Commun Nonlinear Sci Numer Simulat 137 (2024) 108168

Contents lists available at ScienceDirect

Communications in Nonlinear Science and Numerical
Simulation

journal homepage: www.elsevier.com/locate/cnsns

Check for

Adaptive parameters tuning based on energy-preserving splitting wddes”
integration for Hamiltonian Monte Carlo Method

Cristiano Tamborrino ?, Fasma Diele ™", Carmela Marangi ®, Cristina Tarantino ©

a Department of Computer Science, University of Bari, Via Edoardo Orabona, 4, 70125 Bari BA, Italy

b [stituto per Applicazioni del Calcolo ’M.Picone’, National Research Council (CNR), via Amendola 122/D, 70126 Bari, Italy

¢ Institute of Atmospheric Pollution Research (IIA), National Research Council (CNR), c/o Interateneo Physics Department, Via Amendola
173, 70126 Bari, Italy

ARTICLE INFO ABSTRACT
Keywords: Splitting schemes, a class of numerical integrators for Hamiltonian problems, offer a favorable
Hamiltonian Monte Carlo alternative to the Stormer—Verlet method in Hamiltonian Monte Carlo (HMC) methodology.

Energy-preserving splitting methods

However, the performance of HMC is highly sensitive to the adopted step size. In this paper,
Gaussian distributions

we propose a novel approach for selecting the step size h for advancing with the method defined
by the free parameter b, within the family of one-parameter second order splitting procedures.
Our methodology utilizes a designated function h, of the parameter » to determine the step
size, i.e. h = h,(b). By appropriately restricting the domain of s, to a suitable interval I, the
pairs (b, h,) with b € I ensure both stability and Hamiltonian preservation when sampling from
Gaussian distributions. As a result, our technique never rejects a sample within the HMC process,
and this characteristic is the key factor behind its superior performance compared to similar
methods recently introduced in other studies. Additionally, we assess the effectiveness of the
methods defined by the pairs (b, h,) for general not-Gaussian distribution sampling. In this case
we also present a technique based on an adaptive selection of the » parameter for improving the
HMC performance. The effectiveness of the proposed approach is evaluated through benchmark
examples from literature and experiments involving the Log-Gaussian Cox process and Bayesian
Logistic Regression.

1. Introduction

The Hamiltonian Monte Carlo (HMC) algorithm is a Markov chain Monte Carlo (MCMC) method designed to iteratively generate
random samples that progressively approximate a target probability distribution. Originally known as Hybrid Monte Carlo in the
late 1980s, it found its initial application in the field of Lattice Quantum Chromodynamics [1]. Several years later, Radford Neal
recognized its potential in the field of applied statistics within his work on Bayesian neural networks [2]. However, it was his
seminal paper [3] that ushered this approach into the mainstream of statistical computing. HMC merges the principles of molecular
dynamics and computational statistics by employing a molecular dynamics-inspired approach based on Hamiltonian formalism [4,5]
to guide the Monte Carlo sampling process, enhancing the efficiency and effectiveness of statistical sampling.

At each step of the Markov chain in HMC, a numerical integration of a Hamiltonian system is required. Traditionally, the
Stormer—Verlet or Leapfrog algorithm, a second-order splitting method, has been widely used for this purpose (see, for example, [6]).
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However, researchers have been actively exploring alternative algorithms that can offer improved efficiency. Several studies (such
as [7-9], and references therein) have addressed the challenge of developing more effective integration schemes.

A common thread among recent research efforts proposing alternatives to the Stormer-Verlet algorithm is the analysis of their
effectiveness when applied to Gaussian distributions. It is important to note, as highlighted in [10], that it is not practically
meaningful to use a Markov chain algorithm to sample from a Gaussian distribution, just as it does not make sense to numerically
integrate the equations of a simple harmonic oscillator. However, it is a common practice to evaluate the performance of algorithms
on simple problems, such as sampling from Gaussian distributions, as they serve as benchmarks for assessing their performance in
more complex situations.

402 —6b+1
b2 (2b—1)
step size h = h;(b) to each parameter b that defines the one-parameter family of second-order splitting procedures provided in [10].
Our proposed criterion, when applied to sampling from Gaussian distributions, ensures that all methods within the splitting family
exhibit a zero expectation value for the energy error random variable. This approach builds upon energy-preserving splitting methods
for Hamiltonian dynamics introduced in [11], which we adapt to the context of HMC. Instead of fixing the step size 4 and selecting
the parameter b that minimizes the expectation of the energy error as generally done in literature (see e.g. [10]), we reverse and
improve the procedure: first, we choose a specific method within the one-parameter family of second-order splitting procedure by
fixing the parameter b in the domain of definition of the function 4,. Then, we implement the selected method using & = h,(b) as

step size. This guarantees that the expected value for the energy error is nullified.

As mentioned, the initial step of our approach involves the selection of the parameter b in the definition domain of the function
h,,. The adopted criterion ensures that the range of the function &, falls within the stability interval of the one-parameter family of
second-order splitting methods as established in [10] where the univariate Gaussian distribution is used as test model. This process

In this context, we introduce an innovative approach that relies on the functional form h,(b) = to assign a suitable

determines the open interval I :]%g, i] from which we ultimately make our selection of b.

Given the significant impact of energy distortion on calculated energy averages and the resulting high percentage of rejections in
the HMC algorithm, preserving energy as much as possible is crucial, especially in high-dimensional problems [12]. Consequently,
this paper aims to investigate whether the use of the couples (b, h,), with b € I, which effectively nullifies the energy error for
Gaussian test distributions, can also reduce the number of rejection steps when applied within HMC for sampling from arbitrary
distributions.

As an additional advancement, we introduce a novel variation of the HMC algorithm that includes an adaptive adjustment of the
parameter b within the range of 7. We start with an initial value of b sufficiently large and we refine it based on the performance
of the HMC algorithm. During the sampling process, each time a sample is rejected (or each time we reach a given percentage of
rejections) we reduce the value of b. As a result, at each step of the Markov chain, our adaptive approach selects a different splitting
method for the numerical integration of the Hamiltonian system within the HMC algorithm. Each of these methods is implemented
with the corresponding &, as the step size.

This adaptive choice of b allows us to adapt the splitting method to the specific characteristics of the target distribution and
optimize the sampling performance. It is worth noting that the adaptive selection of the parameter » from the one-parameter
family of second-order splitting procedures has been adopted in HMC literature only recently [13]. In their paper the authors extend
their technique into the domain of computational statistics, building upon concepts previously introduced within the framework of
molecular dynamics [14]. The authors suggest an algorithm that, once the system to be integrated has been specified and the user has
chosen a value of the step size, it identifies the ‘best’ b. In their approach, the best b corresponds to minimize a bound for the expectation
of the energy error for the univariate Gaussian distribution. As mentioned earlier, we reverse and improve the procedure: once the
value of b € I has been selected, the step size is uniquely determined by the function h,. By setting the step size h = h;(b) the
expectation of the energy error for Gaussian distributions, both univariate and multivariate, is nullified.

To assess the efficacy of our approach, we perform various tests, one of which involves the Log-Gaussian Cox model. This model
is commonly employed as a point process to represent the presence of invasive species. It allows us to study the spatial distribution
and occurrence of these species by considering the intensity of their presence as a random field. By applying our technique to this
model, we can evaluate its performance and suitability for capturing the characteristics of invasive species distributions. This model
plays a significant role in understanding and predicting the spread of such species, and it serves as a valuable statistical tool in
related research areas [15-18].

