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Summary
Data-driven forecasting of ship motions in waves is investigated through feedfor-
ward and recurrent neural networks as well as dynamic mode decomposition.
The goal is to predict future ship motion variables based on past data collected on
the field, using equation-free approaches. Numerical results in two case studies
involving the course-keeping of a naval destroyer in a high sea state using simu-
lation data at model scale are presented. The proposed methods reveal successful
in predicting ship motions both in short-term and medium-term perspectives
with accuracy and reduced computational effort, thus enabling further advances
in the identification, control, and optimization of ships operating in waves.
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1 INTRODUCTION

In severe sea and weather conditions, the availability of forecasting approaches for ship performance in waves, includ-
ing motions, power requirements, loads, and structural responses, may be critical to ensure safety of crew, payload,
and structures. In this context, digital-twin platforms able to learn from data, infer, and act are essential to safeguard
resources.1 Nowadays, data has emerged as a crucial asset for researchers across various domains, including system
modeling and identification2 as well as control theory and optimization.3 In general, having at disposal a vast amount
of data, some of which is publicly available, combined with advancements in machine learning, has led to the growth
of data-driven modeling as a powerful approach to understand complex systems, make predictions, and take decisions.4
More specifically, data-driven modeling consists of extracting insights and patterns from data to develop mathematical
models that can accurately represent and predict the behavior of a given physical phenomenon. Unlike classical modeling
approaches that typically rely on prime principles or theoretical assumptions and simplifications, data-driven modeling
can capture hidden relationships and dynamics directly from available data. When the governing equations of the system
under investigation are either unknown or not used in the learning process, the approach is also referred to as equation-5

or model-6 free. The benefits of data-driven modeling are numerous: by leveraging data, it is possible to optimize pro-
cesses, detect anomalies, take decisions, and develop predictive models to forecast future outcomes. A wide range of
techniques are available for data-driven modeling, such as statistical modeling, reduced-order modeling, and machine
learning.4 Statistical modeling focuses on inferring relationships between variables based on observed data, while
reduced-order modeling aims at developing simplified versions of complex models, yet preserving their essential features

[Correction added on 11 September 2024, after first online publication: The copyright line was changed.]

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2024 The Author(s). International Journal of Adaptive Control and Signal Processing published by John Wiley & Sons Ltd.

Int J Adapt Control Signal Process. 2025;39:2119–2142. wileyonlinelibrary.com/journal/acs 2119

https://orcid.org/0000-0001-6113-7893
https://orcid.org/0000-0002-5048-4141
https://orcid.org/0000-0002-8814-1793
http://creativecommons.org/licenses/by/4.0/
http://wileyonlinelibrary.com/journal/ACS
http://crossmark.crossref.org/dialog/?doi=10.1002%2Facs.3835&domain=pdf&date_stamp=2024-05-15


2120 DIEZ et al.

and behaviors. The goal is to reduce the computational complexity of the model while maintaining an acceptable level of
accuracy. Lastly, machine learning algorithms aim to automatically learn patterns and make predictions from data.
Among the different machine learning approaches, neural networks are widely employed to extract hierarchical rep-
resentations from data, enabling complex pattern recognition and prediction tasks.7 The various methods can also be
combined with each other. For instance, the work of Fu et al.8 presents a method for integrating neural networks with
physical information to enhance the extrapolation capabilities of reduced-order models using a small number of train-
ing data. Moreover, another work by Fu et al.9 proposes a novel reduced-order model based on an autoencoder neural
network and shows how it provides more accurate results than traditional linear proper orthogonal decomposition for
problems with high nonlinearity.

The contribution of this article lies in the investigation of data-driven modeling to prove the feasibility of performing
forecasts of the motions of ships operating in waves starting from data measured on the field. Toward this end, we present
three different approaches in the context of time series prediction to forecast the future evolution over time of the variables
describing the motion of a ship, such as roll, pitch, yaw and so on based on the recent past history. First, we focus on the
use of machine learning techniques, and in particular on feed-forward neural networks (FFNN)10 and recurrent neural
networks (RNN),11 with their methodological extensions such as long short-term memory networks (LSTM),12 bidirec-
tional LSTM (BiLSTM),13 and gated recurrent units networks (GRU).14 Then, we consider dynamic mode decomposition
(DMD)15 and its augmented formulation (ADMD)1 as data-driven, reduced-order modeling approaches to time-series
forecasting. DMD and ADMD represent an appealing alternative to neural-network-based methods since they do not
require time-consuming training processes, and therefore they are suitable for real-time (or nearly real-time) learning in
digital twin platforms.

Data-driven approaches to forecast the response of ships in waves have been developed and discussed in the literature,
including machine learning via recurrent-type neural networks16,17 and model-order reduction via DMD.1,18–20 As previ-
ously pointed out, machine learning and reduced order modeling approaches are strictly connected with each other. For
instance, the work of Wang et al.21 is one of the first applications in fluid dynamics of LSTM to reduced-order modeling.
In general, data-driven modeling studies for ships operating in waves,16,22,23 especially deep-learning24–27 and hybrid28–31

approaches, are gaining prominence due to their capacity to capture intricate temporal and spatial relationships within
ship motion data. However, such approaches are still limited if compared to other areas of application.

To assess the effectiveness of the proposed approaches, we focus on two challenging case studies regarding the course
keeping of a naval destroyer (at model scale) in stern-quartering irregular waves at sea state 7 and at a nominal Froude
number equal to 0.33. Such a problem is worth investigating due to the high sea state, with a significant wave height of
7 m (at full scale), the wave heading with respect to the ship course (300◦, i.e., stern quartering), and the nominal peak
period that is close to the rolling natural frequency, thus inducing roll motion resonance and possible capsizing of the
vessel. The two case studies differ on the time horizon considered for the predictions. In more detail, the goal of the first
case is to predict ship motions in the short period, that is, one future encounter wave is considered, while, in the second
case, the horizon is longer since we aim at predicting the ship motion over three future encounter waves. Both case studies
are significant since they correspond to key different situations, with the horizon length playing a crucial role in the
prediction accuracy and required computational burden. As an example, the shorter prediction horizon could be adopted
to develop feedback control actions to be used in real time as a reaction to unexpected events, while longer horizons could
be used to develop suitable model-predictive-control-based approaches to pursue optimization of the vessel trajectory or
any other desired behavior.

Successful simulation results using data taken from unsteady Reynolds-averaged Navier Stokes (URANS) compu-
tations from Serani et al.32 are reported in this article, thus showcasing the good prediction capability of both neural
networks and ADMD approaches. Concerning computational requirements, the obtained results are very satisfactory
as well. In fact, after a training phase for both FFNN and RNN lasting about a few minutes on standard hardware, the
prediction of the ship motion variables entails a negligible computational time in both the considered case studies. The
same occurs when prediction is performed by using ADMD (in this case, no training is required owing to the different
nature of ADMD). Hence, the adoption of the forecasting approaches proposed in this article may pave the way to further
research on the development of control and optimization techniques for vessels operating in waves, for which the current
requirements from the computational viewpoint represent a limitation.

The remainder of the article is organized as follows. Section 2 reports the problem statement. Section 3 summarizes
the basics of FFNN and RNN for time series prediction, while Section 4 reports the use of ADMD for the same pur-
pose. Section 5 showcases the used metrics for performance evaluation, while Section 6 discusses the obtained numerical
results. Lastly, Section 7 draws conclusions and outlines future works.
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2 PROBLEM STATEMENT AND MODELING OBJECTIVES

In this section, we formulate the problem we deal with throughout the article, that is, the construction an approximate
model to forecast the motions of ships in waves. Toward this end, we focus on three different kinds of models constructed
starting from data collected on the field: FFNN, RNN, and ADMD. While constructing the model, we have to pursue the
following objectives: (i) the resulting model should be able to capture the essential dynamics of the motions of vessels;
(ii) it has to be characterized by a reduced computational effort to be used online during ship operations for the purpose
of control and optimization.

Machine learning models based on neural networks and reduced-order approaches, such as ADMD, are different
techniques that share the objective of simplifying the dynamics of complex systems. In particular, several connections
can be identified between them, as described in the following.

1. Dimensionality reduction: both machine learning models and reduced-order ones may perform dimensionality reduc-
tion. The former can learn hierarchical representations that effectively capture the underlying structure of the data,
whereas the latter extracts essential features from high-dimensional data.

2. Feature extraction: in both methods, feature extraction plays a crucial role. Neural networks learn representations of
the data through layers of interconnected neurons, whereas reduced-order modeling identifies dominant modes, or
patterns, in the data.

3. Nonlinear mapping: models based on neural networks are typically able to learn nonlinear mappings between input
and output data, while reduced-order models often rely on linear methods for representation. This enables neural
network models to capture complex relationships in the data that may be missed by linear techniques.

