ¢ € Lip,(X) one

/ op dpty — / s dus < / (0F ¢, + D ¢, v) At for every 0 < s <t <1, (6.7)
X X X x(s,t)

where

0 ¢.(x) = limsup £ (@) — o1(2)). (63

Proof. 1f p is 1-Lipschitz then |D*p| < 1, so that from (6.5]) and the dual chacracterization

of W, we easily get
/ edus — / pdus| < / m(r)dr, where

m(r) = / vdu,, sothatm e L'(0,1).
b

Wi, pe) = sup
p€Lip,(X), Lip(p)<1

If we consider the map 7(s,t) := [ + ¥sdps and we call L the Lipschitz constant of ¢, we
easﬂygetforeveryogsgs §1 0<t<t<l1

t/
(s, t) = (s, )] < LIs' — s, |M&w—w@JNSL/)m@ﬁV
t
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so that we can apply [3| Lemma 4.3.4] to get the absolute continuity of ¢ — (¢, t) with

1 ) 1
n(t,t) <limsup — / @i d(pe — pte—p) + limsup —/ (Pran — 1) dpuy. (6.9)
dt hl0 h hl0 h X

Choosing a Lebesgue point of ¢ — [ « ID*¢|vdp, and applying Fatou’s Lemma we conclude
that we can estimate from above the derivative of ¢ — n(t,t) by

/a:_QOtd,Ut‘l‘/ |D*g0t|'Utd/,Lt.
X X

Since t — n(t,t) is absolutely continuous, by integration we get the result. U

Theorem 6.5 (The metric derivative can be estimated with any velocity density)
Let p e C([0,1]; (X)), i := [ e d\ € P(X) and let v € LP(X, i) be a p-velocity density
for u, for some p € (1,00). Then pu € ACP([0,1]; (Z(X),W,)) and

e |P < / ol dpy  for M-a.e. t € (0,1). (6.10)
X

Proof. We give the proof in the case p = 2, the general case is completely analogous.
With the notation of Kuwada’s Lemma [5, Lemma 6.1], denoting by Q;p the Hopf-Lax
evolution map given by (5.9), one has

_Wz(U8>Nt— sup /Qlwdut /s@dus O0<s<t<l
X

p€eLip, (X
Setting ¢ =t — s and recalling that (5.11)) gives
D* . 2
0 Qe < 2L x o)

the inequality (6.7)) yields

D*Q, .
/QlSOd,Ut_/ pdus < // | /m +[D Qr/gcplvs+r) dppsir dr
X

< _/ / U§+r dptsyr dr,
2 0 JX

where we used that 2|D*Q,/p¢| vsrr < |D*Q,e0|?/€ + €v2,,.. We conclude that

_M/ < — _
5 2 (/.LS, /.Lt) 5 (t S) /S </ U, dur) dT’,

that yields first the 2-absolute continuity of the curve ¢ — py in (Po(X), Ws). Also
inequality (G.I0) follows, because we have

W2(u ) 1 [t+h

12 : 2 \Ht+hs P . 2 2

— AN — —

|t }Lli% h2 = }ILIL% h, /X vy dpiy | dr /X vy dpuy

for M-a.e. t € (0,1). O
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Theorem 6.6 (Existence and characterization of the metric velocity density)

[ML1] A curve p € C([0,1]; (X)) belongs to ACP([0,1]; (£(X), W), p € (1,00), if and
only if i1 admits a velocity density in LP(X, ji). In this case there exists a unique (up
to fi-negligible sets) minimal p-velocity density v € LP(X, i) and

|t |P = /va dpy  for A-a.e. t € (0,1). (6.11)

[M.2] If 7 is a dynamical plan p-tightened to p and the mean velocity v of m is defined as
in (©3), then v = v fi-a.e. in X and

o(vy(t),t) = |¥|(t)  for w-a.e. (,1). (6.12)

In particular, the velocity of curves depends 7-a.e. only on (y(t),t) and it is inde-
pendent of the choice of 7.

Proof. The characterization of ACP([0,1]; (Z2,(X),W,)) in terms of the existence of a
velocity density in L (X' , it) follows in the only if part from the combination of Theorem
B I with Lemmal6.3] and in the if part from Theorem[6.5l The existence and the uniqueness
of the minimal p-velocity density is a consequence of the strict convexity of the LP-norm.

If 7r is a dynamic plan p-tightened to p and v is defined in terms of (G.3]), we can combine
(64) and Theorem (which provides the sharp lower bound on the LP norm of velocity
densities) to obtain that v is the minimal p-velocity density and that [, |” = [y v} dp, for
A-a.e. t € (0,1), so (6I1) follows. Combining this information with (5.20) yields

/ vl dpy = / |5 |P d7v () for A-a.e. t € (0,1),
X X

so that, recalling (63), we get

/X ( |7t|d%x,t(v))pdﬁ(x,t)= /X / [P A7, () dfi(z, t).

It follows that, for fi-a.e. (z,t), |§:| is 7, ;-equivalent to a constant. By the definition of v,
this gives (6.12]) with v in place of v. Using the coincidence of v and © we conclude. U

7 Weighted energy functionals along absolutely con-
tinuous curves

Let m be a reference measure in X such that (X, d, m) is a metric measure space according
to Section (.5 and set m :=m® A, with A = £*j. Let 9 :[0,1] x [0, 00) — [0, 00| be a

lower semicontinuous function satisfying

lii%lrﬂ(s,r) =0 for every s € [0, 1]. (7.1)
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Our typical example will be of the form
Q(s,1) = w(s)Q(r). (7.2)

Let us fix an exponent p € (1,00) and let us consider a curve u € ACP([0, 1]; (Z(X), W,)).
We denote i = fol psdA(s) € Z(X) (namely the probability measure whose second
marginal is A and whose disintegration w.r.t. the second variable is ug, s € (0, 1)), and by
v € LP(X, i) the minimal p-velocity density of ;. We suppose that

_ dps
~dm

g =om<m, sothat o(s,:)=ps() for A-a.e. s € (0,1), (7.3)

where dv/dm denotes the Radon-Nikodym density of the measure v with respect to m.
Then we introduce the functional

Agq(p;m) ::/XD(S,QS)vpd,EL:/XQQ(S, 0s) VP dm. (7.4)

We omit to indicate the dependence on p in the notation of the functional Ag, since p will
be fixed throughout this section. Notice that when Q(s,7) = 1 we have the usual action
[ v?din = Ap(p), the functional is independent of m and it makes sense even for curves
not contained in Z%(X,m).

If 7 is a dynamic plan p-tightened to p (recall that this means @7,(7w) = A,(p)), thanks
to ([612) we have the equivalent expression

Ag(yism) = / / (s, 0a(1())) 3 P(5) ds dre (). (7.5)

Theorem 7.1 (Stability of the weighted action) Let (u,) C ACP([0,1]; (L (X), W,))
with fi, = o,m <K m, such that

lim 0, = 0o strongly in L*(X, ) (7.6)
n—oo

and, writing QoM =: floo =: fol Uoo($) dA(s), one has

lim sup A, () < Ap(floo) < 00. (7.7)
n—o0
Then
lim inf Aq (pn; m) > Aq(too; m) (7.8)
n—o0

and, whenever L is continuous and bounded,

lim Ag(in; m) = Ag (poo; m). (7.9)

n—oo
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Proof. In this proof we are going to apply standard facts from the theory of Young mea-
sures, we follow [3], even though the state space therein is a Hilbert space, because the
vector structure plays no role in the results we quote, the Polish structure being sufficent.
Up to extraction of a subsequence, (Z.0) and equi-continuity in the weak topology yield

fn.s = Poos Weakly in P (X) for every s € [0, 1]. (7.10)

We can apply [3 Thm. 5.4.4] first to the sequence (fi,,v,), with v, equal to the velocity
densities of y,,. We find that the family of plans v,, := (¢ X v,)/l,, has a limit point v, in
P (X x[0,00)) whose first marginal is fio. and satisfies (redefining v,, to be the subsequence
converging to V)

/ lylP dvoo(z, s, y) < liminf/ [yl dvo (2, 5,y) < Ap(foo)- (7.11)
X x[0,00) n—oo J X

X x[0,00)

If (Ves) (o.syex € Z([0,00)) is the disintegration of Vo, W.r.t. fico, setting

Voo (T, 8) ::/ ydv, s(y),
0

we obtain from the previous inequality and Jensen’s inequality that v, belongs to Lp(f( s foo),
with o2, 5 ) < Ap(joc).

For every ¢ € Lip,(X) and 0 < r < s < 1, we can use the upper semicontinuity of
|ID*| to pass to the limit in the family of inequalities corresponding to (G.0])

} /X ¢ dpin,s — /X © dptnr

obtaining
}/ @dﬂm,s_/ @dﬂm,r S/ |D*90|Uoodla00'
X X X x(r,s)

It follows that ve is a p-velocity density for the curve po, so that [[vel[”, % fios) > A, (pso)

< / D] vy i, = / D"l (2)y dun(z, 5, ).
X x(r,s)

X x(r,s)x[000)

and since we already proved the converse inequality, equality holds. If v% is the minimal

p-velocity density, from the equality [[vZ[[}, (%) = A, (ftoo) We get vy = v¥,. Denoting

now by (Z,y,7) = (z,s,y,r) the coordinates in X x [0, 00) x [0,00), let us now consider
the plans o, = (Z,y, 0.(2))sn = (Z,0,(Z), 0n(T))4fl, € P (X x [0,00) X [0,00)). From
((C8]) we obtain the existence of ¢ : [0,00) — [0, 00) with ((r) — +o00 as  — oo such that

sup/C rVo,(Z,y,r )—sup/ 0nC(0n) dm < o0,

neN neN

so that o, are tight (the marginals of o, with respect to the block of variables (Z,y)
are v,, thus are tight). We can then extract a subsequence (still denoted by o) weakly
converging to o, whose marginal w.r.t. (Z,y) is V.
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The strong L' convergence in (Z:6) also shows that for every ¢ € Cy(X x R) one has

/((i, r)do(Z,y,r) = lim [ {(Z,7)do,(Z,y,r) = lim (T, 00(2)) 0n(Z) dm(Z)

702 (2, 000(2)) 000 () dm(Z n7€ (2, 000()) dfioo(T),

so that (2 X 0s )/l 15 the marginal w.r.t. (Z,7) of .
Hence, disintegrating o, with respect to v, we obtain

O oo (dT, dy, dr) = 0,z (dr) x vz(dy)djie(T).

Since the map (&, vy, r) — Q(s, 7)y” is lower semicontinuous and nonnegative in X x [0, 00)?,
assuming (with no loss of generality) 1 = sup Q, we get

n—oo n—oo

liminf Aq(p,;m) = liminf/Q(s,r)y”da’n(f,y,r) > /Q(s,r)ypdaoo(i',y,r)
> [ 90500k di = Aalpiim).
X

By applying this property with Q and 1 — £, since Aq(u;m) = A,(p) when Q = 1 and
((C1) holds, we can use Remark 4] to obtain (Z.9). O

8 Dynamic Kantorovich potentials, continuity equa-
tion and dual weighted Cheeger energies

In this section we will still consider a metric measure space (X,d, m) according to the
definition of Section and we will focus on the particular case when

p = 2 and the Cheeger energy Ch is quadratic (see (5.29)), (8.1)

so that V = WH2(X,d, m) is a separable Hilbert space; we will also consider continuous
curves (fis)seo,1] C & (X) with uniformly bounded densities w.r.t. m, i.e.

p e C([0,1]; 2(X)), fs = 05, R := sup ||| Lo (x,m) < 00. (8.2)
Our main aim is to show that the weighted energies €,, (or better, their dual forms &} )

provide a useful characterization of the minimal 2-velocity of absolutely continuous curves
win (P5(X), Ws), now not only in the form of inequality as in (G.H), but in the form of

equality, see (83]).

Lemma 8.1 (Absolute continuity w.r.t. V!) Let pu be as in (82) and let v € L*(X, i)
be a velocity density for p, i.e. satisfying (6.5). Then for every ¢ € V one has

)/ v (0t — 0s) dm) < / IDol,vdi  for every 0<s<t<1. (8.3)
X X X(s,t)
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In addition o : [0,1] — LY N L(X,m) has finite 2-energy with respect to the Vi norm,
more precisely

l|los — Qt“%/é < R(t — s)/ v2dfi  for every 0 < s <t < 1. (8.4)
X X(s,t)

Proof. In order to prove (83]) we simply approximate ¢ with a sequence of Lipschitz
functions ¢,, strongly converging to ¢ in L?(X, m) such that |[D*¢,| — |Degl, in L*(X, m)
and we pass to the limit in (63), using the fact that p; = o;m with uniformly bounded
densities.

By (B3)) it follows that

‘/(Qt_Qs)Sde‘ S/t(/ D%, Qrdm)l/2</ v? Qrdm>1/2dr
X s X X
§R1/2(/X|D<p\fudm>l/2 /: (/va Qrdm>1/2dr,

and since @ is arbitrary we obtain (84)). O

Theorem 8.2 (Dual Kantorovich potentials and links with the minimal velocity)
Let us assume that Ch is a quadratic form and let p be as in [82). Then u belongs to
AC%([0,1]; (2(X), Ws)) if and only if there exists £ € L?(0,1; V') such that

/ v (o — 0s)dm = / (l(r),p)ydr for every p € V, (8.5)
X s

and, recalling the definition (LTI of €

/0 &, (U(r), £(r))dr < co. (8.6)

In particular {(r) €V, for Z'-a.e. v € (0,1) and, moreover, it is linked to the minimal
velocity density v of p by

/va o dm = &7 ({(r),L(r)) for Lteae. re(0,1), (8.7)

v2 =T, (o) pr-a.e. in X, for L'-a.e. v € (0,1), (8.8)
where ¢, = —Ayl(r) €V, is the solution of (B.72) with { = {(r).
Proof. 1f p € AC?*([0,1]; (£2(X),W,)) then the existence of ¢ and (&3] follow imme-
diately by Lemma R Theorem and the fact that V' is a separable Hilbert space.

Differentiating (83) with v equal to the minimal velocity density in a Lebesgue point for
S f < |IDpl,vs0s dm and for a countable dense set of test functions ¢ in V we get

&, (L(r), L(r)) < /XUE o, dm for L'-ae. r e (0,1), (8.9)
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which in particular yields (8.]).
In order to prove the converse implication (and that equality holds in (7)), as well as

[BR)), let us start from p as in [®2), satisfying (85) and ([B6) for some ¢ € L*(0,1;V’).
Let us consider ¢ € Lip(X) with bounded support, the solution ¢, = —A3((r) € V,, of
(E72) with ¢ = ¢(r) and 1, the equivalence class associated to ¢ in V, , so that

(), ) = / 0,1y (60,16,,) dm

Now observe that (81) and (8.6 yield for every 0 < s <t <1

[ vdu [ wan] < [| [ atutonv)amfar< [ [ o600 amar
since for ¢ € Lip,(X)

L, (¥,,) =T (¢) = Dy[2 < D*Y|* om-ace. in X.

In view of Remark G2 we see that o, = (I, ((jbr))l/ *isa velocity density for the curve p.
Applying Theorem 63 and (5.73) we get p € AC?([0, 1]; (£(X), Ws)). In addition, since

/ 02 o, dm = / o (Or)or dm = &, (¢, 0,) = & (U(r), (1)) for L'-ae. 7€ (0,1),

comparing with (89) we obtain that ¢ is the minimal velocity density v, thus obtaining

B and (BF). O

9 The RCD*(K, N) condition and its characterizations
through weighted convexity and evolution varia-
tional inequalities

9.1 Green functions on intervals
We define the function g : [0, 1] x [0,1] — [0, 1] by

(1 =1t)s ifs€[0,],
Bs.1):= {t(l —s) ifselt1], 6-1)

so that for all t € (0,1) one has
o2
~ 9528

It is not difficult to check that (see e.g. [55, Chap. 16]) the condition v’ > f can be
characterized in terms of an integral inequality involving g.

(s,) =3, in2(0,1), g0,¢)=g(l.t)=0. (9.2)
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Lemma 9.1 (Integral formulation of u” > f) Letu € C([0,1]) and f € L*(0,1). Then
u" > f in 2'(0,1), (9.3)

if and only if for every 0 <ro <r; <1 andt € |0, 1] one has
1
w((1—t)ro+try) < (1 —t)u(rg) + tu(ry) — (r1 — ro)? / f((1=3s)rg+ sri)g(s,t)ds. (9.4)
0

Proof. In order to prove the implication from (@3] to (@.4]) it is not restrictive to assume
u € C*([0,1]) and f € C([0,1]). The proof of ([@4) follows easily from the elementary
identity

1
uw((1—t)rg +try) = (1 — t)ulre) + tu(ry) — (ry — r0)2/ u"((1 = s)ro+ sr1)g(s, t) ds.
0
Concerning the converse implication, we choose 1 :=r+h, ro =r—h and t = % obtaining

%u(r R+ %u(r —h) —u(r) > 4h2/0 F(r — h+ 2hs)g(s, 1/2) ds,

Multiplying by 2h~2 and by a nonnegative test function ¢ € C°(0,1) we get after an
integration

%/OIU(T)(C(T‘Fh)“‘C(T—h)—2<(T)) dr > 8/01g(8,1/2)</01 f(r—h+2hs)C(r) dr) ds.