The paper’s structure is organized as follows: Section 2 provides an overview of the general framework for sampling from a target
distribution using the HMC algorithm. It includes a brief discussion of theoretical and practical implementation details. Section 3
introduces the maps constructed using the splitting of the Hamiltonian vector field. The key finding, outlined in Theorem 3.2,
showcases how to determine the interval I so that the couple (b, k), with b € I leads to a stable and energy-preserving
approximation for univariate Gaussian distributions. Additionally, we extend this result to multivariate Gaussian distributions in
Section 3.3 (Theorem 3.4). Drawing from the aforementioned theorem, we present a novel two-step splitting method in Section 4
for sampling within the HMC algorithm from Gaussian distributions. For sampling from generic distributions, in Section 5, we first
propose a classical implementation of the proposed splitting procedure that consists in a fixed method (identified by a single chosen
b) which advances with the step size 4 = h,. Subsequently, we implement the adaptive reduction of the parameter 5 by employing
Algorithm 5.1, which corresponds to the utilization of different splitting methods at each step of the Markov chain in the HMC
algorithm. Section 6 presents numerical experiments to validate the theoretical results. Finally, in Section 7, we provide concluding
remarks and discuss potential future developments of the proposed approach. As supplementary information in Appendix, we analyze
the energy-preserving linear maps generated by applying a volume-preserving and momentum flip-reversible integrator within the
HMC method for both univariate and multivariate Gaussian distributions.
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2. The Hamiltonian Monte Carlo algorithm

The HMC algorithm, as described below, follows the steps outlined in [3]. Let us consider a dataset X, and our objective is to
sample the variable q € R? from a probability distribution of interest P(q) with prior density z(q) and likelihood function L(q|X),
i.e., P(q) = #(q)L(q| X). The first step is to associate a scalar function U(q) to q through the canonical distribution. We define it as
follows:

U(q) = —log [P(q)] —log(Z), Z >0,

which implies that P(q) « exp(-U(q)) with Z chosen as the normalizing constant needed for the probability to integrate to one.
Next, we introduce auxiliary variables p € RY, independent of q, and specify their distribution using another scalar function K(p).
In HMC, a common practice is to use a quadratic functional dependence on p given by:

_ L rp
K(p)=7p Dy'p.

where, without loss of generality, we assume that the components of p are independent. In this case, Dy is a diagonal matrix
with entries ﬂiz, representing the variances of the ith component p; of p. The canonical distribution P(p) = exp(—K(p)) results in a
zero-mean multivariate Gaussian distribution. We denote the function for the joint variable of q and p as

H(q,p) = K(p)+U(q). 2.1)

This function defines a joint canonical distribution satisfying:

P@.B) = - exp(—H (6, D) = — exp(—U(@) exp(—K () = P@P(®). 2.2)

We observe that the joint canonical distribution for q and p factorizes, indicating that the two variables are independent.

The concept behind HMC involves interpreting the variables (q,p) as the position and momentum of a system of particles, each
with masses equal to the variances /3?. These particles move in a potential U(q) with a corresponding kinetic energy K(p). The sum
of kinetic and potential energy is expressed by the function (2.1) which represents the Hamiltonian of this system. The Hamilton’s
equations of motion are defined by the following equations

dq dp

i VeH(q,p) = V,K(p), Tl -VH(q,p) = -V U(@. (2.3)
It can be easily proved that the Hamiltonian is a first integral of (2.3) so that its invariance corresponds to the physical principle of
conservation of total energy (2.1). By defining y = (¢, ...,44,P1,--- Pg)' € R2? we write (2.3) in the form

dy 0, I,

— =JVH(y), J =

dr W (—Id 0,

where 1, is the identity matrix of dimension d. It can be demonstrated that the flow map @&,(y) is a volume preserving map, as
indicated by the fact that its Jacobian, denoted as @](y), has a determinant of 1 for all values of 7. Moreover, Hamiltonian flows
exhibit an additional significant property, often referred to as simplecticity, expressed as (tb; y)nrJ ¢',’ y)=4J.

Given that (2.2) shows that the variables q are independent of p, we can use Hamiltonian dynamics (2.3) to sample from the
joint canonical distribution P(q, p) and disregard the momentum contributions. The introduction of the auxiliary variable p allows
the Hamiltonian dynamics to operate effectively [3].

Starting with the generation of an initial position state q ~ z(q) for i = 0, ..., L, each iteration of the HMC algorithm consists of
two steps. In the first step, the initial momentum p® is chosen by randomly drawing values from a zero-mean multivariate Gaussian
distribution A'(0, D). In the second step, starting at 1 = 0 with initial states Q(0) = q’ and P(0) = p®, the Hamiltonian dynamics
are solved for a fixed interval r € (0, T*], given by the equations:

dQ dP

—_ = = —1 —_— = = *

P VpK(P) Dﬁ P, T VQU(Q), te (0, T*]. (2.4)
where the Hamiltonian function is defined as:

HQ,P) = %PTDI;IP +U(Q). (2.5)

After simulating the Hamiltonian dynamics, the state of the position at the end of the simulation, Q(T*), is used as the next state
of the Markov chain by setting " = Q(T*).

The selection of the fictitious final time 7% in the Hamiltonian dynamics of the HMC algorithm plays a crucial role and should
be carefully chosen to preserve ergodicity. Ergodicity ensures that the HMC algorithm explores the entire state space of the target
distribution. In an HMC iteration, the momentum variables can influence the position variables in arbitrary ways. However, if the
chosen value of T* leads to exact periodicity for some function of the state, ergodicity can fail. For instance, when ¢’ ~ N'(0, 1)
and p) ~ N'(0, 1), the Hamiltonian dynamics for Q and P correspond to the equations of a harmonic oscillator:

dQ dP

o = o -0. (2.6)
The solutions of these equations are periodic with a period of 2z. If T* = 2x is chosen, the trajectory will return to the same
position coordinate, and the HMC algorithm will not be ergodic. To address this potential issue of non-ergodicity, one approach
is to randomly choose the value of T* and repeat this process regularly. By introducing randomness in the selection of T*, the
trajectory explores different regions of the state space, enhancing the ergodicity of the HMC algorithm.
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2.1. Practical implementation of the HMC algorithm

In practical implementation of HMC algorithm, we need to numerically integrate the Hamiltonian system (2.4) using a map ¥,
that approximates the theoretical flow. Given the initial states Q, = Q(0) and P, = P(0), the map iteratively updates the states as
Q41.P,11) =¥,(Q,.P), for n=0,..., N, where N and the step size h satisfy N h = T*.

To ensure the validity of the approximation, the chosen map ¥, must satisfy two important properties (see, e.g [19]). As the
theoretical flow the numerical map should be volume-preserving, which means that, for all n the determinant of its Jacobian matrix
¥,(Q,.P,) is equal to I:

det(?](Q,.P,) = L.
Second, the map should be “momentum flip” reversible, according to the definition in [20]:

Th(Qn’Pn) = (Qn+] ’Pn+1) = q/h(Qn+1’ _Pn+1) = (Qn’ _Pn)’

for n =0, ..., N. This symmetry ensures that the dynamics can be reversed, allowing for correct exploration of the target probability
distribution #(q).

The proposed variables q* = Q(T*) and p* = P(T*) at the end of the simulation are used, and their acceptance is determined
using an update rule similar to the Metropolis acceptance criterion. Specifically, this proposed state is accepted as the next state of
the Markov chain with probability

a=min (1,exp (H(@”,p?) - H(@",p"))) >u, u~T(0,1)

and q(*D = q*. If the proposed state is not accepted, the next state is the same as the current state q/+! = q'. Combining these steps,
sampling random momentum, followed by Hamiltonian dynamics and Metropolis acceptance criterion, defines the HMC Algorithm
2.1 for drawing L samples from a target distribution. This process ensures that the proposed states are accepted or rejected based
on their relative probabilities, allowing for exploration of the target distribution.

Algorithm 2.1 HMC algorithm

Draw q ~ z(q), ¢V € R, L > 1, set i =0
while i < L do
i=i+1
Draw p® ~ N'(0, Dp)
Set (Qq. Py) = (¢, p),
Randomly choose T* > 0
Set h>0and N = LTT*J
Evaluate (Q,,; P, = ¥,(Q,,P,), forn=0,... N -1
Set (¢, p*) = (Qu, Py)
Calculate o = min (1, exp (H(q®,p?") — H(q*,p")))
Draw u ~ U°(0, 1)
Update: if « > u then q*" = q*; otherwise (" = q®
end while
return Markov chain qV, @, ..., q©

Indeed, it has been shown in [10] that for a momentum-flip reversible volume-preserving transformation, the phase space can
be divided into two regions of equal volume. One region corresponds to negative energy errors, where the energy at the end
of the simulation H(Qy,Py) is less than the energy at the beginning H(Q,.P,), and the other region corresponds to flipping
the momentum with positive energy errors, where the energy increases. If the map used for approximation is energy-preserving,
ie., HQy.Py) = H(Q),Py), then all proposals will be accepted because there are no positive energy errors. However, if the map
is not energy-preserving, there will be proposals with positive energy errors, leading to potential rejections. In such cases, the
acceptance of proposals depends on the Metropolis acceptance criterion, comparing the probabilities of the joint distributions at the
end of the simulation and the initial state. This highlights the importance of selecting a map that is as energy-preserving as possible
to minimize the number of rejections and improve the efficiency of the HMC algorithm.

3. Splitting methods

The Stormer—Verlet method is indeed a commonly used map within the HMC algorithm. It belongs to the class of symmetric
splitting methods, which have been extensively studied in the context of Hamiltonian dynamics.