4. Hybrid approaches: there is a growing trend towards combining machine learning and reduced order models into
hybrid approaches. For example, the latter can be used to reduce the dimensionality of input data before feeding it
into a neural network for further processing, or neural networks can be used to enhance the accuracy of reduced-order
predictions by learning correction terms or refining reduced representations.

5. Equation/model-free learners: all the methods discussed in this work (FFNN, RNN, and ADMD) do not require the
knowledge of the equations governing the system, and therefore may be referred to as equation-free.5 Albeit ADMD is
not a machine learning method in the strict sense, from an artificial intelligence perspective FFNN, RNN, and ADMD
are all model-free learners.6

In this article, we focus on a discrete-time setting, where time is discretized into several steps, with a constant sam-
pling time Δt. Hence, we consider the time instants t = 0,Δt, 2Δt, … . With a little abuse of notation, we indicate the
discrete-time instants through integers by dropping Δt, that is t = 0, 1, 2, … . The goal is to approximate, at each time
instant t, the functional relationship between an input sequence of recent measures collected on the field and an output
sequence of the same variables projected in the future. Toward this end, an approximating model based on FFNN, RNN,
or ADMD in our case, is used to map an input, measured sequence into an output, predicted one. Figures 1 and 2 sketch

F I G U R E 1 Sketch of the modeling approach considered in this article for the prediction of N ship motion variables.
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2122 DIEZ et al.

F I G U R E 2 Sketch of the considered data-driven modeling approach approximating the mapping between an input, measured
sequence to an output, predicted one. Specific versions of the diagram are reported later on for machine learning methods and DMD for time
series forecasting.

such an idea. In more detail, let x
𝜏
∈ RN be a vector quantity that is significant for the problem at hand at given time

instants 𝜏 = t − T + 1, … , t, where t is the current time step (without loss of generality, in this article we assume that all
the vectors are column vectors). In other words, we consider a window of past values of length T ≥ 1 and construct an
input sequence xt−T+1, … , xt. In the case of the prediction of the behavior of ships in waves considered in this article,
the vector x

𝜏
collects the variables describing the motions of the vessel at time 𝜏: the ship six degrees of freedom, that

is, surge, sway, heave, roll, pitch, and yaw along with the rudder angle (additional details on the types of used variables
are reported in Section 6). The goal is to generate estimates x̃

𝜏
∈ RN in a future time window of length T′ ≥ 1 starting

from time t, that is, for 𝜏 = t + 1, … , t + T′, based on the observations of the same variables from time t − T + 1 to time
t. The estimates x̃t+1, … , x̃t+T′ describing the ship motions in the near future constitute the output sequence. For the
sake of compactness, let us collect all the input variables x

𝜏
, 𝜏 = t − T + 1, … , t, for a given time instant t in the vector

xt
t−T+1 ∶= col(xt−T+1, … , xt) ∈ RN×T , where, given two vectors a ∈ Rp and b ∈ Rq, the notation col(a,b) ∈ Rp+q denotes

the column-wise juxtaposition of the two vectors a and b. Similarly, we collect the output estimates x̃
𝜏
, 𝜏 = t + 1, … , t + T′

in the vector x̃t+T′
t+1 ∶= col(x̃t+1, … , x̃t+T′ ) ∈ RN×T′ . [Correction added on 24 May 2024, after first online publication: the

term ‘ℜ’ has been changed to ‘R’ in the preceding paragraph.]

3 MACHINE LEARNING APPROACHES

In this section, we review the basic concepts of the two types of machine learning approaches used throughout the article,
that is FFNN (Section 3.1) and RNN (Section 3.2) for the purpose of time series prediction of the motion variables of vessels
operating in waves based on measurements on the recent past. Figure 3 sketches the considered modeling approach for
both types of methods.

3.1 Feedforward neural networks

FFNN, also known as multilayer perceptrons, represent a fundamental and widely-used type of artificial neural network
and constitute a basic block of several machine learning applications in different fields. They consist of interconnected
layers of artificial neurons, also called nodes or computational units, arranged in a sequential manner, where information
flows from the input layer to the output layer through one or more hidden layers. This unidirectional flow of data motivates
the adjective “feedforward.” The inputs are “transformed” through the hidden layers to generate the outputs. Exam-
ples of computational units in the hidden layer of such networks are radial basis functions, kernel units, and sigmoidal
functions.

We focus on one-hidden-layer networks, which are particular kinds of networks with one input layer, one output
layer, and only one layer in the middle, called “hidden.” This kind of networks are also known as shallow networks, in
contrast to deep ones where several hidden layers are present. Even if shallow networks are characterized by some lim-
itations and deep ones are superior in certain tasks,33 one-hidden-layer networks are still employed in applications,34–39

and therefore their use for the purpose of predicting the motions of ships operating in waves is worth investigating. A
number of theoretical results are available for one-hidden-layer FFNN. An important point is the so-called universal
approximation property,40 that is, such networks are able to approximate any well-behaved unknown function generating
a set of data with arbitrary accuracy, provided a suitable number of computational units in the hidden layer is selected.
Furthermore, under suitable regularity hypotheses on the unknown mapping generating the data, they guarantee
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DIEZ et al. 2123

F I G U R E 3 Sketch of the considered machine learning models: FFNN (left) and RNN (right).

uniform approximations characterized by upper bounds with a number of parameters growing at most polynomially
with the dimension of the input of the function to be approximated.40–42

Given the input data xt
t−T+1 at a generic time step t, the output x̃t+T′

t+1 generated by a FFNN is computed as follows:

h = 𝜑
(

Wh xt
t−T+1 + bh

)
, (1)

x̃t+T′
t+1 = 𝜒(Wx̃ h + bx̃), (2)

where h ∈ R𝜈 is the output of the hidden layer, Wh ∈ R𝜈×N⋅T is the weight matrix connecting the input layer to the hidden
layer, bh ∈ R𝜈 is the bias vector for the hidden layer, 𝜑 is the activation function applied element-wise, Wx̃ ∈ RN⋅T′×𝜈 is
the weight matrix connecting the hidden layer to the output layer, bx̃ ∈ RN⋅T′ is the bias vector for the output layer, 𝜒 is
the output function applied element-wise and 𝜈 is the number of computational units in the hidden layer.

As regards the form of the activation function 𝜑, we focus on sigmoidal functions, as this is quite a common choice in
the field of FFNN. Moreover, we consider a linear output function 𝜒 , as this is again quite a diffused practice. With these
choices, (1) and (2) can be re-written by means of a parametrized mapping 𝛾 that generates the estimate x̃t+T′

t+1 starting
from the input xt

t−T+1, as follows:

x̃t+T′
t+1 = 𝛾

(
xt

t−T+1,w
)
,

where

𝛾(xt
t−T+1,w) =

𝜈∑

i=1
ci sigm

(N⋅T∑

j=1
aijxt

t−T+1,j + bi

)

+ c0. (3)

In (3), sigm(⋅) denotes a sigmoidal function, and aij ci, bi, and c0 are the parameters to be optimized (corresponding to
Wh, Wx̃, bh, and bx̃, respectively, in (1) and (2)), which are collected in the vector w ∈ Rp.

The parameter vector w has to be properly adjusted through a training procedure, for which efficient algorithms
based on nonlinear programming are available in the literature. Famous examples are the Levenberg–Marquardt and
backpropagation methods. The purpose of the training is to adapt the parameter vector w to the available data, that is, to
make the estimate x̃t+T′

t+1 as close as possible to the actual value of the target variables xt+T′
t+1 at the same time steps, which
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2124 DIEZ et al.

are assumed to be available for the purpose of training. The goal is to choose the best parameter vector w⋆ as the one
minimizing an error function according to a mean squared error criterion, that is,

w⋆ ∶= arg min
w∈ℜp

(
1
M

M∑

j=1

‖‖‖‖
xt+T′,(j)

t+1 − 𝛾
(

xt,(j)
t−T+1,w

)‖‖‖‖

2
)

, (4)

where M is the number of example realizations of the variables xt
t−T+1 and xt+T′

t+1 , for which xt,(j)
t−T+1 and xt+T′,(j)

t+1 represent
the jth realization, respectively. In the neural network parlance, the vectors xt,(j)

t−T+1, j = 1, … ,M, are called patterns, while
the vectors xt+T′,(j)

t+1 , j = 1, … ,M, are the so-called targets.

3.2 Recurrent neural networks

Classical neural networks, such as FFNN described in Section 3.1, treat each observation independently, that is, they
assume that the available data points are independent and identically distributed. However, in many applications such
as time series forecasting, a strong correlation or dependency between current and past values exists. RNN have been
developed to capture these dependencies and improve prediction accuracy in sequential data analysis. RNN are a class
of artificial neural networks using connections between nodes in a directed graph along a temporal sequence, enabling
them to exhibit a dynamic behavior over time. Derived from FFNN, RNN have the ability to process input sequences of
different lengths by leveraging their internal state or memory.

