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ABSTRACT

Context. Interactions between stellar-mass black holes (BHs) and the accretion disks of supermassive BHs in active galactic nuclei
(AGN) constitute a promising channel for the formation of gravitational wave sources. The efficiency of this process depends critically
on how embedded BHs evolve under the influence of gaseous drag. Previous studies have assumed laminar disk conditions, leading
to idealized configurations with BHs on circular, coplanar orbits. However, AGN disks are expected to be turbulent, and the impact of
turbulence on BH orbital evolution remains largely unexplored.

Aims. We investigate how AGN disk turbulence affects the orbital dynamics of a stellar-mass BH initially located at a migration trap,
focusing on the long-term behavior of eccentricity and inclination in the quasi-embedded regime.

Methods. We developed a semi-analytical framework in which turbulence is modeled as a stochastic velocity field acting through a
modified drag force. We integrated the resulting stochastic differential equations both in Cartesian coordinates and in orbital elements
using a linearized perturbative approach and compared these results with full numerical simulations.

Results. Eccentricity and inclination evolve toward steady-state Rayleigh distributions, with variances determined by the local disk
properties and the ratio of the gas damping rate to the orbital frequency. The analytical predictions agree well with the numerical
simulations. We provide closed-form expressions for the variances in both the fast and slow damping regimes. These results are
directly applicable to Monte Carlo population models and can serve as physically motivated initial conditions for hydrodynamical
simulations.

Conclusions. Turbulent forcing prevents full circularization and alignment of BH orbits in AGN disks, even in the presence of strong
gas drag. This has important implications for BH merger and binary formation rates, which are sensitive to the residual eccentricity
and inclination. Our results highlight the need to account for turbulence-induced stochastic heating when modeling the dynamical

evolution of compact objects in AGN environments.
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1. Introduction

Gravitational waves (GWs) are rapidly becoming a pow-
erful tool to probe the complex dynamics of dense stellar
environments and the physics of compact objects lurk-
ing at their centers (Mapelli 2021; Speraetal. 2022;
The LIGO Scientific Collaboration et al. 2023; Abbott et al.
2023). Upcoming ground-based detectors such as the Einstein
Telescope (ET, Punturo et al. 2010) and the Cosmic Explorer
(CE, Reitze et al. 2019) will significantly extend sensitivity to
lower frequencies and larger volumes, enabling the detection
of black hole (BH) mergers out to high redshift and providing
improved access to the early inspiral phase of stellar-mass
binaries (Maggiore et al. 2020; Branchesi et al. 2023). Com-
plementing these efforts, future space-borne GW detectors
such as LISA (Amaro-Seoane et al. 2017) or TAIJI (Hu & Wu
2017) will open the sub-Hz band, allowing the detection of
long-lived inspirals involving both supermassive BH (SMBH)
binaries and stellar-mass BHs in extreme mass-ratio configura-
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tions (Hopman & Alexander 2005; Amaro-Seoane et al. 2007,
Mandel et al. 2008; Babak et al. 2017).

As GW detectors reach higher sensitivity, attention is turn-
ing to the role of environmental effects in shaping binary evo-
lution (Zwick et al. 2024, 2025; Takatsy et al. 2025). Among
these, gas-rich environments such as active galactic nuclei
(AGNs) offer particularly promising prospects. Interactions
with AGN accretion disks can significantly alter the dynam-
ics of embedded BH binaries through hydrodynamic drag,
accretion torques, and disk-driven migration, potentially accel-
erating inspiral or exciting orbital eccentricity (Stone et al.
2016; Ishibashi & Grobner 2020; Li et al. 2021, 2023; Li & Lai
2022, 2023, 2024; Dempsey et al. 2022; Samsing et al. 2022;
Rowan et al. 2023, 2024a,b, 2025a; Whitehead et al. 2024a,b,
2025a,b; Dittmann et al. 2024, 2025; Dodici & Tremaine 2024;
Mishra & Calcino 2024; Trani et al. 2024). These effects may
leave detectable imprints on the GW signal, opening a win-
dow onto the astrophysical environments in which BH merg-
ers occur. Other mechanisms, such as dynamical friction
from dark matter spikes, have also been thought to influence
binary evolution in galactic nuclei (e.g., Hannuksela et al. 2020;
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Montalvo et al. 2024; Mukherjee et al. 2024; Dosopoulou 2024;
Fischer & Sagunski 2024; Kavanagh et al. 2025). However,
AGN-assisted mergers are particularly compelling because they
may also produce electromagnetic counterparts through shocks,
variable accretion, or relativistic jets, thus enabling multi-
messenger observations (Graham et al. 2020; Ren et al. 2022;
Gayathri et al. 2023; Tagawa et al. 2023, 2024; Chen & Dai
2024).

Magnetohydrodynamical simulations have revealed that disk
dynamics, ranging from protoplanetary to AGN scales, are
largely governed by turbulence driven by magnetorotational
instability (Balbus & Hawley 1998; Janiuk et al. 2004; Armitage
2011; Zubovas et al. 2024). This turbulence can induce sub-
stantial density and velocity fluctuations, which can have a
strong impact on the orbital evolution of embedded objects
(Papaloizou et al. 2004; Nelson & Papaloizou 2004; Nelson
2005; Johnson et al. 2006; Oishi et al. 2007; Yang et al. 2009,
2012; Nelson & Gressel 2010).