Symmetric splitting methods, including Stormer—Verlet, are based on the idea of splitting the Hamiltonian flow into two or
more subflows and constructing a map as a composition of these subflows. Each subflow is a Hamiltonian flow, which means it is
volume-preserving and reversible. The composition of volume-preserving maps preserves volume, ensuring that the resulting map
is also volume-preserving. Furthermore, since the semiflows are reversible and the composition is symmetric, the overall splitting
map is reversible as well. A detailed proof of this property can be found in the Ref. [10].
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While the Stormer-Verlet method is widely used, there have been efforts in the literature to develop more accurate maps within
the same class of symmetric splitting methods. The focus of these developments is on improving the performance of the map within
the HMC algorithm rather than on the accuracy of approximating the dynamical flow. Several references, such as [9,12], explore
the design of optimal symmetric splitting methods with improved accuracy and efficiency properties. It is worth noting that the
accuracy of the map within the HMC algorithm refers to its ability to generate proposals with minimal energy errors, leading to a
higher acceptance rate and improved sampling efficiency.

3.1. Stormer—Verlet method

The Stormer—Verlet method is based on the splitting of the flow in two semiflows and is built as a symmetric composition of
semiflows. Setting Y = [Q, P]” € R?¢, it can be useful to denote the Hamiltonian dynamics (2.4) in vector form as
dY T
T = rov = [D;'P, VU

Let (pEPJ and (pEQ] represent the exact flows associated to the dynamics % = fPl(Y) and (Z—T = flQl(Y), where f = fIPI 4 flQI
and

P =105'P 0,17, F1UY) =104, —VoUQI"
Themap Y, = ‘P(SV)(Y ), with

vy ._ _[Ql [Ql
= o P2 EB.1D
defines the (velocity) Stéormer—Verlet method.!
When a Stormer-Verlet step is applied to the linear test problem described by a harmonic oscillator, as defined in the following
equations:

dQ _ P 4P _ 0

= = =-= 3.2
dt p2 dt a? 3.2)
it leads to a linear transformation represented in matrix form as Y,,; = M;h”’) Y, where
p e, +07' q
M(;m) — |k h a8 (3.3)
€hn — 0 qn Pn
and
ok oy’ h
= - —_, €, = ——, = — o0¢
Pn 5 " Ao+ D 9n o h
withe = £ and h, = i For h < 2a pitresults h, < 2, and then the trajectories are stable as it results pfl — 1 < 0 (see Appendix).

«
Since e, # 0, the Stormer—Verlet integrator cannot preserve the energy when applied to the linear test model (3.2). The
expectation of the random variable A(ZN ) = H (Yy) — H(Y,) is given by

2
N 112 o h,’ N hy\°
EA™My = & 2 — < ) =Epp=r(=).
4 2("+a> 162+ 1) 32 2
(see Theorem A.2 in Appendix).

3.2. One-parameter family of second order splitting methods

The literature provides a range of alternatives to the Stormer-Verlet method to enhance the performance of the numerical
integrator used in the HMC algorithm. A strategy involves adjusting specific free parameters within a particular class of methods.
In this paper, we conduct this exploration within the context of a one-parameter family of second-order splitting schemes featured
by the desired properties of volume-preservation and reversibility [10]. The family is defined by the composition equation:

v = pldlopllopl, | ool opld,  bER, b#0,1/2. (3.9
When b =0, 1/2, the method reduces to the classical velocity and position Stormer-Verlet integrators.

Common strategies for selecting the parameter b in (3.4) are directed towards improving the numerical performance of the
chosen method when applied to linear test models (3.2). One approach focuses on maximizing the stability interval length while
simultaneously minimizing specific error constants, as proposed in [7]. Another strategy centers on enhancing energy conservation
properties, thus reducing the expected energy error, as investigated in [10]. With the more ambitious objective of completely

1 We mention that the position Stérmer-Verlet method starts the integration by solving the semiflow fI*! so that ll’f"w) = (p 72 O(pE'Q]o(p /2
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nullifying the expected energy error for the linear test model (3.2), we turn to the energy-preserving integrators introduced in [11]
for the numerical solution of Hamiltonian systems. Our goal is to evaluate their effectiveness within the statistical computing
framework of the HMC algorithm.

The class of second-order splitting methods can be expressed as Y, ,; = ‘I’(b )(Y ), where ‘P< ) is given by Eq. (3.4). When applied
to the model test system (3.2), these methods can be written as a linear map in matrix form: Y,, 1= M(zh )Y, where M(Zh ) is given
by Eq. (3.3). The coefficients p,, q, are defined as follows:

h2 4
=1--24+-2p1-2b
Pn >+ b ),
b(1-2b 2 2 _4b—02
a4y = ( )h55+4b +2bo*—4b-0o 3+ h,.
4(c2+1) 462 +1)
B h . s
where 6 = =, h, = P The expression for e, is given by
04 24
e, =¢,(b) = (26°h2 —b*n2 —4b* +6b—1). (3.5)

4(2+1)

The stability interval can be determined from the result in [10], i.e.

h . 2 2 1
O<ha_ﬁ<mm{\/;"/m}’ 0<b<§. (3.6)

The expectation of the random variable A;N )
(N) « [ he ’ 3p 2 _p2p 2 2 2
B, =T (= (2% hy? —b* hy? —4b* +6b—1)
(see Theorem A.2 in Appendix) which can be nullified exploiting the following result which generalizes Theorem 1 given in [11].

Theorem 3.1. For all b, h > 0 define

n\’ n\’
R(b,h) :=2 <—> b - <4+ <—> >b2 +6b— 1. 3.7)
af af

Fix h > 0 and consider b;, a real root of the third degree polynomial (3.7) in the variable b; then the scheme Y, = T;lb”)(Y,,), with 5’/](1[”‘)
given in (3.4) is energy-preserving for the test model (3.2).

3

Proof. Write e,(b) in (3.5) as e,(b) = ﬁ (%) R(b, h); then, from R(b,, h) = 0 it follows e;(b,) = 0. From Theorem A.1,
o+ a

the result follows. []

In the HMC framework it can be more useful to adopt a different perspective:

Theorem 3.2. Consider the open interval I = ] Vs 1] C R and the function h, : I — R, defined as :

[46> —6b + 1
bel—’hb= m€R+. (3.8)

Fix b € I and consider the symplectic, reversible scheme in (3.4) given by Y,,,| = 'l’;lb)(Y,,) which advances with step size h := a  h,; then
it provides a stable, energy-preserving approximation of the test model (3.2).

Proof. Fix b € I. When the scheme Y,,, = ?’( (Y,) is applied to the linear test model (3.2) with step size h := a g h,, then

- = aaﬂﬁhb = hy, and
o'h3
eph) = m QhZb — 4+ h) D +6b—1)
= ﬁ (b 2b—1)h2 — (46> —6b+ 1)) =
From Theorem A.1, the conservation of energy follows. Moreover, since # <b< %, it results

o<ns g - { Vi )

so that h, = h, satisfies the stability condition (3.6). []
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An important consequence which will be useful to extend the described result to the multivariate case, is the following.

Theorem 3.3. With the notations used above, fix b € I and consider

7 (b) . _ ~[Q] ~[P] _ ~[0] =[Pl ~10]

¥, = dy, CPh2°Pa26)n°Phy2°Pon (3.9

~[P] ~[0] o dY T ﬂ_ T . .
where @,"' and @, represent the exact flows of the dynamics o [e=1P, 0]" and [0, —c Q1" respectively. Then, the symplectic
and reversible scheme Y, | = ‘l’( (Y,), with hy, defined in (3.8), provides a stable, energy preserving approximation of the test model (3.2).

Proof. It is enough to observe that the scheme Y,,; = ’I’( (Y,) is equivalent to the scheme (3.4) given by Y,,; = ’I’( )(Y ) with
h=afh, [

3.3. Generalization to multivariate Gaussian distributions

Theorem 3.3 presents the construction for a symplectic, reversible, and energy-preserving scheme for the jth oscillator

49, b P, Q;
— ==, - =-=, for j=1,...d, 3.10
dt 52 dt o2 J (3.10)
J J
where j =1, ...,d. Indeed, as before, fix b € I and consider
®) . [o;1 Pl _10;] _[P;] [Q]
v, =0y, °‘ph/2 °P 12 pn° ‘Ph/2 i (3.11)
where the flows (p[ ! and cp[Q’] correspond to the exact flows of the following differential equations:
dyyw _ dyyw
o =loj' PO and == =0, -0, 0,1,

. B ; _ ; .
where YY) :=[Q;, P;] and ¢, = —L for j =1,....d. Then, the symplectic, reversible scheme Yi’il = Y/}(li)(Yﬁf)) where Y/;lb) is defined

aj
1 02 2
in (3.11) is a stable integrator for the jth oscillator (3.10) which preserves the jth Hamiltonian H (0, P) = 3 <—; + —12> =
a B
p?
2 j
0%+ —
2a;p; % Q/ c;
Now we have all the instruments to provide symplectic, reversible, energy-preserving schemes for the d-dimensional test model
dQ 1 dpP -1
= D P, — = -D . 3.12
dr dt «Q ( )
Set D, and D, as d x d diagonal matrices with entries aj? and ﬁf, respectively, for j = 1,..., d and define ¥ := Dl/ 2 l/ 2, we can
give the following result
Theorem 3.4. Fix b in the interval I = ] 3%6, }1 C R and, with the notations used above, consider
70 ._ ~[Ql_~[P] _~[Q] ~[P] _~[Ql
¥, = @y °"’h/2 A ‘/’h/z Py (B3.13)

where (p 1 and (p represent the exact flows of

dY dY
n

Then, the symplectic and reversible method Y, | = Ef’,(li) Y, with h, defined in (3.8) provides a stable approximation for the system (3.12)
which preserves the Hamiltonian

=[z'p, 0,17, = [0, -=QI".