The considered setting is again the sequence-to-sequence modeling approach described in Section 2 and in Figure 1,
where the input data xt

t−T+1, given by the measurements collected in a window of length T starting at time t and projected
toward the past up to t − T + 1, are used to generate the output x̃t+T′

t+1 composed of predictions of the ship motion variables
from time t + 1 to time t + T′. The main difference with respect to FFNN lies in the fact that, in an RNN, the information
is passed through time steps likewise in a discrete-time dynamical system. RNN implements a “memory mechanism”
through the definition of a state vector, sometimes referred to as “hidden state,” that tracks the temporal evolution of the
inputs. In more detail, let ht ∈ R𝜈 represent the hidden state of the network at a given time instant t. The state at time
step t is determined as a function of the input data xt at the same time step and of the previous state ht−1. The output
x̃t+1 at time t + 1 is then computed as a function of the current state. More formally, the output vector x̃t+T′

t+1 of an RNN is
computed by applying recursively the following equations:

ht = 𝜑(Wx xt + Uh ht−1 + bh), (5)
x̃t+1 = 𝜒(Wh ht + bx̃), (6)

where Wx ∈ R𝜈×N is the weight matrix for the input, Uh ∈ R𝜈×𝜈 is the weight matrix for the hidden state, bh ∈ R𝜈 is the
bias vector for the hidden state, 𝜑 is the activation function applied element-wise, Wh ∈ RN×N is the weight matrix for
the output, bx̃ ∈ RN is the bias vectors for the output, and 𝜒 is the output function computed element-wise.

Similarly to FFNN, all the weights and biases can be collected in a vector w ∈ Rp, which has to be properly tuned by
means of a training procedure based on M example realizations of the input-output pairs. The training consists of solving
a nonlinear programming problem similar to (4), which minimizes the difference between the prediction and the actual
output. It can be done, for instance, by using again the backpropagation algorithm adapted to the RNN architecture.43

As it is known, the basic RNN structure given by (5) and (6) suffers from the so-called vanishing-gradient problem.44

Such an issue arises when training is performed by using backpropagation, as the gradients tend to diminish exponen-
tially over long data sequences, thus making it difficult for the network to learn long-term dependencies. To address this
problem, various mathematical models have been developed that incorporate specialized mechanisms, called “gates” or
“cells,” at each time step. Such gate-based models have proven to be effective in capturing and preserving important infor-
mation over long sequences. Two prominent examples are LSTM networks12 and GRU networks.45 LSTM and GRU tackle
the vanishing gradient issue by using gating mechanisms that control the flow of information within the network. These
gates selectively decide which information to retain, update, or discard at each time step, allowing the model to learn
and exploit important long-term dependencies existing on data. The ability to selectively remember or forget information
makes LSTM and GRU well-suited to modeling sequential data in various research domains. Owing to their properties,
in the following we focus on LSTM and GRU architectures to predict the ship motion variables, thus discarding the basic
RNN setting described above. They are based on more sophisticated versions of (5) and (6), as discussed in the following.
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DIEZ et al. 2125

First, let us focus on the LSTM architecture. Each LSTM unit consists of several gates: the input gate it, the forget gate
ft, the output gate ot, and the cell input gt activation vectors. Each of these gates plays a specific role in the LSTM model.
They are ruled by the following equations, which are a specialized version of (5):

it = sigm(Wixt + Uiht−1 + bi), (7)
ft = sigm

(
Wf xt + Uf ht−1 + bf

)
, (8)

ot = sigm(Woxt + Uoht−1 + bo), (9)
gt = tanh

(
Wgxt + Ught−1 + bg

)
, (10)

where Wi, Wf , Wo, Wg, Ui, Uf , Uo, Ug are weight matrices of proper dimensions, and bi, bf , bo, bg are bias vectors. The
input vector xt and the state vector ht−1 are combined and transformed by the sigmoid and hyperbolic tangent functions
to compute the input gate, forget gate, output gate, and cell input. The cell state ct and the state vector ht are then updated
as follows:

ct = ft ⊙ ct−1 + i⊙ gt, (11)
ht = ot ⊙ tanh(ct), (12)

where ⊙ represents the element-wise multiplication (Hadamard product). The forget gate ft controls the flow of infor-
mation from the previous cell state ct−1, allowing relevant information to be retained. The input gate it determines the
importance of new information, which is multiplied by the cell input gt. Finally, the output gate ot filters the cell state
ct to compute the updated state vector ht. The output equation corresponds to (6) with output function 𝜒 equal to an
identity, that is,

x̃t+1 = Wh ht + bx̃. (13)

An extension of the LSTM architecture is the so-called BiLSTM network, which incorporates two LSTM layers to
process the input data. First, an LSTM layer is applied to the input sequence in its original order (referred to as the forward
layer). Then, the reversed form of the input sequence is fed into another LSTM model (known as the backward layer).
By using the LSTM architecture twice, the model can effectively capture long-term dependencies in the data, leading to
enhanced learning capabilities and improved accuracy.

Finally, the mathematical model of the GRU network is a variation of the LSTM network with simplified gating mech-
anisms. It consists of two gates, the update gate zt and the reset gate rt. These gates control the flow of information within
the network. The GRU model updates the state vector ht through the following equations, which are another specialized
version of (5):

zt = sigm(Wzxt + Uzht−1 + bz), (14)
rt = sigm(Wrxt + Urht−1 + br), (15)
gt = tanh

(
Wgxt + Ug(rt ⊙ ht−1) + bg

)
, (16)

ht = (1 − zt)⊙ gt + zt ⊙ ht−1, (17)

where Wz, Wr, Wg, Uz, Ur, Ug are weight matrices of proper dimensions, and bz, br, bg are bias vectors, different than
the ones in (7)–(10) in general. The update gate zt controls the amount of information to be updated from the previous
hidden state ht−1 to the current state ht. It ranges from 0 to 1, allowing the model to determine how much of the past
information should be preserved. The reset gate rt determines which information from the previous hidden state ht−1
should be ignored. It selectively resets the information based on the input xt and the previous hidden state, enabling the
model to adaptively capture the temporal dependencies in the data. Likewise for the case of the LSTM architecture, the
output equation is equal to (6) for all t, with output function 𝜒 equal to the identity, that is,

x̃t+1 = Wh ht + bx̃. (18)

The GRU architecture provides a simpler alternative to the LSTM one, while still capturing long-term dependencies and
enabling effective sequence modeling in various domains.
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2126 DIEZ et al.

F I G U R E 4 Neural network training and assessment flowchart, inspired by the extended design structure matrix formalism. The inputs
are the white parallelograms at the top of the plot, while the outputs are the white parallelograms at the left.

A block diagram showing the overall training process of both FFNN and RNN, including the assessment of forecasting
performance, is shown in Figure 4. The block diagram, inspired by the extended design structure matrix46 used in the
context of multidisciplinary design optimization, provides a structured overview of the time-series prediction process
using both types of neural networks. Five main blocks can be identified, that is, data collection, data preprocessing, neural
network, model training, and prediction. The inputs are given by the white parallelograms at the top of the flowchart, that
is, the time series of ship motion variables and the neural network design (the type of network, FFNN or RNN, the number
of layers, and the number of hidden units in each layer). The outputs are the white parallelograms on the left, that is, the
predictions of the motion variables and the error metrics. The data collection block organizes the M available time series
xt,(j)

t−T+1 and xt+T′,(j)
t+1 , j = 1, … ,M, into a pair of input-output matrices

(
X,X′) for the supervised learning problem that will

be managed, where X ∶=
[
xt,(1)

t−T+1 … xt,(M)
t−T+1

]
∈ RN⋅T×M is the matrix of the patterns and X′ ∶=

[
xt+T′,(1)

t+1 … xt+T′,(M)
t+1

]
∈

RN⋅T′×M is the matrix of the targets. [Correction added on 24 May 2024, after first online publication: the term ‘RN⋅T×M ’
has been changed to ‘RN⋅T′×M ’ in the preceding sentence.] Each column of the matrices is a different realization of the
ship motion variables. The preprocessing block includes the normalization of data and the division of data into training(
Xtrain,X′

train
)
, validation

(
Xvalid,X′

valid
)
, and test

(
Xtest,X′

test
)

sets to ensure proper evaluation and avoid overfitting. Such
sets are composed of different time series, as this is a common practice in the learning community: the time series used to
evaluate performances are different than those used to train the models. The weights w of the network are then computed
iteratively through the training procedure, by applying the chosen training algorithm. After the training procedure, the
resulting trained network with the optimal weights w⋆ is used with time series belonging to the test set as inputs to predict
the ship motion variables. Lastly, the predicted outputs x̃t+T′,(j)

t+1 , j = 1, … ,Mtest, where Mtest is the number of time series
included in the test set, collected in the matrix ̃X′

test ∶=
[
x̃t+T′,(1)

t+1 … x̃t+T′,(Mtest)
t+1

]
∈ RN⋅T′×Mtest , are compared to the test set

X′
test to assess performances of the predictions by using suitable error metrics (see Section 5 for details). [Correction added

on 24 May 2024, after first online publication: the term ‘RN⋅T×M ’ has been changed to ‘RN⋅T′×M ’ in the preceding sentence.]