Passing to the limit as h | 0 we obtain

In the next lemma we show that functions satisfying the weighted convexity condition
(@A) are locally Lipschitz, this will allow us to apply Lemma

Lemma 9.2 Let ® C R, © # {0}, be a Q-vector space and let w : (0,1)ND — R
satisfy (@A) for some f € L} (0,1), for every ro,r1 € (0,1)ND, ¢t € [0,1] such that

(1 —t)ro+try € ©. Then u is locally Lipschitz in (0,1), more precisely for every closed
subinterval [a,b] C (0,1) there exists C' > 0 such that

lu(z) —u(y)| < Clx —y| Vo, y € (a,b) ND. (9.5)

Proof.  Since the statement is local and ® is dense, we can assume with no loss of generality
that f € L'(0,1), that 0, 1 € © and that ([@4) holds rg, 4, 71 € [0,1] N D, with r; :=
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(1 —t)rg + try. First of all note that (@.4]) is equivalent to the following control on the
incremental ratios: for every rq, 14, 71 € [0,1] ND one has

u(ry) — u(ro) < u(ry) — u(ry) _Ti—To / firgls B d (9.6)

Ty — T ry— Ty l—t

Observing that 0 < g(s,t) < t(1 —t), we can easily estimate the remainder in the last
inequality by

t(ll_— to) /0 fro)g(s,t)ds

Given a < b € (0,1) ND, for every z, y € ® N (a,b), z < y, we want to use (0.0])
iteratively in order to estimate the difference quotient |u(z) —u(y)|/|z — y|.
Applying ([@.6) with 7o = 0, 1 = x, r; = a we obtain

u(a) — u(0) < u(x) — u(a)

< / £ dr = [ llzgor- (9.7)

+ 1 fllLr0,)- (9.8)

Analogously, choosing ro = a, 1 =y, ry = x in (Q.6]) yields

u(z) —ufa) _ uly) —ulz)

Tr—a B Y —

+ 1l (a)- (9.9)

Putting together (O.8)) and (@.9) we obtain the desired lower bound

u(y) — u(x u(a) — u(0
W) — ulz) , Aa) O ) sy
y—x a
Along the same lines one gets also the upper bound
u(y) —u(z u(1) — u(b
W) —ule) o e ZO) 4o i o,

y—x - 1—0b

Since the last two estimates hold for every z, y € © N (a,b) with z # y, the proof is
complete. O

The next lemma provides a subdifferential inequality, in a quantitative form involving f.

Lemma 9.3 Suppose that u € C([0,1]) satisfies v > f in 2'(0,1) for some f € L*(0,1).
Then, setting w'(04) := lim sup, o (u(t) — u(0))/t, we get

(1) = u(0) —(0,) > /0 F£()(1 — 5) ds. (9.10)
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Proof.  Notice that by ([@.4)

u(t) — u(0) < t(u(1) — u(0)) —/0 f(s)g(s,t) ds.

Dividing by ¢ and passing to the limit as ¢ | 0, since limgot~'g(s,t) = 1 — s pointwise in
(0,1] and 0 < t7'g(s,t) < (1 — ), we get (O.I0). O
A similar result holds for the solutions u of the differential inequality

we C(0,1]), u'+rku<0 in2(0,1), kekR. (9.11)

In this case, choosing [rg, 1] C [0, 1] with § = r; —r¢ € (0, 1], we can compare the function
t — u((1 —t)rg + try), which solves w” + k6?w < 0 in 2'(0,1), with the solution of the
Dirichlet problem

v+ k6*v=0 1in (0,1), v(0)=u(ry), v(1) = u(r), (9.12)
given by
o(t) = u(ro)w + u(rl)ssi((f)) if R =’ e (0,72,  (9.13)
and by
u(t) = u(ro)% + u(rl)?ﬁ(ﬁ; if k6% = —w? <0, (9.14)

observing that the comparison principle gives u((1 — t)ro + try) > v(t) for every ¢ € [0, 1].
By introducing the factors

+00 if k62> 72,
sin(wt) if k6% =w? € (0,77
o0 (5) = :iﬂ(w) - (9.15)
if k=0,
sinh(w?) if K62 = —w? <0
| sinh(w) ’

the solution v of (@12), thanks to (OI3)) and (@I4]), can be expressed in the form
v(t) = a7 (ry — ro)u(re) + oV (ry — ro)u(r)
and the following result holds (see for instance [55, Thm. 14.28]):

Lemma 9.4 Let u € C([0,1]) nonnegative and k € R. Then u”" + ku < 0 in 2'(0,1) if
and only if for every t € [0,1] and for every 0 < ro < ry < 1 with k(ry —r¢)* < 7 one has

u((1 —t)rg 4+ try) > oD (ry — o) u(ro) + oD (ry — o) u(r). (9.16)
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In the same spirit of Lemma [0.2] where we proved that “weighted convex” functions
are locally Lipschitz, next we show that functions satisfying the concavity condition (Q.I6])
have the same regularity; this will allow to apply Lemma

Lemma 9.5 Let ® C R be a Q-vector space with ©® # {0}. Let k € R and let u :
0,1]ND — R satisfy @I6) for every ro, 1 € [0, 1]ND with k(r; —1)* < 72 and t € [0, 1]
such that (1 —t)rg +try € ®. Then the following hold.

(a) There exists eg = o(k) > 0 with the following property: if

sup  u(ne) < oo, (9.17)
nEN,nS[%J

for some e € (0,60) N'D, then sup,cpnjo 1 u(r) < 0o.
(b) There exists g = o(k) > 0 with the following property: if

sup |u(ne)| < oo, (9.18)
nEN,nSL%J

for some € € (0,e0) N'D, then sup,cpnp) [u(r)] < oo.

(¢) If in addition u : [0,1]ND — R is locally bounded then w is locally Lipschitz in (0, 1),
i.e. for every r € (0,1)ND there exist e, C' > 0 such that [r —e,r +¢| C [0,1] and

lu(z) —u(y)| < Cle —y| Ve,y€lr—er+enNd. (9.19)

Proof.  For simplicity of notation we can assume Q C ©.

(a) Assume by contradiction the existence of a sequence (s,) C (0,1) N D such that
u(s,) — +oo. Clearly there exists § € [0, 1] such that, up to subsequences, s,, — §; let us
start by assuming s = 0, without loss of generality we can also assume that s,, € [0,¢/4] for
every n € N (g9 will be chosen later just depending on k). Applying (O.I6]) with 7o = s,
ry =€ and r; = 2¢ we get

u(e) > o=t (22 — s5,) u(sy,) + o) (22 — s,,) u(2e), (9.20)
where t,, = 285_—5st — % as n — 0o.

By a Taylor expansion at 0 of the function r — U,Sl_t")(r) it is easy to see that

o7 (2e — 5,) = (1 — tn) 4 0x(g0) > -, (9.21)

| =

provided gy = g¢(k) > 0 is chosen small enough. But then, observing that inf,, a,g”)(25 —
Sn) u(2¢) > —oo, combining ([@.20) and ([@.21]) we get

u(e) > ~u(s,) + ol (2 — s,)u(2e) = 400 as n — 400,

o |
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contradicting (@.I7). If instead s, — 1, applying (@.I6) with 7o =1 —2¢, r, =1 — ¢ and
r1 = S,, with analogous arguments we get

1
u(l—¢) > o7t (s, — (1 —2e))u(l — 2) + iu(8"> — 400 asn — 400,

contradicting (O.I7). Finally, if lim,, s,, = 5 € (0,1) we can repeat the first argument with
0 replaced by 5 thus reaching a contradiction. The proof of the first statement is then
complete.

(b) Let g = €g(k) > 0 be as above. Since by the first statement we already know that
u is uniformly bounded above, here it is enough to prove a uniform bound from below.
Applying [@I6) to ro = ne and r1 = (n+ 1)e for every n € NN [0, [1]], we get that
u(r) > o= () u(ne) + o™ (e)u((n + 1)) > —C sup  |u(ne)| > —oo ,
nEN,nSL%J

for every r € [ne, (n + 1)e] N D, for some C' > 0 independent of n. Applying the same
argument to 7o = |[1]e, 11 = 1 we also obtain a uniform lower bound on [[1],1]ND and
the conclusion follows.

(c) Since the statement is local and © is dense, we can assume with no loss of generality
that uw: [0,1] N ® — R is bounded, that 0, 1 € © and that (@.I6) holds for every ry, r, €
0,1]ND with k(r; —1)* < 72 and ¢ € [0,1] N Q. First of all note that (Q.I6) is equivalent
to the following control on distorted incremental ratios: for every rq, r; € [0,1]ND, t €
0,1] N Q with x(r; —79)? < 72 it holds

u(r) = o = ro) ulro) _ joi(n —ro) u(ry) —u(ry)

> , (9.22)
Tt —To rn =T

where 7, := (1 —t)ro +tr; € [0,1]ND.

Given 7 € (0,1)N®D, ¢ > 0 with ¢ < min{r,1 — r} and 4ke? < 72, and x,y €
DN[r—e,r+e], x <y, we want to use ([0.22) iteratively in order to estimate the difference
quotient |u(x) —u(y)|/|z — y|. We will prove that this is possible provided ¢ is sufficiently
small.

At first apply (@.22) with o = 0, 1 = x, r, = r — . Noting that 1 — ¢ = x_(;_e) < Che,

with a first order Taylor expansion at ¢t = 1 of the explicit expression ([Q.I3]) of ﬁa,(.@l_t) (x)
one checks the existence of C,. > 0, €, > 0 satisfying (with the above choice of t = t(x,r))

= o=t (z)

1
‘1 — 0% < C. forallz € [r—e,r+¢], forevery € € (0,¢,). (9.23)

Analogously, possibly enlarging C'. and reducing €, we can also achieve

~& | =

o (x) — 1' < Cp(x — (r —¢)) for every € € (0,¢,). (9.24)
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The combination of (3.22)), (023 and (@.24) gives
u(r —e) + Crlu(0)| - u(z) —u(r —e)

PR = =g C, for every € € (0,e,) N D. (9.25)

Observing that |%Ug)(y —(r—e))—1] < Cit(y — (r —e)), applying ([0.22) with ro =r — ¢,
ry =1y, ry = x, yields

U(i)__(:f(i 5_)6) +C. > w , for every € € (0,6,) N D. (9.26)

Putting together (@.27]) and (@:26]) we obtain the desired upper bound

u(y) —u(x) _ u(r —e) + Crlu(0)]
y—x - r—e

+ 2C,.

Along the same lines one gets also the lower bound

uly) —u@) | ur+2) —uly) o ~Colu(l)] — u(r +2)

—20C,.
y—x - (r+e)—y - 1—(r+e¢)

Since the last two estimates hold for every z, y € ® N [r — e, + ¢] with © # y, the proof
is complete. 0

9.2 Entropies and their regularizations

Let (X,d,m) be a metric measure space as in Section 5.5l We consider continuous and
convex entropy functions U : [0,00) — R with locally Lipschitz derivative in (0, c0) and
U(0) = 0. We set

P(r):=rU'(r)=U(r), Q(r):=r"'P(r) € Lip,.(0,00), R(r):=7rP'(r)—P(r). (9.27)

The induced entropy functional is defined by
W) i= [ Ul@dm+ V(e (X) itp=ompts ptlm (929)
X

where U'(c0) = lim, o, U'(r). Since U(0) = 0 and the negative part of U grows at most
linearly, U is well defined and with values in (—oo, +0o0] if x4 has bounded support, more
general cases are discussed below.

We say that P is regular if, for some constant a = a(P) > 0, one has

PeCY[0,00)), P(0)=0, 0<a<P(r)<a' foreveryr>0. (9.29)

Notice that in this case @), extended at 0 with the value P’(0), is continuous in [0, c0) and
it satisfies the analogous bounds

a<Q(r)<a?! foreveryr>0. (9.30)
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When P is regular, we still denote by P : R — R its odd extension, namely P(—r) := —P(r)
for every r > 0.

Once a regular function P is assigned, a corresponding entropy function U can be
determined up to a linear term by the formula

U(r) =r /1 P g (9.31)

so that (0.29) yields
a|rlogr| <|U(r)| <a™'|rlogr| for every r > 0. (9.32)

Motivated by (@.31)), we call the entropies U satisfying U(1) = 0, normalized. Notice
that P uniquely determines the normalized entropy U. Thus in the case of regular P, the
asymptotic behaviour of U near r = 0 or r = oo is controlled by the one of the logarithmic
entropy functional U,, associated to U,,, namely

Usx(r):=rlogr, Py(r)=r7r Qx(r)=1 Ry (r)=0. (9.33)

In particular, using (5.24]) one can prove that U(u) is always well defined, with values in
(—o0, +o0], if p € P(X), see [0, §7,1]. The choice of the base point 1 in the integral
formula (@.31]) provides, thanks to Jensen’s inequality, the lower bound U(p) > 0 whenever
m € Z(X). In addition, we shall extensively use the lower semicontinuity of the entropy
functionals (@.28) w.r.t. convergence in &,(X), see for instance [55].

Remark 9.6 (Regularized entropies) Let P € C!((0,00)) with P'(r) > 0 for every
r>0and 0 = P(0) = lim, o P(r). It is easy to approximate P by regular functions: we
set for 0 <e < M <

o JPA(r) if0<r<M,
Plr)=Plrre)=Fe),  Poulr):= {PE(M) +(r— M)P/(M) ifr> M.
(9.34)
Notice that
rPl(r)— P.(r) = R(r +¢) — R(e) + &(P'(e) — P'(r +¢)). (9.35)

Besides ([@.33)), our main example is provided by the family depending on N € (1, 00)

Un(r) .= Nr(1 —r= YNy Py(r) =YY, Qn(r) ="MV,
F1=1/N 1 (9.36)

RN(’I“) = — N = _NPN(T)

together with the regularized functions Py . and Py as in (@.34).
Notice that a simple computation provides:

1
Ry (r) = _NPN’E(T) + E(P]/V,a(o) — P],\77E(T’)) for every r € [0, 00), (9.37)
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so that the concavity and the monotonicity of Py, give

1 1 1
— NPN@(T’) +(1-— N)el_l/N > Rne(r) > —NPN@(’I“) for every r € [0,00).  (9.38)

The entropies corresponding to Uy, according to ([@28)), will be denoted with Uy:
Un(p) := N — N/ o Ndm  if p=om—+pt, ptLm. (9.39)
X
In particular Uy(p) = [ « Un(0) dm whenever p = om is absolutely continuous.

9.3 The CD*(K, N) condition and its characterization via weighted
action convexity

In this section we start by recalling what does it mean for a metric measure space to have
“Ricci tensor bounded below by K € R and dimension bounded above by N € (1, 00]”,
this corresponds to the the so-called curvature dimension conditions CD(K, N) or to the
reduced curvature dimension conditions CD*(K, N). First, let us recall the notion of
CD(K, 00) space introduced independently by Lott-Villani [42] and Sturm [51] (see also
[55] for a comprehensive treatment).

Definition 9.7 (CD(K, o0) condition) Let K € R. We say that (X,d, m) satisfies the
CD(K,00) condition if for every p; = oom € D(Us) N Po(X), i = 0, 1, there exists a
Wa-geodesic (fis)sefo,1] connecting jug to py such that

W) < (1= JUne(1t0) + $Uoc(pr) = 5 (1 = 5)WEo, ) ¥s € (0,1).  (9.40)

If morever (Q40) is satisfied along any geodesic ps connecting po to py, we say that
(X,d,m) is a strong CD(K, c0) space.

It is well known that smooth Riemannian manifolds with Ricci curvature bounded
below by K are CD(K, oco)-spaces; one reason of the geometric relevance of such spaces
is that they form a class which is stable under measured Gromov-Hausdorff convergence
(for proper spaces see [42], for normalized spaces with finite total volume, see [51], for the
general case without any finiteness or local compactness assumption see [33]).

In strong CD(K, 00) spaces (X, d, m), quite stronger metric properties have been proved
in [48]; we list them in the next proposition.

Proposition 9.8 (Properties of strong CD(K, oc0) spaces) Let (X,d,m) be a strong
CD(K, 00) space and let py = oom, py = oym € ZP(X, m) N Po(X). Then:

[RS1] There exists only one optimal geodesic plan w € GeoOpt(pg, it1) (and thus only one
geodesic connecting o, H1);
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[RS2] 7 is concentrated on a set of nonbranching geodesics and it is induced by a map;

[RS3] all the interpolated measures j1; = (es)ym™ are absolutely continuous w.r.t. m; if
moreover pig, 11 € D(Us), then us have uniformly bounded logarithmic entropies
Uoo (115)-

[RS4] if 0o, 01 are m-essentially bounded and have bounded supports, then the interpolated
measures jts = osm = (e5)y7 have uniformly bounded densities. More precisely the
following estimate holds:

— 2
105 ]| ooty < €522 max{[| 00| o (xm). || 011 £oo () } (9.41)

where D := diam(supp oo U supp 01) and K~ := max{0, —K}.