From the perspective of kinetic (i.e., particle based) simu-
lations, only limited attention has been paid to the impact of
the density fluctuations on the orbit of objects embedded in tur-
bulent gaseous disks (Rein & Papaloizou 2009; Baruteau & Lin
2010; Secunda et al. 2019), and even less effort has been devoted
to modeling the direct impact of turbulent velocity fields. A
key obstacle lies in the broad range of scales involved: hydro-
dynamic turbulence evolves rapidly on small spatial scales,
whereas orbital motion proceeds more slowly and over larger
distances. This disparity makes it computationally challenging
to simultaneously resolve both the trajectory of a compact object
and the collective dynamics of the surrounding disk within a sin-
gle hybrid simulation.

In this work, we investigated the role of turbulence in shap-
ing the orbital evolution of a stellar-mass BH embedded in the
accretion disk of an SMBH, focusing on orbits near the migra-
tion trap radius. To this end, we developed a semi-analytical
framework based on a stochastic differential equation that cap-
tures turbulent velocity fluctuations through a time-varying drag
coeflicient.

The paper is organized as follows. In Sect. 2 we introduce the
AGN disk model, the governing equations, and the numerical
techniques employed. In Sect. 3 we present the results of our
semi-analytical calculations and construct a reduced model to
interpret the key features. Finally, in Sect. 4 we summarize our
findings and discuss their astrophysical implications.

2. Models
2.1. The turbulent AGN disk model

In our kinetic model, we account for the effect of a turbulent
AGN disk via an effective friction and diffusion process. The
equation of motion for the secondary BH of stellar mass (mgy)
orbiting in the gravitational field of the SMBH Mgy reads

d’r _ -
@ - ]"3 r— 77(0, Rs Z)Vs (1)
where 7 is the local (i.e., dependent on the cylindrical radial posi-
tion and vertical distance z) friction coefficient, accounting for
the drag force exerted by the disk. The relative velocity, V, is
defined as

V =V — Veirc — Viurb-

@)

In the equation above, v = I; V¢ is the gas circular velocity at
cylindrical radius R, of magnitude vej;e = VGMpy/R. Vi is the
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Fig. 1. Dependency of Ostriker (1999) the dynamical friction prescrip-
tion as a function of the mach number M (Eq. (4)). The dotted line
marks the linear interpolation used to circumvent the mathematical dis-
continuity at M = 1. The dashed line indicates the linear subsonic limit.

stochastic fluctuation of v, induced by the turbulent gas motion
in the disk. The drag coefficient is defined by

IM)

n = 4nG’pmpy——— ©)
v

where the quantity / is given as a function of the local Mach
number M = /¢, by the Ostriker (1999) prescription

1 1+ M
| - .
%Ogl—Ml M M<0.095,
1= 4

0.88 + 10.3(M - 0.95) clsewhere.

In the definition above, the third expression is a linear interpo-
lation between the subsonic and supersonic regimes' to over-
come the mathematical discontinuity at M = 1 (see Fig. 1 and
DeLaurentiis et al. 2023).

We note that the model given by Eq. (1) cannot be reduced
in terms of a simple second order Langevin equation (see, e.g.,
the discussion in Sartorello et al. 2025) of the form
f=-VO0—ngr+ 4f, 5)
where of is a fluctuating force per unit mass, as the velocity fluc-
tuations induced by turbulence also enter explicitly the definition
of the friction coefficient 7.

In this work we neglected the gravitational field of the AGN
disk and assumed an axisymmetric density p(R, z) of the form

2
P(R,2) = prexp (——) ; (6)

2H?
where pg and Hg are the midplane density and scale height
at cylindrical radius R, respectively. In the numerical simula-
tions discussed hereafter, we interpolated its parameters from
a 1D AGN model generated with pagn (Gangardt et al. 2024).
We adopted the Sirko & Goodman (2003) model with Mgy =

' Note that, in the limit of M > 1, one recovers the classical expres-
sion for the Chandrasekhar (1943) dynamical friction in a collisionless
gravitational system of mean mass density p.
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Fig. 2. Radial profiles of the AGN disk employed in this work. From
top to bottom: midplane gas density p, sound speed c;, disk aspect ratio
h/R, and magnitude of the migration torque I'. The migration torque
assumes a secondary BH mass of mpy = 20 M. The outer migration
trap lies within the star formation region, which begins at R ~ 767 au.

10’ M, and the alpha viscosity @ = 0.01, the Eddington lumi-
nosity ratio Ir = 0.5, and the radiative efficiency € = 0.1. The
density profile of the disk was truncated at R = 2 x 107 R,.
Throughout this work we assumed mpy = 10Mg. Figure 2
shows the radial density in the midplane of the AGN disk (top
panel, corresponding to pg in Eq. (6)), its sound speed and scale
height profiles (mid-panels), as well as the magnitude of the so-
called migration torque I" (bottom panel), defined as the effec-
tive force exerted on mpy by the leading and trailing spiral
density waves induced by the perturbations of the disk density.
The migration torque is evaluated as in Gangardt et al. (2024, see
also Masset 2017, Guilera et al. 2021, Grishin et al. 2024). The
model disk has two migration traps, Rqp,1 = 121 au = 1230R,
and Rypp =~ 939au ~ 9512 R,, indicated in the figure by the
vertical dashed lines. They are defined as the radii at which
the torque I is such that, for R < Ryqp,;, the particle mpy is
pushed outward, and inward otherwise. For reasons of simplic-
ity, as we only considered initial conditions starting at migra-
tion traps, we neglected the effect of the migration torque in our
model.

