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1. Introduction

Predicting the behavior of monumental stones under weathering and other damage phenomena is a
difficult and greatly relevant problem for people working in the field of conservation and restoration of
cultural heritage. Several factors contribute to this kind of processes, which are eventually the results of
the interaction of various mechanisms, including chemical reactions and mechanically induced stresses, see
for instance [1-4].

During the last twenty years advanced mathematical models have been proposed to describe some of these
damage phenomena, with a specific focus on chemical aggression. In [5,6], a family of models was introduced
to describe the aggression mechanisms due to sulphur dioxide (SO3), which reacts with calcium carbonate
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of stones to produce, after a possibly complicated chain of reaction, an external layer of gypsum (CaSOy),
which is more liable to deteriorate. Other phenomena, as the effect of high permeability, swelling and the
effects of humidity, were considered in [7,8]. These models were analyzed in depth in [9-12], where some
analytical results were established, also with respect to the qualitative behavior of the materials.

In [13], we studied the same basic sulphation model of [5], but introducing a new coupling between bulk
and surface evolution equations to include the effects of surface rugosity, i.e. the local microscopic variation
of a surface with respect to a flat configuration.

In the present paper we are going to perform another step in building an effective damage theory of stones,
by coupling the chemical effect considered by the model in [13] with elastic damage due to mechanical stress
introduced in [14], partially inspired by the results in [15]. For a first attempt to consider a coupling between
chemical and mechanical phenomena see also [16], where the alternative Barenblatt—Kachanov framework
was considered.

To be more specific, here we consider a monument made of a calcium carbonate stone, located in a smooth
bounded domain 2 C R3, with boundary I', and subjected to a degradation process during a time interval
(0,T), for any given T > 0. To describe this phenomenon, we introduce the following variables: s is the SOq
porous concentration inside the material, ¢ stands for the local density of CaCOgs, u accounts for (small)
elastic displacements, and y is a damage parameter. On the boundary I' we model the rugosity through a
variable r (see [13] for more details).

Let us focus on the new unknown yx, which can be interpreted as a macroscopic measure of the state of
damage of the material (see [14,15]). More precisely, referring to the phase transition theory (in solids), x
stands for the local proportion of the unbroken bonds at the microscopic level. This means that

e x = 1 represents completely undamaged material;
e x = 0 represents completely damaged material;
e x € (0,1) represents intermediate cases.

It is known that damage may be viewed as the losing of stiffness of the material, so that we are assuming
that the stiffness matrix degenerates (for the complete damage model) once y vanishes somewhere.

Let us now introduce some other meaningful physical quantities needed to model the phenomenon. We
denote by ¢(c, x) the porosity of the material, which depends on the state of the microscopic cohesion as
well as on c. We also assume that the diffusion coefficient for the gradient of x may depend on both y and ¢
and we denote it by a(y, c). The function w(c, x) is a cohesive function forcing x towards 1 and decreasing
as x \¢ 0 and as ¢ decreases (i.e. we suppose that gypsum is less cohesive than marble). The stiffness of
the material is assumed degenerating once Y = 0 and equal to x2. Following [15], we also take a scalar
displacement wu for the sake of simplicity. Then a possible model reads as follows

Problem P. Find (s,c¢,r, x,u) such that

9 (d(c, x)s) — div (¢(c,x)Vs) = —(c, x)sc, in £2x(0,T),

(¢, x)Ons = —v(r)(s — se), on I' x (0,T),

Orc = —¢(e, x)es, in 2 x(0,T),

Or 4 0lj ooy (1) + W' (r) + G(r,c,8,x) 2 F,  on I' x (0,T),

ix — div (a(c,X)VX) + 0Ijo.1)(x) 2 W(x, ¢) — xk(c)|Vul®, in 2 x (0,T),
Onx =0, onl x(0,T),

— div (x*k(c)Vu) = f, in 2 x (0,7),

u=up, onl x(0,7),

s(0) = s9, ¢(0) =co, x(0)=x0, in £, r(0) =rp, on I,
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where s., ¥, F, f, uy, S0, co, Xo are given functions and the following relations hold:

0 < co(x) <Coy, 0<sp(x) < Sp, Va €2, (1.1)
ro >0, on I, 0<s.<8y, onl, (1.2)
0<xo(z)<1, Ve e, Opxo=0, onTl, (1.3)
o(c,x) = (A+ Be)(1+ xo — x) = ¢1(c)d2(x), (1.4)
A>0, A+ BCy >0, B<(S)™!, (1.5)
ale,x) = (ve+96) (x + 1), with yo 4+ 6 > v > 0, Vo € [0, Cy], (1.6)
k(c)=ac+p, a>0,8>0, (1.7)
W(x,c) =ne(l —=x), n>0, (1.8)
v(-) >0, in R, (1.9)
®(co, X0)Ons0 = —v(1r9)(so — se), on I (1.10)

The function G accounts for the effects of ¢, s and x on the rugosity r and satisfies G(r,0,s,x) =
G(r,c,0,x) = 0. A tentative expression for a function G depending on ¢;(c) is given in [13, Eq.(5.2)], when
G does not depend on . The function V¥ is sufficiently smooth and represents a non-monotone potential
depending on r. The function F' takes into account possible external actions responsible for the formation
of rugosity on the boundary, like, for instance, wind, rain or temperature variations, while f stands for the
volume forces acting on the body. The existence of a solution to the full problem P seems hard to establish for
the following reasons: the too strong dependence of ¢ on x and of GG on its variables and, more importantly,
the degeneracy of the stationary equation for u. In the latter case, we observe that the regularity we can
obtain for x seems too low to proceed using known techniques. Therefore we introduce some physically
reasonable modifications that allow us to establish the existence of a (weak) solution.

First of all, we replace x by its time relaxation as follows. Let us take h > 0 fixed and introduce
kp(t) = +e/". Hence, we consider

R(8) = (kn #x)(t) + hka(t)x0 = / n(t — 5)x(5) ds + hkn (1) xo. (1.11)

Remark 1.1. The choice of the variable y in the porosity ¢ and the diffusion coefficient a corresponds to
introduce a time relaxation on the phase variable y.
Indeed, we could introduce ¥ as the solution of the initial value problem

hox +xX =x, Xx(0)= xo-

We point out that (cf. (1.11))
Rt) <14+x0—e T/ vtelo,T)].
Thus, we deduce that
1+xo—R(t)>e /"> 0.

Moreover, from (1.4) we can infer that for ¢ € [0, Cy] there holds
d(c, %) > min{A + BCp, Ae"T/"} = m > 0. (1.12)

Concerning G we require that it acts as a suitable weak—strong continuous operator with respect to its
variables (see (2.10) below). In the equation for u we add the term ¢|Vu|*Vu for some fixed & > 0. Thanks
to this penalization of the energy functional, we can handle the degeneracy as well as to have a sufficiently
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smooth right hand-side in the evolution equation for x (cf. [15] where a quadratic penalization suffices).
Once we prove the existence of a solution, we shall also analyze what happens when € goes to 0 along the
lines of [15]. Summing up, we consider the following regularized problem

Problem P.. Find (s, c,r, x,u) such that

2u(0(e %)s) — div (6(c, )Vs) = —dles s, in 2 % (0,T),
@(c, R)Ons = —v(r)(s —se), onlI x(0,T),

Orc = —¢(e,X)es, in 2 x (0,7,

Or + 0l 400y (1) + W' (r) + G(r,c,5,x) 2 F, on I x(0,T),

ix — div (a(e, )VX) + 0Tjp.11(x) 3 W(x, ¢) — xk(e)|Vul*, in 2x (0,T),
Onx =0, onlI x(0,T),

— div (e|Vul’Vu+ x2k(c)Vu) = f, in 2 x (0,T),

u=up, onl x(0,7T),

s(0) = sg, ¢(0) =co, x(0) =x0, in £2, r(0) =1y, on I.

Our main theoretical result is the existence of a suitable notion of solution to problem P.. Then we discuss
the limit case € \, 0 and we propose and investigate some numerical simulations.

The plan of the paper is as follows. In the next section we report our main assumptions, we define a
suitable notion of solution for problem P. and we state our main result. Section 3 is devoted to the time
discretization of problem P., by giving a full proof of the existence of these solutions and their uniform
bounds. To pass to the limit with respect to the time step, we introduce a standard time interpolation of
the discrete solution, to reformulate the problem in a continuum time setting (see Section 3.4). In Section 4,
we pass into the limit as the time step 7 — 0 and we find a solution to problem P.. What happens as ¢
goes to 0 is discussed in Section 5. There, making some restrictions, we show that the limit problem has
a solution which is weaker than the previous one since a Radon measure (defect measure) appears on the
right-hand side of the equation for x (cf. [15] and below). Finally, in Section 6, some numerical tests are
proposed to understand the analytical difficulties given by the lack of regularity of the damage function x
compared with its time relaxation x.