As bibliographical remark let us mention also [3I] about existence of optimal maps in
non branching spaces; also note that [RS4] is well known [55, Thm. 30.32, (30.51)], [6] §3]
as soon as the branching phenomenon is ruled out. Remarkably, this property holds even
without the non-branching assumption [46].

Remark 9.9 Notice also the following general fact, holding regardless of curvature as-
sumptions: if pg, 1 € Z(X) have bounded support, then there exists a bounded subset
E of X containing all the images of the geodesics from a point of supp oy to a point
of supp p1; in particular we have that supp[(e;)ym] C E for every s € [0,1] and every
7 € GeoOpt (g, fi1).

Lemma 9.10 (X,d, m) is a strong CD(K, 00) space if and only if every couple of measures
to, p1 € D(Us) N Po(X) with bounded support can be connected by a Wy-geodesic and
@40) is satisfied along any geodesic connecting po to jiy.

Proof. Let us first prove that every couple pg, g1 € D(Uy) N P5(X) can be connected
by a Ws-geodesic. For z € X fixed and N sufficiently big, we can define the measures
A %,uil_BN(i) € Py(X).
By choosing a constant C' > B (recall (5.24))), we can introduce the normalized proba-
bility measure m € P5(X)
1

M= —e CP@Nm  with z::/ O (@) dm(z),
Z X

and the corresponding relative entropy functional Ueo, satisfying the identity

Uoo (1) = Uso(pt) — C’/X d?(z,z) dp — log z. (9.42)

Let us denote by g;, 0¥ the densities of p;, ul¥ w.r.t. m. From cy 1 1 it is easy to check
that Wa(ul, ;) = 0 and [|8Y — 8;||z1(x.m) — 0 as N 1 oo. Since g < ¢y'g;, the uniform
bound

—e ' < 5N log(a)) < 6 (log 6; — logen) < endi(log 8:)+ — e log en g,

73



and the fact that m(X) is finite yields Uoo (1) — Uso(pts) as N 1 oo and therefore, by
@42), Uso ( MY = Uoo(115) as N — oo.

Since Y have bounded support we can find a Wa-geodesic (412 )sej0,1] connecting them
and satisfying the corresponding uniform bound

Uso(py) < (1= $)Uoo (g ) + sUoo(p17') — §S(1 —s)W3 (g, 1) Vs €(0,1), (9.43)

which in particular shows that Us(uY) < S < oo for every s € [0,1] and N sufficiently big.
Since the sublevels of Uy, are relatively compact in Z2(X) and the curves [0,1] 3 s — Y
are equi-Lipschitz with respect to Ws, we can extract (see e.g. [3, Prop. 3.3.1]) an increasing
subsequence h +— N(h) and a limit geodesic (i)scpo,1) such that N ™ weakly in
P (X) as h — oo. In particular (ps)scp0,1) is a geodesic connecting jug to .

Let us now prove that ([@.40) holds along any geodesic connecting g, 11 € D(Uy) N
P5(X). Let ps = (e5)sm be a geodesic induced by 7 € GeoOpt(fi, 11); we consider

Fpi={y € C°0,T): X): +(0,1]) C Br(@)},  cpi=n(Tp), 7= éer

and pl = (e,)ym™; since 7 € GeoOpt(ug, 1), (118)sejo,) is a geodesic and the measures
R have bounded support in Bg(Z). Thus for every R > 0 one has that pff, uf, u#
satlsfy (@40); arguing as in the previous step, we can pass to the limit as R — oo using
the facts that Wo(uZ, ps) — 0 for every s € [0, 1], Uoo(uf) — Uo(p;) if i = 0, 1, and
liminf g oo Uso (1) > U (1) and we obtain the corresponding inequality for jug, ps, ft1.
O

Next, let us recall the definition of reduced curvature dimension condition CD*(K, N)
introduced by Bacher-Sturm [10].

Definition 9.11 (CD*(K, N) condition) We say that (X,d, m) satisfies the CD*(K, N)
condition, N € [1,00), if for every p; = pom € 2%(X,m), i = 0,1, with bounded support
there ezists m € GeoOpt(uo, 1) such that

WUns (1) < M — M / (46747 (@0, 1)) 00(20) ™ + 7183, (A0, 1) )en (1) ™) ()
(9.44)
for every s € [0,1] and M > N, where jis = ()37, the coefficients o are defined in (9.15])
and Wy is defined in ([9.39).
If moreover ([QA44l) is satisfied along any 7 € GeoOpt(uo, p1), we say that (X,d,m)
satisfies the strong CD*(K, N) condition.

Remark 9.12 Definition coincides with the original definition of CD*(K, N) spaces
given in [10]. Note that the additional terms in the right hand side of (Iml) are due to
our definition of entropy as Uy (om) : M Jxo(l—o~ m)dm = M — M [, o =37 dm, while
the one adopted in [I0] was — [, o' ~w dm (for absolutely continuous measures). This
convention will be convenient in our work in order to use regularized entropies and analyze
the corresponding non linear diffusion semigroups.
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It can be proved that a strong CD* (K, N)-space is also a strong CD(K, co) space, and
thus properties [RS1-4] hold, see Lemma .13 below, whose proof included for completeness
follows the lines of [52 Prop. 1.6]. Conversely, any CD*(K, N) space satisfying [RS1-4] is
clearly strong. Therefore a CD*(K, N) space is strong if and only if [RS1-4] hold.

Lemma 9.13 [If (X,d,m) satisfies the (strong) CD*(K, N) condition for some K € R,
N € [1,00), then (X,d,m) is a (strong) CD(K, c0) space.

Proof. By Lemma it is sufficient to prove (@40) along every W-geodesic (1ts)sejo)
induced by m € GeoOpt(pug, it1) with p supported in a bounded set and p; € D(Us),
1 =0, 1.

Let us first notice that for every » > 0

A}im Un(r) =Ux(r), N Ux(r) is increasing for all r € (0, 00)
—00

If us = osm, since ug is supported in a bounded set with finite m-measure, it is then not
difficult to prove that

lim Un(ps) = Uso(ps) for every s € [0, 1]. (9.45)

N—oo

The second important property concerns the coefficients 0,(.@8)(5): it K >0

M(s - af;}M(a)) _ sl K/M) = sin(y K/Ms9) 6—2K(53 —s)+o(1)  (9.46)

(K/M)sin(/K/M?J) 6

as M 1 oo, and a similar property holds when K < 0.
We thus get

Unr(ps) — (1 = s)Uns(po) — sUns (1)

< M/ ((s — aﬁ?}M(d(%,%)))Ql—uM(%) +(1-s— Ug/—ﬂz)(d(,yo’71)))90—1/M(70)> dr (")

and passing to the limit as M 1 oo by applying (@.45]) and (@.46]) we obtain

U () = (1= 5)Uuco) + slUne (1) < (1~ 5) / &2(10, 1) de(7)
= (L ) W2 o, ).
]

Let us also introduce a more general class of natural entropy functionals, used for
instance in Lott-Villani’s approach of CD spaces [42], 55] (compared to [55], we add a few
more regularity properties on P). They will play a crucial role in the next chapters.
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Definition 9.14 ([55, Def. 17.1]) Let U : [0,00) — R be a continuous and convezr en-
tropy function, with U(0) = 0 and U’ locally Lipschitz in (0,00). We say that U belongs to
McCann’s class DC(N), N € [1, 00|, if the corresponding pressure function P = rU" — U
satisfies P(0) = lim, ;o P(r) = 0 and r — r~¥LP(r) is nondecreasing, i.e.

R(r)y=rP'(r)— P(r) > —%P(r) for L-a.e. v > 0. (9.47)

We say that U is regular and write U € DC,.,(N) if, in addition, U is normalized and P
is regular according to (0.29)).

If P is regular, we can also write P € DC(N) (resp. P € DC,¢,(N)) if the corre-
sponding normalized entropy U belongs to DC(N) (resp. DC,¢,(N)). Directly from the
convexity inequality 0 = U(0) > U(r)—rU’(r), it is immediate to see that P is nonnegative.
Moreover, the function V : (0,00) — R* defined by

V(r) :=rNU(r") is convex and nonincreasing. (9.48)

The last condition is actually equivalent to U € DC(N).

Before stating the next result, we introduce a family of weighted energy functionals
taylored to a pressure function P as in § if Q(r) := P(r)/r, we consider the weight
QW (s, 1) 1= g(s,t)Q(r), where g is the Green function defined in (@.)).

We adopt the notation of Section [l If u € AC?([0, 1]; (2(X), Ws)) with i = pm < m
and v is its minimal 2-velocity density, we set

AD (11:m) = Ao (s;m) = /X g(s.0)Q(o(r, )* (e, s) di(x.s).  (9.49)

In the following theorem we relate the CD*(K, N) condition, defined in terms of the dis-
tortion coefficients o n, to a modulus of convexity along Wasserstein geodesics of the
entropies induced by maps U € DC(N), very much like in the case N = co. The main
difference is that the modulus of convexity is not the squared Wasserstein distance, but

the action Ag) (p;m) of (@49).
Theorem 9.15 Let us assume that [RS1-4] hold. The following properties are equivalent:
[CD1] (X,d,m) is a strong CD*(K, N) space, for some K € R and N € [1, 00).

[CD2] For every pp = gom, py = oym € Z(X, m) with densities o; m-essentially bounded
with bounded support, the geodesic (jit)ico,1) connecting po to pn satisfies (with

Qn(r) = r~UN 4s in @39))

Un () < (1= 1) Un (o) +t Un (1) — KAS) (pzm)  for every t € 0,1]. (9.50)

[CD3] For every py = oom, p1 = oym € (X, m) N Ho(X), the geodesic (fit)icio,1) con-
necting po to py satisfies (@.50).
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(CD4] For every jig = gom, pn = oom € Z(X, m) N Po(X) and every U € DC(N), the
geodesic (fi¢)e(o,1) connecting fio to py satisfies

U(pe) < (1= )WU(po) + tW(p1y) — KAY (sm)  for everyt €[0,1].  (9.51)

[CD5] For every i, pn € (X, m) N Po(X) and every reqular U € DC,4(N) the
geodesic (f1¢)iefo,1) connecting o to p1y satisfies (Q51)).

Remark 9.16 Ifin Theorem[91], in all the items [CD3],[CD4],[CD5], the measures pg, p11
are assumed to be with bounded support, then the equivalence with [CD1],[CD5] holds with
the same proof. Since in the last part of the paper we will work with measures which may

not have bounded support, it will be useful to have the stated form with the extension of
[CD3],[CDA4],[CD5] to measures in Po(X).

Proof.  The implications [CD4] = [CD3] = [CD2] and [CD4] = [CD5]| are trivial.
We will prove [CD1] = [CD2] = [CD3] = [CD4] = [CD1] and [CD5] = [CD2].

[CD1] = [CD2]. Let g = gom, 1 = oym € Z(X, m) with densities p; m-essentially
bounded with bounded support. By [RS1-4] there exists a unique geodesic iy = (ey)ym
connecting jo to py, it is made of absolutely continuous measures with bounded densities
and it is given by optimal maps: gm = p, = (7})s0. Since 7 is concentrated on non-
branching geodesics, we can apply [L0, Proposition 2.8 (iii)] to infer that for every ¢ € (0,1)
there exists a Borel subset E; C supp po with po(X \ E;) = 0 such that

() > o) (d(z, Ti())) %a(x) + 03y (d(z, T1(2)) 0 (2), Vz € B, (9.52)

where 0;(x) == (0, YN o Ti)(z). Moreover, by [47, Theorem 1.2], the convexity property
(@44) holds for all intermediate times (note that in this case one could argue directly by
knowing that the Wa-geodesic is unique). It follows that, for any fixed countable Q-vector
space ® C R, there exists a Borel subset Fg C supp po with 1o(X \ Ep) = 0 such that for
every x € Eg, every ro,r € [0,1]N® and ¢t € [0,1] N Q it holds

0,,(2) > o 3 (d( Ty (), Ty (2))) 00 (2) + 030 (d(T3 (2), T2, (2))) 0y (), (9.53)

where 7, := (1 — t)rg + try. For the moment simply choose ® = Q and, fixed some n € N,
define
§:={m/n : meNm<n}.

By Lemma below we have that the map § € r +— 0,.(z) is uniformly bounded in [0, 1]
for every x € E, where £ C Ey satisfies po(E) = 1. Observe also that d(7,,(x), T, (z)) =
(r1—ro)d(z, T1(z)) is uniformly bounded since we are assuming p; to have bounded support,
i =0, 1. Choosing n € N large enough in the definition of §, by Lemma [@.5(b) we infer
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that the map Q € r — 0,(x) is uniformly bounded for every z € E. But then part (c) of

Lemma 0.5 applied to the function [0,1] N Q > r — ?,(z) € R gives that such a map is

locally Lipschitz, so it admits a unique continuous extension [0,1] 3 ¢t — d,(x) € R*.
Observing now that

Ty (A(Try (2), Ty (2))) = 0 ) (11 = r0)d (@, T2 (1) = 0l )y (1 = 10),

Lemma implies that the continuous map ¢ — 0,(x) satisfies the differential inequality

2
:th o (z) < —Edz(x Ti(z)) 0y(x) in 2'(0,1), for every z € E. (9.54)

But then, Lemma O] gives

0i(z) > (1 —t)0o(x) + to1(x N/ (x,Th(x))g(s,t)ds Vte0,1], Vo € E.

(9.55)
We now claim that for every ¢ € [0, 1] it holds 9, = ?; po-a.e. If it is not the case then
there exists ¢ € [0, 1] and a subset Fr C supp po with po(Fz) > 0 such that

0i(z) # 0¢(x) = lim 0y, (x) Yz € Fp, t, € QN[0,1] with ¢, — . (9.56)

But choosing © = {q1 + ¢t : q1,¢2 € Q}, we get that there exists a subset Ef, C supp fig
with po(X \ E5) = 0 such that the inequality (@.53) holds for every x € Ej; therefore,
repeating the arguments above, Lemma[@.H yields that the function [0,1]ND > r — 0,(x) €
R is locally Lipschitz for every x € Ej. This is in contradiction with the discontinuity

([@56) at ¢, since pg(Fz) > 0 and uo(X \ Ey) = 0.
Integrating now (@.55) in dug(x), since by construction po(X \ E) = 0 and 0, = 0

po-a.e, we get (@.50). Indeed

S I Y I A E 1 .
Oydpo = | 0pdpo= | o oTiduo= | o "dm=1-— Nuzv(/it),
E E X X

and

[ [ ninmo]eenas = [ [ o] .o

_ / [/X (@) o) )] (s, 0

= [ sls o(x, s))v* (z)dji(z, 5)

=AY (uzm), (9.57)

el

where we used the fact that, since the plan @ € GeoOpt(po, pt1) is concentrated on con-
stant speed geodesics and recalling (G.12]), the minimal 2-velocity v is constant in time and
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given by v(z) = d(z, T1(x)). In particular, (9.57)) implies that whenever AS)N (p; m) is finite
then the function s — 0,(x)d?(x, Ti(z))g(s,t) is integrable, and therefore s — 0,(x) €
L} ((0,1)), for pg-a.e. z € X.

[CD2] = [CD3]. Let us start by assuming that gy = gom, uy = om, om = p; =
(T})g110 = (ey)y7 are as in the above implication, i.e. g;, i = 0, 1, are m-essentially bounded
with bounded support, so that by hypothesis we know that p; satisfies (@.50). For any Borel
subset A C supp o with p10(A) > 0, consider the localized and normalized measure j; =

% oy poLA = o z Z7XA to and its push forwards pt = (ﬂ)wg‘ By cyclical monotonicity of
the measure-theoretic support, it is well known that (A )(XA oey)T E GeoOpt(uO ,j12) 80

that ' is the Wy-geodesic from pg' to pi! with essentlally bounded densities of' satisfying
oi o Ty = xa0i o T;. Applying (@49) and [@50) to the geodesic p;' gives the localized
convexity inequality

/btduo (1—t)/00du0+t/ADld,uo+ N// &z, Ty(x)) s, ) ds dpo(z),

for every t € [0, 1], where 0,(x) := (o, YN g T;)(x) as before. The arbitrariness of the Borel
set A implies that for all ¢ € [0, 1] one has

0(x) > (1 —t)og(x) + 0y (2 N/ (x,Th(x)) g(s,t)ds, for pg-a.e. x. (9.58)

Now let instead p; = gm € Z%(X,m) N P(X), i = 0,1, and gm = p, = (T3)sp00 =
(e)ym be the unique Ws-geodesic joining them. Consider the approximating geodesic
ur = oFm given by Lemma below. Since ¢ are m-essentially bounded with bounded
support, ([@58) holds for uf by assumption. It follows that there exists Ey; C supp ub C
supp o with uf(X \ Ej) = 0 such that

3 (2) > (1 — )ok(x) + k(a N/ (. T () g(s,t)ds,  (9.59)

for every x € Ej,, where 0F(x) = (of o T})™/N(z). Without loss of generality we may
also assume Ey; C {0} > 0}. Defining E; := (,cy Bk, by using Lemma @I7(4), we get
that F; C supp uo and po(X \ E;) = 0. Moreover, observe that (@.59) is still true for the
renormalized measures ¢y, of, since the constants just simplify from both sides thanks to
the homogeneity of the entropy. But then, Lemma Q.I7(3) implies that for yg-a.e. z € E
one has ?F(x) = 0,(z), provided k is large enough. Passing to the limit for k& — oo, we
conclude that (@58) holds and the thesis follows by integration in dug(z) as in the impli-
cation [CD1] = [CD2].