Table 1. Symbols used in the manuscript.

)
<
8
3
e

Description

Semimajor axis
Eccentricity
Inclination
Argument of pericenter
Longitude of ascending node
Longitude of pericenter (w + Q)
True anomaly
Argument of latitude (w + V)
Gravitational parameter (G Mgy)
Sound speed
Disk viscosity parameter
Disk scale height
Cylindrical radial coordinate
Vertical coordinate
General drag coefficient
Subsonic-limit drag coefficient
Velocity of the object
Circular velocity of the disk gas
Turbulent velocity perturbation
Turbulent velocity dispersion
Te Autocorrelation time of turbulence
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2.2. Governing equations

Starting from Eq. (1) in Cartesian coordinates, we derived the
Gaussian perturbation equations in terms of Keplerian orbital
elements using standard perturbative techniques (see Beutler
2005). All numerical results in this work are based on the full
form of these equations, which we independently validated by
comparing with direct integrations of Eq. (3) in Cartesian coor-
dinates (see Sect. 2.3). To develop analytical insight, however,
we also considered simplified versions of the perturbation equa-
tions that capture the essential physics while remaining more
tractable. Refer to Table 1 for the full list of symbols used in
this manuscript.

Rather than using the full expression for 7(7), which depends
on a complex nonlinear dependence on the relative velocity, we
took advantage of the fact that the orbits under consideration
are fully embedded within the AGN disk. These orbits typically
have low eccentricities (¢) and inclinations (¢). To first order in
e and ¢, the relative velocity (excluding contributions from the
turbulence) are approximated as

3
7 ~ vgim [eZ (1 -2 cos? v) + 2 cos? u} , @)

where v is the true anomaly and ¥ = w + v is the argument
of latitude. For a stellar-mass BH embedded in the disk with
e,t < 1, the relative velocity satisfies I < veie = cs(H/R)™!,
where the expression for v follows from vertical hydrostatic
equilibrium.

Given that the disk aspect ratio satisfies H/R > 0.01 every-
where (see Fig. 2), we obtain ¥ < ¢, and the gas friction is
always subsonic. In this regime, for Mach numbers M <« 1
(a condition that holds up to M =~ 0.5; see Fig. 1), the drag
coefficient in Eq. (3) becomes independent of § and simplifies to

B 4nG?p mgy
3¢

®)

*
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Here, p retains its dependence on the radial and vertical coor-
dinates R and z, as given by Eq. (6). For convenience, we also
define the associated damping timescale 7,:

1 3¢

‘('* = —= —
n.  4nG’pmpy

€))

Consequently, in the subsonic regime, the drag force
becomes linear in the velocity 7, allowing us to decompose the
acceleration appearing in Eq. (1) into the deterministic compo-
nent

dzl' GMBH

F " == 3 r —17.(V = Veire)s (10)

and the stochastic fluctuating term

d’r

? = N« Viurb- (1 1)
[ sto

In practice, one can collect 77, and vy, in Eq. (11) into an effec-
tive fluctuating force of., thereby basically recovering Eq. (5).

Using standard first-order perturbation theory, the Gaussian
equations governing the evolution of the semimajor axis (a), the
eccentricity (e), the inclination (¢), the argument of pericenter
(w), the longitude of pericenter (w = w + €2), and the longitude
of ascending node (Q2) derived from the deterministic component
of the equations Eq. (10) read

da 2an, cost (1 + ecosv)>/?
“__ n2(1+e2+2ecosv— ( 3 ,
dr I-e (cos? ¢ + cos? usin® 1)3/4
(12)
de (cosv+ e+ cosv )
dr 1 1+ ecosv
( cost (1 + ecosv)!/? ) =
1+ecosv— — —en, sin“ v,
(cos? ¢ + cos? usin” 1)3/4
(13)
de cos? u sint
@ 1/2(cos? 2, gin2 y)34 (14)
de (1 4+ ecosv)!/2(cos? u + cos? ¢ sin” u)3/
dw sinu (2 cost (2 + ecosv) )
— = 1k - . ’
dr e (1 + ecosVv)/2(cos? ¢ + cos? usin® ()3/4
(15)
dQ sin u cos u
a - 1/2( o2 2, <in2 \3/4 (16)
dr (1 + ecosv)!/2(cos? u + cos? ¢ sin” u)3/

This system is closed by the usual two-body expressions for
dv/dt and dw/dt, while ensuring that the reference frame con-
tributions are taken into account (e.g., Burns 1976):

v e + ecosv)? _dw (17
ar Nd@ (1-e2)32 dr’

dow dw dQ

-~ _ = _ /. 1
@ dr P (18)

Here, u = GMgy denotes the standard gravitational parameter.
To gain analytical insight, we expanded the perturbation
equations to first order in e and ¢. The resulting linearized system
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for the orbital elements reads:

d
d_ctl = —1.aeCos U, (19)
de
- = —n.e, 20
< = he (20)
d
d—; = —n.cos’ u, 2
d 1
d_itv = Zn*e coszvsinv, (22)
dQ 1
i zr]*(cosv —2)sinucos u. (23)

To model the stochastic component of the orbital evolution,
we assumed that the turbulent velocity perturbation, vy, fol-
lows a stationary stochastic Gaussian process with an autocorre-
lation function given by

[t — 0ol
(Vb (1) V(1)) = G(ty — 1) = 02, €XP (— IT z ), (24)

C

where o2, = (v ) is the variance of the turbulent veloc-

ity field, and 7. = 1/Q is the autocorrelation time, with
Q.ir denoting the local gas circular frequency at the position
of the stellar-mass BH mpy. This assumption is consistent with
previous models of turbulence in protoplanetary disks (e.g.,
Rein & Papaloizou 2009; Picogna et al. 2018). The amplitude of
Varb 1S directly related to the local kinematic viscosity of the
disk, which within the framework of @-disks, is given by

(25)

Viin = acsH.