Observe that in the equation for x the mutual interaction between chemical and mechanical degradation
is taken into account as well as the behavior of the nonlinear term x|Vu|. Actually, according to [15], the
so-called internal stress ,/xVu is a good descriptor of the internal behavior of the material. The lack of
strong convergence for such a term when ¢ goes to 0 yields a supplementary term, called defect measure, on
the right-hand side of the equation for , which corresponds to the emergence of a full damage, namely a
set where x = 0. The localization of this set was analyzed in the case of a pure damage system (see [15]).
In our more complicated case this is a possible subject of future investigations.

2. Assumptions and main theorem
In this section we introduce additional assumptions on the data and we formulate the main theorem giving

first a rigorous definition of a solution to Problem P-.
In addition to the relations (1.1)—(1.10) we consider the following regularity assumptions on the data

co, 80 € H?(92), (2.1)
ro € L2(I'), W(ro) € LY(I), (2.2)
se € HY2(I), (2.3)

4
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up € WHH4(I), (
Xo € H*(12), (
v e W2¥(R), (
F e L*0,T; L*(IN)), (2.
feL>(0,T; L*(%)), (
v € WHe(R). (
On the account of the above assumptions, note that some inequalities and identities in (1.1)—(1.10) must
now be understood almost everywhere.
As far as the function G we suppose
G : L>(0,T; L*(I)* — L>=(0,T; L*(I")), (2.10)

HG(V)HLOO(O,T;L2(F)) < CGHV||L°°(O,T;L2(I’))47
Vv, —vin L?(0,T; L*(I)* = G(v,) — G(v) in L*(0,T; L*(T")).

Remark 2.1. For an analysis on functions G with a regularizing effect on the boundary see for instance
the friction models in [17].

Let us denote by @r the harmonic extension up to 2. We can now formulate our rigorous notion of
solution to problem P, namely,

Definition 2.2. (s,¢,r,x,(,u) is called a solution to problem P, if

s€ HY0,T; L*(2)) N L>=(0,T; H'(2)), s€[0,S], a.e. in 2 x (0,T), (2.11)
ce Whe(0,T; L=(2)) N L>=(0,T; H'(2)), c¢<€[0,C0], ae. in 2 x (0,7), (2.12)
re H'(0,T;L*(I')), r>0, ae onl x(0,7T), (2.13)
x € HY(0,T; L*(2)) N L>(0,T; H(2)), x €[0,1], a.e. in 2 x (0,7), (2.14)
¢ € L*(0,T; L*(92)), (2.15)
u € L0, T, Wh4(2)), (2.16)

(2.17)

| oot siot [ ole i)V Vot [ s =spe

= —/ d(c,X)scv, Vv e HY (), ae. in (0,T),
7

Oc = —¢(e, X)es, a.e. in 2 x (0,7T), (2.18)
Or+ &+ V' (r)+G(re,s,x) =F, €€ 08l 100)(r), ae onl x(0,T), (2.19)
/ O xw +/ a(c,Y)Vx - Vw +/ Cw (2.20)
7} 7 7
= / (W (x,c) — xk(©)|[Vul )w, Ywe HY(2), ae. in (0,T),
Q
¢ € dlpqy(x), a.e.on 2x(0,T), (2.21)
/ (e|Vul*Vu + x2k(c)Vu) - V(z — ap) = / flz—ar), (2.22)
2 Q
Vze W Q) st. z —ap € Wyt (2), ae. in (0,7),
5(0) = sg, ¢(0) =co, x(0)=x0, ae. in £, r(0) =79, a.e.on I. (2.23)

Our existence result is given by
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Theorem 2.3. Let (1.1)—(1.10) and (2.1)—(2.10) hold. Then problem P. has a solution in the sense of
Definition 2.2.

Remark 2.4. In the simplified model [13] damage is not considered, that is, only equations related to
the variables s, c,r are analyzed. For the corresponding initial and boundary value problem we proved the
existence of a global solution. We take this opportunity to correct a mistake done in [13, 3.3], namely, in (3.25)
the Gronwall lemma should be preliminarily used to handle the first and the sixth term on the left-hand
side of (3.25).

The proof of Theorem 2.3 is split into two sections. Section 3 is devoted to introduce a time discretization
scheme and obtain a number of suitable a priori estimates. These estimates are then used in Section 4 to
pass to the limit with respect to the time step and conclude the proof.

3. Time discretization of P,

Here and in the following sections, the dependence on e of the solutions to Problem P. and to its
discretized version will be omitted for the sake of simplicity.

We introduce 7 = %, for N € N\ {0} so that we have a partition of [0,T] given by ¢, = nr,n=0,...,N.

We first define the discretized convolution by setting

Xo=xX0. Xi=7> (kn)i—j+1x; +hxo(kn)i, i=1,...,N, (3.1)
j=1

where (k,); is an approximation of the kernel kj, given by (kj,); = +e~ ")/ Then, recalling (2.7) and (2.8),
we set

Fi(r) = - / i F(t)dt, (3.2)

and

Observe that F; € L2(I') and f; € L?(2) for i = 1,...,N.
3.1. Problem PN
The discretized version of P. can be written as follows.
Problem PY. Find vectors
S1,.- .,SN) S HQ(.Q)N

Cl,...,CN) S H2(.Q)N

( (3.3)
( (3.4)
(r1,...,rn) € LAY (3.5)
(X1,---,xn) € H ()N (3.6)
(ug,....,un) € W)V (3.7)

such that, fori=1,..., N,

Xi € [0, 1], r, >0, ¢ € [O,Co], S; € [O,So}, (38)
6
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B(ci, Xi)si — P(Cim1, Xi—1)5i—1
T

— diV (¢>(ci_1,)2i_1)Vsi) (39)

= —¢(ci—1,Xi—1)si—1¢i, a.e. in §2,

¢(Cim1,Xi—1)Ons;i = —v(r;)(si — se), a.e.onl, (3.10)

w = —¢(ci,1,f(i,1)cisi,1, a.e. in 97 (311)
-

Ty —Ti—1 ’

— +&+ V' (ri) + G(ri—1,cie1, i1, Xi—1) = Fj, (3.12)

& € 0l 4o0)(13), ae.onl,

Xi — Xi—1

- —div (a(ci—1, Xi-1)VXxi) + G = W(Xi—1,Ci—1) — Xik(0i71)|vui|2, (3.13)

G € 0o (x:), a.e. in £2,

Onx; =0, a.e. onl, (3.14)
—div (e|Vui|*Vu; + x2k(ci—1)Vug) = fi,  a.e. in £, (3.15)
u; =ur, ae.onl, (3.16)

where (sg, co, 70, x0) satisfies (2.1), (2.2), and (2.5).
3.2. Existence of a discrete solution

We proceed by induction on ¢. Thus, we suppose to know

(85,¢5,755 X5, uy) € HA(2) x H*(2) x L*(I') x H*(2) x W4(02), (3.17)
Xj € [Oa 1]7 T > Oa (318)
Cj € [0700]3 Sj € [0750]7 (319)

for j =0,...,i — 1. Then we observe that we also know X, for j =0,...,4—1 (see (3.1)). We now look for
(8iyciyTiy Xisui) € H2(02) x H2(2) x L*(I') x HY(2) x WH4(2) solving (3.8)—(3.16). Note that, since o
and ¢g are given, then uy can be introduced as the unique solution to the boundary value problem (see also

(L.7))

—div (5|Vu0|2Vu0 + BXEVug) = fo, ae.in 2 and wuy=ur, ae. on I.
Step 1. Thanks to (3.11) we get ¢; € H?(2) from

1 . 1
¢ (T + ¢(Cz‘1,Xi1)8i1> = —Ci1. (3.20)

Moreover, ¢; € [0, Cy] for any 4, since by induction it follows from (3.20) that ¢; > 0 and consequently that
¢; < ¢;_1. In addition, we can infer from (3.11) that, independently of i,

1
;Hci — Ci,1||Loo(_Q) <C. (3.21)
Step 2. Let us rewrite (3.12) as follows
(Id + T(?W)(’)"Z) + 7 W’(m—) > Ti—1 — TG(Tifl, Ci—1,8i—1, Xifl) + ’TFZ'. (322)

Using [18, Corollary 2.7] and exploiting the fact that ¥’ is Lipschitz, we get the existence and uniqueness
of the solution r; € L*(I") and r; > 0.
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Step 3. We now substitute the obtained solution r; in (3.10) as well as {; and ¢; in (3.9). Thus, we can solve
B(cis Xi)si — 7div (p(ci—1, Xi—1)Vsi) = —=Té(cio1, Xi—1)8i—1¢i + P(Ci1, Xi—1)8i-1 (3.23)

equipped with the resulting boundary condition (3.10). Using Lax—Milgram theorem and standard results
for elliptic equations, we get that there exists a unique solution s; € H?(2). Moreover, we observe that
letting 7 sufficiently small, the right hand side of (3.23) turns out to be non negative by induction (see also
(1.4)—(1.5)). The positivity of s; can be proved by a maximum principle argument (it is a standard matter
testing the equation by —(s;)~). Then, we prove that z; = s; — Sy < 0. To this aim we test the following
equation

B(ci, Xi)zi — 7div (d(ci—1, Xi—1)V2i) = =T(Cim1, Xi—1)Zi—1¢i + ¢(Cim1, Xi—1)Zi—1 (3.24)

by (s; — So)T. Due to the fact that the right hand side is non-positive by induction (indeed z;—; < 0 once
si—1 < Sp) and the fact that the boundary condition turns out to be (see (1.2), (1.9), and (3.10))

od(ci—1, Ri—1)Onzi + V(1) 2z = —v(r;)(So — Se), (3.25)

we eventually deduce the result and thus s; € [0, So].

