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Abstract

We discuss the sharp interface limit of a diffuse interface model for a coupled
Cahn-Hilliard—Darcy system that models tumor growth when a certain parameter
e > 0, related to the interface thickness, tends to zero. In particular, we prove
that weak solutions to the related initial boundary value problem tend to varifold
solutions of a corresponding sharp interface model when € goes to zero.
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1 Introduction

The present contribution is devoted to the study of the relations between a diffuse and a
sharp interface Cahn-Hilliard-Darcy model for tumor growth.

The morphological evolution of a growing solid tumor is the result of the dy-
namics of a complex system that includes many nonlinearly interacting factors, such as
cell-cell and cell-matrix adhesion, mechanical stress, cell motility and angiogenesis just
to name a few. It is clear that mathematics could make a huge contribution to many
areas of experimental cancer investigation since there is now a wealth of experimental
data which requires systematic analysis. At the current stage of cancer research, most
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of the mathematical models are built and developed from the following three perspec-
tives: discrete (microscopic), continuous (macroscopic), and hybrid (micro-macroscopic).
Numerous mathematical models have been developed to study various aspects of tumor
progression and this has been an area of intense research (see the recent reviews by Fasano
et al. [12], Graziano and Preziosi [I6], Friedman et al. [I4], Bellomo et al. [5], Cristini
et al. [7], and Lowengrub et al. [21I]). The existing models can be classified into two
main categories: continuum models and discrete models. We concentrate on the former
ones. This category can be subsequently split in two basic types of models namely the
(classical) sharp interface models, where the interface between the fluids is modeled as
a (sufficiently smooth) surface, and so-called diffuse interface models, where the sharp
interface is replaced by an interfacial region, where a suitable order parameter (¢ in what
follows) varies smoothly, but with a large gradient between two distinguished values.

The necessity of dealing with multiple interacting constituents has led, in particular,
to the consideration of diffuse-interface models based on continuum mixture theory (see,
for instance, [8] and references therein). In the diffuse approach, sharp interfaces are
replaced by narrow transition layers that arise due to differential adhesive forces among
the cell-species. The main advantages of the diffuse interface formulation are:

- it eliminates the need to enforce complicated boundary conditions across the tu-
mor/host tissue and other species/species interfaces that would have to be satisfied
if the interfaces were assumed sharp, and

- it eliminates the need to explicitly track the position of interfaces, as is required in
the sharp interface framework.

Then, the natural question arises how diffuse and sharp interface models are related
if a suitable parameter ¢ > 0, which measures the width of the diffuse interface, tends
to zero. There are already some results on this question, which are based on formally
matched-asymptotics calculations (cf. the recent work by Garcke et. al. [15]), but so far
there are very few mathematically rigorous convergence results (cf. [25]). This is indeed
the aim of the present contribution.

The mathematical technique we exploit here consists mainly in considering the
know results for Cahn-Hilliard equations by [6] and try to extend them to the coupled
Cahn-Hilliard-Darcy system (first neglecting the nutrient) in the spirit of what Abels et
al. (cf. [1I] and also [3]) did for a two-phase fluid model. The problem of dealing with a
complete tumor-growth model coupling Cahn-Hilliard equation for the tumor phase with
a non-zero source, Darcy law for the velocity, and a reaction-diffusion equation for the
nutrient (cf.; e.g., [I0] or [I5]) is still open.

Other techniques could also be investigated. For example, recently in [25] the
authors exploited Gamma convergence tools for Gradient Flows systems in order to prove
the passage from diffuse to sharp interfaces for a variant of a different tumor growth
model proposed in [I7] (cf. also [I8]) where the velocity field is not considered and a
coupled Cahn-Hilliard-Reaction-Diffusion system is analyzed. It is worth mentioning that
a Gamma-convergence approach cannot be applied to the problem considered in this paper
due to the lack of gradient structure of system under consideration.



The initial boundary value problem we are interested in here is indeed the following

one:
O — A+ V- (up) =0 in Q x (0, 00), (1.1)
= —cAo+ %F’((b) in © x (0, 00), (1.2)
u=—-VP+ uVein Q x (0, 00), (1.3)
V-u=01in Q x (0,00), (1.4)
v-Vo=v-Vu=v-u=0ond x (0,00), (1.5)
$(0) = do, in €2, (1.6)

where € is a bounded subset of R? with a smooth boundary 92, v denotes the outward
unit normal vector to 02, F' is a double-well potential with minima in —1 and 1, e.g.
F(r) = £(1 —r?)? and ¢ is a small positive parameter related to the interface thickness.
Moreover, ¢, is a family of approximating initial data which satisfy a well-preparedness
condition (see below). The dynamics of the phase variable ¢ (and of the chemical potential
) is regulated by the convective Cahn-Hilliard equation (ILI))-(L2). The velocity field u
fulfills the Darcy’s law (LL3]) (here P denotes a pressure) including the so-called Korteweg

term pVo.