[CD3] = [CD4] Let p; = om € 2¢(X,m) N Py(X), i = 0,1, and om = p; =
(T3)gpr0 = (ey)ym be the unique Wa-geodesic joining them. Observing that the restriction
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to a subinterval [rg, 7] C [0, 1] of a geodesic is still a geodesic, the localization argument
of the implication [CD2] = [CD3] ensures that for every rg,ry,t € [0, 1] one has

0, (2) > (1= )00y (2) + 10y, (1) + 2o (rs = o) / 0, (2)d(z, Ti (1)) (s, ) s puorae. o,

(9.60)
where 7, := (1 — t)rg + try as before. Note first of all that if K = 0 the proof is simpler
since the non-linear term in all the convexity inequalities just disappear. If K # 0 we first
claim that for pg-a.e. z € X the function s — 04(z) belongs to L} ((0,1)). By Lemma
QI8 we know that for pp-a.e. x € X it holds d¢(x),01/2(x),01(x) € (0,00). Specializing
@60) to ro =0,r; =1,t = 1/2 we get

2(x, Ty (x 1/2 !
w (/0 s04(x)ds + /1/2(1 — 5)04() dS) < 0yp2(z) <00, po-ae. .

In particular, if K > 0, we get that s — 0,(z) belongs to L}, .((0,1)) for pe-a.e. . Also,
if K < 0, we may assume that AS)N (u;m) < oo otherwise the thesis of [CD4] trivializes,
and then by (@57) we get that s — 04(z) € L}, ((0,1)). From (@60) it follows that for
any fixed countable Q-vector space ® C R, there exists a Borel subset Ep C supp po
with po(X \ Eg) = 0 such that (@.60) holds for every x € Eg, every ro,r € [0,1]ND
and ¢t € [0,1] N Q. Since s — 04(z) in an element of L} ((0,1)) for ug-a.e. x, choosing
simply ® = Q, for every fixed x € E := Ep, we can apply Lemma to the function
0,1]NQ > r+— 0,(z) € RT and infer that such a map is locally Lipschitz; thus it admits
a unique continuous extension [0,1] 3 t — 0,(z) € RT satisfying (0.55). Lemma 0.1] gives
then

d2 N K 2 N : /

@Dt(x) < _Nd (x,T1(x)) 0¢(x) in 2'(0,1), for every x € E. (9.61)
Given now U € DC(N), recalling (0.48]) and taking (0.61]) into account, we get the following
chain of inequalities in distributional sense

LVE) = Ve (G30) +VE) S
> —% 0,(z) d*(x, Ty (x)) V'(0,(x)) in 2/(0,1), for every x € E.

Applying again Lemma [0.1] this time with u(t) := V(9;(x)), we obtain

V(R,(2) < (1= OV(Eo(2)) + 1V (01(2) + 5 / &(2, Ty (2) V'(3,(x)) g(s. ) ds,

(9.62)
for every x € E. With the same argument as in the proof of [CD1] = [CD2|, we have
that for every ¢ € [0,1] it holds 0;(z) = (z) = (Qt_l/N o Ty)(x) for pg-a.e. x. The
desired inequality (@.51]) follows then by integrating (9.62)) in duo(x), since by construction
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to(X \ E) = 0. Indeed, recalling that V(0,(z)) = V(gt_l/N o Ty(x)) = L@l e have

otoTi(z)
[vepan = [ vepaun= [ Dl an — [ L gz
= /XU(gft) d(th):/XU(Qt)dm:u(Mt)

For the action term in (@.51) observe that, since the plan w € GeoOpt(ug, i11) is concen-
trated on constant speed geodesics and recalling (612)), the minimal 2-velocity v is constant
in time and given by v(z) = d(z, Ti(x)). Therefore, noting that Q(r) = —%T_WV/(T’_%)
for Z1-a.e. r € (0,1), we obtain

K/ [/ z) d*(z, Ty () V'(0s()) g(s,1) dS} dpo(2)

K / U 0.() V'(0 <>>duo<x>] (s, 1) ds

S / I v2<x>@<@s<x>>dus<x>} (s, 1) ds = —KAY (;m)

[CD4] = [CD1]. Let po = oom, 1 = oym € (X, m) with densities p; having
bounded support, so in particular u; € Z5(X). By [RS1-4] there exists a unique Ws-
geodesic p; = (ey)ym from pig to iy, it is made of absolutely continuous measures and it is
given by optimal maps: gm = i, = (1})40. Choosing U = Uy, we get that j, satisfies
(@50) by assumption. Localizing in space and time as above, we obtain (0.60), namely

0, (z) > (1 =)0, (x) + 101 (x) + %(7‘1 — ro)z/o 0, (z)d*(z, Ty (7)) g(s,t)ds  po-a.e. m.

It follows that, for any fixed countable Q-vector space ® C R, there exists a Borel subset
Eo C supp o with puo(X \ Ep) = 0 such that ([@60) holds for every = € Eg, every
ro,71 € [0,1]ND and t € [0,1] N @ Since by assumption py and py are bounded with
bounded supports, it follows that .A (p;m) is finite; thus, from (.57), we get that the
map s — 04(x) is an element of L}OC((O 1)) for po-a.e. x € X. Therefore choosing ® = Q,
for every fixed x € E := Eg, we can apply Lemma to the function [0,1]NQ > r —
0,(x) € RT and infer that such a map is locally Lipschitz, so it admits a unique continuous
extension [0,1] 2 ¢ — 0,(z) € RT satisfying (@.55). Lemma gives then (0.54) and
Lemma yields

() > oy (d(z, T1(2))) do(x) + 01y (d(x, Ty (2))) 04 (x), Yo € B, ¥t € QN [0,1]. (9.63)

Arguing as in the implication [CD1] = [CD2], we get that for every ¢t € [0,1] one has
0, = 04, po-a.e. in X. Integrating (0.6G3) in dug(z) gives ([@44) for Uy; since for every
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M > N one has Uy; € DC(N), the argument for any other M > N is completely analo-
gous: just replace N with M in the formulas above.

[CD5] = [CD2]. Let p; = pom € 22%°(X,m) with o; m-essentially bounded having
bounded supports, i = 0,1, and gym = p; = (13)s110 = (ey)y7 be the unique Ws-geodesic
joining them. Under our working assumptions we have that g, t € [0, 1], are uniformly m-
essentially bounded with uniformly bounded supports. Given the N-dimensional entropy
U(r) := Nr(1 —r~YN) with associated pressure P(r) := r'=V/N for every k € N call P,
the regularized pressure P, := Py where Py was defined in (@.34). Called U}, the
regularized and normalized entropy associated to Py as in (@.31]), observe that

P, — P and Uy — U uniformly on [0, R] for every R € R*. (9.64)

Since Uy, € DC,..,(N), by assumption for every k € N we have

l/ Ud(or) dm s;<1—t)/ Uu@»dm+41/ Ue(or) dm
Supp it supp fio supp i1

-«AWLm;mmfwﬂmmmﬁg@wﬁwwm

where we used that Q(r) = P(r)/r by definition. Recalling that ¢, are uniformly m-
essentially bounded with uniformly bounded supports, we infer that m (|, supp(u)) <
oo and the uniform convergence (0.64]) allows to pass to the limit in (0.65), obtaining

(@50). O

Lemma 9.17 Let (X,d, m) be a strong CD(K, 00) space, so that [RS1-4] hold. Consider
i = om € P(X,m)N Py(X), i = 0,1, and let w € GeoOpt(uo, p1) be the plan
representing the Wy-geodesic oym = iy = (ey)ym = (13)4 (o) from po to puy.

Then there exist sequences of measures juk = ofm € 22¢(X,m) and constants ¢;, T 1
such that the curve gfm := pf = (T})3(uh) is the Wa-geodesic from uf to uf and it satisfies
the following:

(1) oF are m-essentially bounded and with bounded support, i = 0, 1;
(2) cr of < 0y m-a.e.in X for every t € [0,1];

(3) for every t € [0,1] it holds cy pF(z) = pi(x) for m-a.e. © € X, for k large enough
possibly depending on x;

(4) uk = c oppe with o 1, po-a.e. on X.

Proof. Fix a base point € supp o, call By := By () the ball of center & and radius k € N.
For every k € N consider first the densities g := yp, min{k, oo} and the push forward
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measures i} := (T1);(gkm). Since clearly gf < gy and g§ = oo on {z € By : o0o(z) < k},
and since by assumption 77 is pg-essentially injective, we have

om:=paf<pu and ' =0 on Ty({x € By : oo(x) < k}). (9.66)

Consider now ¢f := xp, min{k, g}}. Using again the jg-essential injectivity of 7; and
observing that gf < g% < o, we can define i := (77 ');(d¥m). By construction we have

gym = ji; < oym < po and gf = 0o on Ty ' (T (B N {max{eo, 0/} < k}));  (9.67)

in particular we have that ¢f < k and supp g¥ C By, i = 0,1. Moreover, for m-a.e. = we
have gf(z) = go(x) for k large enough (possibly depending on ).
Setting ¢y, := (X)), pk = ¢ ' ik and pf == (T})4(uk) we get the thesis. O

Lemma 9.18 Let ug € Z(X) and let T : supp po — X be a po-essentially injective map
such that oym = py = Ty(po) € P*(X,m). Then

po({x € supp po : 01(T(x)) =0}) =0. (9.68)

In particular, given piy = oom = (1})4(p0) @ Wa-geodesic as in [RS1-3], for any finite subset
§ C [0,1] we have
Ho({x € supp po = min 0, (7, () > 0}) = 1. (9.69)

Proof.  Let us consider the set A := {x € supp iy : 01(T(x)) = 0}. Since by assumption
1 = Ty(po) and T is pp-essentially injective, we have that T is py-a.e. invertible and
po = (T7H)y(uy). Tt follows that

pol4) = (T (T(A) = i (T(4) = | L dm =0,

since, by definition of A, we have p; = 0 on T'(A). This proves the first statement.
The second one is an easy consequence of the finiteness of §; indeed, called

A, = {x € supp po : 0-(T(z)) = 0},

by the first part of the lemma we have that pg(A,) = 0 for every r € §. Denoted with

1
C, = {x € supp po : o-(T-(z)) > — for every r € S} ,
n

using the finiteness of § we have

Ua=x\JA.

neN reg

We conclude that |J,,cy Cn is of full yip-measure and the proof is complete. O
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9.4 RCD(K, o0) spaces and a criterium for CD*(K, N) via EVI

Let us first recall the definition of RCD(K, 00) spaces, introduced and characterized in [6]
(see also [2] for the present simplified axiomatization and extension to o-finite measures);
in the statements involving the so-called evolution variational inequalities, characterized
by differential inequalities involving the squared distance, the entropy and suitable action
functionals, we will use the notation

%((t) := lim sup e+ h) = <) (9.70)

10 h

for the upper right Dini derivative.

Definition 9.19 (RCD(K, c0) metric measure spaces) A metric measure space (X, d, m)
is an RCD(K, 00) space if it satisfies one of the following equivalent conditions:

(RCD1) (X,d, m) satisfies the CD(K,00) condition and the Cheeger energy is quadratic.
(RCD2) For every i € D(Uy) N Po(X) there exists a curve py = Hyp, t > 0, such that
§EW2 (g, ) + Uso (1) < Uoo(v) — 5W2 (g, v)  for everyt >0, v € D(Uy).
(9.71)
Among the important consequences of the above property, we recall that:

1. RCD(K, o0) spaces are strong CD(K, 00) spaces and thus satisfy properties [RS1-4].

2. The map (H;)¢>o is uniquely characterized by (Q.71]), it is a K-contraction in Z(X)
and it coincides with the heat flow Py, i.e.

H,(om) = (P,o)m for every om € D(U) N Po(X). (9.72)

3. Lipschitz functions essentially coincide with functions f € V with |Df],, € L (X, m),
more precisely (recall that, according to [B]), V. stands for V.0 L>®(X, m)):

every f € V, with |[Df], <1 m-a.e. in X admits a 1-Lipschitz representative.
(9.73)

4. The Cheeger energy satisfies the Bakry—Emery BE(K, 00) condition: we will discuss
this aspect in the next Section

We will show that a similar characterization holds for strong CD* (K, N) spaces.
In order to deal with a general class of entropy functionals U with entropy density
satisfying the McCann condition DC(V) and arbitrary curvature bounds K € R, for every
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1€ AC%([0,1]; (P5(X), Ws)) with p, < m for Z'-a.e. s € (0,1) we consider the weighted
action functional associated to Q(s,r) = w(s)Q(r) as in (T4), with w(s) :==1 — s:

Anljim) i= Auglpim) = [ (1= 5)Qele. )o@, ) dies). (074

If (X,d, m) is a strong CD(K, 00) space then for every pg, 13 € (X, m) we can also set
Ao (o, pr1;m) == Ao m),  with g the unique geodesic connecting pg to pg.  (9.75)
Since w(1 — s) +w(s) = 1, we obtain the useful identity

Aq(ro, pr;m) = Awg (o, pr;m) + Awg(i1, po; m). (9.76)

We will need the following Lemma, proved in the case of the logarithmic entropy in [2]
Thm. 3.6]. The proof is analogous for regular entropies U”, since their second derivative
U" still diverges like 271

Lemma 9.20 Let U € DC,4(N) and let p € VN L>®(X, m) be satisfying

/X oU"(0)°T (o) dm < oo.

Then U'(p) € V, and

/X Lo(U(0), ) pm = /X F(P(o).¢) VpeV.

Theorem 9.21 Let (X,d, m) be a strong CD*(K,N) space and let us suppose that the
Cheeger energy Ch is quadratic as in (5.29). Let U € DC,y(N), P, Q as in (Q27), A :=
inf,~o KQ(r) and let (S¢)i>0 be the flow defined by Theorem[3.4)

Then S; induces a A-contraction in (P2(X), Ws) and for every pp = om € D(U) N Po(X)
the curve p; := (Spo)m satisfies

+
£ SWE Gt )+ W) < U) ~ KA, vim) - for every v € D) 1 Py(X), 12 0.

(9.77)

Proof.  'The proof of ([Q.77) follows the lines of [2] (where the case U = U, was considered),
which extends to the o-finite case the analogous result proved with finite reference measures
m in [6]. All technical difficulties are due to the fact that m is potentially unbounded, the
proof being much more direct for finite measures m.

Specifically, first the proof is reduced to the case of measures p = pm and v with
0 € L*(X,m) and v with bounded support. First of all, notice that the combination of
Theorem [B.4] and Theorem ensures that the curve ¢ — p; is Ws-absolutely continuous.
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Then, using the dual formulation (5.I5]) of the optimal transport problem, and (3.35) one
can show that for #'-a.e. t > 0 one has (see [2, Thm. 6.3])

d1

W ) = - /X P(gr, P(or)) dm (9.78)

for any optimal Kantorovich potential ¢; € V from p, to v, and the existence of potentials
with this property is ensured by the boundedness of the support of o (see [2, Prop 2.2]).