2

It follows that the 1D variance of the turbulent velocity field o,

field reads

Vi

2 _ Vkin _ _ 2

w = = acsH Qe = acy,
C

o (26)

where the last identity uses H = c¢;/Qcir, Which follows from
vertical hydrostatic equilibrium.

The turbulent velocity vector in Cartesian coordinates is
expressed as

Uturb,r sin¢ + Uturb,¢ COS @1, (27)

Uturb,r COS s Uturb,¢ sin 10
Viurb =
Uturb,z

where ¢ is the cylindrical azimuth of the BH, i.e., the angle in
the disk plane from the +x axis to the projection of the BH posi-
tion onto the x—y plane, such that vy, and vy, are the radial
and azimuthal components of the turbulent velocity at the BH
location, and vy ; is the vertical component. We assumed that
the radial, azimuthal, and vertical components of v, were inde-
pendent, stationary Gaussian processes, each with variance a'tzurb.

Deriving the Gaussian perturbation equations corresponding
to the stochastic acceleration term in Eq. (11) is cumbersome but
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straightforward. The full set of equations reads:

da / a’ ) .
T =1, m{ [e sinv (cos2 ¢ + cos? u sin? L)l/z] Vturb,

cost (1 +ecosv)

~

B Vturb,¢
(cos? u + cos? ¢ sin® u)!/2

+ sin¢ (e cos w + cos u) vmrb,z}, (28)
de a(l1-¢e?) (] . .
— =1y | —4| sinv (cos2 ¢ + cos? u sin? L)1/2+
dr U
e +cosv sin® ¢ sinu cos u
—|cosv + — Vturb.r
I +ecosv/ (cos? u+ cos?¢sin” u)!/2
[ cost ( L etcosy )}
- CoSV + ——— | Vb g
(cos? u + cos? ¢ sin® u)!/2 1 +ecosv

+

. . e+ Ccosv .
sinvsinu + (cosv + ———— | cos u| sin¢ vuyrb ¢ s

1 +ecosv
(29)

de a(l —e?) cos u
—=-n : )
dt u (1 + e cosv)(cos? u + cos? ¢ sin” u)!/2

{ SIN L COS ¢ SIN U Vyyrp, - + SIN L COS U Vyyety g+

2

— (cos® u + cos 30)

d B / 1-e? .
o a(—e){ - [COSV(COSzt + cos2us1n2L)l/2 31
dr e u

(2 + ecosv)
+

¢ sin? u)l/2 CcoSt vmrb,z},

sin® ¢ sin"v sin u cos u

Uturb,r
1+ecosv

(cos? u + cos? ¢ sin® u)!/2
2+ ecosv
+
1+ecosv

cos ¢ sinv

- Uturb, ¢
(cos? u + cos? ¢ sin? u)l/z}

(2 + ecosv

cos U sin'v — cosvsinu | sin ¢ vy ; ¢
1+ecosv

(32)

dQ a(l —e?) sinu [ COS £ SN U Vyyrp
— = :
dr i 1+ecosv|(cos?u+ cos?tsin® u)!/?

cosu

COSt

—Uturb,z |-
Sin¢

Vturb,p — (33)

(cos? u + cos? ¢ sin® u)!/2
We could, in principle, linearize Eqs. (28-33) in e and ¢, fol-
lowing the same procedure used for the deterministic system in
Egs. (12-16). However, the turbulent velocity dispersion oy 1S
itself of order O(e, ¢), as shown in Egs. (7) and (26). Therefore,
to ensure consistency with the perturbative order of the deter-
ministic equations, we expand Egs. (28-33) to zeroth order in
eccentricity and inclination:

da a

ar 2an. \/Ev‘ufb,rpv GY
de a :

dt =1« /_1 (UTurb,r smv + ZUturb,ti: cos ’V> ’ 3)
de a

E =1« \/ECOS U Vturb,z» (36)

do n. Ja .
—_— = /= (— COSV Ugyrb » + 2 8IiNV Uturb,ag) s

37
dr e Vu 37

L2 Sin e (38)
dr i Vu ’

A numerical integration of the reduced stochastic system given
by Egs. (34-38) alongside the linearized deterministic system
in Egs. (19-23) yields results that are virtually indistinguishable
from those obtained using the full equations, Eqgs. (12—16) and
(28-33). Furthermore, the latter reduced equations remain valid
across the entire Mach number range, provided that the drag
coefficient 1, in Eq. (8) is replaced with its general expression
n from Eq. (3).

