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WhatWhat isis ComputationalComputational Science?Science?

Computational Science:Computational Science:
The study of scientific or engineering problems The study of scientific or engineering problems 
using computers + mathematical models as using computers + mathematical models as 
tools.tools.

Computer Science:Computer Science:
The study of computer algorithms, languages, The study of computer algorithms, languages, 
and machines for solving problems.and machines for solving problems.
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ComputationalComputational Science Science isis multidisciplinarymultidisciplinary..

ComputerComputer
ScienceScience MathematicsMathematics

Applied Applied 
DisciplinesDisciplines

ComputationalComputational
ScienceScience
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WhatWhat isis ExpectedExpected FromFrom thisthis
lecturelecture??

GoalsGoals::
Know how to use a computer to solve Know how to use a computer to solve 
scientific problems;scientific problems;
Become familiar and competent in the use of Become familiar and competent in the use of 
MatLab for solving mathematical problems;MatLab for solving mathematical problems;

Not Goals:Not Goals:
Be an amazing programmer;Be an amazing programmer;
Teach you about maths;Teach you about maths;
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ProblemProblem –– SolvingSolving ProcessProcess
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Problem solving Problem solving 
Example Example –– Ball TrajectoryBall Trajectory

Problem definition:Problem definition:
A small object is launched into flight from the ground at a speeA small object is launched into flight from the ground at a speed of 50 d of 50 
m/sm/s at 30 degrees above the horizontal over level ground. Determineat 30 degrees above the horizontal over level ground. Determine
the trajectory covered by the ballthe trajectory covered by the ball

Mathematical Model:Mathematical Model:
Time: Time: t(st(s) with t=0 when the object is launched;) with t=0 when the object is launched;
Initial velocity magnitude: vInitial velocity magnitude: v00=50 =50 m/sm/s;;
Initial angle: Initial angle: θθ00=30=30°°;;
Vertical position of ball: Vertical position of ball: y(ty(t) m and y(0)=0;) m and y(0)=0;
Horizontal position of the ball: Horizontal position of the ball: x(tx(t) m and x(0)=0;) m and x(0)=0;
Acceleration of gravity: g= 9.8 m/sAcceleration of gravity: g= 9.8 m/s22, directed in negative y direction., directed in negative y direction.
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ExampleExample –– Ball Ball TrajectoryTrajectory (2)(2)
The key step in developing a The key step in developing a 
mathematical model is to divide the mathematical model is to divide the 
trajectory into its horizontal and trajectory into its horizontal and 
vertical components. Hence to vertical components. Hence to 
describe the problem, we adopt the describe the problem, we adopt the 
following reference framefollowing reference frame

The velocity of the ball at time t is described by a vector:    The velocity of the ball at time t is described by a vector:    , , 

having as magnitude:                                .  having as magnitude:                                .  θθ(t(t) is the angle that the velocity ) is the angle that the velocity 

vector form with the horizontal: vector form with the horizontal: 

( ) ( ( ), ( ))v t x t y t= & &
2 2( ) ( ) ( )v t x t y t= +& &

( )( ) arctan
( )

y tt
x t

θ =
&

&
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ExampleExample –– Ball Ball TrajectoryTrajectory (3)(3)
Applying the Newton law to the problem, we obtain the mathematicApplying the Newton law to the problem, we obtain the mathematical model of al model of 
our system:our system:

( ) ( )*cos( ( ))
( ) ( )*sin( ( ))

( ( )) ( ) *sin( ( ))

( ) *cos( ( ))
( )

x t v t t
y t v t t
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dt
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v t
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θ
θ

θ θ

=⎧ ⎫
⎪ ⎪=⎪ ⎪⎪ ⎪= ⇒ = −⎨ ⎬
⎪ ⎪
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with initial condition:with initial condition:
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ExampleExample –– Ball Ball TrajectoryTrajectory (4)(4)

Implementation of the computation method to Implementation of the computation method to 
solve the differential equations:solve the differential equations:

The equations defined in the mathematical model can be readThe equations defined in the mathematical model can be readilyily
implemented using MatLab. The commands used in the followinimplemented using MatLab. The commands used in the following g 
solution will be discussed in detail later, but observe thasolution will be discussed in detail later, but observe that the MatLab t the MatLab 
steps match closely to the mathematical model just developesteps match closely to the mathematical model just developed.d.
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ExampleExample –– Ball Ball TrajectoryTrajectory (5)(5)
global gglobal g
g=9.8; %m/s2g=9.8; %m/s2
tftf=5.1;=5.1;
x0=0;x0=0;
y0=0;y0=0;
v0=50; %v0=50; %m/sm/s;;
teta0=30*pi/180;teta0=30*pi/180;

Parameters Parameters 
for the problemfor the problem

function function xdotxdot==flighttraj(t,xflighttraj(t,x))
%Compute the system of differential equations:%Compute the system of differential equations:
global gglobal g
xdot(1)=x(3)*cos(x(4));xdot(1)=x(3)*cos(x(4));
xdot(2)=x(3)*sin(x(4));xdot(2)=x(3)*sin(x(4));
xdot(3)=xdot(3)=--g*sin(x(4));g*sin(x(4));
xdot(4)=xdot(4)=--(g/x(3))*cos(x(4));(g/x(3))*cos(x(4));
xdotxdot=[xdot(1);xdot(2);xdot(3);xdot(4)];=[xdot(1);xdot(2);xdot(3);xdot(4)];

MathematicalMathematical
modelmodel

%Solve the system of differential equations %Solve the system of differential equations 
using as solver a using as solver a RungeRunge KuttaKutta algorithmalgorithm
[[t,yt,y]=ode45('flighttraj',[0 tf],[x0 y0 v0 teta0]);]=ode45('flighttraj',[0 tf],[x0 y0 v0 teta0]);

Computational Computational 
methodmethod

%Plot the calculate trajectory%Plot the calculate trajectory
plot(y(:,1),y(:,2),'r.');plot(y(:,1),y(:,2),'r.');

Plot the solutionPlot the solution
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ExampleExample –– LotkaLotka VolterraVolterra

Problem definition:Problem definition:
It is the classical PredatorIt is the classical Predator--Prey model, where are two species systems:Prey model, where are two species systems:
P predator and V prey. P predator and V prey. 

Predators are the only factor that cuts down the prey populationPredators are the only factor that cuts down the prey population;;
The remaining prey population breeds without limitations;The remaining prey population breeds without limitations;
PredatorPredator’’s breeding rate is proportional to their catchs breeding rate is proportional to their catch
The number of predators is limited by death rate.The number of predators is limited by death rate.

V=kV-aVP
P=bVP-dP

V(0)=0.5;
P(0)=0.5;

⎧ ⎫
⎨ ⎬
⎩ ⎭

&

&

k: is the birth rate of preyk: is the birth rate of prey
a: is catch ratea: is catch rate
b: characterizes the b: characterizes the efficencyefficency with which predators use                          with which predators use                          

their catch to produce more predatorstheir catch to produce more predators
d: is the death rate for predatorsd: is the death rate for predators

Mathematical Model:Mathematical Model:
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ExampleExample –– LotkaLotka Volterra (2)Volterra (2)

Implement computational methodImplement computational method
k=1;a=1;b=1;d=1;k=1;a=1;b=1;d=1;

function function xdotxdot==predator_prey(t,x,flag,k,a,b,dpredator_prey(t,x,flag,k,a,b,d))
%Predator%Predator--Prey model:Prey model:
%Solution of %Solution of LotkaLotka--VolterraVolterra
%differential model:%differential model:
%Input:%Input:
% k , a, b, d, describe the two % k , a, b, d, describe the two 
% species in exam % species in exam 
%System of differential equations%System of differential equations
xdot(1)=k*x(1)xdot(1)=k*x(1)--a*x(1)*x(2);a*x(1)*x(2);
xdot(2)=b*x(1)*x(2)xdot(2)=b*x(1)*x(2)--d*x(2);d*x(2);
xdotxdot=[xdot(1);xdot(2)];=[xdot(1);xdot(2)];

[[t,xt,x]=ode45('predator_prey',[0 20],[.5 .5],options,k,a,b,d);]=ode45('predator_prey',[0 20],[.5 .5],options,k,a,b,d);

%Plot the solution%Plot the solution
plot(t,x(:,1),'r.');plot(t,x(:,1),'r.');
hold onhold on
plot(t,x(:,2),'b.');plot(t,x(:,2),'b.');
xlabel('timexlabel('time');');
ylabel(ylabel(‘‘V,PV,P');');
legend('Vlegend('V: : Prey','PPrey','P: Predator');: Predator');
title('Temporaltitle('Temporal evolution of the population');evolution of the population');
figure;figure;
hold on;hold on;
plot(x(:,1),x(:,2),'k.');plot(x(:,1),x(:,2),'k.');
title('Phasetitle('Phase trajectory of the model');trajectory of the model');
xlabel('Vxlabel('V');');
ylabel('Pylabel('P');');
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ExampleExample –– LotkaLotka Volterra (3)Volterra (3)
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ExampleExample –– LotkaLotka Volterra (4)Volterra (4)

kkV-aVP=0 P 1
a
dbVP-dP=0 V 1
b

eq

eq

⇒ = =

⇒ = =

Stable equilibrium of the systems:Stable equilibrium of the systems:
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ExampleExample –– RC RC circuitcircuit

Problem definition:Problem definition:
Considering the RC network shown in Considering the RC network shown in 
figure, calculate the figure, calculate the vvcc(t(t) across the ) across the 
capacitor when we apply a source capacitor when we apply a source v(tv(t););