The PDE system we consider here (as well as some generalizations of it) has been
already studied from the point of view of existence of solutions, regularity, and long-time
behavior in [22] (cf. also [19] and [I0] for more general models), while the formal expansion
method for the sharp interface limit has been recently performed in [I5] again for a more
complicated system, where also the nutrient variable and chemotaxis effects have been
taken into account.

The matched asymptotic expansion performed in [I5] shows, formally, that system
([CLI)-(T8) converges, for e — 0, to the sharp-interface limit problem given by

¢=1in QF, (1.7)

¢=—1in Q7 (1.8)

2(=V 4u-n)=[Vul}-non 3, (1.9)
u=ockonX, (1.10)

(1]} =0 on %, (1.11)
~Ap=01in Q" U QT (1.12)
u=—VPin Q" U (1.13)
V-u=0in Q" UQ”, (1.14)

[u]f; -n =0on %, (1.15)

[P}, = 20k on X (1.16)

Here tumor region Q7 and the healthy region QF are two open and disjoint subset of
separated by a smooth interface ¥ which moves with normal velocity V. Moreover, o is

F(r

a constant related to the potential given by o = f_ll dr, k is the mean curvature of

>, n is the outward unit normal to ¥ pointing towards QT, and [f]% denotes the jump



of f from QT to QF across the interface Y. As for the diffuse interface case we close the
system with boundary and initial conditions

v-u=0on d x (0,00),
v-Vu=0on o x (0,00),
Q'(0) =,

where QF is the tumor region at the initial time ¢ = 0.

Our goal is to prove the convergence rigorously. More precisely, in the rest of the
paper we address the following question: under which assumptions on the potential F'
do weak solutions of (LI)—(L0) converge to weak/generalized solutions of (L.7)—(L18])?
We show that if F' satisfies proper growth conditions at infinity, which are fulfilled in
particular by the so-called standard double-well potential F(r) = £(1 — r?)?, then the
weak solutions of ([LI)-(L6) converge to the so-called varifold solutions of ((L7)—(TI6l),

which are defined in the spirit of [6] in Section [

The paper is organized as follows: in Section 2] we introduce some notation and
preliminaries we need in the rest of the paper. In Section [3 we state our assumptions on
the data and the main result of the paper together with the notion of solutions. Finally,
in the last two Sections (] il we prove the main Theorem [ by establishing suitable a-priori
estimates (independent of €) on the solution to (LI)-(LH) leading to the passage to the
limit as ¢ — 0.

2 Preliminaries and notation

In this section we fix the notation and recall some known facts about functions of bounded
variation and varifolds.

Given Q C R? a bounded set with a smooth boundary, d, N € N, X a Banach
space with separable dual space X*, we use the following notations for these functional
spaces.

e [P(Q) and LP(Q, X), for p € [1, 00], denote the standard Lebesgue spaces for scalar
and X valued functions, respectively.

o Cp(92,RY) is the closure of compactly-supported continuous functions f : Q — RV,
in the supremum norm.

o CF(Q), k € NU {oo} is the set of k-times-differentiable compactly-supported func-
tions.

e CH(Q), k € NU {oo} is the set of k-times-differentiable functions such that all
derivatives have a continuous extension on 2.
L2(Q)

i 87(2:11V<Q) = {f S CSO<Q) tV- f = 0} and L§1V<Q) = 8,%.1V(Q)

o [} (0,00;X) for p € [1,00) denotes the space of all measurable functions f :

(0,00) — X such that f € LP(0,t; X) for all t > 0.
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o M(;RY) for N € N, denotes the space of all finite R"-valued Radon measures.
M(Q;R) =: M(9Q).

e BV(Q) is the space of functions of bounded variations.

o [ (€; X*) denotes the space of all functions f : 2 — X* that are weakly™ measur-
able and essentially bounded.

Given f € BV(Q) we denote by Df its distributional gradient and by |Df| the
Radon measure generated by

IDf|(A) = sup / fV-Ydx, forall Aopen in €.
A

Y €Co(A;RY):[Y|<1

Moreover, one can show (cf., e.g., [13]) that there exists a |D f|-measurable unit vector
valued function n such that Df = n|Df|, |Df|-a.e.. We recall that

BV(Q) ={feL'(Q):Df e M (R}

and
1A levi) = 1Fllzi@) + 1D Fllar(amay = 1 Fllzs) + [DFIE2)-

Let E be a set in €. If the characteristic function yg belongs to BV(2), then we say
that E has finite perimeter and we denote Dx g = ng|Dxg|. Note that, if OF is smooth,
then ng is the unit inward norm to 0F. Moreover, we recall that there exists a separable
Banach space X such that its dual space coincide with BV(€2), (cf. [4]). As a consequence
the space L2 (0,s;BV(Q)) = (L'(0,s; X)) is well defined.