Step 4. Here we aim to solve (3.13)—(3.16) once ¢;, 14, s; are known. Due to the fact that the two equations
are coupled by implicit contributions, we use a fixed point argument.

Suppose x; = X; is given in (3.15) and such that

Xi € L*(22), x; €[0,1], ae. in 1. (3.26)

Then standard arguments entail that there exists a unique solution u; € W4(£2) to the resulting equation
equipped with (3.16) (see also (2.8)). Thus we can define a map by setting

u; = Ti(Xi)- (3.27)

Recalling that @ denotes the harmonic extension of up, if we test (3.15) by u; — 4 then we obtain

5/ \Vui|4 +/ Lk(cim)|Vuil®
Q 2

2 0 Q
Then, by Young’s inequality, we deduce (this estimate holds for any )

Note in particular that Vi, is bounded in L? and that ¢;_; is uniformly bounded. Observe that C' depends
on e > 0.
We can now consider (3.13) with u; = 71(;) and look for a solution to

Xi — 7div (a(ci_1, Ri1)Vxi) + 7¢ 4+ xik(cio1)|Vui|* = xio1 +7W (xi1, ¢i-1), (3.29)

subject to (3.14).
Note that the operator 7(9Ijo,1)+k(ci—1)|Vu ?Id) is a maximal monotone graph, so that standard results
ensure the existence and uniqueness of a solution x; == T2(u;) € H*({2). Moreover, it follows that y; € [0, 1]

8
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almost everywhere in (2. In particular, if we test (3.29) by x;, exploiting the monotonicity of 01 y), we find

1

3 [ el [ abvinen) 9l + [ xike) Val (330)
2 0 0

<c(1 +/ W (xi-1.ci-1)]*) < e
Q
So that we have
Xl 1) < e (3.31)

Testing (3.29) by (;, using monotonicity arguments and (1.6), we (formally) obtain (see, for instance, [18]
for a rigorous justification)

/ XiGi >0, / a(Xi-1,¢i-1)VxiVG >0, */ Xik(cim1)G|Vui)* < 0.
Q Q Q
Thus, by Young’s inequality we finally get

[Cill 20y < e (3.32)

Moreover, on account of the boundedness of x;|Vu;|* in L2(£2) (see (3.28) and (3.31)), by comparison in
(3.29) we deduce that —div (a(x;—1,ci—1)Vx;) is bounded in (H(£2))*.

We now investigate the properties of the operator 7 (x;) = T2(7T1(x:)). We first point out that (3.31) (see
also (3.26) and (3.28)) implies that 7 is a compact operator in L?(§2). Let us prove that 7T is also a continuous
operator. Take ¥, — ¥; in L?(£2). Then, by (3.28), the Poincaré inequality and weak compactness results,
we infer, up to a (not relabeled) subsequence, that

Win = T1(Xin) — u; weakly in WH4(12). (3.33)
In addition, we can test Eq. (3.15) written for X;, and u;, by wu;, — @p. This gives
eV Vuinll pagay + 1Xe Vitinll 200y < € (3.34)

for ¢ independent of n. Hence, after observing that, at least for some subsequence, x;, — X; in L*({2), for
all s < +oo, we find that Y, strongly converges in L?(§2). Thus for some subsequence it also converges
almost everywhere in {2 and it is uniformly bounded. On account of this, exploiting (3.33) and (3.34), we
can identify the weak limit

(Xin)Vin — (Xi)Vu;  weakly in L*(0). (3.35)

On the other hand, using lower semicontinuity, we find w;, — u; in W14(£2). Indeed we know that
|Vum|2Vum — p;  weakly in(Wh4(0))*

and we can pass to the (weak) limit in Eq. (3.15) written for n. Then, we test it by w;, — @ and exploit
the above weak convergence and lower semicontinuity results. This yields

lim sup & / Vi |* (3.36)
2

n—-+o0o

n—4oo

< —liminf (/ )’(?nk(ci_l)WumF —/ fz(uzn - al“)
2 2

—5/ |Vum\2VumV11p—/ f(fnk(cl_l)Vumvap>
2 2

§€/ i Vg,
Q
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where we have used the (weak) limit equation. Consequently, by (3.36) we can infer that p; = \Vui|2Vui
and fQ |VUzn‘4 — fQ |Vui|4, so that
o i W) (3.37)

Writing (3.29) at step n, by (3.31) and (3.32) we deduce (at least for some subsequence)

Xin — Xi strongly in L?(£2), (3.38)
Xin — Xi weakly in H'(£2), (3.39)
Cin — Xxi weakly in L*(02). (3.40)

On the other hand, by semicontinuity, we can identify ¢; € 91} 1)(x:). Moreover, we get
Xin|Vin|* — 1 weakly in L?(2), (3.41)

where we identify n = Xi\Vui|2 due to the fact that we can extract a subsequence converging almost
everywhere in {2, exploiting (3.37) and (3.38). Thus, we can pass to the limit also in (3.29) as n — +o0
and identify x; = Ta2(u;) and thus x; = T (x;). By means of the Schaeffer Theorem, we can ensure the
existence of a discrete solution for any i, once 7 is fixed.

3.8. Uniform bounds for the discrete solution

We already obtained some bounds which hold for any 4 € N. Indeed, from (3.21) we deduce

C;i — Cij—
leill oo (o) + || ——— <C. (3.42)
Leo(92)
On the other hand, we can rewrite (3.28) in terms of the solution
[uillwrace) < C. (3.43)

Moreover, due to the definition of 01}y 1), we know that x; € [0, 1] almost every where in 2, for any .

3.3.1. First estimate
We test (3.12) by r;. Recalling that [ &r; > 0, we have

1
9 /F(|7”z|2 —Irica)? + i — rica ) (3.44)
< / (2 ()] + |G (i1, 51 ot Xo-1)] + |EDIril.

I

Then, summing up for ¢ = 1,..., N, multiplying by 7 and using Young’s inequality, we deduce

1 1<
2
Sl + 52 [ n=ricl (3.45)
i=1

1 1
< SlrollZacry + Iz
+7° (|| V()22 + I1G(rn—1, sv—15 en—1, xv—1) 72y + ||FN||2L2([~))

N-1

+7 3 (19 0llary + 1Grim1,si1,0m1, %00 2y + 1Bz ) Irillary:
i=1

10
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Thus, thanks to the Young inequality, we get for any 4
”7’1'”%2(” <C. (3.46)
We now test (3.12) by “—=L_ This yields (see (2.6) and (2.7))

T —Ti-1 T —Ti-1

/ (2 ()| + G () (3.47)

).

< Ti ~Ti-1
2

Lo+ / F?)

where C depends in particular on ||¥'||L~ and Cg in (2.10). Here we have also used the fact that by
monotonicity we can infer

/gz Ty — Ti— 1 > 0. (348)

Summing up (3.47) for ¢ = 1,..., N, multiplying by 7 and recalling (3.2), (2.6) and (2.7), we get

N
>
i=1

2
BAAE] <c. (3.49)

L2(r)

3.8.2. Second estimate
We test (3.9) by s;. Recalling [19, Proof of Lemma 4.3], observe that there holds

/ S0 )il — Solein tolsil (3.50)
+*/ *¢(Ci717>&71)|8i—Si71|2+/ dlcion, Rio1)|Vsil?
T 0 2 0
R 1 1 R . 9
- ¢(Ci—1’ Xi—l)Si—lciSi - = *(¢(Ci, Xi) - ¢(Ci—1, Xi—l))|8i\
7] T /)2
N 1 .
= —/ P(Ci1, Xi—1)8i-1Ci8i — */ B(e; — cio1)é2(Xi)| il
7] TJo
1 SN
- */ ¢1(Q‘—1)(Xi *Xi—1)|8i|2-
TJo

On the other hand, we have

(Xi — Xi—1) = 7(kn)1xi + hxo((kn)i — (kn)i-1) (3.51)

T _ir _ir _ =T
:Ee hXi"’XO(e h —e h

Then, using the mean value theorem, we get
|)€1 — )A(Z',1| S TC. (352)

Summing up for ¢ = 1,..., N, multiplying by 7, using (1.4), (3.42), (3.51), (3.52), and the uniform bound
on Y;, we obtain, exploiting Young’s inequality,

1 1 Moo
/Q §(¢(CN7>A(N)‘3N|2 - §¢(Co7>20)|80|2) + 2—21/9 §¢(Cz‘f1,f(if1)|8i — s (3.53)

N N
+r3 [ oten gl Vel 473 [ vrlsi
=1 =1
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N N
~ C; — Ci—1 ~
<7 /|¢<cv_1,x,_1>54_1w.|+cT /\—Hm-msw
; Q 1 1 1 191 ; Q T 1 1

N N
+70Y [ntelisf 473 [ virsis
i=1 i—1

2

<Cr (i/ﬂ|8i|2+i/py(m)se|2> +;ZJ\§/FV(H)|&'2~

Thus, at least for 7 sufficiently small, we infer that

N N N
/ ‘3N|2+Z/ |si—sz;1|2+TZ/ |VSZ"2+TZ/ |si|” (3.54)
2 =171 =174 =177

N-1
<C <1+7’Z/ |81|2>
i=1 7%

and the discrete Gronwall Lemma entails

N
2 2
IsilZ2cay +7 Y IVsillZa(q) < C.