V(t) Vc(t)

i(t)R

C

Mathematical model:Mathematical model:
Resistance: R= 10KResistance: R= 10KΩ;Ω;
Capacitance: C= 33 Capacitance: C= 33 μμF;F;
Voltage across the capacitance: Voltage across the capacitance: VVcc(t(t) with ) with 

VVcc(0)=0;(0)=0;
Current into the circuit: Current into the circuit: i(ti(t))

Source voltage:Source voltage:

0      0 t<10
V( ) 1     10 t<15

0           t 15
t

≤⎧ ⎫
⎪ ⎪= ≤⎨ ⎬
⎪ ⎪≥⎩ ⎭
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Using the Using the KirchoffKirchoff current law to the current law to the rcrc network, we obtain the differential network, we obtain the differential 

voltage equation: voltage equation: 

ExampleExample –– RC RC circuitcircuit (2)(2)

( ) ( )( ) c
c

V t V tCV t
R R

+ =&

Implementation of the  computational method:Implementation of the  computational method:
In this case, to solve the differential equation, we have uIn this case, to solve the differential equation, we have used a new computationalsed a new computational
tool: tool: SimulinkSimulink. . 
SimulinkSimulink is a graphical tool that allows modelling and simulation of comis a graphical tool that allows modelling and simulation of complex plex 
dynamical systems through block diagrams. At its core, it idynamical systems through block diagrams. At its core, it involves an automated nvolves an automated 
solution of solution of ODEODE’’ss based on input block diagrams.based on input block diagrams.
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ExampleExample –– RC RC circuitcircuit (2)(2)

SourceSource RC systemRC system
SinkSink
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Mathematical Models Mathematical Models 
The behaviour of physical systems is obtained by utilizing The behaviour of physical systems is obtained by utilizing 
the physical laws of mechanical, electrical, fluid and the physical laws of mechanical, electrical, fluid and 
thermodynamic systems and etc.. . thermodynamic systems and etc.. . 
We generally model physical  systems with ordinary or We generally model physical  systems with ordinary or 
partial differential equations:partial differential equations:

By far the most common methodBy far the most common method
Ample supply of numerical methods and computer programsAmple supply of numerical methods and computer programs
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Errors arising from modellingErrors arising from modelling

Modelling errors: Modelling errors: 
The gap between the model and The gap between the model and ““realityreality””;;
Errors due to (approximate) mathematical Errors due to (approximate) mathematical 
methods in solving the model.methods in solving the model.
Errors arise from numerical methods used to Errors arise from numerical methods used to 
solve the problemsolve the problem
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Errors arising from modelling (2)Errors arising from modelling (2)

Errors induced by the use of computersErrors induced by the use of computers
Computer arithmetic (rounding)Computer arithmetic (rounding)
Errors in programmingErrors in programming
Errors in post processing (visualization, data Errors in post processing (visualization, data 
analysis)analysis)
Wrong interpretation of the results.Wrong interpretation of the results.
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Why use models?Why use models?
To understand better the behaviour of a systems;To understand better the behaviour of a systems;
To predict the future development of a system or even To predict the future development of a system or even 
to manipulate the system in order to achieve a to manipulate the system in order to achieve a 
desired result;desired result;
Sometimes itSometimes it’’s the only feasible way to find a solution s the only feasible way to find a solution 
is trough modelling.is trough modelling.
Models are usually cheaper and faster than Models are usually cheaper and faster than 
conventional experiments (i.e. simulation of a control conventional experiments (i.e. simulation of a control 
unit for an aeroplane)unit for an aeroplane)
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Computing SoftwareComputing Software
MatLab and MatLab and SimulinkSimulink are computer programs that combineare computer programs that combine
computation and visualization power that make them particularly computation and visualization power that make them particularly useful useful 
tools to develop rapidly and accurately mathematical models. tools to develop rapidly and accurately mathematical models. 
They are both computer programming language and software They are both computer programming language and software 
environment for using that language effectively.environment for using that language effectively.

The potential productivity improvement realized from these toolsThe potential productivity improvement realized from these tools isis
dramatic. As an example, considering the simple springdramatic. As an example, considering the simple spring--mass system mass system 
of the following figure.   of the following figure.   
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Computing Software (2)Computing Software (2)

SimulinkMatLab
global k mglobal k m
k=2;k=2;
m=1;m=1;
x1=0;x1=0;
x2=2;x2=2;
[[t,xt,x]=ode45(@example,[0 5],[x1 x2]);]=ode45(@example,[0 5],[x1 x2]);
plot(t,x(:,1),'rplot(t,x(:,1),'r--');');
%%------------------------------------------------------------------------------------
function function xdotxdot==example(t,xexample(t,x););
global k mglobal k m
xdot(1)=x(2);xdot(1)=x(2);
xdot(2)=(xdot(2)=(--k/mk/m)*x(1);)*x(1);
xdotxdot=[xdot(1);xdot(2)];=[xdot(1);xdot(2)];
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Computing Software (3)Computing Software (3)
Program size ComparisonProgram size Comparison

909044MatLabMatLab
202044SimulinkSimulink

120012008080FORTRANFORTRAN

500050003003008086 Assembly 8086 Assembly 
LanguageLanguage

Approximate Approximate 
KeystrokesKeystrokes

Lines of Code Lines of Code 
(Blocks)(Blocks)

Programming Programming 
LanguageLanguage
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MatLabMatLab
MatLab: Matrix LaboratoryMatLab: Matrix Laboratory

Key Features of This Software:Key Features of This Software:
Computation Computation 
Visualization Visualization 
Programming Programming 

Typical uses:Typical uses:
Math and computation Math and computation 
Algorithm development Algorithm development 
Modelling, simulation, and prototyping Modelling, simulation, and prototyping 
Data analysis, exploration, and visualization Data analysis, exploration, and visualization 
Scientific and engineering graphics Scientific and engineering graphics 
Application development, Graphical User InterfaceApplication development, Graphical User Interface
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Why use MatLab?Why use MatLab?
Extremely powerful and simple environment for Extremely powerful and simple environment for 
solving complex engineering problems.solving complex engineering problems.
A huge range of builtA huge range of built--in functions from simple in functions from simple 
mathematical functions to symbolic equation solvers mathematical functions to symbolic equation solvers 
(come from specialized Toolbox). (come from specialized Toolbox). 
Sophisticated builtSophisticated built--in graphics from simple plotting to in graphics from simple plotting to 
animated 3D graphics and Image display.animated 3D graphics and Image display.
Simple to develop complex software systems: Simple to develop complex software systems: egeg: F14 : F14 
flight control system.flight control system.
Typically a Typically a ““prototyping environmentprototyping environment””
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GettingGetting StartedStarted
The prompt:The prompt:
>>>>

MatlabMatlab it is an interactive language much like Basic. What you type atit is an interactive language much like Basic. What you type at the screen is what you get. the screen is what you get. 
However, these are not compiled like C,  Java or Fortran. However, these are not compiled like C,  Java or Fortran. 

Works with basic numbers as a calculator:Works with basic numbers as a calculator:
>>10*5>>10*5
>>5/10>>5/10

Also variable assignmentAlso variable assignment
>>a=10>>a=10
>>b=5>>b=5
>>c=a*b>>c=a*b

Most obvious things work:Most obvious things work:
>>a=2.99e8>>a=2.99e8
>>b=5+7>>b=5+7
>>c=a/b>>c=a/b
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Basic CalculationsBasic Calculations
Basic Maths operations are as expected:Basic Maths operations are as expected:
>>a=2>>a=2
>>b=300>>b=300
>>c=>>c=b^ab^a
>>d=>>d=a+ba+b
>>e=(a*b +>>e=(a*b +c)/dc)/d

There are many basic builtThere are many basic built--in functions in in functions in MatlabMatlab::
>>f=>>f=cos(a)+sin(bcos(a)+sin(b))
>>g=sqrt(a^2+b^2);>>g=sqrt(a^2+b^2);
>> h=>> h=exp(eexp(e*a);*a);
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Arrays of Numbers, VectorsArrays of Numbers, Vectors
MatlabMatlab treats every variable as an treats every variable as an array array or  or  MatrixMatrix
A scalar number is really only a special case of a matrixA scalar number is really only a special case of a matrix
>> a=[10];>> a=[10];
>> b=[2];>> b=[2];
>> c=>> c=a+ba+b
>> >> ansans = 12= 12

MatlabMatlab thinks only about matrices:thinks only about matrices:
Row Vectors:Row Vectors:
>> a=[10, 11];>> a=[10, 11];
>> b=[2, 3];>> b=[2, 3];
>> c=>> c=a+ba+b
>> >> ansans = [12 14]               it is a row vector!..1X2: 1 row and 2 c= [12 14]               it is a row vector!..1X2: 1 row and 2 columnsolumns

Or Column Vectors:Or Column Vectors:
>> a=[10; 11]>> a=[10; 11]
>> b=[2; 3]>> b=[2; 3]
>> c=>> c=a+ba+b
>> >> ansans = [12;14]= [12;14] it is a column vector!..2X1: 2 rows and 1 columnit is a column vector!..2X1: 2 rows and 1 column
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Vector and Matrix manipulationsVector and Matrix manipulations
>> A=[1 3 6; 2 7 8; 0 3 9];>> A=[1 3 6; 2 7 8; 0 3 9];
A =A =