Let now

P =S/ {v, v}

be the set of unit normals of unoriented (d — 1)-dimensional hyperplanes in RY. A warifold
V' is a Radon measure on 2 x P. We define the mass measure ||V|| as the Radon measure
on €2 given by

|V (A) = // dV(z,p) for all A open in (.
AxP

The first variation §V of a varifold V is the linear functional on C}(£2;R?) defined by
(V)Y := // VY :(I—-p®p)dV(z,p) foralY € Cy(RY
Qx P

and its mean curvature vector H (wherever it exists) is a [|V||-measurable vector-valued
function on 2 defined by

— V. Y) =(IVI,H-Y) ZL(Y(x)-H(w))dIIVII () forallY € Gy RY).



3 Assumptions and main results

In this section we introduce the main assumptions on the problem data and the statement
of the main results.

Let the potential F' be such that F € C*(R), F(£+1) =0, and F(r) > 0 if r # +1.
Moreover, let exist constants ¢y, Ce, > 0, p > 4 such that F”(r) > C.|r[P~2 for all r

such that |r| > 1 — ¢p. An example of potential F' satisfying the above assumption is the
classical double-well potential F(r) = £(1 — r?)2.

Remark 1 Note that the same conditions with p > 3 are assumed in [1], where the
authors consider the sharp interface limit of a Cahn-Hilliard equation coupled with a
Navier-Stokes equation, instead of the Darcy’s law ([I3)), for the velocity field. Here we
need stronger coercivity assumptions on F as solutions u to the Darcy’s law (L3) are, in
general, less regular than solutions to the Navier-Stokes equation.

We also assume uniform boundedness of the initial energy. More precisely, let
Po. € H'(2) N LP(Q2) be such that there exists a positive constant Ey satisfying

E5(¢O,e) S Eo, (31)

where the energy functional E. is defined by

E(6) = [ (e5IV0P + LF (@) (3.2)

Finally, we ask the initial tumor mass to be independent of £, namely
- 1
Poe = al Goedr =mg € (—1,1).
€2 Ja
Before stating our main result, let us rigorously define solutions to system (LI])-
(C8) and system (L7)-(LIG).

Definition 2 (Weak solutions to (LI)-(@.6])) We call (¢., e, us) a weak solution to
system (LI)-([I6)) if these functions belong to the regqularity class:

¢ € C°([0,00); H'()) N Lo (0, 005 H*(2)) N Higo (0, 00; L*(Q)),
pe € Li (0,00, L*(Q)), V. € L*(0,00; L*(Q)),

loc

)
ue € L*(0, 00; Lg;, ()
and the following integral identities hold:
/ / (000 + peue - Vo — Vi - V) dads
0o Ja
— [ euis - [ snv0)de, (33
Q Q



for all ¢ € C3°([0,t] x ), t >0, and

d
—E5(¢5)+/ |Vu5|2dx+/ lu|*dz = 0, (3.4)
dt Q Q

where

fe = —A¢, + EF/(@) a.e. in 2 x [0,00), (3.5)

ue = —=VP+ uVo. a.e. in Q x[0,00), (3.6)
v-Vo. =0 ae ondQ x[0,00), (3.7)
(3.8)

B6) = [ eodo = [ 5IVO + ZP(@)dx ae. in [0.00).

Definition 3 (Varifold solutions to (IL7)-(II6)) Let Q2 be a set of finite perimeter.
Then, (u, QT 1, V) is called a varifold solution to (ICT)-(CI8) if the following conditions
are satisfied:

1. u € L?(0,00; L*(Q)), p € L2 .(0,00; L*(2)), V€ L*(0, 00; L*(2)).

loc

2. QT can be decomposed as QT = U»oQ x {t}, where QF is a measurable subset of
Q. Furthermore,

xar € C ([0,00); L1(2)) N L2 (0, 00; BV(Q))
and |QF| = |QF] for all t > 0.

3.V is a Radon measure on Q x P x (0,00) such that V = Vidt where V' is a Radon
measure on ) x P for almost all t € (0,00). Moreover, for a.a. t € (0,00), V*
admits the representation

QxP

WV 5,p) = Y [ ot @) 39)

for all v € C (Q X P), some Radon measure X' on Q, and some \-measurable
functions b, pt with values in R and P respectively such that

d d
0<0<1, Y bi>1, ) piopl=1 M-ae,
=1 =1

and M ) 1 o)
AL T 20 .
4. For every t > 0 and every b € C3°([0,t] x Q),
/0 t /Q 2xar 0 — VuVy + 2xgru - Vipldods
_ /ﬂ Dyarib(t)de — /ﬂ 2y (0)dz. (3.11)



5. For every t >0 and every Y € C}(Q,RY),

1
— <DXQtT7NY> = /SZXQtTV H(uY)de = 5 (VY. (3.12)

6. For every 0 < 71 <'t,
A(Q) +/ / |V u)|*dads +/ / lu|*deds < A7(Q). (3.13)
T JQ T JQ

7. For everyt > 0 and every ¢ € Cg%y;, (), we have

t t
//ugodxdzs:// 2updSds, (3.14)
0o Ja 0 Jx,

where 3y = 0QT \ 09.