=1

3.8.8. Third estimate

(3.55)

We want to test (3.9) by @ We show the computations term by term. From the first one in the left

hand-side we get

B(ci, Xi)si — @(cim1, Xi—1)8i—1 <3i - 32’1)
o} T T
Z/ o(cis Xi)
Q
2
:/ o(cis Xa) Jr/ B(c; — ci—1)92(Xi)
Q Q

+ [ ot - )2 (2202,

Considering the diffusion term we obtain (see [19, Proof of Lemma 4.3])

/ o(ci—1, Xi—1)Vs;iV <81—81_1>
] T

Si — Si—1
T

Si—1

S; — Si—1
T

R 1
= / ¢(Ci717Xi71)27(|vsi‘2 - |V3i71|2 +[V(si
0 T

1 A A
= 2*/ (¢(ciy %) Vsil® = dleimr, %i1)|Vsioa|”
TJo

1
2T 0

1
+ > /Q o(cim1, Xi-1)|V(si — si-1)[?

(B(ci, Xi) — Dlciz1, Xim1))| Vil

12

(3.56)

? S S; — S;
+/Q(¢(Cia>2i)_(b(Ci_l,)zi_l)) l’;l (7’7’_1>

T

S; — Si—1
T

(3.57)
—si-1)[")

)
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and the contribution of the boundary term is

/F vlrs)(si = se) <S_TSI> (3.58)
= [ ot = (Ll

1
= / V(Ti)?qsi — se? = [5io1 — 8e|* + |50 — si1]?)
r T

2T F(V(ri”'si o Se|2 B ’/(7'1'—1)|5i—1 - 58\2)

o [ W) v |2+1/()\ ’
- v v(ri— Si—1 — Se — v(r)|s; — si—

27 Jr ! ! 2t Jr 1

Combining (3.56)—(3.58), we find

1
| ot |° ) RCCR OISR I\ Y (359)

1 N
+ */ d(cio1, Rio1)|V(si — si1))?
o)
1
27_/FV(7°Z-)\8z Si_ 12

2
Si—1

+ ; (w(ri)lsi — se* = v(rio1)|si1 — se|?) +

f,/ B(e; — ¢ 1)¢2(X1)S:1 (51751_1>

Si— S; — Si—
/¢1 Ci— 1 Xz 1) ! (ZH>
T T

2T (¢(Csz) — o(ci1, i) Vsl + L /F(V(Ti) —v(ric1))]sic1 — el

2T
N S; — Si—1
*/ ¢(Ci—17Xi—1)Ci—15i—1 <H>
0 T

Then, adding the left hand side of (3.59) for i = 1, ..., N, multiplying by 7, using (1.12), (3.
inequality, we deduce the estimate from below

N
1 2 1 ~ 2
Tm;/Q +§m/Q|VsN| 75/(2(¢(CO,X0))|V50| (3.60)

N
+;;/ﬂ¢(ci—1,f<i—1)|v(5i —si-1)]?
3 [ rmlay = s =5 [ woniso— s+ Z/ v(ri)ls: = si-af”

N
STZ/ (i Xi) +%/{}(¢(CN7>A(N))|V3N|2 — %/Q@(co,io)stmz’p)WsO\Q

+5 Z/ ¢Cz 17X1 1 |V( — S;— 1)|

1

2 1 2, 1 2
#g J Welon —sel =5 [ lroDlso =5+ 332 [ vtrals =i

13

51), and Young’s

2
Si — Si—1

2
Si — Si—1
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Adding now the right hand side of (3.59) for ¢ = 1,..., N, multiplying by 7, and arguing as above, we infer
that it is bounded by

m o si—si_1 |’ N ¢ —ciq |2
i — Si—1 i — Ci—1 2 2
iy Z/ = + Cr; (/Q | IsilT+ /Q |si—1] ) (3.61)
+CTZ/ ( +1> Vil + TZ/””HL‘X’ 71 |sio1 — se|?
Here we have used the mean value theorem and the following inequality
¢(ci, Xi) — dlci-1, Xi-1)| < Clei — cima] + 7). (3.62)
Concerning the last term on the right hand side of (3.61), we have (see (3.49))
— i
*Z/ A L fsicn — sel” (3.63)
-
S 52“1/HL°° Hsifl _Se||2L4(p)
i=1 L2(I)
Th.r T —To 2
= |[V||Lee S0 — $
2 || ||L L2([‘) || 0 e||L4(p)
Tit1 — T4

+35 ZIIVII

On account of (3.60) and (3.61), using Sobolev embeddings and trace theorems, and exploiting (3.21), (3.49),
(3.55), we infer that

Isi = sellZacr)-

N 2
8; — Si—1

PSEEET a2 (3.64)
i=1 T L2(0)

N-1
<cft4r Y (14| E SEY AR L Is:l12
= T T tIlH (Q) )

i=1 Loe(£2) L2(I)

so that the discrete Gronwall Lemma yields

N 2
Si — Si—1
TZ + HSiH%ﬂ(Q) <C. (3.65)
i=1 L2(82)
In addition, a comparison in (3.11) gives
leill oy < C- (3.66)

3.8.4. Fourth estimate
We test (3.13) by 2=X=L_ Recalling that [, (;(x; — xi—1) = 0, we obtain
1 . 2 2 2
- [ alcim1, Xi—1)(IVxal™ = [Vxi—a|” + [V = xi-1)[7) (3.67)
Q

/Q 27

S/ |W(Xi—1,ci—1)|‘Xi_Xi_1 +/ Ixik(co)| | V|
o T Q

14

2
Xi — Xi—1
T

Xi — Xi—1
— |
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We now multiply by 7, sum for ¢ = 1,...., N, and use Young’s inequality. Thus, we get
Xi = Xi-1 1 . 2 1 2
+ 5 [ alen, Xn)(IVxn | = 5 [ alco, x0)| Vol (3.68)
2/a 2/a

+TZ/ alei1, %)V 06 — xi)?)
T 2 2 4
s5; | (Wtirccnl + k()P iv’)

N
1 R RN 2
+ TZ 27 /Q(a(ciaXi) — a(¢i—1, Xi-1))|V Xl
i=1

Ci —Ci—1

Here, we have used (1.6) and the fact that (see (3.51) and (3.62))
la(ci; Xi) — a(ci—1, Xi—1)| < C(lei — cima| + 7). (3.69)

Therefore, taking 7 sufficiently small, using (1.6), (3.8), (3.42), and (3.43), we infer

+ [ 1Vl +T§:/ V(6 - xi)l (3.70)
N-—1
§C<1+TZ|V><¢|2>,

le

i=1

where C' > 0 also depends on ¢, and the discrete Gronwall Lemma yields

2
Xi — Xi—1

A IVxillzagg < € (3.71)
L2(0)

We now (formally) test (3.13) by (;. Exploiting the monotonicity of the subdifferential and (1.6), we deduce
that

/ —div (a(ci—1, Xi—1)VXx:)¢ > 0.
Q

We recall that this argument can be made rigorous by using the Yosida approximation of 01 1) (see, for
instance, [20, 2.2.4]). Arguing as we did for (3.71), we then find

N
TZ HCiHiQ(Q) <C. (3.72)
i=1

3.4. The interpolation system

Let (v;)i=0,1,...~v be a given vector. We will use the following notation for the related interpolation

15
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functions defined on [0, 7] (recall that 7 = T'/N)

vr(t) = vy,
'67'({;) = Vij—1, )
v7(0) = wo, v (t) =vi(t)vs + (1 —vi(t)vic1, 7(t) = @’

(3.73)
(3.74)

(3.75)

for t € ((i —1)r,é7] and ¢ = 1,...,N. Recalling the discrete system (3.9)—(3.16), we formulate the

corresponding continuous version on [0, 7]