On the other hand, one can also use the calculus tools developed in [5] [6] to estimate
(see [2, Thm. 6.5])

U(w) = W) = KAalpu,vim) = = [ TolonU'(e))ordm (9.79)
b's
for some optimal Kantorovich potential ¢, from pu; to v. Using Lemma [9.20, whose appli-
cation is justified by Theorem [£.3], to combine (9.78)) and (9.79) gives (9.77).
In turn, the proof of ([@.79) goes as follows. First of all one notices that

N

lim —AG (1. m) = Aa (s, vim), (9.80)
where s — p15; is any constant speed geodesic joining i, to v. Indeed, setting pis; = 05,m
and denoting by v ;(x) the minimal velocity density of u.;, we can use the expression (9.1])
of g to write

s 1
AS)(M.J;m) = / (1— s)r/ Q(g,ﬂvt)vf,tgnt dmdr +/ (1-— r)s/ Q(Qr,t)vatgr,t dmdr.
0 X s X

Since the first term in the right hand side is o(s) (recall that @) is a bounded function), by
monotone convergence we obtain (Q0.80).
Now, by the convexity inequality (@.51]) one has

1 U(ps) — U
U(V)—U(,ut)—limui)nf—KAS)(u.,t;m)Zlimsup (1s0) = Ulpe) (9.81)
S S

s10 S

In addition, if p; decays sufficiently fast at infinity, one can estimate the directional deriva-
tive of U as follows:

u s -Uu . st T
lim sup ) () > hmsup/ U’(Qt)udmZ/ Ly, (01, U'(01))0r dm, (9.82)
s10 S 510 X S X

where in the last step we used Theorem B2l The combination of (O.81]) and ([O.82)) gives
@79), taking (@.80) into account. Then the decay assumption on g; is removed by an
approximation argument, recovering (0.79)) in the general case. This concludes the proof

of (Q.717).
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Since geodesics have constant speed, from (6.11)) we obtain the identity

1
1

/ (1_7")/ 02,00 dmdr = ~W3 (s, v).
0 x 2

Hence, from (@.77) we get the standard EVI condition (@7I) with U, replaced by U and
K replaced by A, and it is well-known (see for instance [3| Cor. 4.3.3]) that this leads to
A-contractivity. O

Conversely, we can now prove adapting the proof of [27] that the infinitesimal version of
([@77) leads to the strong CD*(K, N) condition.

Theorem 9.22 Let (X,d, m) be a strong CD(K, 00) metric measure space. Suppose that
for every U € DC,4(N) and every i = om € P5(X) with o € L>*(X, m) with bounded
support there exists a curve py = Syt € Po(X), t >0, such that

2 T2
lim sup W (e, v) W (L, v)
hl0 2h

+Up) <Ww) — KAq(j, v;m) (9-83)

for every v = om € Po(X) with o € L*(X,m) with bounded support . Then (X,d, m)
satisfies the strong CD*(K, N) condition and the Cheeger energy is quadratic.

Proof. 'We prove the validity of [CD2] of Theorem 0I5 So, let us fix pg, 1 € D(U)
with bounded densities and support and let (u,)sejo,1) be the geodesic connecting pp to
i1. Notice that in virtue of [46, Thm. 1.3] we have that us = osm with oy m-essentially
bounded with bounded support. For a given s € (0, 1), let y15, := Syj15 be the curve starting

from i = p, and satisfying (0.83)).
Choosing v := g and taking the right upper derivative at ¢ = 0 (still denoted for
simplicity by d*/dt) we get
1d*t
iawz (/J/s,tv/J/O)|t:0 + U(ps) — Wlpo) < =K Ag(ps, po; m).

Similarly, choosing v := puy, we get
1d+
2 dt
Let us observe, as in [27], that

W;(Ms,uﬂl)h:o + Ulps) = W(p) < =K Ag(ps, pr1; m).

d+

2 2
(1= W2 10) + W 101 1))y, 2 0

since the inequality (a +b)* < a?/s+b*/(1 — s) gives

(1= $)W5 (tts,05 0) + W3 (s, p11) = (L= 5) W3 hio, pr) = (1= 8) W5 (pas, o) + W3 (pr, p11).

87



Hence, taking a convex combination of the two inequalities with weights (1 — s) and s
respectively, we obtain

(L= s)U(po) + sU(pr) — Ulps) = (1 = 8) K A (ps, proi m) + sK Ag (s, pra; m).
Now observe that (for ©, = [ Q(o,)vZdu,, s(1—E&) =r)

Aa (s, pro;m) = s° /01 Os1-)(1 —§)d§ = /S O, rdr
and, analogously, that (for ©, as above, s + (1 — s){ =
Aaftar i) = (1— 5) /@ms (1) de = /@ (1—r)d
so that the definition (@.]) of g gives

s 1
(1 — s)Aq(fs, pro; m) + sAq(pts, pt1;m) = / O, (1 —s)rdr+ / O,s(1 —r)dr
0 s

1
_ / 0,8(r, s) dr = A% (1;m).
0

This proves that (@.51]) holds for every pg, p1 € D(U) with bounded densities and support;
taking Remark into account, we then get that [CD2] holds and therefore (X,d, m)
is a strong CD*(K, N) space. It remains to show that the Cheeger energy is quadratic;
by applying the characterization of RCD(K, 00) spaces recalled in Definition it is
sufficient to check that (O.83) yields (O.71]) as a particular case. In fact, we can choose the
regular entropy U (r) := rlogr € DC,., (V) with Q). = 1, and observe that the associated
weighted action on constant speed geodesics is nothing but half of the standard 2-action:

1 1
. 1
Auglpnsim) = [ [ (=)0t s) duads = [ (1= s)lnf ds = 5WFpo, )
0 0

where in the second equality we recalled (G.I1]) and in the last one we used that (jis)sefo,1]
is a constant speed geodesic. O

Part 111
Bakry-Emery condition and
nonlinear diffusion

10 The Bakry-Emery condition

In this section we will recall the basic assumptions related to the Bakry-Emery condition
and we will prove some important properties related to them. In the case of a locally
compact space we will also establish a useful local criterium to check this condition.

88



10.1 The Bakry—Emery condition for local Dirichlet forms and
interpolation estimates

The natural setting is provided by a Polish topological space (X, 7) endowed with a o-finite
reference Borel measure m and a strongly local symmetric Dirichlet form &€ in L?*(X,m)
enjoying a Carré du Champ T : D(&)x D(€) — L'(X, m) and a I'-calculus (see e.g. [7, § 2]).
All the estimates we are discussing in this section and in the next one, Section [I1] devoted
to action estimates for nonlinear diffusion equations do not really need an underlying
compatible metric structure, as the one discussed in [7, § 3]. We refer to [7, §2] for the
basic notation and assumptions; in any case, we will apply all the results to the case of the
Cheeger energy (thus assumed to be quadratic) of the metric measure space (X, d, m) and
we keep the same notation of the previous Section [5.5], just using the calculus properties
of the Dirichlet form that are related to the I'-formalism.
In the following we set Vo, := VN L>®(X, m), Dy :=D N L*(X, m),

{DLP(L) —{feDnI’(X,m): Lf e I’(X,m)}  pell, o

Dy(L)={feD: Lf eV}, (10.1)

endowed with the norms

1A lpse = [1fllv + 1f = Lfllezazecxmys 111D, = 1 F I Z2cm + ILFI (10.2)

and we introduce the multilinear form I'y given by

La(f, 9:9) :Z%/X(F(f,g) Lw—F(f,Lg)w—F(g,Lf%ﬂ) dm  (f,9.¢) € D(I2),

(10.3)
where D(T's) := Dy(L) x Dy(L) X Dp~(L). When f = g we also set
Lao(f;0) =Ta(f, f0) = /X (%F(f) Lo —T(f, Lf)@) dm, (10.4)
so that 1 !
Lo(f,9:0) = 70a(f +9:90) = 7T = g5 9)- (10.5)

I', provides a weak version (inspired by [12, 15]) of the Bakry-Emery condition [13, I1].

Definition 10.1 (Bakry-Emery conditions) Let K € R, N € [1,00]. We say that the
strongly local Dirichlet form & satisﬁes the BE(K, N) condition, if it admits a Carré du
Champ T and for every (f,¢) € Dy(L) X Dy (L) with ¢ > 0 one has

Ly(f;p) > K/ gpdm+%/X(Lf)2gpdm. (10.6)

We say that a metric measure space (X,d, m) (see §[2.0) satisfies the metric BE(K, N)
condition if the Cheeger energy is quadratic, the associated Dirichlet form & satisfies
BE(K,N), and

any f €V with T(f) € L>(X,m) has a l-Lipschitz representative. (10.7)
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Remark 10.2 (Pointwise gradient estimates for BE(K,00)) When N = oo, the in-
equality (I0.0) is in fact equivalent (see [, Cor. 2.3] for a proof in the abstract setup of
this section) to either of the following pointwise gradient estimates

I(P.f) < e Py(I(f)) m-ae. in X, for every f €V, (10.8)

212K(t)F(Ptf) <P.f?— (Ptf)2 m-a.e. in X, foreveryt >0, fe L*(X,m), (10.9)
where I denotes the real function

1
! — (Rt —1) if K
Tk (t) ::/ i dr = K(e ) K0,
0 t it K=0.

It will be useful to have different expressions for I's(f; ), that make sense under weaker
condition on f, ¢. Typically their equivalence will be proved by regularization arguments,
which will be based on the following approximation result.

Lemma 10.3 (Density of Dy(L) N Dr~(L)) The vector space Dy(L)N Dr~(L) is dense
in Dy(L). In addition, if f € Dp»(L), p € [1,00] satisfies the uniform bounds ¢y < f < ¢y
m-a.e. in X for some real constants cy, c1, then we can find an approximating sequence
(fn) € Dy(L) N Dp=(L) converging to f in Dp»(L) with f, — f inV and Lf, — Lf in
L>*NILP if p < oo (in the weak® sense when p = 00), as n — oo and satisfying the same
bounds co < f, < ¢ m-a.e. in X.

Proof.  The proof of the density of Dy(L)N Dy« (L) in Dy(L) has been given in [8, Lemma
4.2]. In order to prove the second approximation result, we introduce the mollified heat
flow

1 o
HSf = 5/0 P.fk(r/e)dr, (10.10)

where x € C2°(0,00) is a nonnegative regularization kernel with [;* r(r)dr = 1.

Setting f, := $H/"f, since f € L?> N L>®°(X,m) it is not difficult to check that f, €
Dy(L) N Dy (L). In addition, ¢y < f, < ¢, since the heat flow preserves global lower or
upper bounds by constants.

We then use the fact L is the generator of a strongly continuous semigroup in each
LP(X,m) if p < oo (and of a weak*-continuous semigroup in L>*(X, m)). O

An immediate corollary of the previous density result is the possibility to test the
condition BE(K, N) on a better class of test functions.

Corollary 10.4 If (I0.6) holds for every f € Dy(L) N Dp=(L) and every nonnegative
¢ € Dy (L), then the BE(K, N) condition holds.

A first representation of I'y is provided by the following lemma, whose proof is an easy
consequence of the Lebniz rule for I, see [8 Lemma 4.1].
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Lemma 10.5 If f € Dy(L) N Dy~ (L) and ¢ € Dy~(L) then
Lalfio) = [ (GE(F)Le +LIT(f9) + o(LS)?) dm. (10.11)
X
Recalling ([I0.5]) we also get

F2(f79;80)=%/X<F(f,g)L<p+LfF(g,<p)+LgF(f,<p)+2g0Lng)dm. (10.12)

Notice that (I0IT]) makes sense even if f, ¢ € Dy, provided F(f) and F(f, go) belong to
L?(X,m). This extra integrability of I is a general consequence of the BE(K, co) condition.

Theorem 10.6 (Gradient interpolation, [8, Thm. 3.1]) Assume that BE(K, co) holds,
let \> K_,pe {200}, fe Ll?NL®(X,m) with Lf € LP(X,m). Then F(f) € LP(X,m)
and

IT(F)lzreem < ell fllzeem IAf = Lf [l zocm (10.13)

for a universal constant c¢ independent of A, X, m, f (c = /2w when p = ).
Moreover, if f, € Do with sup,, || fullLe(xm) < 00 and f, — f strongly in D, then
I(fn) = T(f) and T(f, — f) — 0 strongly in L*(X,m).

An important consequence of Theorem [[0.0is that D, is an algebra, also preserved by left
composition with functions A € C*(R) vanishing at 0: this can be easily checked by the
formula

L(fg) = fLg+gLf +2U(f,g),  L(A(f)) = W' (f)Lf + R"(/)L(f) (10.14)

using the fact that I'(f), T'(f,g) € L*(X, m) whenever f, g € Dy.
Thanks to the improved integrability of I" given by Theorem and to the previous
approximation result, we can now extend the domain of T'y to the whole of (D).

Corollary 10.7 (Extension of I'y) If BE(K, 00) holds then T'y can be extended to a con-
tinuous multilinear form in Dy X Doy X Dy by [I0I2) and BE(K, N) holds if and only
of

1

[ GrLe+Lrr(e) + 1= ep?) dmz & [ T(7)pam (1019

15 satisfied by every choice of f, p € Dy, with ¢ > 0.

Proof. Notice that (I0.12) makes sense if f, g, ¢ € D, since F(f), F(g), F(ap) € L*(X,m)
by Theorem and that it provides an extension of I'; by Lemma

In order to check (I0.IH) under the BE(K, N) assumption whenever f, ¢ € Dy, ¢ > 0,
we first approximate f, in Dy, with elements in Dy(L) via the Heat flow, and then we
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apply Lemma [[0.3 with a diagonal argument to find f,,, ¢, € Dy(L)N Dy (L) with ¢, >0

such that (I0.6) and (I0II) yield
1 1

Since, up to to subsequences, we can assume

fn — fa Pn — P StI‘OIlgly in D and m-a.e., ||90n||L°°(X,m) < ||90||L°°(X,m)
| frllzoe(xm) < N fllzoexm),  |Lfnl < g m-a.e., for some g € L*(X,m) independent of n

we can apply the estimates stated in Theorem to pass to the limit in the previous
inequality as n — oo.

Conversely, if (I0.I5) holds for every f, ¢ € Dy, with ¢ > 0, it clearly holds for every
f € Dy(L) N Dy (L) and nonnegative ¢ € Dy (L), thus with the expression of I'y given
by ([I0.4]), thanks to Lemma We can then apply Corollary [[0.41 O

10.2 Local and “nonlinear” characterization of the metric BE(K, V)
condition in locally compact spaces

When (X, d,m) is a locally compact space satisfying the metric BE(K, 0o) condition, the
I'; form enjoys a few localization properties, that will turn to be useful in the following.

Let us first recall that if (X, d, m) satisfies the metric BE(K, c0) condition, then (X, d)
is a length space and the Dirichlet form € associated to the Cheeger energy is quasi-regular
[49, Thm. 4.1].

In the locally compact case, the length condition also yields that (X, d) is proper (i.e. ev-
ery closed bounded subset of X is compact) and thus geodesic (every couple of points can
be joined by a minimal geodesic), see, e.g., [23, Prop. 2.5.22].

A further important property (see e.g. [8, Remark 6.3]) is that € is regular, i.e. VNC.(X)
is dense both in V (w.r.t. the V norm) and in C.(X) (w.r.t. the uniform norm). In par-
ticular, by Fukushima’s theory (see e.g. [25] [I7]), every ¢ € V admits a E-quasi contin-
uous representative ¢ uniquely determined up to E-polar sets and every linear functional
¢ :V — R which is nonnegative (i.e. such that (£, ) > 0 for every nonnegative ¢ € V)
can be uniquely represented by a o-finite Borel measure p, which does not charge €-polar
sets, so that (£,¢) = [, @du, for every ¢ € V. We refer to [8, Sect. 5] for more details.
We will often identify ¢ with ¢, when there is no risk of confusion.

Before stating our locality results, we recall two useful facts, obtained in [8] and slightly
improving earlier results in [49]. See Corollary 5.7 for statement (i), and Lemma 6.7 of [§]
for statement (ii) (more precisely, the statement of [8, Lemma 6.7] deals with a Lipschitz
cut off function x with Lx € L>(X,m) and I'(X) € V., but since X is built of the form
no f with n constant near 0, from Lemma [[0.8(i) below and (I0.I4)) one can get also
Lx € V.)
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Lemma 10.8 Let us suppose that (X,d, m) satisfies the metric BE(K, 0o) condition for
some K € R.

(i) For every f, g € Dra(L) we have I'(f,g) € V and the bounded linear functional

V9¢|—>/X(—%F(F(f),go)+LfF(f,<p)+((Lf)2—KF(f))go)dm (10.16)

can be represented by a finite nonnegative Borel measure denoted by T i [ f], satisfying

To(fr) — K /X I(f)pdm = /X o dT 1] (10.17)

for every f € Dpa(L)NL>®(X, m) and ¢ € Dy, where in (I0IT7) we use the extension
of Ty(f; ) provided by Corollary[10.77

(i1) If (X, d) is locally compact, then for every compact set E and every open neighborhood
U D FE there exists a Lipschitz cutoff function X : X — [0, 1] such that supp(X) C U,
X =1 in a neighborhood of E, LX € V, and F(X) € V.

Corollary 10.9 (Locality w.r.t. ¢) Let K € R and N < co. Let us suppose that (X, d)
is locally compact and that (X,d, m) satisfies the metric BE(K, 0o) condition. If (I0.06])
holds for every f € Dy(L) N Dr~(L) and every nonnegative p € Dp(L) with compact
support, then (X,d, m) satisfies the metric BE(K, N) condition.