4 DYNAMIC MODE DECOMPOSITION

DMD is a dimensionality-reduction and reduced-order modeling technique widely used in various research fields, partic-
ularly in fluid dynamics. Originally introduced as a method to identify linear normal modes in linear systems, DMD has
evolved to capture the underlying dynamics and coherent structures of complex, nonlinear systems. Its equation-free and
data-driven nature has contributed to growing its popularity and success in the scientific community.15,47 By leveraging
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DIEZ et al. 2127

the concept of the Koopman operator, DMD approximates the eigenmodes and eigenvalues of the infinite-dimensional
linear operator associated with the evolution over time of the system at hand. The resulting DMD modes and frequencies
provide a linear finite-dimensional representation of the system dynamics, even in the presence of nonlinearities. This
capability allows DMD to effectively analyze and characterize spatio-temporal coherent structures in complex flows and
systems.48–52 One of the key advantages of DMD is its data-driven approach. It only operates on measured or simulated
data without requiring detailed knowledge of the state equations of the system. This makes DMD particularly well-suited
for practical applications, where obtaining a precise mathematical model may be challenging or impractical.

In the context of the present work, DMD is employed to forecast the motion variables of ships operating in waves. The
framework is again the sequence-to-sequence modeling approach introduced in Section 2. More specifically, the idea at
the basis of the DMD approach for time series forecasting is the assumption of a linear relationship between the motion
variables at a given time step 𝜏 and the same variables at the next step 𝜏 + 1. In other words, we can write the following
equation for 𝜏 = 0, 1, … :

x
𝜏+1 = x

𝜏
. (19)

Equation (19) can be interpreted as a discrete-time linear dynamic system with a state vector given by the vector of
motion variables, where  ∈ RN×N is a matrix that is constructed starting from data. In particular, let us arrange the
measurements of the motion variables xt

t−T+1 in a matrix  defined as follows

 ∶=
[
xt−T+1 xt−T+2 … xt

]
∈ R

N×T
, (20)

and let us further split  in two matrices 1 and 2 such that

1 ∶=
[
xt−T+1 xt−T+2 … xt−1

]
∈ R

N×(T−1)
,

2 ∶=
[
xt−T+2 xt−T+3 … xt

]
∈ R

N×(T−1)
.

(21)

Then, the matrix is approximated starting from the collected data using the equation

 ≈ 2
†
1 , (22)

where †1 is the Moore–Penrose pseudo-inverse of 1 that minimizes |2 −1|F , with | ⋅ |F being the Frobenius norm.
Then, the time evolution of the motions of the vessel in waves can be approximated (and predicted from time t + 1 up

to t + T′) using the following modal expansion:

̃
′ ∶=

[
𝛟1 … 𝛟N

]⎡⎢
⎢
⎢
⎣

b1 · · · 0
⋮ ⋱ ⋮

0 · · · bN

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

e𝜔1(t+1)Δt … e𝜔1(t+T′)Δt

⋮ ⋱ ⋮

e𝜔N (t+1)Δt … e𝜔N (t+T′)Δt

⎤
⎥
⎥
⎥
⎦

, (23)

where ̃
′ ∶= [x̃t+1 … x̃t+T′ ] ∈ RN×T′ , with

x̃
𝜏
= 𝜒

(
𝛟j, bj, 𝜔j

)
∶=

N∑

j=1
𝛟jbje𝜔j𝜏Δt

, 𝜏 = t + 1, … , t + T′. (24)

In (23) and (24), 𝚽 ∶=
[
𝛟1 … 𝛟N

]
∈ RN×N collects the eigenvectors 𝛟j, j = 1, … ,N, of the approximated matrix  as

in (22), the coefficients bj, j = 1, … ,N, are the modal coordinates of the initial condition xt in the eigenvector basis,
for which b ∶=

[
b1 … bN

]
= 𝚽−1xt and 𝜔j = ln(𝜆j)∕Δt, j = 1, … ,N, with 𝜆j being the eigenvalues of , and Δt is the

sampling time.5 Figure 5 sketches how to use DMD for time series forecasting.
From a general perspective, DMD can be viewed as a method to compute the eigenvalues and eigenvectors (modes)

of a finite-dimensional linear model that approximates the infinite-dimensional linear Koopman operator,5 also known
as composition operator. In the present context, due to the low dimensionality of the data, (22) can be directly computed
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2128 DIEZ et al.

F I G U R E 5 Sketch of DMD for time series forecasting.

without the need for performing singular value decomposition of and projecting onto proper orthogonal decomposition
modes.5

The DMD formulation can be extended through a technique called state augmentation,1 with the goal of increasing
prediction accuracy. The resulting approach is often referred to as augmented DMD (ADMD). In this case, the matrix
is transformed into an augmented matrix ̂. State augmentation consists of inserting additional variables into the state
vector. In more detail, three strategies can be pursued: (i) time derivatives, (ii) time-shifted copies (delayed states), and
(iii) a combination of time derivatives and time-shifted copies.

In the first case, we define the following time-derivative matrices:

1 ∶=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

d1
dt

d2
1

dt2

⋮
di
1

dti

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, 2 ∶=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

d2
dt

d2
2

dt2

⋮
di
2

dti

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (25)

where l is the number of time derivatives. The matrices 1 and 2 are then used to construct an augmented version of
the matrices in (21), as follows:

̂1 ∶=

[
1

1

]

,
̂2 ∶=

[
2

2

]

. (26)

In this article, time derivatives are evaluated using a backward finite difference scheme, which only requires past states.
In the second case, we define the following matrices of time-shifted copies in the form of Hankel matrices, that is,

1 ∶=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

xt−T+1 xt−T+2 … xt−1

xt−T xt−T+1 … xt−2

⋮ ⋮ ⋮ ⋮

xt−T−s+1 xt−T−s+2 … xt−s

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, 2 ∶=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

xt−T+2 xt−T+3 … xt

xt−T+1 xt−T+2 … xt−1

⋮ ⋮ ⋮ ⋮

xt−T−s xt−T−s+1 … xt−s+1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (27)

where s is the number of time-shifted copies. Then, the matrices 1 and 2 are used to construct an augmented version
of the matrices in (21) in the following way:

̂1 ∶=

[
1

1

]

,
̂2 ∶=

[
2

2

]

. (28)
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DIEZ et al. 2129

F I G U R E 6 ADMD training and assessment flowchart, inspired by the extended design structure matrix formalism. The inputs are the
white parallelograms at the top of the plot, while the outputs are the white parallelograms at the left.

Lastly, the use of both time derivatives and time-shifted copies provides a new augmented version of the matrices
in (21), as follows:

̂1 ∶=
⎡
⎢
⎢
⎢
⎣

1

1

1

⎤
⎥
⎥
⎥
⎦

,
̂2 ∶=

⎡
⎢
⎢
⎢
⎣

2

2

2

⎤
⎥
⎥
⎥
⎦

. (29)

It is worth noting that, for the case study considered in this article, the number of state and augmented variables is
relatively low, which results in low-dimensional state matrices. Therefore, the overall modeling and forecasting process,
including the solution of the matrix eigenproblem, does not suffer from significant complexity or computational cost.
Model-order reduction, as typically employed in standard DMD, is not necessary in this case. Instead, the model order is
increased by the inclusion of augmented states to improve modeling and forecasting accuracy.

A block diagram showing the overall approximation process, including the assessment of forecasting performance and
following again the formalism of the extended design structure matrix,46 is shown in Figure 6. The block diagram outlines
the general flow from data acquisition to prediction and evaluation, emphasizing how ADMD is employed to predict the
ship motion variables. Likewise for the case of neural networks, five main blocks can be identified, that is, data collection,
data preprocessing, ADMD, dynamic model, and prediction. At a given time instant t, the inputs (represented by the white
parallelograms at the top of the plot) are the time series input–output pairs of ship motion variables and their value xt as
the initial condition for the prediction up to time t + T′, while the outputs (given by the white parallelograms at the left)
are the predictions of the motion variables and the performance evaluation. The key lies in the data preprocessing block
building the augmented data matrices ̂1 and ̂2, along with the subsequent computation and use of dynamic modes to
capture the essential characteristics of the time series, thus enabling informed predictions about the future behavior of
the motion variables.