Or(d(cr, Xr)s7) — div ((b(é.,-,)%.,_)vg-,—) = _¢(677)€T)575T7 a.e. in £2 x (0,7,

qS(ET,)ET)anET = —v(7)(5; — Se), a.e.on I x (0,7),

Oy = —(b(ET,):(T)ETS'T, a.e.in 2 x (0,T),

Orr + & + V(7)) + G(7r, 67,57, %) = Fry

& € 0Ig ooy (7r), ae.on I x (0,T),

dxr — div (a(ér, X-)VXr) + G,

= W(Xr, &) — X k(E)|Vitr |, ae. in 2 % (0,T), ¢ € 0lj1)(Xr),
OnXr =0, a.e.on I x(0,T),

—div (e|Va,|*Vi, + X2k(e,)Vi,) = fr, ae. in 2 x (0,T),

ur =up, a.e.onl x(0,7),

5:(0) = sp, ¢-(0) =co, x+(0) = x0, a.e.in §2, r-(0) =19, a.e. onl.
Observe that the following estimates hold (see (3.42), (3.43), (3.66), (3.49), (3.65), (3.71))

8111 0,75 22(2))nLoe (0,311 (2)) T 137 | oo (0,511 (2)) + 187 | oo (0,511 (2)) < €

e llwi.o0 0,120 (2))nLoe (0,111 (2)) T |Ex [ oo (0,750 (2))nLoe (0,731 (2))

+ €71 oo (0,500 (2))nLoe (0,511 (2)) < C

Ire [l 1 oy 2y + 172l Loe 0,5 2(ry) + P2l Loo 0,3 22()) < Cs

[tr ] Loo 0, 7w 14 (2)) < C

X7l oo (0,500 (20 (0,73 11 (2)) T+ 1Xr |l oo (0,13 200 (2)) oo (0,731 (2)) < Cs

||XT||Hl(o,T;L2(Q))mL°°(0,T;H1(Q)) <C.

Moreover, we get (see (3.8), (3.73), (3.90))
IX+[lLoe 0,130 (2)) < C,
and, by comparison in (3.79), it follows that

||§_THL2(O,T;L2(F)) <C.

Observe also that (see (3.72))
¢+ 12 0,m522(02)) < C-
On the other hand, (3.51) entails

||>A<T||W1a°°(O,T;L°°(_Q)) + ||>%T|‘W1,OO(O7T;LO<>(Q)) <C.
16

3.81
3.82
3.83
3.84

~~ o~ —~
o O — ~—

(3.92)

(3.93)

(3.94)
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Note that the generic C' > 0 also depends on . Then, arguing as in [21, (4.36)] we deduce that

Is7 = 8rll2(0,m02(0)) + 157 = 3l r200,7:22(02)) < OV, (3.95)
Ixr = Xrllz207:02(0) + IXr = Xrll207:02(0)) < CVT, (3.96)
ler = €l poo(o,ms2(0)) + ler = Erll oo o,1i02(2)) < CT, (3.97)
e — 77l Lo 0,1, 2(r)) + 177 = Trll oo 0,7 02(r)) < OT- (3.98)

Using now weak-strong compactness results, passing to the limit as 7 ™\, 0, up to subsequences, we find
(s,x,¢, 1 u, &, C) such that

s; —=*s in HY(0,T;L*(2)) N L>(0,T; H'(R2)), (3.99)
5, —=*s in L®(0,T; HY(2)), 3, —*s in L=(0,T; H*(2)), (3.100)
sy — s in C°[0,T]); LY(R)), 2<q<6, (3.101)
xr =" x in HY0,T;L*(2)) N L°°(0 T; H' (1)), (3.102)
Xr =X Xr =" X in L0, T; HY(2)), (3.103)
X — x in C([0, T]-L”(())), 2 <p< +oo, (3.104)
ey = ¢ in WH(0,T; L>(2)) N L>=(0,T; H'(2)), (3.105)
¢ =% ¢, & —*c in L>(0,T; L>(2)) N L=(0,T; H(2)), (3.106)
e —c inCY[0,T]; L (R2)), 2<p< +oo, (3.107)
r, —r in HY(0,T; L*(I")), (3.108)
7 =% r, 7 —*r in L°°(0,T; L3(I)), (3.109)
i, —*u in L0, T; WH(Q)), (3.110)
& — ¢ in L*(0,T; L*(IN)), (3.111)
¢ — ¢ in L*(0,T; L*(2)). (3.112)

Observe now that there hold
¢y —c in L™(0,T;LP((2)), ¢ —c in L*(0,T;LP(£2)), 2<p<+oo, (3.113)

as 7\ 0. Indeed, recalling (3.8), on account of (3.86), (3.97) and (3.107), we obtain

/\CT—c|p<C / e —c " + /\CT—C\ (3.114)
<o / & — e P |5T—c7|p+/ T— D

2 2
gc(/ |5ch7|2+/ e —l?)

2 2

and the right hand side tends to zero as 7 \, 0. The same calculations can be performed for ¢,. Analogously,
by means of (3.89), (3.90), (3.91), (3.96), (3.104), we find

Xr = x in L(0,T;LP(R2)), Xr—x inL>*(0,T;LP(12)), 2<p<+oo. (3.115)
In addition, recalling (3.104), we deduce the following
L — % in C°0,T); LY(R)), 2<¢<6. (3.116)

In order to prove the strong convergence of 7. we show that for any sequence 7,,, — 0, m — 400, then
Tm = T, defines a Cauchy sequence.

17
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To this aim, using (3.79) we deduce the identity
t t ~ -
/ / at(rm - rn)(rm - Tn) +/ / (gm - §n)(7am - Tn)
o Jr o Jr
t
B _/ /(W(’Zm) — V(7)) (rm — )
o Jr
t
[ [ G5 ) = Gl %)) = 70,
o Jr
which entails
1 [td t _ N
3 Gl bz < [ [ 196 = 9 =
t
+/ / |G(fm76m7§ma>2m)_G(fn7én7§n7>zn>”rm_rn|'
o Jr

Integrating (3.118) in time and recalling (2.6), we get

1 t B B
210 = 1) Oy <€ [ [ 1 = ullrm =1l
0 I

t
Jr/ / |G (Fins €ms 8ms Xm) — G (T, Gy 8y X)) |Tm — T
oJr
t
<C [ [ =l + 0 = 5l = 7] + I = 7l
oJr
t t
= s = S s o 2 2
+/0 ||G(7"m,cm75m7Xm)_G(’I"nycnysn;Xn)HLQ(p)‘i‘/O ”Tm_Tn”L?(F)
t
< C [ W= rulBagry + I =l
t t
™ N 2
+A ||G(7’macm78m7Xm) - G(Tn7cn7snaXn)HL2(1—v) +A ||Tm — TTLHLQ(F)‘
Thus an application of Gronwall’s Lemma gives

2 ~ 2 ~ 2
1m = e a2 S € (W = il o iz + 1 = Pl o sy

+ ||G(7:m76m7§ma>2m) - G(fnyén7§n7>2n)||ioo(07T;L2(p)) ) .

78 (2023) 103886

(3.117)

(3.118)

(3.119)

(3.120)

Hence, on account of (2.10), (3.98), (3.100), (3.103), (3.106), and (3.109), we deduce that r; is strongly
convergent in L°(0,T; L?(I')). Finally, combining this result again with (3.98) we can conclude that

7o — 1 in L®(0,T; L*(T")), #, —r in L*(0,T;L*(I)).

4. Proof of Theorem 2.3

(3.121)

Here we pass to the limit as 7 — 0 along a suitable subsequence in a convenient reformulation of (3.76)-
(3.84). The goal is to show that (s, x, ¢, 7, u, €, (), which already satisfies (2.11)—(2.16), solves (2.17)—(2.23).

Recalling (1.11), (1.4), and (1.6), we first observe that (3.104), (3.107), and (3.113) imply

d(cr, Xr) = d(c, %) in CO([0,T]; LP(12)),
$(Er. Xr) = d(c, ) in L(0,T; LP(£2)),
a(ér, %) = ale, ) in L=(0,T; LP(£2)),

18
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where 2 < p < +00. Let us multiply (3.76) on £ x (0,T) by the test function
v(@,t) = p(t)(x), @€ C¥([0,T]) : o(T) =0, »eW"P(2),p>2.

On account of (3.77), we get

- /O ' / $er, Xr) 87000 + /0 : / $(&r, X7) V57 - Vo ) (42)
/ /¢CT,XT sTch+/ d(cry Xr)(0)57( )90(0)1/}—/0 /FV(fT)(ET—Se)U

By means of (3.100), (3.101), (3.113), (3.121), and (4.1), we obtain (see also (2.9))

- /0 ' 4) o(c, 1)y + /0 : /Q é(c. X)Vs - Vo (43)
—/O /O(;S(c,)z)scv-\—/gﬂc,)%)(o 0)y — / / )(s = se)v

Thus recalling (2.11)—(2.12) and using a density argument we recover (2.17).