HY)= —YTD‘Y D, = [5“ gd}. (3.14)
d p

Proof. The method Y, = 'PZ) Y, when applied to approximate system (3.12) can be expressed as Y, = M;};”’Z) Y, where
-1
) _ |:Phb Ep, + 2 th}
Ey — 2 Q P,

where the matrix E,, has, by construction, extra-diagonal entries E,G@.))=0 and diagonal ones

(3.15)

Ep, (. J) = S (263 hy? = 6> hy?> —4b* +6b—1) = 0
S TP Y ’ b :
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for the choice of h,,. Consequently E;, = 0,,,. The error in energy at each step is given by

(nhy) 1 ()
A = H(Y,4p) — H(Y,) = EY[ &Y, (3.16)
T
where é‘;s”) = Kf;};”) Kf(ZZ”) - D;, and IC(;;") = D;dl/ 2 M(;;"’Z). As E;, = 0,,, then the matrix é’;Z") results to have the following
expression
2 _ <Ph,, D, Py, +Qu Dy Qy — D, 0, )
2d :
0, Py, DpPp, +Qu DsQp, — Dy

with P, , Qp,, D, and D, diagonal matrices which satisfy the relation Pib + Qib =1,, then 8;2”) = 0y04- O

As a corollary, we provide the following result

Theorem 3.5. Fix b in the interval I = 3_7\5 1| ¢ R and consider the method Y,,, =¥ ,(,l;)(Y,,), where ?’;lb) is defined in (3.4) and the

4
step size hy, is given in (3.8). It provides a symplectic, reversible, stable approximation for the system
dQ dP
— =P, — =-Q
dt dt Q

SPP+ QT Q

which preserves the Hamiltonian H(Q,P) 3

Proof. It is enough to notice that D, = Dy = I, and X = I,; then the method Y, = ?’,ii)(Y,,), where Y’}(lb) is defined in (3.4)
reduces t0 Y,,; = ‘i’;li)(Y,,), where ‘i’;zb) is defined in (3.13). [

4. Novel splitting two-step method for sampling from Gaussian distributions

Theorem 3.4 constitutes a powerful tool for proposing an effective alternative to the Stormer—Verlet integrator to sample, with
HMC algorithm, the variable q € RY from a Gaussian distribution A'(0, D,) where variance aiz of the ith component ¢; of q are
the entries of the diagonal matrix D,. The auxiliary variables p € R are taken randomly by drawing from a Gaussian distribution
N0, D) with variances ﬁ?. To approximate the Hamiltonian dynamics, given by Egs. (3.12), we propose to use the splitting method

>4
method is denoted as nSP2S (new splitting two-step method for Gaussian distribution). Within HMC, the proposed procedure can be
implemented without performing the Metropolis test because the Hamiltonian is kept constant. This is an immediate consequence
of Theorem 3.4.

Y, = ‘i’,(zb)(Y,,), with ‘i’;(lb) in (3.13) with b in the interval I =l3T‘ﬁ ]l C R and the step size h = h, given in (3.8). The novel

5. Novel splitting two-step method for sampling from generic distributions

As mentioned in the Introduction, recent research efforts seeking alternatives to the Stormer—Verlet algorithm within HMC to
sample from generic distributions have consistently focused on evaluating their performance when applied to Gaussian distributions
taken as test models. In line with the same efforts, in this section, we introduce a criterion for selecting the step size » in HMC
processes when using the splitting method Y, = ‘P,(,b)(Yn), with ‘I’,(lb ) in (3.4), to sample from generic distributions. We propose to

fix b in the interval I = #, i c R and to adopt the step size h = h;, given in (3.8). With abuse of notation, the novel method

is denoted as nSP2S (new splitting two-step method for generic distribution).

The rationale of our proposal lies in the fact that, in contrast to the Stormer-Verlet method, the one-parameter splitting (3.4),
with b € I and the appropriately chosen step size h = h;, provides a method which shows an optimal performance when applied
to Gaussian distributions with unitary variances and zero correlations because it assures the acceptance of all proposals. This is an
immediate consequence of Theorem 3.5.

5.1. Selection of the b parameter
Each value of the » parameter in the open interval I = #, le detects a stable method in the class of the splitting methods

(3.4). Hence, we may wonder about what is the ‘best’ choice and, consequently, the ‘best method’ to adopt. Classical criteria might
be followed:

1. choose b = 0.25 to enlarge i, as much as possible. Consequently, 4, ~ 2.828. This is a very large step which can be used, in
practice, only for Gaussian distributions and for very low-dimensional non-stiff problems;

2. enlarge h, as much as possible increasing b but taking into account that stability decreases when we approach the roots of
pib — 1 = 0. The best choice corresponds to b such that pflb = 0. We find b = by, ~ 0.2008 and h, =~ 1.3432;

8



C. Tamborrino et al. Communications in Nonlinear Science and Numerical Simulation 137 (2024) 108168

and k3, = 7621’4“. In this case, the optimal

R . . 2_
3. choose b to minimize the leading error term kgl + k%z with k3, = Laba Ll AR

choice corresponds to b = b,,; ~ 0.1932 (see [21]) and the resulting step is hy,,, = 0.6573;

For fair numerical comparisons with different procedures, it is essential to maintain a fixed step size among integrators. Therefore,
another possible choice of » corresponds to values of A, equal to those employed as step sizes (4) in the benchmark tests. This is
achieved by setting b = hb‘l(h), where the function hb‘1 10, hy, . 1 — I represents the inverse function of 4, in Eq. (3.8) and it is
defined as the smallest real root of the third order polynomial 2 A2 b> — (4 + h?)b* + 6b — 1.

5.2. Adaptive selection of the b parameter

Here, we are also proposing a promising strategy for an adaptive choice of the method. Starting from b,,,, set at one of the
classical choices described above, we decrease this value (according to a fixed percentage) each time a sample is rejected. The HMC
algorithm with a 99.7% reduction is described in Algorithm 5.1. Another variant involves reducing the parameter b each time a
specified target rejection rate is exceeded. In our simulations, we will also test the performance of the proposed integrator built on
the described adaptive procedures.

Algorithm 5.1 Novel Adaptive HMC algorithm

Draw q ~ z(q), ¢V € RY, set L> 1, T, > 0

set red = 0997, bmin = #, choose bmax € 3_4\/5’ i]’
402 —6b+1
set factor = by, = by, S€t b= by, h= b2 (Zb—Jlr)
seti=0
while i < L do
i=i+1

Draw p® ~ N'(0, Dp)

Set (Qp, Py) = (g, p),

Draw u ~ U(0,1), set T* = h + (Tyyy — 1) -u, N = LTT*J
Evaluate (Q,;, P,;;) = ¥\"(Q,. P,), for n=0,...N -1
Set (¢, p*) = (Qu, Py)

Calculate o = min (1, exp (H(q®,p?") — H(q*,p")))
Update: if « > u then q/*+) = ¢

otherwise q(+! = q@,

2
set factor = red - factor, b="b,,, + factor, h = % ;
end while
return Markov chain qV, @, ..., q©

6. Numerical examples
6.1. Bivariate Gaussian distributions

As an initial example, we consider a simple two-dimensional test from [3] to demonstrate the energy-preserving property of the
proposed splitting technique. The objective is to sample two position variables X = [X,, X,]7 from a bivariate distribution. The
position variables have zero means, standard deviations of 1, and a correlation of 0.95. Additionally, we introduce two momentum
variables P = [Py, P,], which follow a Gaussian distribution with zero means, standard deviations of 1, and zero correlation. We then
define the Hamiltonian as