5 PERFORMANCE METRICS

The effectiveness of the proposed approaches to forecast ship motions is assessed through the following four performance
metrics: the normalized root mean square error (NRMSE), the Pearson correlation coefficient (R), the average angle mea-
sure (AAM), and the normalized average minimum/maximum absolute error (NAMMAE). All the metrics are computed
over the test set and are averaged over the motion variables to provide an overall assessment of the prediction accuracy.
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2130 DIEZ et al.

They constitute a comprehensive evaluation of the prediction accuracy by considering different aspects such as overall
error, correlation, angle differences, and range of predicted and measured values.

The NRMSE measures the average root mean square error between the predicted values x̃t and the measured (test)
values xt at the various time steps. It is computed through the square root of the average squared differences, normalized
by the standard deviation of the measured values:

NRMSE ∶= 1
N

N∑

i=1

√√√√ 1
 𝜎

2
xi

∑

j=1

(
x̃ij − xij

)2
, (30)

where N is the number of motion variables,  is the number of considered time instants, and 𝜎xi is the standard deviation
of the measured values for the variable i, i = 1, … ,N.

The R coefficient measures the linear correlation between the predicted values and the measured ones. It is computed
as the average correlation coefficient over all the variables and time instants, as follows:

R ∶= 1
N( − 1)

N∑

i=1

∑

j=1

(
x̃ij − x̃i

)2

𝜎x̃i

(
xij − xi

)2

𝜎xi

, (31)

where x̃i and xi are the time averages of the predicted and measured values for variable i, i = 1, … ,N, respectively, while
𝜎x̃i and 𝜎xi are the corresponding standard deviations.

The AAM is another metric that quantifies the accuracy of predicted time series compared to actual, measured ones.
It is computed as the average of a measure based on the angles between the predicted and measured values. It is given by

AAM ∶= 1
N

N∑

i=1

(

1 − 4
𝜋

(∑
j=1dij|𝛼ij|
∑

j=1dij

))

, (32)

where 𝛼ij ∶= arccos
(

|x̃ij+xij|√
2dij

)
and dij ∶=

√
x̃2

ij + x2
ij.

Lastly, the NAMMAE metric provides an engineering-oriented assessment of the prediction accuracy. It measures the
absolute difference between the minimum and maximum values of the predicted and measured time series, as follows:

NAMMAE ∶= 1
2N𝜎xi

N∑

i=1

(||||
min

j
(x̃ij) −min

j
(xij)

||||
+
||||
max

j
(x̃ij) −max

j
(xij)

||||

)
, (33)

where 𝜎xi is again the standard deviation of the measured values for variable i, i = 1, … ,N.

6 DESCRIPTION OF THE CASE STUDIES AND NUMERICAL RESULTS

In this section, we first briefly describe the case studies we focused on together with the numerical setup used to apply
the considered data-driven modeling approaches. Then, we present and discuss the obtained numerical results assessing
the effectiveness of the proposed approaches.

6.1 Description of the case studies

We considered the behavior of a naval destroyer evaluated at model scale in a high sea state in two case studies, which
are quite challenging due to both the height and direction of waves. In more detail, we focused on the MARIN model
scale 7967, which is equivalent to the naval destroyer 5415M model scale. Such a model was used as a test case for NATO
AVT-280.53 The model is self-propelled and kept on course by a proportional-derivative controller actuating the rudder
angle. For the considered test cases, data were generated by computational fluid dynamics (CFD) simulations with
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DIEZ et al. 2131

propeller revolutions per minute fixed to the self-propulsion point of the model for the nominal speed, corresponding
to a Froude number equal to 0.33. The simulations, performed with the URANS code CFDShip-Iowa V4.5,54 were con-
ducted in irregular long-crested waves (following a JONSWAP spectrum), with a nominal peak period equal to 9.2 s and
a wave heading of 300◦ (stern-quartering). The nominal significant wave height was equal to 7 m, corresponding to a
sea state 7 according to the World Meteorological Organization definition. We observe that the simulation setup is close
to a resonance condition for the roll, which means that the vessel model may easily capsize, thus making crucial the
availability of effective prediction tools of the ship motion variables like those proposed in this article. In fact, accurate
predictions may be the basis for the computation of suitable control actions to avoid an undesired behavior of the vessel.

Data for training and testing were generated by solving the six degrees of freedom rigid-body equations of motion to
compute the linear and angular motions of the ship. A simplified body-force model was used for the propeller, which pre-
scribes axisymmetric body force with axial and tangential components. The total number of grid points for the numerical
solver was equal to about 45 × 106. Further details about the numerical solver of the motion equations can be found in
Serani et al.32 and van Walree et at.,53 where potential flow computations and experimental data are presented and dis-
cussed. Eight different CFD runs were considered that correspond to a total number of encounter waves equal to 132. The
variables describing the motions of ships, and for which we set the data-driven approaches described in Sections 3 and 4
for the purpose of forecasting, are the six degrees of freedom of the ship, that is, surge, sway, heave, roll, pitch, and yaw
(the ship motions in the carriage coordinate system projected onto the ship axes) along with the rudder angle. The time
resolution was set to have Te = 32 time steps per encounter wave on the average. Time derivatives were evaluated using
a second-order, backward finite-difference scheme. All the variables (including time derivatives) were standardized, that
is, they were translated and scaled to have zero mean and unit variance (z-score standardization).

Results are discussed for two different case studies:

• Case study A: it considers the prediction over 1 future encounter wave period (short-term prediction);
• Case study B: it considers the prediction of 3 future wave encounter periods (medium-term prediction).

The two case studies mainly differ in the horizon length of the prediction, which plays a crucial role in both prediction
accuracy and required computational burden, thus making the two settings very different from each other.

6.2 Numerical results

Data-driven forecasting of ship motions in waves was first explored with FFNN. As a first simulation round, we inves-
tigated different network configurations with an increasing number of units in the hidden layer of the network, taken
equal to 3, 5, 10, 30, and 50. Furthermore, we considered an increasing number of input waves, that is, the length of the
input sequence expressed in terms of the number of encounter waves, fixed to 1, 3, 5, and 10 encounter waves, which cor-
respond to 32, 96, 160, and 320 time steps, respectively. Note that self-repetition is not present within the input sequences.
Output sequences made up of 1 (Case study A) and 3 (Case study B) encounter waves were considered, corresponding to
32 and 96 time steps, respectively. A five-fold cross validation was used, exploiting 4 URANS runs as the training set, 2
runs as the validation set, and 2 runs as the test set. As pointed out also in Section 3, such sets were composed of differ-
ent time series to allow a fair performance evaluation. Training of neural networks was performed using the training and
validation sets, while performances were evaluated over the test set. In particular, one network for each vessel motion
variable was trained, that is, we considered a multi-input/single-output structure to reduce the computational burden
required for the training.

The obtained results are summarized in Table 1 in terms of average value (avg) and standard deviation (std) of the
performance indicators introduced in Section 5, and in Figure 7 in terms of boxplots of the NRMSE. The boxplots show
the first, second (equivalent to the median value), and third quartiles, while the whiskers extend from the box to the
farthest data point lying within 1.5 times the inter-quartile range, defined as the difference between the third and the first
quartiles from the box. Outliers are not shown to enhance the readability of the plot. We observe that, for all the metrics
introduced in Section 5, a reduced number of hidden units is enough to obtain satisfactory results, while more complex
network structures, that is, FFNN with a larger number of hidden units, do not provide better results. The same behavior
occurs when using a higher number of input waves, due to the difficulty of managing too long input sequences, which
do not provide useful information for the future ship motions, but only contribute to making the training procedure
more difficult to perform due to the increased amount of data to deal with. In other words, we may conclude that the
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2132 DIEZ et al.

T A B L E 1 FFNN performance metrics on the test set: Averages (avg) and standard deviations (std).