1     3     61     3     6
2     7     82     7     8
0     3     90     3     9

>>>>size(Asize(A))
ansans ==

3     33     3
Transpose of A:Transpose of A:
>>A>>A’’
ans =ans =

1     2     01     2     0
3     7     33     7     3
6     8     96     8     9

Column or row components:Column or row components:
>>A(:,3)>>A(:,3)
ansans ==

66
88
99

>>A(2,:)>>A(2,:)
ansans ==

2     7     82     7     8
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Matrices and Arrays in Matrices and Arrays in MatlabMatlab
Another general arrays (matrices)Another general arrays (matrices)

>> a=[1, 2; 3, 4; 5, 6]>> a=[1, 2; 3, 4; 5, 6]
ansans

1 21 2
3 43 4
5 65 6

>> b=[6, 5; 4, 3; 2, 1]>> b=[6, 5; 4, 3; 2, 1]
ansans

6 56 5
4 34 3
2 12 1

>> c=>> c=a+ba+b
ansans ==

7     77     7
7     77     7
7     77     7

Note: writing in Note: writing in C C this simple addition between the this simple addition between the 
two matrices it will be:two matrices it will be:

main()main()

{{

intint i,ji,j, c[3][3], c[3][3]

for (i=0; i<3;++i)for (i=0; i<3;++i)

for (j=0; j<3; ++j)for (j=0; j<3; ++j)

c[i][jc[i][j]=]=a[i][j]+b[i][ja[i][j]+b[i][j]]

}}
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Matrices and Arrays in Matrices and Arrays in MatlabMatlab (2)(2)

HoweverHowever
>> a=[10; 11]>> a=[10; 11]
>> b=[2, 3]>> b=[2, 3]
>> c=>> c=a+ba+b
ERROR! Matrix Dimensions must agree!ERROR! Matrix Dimensions must agree!
To add or subtract matrices, arrays must To add or subtract matrices, arrays must 
have compatible dimensions.have compatible dimensions.
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Matrices and Arrays in Matrices and Arrays in MatlabMatlab (3)(3)

Matrix subtraction:Matrix subtraction:
>>c=a>>c=a--bb
Matrix multiplication:Matrix multiplication:
>>c=a*b >>c=a*b matrix dimensions must agreematrix dimensions must agree
Generally:Generally:

1. To add two matrices, they must have the     1. To add two matrices, they must have the     
same number of rows and columns;same number of rows and columns;
2. To multiply two matrices 2. To multiply two matrices ““aa**bb””, , aa must have must have 
the number of columns as there are rows of the number of columns as there are rows of bb..
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Matrices and Arrays in Matrices and Arrays in MatlabMatlab (4)(4)
Matrix division (matrix inversion) is nonMatrix division (matrix inversion) is non--trivial so be careful about typingtrivial so be careful about typing
>>c=a/b>>c=a/b
when a and b are matrices.when a and b are matrices.

If, what you really wanted was all the elements in a to be multiIf, what you really wanted was all the elements in a to be multiplied plied 
(divided) by all the elements in b, then MatLab has a special sy(divided) by all the elements in b, then MatLab has a special syntax:ntax:
>>c=a.*b>>c=a.*b
>>d=a./b>>d=a./b

Note the Note the ‘‘dotdot’’. In this case a and b must have the same dimensions.. In this case a and b must have the same dimensions.
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Matrix functionsMatrix functions
Matrix inverse: Matrix inverse: 
>>>>inv(ainv(a))

Determinant of a matrix:Determinant of a matrix:
>>d=>>d=det(adet(a))

Rank of a matrix:Rank of a matrix:
>>>>rank(arank(a))

Condition number of a matrix:Condition number of a matrix:
>>>>cond(acond(a))

Matrix of random numbers:Matrix of random numbers:
>>rand(3,3)    produce a matrix 3X3 of random numbers>>rand(3,3)    produce a matrix 3X3 of random numbers

Zero matrix:Zero matrix:
>>zeros(3,4)>>zeros(3,4)

Identity matrix:Identity matrix:
>>eye(3)>>eye(3)
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Systems of Linear EquationsSystems of Linear Equations
Solving ordinary differential equations by means Finite DifferenSolving ordinary differential equations by means Finite Difference ce 
Method (FDM) or Finite Element Method (FEM) involve to find soluMethod (FDM) or Finite Element Method (FEM) involve to find solutions tions 
of systems of linear or non linear equations. The typical form oof systems of linear or non linear equations. The typical form of a linear system f a linear system 
of algebraic equations is written as: of algebraic equations is written as: 

AAxx==bb
and the solution is obtained by:and the solution is obtained by:
>> >> xx==inv(inv(AA)*)*bb

oror
>> >> xx==AA\\bb

Note:Note:
It takes almost two and one half times as long to compute the soIt takes almost two and one half times as long to compute the solution lution 
with x = with x = inv(Ainv(A)*b as with x = A)*b as with x = A\\b. The first, calculate the inverse of the b. The first, calculate the inverse of the 
Matrix A instead of the second use Gaussian elimination to find Matrix A instead of the second use Gaussian elimination to find x.  x.  
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Systems of Linear Equations (2)Systems of Linear Equations (2)
Solution example:Solution example:

In MatLab:In MatLab:
>> A=[10 9 6; 7 8 >> A=[10 9 6; 7 8 --3; 3; --1 10 1 10 --4];4];
>> b=[1;>> b=[1;--3;9];3;9];
>> tic, x=>> tic, x=inv(Ainv(A)*)*b,tocb,toc;;
x =x =
--1.32741.3274
1.07431.0743
0.76750.7675
Elapsed time is 0.120000 secondsElapsed time is 0.120000 seconds
>> tic, x=A>> tic, x=A\\b,tocb,toc;;
x =x =
--1.32741.3274
1.07431.0743
0.76750.7675
Elapsed time is 0.050000 seconds.Elapsed time is 0.050000 seconds.

10 9 6 1
7 8 3 3

10 4 9

x y z
x y z
x y z

+ + =
+ − = −

− + − =

10 9 6 1
7 8 3 3
1 10 4 9

x
y
z

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− = −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦
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Nonlinear Algebraic EquationsNonlinear Algebraic Equations
Nonlinear algebraic equations are frequentlyNonlinear algebraic equations are frequently
adopted in many different areas. In MatLab there adopted in many different areas. In MatLab there 
are two main function to solve nonlinear equations: are two main function to solve nonlinear equations: 
fzerofzero and and fsolvefsolve (in Optimization Toolbox):(in Optimization Toolbox):

fzero(fzero(‘‘funcfunc’’,x,x00) ) tries totries to find a zero of the function find a zero of the function 
‘‘funcfunc’’ near xnear x00;;
fsolvefsolve((‘‘funcfunc’’,x,x00) tries to s) tries to solve a system of olve a system of 
nonlinear equations nonlinear equations ‘‘funcfunc’’ of the type: of the type: F(xF(x)=0 )=0 
for x, where x is a vector and for x, where x is a vector and F(xF(x) is a function ) is a function 
that returns a vector value, starting from xthat returns a vector value, starting from x00..



Alarico Summer School 16 May Alarico Summer School 16 May --
25 June 200525 June 2005 4040

Nonlinear Algebraic Equations (2)Nonlinear Algebraic Equations (2)

>> fzero('(x^3)+x*cos(x)>> fzero('(x^3)+x*cos(x)--4*x',4*x',--5)5)
ans =ans =
--2.12812.1281
>> fzero('cos(x)>> fzero('cos(x)--x^2',0)x^2',0)
ans =ans =
--0.82410.8241
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Nonlinear Algebraic Equations (3)Nonlinear Algebraic Equations (3)

This example finds a zero of the system of two This example finds a zero of the system of two 
equations and two unknowns:equations and two unknowns:

1

2

1 2

1 2

x

x

x x e

x x e

−

−

⎧ − =⎪
⎨
− + =⎪⎩

F(xF(x)=0)=0
1

2

1 2

1 2

0

0

x

x

x x e

x x e

−

−

⎧ − − =⎪
⎨
− + − =⎪⎩

function F = function F = fexample(xfexample(x))

F=[x(1)F=[x(1)--x(2)x(2)--exp(x(1));exp(x(1));
--x(1)+x(2)x(1)+x(2)--exp(x(2))];exp(x(2))];
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Nonlinear Algebraic Equations (4)Nonlinear Algebraic Equations (4)

Now we are ready to find the solution of our Now we are ready to find the solution of our 
systems, but we have to indicate the starting point systems, but we have to indicate the starting point 
of the non linear routine to solve the problem:of the non linear routine to solve the problem:

>>x0=[1;8];    >>x0=[1;8];    %starting guess point for the solution%starting guess point for the solution
>>options=>>options=optimset('Display','iteroptimset('Display','iter'); % Option to display output'); % Option to display output
>>[>>[x,fvalx,fval] = fsolve(@fexample,x0,options)  % Call optimizer] = fsolve(@fexample,x0,options)  % Call optimizer
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Nonlinear Algebraic Equations (5)Nonlinear Algebraic Equations (5)
Norm of      FirstNorm of      First--order   Trustorder   Trust--regionregion
Iteration  Iteration  FuncFunc--count     count     f(xf(x)          step         optimality    radius)          step         optimality    radius