1 T o-1 1o 1 095
UX)+ KP)==X"S.X+=-P'P, So5 = .
X+ K@) =5 95 2 %7\095 1

It is important to highlight that the use of our novel integrator may necessitate suitable preconditioning of the dynamics, similar

to other methods proposed in the literature (see e.g. [22,23]). Indeed, in order to describe the above problem with notations suitable

for the application of the proposed procedure, we diagonalize the symmetric matrix Sos = V' D,V with V unitary matrix of
eigenvectors. In doing so, the Hamiltonian can be written as
1 1o 005 0
KP) = = D -P'P D, =
UQ + K@) = 7Q° D, Q+ 5P P, «=\ 0o 195

with Q = V' X.
To illustrate the basic functionality of the nSP2S method Y,,; = 'i’;l:) Y, with E?’;l”) defined in (3.13) applied with ¥ = D;l/ % we

compare it with the Stérmer-Verlet method Y, ,; = lI’}(ISV)Y,1 with ?’;ISV) in (3.1) (SV-method), and with the two stages and three

9
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HMC SV method with h=0.2 AR=0.679 4 HMC SP2S method with h=0.4 AR=0.778

Fig. 1. Accepted (green) and rejected (red) samples of HMC method from the bivariate distribution with covariance matrix Sys given in Section 6.1 with different
integrators. Target probability density evaluated with built-in Matlab function mvnpdf. Strictly positive values in yellow, null values in blue. Parameters T* =5,
initial state X = [0, 2]7.

stages methods presented in [10], (hereafter denoted with SP2S and SP3S). The SP2S method, characterized by the composition

in (3.4) applied with b = bgeg = 3-V3 is defined in [10] within the category of one-parameter second-order splitting methods.
Similarly, within the family of two-parameter second-order splitting methods:

7 = (pﬁ]wﬂ%°(p£?/]27b)h°(p3)]72a)h°‘p£(1)/]27b)h°(p[api3°(p£>%]’ G
the SP3S method (also known in the literature as the BlCaSa method [24]) corresponds to the values b = 0.11888010966548 and
a = 0.29619504261126. We include a comparison with SP3S method as it has been shown to be the most effective method when
considering the case of multivariate Gaussian distributions [12].

It is worth emphasizing that the comparison methods we have chosen for evaluation do not necessitate any preconditioning.
Therefore, it may be crucial to consider the computational cost associated with the initial diagonalization step when comparing
our procedure to these methods. Nevertheless, for problems with low dimensions, the inclusion of this added cost does not have a
substantial impact on the results.

We set a sample number L = 1000 and we run the experiment using a fixed path length of T* = 5 for all integrators. The selection
of step sizes was made to equalize the computational costs with respect to the SV scheme. Specifically, we considered one step of
the three-stage method SP3S to be equivalent in cost to three steps of SV. Similarly, one step of the two-stage methods SP2S and
nSP2S was considered equivalent in terms of cost to the composition of two steps of SV. For this purpose, we utilize a step size
of hgpyg = 0.6 for the three-stage SP3S method. Subsequently, we employ a step size of hg), = %h sp3s = 0.2 for the SV scheme
and hgp,g = 2hg, = 0.4 for both two-stage schemes SP2S and nSP2S methods, respectively. In our approach, the method nSP2S
runs with b = h;1(0.4) ~ 0.191795. Fig. 1 we depict accepted and rejected samples in the plane of the target probability density
function for all of the methods considered. The ellipse presented corresponds to region where the theoretical probability density
function, evaluated with built-in Matlab function mvnpdf, is strictly positive, with the area outside the ellipse representing zero
probability. This visualization makes it evident that nSP2S facilitates a more effective exploration of the entire state space. Moreover,
as theoretically predicted, nSP2S maintains the maximum acceptance rate AR = 1.

6.2. Multivariate Gaussian distribution

In a more general case, we consider a multivariate Gaussian distribution as the target distribution [3,10] defined as follows:
| d
2 2
7(q) o exp <—§ ZIJ q,) ,
j=

10
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Fig. 2. Multivariate Gaussian target with L = 5000 samples of dimension d = 256; acceptance rate percentage (green diamonds), mean of AH (grey squares) and
ESS percentage (orange points) comparison for SV, SP2S, SP3S and nSP2S integrators, measuring with different step size h (for details, refer to the text).

where q = [q;, ..., q,]" represents the position variables. The potential energy function U(Q) is given by % QT D! Q, where Q is the
vector of independent variables with zero mean and standard deviations «; = } for j =1,...,d. The kinetic energy function K(P) is

set to %PT P, where P represents the momentum variables.

As in the previous example, we compared our algorithm nSP2S with SV, SP2S, and SP3S methods. We did not consider further
improvements of these methods, as provided in [9], since, like the previous methods, they do not preserve the energy of Gaussian
distributions.

To perform the experiments we used the same parameters used in [12]. First, in Fig. 2, we present the results of our experiments
with d = 256, setting the number of samples to L = 5000 and choosing a number of burn-in samples equal to 1000. The initial q("
is drawn from the target z(q). For the chosen methods, we fix the path length to T* = 5. To ensure a fair comparison in terms of
computational cost, the SP3S method advances with step size hgpsg =5/(320+40/) for / =0, 1 ... 16. Then, we run SV method with
step size hgy = % hgpsys and we adopt hgpyg =2hgy = % hgpss for both SP2S and nSP2S methods. To ensure our method running
with a step size of %h Ssp3s, Weset b = h;](§ hgpss). For all the experiments we have measured the acceptance rate, the mean of
4000 samples of the energy errors AH®(q",p?) = H(q*,p*) — H(q"”,p?) and the effective sample size ESS of the first component
qii) of ) which corresponds to the component with largest standard deviation a; =1 (see [25]).

On the left vertical axis, the mean energy errors (grey squares) are plotted on a logarithmic scale for different step sizes A.
On the right vertical axis, we show the acceptance percentage rate (green diamonds) and the effective sample size (ESS) (orange
circles) in linear scale for SV (top-left), SP2S (top-right), SP3S (down-left) and the novel nSP2S method (down-right). As expected,
our approach achieves a 100% acceptance rate with mean energy errors of the order of 10716, Moreover, the ESS remains above
50%. It is important to highlight that, unlike the SP2S method, which encounters stability issues with sufficiently large step sizes
as depicted in the top-right section of Fig. 2, the nSP2S method is capable of running with larger step sizes. This results in a lower
computational cost without compromising its performance. It is worth noting that Theorem 3.4 guarantees the stability of the
approximations even when we increase the dimensionality d of the problem. This is because the stability condition is inherently
satisfied for each oscillator, without the need for any additional adjustment of the time step, as required by the SP2S method [10,14].
To illustrate this point, we provide an example in Fig. 3 with d = 500 and we choose the time step 4 varying in a large interval
from 0.004 to 0.2. The same Figure includes (on the left) plots for the energy error and acceptance rates for both SP2S and nSP2S
methods. Additionally, we have included (on the right) the values of b used by the nSP2S and SP2S methods during the integration
in the same interval of h.

Furthermore, in Fig. 4, we present the results of the conducted qualitative comparative analysis by estimating the mean and
standard deviation of the samples for nSP2S and SP3S, using the Gaussian target distribution with d = 256 and setting a sample
number L = 1000. We set T* = 5 and we run SP3S with hgp3¢ = 0.011 and nSP2S with hgp,g = %hsms = 0.0073 (to which
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Fig. 3. Multivariate Gaussian target with L = 5000 samples of dimension d = 500; acceptance rate percentage, mean of AH and ESS percentage comparison for
SP2S and nSP2S integrators, measuring with step size 4 € [0.004,0.2] (left), Values of stepsizes 4 € [0.004,0.2] against values of the corresponding b’s for SP2S
and nSP2S integrators (right).
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Fig. 4. Multivariate distribution. Comparison between the SP3S method, running with hgp;g = 0.011, and the nSP2S method, running with hgp,g = %hsm s =

0.0073. Estimates of means (left) and standard deviations (right) for the d = 256 dimensional example. On the x-axes are reported the standard deviations a; of
each variable ¢; for j = 1,...,d, on the y-axes the estimated values of means and standard deviations, each evaluated from L = 1000 iterations, are reported.

corresponds b =~ 0.1909833). The estimation of means and standard deviations from the obtained samples is compared to the
theoretical values of the distribution, i.e., zero mean and standard deviations «; for j = 1,...,d. One can notice that the estimates
generated by the HMC algorithm using trajectories evaluated with nSP2S show a greater accuracy, compared to the SP3S method
which rejects only 6 proposals.

6.3. Perturbed Gaussian models

To highlight the effectiveness of our approach, we consider a generic potential energy function U(Q), as the specific case ¢ = 1
of a potential energy of a perturbed Gaussian class defined by

U.Q=135Q70+eU@.  0se<l

It is trivial to check that U,(Q) = U(Q). We associate a kinetic energy function K(P) = %PT P so that the Hamiltonian can be
written as

K®) + U@ = 3P'P+ 155Q7Q + e U@
and the Hamiltonian system is given by

4Q _ ap _ — (-1)Q —
T =P S0 = VoUAQ = (- DQ - £ VoUQ.