Case study A Case study B

Number of hidden units Number of hidden units
Number
of input
waves 3 5 10 30 50 3 5 10 30 50

NRMSE avg 1 0.2171 0.1977 0.2021 0.2241 0.2265 0.4042 0.3902 0.3900 0.4647 0.5080

(std) (0.0719) (0.0727) (0.0879) (0.1076) (0.1178) (0.0988) (0.1150) (0.1264) (0.1993) (0.2359)

avg 3 0.2295 0.2268 0.2042 0.2028 0.2128 0.4031 0.3829 0.3942 0.4526 0.4577

(std) (0.0809) (0.0981) (0.0799) (0.0865) (0.1031) (0.0907) (0.0963) (0.1194) (0.1867) (0.1931)

avg 5 0.2433 0.2195 0.2159 0.2505 0.2383 0.4387 0.4295 0.4148 0.4744 0.5198

(std) (0.0849) (0.0806) (0.0898) (0.1273) (0.1188) (0.1084) (0.1173) (0.1238) (0.1954) (0.2572)

avg 10 0.3499 0.3493 0.3326 0.3512 0.3748 0.6601 0.6874 0.7155 0.6719 0.6818

(std) (0.1529) (0.1809) (0.1808) (0.2065) (0.2392) (0.2780) (0.3471) (0.3946) (0.3889) (0.4040)

NAMMAE avg 1 0.1729 0.1608 0.1674 0.2036 0.2029 0.3086 0.3053 0.3207 0.4597 0.5467

(std) (0.0596) (0.0624) (0.0768) (0.1080) (0.1185) (0.0748) (0.1080) (0.1320) (0.2500) (0.3270)

avg 3 0.1776 0.1816 0.1657 0.1795 0.2025 0.3028 0.2824 0.3143 0.4578 0.4885

(std) (0.0615) (0.0790) (0.0658) (0.0853) (0.1139) (0.0641) (0.0697) (0.1158) (0.2388) (0.2728)

avg 5 0.1862 0.1751 0.1747 0.2368 0.2291 0.3302 0.3187 0.3137 0.4321 0.5432

(std) (0.0619) (0.0641) (0.0733) (0.1363) (0.1326) (0.0746) (0.0902) (0.0983) (0.2066) (0.3256)

avg 10 0.2806 0.2831 0.2913 0.3642 0.4286 0.5053 0.6069 0.7193 0.7282 0.7815

(std) (0.1230) (0.1469) (0.1625) (0.2321) (0.2952) (0.2126) (0.3139) (0.4049) (0.4288) (0.4709)

R avg 1 0.9269 0.9500 0.9506 0.9447 0.9428 0.7703 0.8335 0.8377 0.8444 0.8378

(std) (0.0151) (0.0194) (0.0220) (0.0257) (0.0295) (0.0314) (0.0402) (0.0439) (0.0502) (0.0582)

avg 3 0.9189 0.9388 0.9464 0.9415 0.9399 0.7793 0.8236 0.8301 0.8421 0.8390

(std) (0.0233) (0.0285) (0.0238) (0.0281) (0.0304) (0.0409) (0.0453) (0.0507) (0.0642) (0.0592)

avg 5 0.8809 0.9383 0.9408 0.9316 0.9221 0.7648 0.7971 0.8111 0.8276 0.8275

(std) (0.0292) (0.0302) (0.0297) (0.0363) (0.0399) (0.0499) (0.0641) (0.0598) (0.0746) (0.0813)

avg 10 0.8284 0.8347 0.8515 0.8452 0.8258 0.6508 0.6778 0.6860 0.6803 0.6808

(std) (0.0818) (0.0939) (0.0879) (0.0931) (0.1063) (0.1572) (0.1811) (0.1898) (0.1967) (0.1974)

AAM avg 1 0.8480 0.8670 0.8731 0.8690 0.8714 0.6993 0.7289 0.7380 0.7342 0.7332

(std) (0.0207) (0.0215) (0.0252) (0.0317) (0.0339) (0.0327) (0.0377) (0.0433) (0.0584) (0.0589)

avg 3 0.8419 0.8555 0.8619 0.8693 0.8700 0.6948 0.7215 0.7283 0.7356 0.7324

(std) (0.0281) (0.0328) (0.0300) (0.0339) (0.0380) (0.0392) (0.0447) (0.0516) (0.0671) (0.0650)

avg 5 0.8284 0.8488 0.8541 0.8535 0.8532 0.6726 0.6939 0.7099 0.7230 0.7280

(std) (0.0363) (0.0354) (0.0402) (0.0498) (0.0500) (0.0532) (0.0613) (0.0645) (0.0784) (0.0875)

avg 10 0.7496 0.7661 0.7788 0.7809 0.7774 0.5892 0.6167 0.6344 0.6433 0.6476

(std) (0.0991) (0.1093) (0.1094) (0.1141) (0.1235) (0.1462) (0.1726) (0.1872) (0.1937) (0.1961)

future motions of the ship only depend on the recent past. The best compromise solution is achieved by using 5 hidden
units with 1 and 3 input waves, for Case studies A and B, respectively, that is, a number of input waves equal to the
number of output waves is necessary to obtain the best forecasts. Examples of FFNN predictions in these configurations
for randomly-selected time series belonging to the test set are shown in Figure 8. It can be seen that all the motion variables
as well as the rudder angle are well predicted for Case study A and fairly predicted for Case study B. In particular, for
the considered time series of Case study B, angular motions and rudder are well predicted for all the considered 3 output
waves, whereas linear motion predictions exhibit a small divergence after 1 output wave.
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DIEZ et al. 2133

F I G U R E 7 NRMSE boxplots for FFNN on the test set, conditional to the number of hidden units and input waves.

F I G U R E 8 Example of prediction results provided by FFNN at a given time instant t of the six motion variables along with the rudder
angle in randomly-selected instances belonging to the test set. The horizontal axis represents the normalized time, that is, the number of
encounter waves from the current time instant (denoted with t = 0). Case study A is depicted on the left, while Case study B is reported on
the right.
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2134 DIEZ et al.

T A B L E 2 RNN performance metrics on the test set: averages (avg) and standard deviations (std).

Case study A Case study B

RNN type Number of hidden units Number of hidden units

1 3 7 14 49 1 3 7 14 49

NRMSE avg LSTM 0.4556 0.2407 0.2007 0.1911 0.1800 0.5342 0.4087 0.3964 0.3943 0.4019

(std) (0.0950) (0.0568) (0.0498) (0.0500) (0.0492) (0.0884) (0.0708) (0.0791) (0.0844) (0.0892)

avg BiLSTM 0.2637 0.2007 0.1695 0.1566 0.1440 0.4304 0.3783 0.3521 0.3462 0.3589

(std) (0.0638) (0.0491) (0.0412) (0.0390) (0.0384) (0.0749) (0.0762) (0.0820) (0.0826) (0.0903)

avg GRU 0.4588 0.2449 0.2035 0.1910 0.1806 0.5364 0.4158 0.3985 0.3955 0.3913

(std) (0.0965) (0.0584) (0.0496) (0.0490) (0.0484) (0.0910) (0.0772) (0.0795) (0.0817) (0.0848)

NAMMAE avg LSTM 0.3831 0.1575 0.1266 0.1127 0.1008 0.5565 0.2911 0.2358 0.2184 0.2174

(std) (0.1076) (0.0512) (0.0373) (0.0302) (0.0286) (0.1334) (0.0875) (0.0733) (0.0677) (0.0689)

avg BiLSTM 0.1766 0.1320 0.1098 0.0981 0.0875 0.3372 0.2347 0.1967 0.1885 0.1943

(std) (0.0558) (0.0400) (0.0283) (0.0258) (0.0245) (0.1035) (0.0759) (0.0619) (0.0569) (0.0592)

avg GRU 0.4182 0.1651 0.1366 0.1211 0.1067 0.5924 0.3125 0.2627 0.2342 0.2124

(std) (0.1205) (0.0575) (0.0405) (0.0333) (0.0293) (0.1468) (0.1139) (0.0960) (0.0788) (0.0690)

R avg LSTM 0.6338 0.8732 0.9199 0.9275 0.9322 0.4231 0.6628 0.6701 0.6799 0.6778

(std) (0.1296) (0.1063) (0.0687) (0.0655) (0.0667) (0.1209) (0.1468) (0.1607) (0.1676) (0.1714)

avg BiLSTM 0.8467 0.9187 0.9402 0.9466 0.9525 0.6478 0.6850 0.7226 0.7356 0.7392

(std) (0.1209) (0.0687) (0.0545) (0.0500) (0.0500) (0.1468) (0.1684) (0.1685) (0.1636) (0.1613)

avg GRU 0.6292 0.8708 0.9193 0.9288 0.9335 0.4198 0.6606 0.6636 0.6772 0.7066

(std) (0.1296) (0.1042) (0.0697) (0.0663) (0.0667) (0.1223) (0.1471) (0.1578) (0.1606) (0.1530)

AAM avg LSTM 0.5543 0.7855 0.8281 0.8382 0.8476 0.4075 0.5935 0.6153 0.6228 0.6175

(std) (0.0713) (0.0822) (0.0644) (0.0643) (0.0674) (0.0820) (0.1066) (0.1081) (0.1120) (0.1140)

avg BiLSTM 0.7627 0.8280 0.8567 0.8686 0.8788 0.5660 0.6279 0.6580 0.6654 0.6602

(std) (0.0886) (0.0643) (0.0552) (0.0525) (0.0529) (0.1002) (0.1129) (0.1161) (0.1173) (0.1164)

avg GRU 0.5504 0.7821 0.8247 0.8374 0.8468 0.4046 0.5891 0.6097 0.6185 0.6289

(std) (0.0723) (0.0835) (0.0655) (0.0628) (0.0657) (0.0871) (0.1106) (0.1097) (0.1131) (0.1098)

A second simulation round involving RNN was performed starting from the outcomes of the first round based on
FFNN. Hence, 1 and 3 input waves were considered as a test bed for Case studies A and B, respectively. The analysis
was conducted by varying the type of hidden layer (one LSTM, BiLSTM, and GRU layer was considered), as well as the
number of hidden units. Similarly to the case of FFNN, we also investigated the effect of adopting network structures of
increasing complexity by considering 1, 3, 7, 14, and 49 hidden units. Such numbers were chosen to be proportional to
the number of input variables of the networks, that is, the six degrees of freedom plus the rudder angle, in order to check
the existence of possible correlations. Furthermore, to better generalize the network prediction, a 5% dropout layer was
considered. A five-fold cross-validation was used, exploiting 5 URANS runs as the training set, 2 runs as the validation
set, and the remaining one as the test set. Moreover, 11 Monte Carlo training procedures were conducted to consider the
effects of the dropout. Conversely to FFNN, a single RNN for all the ship motion variables was trained, meaning that a
multi-input/multi-output architecture was used.