Concerning (3.78), exploiting (3.100), (3.105), (3.113), and (4.1), we easily deduce (2.18). On the other
hand, on account of (2.6), (2.7), (2.10), (3.108), (3.111), (3.121), and using a well known result of maximal
monotone operator theory (see, e.g., [20, Prop.2.2(iv)]), from (3.79) we deduce (2.19). Let us now multiply
(3.82) by z — Gip € Wo*(2), with z € W4(£2). This gives

/Q eIV, PV, - V(z — ar) + /Q Ck(E)Vii, - V(z — ) = /Q (o — ar). (4.4)
Observe that, due to (3.110) and (3.88), we have
Vi, |°Va, =* 5 in L=(0,T; LY3(2)). (4.5)
On the other hand, thanks to (3.96) and (3.115), we get
2= x? in L™(0,T;LP(2)), 2<p< +oo (4.6)
and, owing to (1.7) and (3.113), we deduce
k(e;) = k(c) in L*™(0,T;LP(£2)), 2<p< +oo. (4.7)

Hence, from (4.4) we obtain (recalling again (3.110))

/9577-V(z—ﬂp)—i-/QXQk(c)Vu-V(z—ﬂp):/Qf(z—ﬂp). (4.8)

To identify n we use a well-known argument (see, e.g., [22]). Indeed, first let us take z = @, in (4.4). This

[ Avalt == [ ereva P (4.9)
2 2

+/ xik(éf)vafvapf/ 5|V'&T|2VfLT~Vﬂp+/ fr(ay —ap).
2 2 2

yields
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Thus we get (cf. (4.5))

limsup/ eV, | < —liminf/ k()| Vi, 2
0 T—0 0

T—0

—|—/Qx2k:(c)Vu-Vﬂp—/Qer]-Vﬂp+/Qf(u—ﬂp).

XV E(E) Vi, =z in L2(02)

and, using strong and weak convergence, we get

z = xvk(c)Vu.

Observe now that

Therefore we have

[ er@val® <t [ 2rie)lva
N T—0 0

so that from (4.10) we deduce

lim sup/ e|Va,|*
0

7—0

g—/QXQk(c)|Vu|2—I—/QXQk;(c)VwVﬁp—/9577~V11p+/ﬂf(u—ﬂp).

Then, recalling (4.8), we infer

T—0

:/EW'VU.
2

As a consequence, using a monotonicity argument (see, for instance, [22]), we obtain (see (4.5))

limsup/ 5|Vﬂ7|4§7/ sz(C)VU'V(U*ﬂF)*/ En-Vﬂer/ flu—ar)
2 2 2 7

Vi, |*Vi, =* |[Vu|*Vu  in L=(0,T; LY3(2)).
In addition, we deduce (see, e..g., [18])
Vi, — Vu in L*((0,T) x 2).

Finally, let us write the weak formulation of (3.80) and (3.81), namely,

//&xw +// a(Er 5) Vs w+/ /<T
- /0 [ wlro- /0 R

for any v € WHP(£2) with p > 2.

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

In the first and second term of the left-hand side of (4.15), we pass to the limit thanks to (3.90) and
(3.102) and thanks to (3.89) and (4.1), respectively. Similarly, by means of (1.8), (3.113), and (3.115), we
pass to the limit in the first term of the right-hand side. On the right-hand side of (4.15), we pass to the
limit in the second term making use of (3.104), (4.7), (4.14). To identify the weak limit of {; we use (3.112)
and (3.115) and standard monotonicity arguments (see, for instance, [18]). Then, using a density argument,

we recover (2.22). Initial conditions (2.23) clearly hold (see (3.84)).
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5. Letting € go to 0

The goal of this section is to show that there exists a suitable solution to the problem without penalization
in the displacement equation (i.e. ¢ = 0). We are able to prove this result under some restrictions, namely,
we need to suppose f = 0 and @,y = 0 and let a(, -) be a positive constant (see, however, Remark 5.5 below).
In order to make the argument rigorous we add a viscosity term in the equation for u, namely, —o Ad;u for
some given o > 0. This can be viewed as a (quasi-static) viscoelastic modification of the elasticity equation.
The existence of a solution for the corresponding initial and boundary value problem P. , can be proven
arguing as for problem P.. Then we proceed to find a priori bounds which are independent of € and o. One
could let o go to zero first and showing that a solution to P- satisfies the uniform a priori bounds needed
to pass to the limit as € N\, 0 along a suitable subsequence. However, just for the sake of simplicity, here we
take o = €.

Therefore, let us consider the following modification of problem P..

Problem Pr. Find (s,c,r, x,u) such that

Ou(p(e, x)s) — div (¢p(e, R)Vs) = —¢(c, X)se, in 2 x (0,T),

o(c,X)0ns = —v(r)(s —s.), on I x(0,T),

Orc = —¢(e,X)es, in 2 x(0,7),

Or 4 0lp ooy (1) + W' (r) + G(r,c,8,x) 2 F,  on I' x (0,T),

Dex = div (a(e, 1)VX) + o1 (x) 3 W(x, ¢) = xk(e)|Vul®,  in 2% (0,T),
Onx =0, onlI x(0,T),

— div (—eVdu + £|Vu|’Vu + x*k(c)Vu) = 0, in 2 x (0,7),

u=0, onlI x(0,7),

s(0) = sg, ¢(0) =co, x(0) =x0, in £, r(0) =7y, on I.

We then define a weak solution to Problem P} as follows

Definition 5.1. We call (s,c¢,r, x,(,u) a solution to problem P if

s€ HY0,T; L*(2))NL>®(0,T; H (), s€0,5)], ae. in 2 x(0,7), (5.1)
ce Whee(0,T; L=(2)) N L>=(0,T; H'(2)), c¢€0,Co), a.e. in 2 x (0,T), (5.2)
re HY0,T;L*(I')), r>0, ae. onl x(0,7), (5.3)
x € HY(0,T; HY(2)) N L>®(0,T; H'(2)), x €[0,1], ae. in 2 x (0,T), (5.4)
¢ € L*0,T; L*(2)), (5.5)
we L0,T; Wy (2)) 0 HY(0,T; HL (2)), (5.6)

and

| oot st [ olei)vs- Vot [ )= s (5.7)

/ d(c,X)scv, Yve HY(R), ae. in (0,T),
Ore = —g(e, R)es,  ace.in 2 x (0,T), (5.8)
Or +&+ V' (r)+G(r,c,s,x) =F, €€ OI[g 400)(r), a.e.on I' x (0,7, (5.9)
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/ &gxw—i-/ (¢, X)Vx - Vw +/ Cw (5.10)
_ / (W(x, €)= k()| VulPw, Ywe H(Q), ae. in (0,T),
o}
¢ € 0lpq(x), ae on2x(0,7T), (5.11)
/ (eVOu + | Vul*Vu + x2k(c)Vu) - Vz = 0, (5.12)
Q

VzeWpt(R), ae. in(0,7),

s(0) = sg, ¢(0) = cg, x(0) = x0, u(0) =wupe, a.e.in §2, (5.13)
r(0) =rp, ae. on I. (5.14)

The technique used to prove Theorem 2.3 can be easily adapted in this case. More precisely, we can
establish the following

Theorem 5.2. Let (1.1)—(1.10) and (2.1)—(2.10) hold. Suppose, in addition, that
ug € Wo'(2) st Velluos wao) + ||ng(CO)VUOE||L2(Q) <C, (5.15)
where C' > 0 s independent of €. Then problem P has a solution in the sense of Definition 5.1.

The main result of this section is

Theorem 5.3. Let the assumptions of Theorem 5.2 hold and let a(-,-) = 1. Then there exists a suitable
subsequence {€, }nen converging to 0 such that a sequence of solutions (S, ,Ce, s Teps Xens Cen) t0 PX converges

to (s,c,r,x,C) satisfying

s€ HY0,T; L*(2))NL>(0,T; H'(2)), s€0,5)], a.e in2x(0,T), (5.16)
c € W20, T; L®(2)) N L>(0,T; H' (1)), ¢€[0,Co], a.e. in 2% (0,T), (5.17)
re HY0,T;L*(I)), r>0, ae onl x(0,T), (5.18)
x € HY(0,T; HY(2)) N L=(0,T; H'(2)), x€10,1], a.e. in 2 x (0,T), (5.19)
¢ € L0, T L*(92)), (5.20)
[ oo+ [ sle s Tot [ vr)s - s (5.21)

Q Q r

7/ o(c,X)scv, Vv e HY (), a.e in(0,T),
Q
Oe = —¢(e,Q)es,  a.e.in 2 x (0,7T), (5.22)
ohr+E+ V' (r)+G(re,s,x) =F, £€0ljgi)(r), ae onl x(0,T), (5.23)
/Q Oy xw + /Q Vx - Vw + /Q Cw (5.24)
= / (W(x,c) —¢- c)w—/ wdp, Ywe Cr(2), ae in(0,T),
Q Q

¢ €0lpqy(x), a.e on2x(0,T), (5.25)
/ X2 \k(e)s-Vz=0, VzeHNRQ), a.e in(0,T), (5.26)

Q
s(0) = sg, ¢(0) = co, x(0) =x0, a.e. in £, (5.27)
r(0) =719, a.e on I. (5.28)

Here p is a (positive) Radon measure and < is the L(0,T; (L*(2))?)-weak limit of {\/Xe, k(ce, ) Ve, }nen-
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Remark 5.4. Theorem 5.2 does not require that f and @, vanish. In Theorem 5.3 one may relax the

restrictions by assuming that f and @y suitably go to 0 as € goes to 0.