We apply the method Y,,; = ‘I’x) Y, with ‘I’,(!b) defined in (3.4) which provides an energy preserving method for the above
Hamiltonian system when ¢ = 0. We investigate the performance of the algorithm with respect to the acceptance rates and to

the error in energy at e = 1 for two different specific models: the Log-Gaussian Cox model and the logistic regression.

6.3.1. Log-Gaussian Cox model
As first example we considered, as target, the Log-Gaussian Cox distribution [26]. For this model the data set is organized in
the vector X = [X|1..... X1 4. Xp1s oo Xogo oo X1 ...Xdyd]T, representing the number of points X, ; in each cell (i, j) of a d x d

12



C. Tamborrino et al. Communications in Nonlinear Science and Numerical Simulation 137 (2024) 108168

dimensional grid in [0, 1] X [0, 1]. The purpose is to sample the variable Q = [0, .....Q1 4. Q1. Q24 - Qg1 --- Qd’d]T from the
probability distribution given by

d
P@Q = [] exp(X;;0:; — mexp(Q; ) exp (—%(Q -’ 57Q- )
ij=1

where m = 1/d? represents the area of each cell and the matrix .S is given

T T T . .. Ty
L T, T, .. :
5 T, ... ... .. .. _ Va=p2+k=))?
S = . Tk, j)=c%e T, ik j=1,..d.
P e T, Ty
T, T, T,
T, .. .. T, T, T,

with ¢2, g, are fixed parameters and u = log (Zfi =1 Xi, j) — 62 /2. The potential energy function is defined as

d
UQ = -log[PQ] = Y mexp@Q,))-X,,0,, + %(Q—ﬂl)T STHQ - u1)

i,j=1
= Q- 5T@-ub + m1Tep(@ - XTQ.
with
VoUQ) = ST (Q~p1) + mexp(Q) - X.

The Log-Gaussian Cox model is particularly relevant as a point process for modeling presence-only species distribution [27], such as
the case of Scots pines in Eastern Finland [26,28] or the spread of the invasive species Eucalyptus sparsifolia in Australia [27].
In our study, we address a similar problem related to alien plants, specifically focusing on the highly competitive invasive
species Ailanthus Altissima (Mill.) Swingle thriving in the Murgia Alta Natura 2000 protected area and National Park in southern
Italy [15]. For the purpose of our tests, we used a dataset consisting of a high-resolution (2 m) mapping of Ailanthus Altissima
presence, obtained through multi-temporal remote sensing satellite data and machine learning techniques using a two-stage hybrid
classification process [29]. The satellite images used in the dataset were provided by the European Space Agency (ESA) under
the Data Warehouse 2011-2014 policy within the FP7-SPACE BIO_SOS project (www.biosos.eu) and the European LIFE project
(www.ispacnr.it/progetto-life-alta-murgia).

From the complete dataset, we extracted a small area, scaled in the square [0, 1] X [0, 1] containing 185 trees plotted in Fig. 7
(top-left). To calculate the parameters of the Log Gaussian Cox model we followed the moment-based estimation methodology
described in [30], resulting in # = 0.127, 6> = 3.5881, and u = log(185) — 62 /2. We collected a Markov chain of L = 5000 samples of
dimension d? = 400 with HMC, discarding the first 1000 burn-in samples.

In Fig. 5, we present the comparison results with competitors based on acceptance percentage and mean energy errors. We fix
the path length T = 3 and we use hgpsg = % with n = 60, 40, 30, 20, 15, 12, 10 for the SP3S method. Then we run SV method with

hgy = % hgpss. For both SP2S and nSP2S methods, we adopt hgp,g =2 hg, = % hgpss. To ensure that our method nSP2S runs with

the correct step size, we set b = h;l(gh spas)- In Fig. 5 the horizontal axis of each plot represents the different step sizes. Even if
our approach achieves higher acceptance rates compared to the SP2S, which is considered optimal in literature within the class of
second-order two-stage splitting schemes, these results do not show clearly the superiority of our procedure when applied without
the proposed adaptive approach. Furthermore, compared to the SP3S method, recognized as optimal in the class of second-order
three-stage splitting schemes, our proposed nSP2S procedure demonstrates only slightly better acceptance rates and, as regards
efficiency, for several choices of i the ESS of SP3S is even greater.

To show the potential advantage deriving from the adaptive approach of our method (Algorithm 5.1) compared with the non-
adaptive one, we expanded the step size range hgp3g = %, adding values for n of 9, 8, 7, 6, 5, 4, for the SP3S method. Subsequently,
in Fig. 6, we compare its performance with nSP2S method, applied both with and without the adaptive procedure. The adaptive
procedure starts by setting b, to hb‘l(h sp2s), where hgp,g = %h sp3s and the reduction of b is determined by the parameter
red = 0.99. The results of this comparison are presented in Fig. 6, where a noticeable enhancement is shown with the novel adaptive
procedure.

Regarding the above comparison, it is important to note that directly comparing the adaptive algorithm to other non-adaptive
methods presents challenges. The provided results, for example, do not consider the increased computational cost resulting from
reductions in b coefficient, which in turn lead to corresponding reductions in the step size h, (refer to Table 1). However, as
mentioned earlier, here we limit on demonstrating the potential benefits of adaptively selecting the pairs (b, /;) within the considered
family of two-step second-order splitting procedures.

Finally, in Fig. 7 (top-right) we display the estimated intensity map of the Ailanthus trees obtained using the novel adaptive
procedure (Algorithm 5.1) in correspondence of the higher dimension d> = 4096. Setting 7T,,,, = 3, starting from the value
bpax = bpcs ~ 0.2113 and a reduction factor of red = 0.997, the method quickly converges to the shown configuration with acceptance
rate AR = 0.6443. In Fig. 7 (down-left) we depict the convergence of values of b to the optimal value b = bop = 0.1909970 and their
corresponding values of h, approaching hba,u = 0.0527835, with respect to the number of sample iterations L.
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Fig. 5. Log-Gaussian Cox target with L = 5000 samples of dimension d? = 400; acceptance rate percentage (green diamonds), mean of AH (grey squares) and
ESS percentage (orange points) comparison for SV, SP2S, SP3S and nSP2S integrators, measuring with different step size h (for details, refer to the text).
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Log-Gaussian Cox target with L = 5000 samples of dimension d?> = 400. Range of b coefficients and related h,
values for the adaptive nSP2S procedure in Fig. 6.

hgprs Bpax Range of b Range of &,
0.033 0.1909886 b € [0.1909884, b, ] hy, € [0.0328, hgpys]
0.050 0.1909956 b €[0.1909955, b, 1 hy, € [0.0497, hgpys]
0.066 0.1910054 b €[0.1910045, b, hy, € [0.0653, hgpys]
0.100 0.1910334 b €[0.1910282, b,,,,] hy, € [0.0946, hgpys]
0.133 0.1910727 b €10.1910521, 5,1 hy € [0.1170, hgp,s1
0.166 0.1911232 b €[0.1910687, b, hy, € [0.1303, hgpys]
0.200 0.1911850 b € [0.1910829, b,,,,] hy, € [0.1407, hgpys]
0.222 0.1912324 b € [0.1910935, b, ] hy € [0.1479, hgp)s]
0.250 0.1912989 b €1[0.1911034,b,,,.1 hy, €[0.1544, hgpys]
0.285 0.1913959 b €[0.1910915, b,,,.] hy, € [0.1466, higpys]
0.333 0.1915456 b €[0.1910912, b,,,,] hy, € [0.1464, hgpys]
0.400 0.1917948 b €10.1911095, b,,,.1 hy, € [0.1583, hgpys]
0.500 0.1922562 b €[0.1911030, b, 1 hy, € [0.1542, hgpys]
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Fig. 7. Presence of Ailanthus trees (top-left), position of the trees (green points) suitably scaled between 0 and 1. Estimated intensity map of Ailanthus obtained
accordingly to the Algorithm 5.1 (top-right). Adaptive choice of b against sample iteration L (down-left), corresponding values of h, against sample iteration L

(down-right).

6.3.2. Logistic regression model

As a second test, we consider a Bayesian Logistic regression model, following the notation used in [31]. We denote the n-
dimensional vector of labels associated with the instances matrix X € R™@*D as Y = [v},...,Y,]7. Let x; = [X;,.... X; 417 the
(d + 1)-dimensional (column) vector corresponding to the kth row of the matrix X, for k = 1, ..., n. The regression coefficients for
the d covariates and the intercept are collected in the vector § = [y, f;, ..., ;1" . To specify a prior distribution for §, we assume
a multivariate normal distribution with covariance matrix D = ¢2I, where I is the (d + 1)-dimensional identity matrix and o2 is a
freely chosen variance. The goal is to sample the parameters g from the resulting distribution, which can be expressed as follows:

Pp) exp(ﬁTXT (Y - ln) — z”: [log(l + exp(—ijﬁ))]) exp(—%ﬁTD_lﬂ)
j=1

exp(ﬁTXTY — jz:} [log(l + exp(ijﬁ))] ) eXP(—%ﬁTD‘1ﬂ>
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Fig. 8. Logistic regression model with L = 5000 samples of dimension d + 1 = 8; acceptance rate percentage (green diamonds), mean of AH (grey squares) and

mean of ESS percentage (orange points) comparison for SV, SP2S, SP3S and nSP2S integrators, measuring with different step sizes h (for details, refer to the
text).