Let us postpone some remarks and comments on the definition of solutions and
state our main result.

Theorem 4 (Sharp interface limit) Let the above assumptions be satisfied. Then,
there exists a sequence € — 0 such that the following holds.

1. There exists QT = U;oQF x {t} € Q x [0,00) such that
¢ — —142xqr a.e. in Qx[0,00) and in C’l%([(),t); L*(2)) for any t > 0. (3.15)

2. There exists p € L2 (0, 00,; L*(Q)) such that Vi € L*(0,00,; L*(Q)) and

loc
e =5 i weakly in L,(0, 00, H(92).
3. There exists u € L*(0,00; L% (Q)) such that

u, — u weakly in L*(0,00; L3, ().

4. There exist a Radon measure X\ and measures \;j, 1,7 € {1,...,d}, on Q x [0, 00)
such that

e-(¢.)dxdt — X as a Radon measure Q x [0, 00),

i.e. weakly star in M(Q,R), (3.16)
€0y, 00y, 0-dadt — Nij as a measure on Q x [0, 00),
fori,j e {1,..,d}, (3.17)

where e.(¢.) denotes the energy density:

1 1
ec(¢p:) = 8§‘V¢5|2 + EF<¢€)



5. There exists a Radon measure V = V'dt on Q x P x [0,00) such that (u,Q", p, V)
is a Varifold solution of (L)-(LIG) in the sense of Definition Bl, with d\'(z)dt =

d\(x,t) (where X' as in BI3) and X\ as in BI6)) and with o = f—11 Fg")df,,_
Moreover,

t t
/ (0V*)Y) ds :/ /VY: [dA(z, s)1 — (dNij(z, 8)) g (3.18)
0 0 Jo
for all Y in C(Q x [0,t]; RY) and for all t > 0.

Remark 5 Let us now comment on the notion of solutions introduced in Definition
and Definition [Bl.

1. The weak formulation [B.3) is derived by testing (L)) with some 1p € C3°([0,t] x ),
integrating by parts in time and space, and using the boundary and the initial con-
ditions. We remark that, as ¢. € H'(0,t; L*(2)), relation [B3) can be equivalently
rewritten as

/(—at%w + ¢etie - Vi) — Ve - Vip)dz = 0 a.e. in (0,t),
0
(bs(O) = (bo,e-

2. The energy identity [B2)) can be formally obtained by testing equation (LI)) by pe
and ([L2) by Oyp., comparing the two, integrating by parts (taking into account the
boundary conditions) and using (3.

3. As stated in Theorem B, N\'(Q) is the limit of the energy functional E.(¢.(t)) as
e — 0. The energy functional for the sharp interface problem is instead given
by the interfacial energy: 20|xqr|(S2). A natural question is how the two relate.
Modica and Mortola [24] and Sternberg [26] proved that the functional E. converge
to 20 |xqr|(Q) in the Gamma-convergence sense with respect to the topology of L' (€2).
As a consequence of this result and of convergence [BIHl), we have that

)‘t(Q) = ll_{% Ea(¢6(t)) = IHEH_)lOIlf Ea(¢6(t)) > 20|XQtT|(Q) (319)

A second approach to obtain inequality [3.19) is the following. Consider the relation

: /Q Ve Pda = /Q e.(6e)dx + /ﬂ £.(6.)da, (3.20)

where the discrepancy density &, is given by £.(¢.) = £/2|Vo.|* — 1/eF(¢.). We
will prove that the discrepancy measure is nonpositive in the limit € — 0, namely
Jo (€c(¢2))"dz — 0 as e — 0 (see Lemma [). This yields, by passing to the limit
as € — 0 in B20), inequality BI9). Note that, in general, it is not possible to
prove equality in (3I9) even in the simpler case w = 0, (cf. Section 2.4 of [0]).
For example, a strict inequality holds true in case the initial data develop a so-called
phantom interface, i.e.,

(2) = | D lim 60.(1)] () < lim inf [ D] (52).
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Howewver, in the case u = 0, under some additional assumptions, e.q., radial sym-
metry of the solutions [6] or limit equipartition of the energy: [, (&(¢.))dz — 0
(which holds true if d < 3) [20], it is possible to show equality in [BI9). Let us
mention that the techniques used in [20] strongly rely on the gradient-flow structure
of equation (LI)-(L2) in the case u = 0. Thus, it seems hard to generalize that
result to the system under consideration.