0          3    8.84452e+006                     8.86e+006 0          3    8.84452e+006                     8.86e+006 11
1          6    1.19429e+006              1       1.2e+006 1          6    1.19429e+006              1       1.2e+006 11
2          9          160846              1      1.62e+005 2          9          160846              1      1.62e+005 11
3         12         21556.6              1       2.2e+004 3         12         21556.6              1       2.2e+004 11
4         15         2868.14              1      2.98e+003 4         15         2868.14              1      2.98e+003 11
5         18         380.564              1            405 5         18         380.564              1            405 11
6         21         52.9237              1           55.3 6         21         52.9237              1           55.3 11
7         24         11.5836              1           8.93 7         24         11.5836              1           8.93 11
8         27         2.65943              1           1.72 8         27         2.65943              1           1.72 11
9         30         0.83611        1.44257          0.896 9         30         0.83611        1.44257          0.896 2.52.5

10         33        0.112921        1.37225            0.3 10         33        0.112921        1.37225            0.3 2.52.5
11         36       0.0101145        1.40974         0.0356 11         36       0.0101145        1.40974         0.0356 2.52.5
12         39      0.00130067        1.41417        0.00181 12         39      0.00130067        1.41417        0.00181 3.523.52
13         42     0.000175934        1.41421       0.000103 13         42     0.000175934        1.41421       0.000103 3.523.52
14         45    2.38101e14         45    2.38101e--005        1.41421       1.2e005        1.41421       1.2e--005            3.52005            3.52
15         48    3.22234e15         48    3.22234e--006        1.41421      1.62e006        1.41421      1.62e--006            3.52006            3.52
16         51    4.36097e16         51    4.36097e--007        1.41421       2.2e007        1.41421       2.2e--007            3.52007            3.52

Optimization terminated: firstOptimization terminated: first--order optimality is less than order optimality is less than options.TolFunoptions.TolFun..

x =x =
--7.66937.6693
--7.66937.6693

fvalfval ==
1.0e1.0e--003 *003 *

--0.46700.4670
--0.46700.4670
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The mThe m--filefile
Files that contain a computer code are called theFiles that contain a computer code are called the
mm--filesfiles. There are two kinds of m. There are two kinds of m--files: the files: the scriptscript
files files and the and the function filesfunction files::

Script files do not take the input arguments or return Script files do not take the input arguments or return 
the output arguments. the output arguments. 
The function files may take input arguments or return The function files may take input arguments or return 
output arguments.output arguments.
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Script filesScript files
A script file is simply a listing of MatLab commands that you miA script file is simply a listing of MatLab commands that you might otherwise ght otherwise 
have typed at the Keyboard:have typed at the Keyboard:

Starting up the builtStarting up the built--in MatLab editor. Type in the following:in MatLab editor. Type in the following:
t=0:0.1:1;t=0:0.1:1;
x=t.^2;x=t.^2;
y=y=x+tx+t;;

Note:Note:
The editor The editor ““recognisesrecognises”” the syntax. This might help you not make the syntax. This might help you not make 
mistakes. Save this in a file called eg1.m (the mistakes. Save this in a file called eg1.m (the ““mm”” extension is the extension is the 
important bit).important bit).
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Function filesFunction files

Here is an example of the function fileHere is an example of the function file

function [b, j] = function [b, j] = descsort(adescsort(a))
% Function % Function descsortdescsort sorts, in the descending order, a real array sorts, in the descending order, a real array 
% a. Second output parameter j holds a permutation used to % a. Second output parameter j holds a permutation used to 
% obtain array b from the array a.% obtain array b from the array a.

[b ,j] = sort([b ,j] = sort(--a);a);
b = b = --b;b;
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Function files (2)Function files (2)
This function takes one input argument, the array of real numberThis function takes one input argument, the array of real numbers, and s, and 
returns a sorted array together with a permutation used to obtaireturns a sorted array together with a permutation used to obtain array n array 
b b from the array from the array aa.  .  
MatLab builtMatLab built--in function in function sort sort is used here. Recall that this function sort is used here. Recall that this function sort 
numbers in the ascending order. A simple trick used here allows numbers in the ascending order. A simple trick used here allows us to us to 
sort an array of numbers in the descending order.sort an array of numbers in the descending order.

To demonstrate functionality of the function under discussion leTo demonstrate functionality of the function under discussion lett

>>a = [pi >>a = [pi ––10 35 0.15];10 35 0.15];
>>[b, j] = >>[b, j] = descsort(adescsort(a))

b =b =
35.0000 3.1416 0.1500 35.0000 3.1416 0.1500 --10.000010.0000
j =j =
3 1 4 23 1 4 2
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M M -- files (2)files (2)
These two new tools, by which we can writeThese two new tools, by which we can write
programs using collections of MatLab commands programs using collections of MatLab commands 
and/or builtand/or built--in functions, are similar to other in functions, are similar to other 
common programming languages. So if we have to common programming languages. So if we have to 
solve a complex problem, we will divide the solve a complex problem, we will divide the 
problem using problem using ““intermediateintermediate”” step (subroutine or step (subroutine or 
function) and then we combined  the function) and then we combined  the ““intermediateintermediate””
result to obtain the final solution: its is the result to obtain the final solution: its is the ““divide divide 
et conqueret conquer”” algorithm (bottom up or top algorithm (bottom up or top –– down down 
approach) approach) 
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Flow  ControlFlow  Control
A basic problem now is that a script file is just a list of instA basic problem now is that a script file is just a list of instructions. ructions. 
What we need is to be able to change the What we need is to be able to change the ““flowflow”” of instructions of instructions 
depending on the values of the variables. To do this, we need todepending on the values of the variables. To do this, we need to

a) Test variables: is a) Test variables: is a a greater than greater than b b ? Is ? Is c c equal to 105 ? etc.equal to 105 ? etc.
b) To do something (other than the next instruction) depending ob) To do something (other than the next instruction) depending on the n the 
outcome of a test: if outcome of a test: if a a is greater than is greater than b b then plot then plot aa, else plot , else plot bb. While . While c c 
is greater than is greater than 0 0 subtract one.subtract one.

MatLab provides both tests and flow control structures. With theMatLab provides both tests and flow control structures. With these we se we 
will be able to write proper will be able to write proper ““intelligentintelligent”” programmes.programmes.
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Relational OperatorsRelational Operators
MatLab has six relational operatorsMatLab has six relational operators
Operator Operator InterpretationInterpretation
< < less thanless than
<= <= less than or equal toless than or equal to
> > greater thangreater than
>= >= greater than or equal togreater than or equal to
== == equal toequal to
~=~= not equal tonot equal to

Zero is logical false.Zero is logical false.
One is logical true.One is logical true.
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Relational Operators (2)Relational Operators (2)
Logical expressions may be formed as follows:Logical expressions may be formed as follows:

>>x=10; y=11;>>x=10; y=11;
>>x>y>>x>y
ansans= 0= 0
>> x<y>> x<y
ansans = 1= 1
>>x ~= y>>x ~= y
ansans= 1= 1

As always, MatLab makes no distinction between scalars and arrayAs always, MatLab makes no distinction between scalars and arrays:s:

>> a=[2 4 6]; b=[3, 5, 1];>> a=[2 4 6]; b=[3, 5, 1];
>> a<b>> a<b
[1 1 0][1 1 0]
>>a ~= b>>a ~= b
[1 1 1][1 1 1]

Relational operators work with any equal sized vectors or matricRelational operators work with any equal sized vectors or matrices.es.
The result of a relational operator is either true or false (1 oThe result of a relational operator is either true or false (1 or 0)r 0)
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Logical ExpressionsLogical Expressions
MatLab can also do logical manipulation (combinations of MatLab can also do logical manipulation (combinations of 
true and false)true and false)

MatLab has three logical operators:MatLab has three logical operators:

Logical Operator Logical Operator SymbolSymbol
and and &&
or or ||
notnot ~~

Zero is taken as logical false.Zero is taken as logical false.
Any other number (including negative numbers) are taken as logicAny other number (including negative numbers) are taken as logical al 
true.true.
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Control FlowControl Flow

MatLab has three decisionMatLab has three decision--making or making or 
controlcontrol--flow structures:flow structures:

•• For LoopsFor Loops
•• While LoopsWhile Loops
•• IfIf--ThenThen--Else structuresElse structures
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FOR LOOPSFOR LOOPS
For Loops: For Loops: 
A simple exampleA simple example
>>for n=1:10>>for n=1:10

x(nx(n)=)=sin(nsin(n*pi/10);*pi/10);
endend

The assignment n=1:10 is a general array assignmentThe assignment n=1:10 is a general array assignment

Other array assignments work too:Other array assignments work too:
>> for n=1:2:20>> for n=1:2:20

y(ny(n)=)=sin(nsin(n*pi/10);*pi/10);
endend

or evenor even

>>data=[3 9 45 6; 7 16 >>data=[3 9 45 6; 7 16 --5 5]5 5]
>>for n=data>>for n=data

x=n(1)x=n(1)--n(2);n(2);
endend

Generally:Generally:
for n=vectorfor n=vector

[ calculations involving nth element [ calculations involving nth element 
of vector]of vector]

endend

n=1:10;n=1:10;
x=x=sin(nsin(n*pi/10)*pi/10)
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WHILE LOOPSWHILE LOOPS
For loops execute a group of statements a fixed number of For loops execute a group of statements a fixed number of 
times. times. 