2.3. Numerical methods

In the numerical simulations discussed in the next section,
we integrated the system of first-order differential equa-
tions (Egs. 12-16) governing the evolution of the Keple-
rian elements using an eighth-order Dormand—Prince scheme
(Hairer & Wanner 1993). The drag coefficient 7, was replaced
with its general form 7(7, R, z) to account for full velocity and
spatial dependence. We employed an adaptive timestep, 6¢, with
a relative tolerance of 1073, Turbulent velocity fluctuations were
modeled as a 3D Gaussian random process with isotropic veloc-
ity dispersion o, = +acs. The temporal correlation of the
fluctuations is characterized by the correlation time 7, as intro-
duced above (see Terzic & Kandrup 2003; Sideris & Kandrup
2004 for further discussion). To implement this, we defined a
decay factor f5, = exp(—dt/7.), such that at each timestep k + 1,
each component of the turbulent velocity vector vy, was inde-
pendently updated from its previous value at step k according to

k+1 _

U = Vin o + (39)

1- f;% g(o—turb),
where G(0 ) denotes a random variate drawn from a Gaussian
distribution with zero mean and standard deviation oy, gener-
ated at each timestep using the Box—Muller algorithm (see, e.g.,
Press et al. 2002).

For comparison, we also integrated the full equation of
motion (Eq. (1)) in Cartesian coordinates for the same AGN
model and stochastic prescription. In this case, we adopted a
second-order modified midpoint leapfrog integrator with a fixed
timestep ¢ = 10~ P, where P is the orbital period of mpy around
Mgy (see, e.g., Mikkola & Merritt 2006). After recovering the
Keplerian elements from the Cartesian trajectories using stan-
dard formulae (see, e.g., Roy 2005), we compared the statisti-
cal outcomes of both approaches. For an ensemble of 2 x 103
orbits evolved over 20 unperturbed periods from identical ini-
tial conditions, we find that the spread in eccentricity and semi-
major axis differs by approximately 5% and 25%, respectively.
This discrepancy is attributed to the perturbative nature of the
Keplerian-element equations. In contrast, the average values of
a, e, and ¢ remain in good agreement between the two methods,
with deviations consistently below 1%.

3. Simulations and results
3.1. Evolution of the orbital elements

Figure 3 shows the evolution of the orbital elements of a 20 M,
BH embedded in the AGN disk, comparing cases with and with-
out turbulent forcing. The BH is initially placed at the migration

A6, page 5 of 10
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Fig. 3. Evolution of the semimajor axis (top), the eccentricity (middle), and the inclination (bottom) for an inclined (¢p = 0.5°) and eccentric
(ep = 0.1) BH (mpy = 20 M) undergoing dynamical friction in the AGN disk. The thick blue line indicates the evolution without the turbulent
velocity field, while each thin red line includes a different realization of the turbulent velocity field. The BH is placed at the migration trap within
an AGN disk around a 10’ M, SMBH. The dotted black line is the mean evolution of the realizations including turbulence. In the top panel, the
dot-dashed lines indicate the mean square change in semimajor axis (Aa®) (Eq. (44)). In the middle and bottom panels, the dot-dashed green line
is the ratio between the turbulent velocity dispersion o, and the circular velocity v... The vertical dashed lines indicate the first three midplane
crossings. The turbulence prevents the full circularization and alignment of the embedded BH.

trap radius, R ~ 10* R, ~ 10% au, where the net migration torque
vanishes. It begins with an eccentricity of e = 0.1 and an incli-
nation of ¢ = 0.5°, ensuring that the orbit remains within a few
disk scale heights. At this radius the disk has an aspect ratio of
H/R = 8.5x 1073, corresponding to an inclination of 0.487°. The
BH has an initial period of P = 9.1 yr.

In the absence of turbulence (blue curve), the BH rapidly
circularizes and aligns with the disk midplane. During the first
two orbital periods, dynamical friction is enhanced near the mid-
plane crossings (vertical lines) due to the steep vertical density
gradient. At each crossing, the semimajor axis increases when
the BH passes through the disk from above and decreases when
crossing from below. This asymmetry arises because the first
crossing occurs near apocenter (corresponding to the negative
cosu in Eq. (19)) where the BH’s orbital velocity is lower than
the local circular velocity, allowing it to gain energy from the
gas flow. After approximately three crossings (i.e., ~1.5 orbital
periods), the inclination drops below ~0.18° (zmax/H ~ 0.4),
such that the vertical variations in gas density become negligi-
ble. From this point on, the semimajor axis stabilizes at the final
value of ag, =~ 975au =~ 9.9 x 10* R, while both eccentric-
ity and inclination decay exponentially, consistent with the ana-
lytic expectations from Egs. (20-21) and the results of hydrodyn-
amical simulations (Rowan et al. 2025b; Whitehead et al. 2025b).
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Notably, the inclination decays at an exponential rate of
~1./2.6, which is slightly slower than the rate ~7./2 obtained
by averaging the factor cos’>u in Eq. (21) over the argument
of latitude u. This discrepancy likely arises because the incli-
nation decays too rapidly for u to circulate during the alignment
phase. Given the eccentricity damping timescale 7, = 1/n, =~
0.75yr = 0.08P, the orbit settles into the disk while u librates
around u, = 5.38 such that 1/ cos® u, ~ 2.6, making the decay
rate sensitive to the librating argument of latitude rather than its
time-averaged behavior.