Proof. Let (s,c,r, x,(,u) be a solution to P (we omit its dependence on ¢ for the sake of simplicity). The
first step is to show that this solution satisfies some a priori estimates which are uniform with respect to e.
From now on C' > 0 stands for a generic constant which is independent of ¢.

Observe that the a priori bounds on s,c and x (see (5.1)—(5.2) and (5.4)) are satisfied and they are

independent of €. These bounds, on account of (1.11) and (5.8), entail

[IXllw1.00 0,500 (2)) < Oy lellwroo 0,300 (02)) < C- (5.29)

Moreover, recalling (5.9) and using again a result from maximal monotone operator theory (see, e.g., [18,
Theo.3.6]), we also have

7l e 0,722 (ry) < C- (5.30)

Take now v = s in (2.17). This gives

| oot vs)st [ seniws?+ [ ving = [ s = [ st (5.31)

Observe that

[ aotenss =55 [ o0 = [ (@nle ot dale 0005 (5:32)

Here ¢;, j = 1,2, are the first partial derivatives of ¢(-,-). Thus, integrating in time (5.31) and using (5.32),

we get

: /!2 (e, )52 + /0 t /Q 6(c, Q)| Vsl + /F o(r)s? (5.33)

=5 | steorosi+ [ t [ s [ otepste

t
+ [ [ @rte o+ oale0a0)5"
0 Jao
Recalling (1.4) and (2.9), thanks to (5.29) and to Young’s inequality and Gronwall’s lemma we get

sl &1 0,702 (2) Lo 0,117 (2)) < C- (5.34)

As we pointed out at the beginning of this proof, we already have a uniform bound in H'(0,T; L?(12)).
Consider (5.10) and observe that holds almost everywhere in 2 x (0,7), namely

Ax — Ax = =+ W(x, ) — xk(c)|Vul>.

This can be viewed as a linear parabolic equation with an L? source and an H'! initial datum satisfying a
homogeneous Neumann boundary conditions. Therefore the following identity holds (which can be formally
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obtained multiplying by 0;x and integrating in space and time)

¢ 1
/ / |atX|2+§/ Vx|®
0 2 2

-2 /Q Vol - / t /Q COx+ / t /Q (W (x, ) — Xk(©)| V).

We can now take z = Oyu in (5.12). This entails

d
/e\vatu|2+—/ E\vu|4+/ Y2k(c)Vu - Vou =0,
Q dt Jo 4 o)

so that

[ er@va-vou =32 [ k@ - 5 [ o k)] [vuf,

but
/Qat [x*k(c)] Vul® = /Q [2xk(c)px + XK (c)Dyc] |Vul.

Thus, thanks to (5.8), we deduce (see also (1.7))

/Q 0; [X*k(0)] |Vul* = /Q [2xk(c)Ox — ax?o(c, R)es] [Vul*.

We now integrate (5.36) in time, taking (5.37) and (5.39) into account. This gives

t t
//6|V8tu|2+/ 5|W|4+/ X2k(0)|Vu|2+/ / S0l Res| [Vl
0 Jo o4 Q 0o Jol2

c t
= [ SVt + [ gk Tua+ [ [ ak@aval®
2 2 0o J

Adding (5.35) and (5.40) together, we obtain

K 1
| [ oo+ [ 19
0 2 2
t c A
+/ /5\V3tu|2+/ —|Vu|
0o J (24
2 ! @ 2
+ [em@wal+ [ [ [5¢ee] 9
2 0 2 2
1 €
=5 [l + [ S+ [ g Vel
2Ja o4 Q
t t
—/ / CatX‘f'/ / W(x, c)Ox.
0 2 0 2
Thus the following inequality holds (see (5.11) and (5.15))
K 2 2 1 2
/ / 100 + e[ Vo] + 5 / v xI
0 J 2
t
+/ /5|V3tu|2+/ f|vu\4+/ 2k(e)[Vul?
0 2 !24 2

t
§C+/ / W(x,c)0x.
0 2

24

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)



E. Bonetti, C. Cavaterra, F. Freddi et al. Nonlinear Analysis: Real World Applications 73 (2023) 103886

Then, using (5.29) and Gronwall’s inequality, we deduce
X1 0,72 (2))n Lo (0,11 () T VEIVOull 200 7,(22(2))%) (5.43)
+ VEIVUll oo 0 1418 2y + IXVEQ VU Lo 0,7522(20y) < C-
Finally, integrating in time (5.8) and taking the gradient of both sides, we find
Ve(t) = Veo — /Ot V [¢(c, X)cs] dr. (5.44)
Multiplying (5.44) by Ve(t) and integrating over {2, thanks to (5.34) and (5.43), we infer

IVell oo 0,m522(2))3) < €,

so that
lell oo 0,111 (2)) < C- (5.45)
Arguing now as in [15, 4.2-3], we obtain
€¢I 20,5222 < O (5.46)
[V xE(e)Vull 20,102 (0)3) < C- (5.47)

We now have all the ingredients to find a suitable subsequence {e,}ncn converging to 0 such that
(SemsCens Tens Xens Cen) converges, as dictated by the above a priori estimates, to (s,c,r,x,() satisfying
(5.16)—(5.20). Moreover, arguing as in the proof of Theorem 2.3 (see 3.4 and Section 4) and using the
arguments devised in [15, 4.4], we can prove that (s, ¢, 7, x, () satisfies (5.21)—(5.28). Let us detail the latter
argument. Indeed, up to subsequences, we have that

vV Xen k(ce, )Vue, — ¢ in L2(07T; (LQ(Q))?’).

Thus, on account of the strong convergences of {x., tnen and {cc, }nen, we obtain
Xenk(ce,) Ve, = x*?VEk(e)s in L*(0,T; (L*(R2))?).

Also, recalling [15, 4.4], we find a positive Radon measure (defect measure) p such that, in the sense of
measures,
2
X‘fnk(can)|vu5n| — S-S + K.

Finally, observing that
e, Vue, — 0 in L2(0,T;(L*(12))?%),
we have all the ingredients to recover (5.24) and (5.26). For the other equations we can proceed in a standard

way. W

Remark 5.5. Observe that, if a(-,-) is given by (1.6) then the second term in (5.35) can be (formally)
treated as follows

R 1 d
/ a(e, )Vx - Vox = 5/ a(e,X) Vx/?
2 2
1d

24t g

Here a;, j = 1,2, are the first partial derivatives of a(,-). Therefore, on account of (5.29), we get

¢ . 1 ) 1 .
/ / a(e, X)Vx - Voix = */ a(c,x)IVX(t)lz—*/ alco, R0)|Vxol®
0 2 2 2 2

2
t
SC/ / Vx|
0 2

Therefore, one can argue as above.

ale, )IVxl? — / (e R0re + ax( D0 [V
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Fig. 1. Notched square marble prism in plane strain condition under tension and attached by pollution.

6. Numerical simulations

In this section some numerical simulations are performed with the aim to illustrate the capability of the
proposed approach. In particular, our attention is focused on estimating the influence of considering x defined
in (1.11) instead of x and to validate the convergence result of (3.41). For this purpose, a simplified version
of problem P is considered in order to limit the numerical difficulties. In particular, the rugosity r is kept
constant so its equation is not taken into account. We recall that the influence of rugosity has been deeply
investigated in [13]. Moreover, d;x is neglected and a(-,-) is assumed to be independent of the damage.

Then, the corresponding system of equations is numerically solved in an uncoupled fashion. More precisely,
at each time step the chemistry equations are solved with a fully implicit finite elements scheme for s
and ¢, keeping x fixed. Subsequently, the mechanical equilibrium and damage evolution are obtained with
an alternate minimization algorithm which, in short, consists in solving a sequence of minimization sub-
problems for u at fixed x and for y at fixed u. The time is discretized in n constant time intervals. For
the numerical simulations, a specific code have been developed using FEniCS, an open-source finite-element
computing platform for solving partial differential equations, which leans on PETSc [23], a suite of data
structures and routines for scalable (parallel) solutions, and TAO [24], a toolkit for advanced optimization
problems which includes the GPCG algorithm.

A two-dimensional notched square specimen of marble {2 of sides L is considered. The notch simulates a
superficial imperfection of the solid. The setup is reported in Fig. 1. The domain is invested by a polluted
air flow along the left vertical boundary and along the notch whereas the other faces are isolated. The
distribution of the pollutant SO is constant with a concentration equal to sg. Moreover, the material is
homogeneous so that the initial calcite concentration is ¢y, whilst the initial concentration of SOy within the
solid is null.