. Using the definition of V' (8.9)), we have that

d

AV (x,p) =D BH(x)dy 0 dN (2).

i=1

Thus, by definition of mass measure of a varifold and as a consequence of the prop-
erties of b, we get

d [V (z) th )N (z) > dX(x).

Let H' denote the mean curvature vector of V. Then, by definition, we have, for

all Y € CHQ;RY),

(vt y) = (v 2 [V @

= / 20mH (z) - Y (2)| Dxqr|(z)dz, (3.21)
Q
where .
A
20|Dxgr|(z)dz
Note that the two measures d ||V*|| (x) and |Dxqr|(z)dz are absolutely continuous

one with respect to the other as a consequence of relation [BI0). Moreover, m > 1.
Furthermore, using formula (312), we have

(3.22)

—(oVLY) = _Q/QXQtTV (WY )dz = 2/ pngr - Y (x)| Dxqr|(z)dz
= | Longr Y@ d |V (2 (3.23)
o mo

where ngr is the unit vector associated with Dxqr defined as in Section . Com-

paring B21) and [B.23), we deduce
ﬂnQT =oH.
m t
Multiplying by nqr, as |ngr| =1, we get
n =ongr - H = ok.
m t

Here k := ngr - H s the so-called generalized mean curvature. Asm > 1, we have
that
W =mok > ok on .
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Thus, relation (LI0) is satisfied up to a multiplicative constant m > 1 (if m = 1, we
get equation ([LI0)). We remark that, in general, it is not possible to show m = 1
even in the simpler case uw = 0 (cf Section 2.4 of [6]). This is related to a possible
gap between the limit of the energy and the energy of the limit problem as already
discussed above. Indeed, under some growth assumptions on X', it is possible to
show that \' = ||V'|| (cf. [6]). In this case, thanks to [B.22), we have

A = 20m|Dxqr| > 20|Dxqrl, (3.24)

which is a quantitative version of inequality [BI9). In particular, this shows that,
in the case \' = ||V, equality in BI9) and relation m = 1 are equivalent.

. From (LI0) and (IIG), we easily deduce
[P]L = 2u on 3. (3.25)

Equation [BI4) is obtained by multiplying equation ([LI3) by some ¢ € C5%;, (€2),
integrating by parts, and using [3.28)), and the boundary conditions:

t t
/ / u - pdrds = —/ / VP - pdxds
0 JoTuoH 0o Jaruou
t t
= / / [P]}; - pdSds = / / 24 - pdSds.
0 s 0 s

. Fquation BI2) together with BIR) imply

/Q var V- (u(t)Y)dz = /Q VY : [\ ) — (AN )),.,] for aa. t > 0.

This relation can be obtained by passing to the limit € — 0 in formula (5.2]). There-

fore, equation BI2) stands as a reformulation of identity (B.3) and of condition

e € 5(5; (here 5(5; denotes the first variation of E.) in the limit € — 0.

. Inequality (BI3) has the meaning of energy dissipation inequality. It is obtained
starting from (&) and by passing to the liminf as € — 0. We remark that equality
does not hold in general. Indeed, we have just weak convergence for Vu. and u..

. Note that, for ally € C§°([0,t]xQ), we have fot Joruan Obdads = [r o ¥(t)dz—
fQTUQH ¥(0)dx and fot fQTUQH ue - Vipdrds = 0. Thus, the weak formulation of the
diffuse interface problem [B.3)) is equivalent to

/O /QT QH{<¢€+1> 8tw+<¢s+1) Uge VQ/}—VME Vi/i}dxds
- / (¢:(t) + 1) y(t)dz — / (b0 + 1) 1(0)da. (3.26)
QTuQH

QTuUQH

By passing to the limit as ¢ — 0 and using the convergence results of Theorem
@, one gets the weak formulation of the sharp interface problem [BII)). Moreover,
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equation BII)) can be formally deduced as follows. Test equation (LI2) with some
e C§(([0,t] x Q)), multiply (LIA) by (—1 + 2xqr)¥, and take the sum getting

= A — (= T . dxds.
0 /O/QTUQH{ jb — (—1 + 2x0r)V - uts}dads

By integrating by parts and using equation (L9) and the boundary conditions on p
and u, one obtains

= V)V + (-1 + r)u - Vi tdad

0 /O/T {(=Vu) Vi + (=14 2xqr)u - Vi }dazds
T n—92y-

+/0 / ([V,u]H n — 2u n) 1dSds

:/Ot /QTUQHK_V’”‘) Vz/;+(—1+2XQT)u-Vw}dxds—i-/ot/z(—QV)z/Jdes.
(3.27)

Interpreting V' as the velocity describing the evolution of the interface 3, we intu-
itiwely and formally have

by QTuQH

By (formally) integrating by parts this relation and substituting into [B.217) and

using relations [or qun u - Vibdz = 0 and fg Jorign Obdads = [or ou (t)da —
Joruqn ¥(0)dz, we get BII). This suggests that condition BII) encodes equations
(C3), (CI2), (LI4), and the boundary conditions.