Proof.  We argue by contradiction: if BE(K, N) does not hold, by Corollary [[0.4] we can
find f € Dy(L) N Dr~(L) and a nonnegative ¢ € Dy (L) such that

F2(f;<p)—K/Xf(f)sodm—%/X(Lf)%dm<0-

Since Dy(L)NDps(L) C Dra(L)NL>® (X, m) we can apply the representation result (I0.17),
thus obtaining that the measure

pi= ol elf] = S (Lf)m

_¥
N
has a nontrivial negative part. Since X is Polish, we can find a compact set E such that

u(E) < 0; approximating F by a sequence of open set U,, | E, Lemma [[0.8(ii) provides a
corresponding sequence of nonnegative test functions X,, € Dy (L) such that

n—oo

lim [ X,du=u(E) <O0.
X

Choosing n sufficiently large, since ¢X,, has compact support and belongs to Dy« (L), this
contradicts the assumptions of the Corollary. U
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Theorem 10.10 (Local characterization of BE(K, N)) Let us suppose that (X,d, m)
satisfies the metric BE(K, co) condition for some K € R, and that (X, d) is locally compact.
If (I0.6) with N < oo holds for every f € Dr(L) N Dy(L) with compact support and for
every nonnegative ¢ € Dy (L) with compact support and with infe,,, r ¢ > 0, then (X, d, m)
satisfies the metric BE(K, N) condition.

Proof. By the previous Corollary, we have to check that (I0.6) holds if f € Dy(L) N
Dy (L) and ¢ € De(L) nonnegative with compact support. Choosing a cutoff function
X € Dr(L) N Dy(L) with compact support, values in [0,1] and such that X = 1 on a
neighborhood of supp(y) as in Lemma [I0.8]ii), it is easy to check, using Theorem [T0.6]
the locality properties of I', L as well as the computation rules

Xf €Dw, L(Xf)=XLf+2T(X,f)+ fLX, L(Xf)=XLf on supp(p),

that Xf € Dp~(L) N Dy(L) C Dpa(L) N L*>°(X, m) and that

To(f:p) - K /X P(f)gdm = Ty(f: xe) — K /X I(f)Xe dm =

— /X (- %F(F(f),Xgo) +LfT(f,x¢) + (Lf)*Xe — KF(f)X<p> dm

- /X (- %P(F(xf), ?) + LOXH T (X, 0) + (LOX) e = KT (xf)e ) dm

=I5 (Xf;0) = lggl L5 (X f3 %),

where 1. = ¢ + eX and X € Dy (L) is another nonnegative cutoff function with compact
support such that X = 1 in an open neighborhood of supp(Xf). Since by assumption
T3 5 (Xf;1:) > 0 we conclude. O

Theorem 10.11 (A nonlinear version of the BE(K, N) condition) Ifthe BE(K, N)
condition holds and P € DC(N) is reqular with R(r) = rP'(r) — P(r), then for every
f € Dy and every nonnegative function ¢ € Vo, with P(p) € Dy, we have

Ta(f; P(2) + /

[ R(e) (L am > K/XF(f) P(s) dm. (10.18)

Conversely, let us assume that (X, d, m) is locally compact and satisfies the metric BE(K, 0o)-
condition. If ([I0I8) holds for every function P = Pnc, €, M > 0 as in (Q.34) and
@34)), every f € Dy(L)ND (L) with compact support and every nonnegative p € Dy (L)
with compact support and infg,pp, @ > 0, then (X, d, m) satisfies the metric BE(K, N) con-
dition.

Proof. The inequality (I0.I8]) is an obvious consequence of BE(K, N) (in the form of
Corollary [[0.7) since P € DC(N) yields R(r) > —x P(r) .
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In order to prove the second part of the statement, we apply the previous Theo-
rem [[0.J0F we fix f € Dy(L) N D~ (L) and ¢ € Dp~(L) nonnegative, both with compact
support and satisfying inf{p(x) : x € supp(f)} > 0; with this choice of f and ¢ we need

to prove (10.6]).
We fix ¢ > 0 and we set @ = Pjgvla(ap); since ¢ is bounded, ¢ € Dy~ (L) and therefore

we can choose M > 0 sufficiently large such that ¢ < M and consequently ¢ = Pn. p(9).
Applying (I0I8) with this choice of f and ¢ and recalling the inequality ([@.38) we get

I‘z(f?@‘% Xs@(Lf)zder (1—%) 61‘1/N/X(Lf)2dm2K/Xf(f)sodm

Passing to the limit as € | 0 we get (I0.0]). O

11 Nonlinear diffusion equations and action estimates

In this section we give a rigorous proof of the crucial estimate we briefly discussed in the
formal calculations of Example[2.4l The estimate requires extra continuity and summability
properties on F(g) and F(w), that will be provided by the interpolation estimates of
Theorem [10.6l

We will assume that P is regular according to ([@.29), we introduce the functions R(z) =
zP'(z) — P(z) and Q(r) := P(r)/r, and we recall the definition of the I'y multilinear form

Ts(p;0) = /X (%Lgf(w) dm + o(Lp)” + (g, w)L<p> dm

whenever o, ¢ € Dy, with F(g), F(go) € H. Recall that, under the BE(K, 00) assump-
tion, f € D, implies F(f) € H. Notice also that P(p) € L*(0,7;D) and o bounded
imply F(P(g)) € L*(0,T;H), so that the regularity of P and the chain rule yield F(Q) €
L2(0, T; HD).

Theorem 11.1 (Derivative of the Hamiltonian) Assume that BE(K, 00) holds. Let
0 € ND(0,T), ¢ € WH2(0,T; D, H) be bounded solutions, respectively, of

0o —LP(p) =0 (11.1a)
Orp + P'(0)Lip = 0 (11.1b)

with T'(0), T'(¢) € L*(0,T;H). Then the map t — &,,(¢) = [y pl' (o) dm is absolutely
continuous in [0,T] and we have

G [ AT dn=Talei Plo) + [ Rl dn 2laein(0.1). (112)

The proof is based on the following Lemma:
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Lemma 11.2 Assume that BE(K, 00) holds. Let o € ND(0,T), ¢ € WH2(0,T;D, H) be
bounded with F(g),F(gp) € L*(0,T;H). Then, for every n € C>*(0,T) we have

E/T/ 4 amr( )dmdt—/T /( Loy S+ Do) <o) dmdr. (113
2/, o dt Ot Pt = ; Ul y Ot Loy dtgpt Ot, Pt dt(pt . .

Proof. Let us consider the functions ¢f := 7! [ gy, dr: t — ¢f are differentiable in V
with %ﬁ = & (@r4e — 1), S0 that

1 d £ d (3 £ €d (3 £ d £
§/X9ta<r(80t)) dm:/XQtF(E‘PmSDt) dm:—/XQtL%a‘Pt dm_/XF(Qt7SOt) a% dm.

For every n € C(0,7") we thus have

1/T/E( ) ( a)dmdt—/T (/ Laiadm+/r( < dm) dt.
2 ), Jydt Ot Py = . Mt XQt %dt% ; O, Py dt(pt

In order to pass to the limit as € | 0 in the last identity, we observe that agpf — %gpt and
that Ly® — Ly strongly in L?(0, T’; H). Moreover, it is easy to check that the convexity of

(— \/F(C) yields

1 3
I'(¢f) < —/ [ () dr m-ae. in X, for every t € [0,T — €], (11.4)
€Jo

so that the convolution inequality fOT et [t +r)drdt < fo t)dt, for 1 > 0, gives

T—e T—e
/ / <pt dmdt< / // cpH,, dmdrdt<// gpt ? dm dt.

(11.5)
Since ¢ — ¢, strongly in V as e | 0, we have I'(¢f) — I'(¢;) pointwise in L' (X, m), hence

i /0 o /X (T()) dmdt > /0 ' /X (F())* dma.

This, combined with (ILEH), yields the strong convergence of F((ps) X(0,7—e) tO F(go) in
L?(0,T;H). The above mentioned convergences are then sufficient to get (IT3). O

Proof of Theorem[I11l The map t +— E,,(¢;) is continuous since ¢ — g, is weakly* con-
tinuous in L>(X, m) and ¢ — I'(¢;) is strongly continuous in L*(X, m) (thanks to The-
orem [[0.G). For every n € C(0,T), using the differentiability of o in L?(0,T;H) we
have

T
_/ Eg(21) Utdt / /QtF SOt dm Utdt
0
—__/ /_< r( )ddel/T/(i T (i) dm dt
_l/T/ E(Qﬂh)F(%) dmdt+l/T7lt</ LP(Qt)F(%) dm) dt.
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On the other hand, (IT.3)) yields

1 /T/ %(Qtﬂt)l—‘(%) dmdt:/Tnt/ QtP/(Qt)(L<Pt)2—|—F(Qt,<pt) P’(gt)hpt) dm dt
/ m/ (o) L<Pt —I—F(P(Qt) %) L%) dmdt+/ m/ (0) L§0t> dm dt.

Combining the two formulas, we get (TT.2]). O

Theorem 11.3 (Action and dual action monotonicity) Let us assume that the BE(K, N)
condition holds, and that P € DC,.,(N).

(i) If o € ND(0,T), o € WH2(0,T; D, H) are bounded solutions of (ILIalb) then the map
t— [ ol () dm is absolutely continuous in [0,T] and we have

(;it; / ptr(‘Pt) dm > K/ (0t) (%) dm Lta.e. in (0,T). (11.6)

(i) Setting
A= iggKQ(r) > —00, (11.7)

if we WH(0,TH,D;) is a solution of @ID) with w € V) C Vg, then w, € V) for
all t €10, T, with

&, (ws, wy) < e_zA(S_t)E’;t (we,wy)  for every 0 <t < s <T. (11.8)

(iii) If moreover ¢, = — A} (wy) €'V, is the potential associated to w; according to (B.12),
(N

(01, Q) = (wr, C)  for every ¢ € Vy, (11.9)

we have

1
i sup o ((CJZt(wt,wt) —s;fh(wt_h,wt_h)) <K /X Qo) oDy, (6,) dm.  (11.10)

Proof. Since BE(K, N) holds (and thus in particular BE(K, c0)) we can apply (IT2) of
Theorem [IT.T], since the interpolation estimate (I0.I3]) and the regularity properties of p
and ¢ yield I'(0),I'(p) € L*(0,T;H). The estimate (IIG) follows then by the combination
of (IT2) with Theorem I0.1Tl

For 0 <t < s < T, let us now call By, : Vo — V, the linear map that to each

function ¢ € V, associates the value at time ¢ of the unique solution ¢ of (I1.ID) with
final condition ¢ = @, given by Theorem ] If (II.6) holds and A is defined as in (I1.7)

we have
/ ol (1) dmée‘“(s‘t)/ osT'() dm, (11.11)
X X
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so that

S— — S— — 1 — S5— — — S— —
(0w, e7HTg) — D€, (7N TG, e NTG)
N sy L o EID S oa—nle o o
= (s, @) = e 80 (5,6) = (i, Bu@) — e NTI0E,, (5,9
1 ETD 1
< <wt,Bs,t@>—iggt(Bs,t@,Bs,t@) < ggzt(wt,wt)-

Taking the supremum with respect to ¢ € V, we get (IL8]).
Similarly, we can choose a maximizing sequence (p,) C V,, in

1., 1
5 €0 (W we) = sup (we, ) — 5 €4, (0, 9),
2 SDEVOO 2

so that ¢, converge in V,, to the potential ¢, = —A; (w;). Recalling (IT8) and (ZI8) we
have

1 1
<wt> S0n> - iggt(spm SOn) < <7~Ut—h> Bt,t—hS0n> - §8Qt,h(Bt,t—h(pn7 Bt,t—h@n)

- K /:h /X Qo) ol (Birpn) dmdr.

Passing to the limit as n — oo and recalling Lemma 5.6 we get

1 1
58; (wt7 wt) < <wt—h7 Bt,t—h¢t> - 589,5,,1 (Bt,t—h¢t7 Bt,t—h¢t)

—K/:h/xQ(QT)QTFQT(Bt,mbt)dde

1 t
< 58;7,1(11&—}“ wt—h) - K/ / Q(QT)QTFQT (Bt,r¢t) dmdr.
t—h JX
Dividing by h and passing to the limit as A | 0, a further application of Lemma yields
(IL.I0). 0

Corollary 11.4 Let us assume that the BE(K, N) holds, and that P € DC,,(N). If
0 € ND(0,T) is a nonnegative bounded solution of B3L) with /o € V then w;, = Lo,
satisfies

& (wp, wy) < e *MEx(wo, wp) < da e TE(V/D,/0) < o0 (11.12)

with a given by ([B:24).
Proof.  Since wy = LP(g), we have for every ¢ € V

~(wng) = EP@.¢) = [ POT(@)dm

= Q/XP/(Q)\/EF(\/E,QO) dm

2728 (VE,VE) + 54(09)

IN
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which yields &% (wo,wo) < 4a2E(y/2,1/0). Since, thanks to Corollary L7, w solves (15,
we can apply (IL8) to obtain (ILI2]). O

12 The equivalence between BE(K, N) and RCD*(K, N)

12.1 Regular curves and regularized entropies

Let us first recall the notion, adapted from [7l Def. 4.10], of regular curve. Recall that
E(+,-) stands, in this metric context, for Cheeger’s energy, here assumed to be quadratic.

Definition 12.1 (Regular curves) Let p; = psm € P5(X), s € [0,1]. We say that p is
a reqular curve if:

(a) There exists a constant R > 0 such that ps < R m-a.e. in X for every s € [0, 1].

(b) € Lip([0,1]; Z5(X)) and in particular (84) and the identification between minimal
velocity and metric derivative yield o € Lip([0, 1]; V{).

(c) gs := \J/os € V and there exists a constant E > 0 such that E(gs,gs) < E for every
s € [0,1] (in combination with (a), this yields that os € V and also E(ps, 0s) < 4RE
are uniformly bounded).

The next approximation result is an improvement of [7, Prop. 4.11], since we are able to
approximate with curves having uniformly bounded densities (while in the original version

only a uniform bound on entropies was imposed). This improvement is possible thanks to
[46, Thm. 1.3].

Lemma 12.2 (Approximation by regular curves) Let (X,d, m) be an RCD(K, c0) space
and po, 11 € P2(X). Then there exist a geodesic (ts)sejo,1] connecting jio to py in Po(X)
and regular curves (j17)sepoa] with p? = oim, n € N, such that

1
lim Wa(ul, us) =0  for every s € [0, 1], limsup/ | ds < Wi (po, ). (12.1)
n—00 0

n—o0

Moreover, if u; = om, © =0, 1 then

nh_I};lO ||lQ;,1 - QiHLl(X,m) =0 fOT’?: = 07 17 (122>
and
lim U(p) = U(p,) fori=0,1 and for all U € DC,,(N). (12.3)

n—o0

Finally, if 0;, 1 =0, 1, are m-essentially bounded with bounded supports then us = osm for
each s € [0, 1] with (0s)scp,1) uniformly m-essentially bounded with bounded supports, and

0F — 0s strongly in LP(X,m) for all p € [1,00) and in weak *-L>°(X, m) , for all s € [0, 1].
(12.4)
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Proof.  First of all we approximate pu;, i = 0, 1, in P5(X) by two sequences v =
o'm with bounded support and bounded densities o' € L*°(X,m). Whenever py, =
oom (resp. U(up) < oo) we can also choose v so that o' — g; strongly in L'(X,m)
(resp. U(v]') — U(w;)) as n — oo. Applying [46, Thm. 1.3] we can find geodesics (V) sejo,1]
in #5(X) connecting v/ to vj* with uniformly bounded entropies and densities o7 satisfying
SUP,epo,) |07 | (x.m) < 00 for every n € N. By setting 7 := v, if s € [0,n/(n + 1)],
v =y if s € [n/(n+ 1),1], we may also assume that ™ is constant in a right neigh-
borhood of 1. Since v € AC*(0,1; Z5(X)), we can then apply the same argument of |7,
Prop. 4.11] (precisely, an averaging procedure w.r.t. s and a short time action of the heat
semigroup, to gain V regularity) to construct regular curves v™* = ¢™*m, k € N, in the
sense of Definition [[2.]] approximating ™ in energy and Wasserstein distance as k — 0o.
Notice also that the construction in [7, Prop. 4.11] provides the monotonicity property
U™) < U™, i = 0,1, thanks to the convexity of U and to fact that U decreases under
the action of the heat semigroup, so that ||o7* — o7l o (x,m — 0 and U™ ) = UP) as
k — oo by the lower semicontinuity of U. A standard diagonal argument yields a subse-
quence p = v™*n satisfying the properties stated in the Lemma.

If the starting measures satisfy p; = o;m with g; m-essentially bounded with bounded sup-
ports, then by [46, Thm. 1.3] there exists a Wy-geodesic ps = osm for each s € [0, 1] with
(0s)sefo,1] uniformly m-essentially bounded with bounded supports. Recalling the regular-
ity and continuity properties of the heat semigroup proved in [0, Thm. 6.1] (see also [2]),
we obtain that the approximations u? (defined above by an averaging procedure w.r.t. s
and a short time action of the heat semigroup) converge in L'(X, m) and are uniformly
bounded in L*(X, m); the claimed convergence ([I2.4]) follows. O

Given U : [0,00) — R continuous, with U(0) = U(1) = 0 and U’ locally Lipschitz
in (0,00), with P(r) = rU’(r) — U(r) regular, we now introduce the regularized convex
entropies U. € C?([0,00)), € > 0, defined by

Ucr) = (7’+5)/0r Pls) ds—r/o (Pids (12.5)

(s+¢e)? s+ ¢)?