While loops execute a group of statements an While loops execute a group of statements an 
indefinite number of time until indefinite number of time until ““expressionexpression”” is true:is true:

while {expression}while {expression}
[Commands][Commands]

EndEnd

where expression is any logical expression evaluating to where expression is any logical expression evaluating to 
true or false.true or false.
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IFIF--THENTHEN--ELSE StatementsELSE Statements

if {expression}if {expression}
[command 1][command 1]

elseelse
[command 2][command 2]

endend

If statements, produces command1 if If statements, produces command1 if ““expressionexpression””
is valuated true otherwise produces command 2.is valuated true otherwise produces command 2.
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Basic PlottingBasic Plotting
MatLab has extensive facilities for plotting and graphically anaMatLab has extensive facilities for plotting and graphically analysing data. Here lysing data. Here 
we will look at  basic plotting capabilities:we will look at  basic plotting capabilities:

>>t=0:0.1:10;>>t=0:0.1:10; %form a t = vector%form a t = vector
>>y=>>y=sin(tsin(t);); %for each t value, %for each t value, 

%calculate sine%calculate sine
>>>>plot(t,y,'rplot(t,y,'r..--');'); %basic plot of %basic plot of yy in function in function 

%of %of t, t, also connect each value also connect each value 
%with a straight line and put a %with a straight line and put a 
%dot for each calculate value%dot for each calculate value

>>>>title('sin(ttitle('sin(t))’’);); %put a title into the figure%put a title into the figure
>>>>xlabel(xlabel(‘‘tt’’);); %put a label into x axis%put a label into x axis
>>>>ylabel(ylabel(‘‘yy’’);); %put a label into y axis%put a label into y axis
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Basic Plotting (2)Basic Plotting (2)
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Basic Plotting (3)Basic Plotting (3)
Plotting multiple data:Plotting multiple data:

>>t=0:0.1:10;>>t=0:0.1:10;
>>y1=sin(t).*t;>>y1=sin(t).*t;
>>y2=cos(t).*t;>>y2=cos(t).*t;
>>plot(t,y1,'r.>>plot(t,y1,'r.--',t,y2,'g*',t,y2,'g*--');');
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Mathematical models of SystemsMathematical models of Systems
Ordinary differential equations (Odes) describe phenomena that  Ordinary differential equations (Odes) describe phenomena that  change change 
continuously: they arise in models throughout chemistry, sciencecontinuously: they arise in models throughout chemistry, science, , 
engineering, medicine, biology, anthropology and so on.engineering, medicine, biology, anthropology and so on.

With a differential equation, we can associate With a differential equation, we can associate initial conditionsinitial conditions or or 
boundary conditions;boundary conditions;

If these conditions are specified at a single value of the indepIf these conditions are specified at a single value of the independent endent 
variable, they are referred to as initial conditions and variable, they are referred to as initial conditions and the combination of the combination of 
the differential equation and an appropriate number of inthe differential equation and an appropriate number of initial conditions itial conditions 
is called an is called an Initial Value ProblemInitial Value Problem ((IVPIVP););

If these conditions are specified at more than one value of the If these conditions are specified at more than one value of the independent independent 
variable, variable, they are referred to as boundary conditions and the combination they are referred to as boundary conditions and the combination of the of the 
differential equation and the boundary conditions is called a differential equation and the boundary conditions is called a Boundary Value Boundary Value 
ProblemProblem ((BVPBVP).).
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Initial Value ProblemInitial Value Problem
An ordinary differential equation contains one or more derivativAn ordinary differential equation contains one or more derivatives of a dependent variable es of a dependent variable 
y(ty(t) with respect to a single independent variable t, usually refer) with respect to a single independent variable t, usually referred to as red to as timetime. Generally . Generally 
there are many functions there are many functions y(ty(t) that satisfy a given ODE, and additional information is ) that satisfy a given ODE, and additional information is 
necessary to specify the solution of interest. necessary to specify the solution of interest. 
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In an In an initial value problem, initial value problem, the solution of interest satisfies a specific the solution of interest satisfies a specific initial conditioninitial condition, that , that 
is, y is equal to is, y is equal to yy00 at a given initial time at a given initial time tt00.  An initial value problem for an ODE is then:.  An initial value problem for an ODE is then:

If the function F[t,y(t),yIf the function F[t,y(t),y’’(t),..,yn(t),..,yn--1(t)] is sufficiently smooth, this problem has one and only 1(t)] is sufficiently smooth, this problem has one and only 
one solution. Generally there is no analytic expression for the one solution. Generally there is no analytic expression for the solution, so it is necessary solution, so it is necessary 
to approximate by numerical means, such as using one of the ODE to approximate by numerical means, such as using one of the ODE solvers.solvers.
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Initial Value Problem (2)Initial Value Problem (2)
Consider the differential equation                     subject tConsider the differential equation                     subject to o 
y(ty(t00)=y)=y00. The approach to integrate the differential equation . The approach to integrate the differential equation 
numerically is to start at t=tnumerically is to start at t=t00, where we know the solution, y=y, where we know the solution, y=y00.  .  
Then we move to tThen we move to t11=t=t00++ΔΔt. The solution at that point is: yt. The solution at that point is: y11=y=y00++ΔΔt*t*ffaveave. . 
Then we proceed in the same way to obtain y(tThen we proceed in the same way to obtain y(t00+2*+2*ΔΔtt)=y(t)=y(t22)=y)=y22 and and 
so on. so on. 

0

0

( , )dy f t y
dt

=

1
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Initial Value Problem (3)Initial Value Problem (3)
It means that these methods are referred to as discrete variableIt means that these methods are referred to as discrete variable
methods and generate a sequence of approximate values for methods and generate a sequence of approximate values for 
y(ty(t), y), y11,y,y22,y,y33,..y,..ynn, at points t, at points t11,t,t22,t,t33,..t,..tnn. In our development, we will . In our development, we will 
assume a constant spacing assume a constant spacing DeltaDelta=t=ti+1i+1--ttii between t points. In between t points. In 
realistic implementations of these methods, however, realistic implementations of these methods, however, Delta Delta is is 
chosen to satisfy a userchosen to satisfy a user--specified accuracy request.specified accuracy request.

Errors enter into the numerical solution of Errors enter into the numerical solution of IVPsIVPs from two sources:from two sources:
1.1. DiscretizationDiscretization errorerror and depends on the method being used; and depends on the method being used; 
2.2. CComputational erroromputational error which includes such things as which includes such things as roundoffroundoff errorerror,,

the error in evaluating implicit formulas, etc;the error in evaluating implicit formulas, etc;
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Initial Value Problem (4)Initial Value Problem (4)
If we denote with If we denote with y(ty(tii) the exact solution of                      at ) the exact solution of                      at ttii and with and with yyii

the numerical approximation of the numerical approximation of y(ty(tii), we can distinguish two type of ), we can distinguish two type of 
discretizationdiscretization error:error:

Global errorGlobal error
Local errorLocal error

Global error: eGlobal error: ei+1i+1=y(t=y(ti+1i+1))--yyi+1i+1

Local error: is the error that we take in a single step.Local error: is the error that we take in a single step.
Letting Letting u(tu(t) the solution of                    with ) the solution of                    with u(tu(tii)=)=yyii the local error is:the local error is:
ddi+1i+1=u(t=u(ti+1i+1))--yyi+1i+1..

( , )dy f t y
dt

=

( ) ( , )du t f t u
dt

=
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Initial Value Problem (5)Initial Value Problem (5)
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Initial Value Problem (6)Initial Value Problem (6)

The simplest method is EulerThe simplest method is Euler’’s Method. In s Method. In 
EulerEuler’’s method, to estimate ys method, to estimate yi+1i+1, , ffaveave is is 
approximated by its value at (approximated by its value at (ttii,y,yii), that is ), that is 
ff(t(tii,y,yii), or its value at (t), or its value at (ti+1i+1,y,yii), ), ff(t(ti+1i+1,y,yii). The ). The 
former case is called the forward Euler former case is called the forward Euler 
Method and the latter case is called the Method and the latter case is called the 
backward Euler Method.backward Euler Method.



Alarico Summer School 16 May Alarico Summer School 16 May --
25 June 200525 June 2005 6767

Initial Value Problem (7)Initial Value Problem (7)

0

( ) ( )

(0)

dy r t y t
dt
y y

⎧ =⎪
⎨
⎪ =⎩

r=r=--10; delta=0.04; y(1)=2;10; delta=0.04; y(1)=2;
k=0;k=0;
for time = delta:delta:0.5for time = delta:delta:0.5

k=k+1;k=k+1;
y(k+1)=y(k+1)=y(k)+deltay(k)+delta*(r**(r*y(ky(k));));

endend
t=[0:delta:0.5];t=[0:delta:0.5];
y_truey_true=2*exp(=2*exp(--10*t);10*t);
plot(t,y,'o',t,y_trueplot(t,y,'o',t,y_true););
xlabel('txlabel('t');');
ylabel('yylabel('y');');
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Initial Value Problem (8)Initial Value Problem (8)
The forward Euler method uses the derivative at the initial poinThe forward Euler method uses the derivative at the initial point of the interval.t of the interval.
The backward Euler method uses the derivative close to the end pThe backward Euler method uses the derivative close to the end point of the interval.oint of the interval.
A numerical solution with improved accuracy is obtained by usingA numerical solution with improved accuracy is obtained by using the average of thethe average of the
initially computed end points.initially computed end points.