4 A priori estimates

In this section we derive some uniform-in-¢ estimates for solutions (u., ¢., pte) to system
(CI)-(C6). In what follows C' will denote a positive constant independent of e which
possibly varies even within the same line.

Let (ue, ¢c, pte) be a solution to system (LI))-(L6]). Integrating identity (B.4]) over
[7,t] and recalling well preparedness of initial data (B.1]),

E_(¢-(1)) +/ /Q|Vu5|2dxds +/ /Q|u5|2dxds =E.(¢-(1)) < Ec(¢oe) <C.  (4.1)

Thus, recalling the definition of the energy functional

1 1
B0 = [ (51901 + ZF(6)ds,

we have

1 2 1 ! 2 ! 2
/§252|V¢€(t)| dzr + gF(qu(t))—l—/T /Q\V,ug| d:cds+/T /Q|u€\ dzds < C. (4.2)

12



By using p-growth of F for large ¢ and positivity of F”'(£1), we get that F'(¢) > £(]¢|—1)?
for all ¢ € R. In particular, by using again p-growth of F', we deduce the estimates:

||VM6||L2(0,OO;L2(Q)) <C, (4.3)
||u6||L2(o,oo;L2(Q)) <C, (4.4)
1/2
[C v¢5”Lw(0,w;L2(Q)) <C,
[1o.0par < toran e >0, (16)
/Q(|gz§€(t)| —1)*dz < eC for all t > 0. (4.7)

Following [6], we define

¢ . .
W(¢) = /1 \/2F(r)dr, where F(r) = min{F(r), max F(z)+r*}

z€[—1,1]
and
we(x,t) = W(pe(x,t)) for a.a. (z,t) € Q x (0,00).

Note that by definition F(r) = F(r) for all r € [—1, 1]. By applying the Young inequality,

we easily estimate
Vuw.|dx = / \/215’ 0:)|Voldr < E.(¢.) < C. 4.8

In particular, the functions w. are uniformly bounded in L*°(0, oo; W1(Q)). We now
prove that

<,

HwE Hcﬁ ([0,00);LY1(Q)) —

19:les o copnzcan < ¢

To this aim let p € C*°(R?) be any fixed mollifier satisfying
0<p<linB;, p=0inRY\ B, / pdr = 1.
B
For any 79 > 0 and any n € (0, 7], we define

o2wt) = [ )6l —ny.0)dy orall 2 € 0t 2 0.
B1

Here we have assumed that ¢. has been extended to a small neighborhood of €2 as follows:
for any = ¢ €2 such that dist(x, Q) < 1o, we define

¢(S +nv(S),t) = ¢-(S —nu(9),t) for all S € 9N, n € [0,1m0], t >0

where v denotes the outward normal to 92. Note that, by standard properties of mollifiers,
we have

IVEZO)l ooy < O 16(t)l| oy < Cn " forall 1 < g <p. (4.9)
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and
162(t) = ¢=(t) 1720y < / |¢e(x =y, 1) — d=(x, t)|dzdy
QJ B

<c / o — . 1) — w (i, )] dady
QJ By
< O Vwe(t) | 1oy < O (4.10)

Here we have used inequality

cr|pr — do| < [W(g1) — W(ga)| < caldr — da| (1 + [@1] + [92]), (4.11)

for all ¢1, o € R and some positive constant ¢y, co, which follows directly from the defi-
nition of W. We fix 0 < 7 < t. Taking the difference of equation (3.3) at time ¢ and the
same equation at time 7, and using a density argument

[ orttwar— [ ouwar = [ [ .00 - (Ve ) Vupiads
-/ t [ (T = we6) Vo
for all ¢ € Hj(Q2). Choosing ¢ = ¢" (t) — ¢! (7), as it is constant in time, we estimate
-0 =6 @) - (7)) s
= [ [ (Thets) = w106 (92 (1)~ ¥ (7)) s

: (//Q Vol () = Vol () |4dasds)i ( / t /Q Vi(s) — ()6 (S”%dxds)z

t
<SCt—7)7 sup. IVOZl Ly (1+/ Ve (s)l

se(T,t

. ds

(RIS

Y

t
4 2
[ 109 (6] )
1 4
< Ot =) (14 IR a0 rnon

3
1

4 2
1162 (5) e 0 s 1) 20 iz )
<C(t—7)ig " (4.12)

Here we used estimates (A3)), (£4]), (£6) together with p > 4, and (&9 for ¢ = 4. Let
now a, b, ¢, d be real number such that a = b+ ¢+ d. Then,