In the joint limit of low eccentricity and inclination, the fixed
point u, can be estimated by setting du/dr = 0, yielding

n[l+2ecos(u—wpy)] = %n* [cos(u — wo) — 2] sin (2u), 40)

where n = 4/u/a® is the mean motion and wy is the argument
of pericenter at the onset of the exponential decay. This tran-
scendental equation admits real roots only in the fast damping
regime 7. > n, i.e., when the damping timescale is shorter than
the orbital period. As n/n. — 0, the solutions collapse onto the
four zeros of sin(2u) = 0. However, only the zeros at 0 and 7w
are physical because the inclination damping in Eq. (21) would
otherwise vanish. Setting e = 0, a first-order expansion in n/1n.
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Fig. 4. Distributions (normalized to one) of the semimajor axis (top),
the eccentricity (middle) and the inclination (bottom) for 2.5 x 10* real-
izations of an embedded BH, evaluated after 20 initial orbital periods.
The initial conditions are identical to those in Fig. 3. In the top panel,
the blue line marks the final semimajor axis from the nonturbulent sim-
ulation, while the green curve shows a Gaussian distribution with stan-
dard deviation given by Eq. (44). In the middle and bottom panels, the
dot-dashed green line is the ratio between the turbulent velocity disper-
sion o, and the circular velocity v, while the green curves indicate
Rayleigh distributions with mean value oy /Ucire- The insets show the
same distributions in logarithm scale, highlighting the presence of fatter
tails with respect to the Rayleigh prediction.

about each root then gives

2
(k) =k - s ke
T n* cos(kzr wy) =2’

We obtain ut” = 5.48, in good agreement with the numerically
determined libration of the argument of latitude. This level of

{0, 1}. 41

agreement is notable given the relatively large value of the ratio
n/n,. = 0.48, which pushes the limits of the fast damping approx-
imation used in the derivation.

In the turbulent case (red curves), the evolution of the BH
becomes stochastic once it settles into the disk at ~1.5 orbital
periods. The semimajor axis begins to diffuse around its final
unperturbed value ag,, as predicted by Eq. (34). Both eccentric-
ity and inclination deviate from the deterministic case, exhibiting
sustained fluctuations above zero. Over time, they reach a steady
state in which stochastic forcing balances dynamical damping.
When ensemble-averaged (dotted black line), e and ¢ converge
to equilibrium values of (e, )eq (1.0 x 1073,1.3 x 1079).
This behavior supports the statistical description we introduced
in Sect. 3.3, where the interplay between linear damping and
stochastic driving yields steady-state Rayleigh distributions for
both e and ¢.

The dash-dotted green lines in the lower panels represent
the order-of-magnitude theoretical equilibrium root mean square
values of e and ¢ based on the ratio between the turbulent veloc-
ity dispersion and the local gas circular velocity, o wb/Ucire =
8.6 x 107* (see Eq. (26)). The good agreement with the mean
values supports the idea that the final state reflects a statistical
balance between stochastic driving and dissipative damping.

3.2. Steady-state distributions of e and ¢

The turbulent velocity field hampers the full orbital circulariza-
tion and alignment of the embedded objects. This occurs because
dynamical friction tends to bring the BH at rest with respect
to the local velocity field, which is dominated by large-scale
turbulent flows. Consequently, the BH’s orbit does not become
fully circular or aligned with the midplane but retains a resid-
ual eccentricity and inclination. On average, the eccentricity and
inclination settle onto a plateau, whose characteristic magnitude
is determined by the ratio of the turbulent velocity dispersion o
and the local circular velocity ... This is shown in Fig. 4, which
depicts the distribution of the eccentricity and inclination of the
embedded BHs after 20 orbital periods, roughly corresponding
to 244 7,.

The semimajor axis undergoes a random walk due to
the stochastic forcing, whose mean square amplitude can be
estimated from statistical considerations. Given the stochastic
derivative in Eq. (34), the mean squared change (Aa?) is

da da 2a0.\* " ("
—,— )= urb (1) Vs (12)d 1 A1,
<dt’dt> (Ucirc) ffvt b (1) Vb (2)dt1 dtp
2an.0 —t
_( an "t“b) f f ( ZI)dtldtz, (43)
Ucirc

which for ¢ > 7. reduces to

(42)

2
turb

(A*)(0) = 8nta 1,

circ

where we used vCIrC = p/a and 72 = a®/u. We plot Eq. (44) as
a function of time in Fig. 3 and show the corresponding normal
distribution in Fig. 4. Our analytic estimate matches the numer-
ical results very well, despite the many assumptions, with small
deviations likely due to neglecting the deterministic derivative in
Eq. (12). In fact, even though any pure deterministic term would
average to zero in Eq. (42), Eq. (12) depends on the eccentricity,
whose mean square value is nonzero, albeit small.