The algorithm steps are:The algorithm steps are:

1.1. Evaluate the slope at the start of the interval, that is Evaluate the slope at the start of the interval, that is f(tf(tii,y,yii););

2.2. Estimate yi+1 at the end of the interval using EulerEstimate yi+1 at the end of the interval using Euler’’s Method: ys Method: yi+1i+1==yyii++ΔΔtt**f(tf(tii,y,yii););

3.3. Evaluate the slope at the end of the interval: f(tEvaluate the slope at the end of the interval: f(ti+1i+1,y,yii++ΔΔt*t*f(tf(tii,y,yii));));

4.4. Calculate the average of the two slopes, Calculate the average of the two slopes, ffaveave from step 1 and 3;from step 1 and 3;

5.5. Calculate a revised value of yCalculate a revised value of yi+1i+1 using the average slopeusing the average slope
yyi+1i+1==yyii++ΔΔtt**ffaveave
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Initial Value Problem (9)Initial Value Problem (9)
r=r=--10; delta=0.04; y(1)=2;10; delta=0.04; y(1)=2;
k=0;k=0;
for time = delta:delta:.5for time = delta:delta:.5

k=k+1;k=k+1;
x(k+1)=x(k+1)=y(k)+deltay(k)+delta*r**r*y(ky(k););
y(k+1)=y(k)+(delta/2)*(r*y(k+1)=y(k)+(delta/2)*(r*y(k)+ry(k)+r*x(k+1));*x(k+1));

endend
t_truet_true=0:delta:0.5;=0:delta:0.5;
y_truey_true=2*exp(=2*exp(--10*10*t_truet_true););
plot(t_true,y,'o',t_true,y_trueplot(t_true,y,'o',t_true,y_true););
xlabel('txlabel('t');');
ylabel('yylabel('y');');
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Initial Value Problem (10)Initial Value Problem (10)

The various ways of making the estimation The various ways of making the estimation 
of of ffaveave are called methods:are called methods:

One step Method (without memory, i.e. One step Method (without memory, i.e. EuleroEulero, , 
RungeRunge--KuttaKutta))
Multi step Method (with memory, Multi step Method (with memory, i.e.Adamsi.e.Adams Methods )Methods )

Multistep methods tend to be more efficient than Multistep methods tend to be more efficient than 
singlesingle--step methods for problems with smooth step methods for problems with smooth 
solutions and high accuracy requirementssolutions and high accuracy requirements



Alarico Summer School 16 May Alarico Summer School 16 May --
25 June 200525 June 2005 7171

Using MatLab to solve OdesUsing MatLab to solve Odes

MatLab provides some functions for MatLab provides some functions for 
numerical solutions of differential numerical solutions of differential 
equations:equations:
For IVP problem:For IVP problem:

““ode23ode23”” RungeRunge KuttaKutta Algorithm;Algorithm;
““ode45ode45”” RungeRunge KuttaKutta Algorithm;Algorithm;
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Example: Mechanical systemExample: Mechanical system

Applying NewtonApplying Newton’’s law of motions law of motion
2

2 ( )d x dxM B Kx F t
dt dt

+ + =

[ ]

1 2

1
2

2
2 1

   ,  

1 ( )

dxLet x x and x then
dt

dx x
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⎨
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Example: Mechanical system (2)Example: Mechanical system (2)

function xdot=mechsys(t,x,flag,M,K,B,F);

xdot(1)=x(2);
xdot(2)=(1/M)*(F-B*x(2)-K*x(1));
xdot=[xdot(1);xdot(2)];

MM--FunctionFunction

tspan=[0,3]; % time interval
x0=[0,0]; % initial conditions
M=1; % Mass value Kg
K=25; % Elastic Constant N/m
B=5; % Damping coefficent Ns/m
F=25; % Force

[t,x]=ode45('mechsys',tspan,x0,[],M,K,B,F);

MM--ScriptScript
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Example: Mechanical system (3)Example: Mechanical system (3)
subplot(2,1,1),plot(t,x);
title('Time response of mechanical translational system');
xlabel('Time - sec');
text(2,1.2,'displacement');
text(2,.2,'velocity');

d=x(:,1);
v=x(:,2);
subplot(2,1,2);
plot(d,v);
title('velocity versus displacement');
xlabel('displacement');
ylabel('velocity');
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Example: PendulumExample: Pendulum
sin( ( )) ( )TF mg t BL tθ θ= − − &

NewtonNewton’’s laws law
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Example: Pendulum (2)Example: Pendulum (2)

function xdot=pendulum(t,x,flag,m,B,L)

g=9.81;%m/s^2
xdot=[x(2)

-(B/m)*sin(x(2))-(g/L)*sin(x(1))];

MM--FunctionFunction

MM--ScriptScript
tspan=[0 5];
x0=[1 0];
m=2/9.81;
L=0.6;
B=0.02
[t,x]=ode23('pendulum',tspan,x0,[],m,B,L);
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Example: Pendulum (3)Example: Pendulum (3)
subplot(2,1,1),plot(t,x);
title('Time response of pendulum on rigid rod');
xlabel('Time - sec.');
text(3.2,3.1,'Velocity');
text(3.2,1.2,'Angle-Rad');

th=x(:,1);
w=x(:,2);
subplot(2,1,2);
plot(th,w);
xlabel('Position - Rad'),ylabel('Angular velocity');
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Example: RLC circuitExample: RLC circuit

Applying KVLApplying KVL
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Example: RLC circuit (2)Example: RLC circuit (2)
MM--FunctionFunction
function xdot=electsys(t,x,flag,R,L,C);
if t<10

V=0;
elseif t<=20

V=1;
else

V=0;
end
xdot=[x(2)/C;(1/L)*(V-x(1)-R*x(2))];

MM--ScriptScript
x0=[0.5,0];
tspan=[0,30];
R=1.4;L=2;C=0.32;
[t,x]=ode23('electsys',tspan,x0,[],R,L,C);
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Example: RLC circuit (3)Example: RLC circuit (3)
t1=find(t<10);
t2=find((t<=20)&(t>=10));
t3=find(t>20);
V=zeros(length(t),1);
V(t2)=1;
subplot(2,1,1),plot(t,x,t,V);
title('Time response of an RLC series circuit');
xlabel('Time - sec');

vc=x(:,1);i=x(:,2);
subplot(2,1,2),plot(vc,i)
title('Current versus capacitor voltage');
xlabel('Capacitor voltage');
ylabel('Current');
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Boundary Value ProblemBoundary Value Problem
A Boundary Value problem specifies values or A Boundary Value problem specifies values or 
equations for solution components at more than equations for solution components at more than 
one point xone point xii. Hence, unlike . Hence, unlike IVPsIVPs, a boundary , a boundary 
problem may not have a solution, or may have a problem may not have a solution, or may have a 
finite number, or may have infinitely number.finite number, or may have infinitely number.

Because of this, programs for solving Because of this, programs for solving BVPsBVPs
require users to provide a guess for the solution require users to provide a guess for the solution 
desired.desired.
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Boundary Value problem (2)Boundary Value problem (2)

Numerical methods that solve Numerical methods that solve BVPsBVPs can be can be 
classified in two main categories:classified in two main categories:

Methods that are specific for oneMethods that are specific for one--dimensional dimensional 
problems: problems: Shooting MethodsShooting Methods;;
Methods that are independent from the Methods that are independent from the 
dimension of the problem to solve: dimension of the problem to solve: Finite Finite 
Difference Methods (FDM)  Difference Methods (FDM)  andand Finite Finite 
Elements Methods (FEM)Elements Methods (FEM);;
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Shooting Shooting –– MethodsMethods
The idea is to transform the BVP into an equivalentThe idea is to transform the BVP into an equivalent
IVP, having an unknown s parameters that solve IVP, having an unknown s parameters that solve 
another problem. another problem. 
For example consider:For example consider:

( , , )
( ) , ( )

y f x y y
y a y bα β
′′ ′=

= =

( , , )
( ) , ( )

y f x y y
y a y a sα
′′ ′=

′= =
( ; )s y x s→ ( ) : ( ; ) 0F s y b s β= − =

IVPIVP
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Shooting Shooting –– Methods (2)Methods (2)

y(b;s1)

y(b;s2)
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ExampleExample-- FreederickszFreedericksz Transition (1)Transition (1)

The process of the electric fieldThe process of the electric field--induced reorientation of the induced reorientation of the 
director, inside a nematic liquid cell is called director, inside a nematic liquid cell is called FreederickszFreedericksz
Transition. All commercial liquid crystal display are based on tTransition. All commercial liquid crystal display are based on this his 
phenomenon.phenomenon.