1
a2:a(b—|—c—|—d)gab+ac+ad§ab+§a2+c2+d2. (4.13)

Using (m) for a = ¢ (t) — ¢ (T)7 b= ¢! (t) - ¢! (7_)’ = ¢ (t) — ¢ (t)> and d =
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¢ (1) — @7 (1), and estimates (LI0)-(ZLI2), we deduce
16:-(t) = ¢=(T) 720y < 219=(t) = G2 7210y + 2 16=(7) = D272
2 [ (00— 6.(r) (@210) ~ 62 (1) do
Q
<C (77 + |t — 7'|i77_1) :
Choosing = |t — 7|5, we get

19285 o002y < €

and, recalling (A1),
Jue(t) = el ey < 19500 = 0=(7) 2y (O + 160 ooy + 16:) gy
< C<t - T)TIG7

which implies

<.

el oooyariay <

Starting from the elliptic equation p. = —eA¢. + LF(¢.), it is possible to derive
uniform estimates for p. and for the discrepancy density

€ 1
£€<¢€> = §‘v¢6‘2 - EF<¢5)

Lemma 6 [6, Lemma 3.4] There exist positive constants C' and e such that for every
t and € € (0,e9) the following holds

l12e(8) sy < © (Belt) + 1V e(0) 2oy ) -

In particular, for every s > 0 there exists a positive constant C(s), such that ||p(t)|| 120 5.2()) <

C(s). N

Lemma 7 [6, Theorem 3.6] There exist a positive constant ny € (0,1] and continuous
nondecreasing functions My(n) and Mi(n) defined on [0,n0) such that for alle € <0 L )

? Mi(n)
and all t > 0, we have

/;/Q(fg(cbg))+ dxds gn/ot E.(¢c)dxds + e My(n) /Ot/g|,u5|2d9€ds.

In particular,

e—0

lim /0 t /Q (€-(¢2))" dads = 0. (4.14)
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5 Convergence
Starting from the above uniform estimates, we now deduce some convergence results.

Lemma 8 For every sequence ¢ — 0, there exists a (not relabeled) subsequence and a
nonincreasing function E, such that

E.(¢-(t)) = E(t) for allt > 0.

Proof. Define E.(t) = E.(¢-(t)). Note that E.(¢) is uniformly bounded as a consequence
of identity (4J). Furthermore, the sequence E.(-) is uniformly continuous as a conse-
quence of monotonicity, of the energy identity (4.1]), and of the uniform bounds of V.
and u. in L*(0,T;L*(Q)). Thus, the statement of the lemma follows by applying the
Ascoli-Arzela theorem. =

Lemma 9 For every sequence € — 0, there exists a (not relabeled) subsequence and a set
OF € Q x [0,00), such that

we. = 20xqr a.e. in ) x [0,00) and in 01_17([0,15]; LY (Q)) for allt >0,

¢ — —1 4 2xqr a.e. inQx[0,00) and in C%([O,t]; L*(Q)) for all t >0,
pte — p weakly in L,.(0, 00; H'()),

u, — u weakly in L*(0, 00; L3 ().

Moreover,
/ [Xor — Xor|dz < Cft — T|% for any 0 < 71 < t,
Q
‘QtT‘ = ‘Qg‘ foranyt >0, xqr € L*(0,00;BV(Q)) and

20|Dxar|(©) < E(t) < B(0).

Proof. As |[wel[ (g oomwii) + W 5!\016(000) iy S C and Wh! (Q) is compactly em-

bedded in L' (Q), there exists a (not relabeled) sequence ¢ — 0 such that
we — w a.e. in Q x [0,00) and in C’T17([0,t]; L' (Q)) for all t > 0,

for some limit w € C'17 ([0, #); L' ()) (cf. [23, Prop. 1.1.4] and [2, Thm 4.4]). Recalling the
definition of w, and estimate ([@II), we conclude that there exists ¢ € C'17 ([0, t]; L2 (Q))
such that

¢ — ¢ a.e. in Q x [0,00) and in Cl_17([0,t]; L*(Q)) for all ¢ > 0.

As a consequence of estimate (A7), we deduce

/ (Ipe| — 1) dz < C/ F(¢.)dz < eC.
Q Q
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Thus, the limit ¢ takes values in {—1,1}. In particular, there exists a set Q7 C 2 x [0, c0)
such that

Hence, by definition of w,. and continuity of F, we get

o —
= 2F(r)dr = 20xqr,
/_1\/ (r) .

where 0 = [1, r)dr = [1 r)dr. Here we used the fact that F(r) = F(r)

for r € [-1,1], Whlch directly follows from the definition of F. Let now QF = {z € Q :
(z,t) € QT'}. Then, for every 0 < 7 < t, we have

l/um—xW@wi/um—xWRM—hmQ/wa — 6.(r)2da
§C|t—7'|8.