Contrary to what happens for the semimajor axis, the dis-
tributions of e and ¢ settle to a steady state, reasonably well

(44)
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described in terms of Rayleigh distributions. In the middle and
bottom panel of Fig. 4 we compare the distributions obtained
from the numerical integrations (red histograms) with the match-
ing Rayleigh distribution (solid green lines) with a choice of
scale parameter so that the mean value is equal to o / Ucire. FOr
both quantities, the empirical distribution and its semi-analytical
estimate differ by less than the 15% over the significant range
of e and (. We note that, for the distribution of eccentricity,
an even better match is obtained by setting the mean value to
1.20 b /Veire.-

3.3. Stochastic equilibrium of e and ¢

The equations for de/dr and di/dr exhibit similar dynamics. The
deterministic terms in Eqs. (20-21) include linear damping com-
ponents proportional to —7.e and —7.¢, while the stochastic terms
in Egs. (35-36) account for turbulent forcing, proportional to
Vwrb- The deterministic terms drive e and ¢ toward zero, while the
stochastic terms introduce diffusion. We stress the fact that the
above equations are valid in the subsonic regime where the fric-
tion coeflicient reduces to 7. (see Eq. (8)). Over long timescales,
the probability distributions for the eccentricity, $(e), and incli-
nation, P(¢), reach steady-state distributions dictated by the bal-
ance between frictional damping and stochastic forcing. These
steady-state distributions can be derived analytically by exploit-
ing the fact that Eqs. (35-38) and (20-23) are closely related
to the general stochastic differential equation for a Ornstein—
Uhlenbeck process X, (hereafter OU; see, e.g., Risken 1989;
Gardiner 1994) that reads
dX, = —6X,dt + odW,. (45)
In the equation above, 6 is the damping rate, o is the noise inten-
sity, and W, represents the underlying Wiener process. In our
case 17, and oy correspond to 6 and o, respectively. At vari-
ance with the standard OU process, here we consider a Marko-
vian stochastic forcing with an exponentially decaying autocor-
relation function rather than a delta function.

We can explicitly recast the eccentricity evolution equations
into the form of an OU process. While the equation for de/dt
might appear OU-like, it is coupled to the evolution of the lon-
gitude of pericenter dw/dt. To isolate the true linear stochastic
equation, we switch variables to the components of the eccen-
tricity vector:

gy = €Ccos @, (46)

gy = esinw. 47)

After algebraic manipulation, we obtain

N (20t 6 €05 € + vurp, sin ) (48)
dr *Yx * u turb,¢ turb,r 5

dgy _ a .

TR AR R (200arb g i € = vt cOS £, (49)

which describe a 2D OU-like process for the eccentricity vector.
Here £ = @w + v = Q + w + v represents the true longitude. In the
two equations above, the first term represents the deterministic
linear damping 6, and the second term is the stochastic forcing
o due to the radial and azimuthal components of the velocity.

A 1D OU process has a steady-state distribution that is a
Gaussian with zero mean. The variance of this distribution can
be derived using Itd’s calculus (e.g., see Risken 1989; Gardiner
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Fig. 5. Ratio between the damping timescale 7, (Eq. (9)) and the orbital
period P, as a function of the distance from the central SMBH. The
estimate assumes a BH with mass mgy = 20 Mg, based on the AGN disk
profile for SMBHs with masses Mgypy = 10°%,3 x 107,7 x 10%, and
2 % 107 Mg, with & = 0.1. The vertical lines indicate the location of the
migration traps.

1994). We first expressed the solution of Eq. (48) as Itd’s
stochastic integral:

r
gu()=D f exp (= 7.(t = ) Zu(s) ds, (50)
where D = 1, /vcire and Z (1) = 20trb, €OS U(t) + Vpurp, Sin u(?).
The variance of g, is then

(g0 =D fo fo exp( = n.(t1 + 1))
Xyt —11), Z(t — 1)) dry dy

21,02

= f exp(—n.0)S () dr
v 0

circ

_ 2)7*0-12urb A + Qeirc) — Bn

, (51)
U(Z:irc (. + Qciro)2 +n?
where
S(1) = exp (—t/7.) [A cos(nt) — Bsin(nt)], (52)
A =4cos? € +sin® ¢, (53)
B =3cos{sint. 54

We distinguish 7. = 1/Qqi, the correlation time of turbulent
forcing (set by the gas), from the BH’s mean motion n. Although
they are equal in our model, this separation allows us to keep the
generality for more complex models.

The A and B terms depend on the true longitude and need to
be estimated depending on the ratio between the damping rate
n. and the orbital and gas correlation frequencies n and Q..
Figure 5 shows how the damping timescale 7. compares to the
orbital period in the AGN disk.

In the region of the migration trap at R ~ 10* R, we obtain
n/n. =~ 0.48. In this case, the damping acts moderately faster
than the orbital timescale, and we consider the true longitude
¢ to be constant over one damping timescale. However, since ¢
continues to circulate and is not dynamically driven to a fixed
point (unlike the argument of latitude u, which librates around
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u., see Eq. (41)), we do not expect any preferred value of £ dur-
ing the damping. We can thus ensemble average A over ¢, yield-
ing (A) = 5/2. Using 02 = 2(g?). This holds due to the statistical
symmetry between g, and g,. The steady-state variance of the
eccentricity in the fast damping regime reads:

2
o~ 10(M) (fast damping). (55)

Ucirc

In other regions of the AGN disk, or for smaller BHs, the
system can enter the slow damping regime where . < n. In
this case, the true longitude circulates rapidly compared to the
damping timescale, and we can average over its values. As a
result, the stochastic forcing averages over all phases, leading
to the orbit-averaged values of (A) = 5/2 and (B) = 0. The
resulting eccentricity variance in the slow damping regime is

2
o2 =5 - (m) (slow damping), (56)

n \ Ucirc

where we set Q. = n. This expression shows that the stochas-
tic excitation is suppressed by the small parameter n./n <« 1,
reflecting the fact that the orbital motion rapidly de-correlates
each turbulent kick before it can accumulate significant eccen-
tricity.