The obtained results are summarized in Table 2 and Figure 9. It can be observed that BiLSTM networks always pro-
vide the best results on average, and that a number of hidden units equal to 49 (square of the number of input variables)
and 14 (double the number of inputs) for Case studies A and B, respectively, allow to achieve the best prediction per-
formance. As observed also for FFNN, we can deduce that the longer is the prediction time window, the less complex
the hidden structure of the network should be to achieve good performance. In other words, it can be asserted that if
the prediction time window increases, the forecasting problem becomes more complex, and training networks with a
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DIEZ et al. 2135

F I G U R E 9 NRMSE boxplots for RNN on the test set, conditional to layer type and number of hidden units.

larger width become more challenging. It would be interesting to investigate in future studies whether similar results are
obtained by also exploring the network depth in terms of the number of hidden layers. Examples of BiLSTM predictions
for randomly-selected time series belonging to the test set are shown in Figure 10 for both Case study A and Case study B.
We point out that all motion variables are well captured, and only a few discrepancies can be noted in Case study B for
planar motion variables (surge and sway) after 2.5 output waves.

A third simulation round regarded the use of DMD in its augmented formulation (ADMD), with augmentation involv-
ing both time derivatives and time-shifted copies (delayed states), following Serani et al.1 Likewise for the case of RNN,
we considered 1 input wave and 1 output wave for Case study A, as well as 3 input waves and 3 output waves for Case
study B. The number of time derivatives to augment the DMD data matrix was considered to vary from 1 to 4, whereas
the number of time-shifted copies was taken equal to 1, 2, 4, 8, and 16. The results computed over the test set are summa-
rized in Table 3 and Figure 11. We observe that the best compromise among the performance metrics is achieved by using
2 time derivatives and 16 shifted copies of time histories for Case study A, as well as 1 time derivative and 2 time-shifted
copies for Case study B. We observe that adding time-shifted copies becomes counterproductive as the temporal length of
the prediction increases, similar to the inclusion of higher-order derivatives beyond the second order. This phenomenon
suggests that, for longer prediction horizons, a more nuanced approach is required, potentially involving a careful bal-
ance between the temporal expansion of the data and the complexity of the model. Examples of ADMD predictions with
such configurations for randomly-selected time series belonging to the test set are reported in Figure 12 for both Case
studies A and B. It turns out that the prediction is fairly in agreement with the test set, even if several discrepancies are
visible for both case studies.

As regards the comparison of the three considered prediction methods, that is, FFNN, RNN, and ADMD, Figure 13
shows the correlation between the different evaluation metrics introduced in Section 5, where each point represents the
accuracy of a sequence predicted by FFNN, BiLSTM, and ADMD considering the corresponding best configuration, as
discussed in the aforementioned three rounds of tests. Performances are also summarized in Table 4. It can be noted that
FFNN provide the best results in Case study B when focusing on the R and AAM metrics. However, if we consider all the
metrics, BiLSTM networks have the lowest dispersion in terms of NRMSE and NAMMAE, and therefore they guarantee
the best outcomes. Conversely, ADMD always provides the worst results.

Finally, a statistical assessment of the obtained results was conducted by considering again the best setup for
FFNN, BiLSTM, and ADMD, both in Case study A and Case study B. In more detail, the Diebold-Mariano test55

and the Kolmogorov-Smirnov test56 were employed for pairwise comparisons of forecasting accuracy and perfor-
mance distribution, respectively, for FFNN, BiLSTM, and ADMD across all performance metrics. The Diebold-Mariano
and Kolmogorov-Smirnov tests were performed over 500 observations and summarized in Table 5. For the
Diebold-Mariano test, the table reports the mean difference (d), the associated standard error (SE(d)), and the
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2136 DIEZ et al.

F I G U R E 10 Example of prediction results provided by BiLSTM at a given time instant t of the six motion variables along with the
rudder angle in randomly-selected instances belonging to the test set. The horizontal axis represents the normalized time, that is, the number
of encounter waves from the current time instant (denoted with t = 0). Case study A is depicted on the left, while Case study B is reported on
the right.

F I G U R E 11 NRMSE boxplots for ADMD on the test set, conditional to the number of derivatives and time-shifted copies.
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DIEZ et al. 2137

T A B L E 3 ADMD performance metrics on the test set: averages (avg) and standard deviations (std).

Case study A Case study B

Number of time-shifts Number of time-shifts
Number
of time-
derivatives 1 2 4 8 16 1 2 4 8 16

NRMSE avg 1 0.4259 0.4733 0.4248 0.3438 0.2905 0.6554 0.6519 0.6791 0.7639 0.7425

(std) (0.2609) (0.3288) (0.2776) (0.1803) (0.1153) (0.2316) (0.2318) (0.2578) (0.3236) (0.2900)

avg 2 0.4663 0.4811 0.4336 0.3365 0.2884 0.6568 0.6686 0.6791 0.7639 0.7373

(std) (0.3206) (0.3347) (0.2987) (0.1521) (0.1128) (0.2399) (0.2659) (0.2578) (0.3236) (0.2771)

avg 3 0.5028 0.4840 0.4194 0.3355 0.2881 0.6613 0.6791 0.6791 0.7639 0.7471

(std) (0.3482) (0.3527) (0.2763) (0.1610) (0.1106) (0.2471) (0.2578) (0.2578) (0.3236) (0.2771)

avg 4 0.3953 0.3912 0.3684 0.3330 0.2914 0.6684 0.7018 0.7018 0.7639 0.7448

(std) (0.2446) (0.2337) (0.1891) (0.1719) (0.1133) (0.2506) (0.3152) (0.3152) (0.3236) (0.3011)

NAMMAE avg 1 0.3168 0.3552 0.3176 0.2581 0.2201 0.4205 0.4233 0.4396 0.5059 0.4866

(std) (0.1991) (0.2579) (0.2154) (0.1360) (0.0943) (0.1997) (0.2107) (0.2203) (0.3086) (0.2489)

avg 2 0.3480 0.3550 0.3297 0.2545 0.2198 0.4261 0.4323 0.4396 0.5059 0.4793

(std) (0.2369) (0.2543) (0.2427) (0.1244) (0.0934) (0.2114) (0.2366) (0.2203) (0.3086) (0.2373)

avg 3 0.3701 0.3571 0.3170 0.2509 0.2193 0.4292 0.4396 0.4396 0.5059 0.4888

(std) (0.2522) (0.2689) (0.2163) (0.1223) (0.0862) (0.2241) (0.2203) (0.2203) (0.3086) (0.2699)

avg 4 0.2877 0.2947 0.2767 0.2499 0.2221 0.4260 0.4553 0.4553 0.5059 0.4864

(std) (0.1922) (0.1788) (0.1438) (0.1297) (0.0891) (0.2112) (0.2850) (0.2850) (0.3086) (0.2537)

R avg 1 0.8782 0.8568 0.8758 0.9100 0.9307 0.7152 0.7195 0.6990 0.6592 0.6657

(std) (0.1537) (0.1879) (0.1618) (0.1115) (0.0864) (0.2084) (0.2173) (0.2368) (0.2474) (0.2416)

avg 2 0.8636 0.8570 0.8798 0.9131 0.9327 0.7155 0.7065 0.6990 0.6592 0.6661

(std) (0.1707) (0.1777) (0.1476) (0.1020) (0.0818) (0.2172) (0.2340) (0.2368) (0.2474) (0.2428)

avg 3 0.8371 0.8459 0.8764 0.9123 0.9332 0.7083 0.6990 0.6990 0.6592 0.6682

(std) (0.2176) (0.2073) (0.1720) (0.1032) (0.0797) (0.2296) (0.2368) (0.2368) (0.2474) (0.2386)

avg 4 0.8895 0.8933 0.8993 0.9141 0.9318 0.7045 0.6881 0.6881 0.6592 0.6686

(std) (0.1376) (0.1293) (0.1256) (0.1084) (0.0844) (0.2313) (0.2416) (0.2416) (0.2474) (0.2384)