E=0
Strong 

Anchoring Application of Application of 
the field Ethe field E

E>Eth
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ExampleExample-- FreederickszFreedericksz Transition (2)Transition (2)
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ExampleExample-- FreederickszFreedericksz Transition (3)Transition (3)

Rewriting the second order differential equation as a system of Rewriting the second order differential equation as a system of 
two first order differential equation, and lettwo first order differential equation, and let
we obtain: we obtain: 
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ExampleExample-- FreederickszFreedericksz Transition (4)Transition (4)

Defining MatLab function:Defining MatLab function:

function dydx=free_ode(x,y)
global z
dydx=[y(2) 

-z*sin(2*y(1))];        %ea<0

Mathematical modelMathematical model

function res=free_bc(ya,yb)
res=[ya(1) 

yb(1)];
Boundary constraintsBoundary constraints
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ExampleExample-- FreederickszFreedericksz Transition (5)Transition (5)

function [soly,yc]=lc_freedericksz_iter

solinit=bvpinit(linspace(0,1,10),[1 0]); %Initial Gauss Solution
sol=bvp4c(@free_ode,@free_bc,solinit); %Solver

x=linspace(0,1); %Building of a vector of
%100 equally spaced points between 
%0 and 1

y=deval(sol,x); %Evaluate the numerical solution “sol”
%in the x vector points

soly=y(1,:);
yc=deval(sol,0.5,1); %Evaluate the solution in the middle of 

%the cell
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ExampleExample-- FreederickszFreedericksz Transition (6)Transition (6)

MM--file that call the functions defined before:file that call the functions defined before:
global z;global z;
zizi=0:.1:70;=0:.1:70;
x=linspace(0,1);x=linspace(0,1);
set(gca,'nextplot','replacechildrenset(gca,'nextplot','replacechildren');');
h = waitbar(0,'Please wait...');h = waitbar(0,'Please wait...');
for i=1:length(zi)for i=1:length(zi)

waitbar(i/length(zi),hwaitbar(i/length(zi),h))
z=z=zi(izi(i););
[[s(:,i),yc(is(:,i),yc(i)]=)]=lc_freedericksz_iterlc_freedericksz_iter;;
%subplot(length(zi),1,i)%subplot(length(zi),1,i)
plot(x,s(:,i),'bplot(x,s(:,i),'b.');.');
axis([0 1 0 1.6])axis([0 1 0 1.6])
S(iS(i)=)=getframegetframe;;

endend
close(hclose(h))
figure;figure;
suzesuze=sqrt(2*=sqrt(2*zizi););
plot(suze,yc,'bplot(suze,yc,'b.');.');
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ExampleExample-- FreederickszFreedericksz Transition (7)Transition (7)

In agreement withIn agreement with
theoretical threshold valuetheoretical threshold value

cE
dξ
π
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Finite Difference MethodFinite Difference Method

The computational domain is broken into The computational domain is broken into 
points (in one dimension) or intopoints (in one dimension) or into
rectangular or cubes (two or three rectangular or cubes (two or three 
dimensional dimension):dimensional dimension):
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Finite Difference Method (2)Finite Difference Method (2)

The derivates are then estimated on this The derivates are then estimated on this 
grid. To derive a formula that can be used grid. To derive a formula that can be used 
to estimate the derivates, we use the to estimate the derivates, we use the 
Taylor series expansions:Taylor series expansions:

2 3

2 3

( ) ( )( ) ( ) ( ) ( ) ( ) ...(1)
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Finite Difference Method (3)Finite Difference Method (3)

Subtracting equation (1) from equation (2) Subtracting equation (1) from equation (2) 
and rearranging gives the and rearranging gives the centeredcentered
difference formula of equation, which is difference formula of equation, which is 
secondsecond--order accurate:order accurate:
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Finite Difference Method (4)Finite Difference Method (4)

For second derivates, we add equations (1) For second derivates, we add equations (1) 
and (2). This yields the secondand (2). This yields the second--order order 
accurate accurate centeredcentered difference formula:difference formula:
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Finite Difference Method (5)Finite Difference Method (5)
In this way we reduce the linear or non linear differential In this way we reduce the linear or non linear differential 
problem into a linear or non linear system of equations. problem into a linear or non linear system of equations. 
In one dimension will have:In one dimension will have:

2
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Finite Element MethodsFinite Element Methods
The domain of a BVP is divide in simple elements The domain of a BVP is divide in simple elements 
((finite elementsfinite elements). The vertices of the elements are ). The vertices of the elements are 
called called nodes, nodes, in which the value of the field in which the value of the field 
variable is to be explicitly calculatedvariable is to be explicitly calculated
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Finite Element Methods (2)Finite Element Methods (2)
The values of the field variable computed at the The values of the field variable computed at the 
nodes are used to approximate the values at nodes are used to approximate the values at 
non nodal points (that is, in the element interior) non nodal points (that is, in the element interior) 
by interpolation of the nodal values. For the by interpolation of the nodal values. For the 
threethree--node triangular example, the field variable node triangular example, the field variable 
inside each triangular is described by:inside each triangular is described by:

where uwhere u11, u, u22, u, u33 are the unknown values of the are the unknown values of the 
field at the nodes, and Nfield at the nodes, and N11,N,N22,N,N33 are the known are the known 
interpolation functions, called interpolation functions, called shape functions.shape functions.

1 1 2 2 3 3( , ) ( , ) ( , ) ( , )u x y N x y u N x y u N x y u= + +



Alarico Summer School 16 May Alarico Summer School 16 May --
25 June 200525 June 2005 9999

FEM ExampleFEM Example

Consider the following second order ordinary Consider the following second order ordinary 
differential equation:differential equation:

subject to boundary conditions:subject to boundary conditions:

First, we divide the oneFirst, we divide the one--dimensional domain into dimensional domain into MM
elementselements bounded by bounded by M+1 M+1 values xvalues xii of the of the 
independent variable, so that xindependent variable, so that x11=0 and x=0 and xM+1M+1=L=L

2

2 ( ),  0      (1)d u dua b cu f x x L
dx dx

+ + = < <

(0) 0    ( ) 0u and u L= =
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FEM Example (2)FEM Example (2)
M elements, M+1 nodesM elements, M+1 nodes

An approximate solution for the our Ode is assumed in the form:An approximate solution for the our Ode is assumed in the form:

1

1

( ) ( )         (2)
M

i i
i

u x N x u
+

=

= ∑%

Where Where uuii is the value of the solution at x=xis the value of the solution at x=xii and and NNii(x(x) is the corresponding ) is the corresponding 
shape function.  The shape function used, shape function.  The shape function used, NNii(x(x)  are non zero over only a )  are non zero over only a 
small portion of the global problem domain.small portion of the global problem domain.
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FEM Example (3)FEM Example (3)
1
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Clearly the shape functions are simplyClearly the shape functions are simply
linear interpolation functions such that thelinear interpolation functions such that the
value of the solution value of the solution u(xu(x)), in x, in xii<x<x<x<xi+1 i+1 is a is a 
linear combination of adjacent linear combination of adjacent ““nodalnodal””
values values uuii and uand ui+1i+1. For example in x. For example in x22≤≤xx≤≤xx33:                    :                    

2 2 3 3( ) ( ) ( )u x N x u N x u= +%
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FEM Example (4)FEM Example (4)
Substitution of the assumed solution (2) into the governing Substitution of the assumed solution (2) into the governing 
equation (1) yields the residual:equation (1) yields the residual:
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Applying Applying GalerkinGalerkin’’ss weighted residual method, using each weighted residual method, using each 
shape function as a weighting function, we obtain:shape function as a weighting function, we obtain:
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FEM Example (5)FEM Example (5)
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% %
% Residual inside each elementResidual inside each element

GalerkinGalerkin’’ss Method inside the elementMethod inside the element

Applying integration by parts to the first integral of (3) resulApplying integration by parts to the first integral of (3) results in: ts in: 
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FEM Example (6)FEM Example (6)
Expressing the integral (4)  for  each element we obtain:Expressing the integral (4)  for  each element we obtain:
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FEM Example (5)FEM Example (5)
Hence the integration of the equation (4) yields, M+1 Hence the integration of the equation (4) yields, M+1 
algebraic equations in the M+1 unknown nodal solution algebraic equations in the M+1 unknown nodal solution uuii, , 
and these equation is rewritten in the matrix form:and these equation is rewritten in the matrix form:

KU=FKU=F
Where K is the system matrix, U is the vector of unknown Where K is the system matrix, U is the vector of unknown 
nodal nodal ““displacementdisplacement”” and F is the vector of nodal and F is the vector of nodal ““forcesforces””
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Finite Element Methods (3)Finite Element Methods (3)

The skeleton of the program structure of the The skeleton of the program structure of the 
finite element analysis:finite element analysis:

Read input data and allocate proper array sizeRead input data and allocate proper array size
Calculate element matrices and vectors for very Calculate element matrices and vectors for very 
elementelement
Assemble element matrices and vectors into the Assemble element matrices and vectors into the 
system matrix and vectorsystem matrix and vector
Apply constraints to the system matrix and vectorApply constraints to the system matrix and vector
Solve the matrix equation.Solve the matrix equation.
Plot and/or print desired results.Plot and/or print desired results.
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MM--file Programfile Program
%----------------------------------------------------------------------------
% to solve the ordinary differential equation given as          
%   a u'' + b u' + c u = 1,  0 < x < 1                          
%   u(0) = 0  and  u(1) = 0
% using 5 linear elements
%
% Variable descriptions                                         
%   k = element matrix                                          
%   f = element vector
%   kk = system matrix                                             
%   ff = system vector                                          
%   index = a vector containing system dofs associated with each element     
%   bcdof = a vector containing dofs associated with boundary conditions     
%   bcval = a vector containing boundary condition values associated with
%           the dofs in 'bcdof'                                              
%----------------------------------------------------------------------------
clear;
Close all;
%------------------------------------
%  input data for control parameters
%------------------------------------

nel=20;                          % number of elements
nnel=2;                          % number of nodes per element
ndof=1;                          % number of dofs per node
nnode=nel+1;                % total number of nodes in system
sdof=nnode*ndof;         % total system dofs

%-----------------------------------------
%  input data for nodal coordinate values
%-----------------------------------------

%gcoord(1)=0.0;  gcoord(2)=0.2;  gcoord(3)=0.4;  gcoord(4)=0.6;
%gcoord(5)=0.8;  gcoord(6)=1.0;   
gcoord=0.0:1/nel:1; %this are the coordinates of the nodes
%-----------------------------------------------------
%  input data for nodal connectivity for each element
%-----------------------------------------------------