The potential energy function, is defined as:
1 B n
UB) = ~loglP(B) = 3" Dp+ Y [log(l +exp(xf )] - B XY
k=1

Without loosing of generality, we can set ¢ = 1 as the same results are obtained on the scaled dataset X = X /o. The gradient of the
potential energy function is given by

Vp U(ﬂ):ﬂ—XT<Y_[ exp(x{ ) exp(x; B) exp(xT B) >

L+expx’ )" 1+expxIp)” " 1 +exp(x] B)

For this experiment, we have tested the method on the logistics regression model using the Pima Indian, Ripley, Heart, German
credit, and Australian credit datasets from the UCI repository [32], which includes various matrices of instances and labels. We
report the results obtained with the Pina dataset, since the tests performed with the other datasets have no significant differences
in terms of performance.

Following standard practice, we applied a normalization procedure to the dataset, ensuring that it has a mean of 0 and a standard
deviation of 1. Prior to normalization, we performed a scaling procedure on the data, taking into account the chosen value of &.

We collected a Markov chain of L = 5000 samples of dimension d + 1 = 8 with HMC, discarding the first 1000 burn-in samples.
In Fig. 8, we present the comparison results with competitors based on acceptance percentage and mean energy errors. We fix the
path length T = 3 and we use hgpyg = % with n = 60, 40, 30, 20, 18, 13, for the SP3S method. Then we run SV method with
hgy = %hsms- For SP2S we adopt hgprg = 2hgy = %hsms and we set b = h;l(ghsms) for nSP2S. The horizontal axis of each
plot represents the different step sizes used. While our method demonstrates superior performance compared to SV and similar
performance to other competitors for lower values of the step size, it exhibits poor performance for larger step sizes. It is worth
noting that, although both two-stage integrators, SP2S and nSP2S, frequently experience failures with the large step sizes making it
challenging to conclusively determine the superior two-stage scheme, the SP3S scheme always exhibits the best performance.

To give evidence of the improved behavior of our proposed procedure within the adaptive Algorithm 5.1 we expanded the step
size range hgpyg = %, adding values for n of 12, 10,9, 8, 7, 6, 5, 4, for the SP3S method. In Fig. 9, we compare its performance
with non-adaptive and adaptive nSP2S methods. As in the previous comparison, the adaptive procedure starts by setting b, =
h;l(h sp2s), where Agpyg = %h sp3s- The reduction of b is then determined by parameter red = 0.98. The results of this comparison
are presented in Fig. 9, where, once again, the obtained enhancement with the novel adaptive procedure is demonstrated. The range
of values assumed by the b coefficient, along with the corresponding ranges for the step size h,, is provided in Table 2.
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Fig. 9. Logistic regression model with L = 5000 samples of dimension d + 1 = 8; acceptance rate percentage (green diamonds), mean of AH (grey squares) and
mean of ESS percentage (orange points). Comparison for SP3S, and nSP2S integrators in correspondence of red = 0.98.

Table 2

Logistic regression model with L = 5000 samples of dimension d + 1 = 8. Range of b coefficients and related h,
values for the adaptive nSP2S procedure in Fig. 9.

hgpas D Range of b Range of h,

0.033 0.1909886 b € [0.1909882, b1 hy, € [0.0320, hgpys]
0.050 0.1909956 b €1[0.1909942, b, ] hy, € [0.0470, hgpys]
0.066 0.1910054 b €[0.1910006, b, ] hy, € [0.0590, hgpyg]
0.100 0.1910334 b €[0.1910188,b,,,.] hy, €0.0842, hgpys]
0.111 0.1910334 b €10.1910221,b,,.] hy, € [0.0880, hgpy]
0.153 0.1910727 b €1[0.1910256, b,,,,, ] hy €[0.0919, hgpys]
0.166 0.1911232 b €[0.1910273,b,,,.] hy, €[0.0937, hgpys]
0.200 0.1911850 b €[0.1910231, b,,,,] hy, € [0.0891, hgpg]
0.222 0.1912324 b €[0.1910219, b,,,.] hy, € [0.0878, hgpys]
0.250 0.1912989 b € [0.1910266, b, ] hy, € [0.0930, hgpys]
0.285 0.1913959 b €[0.1910287, b,,,.] hy, € [0.0951, hgp,s]
0.333 0.1915456 b €1[0.1910221, b,,,,] hy, € [0.0880, hgpys]
0.400 0.1917948 b €[0.1910300, b, ] hy € [0.0965, hgpys]
0.500 0.1922562 b €[0.1910241,b,,,.] hy, €10.0902, hgpys]

Furthermore, in order to show that the estimated samples f obtained with the adaptive approach are consistent with the
frequency estimates calculated using the generalized linear model (glm) [33] the Algorithm 5.1 has been run by setting, the path
length T,,,,x =3, by = 0.1932 (case 3 of Section 5.1), red = 0.98 and we plot the result in Fig. 10 where the red line representing the
frequentist estimates that falls within the central location of the histograms of f,, g, ..., ;. In Fig. 11 we show how the parameter

b (on the left left) and the value of &, (on the right) change with respect to sample iterate L converging to the value b,, = 0.1910212
to which corresponds hy,,, = 0.0870547.

opt

7. Conclusions

The recent research literature focuses on the search for efficient volume-preserving and reversible integrators that can replace
the Stormer Verlet method in practical implementations of the HMC method. The effectiveness of these numerical algorithms is

measured by their ability to reduce the expectation of the energy error when applied to univariate and multivariate Gaussian
distributions [10,12].
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Fig. 10. Exploration of logistic regression using the Pima Indian dataset. Examination of posterior estimates through Hamiltonian Monte Carlo sampling with
nSP2S (histograms), complemented by a comparison with frequentist estimates (depicted of a vertical lines) using Generalized Linear Model (glm).
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Fig. 11. Logistic regression target: adaptive choice of » (on the left) and resulting /, (on the right) against the sample iterate L in correspondence of red = 0.98.

In this paper, we have reversed and improved the adaptive selection of the parameter 5 from the one-parameter family of second-
order splitting procedures, appeared in HMC literature only recently [13,14]. Once the value of b in a suitable interval I has been
selected to ensure the stability of the chosen method within the family of integrators, the step size used to advance in time is
402-6b+1

»2Q2b-1) "
for Gaussian distributions, both univariate and multivariate, is nullified. With all proposals being accepted by construction, our
proposed method outperforms the competitors mentioned in [9,10,12]. Consequently, the above competitors cannot be considered
optimal for Gaussian distributions as they do not preserve energy, and they are not more cost-effective than the methods examined
in this study.

Moreover, we propose to use the same the couple (b, h,) with b € I for sampling with HMC from generic distributions. To
assess the effectiveness of our proposed approach, we conducted tests on general classes of target distributions, such as the Log-
Gaussian Cox model and Bayesian logistic regression. Our criterion proves to be effective in achieving good performance both in
terms of acceptance percentage rate and the effective sample size (ESS). In comparison to the SV scheme, our proposed procedure
demonstrates superior performance for both Log-Gaussian Cox and Bayesian logistic regression models, aligning with the second-
order scheme identified as optimal in two-stage integrators. Compared to three-stage second-order splitting procedures, especially

uniquely determined by the function A, (b) = By setting the step size h = h,(b) the expectation of the energy error
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in the case of the Bayesian logistic regression model, our method demonstrates a lower performance. In our future research, we
will attempt to extend our approach to investigate whether the SP3S method can be surpassed by an energy-preserving integrator
(if any), properly choosing the triplets (a, b, h) in the class of three-stages second order splitting scheme in (6.1).

Additionally, we propose to enhance the performance of the novel integrator nSP2S by incorporating an adaptive selection of the
parameter b, which identifies a specific method within the family of one-parameter splitting integrators. In this adaptive approach,
we begin with a sufficiently large initial value for b, and we decrease its value each time a sample is not accepted. Another possible
variant involves reducing the parameter b each time a specified target rejection rate is exceeded. For both examples considered, we
verified the effectiveness in addressing high dimensionality problems and an observed ability to enhance the performance compared
to non-adaptive procedures. As a future research direction we intent to exploit the use of more robust criteria for an adaptive
method’s selection in one-parameter families of integrators having the objective of reducing the computational cost.