" P(s) " P(s)
r/l (S+€)2ds+€/0 (S+€)2ds,

P(s)
(s +¢€)?

that satisfy (since P(0) = 0)

P(r)

ds, Ul'(r) = e

U.(0)=0,  U(0) = —/1 (12.6)

Notice that, since U is normalized, for every R > 0 there exists a constant Cg such that
min{U(r),0} < U.(r) Vr € |0,1], 0<Ur)<Cgrr Vrell,R], (12.7)
moreover one has the convergence property

lsiﬁ)l U(r) =Ul(r). (12.8)
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We also set

2(r) = /0 P\//(ES) ds, (12.9)
so that (324) gives
2a\/r < Z(r) < 2a /1. (12.10)

Lemma 12.3 (Derivative of the regularized Entropy) Let (05)sc(0,1) be uniformly bounded
densities in W2(0,1;V,Vg). Then the map s — [ U.(os) dm is absolutely continuous in
0,1] and

i/ U.(0s) dm = V,<igs, Ul(os))y for L-a.e. s €(0,1). (12.11)
ds Jx ds

Proof. The convexity of U, yields

/ U (o) dm — / U.(0r) dm < / U (05) (0 — 0) dm < E(U(02))2€" (0s — 0,)/2
X X X
< sup |U”] (02) /28" (0, — 0,)2,

so that (B24) and the last identity in (I2.0) give

1 X
‘/ U-(0s) dm—/ Us(@r)dm‘ < — max <8(stgs)1/278(gruQr)1/2>8 (0s— o). (12.12)
X X ag

This shows the absolute continuity (see [3, Lem. 1.2.6]). The derivation of (IZITJ) is then
standard. 0

Lemma 12.4 Let o € V, be nonnegative.
(i) /o € V if and only if Z(0) € V if and only if f{g>0} 0 'T'(P(g)) dm < oo. In this

E(Z(0),Z(0)) = /{ . F(Pig(g)) dm = lim/X o' (UZ(0)) dm. (12.13)

el0

(ii) If Z(o) € V then LP(p) € V,, U!

£

(0) = A;(LP(0)) inV, ase | 0 and
i J ol (Ul(g)) dm = /XF(Z(Q)) dm = €(LP(0), LP(0)). (12.14)

Motivated by this, we will call U'(0) € V,, the limit A%(LP(0)) of Ul(0) in V.

(iii) If ps = osm, s € [0,1], is a regular curve, then s — U(us) is absolutely continuous
and d

d / 1
EU(MS) = V,QS(EQS,U (05))y,, —for L -a.c. s€(0,1). (12.15)
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(iv) If Z(p) € V, ot = Sto, BE(K, N) holds and A is defined as in (IL1), then
Z(o) €V, &(Z(a), Z(or)) < e ME(Z(0), Z(0))  Vt>0. (12.16)

In particular, if p = om € Po(X) then t — om is a Lipschitz curve in [0, T] with
respect to the Wasserstein distance in Po(X) with Lipschitz constant bounded by

e M \/E(Z(0)).

Proof.  The proof of the first claim is standard, see e.g. [5 Lemma 4.10].
In order to prove (ii), let us first notice that

E,(LP(0), LP()) < €(Z(0), Z(0))- (12.17)

In fact for every ¢ € V there holds

~LP).) = [

; P'(0)T(0,¢) dm = /X@F(Z(Q), p) dm < &(Z(0), Z(0))*€,(, )"/,

On the other hand, choosing as test functions ¢. := —U!(p), taking the last identity in
(I2.49) into account we get

Eg(soe,%):/X@F(Ué(@)) de/(@+6)(Ué'(@))2F(@) dm < &(Z(0), Z(0)),

X

(LP(Q%%)z/XF(P(g),U;(g)) dm:/

XQ‘|‘€

I(P(o)) dm 1 €(Z(0), Z(0)) s < L 0.

This shows that {¢. }.~¢ is an optimal family as e — 0, thus we can apply Proposition3.1(b)
to obtain that ¢. converge in V, to a —A%(LP(p)), and that (IT2ZI4) holds.
In order to prove (I2I5]) we pass to the limit as ¢ | 0 in the identity obtained integrating

(I2.11)

t
d
/Ue(gt)dm—/ Ue(gs)dm:/ v <5Qr,Ué(gT)>V dr forevery 0 <s<t<1.
X X s o

(12.18)
Indeed, in the left hand side it is sufficient to apply the dominated convergence theorem,
thanks to the uniform bounds of (IZ7) and (@.32). Since the curve p is regular, the
modulus of the integrand in the right hand side is bounded from above by

1 1 d d
_ _&F (— — <
5€(Z(er), Z(er)) + 584, (3 0r 3 0r) < € for every 7 € [0, 1],

so that we can pass to the limit thanks to (ii).

The inequality ([216) follows by (ITIZ), the fact that <o, = LP(g;) and ([2I4).
In order to prove the last statement, we apply Theorem B2 the estimate (IZ.I4)) which

provides an explicit expression of the metric Wasserstein velocity, and ([216]). O
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12.2 BE(K, N) yields EVI for regular entropy functionals in DC(V)

Theorem 12.5 (BE(K, N) implies contractivity) Let us assume that metric BE(K, N)
holds and that P € DC,y(N). If A is defined as in ([(ILT), then the nonlinear diffusion
semigroup S defined by Theorem[3.]] is A-contractive in P5(X), i.e. for all po = om, vy =
om € P5(X) one has

Wolpe, vy) < e M Way(po, o) with  py = (Si0)m, v, = (S;0)m. (12.19)
Proof. We assume first that o and o are the extreme points of a regular curve ji; = gsm.
We set ps; = 0sm, with o5, = S;0s. Since i, is Lipschitz with respect to Wy and g, are
uniformly bounded, s + g, is also Lipschitz and weakly differentiable with respect to Vi:

we set wg ;1= 05054
By Kantorovich duality,

1
—Wf(uo,t,mvt)zsuz){/ deuu—/ goduo,t} (12.20)
2 X X

where ¢ runs among all Lipschitz functions with bounded support. If ¢ is such a function
with Lipschitz constant L, setting ¢, := Q,, the map n(s,r) := [, ¢ dp,, is Lipschitz:
in fact, recalling that

Lip(¢ps) < 2L, sup |¢s(x) — o (z)] < 2L2\s — |
reX

we easily have

|n(8? ’l“) - 77(3,77’)| < 2L2|S - S,|> |77($>T) - 77($>T,)| <2L \% m(S) ||Qs,r - QS,T’HW’
where S is a bounded set containing all the supports of ¢, s € [0,1]. From (B.I12) we
eventually find

d 1
3 sds<__ Dszds Sty ¥'s/-
dS/Xso fhst < 2/X\SOI st + (Wst, ©s)

Denoting now by r — ¢, the solution of the backward linearized equation (4.2]) (corre-
sponding to (I1.ID) in the interval [0,¢] with final condition ¢, := ¢, recalling Corol-
lary .7 we get by (AI8)) of Theorem .5 and (I1.6]) of Theorem I1.3]

<w8,tv 905> = <ws,07 905,0> = / Ps,0 0505 dm, / |D¢S‘3ud:us,t > ezAt/ |D<Ps,0|%u dus,
X X X

and therefore the relations (6.11]) and (8.7) between minimal 2-velocity and metric deriva-
tive, together with Lemma Rl give

! 1
/ o1 dpiy —/ ©o dpio S/ (— 5/ D2 dpas s + (ws,t,%)) ds
X X 0 X
! 1
/ (— §e2“/ IDs,ol2 dpts +/ (0505) ®s0 dm) ds
0 X X

1 1
_e—2At/ \ﬂs|2 ds.
2 0
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Taking now the supremum with respect to ¢ we get W2((S;0)m, (Sio)m) < e~ At fol |f15]* ds.
Using Lemma[l22 and the contraction property of S; in L' (X, m) we obtain the same bound
for an arbitrary couple of initial measures. O

Let us recall the notation (see (4))

)
AQ(u;m)zfol/XQ(gs)vfpsdmds

for the weighted action of a curve puy = psm w.r.t. m, where v, is the velocity density of
the curve.

Theorem 12.6 (Action monotonicity) Let us assume that metric BE(K, N) holds, and
that P € DC,y(N). Let s = osm, s € [0,1], be a reqular curve and let jis; == 05 4m with
0st = (St0s). Denoting by ., the curve s — pis¢, we have

1 h 1
to

Proof. It is sufficient to prove that the map ¢ — As(pu.,) is absolutely continuous and
satisfies for every ¢t > 0

. 1
lim sup — (Az(u.,t) - A2(u.¢_h)) < —KAg(j.s;m). (12.22)
hl0 2h

Let us fix ¢ > h > 0; thanks to Theorem [3.4] and Theorem [.6] the curves ., and p.,—, are
ZL1-ae. in (0,1) differentiable in V', with derivatives wy; € V!, | wy, , € V!

Qs,t7 Qs,tfh,'
Recall also the relations ([8.7]) and (8.8]) of Theorem B2 linking the minimal velocity
density of a regular curve v, = g,m, its V' derivative ¢, and the potential ¢, = —Aj (/).
By (B™) we get

1 [ty i
ﬁ(fb(/ht) - A2(,U~,t—h)) = % /0 (895,t(ws,t, ws,t) - 8gsyt7h(ws,t—h>ws,t—h)> ds.

Recalling (IT.8) and the definition (II.7) of A, one has
&

boe (Wt ws ) = &5 (wepp,wepn) < (e72M = 1)&% (W pn, We i)

which is uniformly bounded (using (IT.8) once more) by C(t)h, if h < t/2. Therefore the
curve t — Aq(p.+) is absolutely continuous; moreover, applying (ITI0), (87) and Fatou’s
Lemma we get

. 1 '
lim sup —- <A2(/~L-,t) - Az(,u-,t—h)) < —K/ / Q(Qs,t)@s,tvit dmds,
no - 2h 0 JXx

where v., is the minimal velocity density of j. ;. U
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Let us now refine the previous argument. In this refinement we shall use the weighted
action

1
Aid@(u;m)z/ /SQ(Qs)vipsdmds,
0 X

where id(s) = s. Notice that the weighted action appearing in the EVI property (9.77) is
Ao (p; m), with w(s) = 1 —s; in other words A, (u; m) corresponds to the s-time reversed
weighted action A;qg(p; m).

Theorem 12.7 (Action and energy monotonicity) Let us assume that metric BE(K, N)
holds and that P € DC,(N). Let pus = osm, s € [0,1], be a regular curve and let
Pt = 0s4m With 05y = (Sst0s). Denoting by ji.; the curve s — fi,, we have

1 ! 1
g Aa() + tU(p1e) + K / Aiaq(prim) dr < SAz(p.0) + tU(100)- (12.23)
0

Proof. Since by assumption U is continuous and convex, by (B8.34]) we already know that
the map ¢ — U(p¢) is nonincreasing; thus it is sufficient to prove that

. 1
limsup o (Aa(i,0) = Aapton) ) < Wipioo) = Wipin) = Klliag(piim).  (12.24)
hl0 2h

We thus fix 0 < h < t. Recalling Theorem and Theorem 8.2 we have

1 1
A (ps) = / styt(ﬁsgs,t) ds, Aot 1-n) = / Ezs’tih(asgm_h) ds. (12.25)
0 0

It is easy to check that for every 7 > 0 the curve s — pig . is Lipschitz in P5(X) and
S+ 0st—nh+r i Lipschitz in Vg, since for every 0 < 513 < 59 <1

||Qsl,t—h+7' - ng,t—h—i—THVé S ||Qsl,t—h+’r - Ssl’rng,t—hHVé + ||SS1Tng,t—h - ng,t—h-{—THVé

< |0s14-h — Ospt—nllvy + C 7(s2 — 1),

for some constant C' independent of sq, so and 7, where in the last inequality we used the
contractivity (3.32) of S in V{ and Theorem 3.4 (ND3).
A similar argument shows the Lipschitz property with respect to the Wasserstein distance:

W2(MS1,t—h+T7 /J’Sz,t—h—i-T) < W2 (Ms1,t—h+77 (SslTanz,t—h)m) + W2 ((SslTQsz,t—h)mu l’LS2,t—h+T)
< e MW (lsy by Mg p—n) + C' T(s2 — s1),

where we applied (I2Z.19) and point (iv) of Lemma[I2.4} notice that, along the regular curve
ps = osm, the quantity €(,/0s,+/0s) is uniformly bounded, so that &(Z(0sn), Z(0s,—1))
is also uniformly bounded by (IZ.I6).

For every r € [0,1],u € [0,], also the curves s + ol . := S,,0s 1 are regular: we set

P— U
z¢, = 0505 ,. We have

u u
. Osrik = Oy
hm e —

=uLP(o?,) forevery ue[0,t], s,re]l0,1].
k—0 ’
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Since 92‘78 = 051, it follows that the derivative of s — g4, in V¢ is

asgs,t - as (SshQs,t—h) - ZZS + hLP(Qs,t)

0

%/ U(gst)dm = v, (2l + hLP(0sy), U’(gsﬂg))vgl Llae. in (0,1).
X s,t s,t

For every s € [0,1], let ¢¢, € V be an optimal sequence for J,0,,, thus satisfying

. . 1
8 (8sgs,t7 83@3,1&) = lim \Vd <ZZS + hLP(Qs,t)u @s,t)Vgsyt

9 Osit n—oo ' 0s,t

Let vy == —U'(0s4) € V,,, and 47, := ¢, — hvg;. We get

1
\% <Z?,s + hLP(0s.), 90?,t>wgs’t 3 Qs,trgs,t(()pg,t) dm

@s,t

»

1
= vy, <Z£L,s + h’LP(QS,t)7 :t + hUS,t)VQ, - 5 / QS,tFQs,t <w?,t + hvs,t) dm
s,t s,t X
1

- 5/ Qs,trgs,t(SOZt) dm
X

= —hge [ Vlewdm ety (v, =~ 5E0 WUl +hy, L0 V00,

h2
- h/ Os tFQs t(,lvbg,ta US,t) dm — — / Qs,tr ('Us,t) dm
X 2 X

0 1 o
< h&/ U(Qs’t)dm_‘_vlgs,t< ss?wst>V9 t 58&%( s, S,t)?

where we used Lemma [[2.4] (ii) to get the second equality, and to simplify the third and

second to last terms in order to obtain the last inequality. We observe that

"o
o¢ 18 an

optimal sequence for z?,s: we will denote by 1, its limit in V’stt and by ¢, the limit of

¢y, They are related by
¢s,t = 'l/)s,t + h,’U&t.