A time dependent vertical displacement is applied on the horizontal bases according to Fig. 1 whereas
the remaining portion of the boundary is unconstrained and stress free. The main idea is to applied a load
to a portion of material that has been affected by the sulphation process.

We consider a representative solid with L = 1mm and a notch deep equal to 0.05 mm. We restrict the
analysis to the case of an isotropic material in plane strain condition. Thus, the term k(c) is strictly correlated
to the fourth order elasticity tensor C = 2ul+ AI® I, being p and A the Lamé coefficients depending on the
elastic modulus E and the Poisson coefficient v, I the fourth-order identity tensor and I the second-order
identity tensor.
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Table 1
Values of the adopted coefficients in the computation.
E (MPa) v w (MPa) A B a b
Marble 50000 0.2 0.002 0.1 0.1 0.04 0.01
Gypsum 7000 0.2 0.0001157
X
I1
4
I

)t=0.72s )t =0.7295 s )t >0.734s (d)

Fig. 2. Damage evolution for ¢t € {0.72,0.7295, > 0.734}..

A unitary time interval is considered divided into 2000 time steps. The applied vertical displacement
assumes the following load history

u(t) =0fort < 0.715,
u(t) = @ * (t — 0.715) for 0.715 < t < 0.735 , (6.1)
u(t) =0.02*u for 0.735 <t < 1.

with 4 = 7.5 x 1072 mm/s. The adopted material constants are listed in Table 1. The domain is
decomposed with an unstructured triangular linear finite elements with mesh size h = 0.0025 mm.

The evolution of s, ¢ and  is illustrated through color maps plotted at different time steps in Figs. 2-6.
The sulphation process, reported in Fig. 3 at different time steps, initially evolve in an almost homogeneous
way despite the presence of the notch. In fact, the transition front presents a smooth profile similar to the
external border of the solid. Accordingly, the concentration of SOy plotted in Fig. 5, follows the sulphation
profile within the solid. The process is damage free as long as the mechanical action is not applied. During the
displacement application a fracture initiates at the notch tip and propagates brutally up to the sulphation
front as illustrated in Fig. 2a. Now the sulphation process changes completely. The SOy quickly penetrates
the damaged area see Fig. 6 and at the same time this material portion begins its transformation into
gypsum. The fracture bifurcates at the sulphation front as clearly outlined in Fig. 2b. Initially, there is stable
propagation in the direction parallel to the transition zone. Subsequently, the propagation, as can be seen in
Fig. 2c, becomes brutal and involves the entire specimen. The size of the diffusion zones of these fractures
are different. The initial crack presents a very thin transition zone that increases as the crack reaches the
sulphation front. The transition is wider as fracture reaches the pristine material fully composed by marble.

The mutual interaction between chemical process and mechanical degradation is evident. In fact, fractures
propagate in the zones affected by the chemical reaction and at the same time s penetrates in the damaged
zones as clearly shown in Figs. 4, 6 thus inducing the transformation of marble into gypsum in the cracked
areas.

Subsequently, the solutions obtained with §{ and x are compared. The term ¥ of (1.11) is approximated
through a fourth degree Newton—Cotes numerical integration scheme. The solution in term of ¢ and s along a
line crossing the fracture placed at ;7 = 0.3 (assuming a reference system with origin in the lower left corner
of the domain) is plotted in Fig. 7 for several subsequent steps once crack has occurred. The behavior of ¢
is only delayed in considering ¥ instead of x. This phenomenon is the one expected by observing Eq. (2.18)
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0
i,

)t =0.05s )t=03s )t =072 (d)

o

Fig. 3. Evolution of ¢ for t € {0.05,0.3,0.72}.

=

(a) t=0.74s (b)t=0.8s (d)

Fig. 4. Evolution of ¢ for t € {0.74,0.8,1}.

|

)t =0.05s )t=03s )t =072 (d)

Fig. 5. Evolution of concentration of SOy for t € {0.05,0.3,0.72}.

(a)t=0.74s (b) t=0.8s (c)t=1s (d)
Fig. 6. Evolution of concentration of SO, for t € {0.74,0.8,1}.
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03

Fig. 7. Evolution of ¢ and s of x and X across the fracture locate at ; = 0.3 mm.

=<

(a) h = 0.005 mm (b) h = 0.00125 mm (c)

Fig. 8. Map of x after complete rupture for h € {0.005,0.00125} mm.

that governs the evolution of c¢. The situation is much more intricate in case the evolution of s is considered.
In fact, the reaction diffusion Eq. (2.18) permits to have both a delay and an acceleration of the solution
with ¥ compared to the one obtained with only x. It should be underlined the fact that the difference of the
two solutions is extremely limited and additional spatial regularity is not appreciable by the adoption of ¥
instead of x demonstrating that its introduction is for pure mathematical purpose.

Finally, the attention is focused on the convergence result (3.41). The problem has been solved adopting
two additional mesh sizes with h € {0.005,0.00125} mm. The two damage paths obtained with the
different meshes are reported in Fig. 8 and are qualitatively similar to the one of Fig. 2c. Subsequently,
the term X\Vu|2 is calculated as a post-processing task and illustrated in Fig. 9 for the three cases h €
{0.005,0.0025,0.00125}. In particular, the maps of Fig. 9 outline that non-negligible values are visible only
in the fully damaged portion of the solid regardless of the adopted mesh. This aspect is much more evident if
the value X|Vu|2 is plotted across the fracture located at x; = 0.1 mm as in Fig. 10. The spatial distribution
of x|Vu|® is similar to a step function with a value that increases as the mesh size decreases.
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(a) h = 0.005 mm (b) A =0.0025 mm (¢) h =0.00125 mm (d)

Fig. 9. Map of x|Vul|? after complete rupture for h € {0.005,0.0025,0.00125} mm.

1.6E-007 —
1.2E-007 —
. h=0.00125
| h=0.0025
h=10.005
&
S sE-008 — 1
=
4E-008 —
0 T { T ‘ T { T ‘
0.45 0.475 0.5 0.525 0.5
X,

Fig. 10. Term X\Vu\z calculated along a line located at z; = 0.1 mm for three mesh refinements h € {0.005, 0.0025,0.00125}.

7. Conclusions and future work

In this work a model for marble sulphation process taking mechanical damage and surface rugosity into
account is proposed and analyzed theoretically and numerically. More precisely, some existence results are
given and simple numerical simulations are presented to illustrate specific features of the solution. From
the theoretical viewpoint, it would be interesting, though challenging, to characterize in some rigorous way
the regions where complete damage appears (in this direction see, for instance, [15, Sec.5]). Speaking of
applications, at the present stage, the model is meant to be used in the analysis of a real work of art.
To this end two natural developments are possible. Firstly, an extensive experimental campaign has to be
performed in order to fit the parameters of the proposed model. Secondly, suitable numerical techniques
have to be studied and implemented in order to simulate and reproduce the main phenomena described
by the models. Due to the high-nonlinear and non-convex nature of problems, ad hoc algorithms should
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be developed. In particular, properties of consistency, stability, convergence, and, possibly, error estimates
should be investigated. The numerical finite element parallel implementation should include mesh adaptive
strategy to reduce computation time and increase precision in the process zones.
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Appendix

Discrete Gronwall Lemma (see [25, Prop.2.2.1]) Let a = tg < t; < -+ < tpy = b be a partition of
[a,b], and suppose that ¢ and v are non-negative step functions, with values ¢y and vy, respectively, on
the intervals [ty_1,tx), K = 1,..., M. Suppose that, for some fixed p > 1, there exists ¢ > 0 such that the
following inequality holds for k =1,..., M,

tk—1 k-1
<ot [T vedt=om 4 3 dnm(tn o)

m=1
Then, the following bounds are valid
1
HPHt) < oPh 4 < p)/ Y(r)dr, a<t<b p>1, (A1)
<aexp</¢ dT> a<t<b p=1 (A.2)
In particular, we have
k-1

gl < gP 1 1 ( p) S Gt — 1), P> 1, (A.3)

¢k<UeXP<Z QZ}m m ml)) 5 P:L (A4)

fork=1,..., M.

Gronwall Lemma (see [26, Thm.2.1]) Let g(t) € C°([0,T]) a non-negative function fulfilling, for any
t €1[0,T],

t t
(0 < 63 +2 [ Nallooqomh(r) dr+ [ lalogo Mr dr (A.5)

( / gl <>dr> + ellglZogo.y;

where gg > 0, h, A, and p are non-negative functions belonging to L!(0,T), and c is a positive constant such
that ¢ < 1. Then, there exists a constant C' (possibly depending on A, u, ¢, T, but not on g, go, h, and t)

such that .
g(t) < C (go +/ h(7) d7'> ., Ytelo,T].
0
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