AAM avg 1 0.7110 0.6871 0.7120 0.7583 0.7922 0.5277 0.5311 0.5138 0.4787 0.4847

(std) (0.1549) (0.1740) (0.1595) (0.1292) (0.0965) (0.1709) (0.1751) (0.1869) (0.1910) (0.1847)

avg 2 0.6898 0.6821 0.7111 0.7614 0.7922 0.5279 0.5209 0.5138 0.4787 0.4877

(std) (0.1686) (0.1748) (0.1556) (0.1188) (0.0958) (0.1745) (0.1849) (0.1869) (0.1910) (0.1828)

avg 3 0.6677 0.6709 0.7158 0.7613 0.7911 0.5236 0.5138 0.5138 0.4787 0.4877

(std) (0.1873) (0.1822) (0.1568) (0.1209) (0.0956) (0.1813) (0.1869) (0.1869) (0.1910) (0.1811)

avg 4 0.7257 0.7282 0.7393 0.7633 0.7875 0.5215 0.5066 0.5066 0.4787 0.4865

(std) (0.1478) (0.1462) (0.1362) (0.1177) (0.0985) (0.1815) (0.1902) (0.1902) (0.1910) (0.1812)

Deibold-Mariano statistic (DM). At a 5% significance level (two-tailed), with a critical value of 𝛼 = 1.96, the null
hypothesis of equal predictive accuracy is rejected since |DM| > 𝛼 for all pairwise comparisons, except for FFNN
versus BiLSTM in Case study A, considering NAMMAE and R metrics, and BiLSTM versus ADMD in Case
study B, considering the R metric. As regards the Klomogorov-Smirnov test, the table reports the p-value and the
Kolmogorov-Smirnov statistic (KS). At the 5% significance level, the null hypothesis is consistently rejected. Con-
sidering the results of both statistical tests, we can infer that the differences in the results of FFNN, BiLSTM,
and ADMD are statistically significant, which further confirms that the BiLSTM model generally offers the best
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2138 DIEZ et al.

F I G U R E 12 Example of prediction results provided by ADMD at a given time instant t of the six motion variables along with the
rudder angle in randomly-selected instances belonging to the test set. The horizontal axis represents the normalized time, that is, the number
of encounter waves from the current time instant (denoted with t = 0). Case study A is depicted on the left, while Case study B is reported on
the right.

performance. Moreover, given that the null hypothesis was not confirmed for the R metric in two distinct cases,
we might question the reliability of this metric in evaluating performance. Consequently, this metric may not be
considered robust enough for inclusion in future studies.

Concerning the computational effort required to generate the predictions of the motion variables, the most demanding
part is the training of both FFNN and RNN. However, it is typically performed offline, that is, before the actual operation
of the system. In general, Case study B is more demanding as compared to Case study A since the former deals with longer
time series. The training required up to 5 min for Case study A and 10 min for Case study B per network configuration
on a laptop equipped with a 2.6 GHz Intel i7 processor with 32 GB of RAM. After the training, the generation of the
estimates required a negligible amount of time both in Case study A and Case study B, as each estimate is just the result
of an algebraic operation (less than 1 s was required). Similar values were experienced by ADMD (remember that such a
method does not require a training procedure). On the contrary, the adoption of high-fidelity numerical solvers to generate
future estimates typically requires days to run in high-performance computing platforms.
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DIEZ et al. 2139

F I G U R E 13 Correlation between evaluation metrics for FFNN, BiLSTM, and ADMD. Each of the forecasting approaches is in the
configuration providing the best performances.

T A B L E 4 Comparison of the best performances of the different data-driven models considered throughout the article in terms of
averages (avg) and standard deviations (std) of the evaluation metrics.

Data-driven model

FFNN BiLSTM ADMD

Case study Avg (Std) Avg (Std) Avg (Std)

NRMSE A 0.1977 (0.0727) 0.1440 (0.0384) 0.2881 (0.1106)

B 0.3829 (0.0963) 0.3462 (0.0826) 0.6519 (0.2318)

NAMMAE A 0.1608 (0.0624) 0.0875 (0.0286) 0.2193 (0.0862)

B 0.2824 (0.0697) 0.1885 (0.0569) 0.4233 (0.2107)

R A 0.9500 (0.0194) 0.9525 (0.0500) 0.9332 (0.0797)

B 0.8236 (0.0453) 0.7356 (0.1685) 0.7195 (0.2173)

AAM A 0.8670 (0.0215) 0.8788 (0.0529) 0.7911 (0.0956)

B 0.7215 (0.0447) 0.6654 (0.1173) 0.5311 (0.1751)

7 CONCLUSIONS

In this article, we have investigated data-driven, equation-free forecasting of the motions of ships in waves via machine
learning and reduced-order modeling approaches. In particular, we have considered FFNN and RNN as regards machine
learning methods, along with ADMD, which is an appealing alternative to neural networks, not requiring time-consuming
training processes and therefore allowing for real-time (or nearly real-time) learning in digital twin platforms. Simu-
lation results in two case studies involving short- and medium-term predictions have been performed with the goal of
evaluating the effectiveness of the proposed approaches to forecast ship motion variables. Both case studies involve the
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T A B L E 5 Results of the Diebol-Mariano (DM) and Kolmogorov-Smirnov (KS) statistical tests.

Case study A Case study B

DM test (𝜶 = 1.96) KS test (p = 0.05) DM test (𝜶 = 1.96) KS test (p = 0.05)

d SE(d) DM p-value KS d SE(d) DM p-value KS

NRMSE FFNN versus BiLSTM 0.064 0.017 3.800 <1E-6 0.360 0.043 0.016 2.683 <1E-6 0.402

FFNN versus ADMD −0.079 0.017 −4.521 <1E-6 0.636 −0.257 0.018 −13.97 <1E-6 0.624

BiLSTM versus ADMD −0.143 0.005 −31.17 <1E-6 0.874 −0.300 0.011 −27.06 <1E-6 0.812

NAMMAE FFNN versus BiLSTM 0.027 0.015 1.782 <1E-6 0.442 −0.055 0.012 −4.601 <1E-6 0.348

FFNN versus ADMD −0.116 0.016 −7.289 <1E-6 0.598 −0.356 0.015 −23.05 <1E-6 0.410

BiLSTM versus ADMD −0.199 0.005 −43.85 <1E-6 0.916 −0.455 0.011 −41.32 <1E-6 0.736

R FFNN versus BiLSTM −0.006 0.005 −1.185 <1E-6 0.428 0.098 0.007 13.36 <1E-6 0.642

FFNN versus ADMD 0.017 0.006 2.844 <1E-6 0.194 0.099 0.011 9.069 <1E-6 0.224

BiLSTM versus ADMD 0.022 0.004 6.037 <1E-6 0.258 0.001 0.010 0.116 <1E-6 0.466

AAM FFNN versus BiLSTM −0.014 0.004 −3.549 <1E-6 0.230 0.062 0.006 10.22 <1E-6 0.548

FFNN versus ADMD 0.076 0.006 13.69 <1E-6 0.440 0.186 0.009 20.93 <1E-6 0.478

BiLSTM versus ADMD 0.090 0.004 20.76 <1E-6 0.618 0.125 0.008 15.55 <1E-6 0.524

course keeping of the 5415M vessel model in stern-quartering sea state 7 irregular waves at nominal Froude number
equal to 0.33.

The most promising configuration setups for FFNN, RNN, and ADMD have been identified for the considered test
cases, based on a full-factorial combination of parameter settings tested against a random sample of sequences, using four
evaluation metrics. The obtained results are successful, as accurate predictions of the ship motions have been obtained
both in the short- and medium-term case studies with negligible computational requirements. Hence, we conclude that
the use of FFNN/RNN/ADMD to forecast the motions of ships in the near future by exploiting information on the past
is not only feasible but also extremely promising as regards the development of control and optimization techniques for
vessels operating in waves, for which it is crucial to have at disposal fast and accurate predictions to be inserted in the
corresponding algorithms. As regards in particular the used R performance metric, the results have revealed that a more
comprehensive evaluation framework that incorporates a variety of metrics is needed, ensuring a holistic assessment
of performance. The apparent limitations of the R metric have suggested that its utility in the assessment of predictive
accuracy may be limited, warranting its exclusion in future studies.

Future efforts will be devoted to the hybridization of FFNN/RNN and ADMD results, with the aim of providing a
viable approach to accurate and interpretable predictions, which will pave the way towards the development of suitable
optimization and control techniques for ships operating in waves.
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