%nodes(1,1)=1;  nodes(1,2)=2;  nodes(2,1)=2;  nodes(2,2)=3;
%nodes(3,1)=3;  nodes(3,2)=4;  nodes(4,1)=4;  nodes(4,2)=5;
%nodes(5,1)=5;  nodes(5,2)=6;  

nodes(:,1)=1:(length(gcoord)-1);
nodes(:,2)=2:length(gcoord);
%-----------------------------------------
%  input data for coefficients of the ODE
%-----------------------------------------

acoef=1;                % coefficient 'a' of the diff eqn
bcoef=-3;               % coefficient 'b' of the diff eqn
ccoef=2;                % coefficient 'c' of the diff eqn
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MM--file Program (2)file Program (2)
%-------------------------------------
%  input data for boundary conditions
%-------------------------------------

bcdof(1)=1;             % first node is constrained
bcval(1)=0;             % whose described value is 0 
bcdof(2)=nnode;           % 101th node is constrained
bcval(2)=0;             % whose described value is 0

%-----------------------------------------
%  initialization of matrices and vectors
%-----------------------------------------

ff=zeros(sdof,1);       % initialization of system force vector
kk=zeros(sdof,sdof);    % initialization of system matrix
index=zeros(nnel*ndof,1);  % initialization of index vector

%-----------------------------------------------------------------
%  computation of element matrices and vectors and their assembly
%-----------------------------------------------------------------

for iel=1:nel           % loop for the total number of elements

nl=nodes(iel,1); nr=nodes(iel,2); % extract nodes for (iel)-th element
xl=gcoord(nl); xr=gcoord(nr);% extract nodal coord values for the element
eleng=xr-xl;            % element length
index=feeldof1(iel,nnel,ndof);% extract system dofs associated with element

k=feode2l(acoef,bcoef,ccoef,eleng); % compute element matrix
f=fef1l(xl,xr);                     % compute element vector
[kk,ff]=feasmbl2(kk,ff,k,f,index);  % assemble element matrices and vectors

end

%-----------------------------
%   apply boundary conditions
%-----------------------------
[kk,ff]=feaplyc2(kk,ff,bcdof,bcval);

%----------------------------
%  solve the matrix equation
%----------------------------
fsol=kk\ff;   

%---------------------
% analytical solution
%---------------------
c1=0.5/exp(1);
c2=-0.5*(1+1/exp(1));
for i=1:nnode
x=gcoord(i);
esol(i)=c1*exp(2*x)+c2*exp(x)+1/2; 
end

%------------------------------------
% print both exact and fem solutions
%------------------------------------
num=1:1:sdof;
store=[num' fsol esol']

figure;
plot(gcoord,fsol,'r.-');
hold on;
plot(gcoord,esol)
legend('FEM Solution','Exact Solution');
titolo=['Mesh with ',int2str(nel),' elements'];
title(titolo);
%---------------------------------------------------------------
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MM--file Program (3)file Program (3)
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Introduction to Introduction to SimulinkSimulink

SimulinkSimulink is an extension to MatLab which uses a is an extension to MatLab which uses a 
iconicon--driven interface for the construction of a block driven interface for the construction of a block 
diagram representation of a process. diagram representation of a process. 
A block diagram is simply a graphical A block diagram is simply a graphical 
representation of a process (which is composed of representation of a process (which is composed of 
an input, the system, and an output).an input, the system, and an output).

SYSTEMSYSTEMINPUTINPUT OUTPUTOUTPUT
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Why use Why use SimulinkSimulink??
Realistic physical and/or engineering systems can be Realistic physical and/or engineering systems can be 
modelled as several blocks (modelled as several blocks (““particlesparticles””) connected by links) connected by links

•• Inputs are often knownInputs are often known
•• Outputs may also be measured Outputs may also be measured 
•• Systems may be too complex to solve manuallySystems may be too complex to solve manually

Instead of writing MatLab code, we simply connect the necessary Instead of writing MatLab code, we simply connect the necessary 
blockblock together to construct the block diagram. The together to construct the block diagram. The blockblock represent represent 
possible inputs to the system, parts of the systems, or outputs possible inputs to the system, parts of the systems, or outputs of the of the 
system. system. SimulinkSimulink allows the user to easily simulate systems of linear allows the user to easily simulate systems of linear 
and nonlinear ordinary differential equations. and nonlinear ordinary differential equations. 
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Starting Starting SimulinkSimulink

Type Type ““simulinksimulink”” in the command window or select in the command window or select 
““new new simulinksimulink modelmodel”” at the top of the MatLab at the top of the MatLab 
command windowcommand window
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Main Main SimulinkSimulink WindowWindow

To build a system, you have to drag blocks from the main To build a system, you have to drag blocks from the main 
windows and drop into the model window.windows and drop into the model window.

SourceSource SystemSystem SinkSink
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Basic ElementsBasic Elements
Blocks and lines are the two major items in a Blocks and lines are the two major items in a SimulinkSimulink
ModelModel

Blocks are used to generate, modify, combine, output and Blocks are used to generate, modify, combine, output and 
display signalsdisplay signals
Sources Sources –– Used to generate various signals (e.g. a step Used to generate various signals (e.g. a step 
function, harmonic force etc)function, harmonic force etc)
Sinks Sinks –– Used to output or display signalsUsed to output or display signals
Lines are used to transfer signals between blocksLines are used to transfer signals between blocks

Blocks may have zero to several input or output Blocks may have zero to several input or output 
terminals. terminals. 



Alarico Summer School 16 May Alarico Summer School 16 May --
25 June 200525 June 2005 115115

Continuous systemsContinuous systems
Most physical systems are modelled as continuous systems, Most physical systems are modelled as continuous systems, 
since they can be described using differential equations.since they can be described using differential equations.
Any systems that can be described using linear differential Any systems that can be described using linear differential 
equations may be modelled using four primitive blocks:equations may be modelled using four primitive blocks:

Gain BlocksGain Blocks
Sum BlocksSum Blocks
Derivative BlocksDerivative Blocks
Integrator BlocksIntegrator Blocks
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Gain BlocksGain Blocks

The simplest block diagram element is the gain The simplest block diagram element is the gain 
block. The output of the gain block is the input block. The output of the gain block is the input 
multiplied by a constant:multiplied by a constant:

x(tx(t)) y(ty(t)) y(ty(t)=k*)=k*x(tx(t))≡

This block, i.e. can model an linear electric resistance or a liThis block, i.e. can model an linear electric resistance or a linear elastic spring near elastic spring 
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Sum BlockSum Block

The sum block permits us to add two or The sum block permits us to add two or 
more inputs. The output of the sum block, more inputs. The output of the sum block, 
is the algebraic sum of the inputs:is the algebraic sum of the inputs:

xx11(t)(t)

xx22(t)(t)

y(ty(t)) ≡ xx11(t)(t)--xx22(t) = (t) = y(ty(t))
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Derivative BlockDerivative Block

The derivative block computes the time rate of its The derivative block computes the time rate of its 
input. The block represents the differential equation input. The block represents the differential equation 
y(ty(t)=)=dx(t)/dtdx(t)/dt. Another useful representation derived . Another useful representation derived 
by Laplace transform of the derivative of a function by Laplace transform of the derivative of a function 
(ignoring initial condition) is:(ignoring initial condition) is:

( ) ( ( )) ( )dx tL sL x t sX s
dt

⎛ ⎞ = =⎜ ⎟
⎝ ⎠

d
dt ss ≡
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Integrator BlockIntegrator Block

The integrator block computes the time integral of The integrator block computes the time integral of 
its input from the starting time to present. The its input from the starting time to present. The 
integrator block represents the equation:integrator block represents the equation:

Using again a Laplace transform for the integral, Using again a Laplace transform for the integral, 
we have another representation for the block:we have another representation for the block:

0

0( ) ( ) ( )
t

t

y t y t x dτ τ= + ∫
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Example of a continuous systemExample of a continuous system

Considering the springConsidering the spring--massmass--dashpot system dashpot system 
depicted in figure. Ignoring friction, we obtain the depicted in figure. Ignoring friction, we obtain the 
following differential equation of motion for the following differential equation of motion for the 
System: System: mx cx kx F+ + =&& &
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Example of a continuous system (2)Example of a continuous system (2)

Rewriting the model for the system in this Rewriting the model for the system in this 
way:                      , the block diagram of the way:                      , the block diagram of the 
system will be:system will be:

F c kx x x
m m m

= − −&& &

( )x t&& ( )x t&SYSTEMSYSTEMINPUTINPUTFF OUTPUTOUTPUT xx



Alarico Summer School 16 May Alarico Summer School 16 May --
25 June 200525 June 2005 122122

Example of a continuous system (3)Example of a continuous system (3)

Now, with m= 1Kg, k=1 N/m , c=5N*Now, with m= 1Kg, k=1 N/m , c=5N*s/ms/m,, ,, F(tF(t)= u(t)= u(t--10) (step 10) (step 
function that is 0 for t function that is 0 for t ≤≤ 10s and 1 for t>10s) and initial condition10s and 1 for t>10s) and initial condition

, we obtain the following dynamics, we obtain the following dynamics(0) 0, (0) 0x x= =&
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Example of a continuous system (4)Example of a continuous system (4)

Instead of with m=10, k= 1 and c= 1, we will have:Instead of with m=10, k= 1 and c= 1, we will have:
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Many thanks for Many thanks for 

your kind attentionyour kind attention