Passing to the limit in the previous inequality we obtain

§8>;6t(asgs,t>asgst < h_/ Qst dm‘l' 28; t( 88,225)

Observe that u = 0§, 1= Spu0s¢—n and u — z¢, 1= 0,0y, satisfy respectively
aUlleL,r = TL(P(Q;T»’ aﬂz:,r = TL(P/(Q;L,T)Z;L,T)J
where the second equation follows from Theorem Setting r = s we get

au@g,s = SL(P(Q;L,S))7 auzg,s = SL(P/(Q;S) Z;L,s)‘
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Let now B, be the operator, given by Theorem ET], mapping ¢ € V into the solution (,

of
d )
@CS’T = —SP (QS,T’)LCS,T r e [O,t], Cs,t = C (1228)

Theorem [IT.3 and the fact that 20, = 050544 and 0¥, = 0g4—p+u yield
1 h *
5 895 t (Zs ,89 Zs s) 89 t—h (88 Os,t—h> 83 Qs,t—h)]

< —Ks / [ oot (B () dmar
t—h JX

Using the estimate

Do (Bl () < (14 00T, (B (6) + 12 (14 2 ) Tow, (B (000)

and the uniform bound
/ 0sTy, (B! (vsy)) dm < C / 0Ty, (vn) dm < C,
X

Lemma [5.6] eventually yields

imsup 5 (€5, (022 = €5, OutuinnDuusn)) < —Ks [ Qou)oniThn (nr)dm

R10

Combining this estimate with (I2.27]), we get

1
li EYR (8* as s 785 st) — &x 88 s t— ,85 o )
lnffoup 2h Qs’t( Os.t+ Os0,1) Qs,t—h( Os,t—hs Os0s.t—1)

< KS/ Q Qst gstFQst (bst dm__/ Qst

By recalling (I2.25)) and Theorem [R.2] the integration w.r.t. s in (0, 1) of the last inequality
gives (12.24)). O

Theorem 12.8 (BE(K, N) implies CD*(K, N)) Let us suppose that (X,d, m) is a metric
measure space satisfying the metric BE(K, N) condition. Then for every entropy function
U in DC,¢y(N) and every i = pm with o m-essentially bounded with bounded support, the
curve iy = (Seo)m is the unique solution of the Evolution Variational Inequality (O.83)). In
particular (X, d, m) is a strong CD*(K, N) space.
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Proof.  Under the above conditions, one can apply [7, Cor. 4.18] to obtain that (X, d, m)
is an RCD(K, 00) space, in particular the assumptions of Lemma are satisfied. Now
let S; be the solution of the nonlinear diffusion semigroup of Theorem B.4] and let 7 = om
with ¢ m-essentially bounded with bounded support; we consider a family of regular curves

,ug") = gg ‘m ap rox1mating a geodesic g from v to 1 in the sense of Lemma [12.2 and we

set ,ug? = (Syo™)m. Applying ([2Z23) of Theorem 277 we get

| | .
S+ AU +K/ Ao m) dr < SASSE) +AUGAR). (12.29)

Dividing by ¢ > 0 and letting n — oo, t | 0 we get

As (,u(z)) — As (,u.(z))
2t

lim sup lim sup
t}0 n—00

o K [1 .
+ W) + / Asaq (1) m) dr) < lim sup U(ufy
0

t n—oo

(12.30)
Next we pass to the limit in the different terms, setting us; = (Sst0s)m. First of all,
combining (I2.I)) with the lower semicontinuity of the 2-actions and recalling that x.) is a
Ws-geodesic we get

. . 1 n n . 1
tim sup im sup — (Ao (7)) = Ax(1f) ) > tim sup — (As(j2.0) = Ax(.0))

tl0 n—00 t10

1
> limsup oo (WE (7, 1) = WE(m, 1)) (1231)
to 2t

In virtue of (IZ3]) and of the lower semicontinuity of the entropy we also get

lim inf lim me(,uM) > lirg(i)nfU(,uLt) > U(@), hm u(ﬂoo) U(w). (12.32)

t}0 n—00

Regarding the term with the integral of the actions we claim that the joint limit as t |
0,n — oo exists with value

tiohnrgoo ; / ‘Ade ,U, T,, )d?” = ‘Ade( ,u ) (1233)
In order to prove (I2.33)), we first show that
twlinrgooﬂidcz(u.(ﬁ);m) = Aiaq(p.;m) = Asaq(v, ji; m). (12.34)

In order to show the convergence we wish to apply Theorem [ZI], let us then verify its
assumptions.

Recalling that by Lemma we have ggn) — 0, strongly in L'(X,m) for every s €
0,1], using the L'-contractivity and L'-continuity of the semigroup proved in Theorem
3.4 (ND4), we obtain

limsup o, — 087 |21 xmy < Himsup (o3 = 0ullzrcem + o0 = o l21cem )

tl0,n—o00 n—o00,t,0

< llmf)ur) llos — 0sill ot (xmy + limsup [los — o || 21 (x.m) = O,

n—o0
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which in turn implies (by dominated convergence)

g.(j:) — 0. asn — oo,t |0, strongly in Ll(f(,rﬁ). (12.35)

Now let (t,)nen be any sequence with ¢, | 0. First of all, by the lower semicontinuity of

the 2-actions we have liminf, .Ag(,u,(si) > As(ft.0). On the other hand, by Theorem [12.6]
we have

t t
Aa(u) < =2 [ Aguim) ds + Aa(uF) < 2K (sup QD | Aa(?)ds + Aa(u)
0 0

which, by Gronwall Lemma, implies sup,¢ 1 .Ag(,u,(fz)) <C=C(p,K,sup|Q|))-
Therefore, again by Theorem [12.6] we get

tn
lim sup A2(,u,(2) < lim sup < — 2K/ Ag(p.p;m) dt + Ag(,u%)))
0

n—o0 n—oo

< lim sup <C’(,u,, K, sup |Q|))ts +A2(,u%))) = lim supfl2(,u%)) = As(f.0)-

n—oo n—oo

It follows that lim,,_, Ag(,u,(’z)) = As(p. o) for any sequence t,, | 0 and then

sbn

lim A () = Aa(pr.0)-

n—00,t,0

We can then apply Theorem [.T] and obtain the claim (I2.34) and then (I2:33).
Putting together (I12.31)), (1232) and (I2Z.33) we obtain

. 1 _ o _ o _
mﬁmﬂoWWwW—W@MW>+WW+K&MW#W0§WW- (12.36)
t

Recalling that w(s) =1 — s, and that p1, = (S;0)m = 4, the last identity is equivalent to

1
lim sup - (Wf(ut, ) — Wy (@, ﬂ)) +U(f) + K Aug (i, 7;m) < U(D). (12.37)
t10

This proves (@.83); therefore the strong CD* (K, N) property, is an immediate consequence
of Theorem [9.22 O

12.3 RCD*(K, N) implies BE(K, N)

In this section we will assume that (X,d, m) is an RCD*(K, N) space and we will show
that the Cheeger energy satisfies BE(K, N). By [7] we already know that BE(K, co) holds.

In the following, we consider an entropy density function U = Un .y € DC,cy(N) of
the form given by (@.36]) through the regularization (0.34]) and we will denote by (S;):>¢ the
nonlinear diffusion flow provided by Theorem [B.4] and satisfying the EVI property (Q.77)
by Theorem @211
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Lemma 12.9 Let us = osm be a Lipschitz curve in Po(X) such that s — Enty(us) is
continuous. For a given integer J, consider the uniform partition 0 = sp < 51 < -++ <
s; = 1 of the time interval [0,1] of size o := J~' and the piecewise geodesic pu! = o/m,
s € [0,1], obtained by glueing all the geodesics connecting fis, , to fis,.

Then g{) — 0y tin L'(X x [0,1],m ® Z").

Proof.  First of all, since fi( is a Lipschitz curve in &5(X), it is clear that the geodesic
interpolation converges, i.e. uf) — ficy in C°([0, 1], 25(X)). Therefore for every s € [0, 1]
we have pu/ — u, weakly and thus (see for instance [3, Lemma 9.4.3])

Enty (415) < lim inf Enty(u)), Vs€l0,1]. (12.38)
—00

On the other hand it is not difficult to prove also the converse inequality

Enty, () > limsup Enty, (p/), Vs € [0,1]. (12.39)

J—00

Indeed, the K-geodesic convexity of the entropy along geodesics ensured by RCD(K, o)
yields

tH1—t)

Entm(uijl—t)5j+t5j+1) < (1 - t)Entm(:usj) + tEntm(:ustrl) - K W22(lu5j7 M8j+1)7 (1240)

for all t € [0, 1]. Since the maps s — Enty(1s) € RT and s — pus € P(X) are continuous,

we get (I239) by passing to the limit as J — oo in (I2.40).
From the convergence u{) — ey in C°([0, 1], P2(X)) we infer that the family {47, 115 }seo,1),sen

is tight. The thesis then follows from the following Lemma [12.10] combined with the Dom-
inated Convergence Theorem. O

We next state a well known consequence of the strict convexity of the function t — tlogt
on [0,00) (see e.g. [56, Theorem 3]).

Lemma 12.10 Forn € N, let g,m = p,, € Z(X) and om = p € P(X) be such that
o i, — p weakly in P (X),
e Enty,(u,) — Enty(p) as n — oc.
Then 0, — o strongly in L'(X,m).
Lemma 12.11 Let pus = osm be a Lipschitz curve in Po(X) with s — o5 continuous

w.r.t. the L'(X,m) topology and sup, ||0s| r(xm) < 00. Then, defining pis; = 0s4m with
0st = (St0s), one has

1d*
55%[2(#%) < —KAg(p.p;m)  for every t > 0. (12.41)
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Proof. The L'(X,m) contractivity of S ensures that s — g, t > 0 are equi-continuous
in L'(0,1; L*(X,m)), while the embedding (3:28)) provides the continuity of ¢ — o,; when
s is fixed; combining these properties we know that (s,t) — g, is continuous w.r.t. the
LY(X,m) topology. In addition, it is easily seen that the L*°(X,m) norms of g, are
uniformly bounded, and s — ps; = 0, ¢m is a Lipschitz curve in &5(X).

For a fixed integer J we consider the uniform partition 0 = sy < s; < --- < s; = 1 of the
time interval [0, 1] of size o := J~!, and the corresponding piecewise geodesic approximation
:U’;],t Of Hs,t-

Summing up the Evolution Variational Inequality (@.77) for s, ,, and test measure
Hs;,+ and the corresponding one for p; ; and test measure jis, , ; we use the Leibniz rule 13l
Lemma 4.3.4] to get that ¢ — W3 (15, , 4. f1s,4) is locally absolutely continuous in [0, c0),
and that

1d

§EW22(:U8]-71¢7 :quﬂf) <-K (‘AWQ(Msjflm Fsjts m) + ‘A"JQ(MSjvt’ HFsj_q,ts m))
forj=1,...,J and Z'-a.e. t > 0. Denoting by uf{t the piecewise geodesic curve as in the
previous lemma, we obviously have

J

1
Ax(py) = pu D Wit s sy),

J=1

while (@.70]) gives

A :Utv

qm
Mk

( w@ :USJ 15ty Msjts M )+‘AWQ(MSj,t7MSj—17t;m))'

7j=1
We end up with

1
5%%[2( 1) < —KAg(p/;;m) for £'-ae. t >0, (12.42)

or, in the equivalent integral form,
1 J 1 J " J
§‘A2('U",t2) — 5./42(,&.7151) <-K t .AQ(,M.’t; m) dt 0<t <t (1243)

By Lemma 29, we know that the curves u”, converge to the curves p.; in L'(X x [0, 1], m®
Z') as J — oo. This enables us to apply Theorem [Tl (notice that (Z.7)) holds because
the piecewise geodesic interpolation does not increase the action), so that we can pass to
the limit as J 1 oo in (I2Z43)) and use (Z9) to get

1 1 f2

§A2(u.7t2) - §A2(N-,t1) < —K/ Ag(p.;m) dt forall 0 <t; <ty <T. (12.44)

t1
O
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Corollary 12.12 Under the same assumptions and notation of the previous LemmalI2.11),

if A\ is defined as in (IL7) then
Ag(p) < e MAy(pg)  for every t > 0. (12.45)

In particular, if L is the Lipschitz constant of the initial curve (fis)sejo,] i (P2(X), Wa)
and s+ s, € CH([0,1]; V') then

& (0505, 0s050) <€ MLP Vs e0,1], VE>0. (12.46)

Proof. The action estimate ([I2.43]) follows easily by (IZ.41]) and the fact that the definition
of A gives —KAg(pr.i;m) < —AAs(pe.r).
By repeating the estimate above to every subinterval of [0, 1], the identity (8.1) of
Theorem B2 and the equality (6I1]) between minimal velocity and metric derivative yield
EF (D500, Ds054) < €M 2 Llaes€0,1], vVt >0.

Os,t

The thesis (TZ48)) then follows by the lower semicontinuity of the map s + €% (95051, 0s0s.¢)
ensured by Lemma [5.8] since the maps s — 0s05 4, s — 05 are continuous in V' and weak*-
L>*(X,m) respectively. O

We can now prove the implication from RCD* (K, N) to BE(K, N); we adopt a pertur-
bation argument similar to the one independently found in [16].

Theorem 12.13 [If (X,d, m) satisfies RCD*(K, N) then the metric BE(K, N) condition
holds.

Proof.  Let us first remark that (X, d, m) satisfies the metric BE(/K, co) condition and that
(X,d) is locally compact; in order to check BE(K, N) we can thus apply Theorem [0.11]

We fix f € Dy(L)NDp(L) with compact support and u = om € (X ) with compactly
supported density ¢ € Dy~ (L) satisfying 0 < ry < ¢ m-a.e. on the support of f. With
these choices, our goal is to prove the inequality

To(f: Po) + /

XR(Q) (Lf)*dm > K/XF(f) P(o) dm. (12.47)

We define

= —oLf —T(o f).

Since o and f are Lipschitz in X, recalling Theorem [[0.6] and Lemma [[0.8 one has ¢ € V,
and
|| < ap for some constant a > 0. (12.48)

In addition, ¥ has compact support and

/¢§dm:/ oT(f,¢()dm V(¢ eV, /wdm:O, (12.49)
X X X

112



1 1 1
S0 0) = 3800 = ()~ 5 [ e (s) am (12.50)
X
We then set o, := o + s1), so that d,0, = 1, and we observe that (I2.4]) gives
(1—as)o < ps < (14 as)o. (12.51)

This, together with (IZ49)), implies that o;m € Z(X) for s € [0,1/a]; moreover, (251
also gives (1 —as)E,(p) < &, () < (14 as)E,(p) for all p € V, so that by duality we get

(1+as) €5, 1) < ), (0, v) < (1 - as) €5, ). (12,5
It follows that g4 is Lipschitz in &75(X) by Theorem and
1;{{)1 Eo (W h) = EG(, ¥) = E,(f, ) (12.53)

We set ¢! := S;ps, wh = 050, o' = S;0. Recall that, thanks to Corollary 7] ¢ —
w! belong to W12(0,T;H,D;) C C([0,T]; V') and solve the PDE d,w = L(P'(p!)w) of
Theorem with the initial condition w = 0,05 = 1. The contraction property of S in

L'(X,m) and the integrability of 1 yield

s = &'llzrxam < llos = ellzrcem = slldllixm Vs €(0,1/a), V€ [0,T].  (12.54)

Combining Theorem (5] the estimate (I2.46) and (I2.52) we also get

—2At

S&u(Uw) V20, VS € (0,1/a). (12.55)

sup &% (wh,w!) <
0<s<s 1-

Theorem A5(L3) in combination with (IZ5]) and (IZ54) also shows that

lim sup [[wf —wgllyy =0 forevery T>0 and lim [[wf — ¢y = 0. (12.56)
50 0<t<T s,t10 €

Combining the lower semicontinuity property (5.77) with (IZ55), (I2Z56) and recalling

(IZ50), we get
i €5, (!, ') = E5(0, ) = Ey(f. /) (12.57)

5,410 o
we are then in position to apply Lemma [5.§ and infer that

lim /X Qo) (') dm = /X Q(o)l (f) dm. (12.58)

s,t40

Moreover, by (I2Z54) and (I256) we can find a nondecreasing function (0,1) > ¢ — S(t) > 0
with S(t) < t?, such that

lim sup ¢ wl — whlv =0, lim sup 7|l — o' L1 xm = 0,
0 0<s<S(t) 0 0<s<S(t)
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so that

lim v 1<th — 1, f)ds = lim 1( — 1, ) (12.59)
1o/, t s ’ 10 ’
and
) S(t) 1 , ) 1 .
lim /X (0= o)T(f) dmds =1lim e - o)L (f) dm, (12.60)

provided the limits in the right hand sides exist. Eventually, (IZ50), (IZ52) and 1—as >
yield

35, (0.0) € 51+ 209830 0) = (.£) = 5 [ V() dm+ s €50 0)

so that the bound S(t) < #? yields

1

S(t)
! jg £ () ds < (i, f) —

2 1/Xgr(f) dm + lat2 &1, 1). (12.61)

2

Combining Theorem and Lemma [[2ZTT] (applied to the rescaled curves in the interval
(0,5(t))) we get

1 S(t) S(t) 1 S(t)
3 ][ &, ( ds+K/ ][ / Q(0%)o: Q wh)dmdsdr < 3 ][ &,. (¥, ) ds,
0 0

(12.62)
so that (IZ6I) and the very definition of £}, yield

]€s(t)<<w§’f> / r'(f) dm ds+K/ ][ /Q )T (w]) dm ds dr

< () =5 [ or() dmt Gare, (7. 1),

and, dividing by t > 0,

]{S(t)G( c—, f) - /x (0l — o)L (f) dm ds+K][ ][ /QQS oI (wh) dm ds dr

< Stag,(f.)

Passing to the limit as ¢ | 0 and recalling (I2.58), (I2.59) and (I2.60) we eventually get

t t

. - 1. -
1t1¢r51<w0t ¢,f>—§1tlgl XQ t Qr(f)dm+K/XQ(g)gr(f)dmgo. (12.63)

Observe now that
1 t t t
Lewt — 9, ) = f (L(P (). ) dr = f (P (gl L) dr = / (ut, P'(g))L) dr

t
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We can then pass to the limit since wf; — ¢ in V£, P'(¢p) — P'(0) in V (thanks to (3:30))
with uniform L*> bound and Lf € V. We get, by the definition of 1, that

i ()~ . 7) = 0. P(LE) = = [ (eP@(LIP+T(P(o).£) L) dm. (1260

tlo t

Similarly, since %(gt —0) = LP(p) in V', F(f) € Vand P(p) € D, we obtain

lim Qtt_gr(f) dm:/ LP(o)T(f) dm. (12.65)

wo Jx X

Combining (I2.63) with (I2.64)) and (I2.63]) we obtain

- /X P/(0)(o(Lf)* + T (P(o), f))Lf + GLP(T(f) dm < ~K /X P(o)T(f) dm (12.66)

and finally (I2:47) is achieved. By applying Theorem [0 1T we then get BE(K, N). O
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