The variance of the inclination, o2, can be derived by apply-
ing the same OU process analysis to the inclination vector com-
ponents obtained via the change of variables:

h, =icosQ,
h, = isinQ.

(57)
(58)
In this formulation, &, and A, follow stochastic differential equa-

tions analogous to those for eccentricity. The resulting steady-
state variance of ¢ takes the form:

2 (gun) ,
2 (Tur R if n, > n (fast damping),
2 3\ Ueire
o, = 2 (59)
P (m) , ifn.<n (slow damping).
n Ucirc

These analytical results are consistent with the numerical simu-
lations shown in Fig. 4, and they account for the observed dif-
ference between o, and o,. In particular, they explain why the
steady-state variance of eccentricity exceeds that of inclination.
For the simulations considered here, the ratio n/n. ~ 0.48 places
the system between the fast and slow damping regimes, leading
to intermediate values of o, and o.

4. Summary and conclusions

Using semi-analytical stochastic methods and numerical simula-
tions, we investigated the drag exerted by a turbulent AGN disk
surrounding an SMBH on a stellar-mass BH initially located
at the migration trap. We introduced a numerical technique,
inspired by analogous studies in protoplanetary disks, that incor-
porates turbulence, modeled as a stochastic velocity field, with-
out solving the full hydrodynamical equations. Instead, the
method relies on effective stochastic differential equations.

We implemented a full solver in Cartesian coordinates and
a reduced solver based on Keplerian orbital elements, and find
excellent agreement between the two approaches across a range
of initial conditions. In the subsonic regime (M < 1), we
derived approximate Langevin equations governing the orbital

element evolution, enabling us to compute the stationary dis-
tributions of eccentricity e and inclination ¢. We compared the
resulting distributions from N = 2.5 x 10* independent realiza-
tions to analytical Rayleigh probability density functions, find-
ing good agreement.

We analytically estimated the variance of the steady-state
Rayleigh distributions using the linearized stochastic equations
and find good agreement with the results of the full numerical
simulations. By expressing the relevant quantities in terms of
local disk properties, we obtain the following expressions:

H 2
of = 150'[2 = IOa(—) , (fast damping, n. > n),
R
5 2 (60)
0'3 =5 O'L2 =5a— (E) , (slow damping, . < n).
Here, a is the alpha-viscosity parameter characterizing the
strength of turbulence, H is the disk scale height, n = Qg =

VGMsmpn /R is the circular orbital frequency, and 7, is the sub-
sonic damping rate determined by the local gas properties (see
Eq. (8)).

Equation (60) can be readily used to sample the eccentricity
and inclination of BHs embedded in AGN disks, both in Monte-
Carlo simulations (McKernan et al. 2020, 2025; Tagawa et al.
2021; Rowan et al. 2024a; Cook et al. 2024; Delfavero et al.
2024) and as initial conditions for BH scattering hydrodynam-
ical simulations (Whitehead et al. 2025a; Rowan et al. 2025a),
which to date have assumed perfectly circular and aligned orbits.
Notably, Trani et al. (2024) show that the initial eccentricity
and inclination of BHs in a disk configuration strongly affect
the merger rate from three-body encounters. Specifically, they
find that the merger rate in a dispersion-dominated disk is sup-
pressed by a factor of ~42 relative to a shear-dominated disk
(see their Figure 5). A similar suppression is expected for the
formation of binaries via Jacobi captures mediated by dynami-
cal friction, since even modest values of e and ¢ increase the rel-
ative velocity between interacting BHs, significantly raising the
amount of energy that must be dissipated for capture to occur
(see Dodici & Tremaine 2024).

In our current formulation and numerical implementation,
we neglected migration torques arising from the perturbation of
the disk’s density by the orbiting BH. As a result, our simulations
and theoretical predictions likely overestimate the diffusion in
semimajor axis. In reality, such torques would act as a restoring
force, counteracting orbital changes from the gas drag as well
as the stochastic fluctuations in a. Consequently, the BH would
remain near the migration trap, and the semimajor axis distribu-
tion would settle into a steady-state centered on the trap loca-
tion. Nonetheless, our simulations show that the radial wander-
ing remains sufficiently small to justify the assumption of con-
stant a used in the derivation of Eq. (60).

We note that simplified hydrodynamical simulations by
Wu et al. (2024) suggest that turbulence may also reduce the
magnitude of the migration torque itself, thereby diminishing its
ability to stabilize the semimajor axis (see also Baruteau & Lin
2010; Pierens et al. 2012; Stoll et al. 2017). We stress that the
framework presented here relies on the linear theory of dynami-
cal friction, which neglects nonlinear interactions between the
BH’s wake and the turbulent gas. Furthermore, our treatment
neglected the back-reaction of the embedded BH on the sur-
rounding gas. In reality, accretion onto the BH can heat the local
disk, drive local turbulence, or create a low-density cavity, poten-
tially reducing the drag and altering the migration trap struc-
ture (e.g., Gilbaum & Stone 2022; Epstein-Martin et al. 2025;
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Chen & Dai 2025). Quantifying these effects lie beyond the
scope of this work and should be investigated using hydrody-
namical simulations that self-consistently model both turbulence
and gas—BH coupling.
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