Availability of codes
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Appendix. Energy-preserving linear maps for Gaussian distributions

The chosen step size 4 > 0 is crucial in the implementation of Algorithm 2.1. Too small a step size will waste computation time
as it will require a large N in order to reach the final step T* = N h. Too large a step size will increase bounded oscillations in
the value of the Hamiltonian, which would be constant if the trajectory were simulated by an energy-preserving map. Moreover,
when values for & are chosen above the critical stability threshold, which is characteristic of each approximating map ¥,,, then the
Hamiltonian grows without bound, resulting to an extremely low acceptance rate for states proposed by simulated trajectories.

Hence the selection of the step size i should obey to stability constraints. The issue of stability is traditionally faced by means
of a test problem; for HCM flows, it is represented by the problem defined by a Gaussian zero-mean distribution for both ¢ and p.
Firstly, we account for the one-dimensional problem and then we extend the analysis to the multi-dimensional case.
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A.1. Univariate case

We generalize the approach in both [3,10] by considering generic standard deviations, « for ¢ and g for p, with zero correlation.
The Hamiltonian dynamics for Q and P define the equations

do P dP [¢]
@w_rodP__ L Al
dt p? dt a? (A1)
. . 1 1 (0> p? a0 .
Setting Y = [Q, P]7, the Hamiltonian can be expressed as H(Y)= =Y/ D;'Y = = [ = + — ) where D, := . Starting
2 2 2\ a2  p? 0o g
from Q,, P,, the theoretical solution at , = nh is represented as a linear map Y(z,) = F("%>-?) Y, where
Fho) cos (nhy) ol sin (nh,) , . E’ P
—o sin(nh,) cos (nhy) o 7 ap
. S 1 ,  P?
Notice that Hamiltonian can be expressed as H(Y) = P cQ° + —
14 o

We mentioned that the numerical map used to replace the theoretical solution with an approximation should be volume-
preserving (here equivalent to symplectic) and momentum be flip-reversible. Both characteristics direct our attention to the class
of integrators that, when applied to the test problem (A.1), can be expressed as

Yn+1 = M(;I,U) Yn
where M{(1,1) = M{**(2,2) and det(M{*”) = 1.
Setting py = My""(1L1) = My 2.2), a = 2 (My7(1.2) = My 2. 1) and ¢, =

matrix M(zh’”) can be written as

> = @MJ(1.2) + M2, 1)), the

ey + ot
M(Zh,g) _ Pn h qn 7 (A.2)

ep — 0 qp Pn

and, from det(M;h'”)) = 1, the following relation holds
p:—(ep+0 g, —oqy =1 (A.3)

The stability of the trajectories depends on eigenvalues of M(Zh‘“)

which solve the polynomial
2 —2p, A+ 1=0.

When pf! — 1 >0 then the eigenvalues are real with at least one having absolute value greater than one, hence the trajectories are
unstable. When pfl — 1 < 0 the eigenvalues are complex with modulus equal to one, hence the trajectories are stable.

The key consideration for what follows is that integrators for which it results e, = 0 are energy preserving. Indeed, the error in
energy at each step is given by

h . 1 _ 1 _
AP = H(Y,,,) - H(Y,) = EYZHDzlY,,H -3 D;'Y,
1

_ T\ )T 1 ) 4(ho) 1 9T -1
= §Y"M2 D' M; Y,,—EYnDZ Y,

_ 1 o) -1 ) 4(ho) 1
= YT (MO Dyt MP - Dy )Y,

2 2 2
= Ly (p®T et _ p1)y
T 2 2 2 T 2 n
P, G
) _ y-1/2  (ho) _ a @ B
whereIC2 =D, "M, = e Ph
B a B
Let us evaluate
2 2
(3 (B
R B 1t 2 ) Cnbn
T 2 2 2
eM = e e _pri=| b o« F (A4)

2 2
1 1 p,— 1 €,
(Frg)om (303
so that A(z"’h) = %Yf é‘;h) Y,, forn=0,..., N and
N 1 N
N) . h h
AV = H(Yy) - H(Yy) = Y 40" = 3 Y Yrely,. (A.5)

n=0 n=0
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Theorem A.1. Consider the Hamiltonian test problem (3.2) and a symplectic and momentum flip - reversible integrator, expressed as
Y, = M;h’“) Y, with M(Zh’”) defined in (A.2), when applied to (A.1). If it results that e, = 0, then the integrator preserves the Hamiltonian.

Proof. It is enough to observe that, whenever e, = 0, the matrix Eéh) in (A.4) has null entries on the right-left diagonal. From
Pyt - 1 pE+ai-1
2

relation (A.3), it follows that on the principal diagonal Séh)(l, 1 = e

the proof. []

_ Séh)(l 2) = = 0 which completes

Theorem A.2. Assume that Q,, P, are two random variables with Gaussian zero-mean distribution, standard deviations « and p respectively
and zero correlation. Suppose that the Hamiltonian dynamics (A.1) is approximated by means of a linearmap Y, = M(zh“’) Y, with M(zh”’)
given in (A.2). Then, the expectation of the random variable A(ZN ) in (A.5) is given by

™, _ N 1\2
E(4Y )—7(0+;) e

and, consequently, IE(A(ZN )) = 0iffe, = 0.

1
2

2 2
p 1 € q, 1 1
(n,h) _ h h h 2
ZAZ [ 5 + <_ — _> :|QO+ !ehPh <_2+—2 QOPO

Py — 1 AN
(B )] w

for n=0,..., N. From E(Q}) = o?, B(P}) = f%, E(Q, Py) = 0, it results that

Proof. From A(z"’h) ==Y’ €§h) Y,, we can evaluate

2EUP) = 2(p2 = 1) + (67 ey = q1)” + (e + au)” = (oo + 07" ey)’
and the statement trivially follows. [

The following result generalizes Proposition 4.3 in [10] for Gaussian zero-mean distributions with generic standard deviations
« and f:

Theorem A.3. Under the same hypothesis of Theorem A.1, assuming |M(2h"’)| < 1, the expectation of the random variable A;N ) in (A.5)
can be expressed as

2
. 1 (. 1 - _

IE(A;M) = N sin? (hy,) p(h), p(h) = 5 <1h _ )?_h> , 7= xh

Proof. Under the assumption |M(2h"’>| < 1 then |p,| < 1 and we can define h 1, = arccospy, h, € [0, z] and sin & w =1 Pf,'

From sin® (hy,)=1- pfl, and exploiting the relations

1 ep + 07" q, oq, — €

7 = — Xh = —F/—»
VAR V1 -

which are both satisfied from (A.3), we can prove that

2 2
2 ) 4 Xn _ 1 2
2 o) = o) (2 22 ) = (o4 2)'

From Theorem A.2 the result follows. []

A.2. Multivariate case

The motion of d oscillators

dQ; P, dP; 0;
— =L L == for j=1,..d, (A.6)
dt B2 dt o?

J J

can be represented as an Hamiltonian system

dQ 1 dpP _1
— = p;lp, — =-D A7
dt b dt «Q (A7)
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where D, and D; are d X d diagonal matrices with entries aj? and ﬂ]?, respectively, for j = 1,..., d and Hamiltonian function

1,7y 1 o7 et . T D, 0, _— .
3 Q' D Q+ 3 P D r P. Setting Y =[Q, P]", D,; := 0 b the Hamiltonian can be written as
d B
_ 1yr
H(Y)= 3 Y Dy} Y. (A.8)
Define = = D'/? D;l/ %, then a symplectic and momentum flip - reversible integrator for the d-dimensional system (A.7) can be
expressed as Y,,, | = Mg;,z )Y, where
-1
MED Py E,+ 27 Q (A.9)
2 E, - 2Q, Py

where Py, Q, and E;, are d dimensional diagonal matrices satisfying

PI— (B, + Z7'Q)E, - ZQy = I,

Similarly to the univariate case, the error in energy at each step is given by

1 T _
Al = H(Y,,) - H(Y,) = V! (zcg’j; k! - D! )Y,, (A.10)
—-1/2 -1/2 -1/2
where £ <= D172 pho) _ Da Py D B+ Dy Qs
ere Kyy = Pog 24 = -

—-1/2 —-1/2 —-1/2
p,'%E, - D;'?Q, p,'*p,

T
When E,, = 0,,,, then the matrix 8;3) = IC(ZZ) IC(;;) - Dy} is given by

p,D,P,+Q, D, - D 0
‘5‘52) . (FnDaPh Q, D, Qy M 7 ' (A11)
0, P, DﬁPh +Qy DﬂQh — Dy

Since Py, Qy, D, and D are diagonal matrices and Pi + Qi =1,, then E;Z) = 0y4504-
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