As a consequence of the mass conservation

| 6:tt120 = [ oudo = male,

1
901 = [ xopde = lim 5 [ (0.0 + 1) do = "0 = 0]

Moreover, as a consequence of estimate (L8], we have |[Dw.(t)|(R2) = [[Vw:(t)] 1 q) <
E.(¢-(t)). Taking the liminf for & — 0 and using the lower semicontinuity of the BV
norm, we conclude

we have

20|Dxor|(©2) < [Dw|(2) < E(1).
Finally, convergences

pte — pu weakly in L§, (0, 00, ; H'(Q)),
u, — u weakly in L*(0, co; L*(12))

follows directly from Lemma [f] and estimate (AJ]) respectively. =

As a consequence of estimate (A1) and (£H), we have that convergences (B.16]) and
(BI7) hold for some limit measures A and \;;. Thus, we proved the convergence results
stated in Theorem [l We now construct the varifold V' and show that the limits u, u, A,
and )\;; solve the sharp-interface problem.

We first note that, for any 0 < 7 < ¢, we have

/Tt/ﬂd)\(xs —11m//e€¢€dxds_/ E(s)ds.

Moreover, A can be decomposed (in the sense of Radon measures) as follows

d\(z,t) = dX\(x)dt,
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where \/(Q) = E(t) for a.a. t € (0,00). In particular, using relation (1)) and the weak
lower semicontinuity of the norm, we obtain

MN(Q) = E(t) = hmE (t)

< —limionf{/ /|w€| dxds—l—/ /|u€|2d:cds} + lim E (¢ (7))
E—r
t

g—/ /\V,LL\Qd:cds—/ /|U|2dxd3+E<7—):)\T<Q)u
T JQ T JQ

which is equivalent to (B.13). Moreover, as a consequence of condition 20[Dxqr|(€2) <
E(t) obtained in Lemma[ we deduce estimate ([3.10). Next we study the relation between
ANijand \. Let Y, Z € C (Q x [0, t];Rd) and observe that

/ Y900 Vo) 2duds < / [ WlZlex(6 s + / [ ¥lZieon)dods

Using Lemma [, we have that

t
iy [ [ V11Zig.(0.)dods < 0.
e—0 0 Q

Hence, taking the limit for ¢ — 0, we get

/ / (dXij(, 3))axa - Z</ /|Y||Z|d>\(x s). (5.1)

Thus, \;; are absolutely continuous with respect of A in the sense of measures. Con-
sequently, we can define the Radon-Nikodin derivative of A;; with respect to A as a A-
measurable function v;; such that

dNij(z,t) = vz, t)dA(z, 1) A-a.e.
From formula (5.J), it follows that
0< (ij) gy <1 Nae
and that

(vi5) dxd = E Cv; @U;  A-a.e.

for some A-measurable functions ¢; and unit vectors v;, © = 1, ..., d. Moreover, they satisfy

d d
0§ci§1, Zcigl, ZUZ(X)’UZ:I

i=1 i=1

In order to construct the varifold V', we observe that, by multiplying equation

pe = —eBo.+ TF(6.)
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with Y - V¢, for some Y € C1(£;R?) and integrating over 2, we get
1
[ ¥ Vouuds= [ v, (—amg " f’(@)) da
% Q
—/ VY : (e-(¢e)] — eV @ Vo) da +/ e ()Y -vdS.  (5.2)
Q

o0

By passing to the limit for ¢ — 0 in relation (5.2)), we obtain, for every ¢t > 0 and
Y e Gy (4RY),

/Q Xor V- (p(t)Y)dz = / VY : (I — Zci(x,t)vi(x,t) ®vi(x,t)> dX\ (2)

/vy th — vi(x,t) @ vi(z, 1)) dA (z)

where the coefficients b! are given by

Note that

Finally, we define pt € P by

pg = {’Ui(l‘,t), _vi($’t)}>

V' as in (33), and V by
dV (z,t,p) = dV(z, p)dt.

Moreover, by construction V satisfies conditions (8.12)) and (BI8]).

Relation (B.I1)) follows from (B.26]) by passing to the limit ¢ — 0, and using the
above convergences.

We are only left to show relation (BI4). To this aim, let ¢ € C5%;, (€;R?). Then,
by using relation u. = —VP + u.Vo., for every t > 0, we have

t t
/ / uspdrds = —/ / Vi - pp.dads.
0o Ja 0 Jo

The above convergence results allow us to pass to the limit for € — 0 getting

t t
/ / updrds = —/ / V- (—1 + 2XQT) dxds.
0 Jo 0 Jo ’

Integrating by parts the right-hand side, we obtain

t t
/ /ucpd:pds:/ / 2updSds.
0 Jo 0 Jus

This concludes the proof of Theorem Ml
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