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Abstract—Accurate modeling of electromagnetic (EM) wave
scattering from large-scale ground profiles is essential in remote
sensing applications. However, the computational burden associ-
ated with the underlying numerical methods—particularly those
based on full-wave solvers—can become prohibitive. To address
the simulation of scattering from 1-D random rough surfaces, we
have developed specialized parallel implementations of a method
of moments (MoM)-based solver, optimized for various heteroge-
neous computing platforms, including shared-memory multicore
central processing units (CPUs), manycore graphics processing
units (GPUs), and distributed-memory multinode systems. For
solving the resulting dense linear systems in parallel via LU
factorization across different architectures, we leverage cutting-
edge numerical libraries developed in the high-performance
computing (HPC) research community, such as parallel linear
algebra software for multicore architecture (PLASMA), matrix
algebra on GPU and multicore architecture (MAGMA), and
scalable linear algebra package (ScaLAPACK). These libraries
serve as parallelized counterparts to the well-known LAPACK
suite, each tailored to exploit distinct levels of hardware paral-
lelism. Representative case studies are presented to validate the
numerical behavior of the implemented solvers across diverse
computational architectures. Parallel performance is thoroughly
assessed through empirical benchmarks, demonstrating signif-
icant speedup, scalability, and computational efficiency. The
developed parallel prototypes effectively harness the different
degrees of parallelism available, enabling faster EM simulations,
evaluation of scattering phenomena at higher resolutions, and
higher fidelity modeling of electrically large surfaces. This work
paves the way for the efficient computation of EM scattering
from complex and/or multilayered structures, facilitating large-
scale simulations on current supercomputing infrastructures.
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I. INTRODUCTION

LECTROMAGNETIC scattering by rough surfaces is

nowadays a problem of considerable interest, both the-
oretically and practically, in various fields of physics and
engineering, such as remote sensing, radio wave propagation,
and optics [1], [2].

Galileo’s empirical observations paved the way for our
modern understanding of celestial phenomena, delving into
the phenomenon of scattering from the lunar surface [3]. He
arrived at the conclusion that the lunar surface was rough
through observations made with his telescope, although he did
not possess the modern tools of electromagnetic (EM) theory.

Lord Rayleigh conducted one of the first comprehensive
studies on rough surface scattering in the late 19th century [4].
More recently, the EM scattering problem has been addressed
using both analytical and numerical asymptotic methods, and
various techniques exist for single or layered rough surfaces
[1], [2], [5], [6]. In particular, the different available analytical
solutions are valid for different classes of rough interfaces.
For instance, solutions according to the small perturbations
method (SPM) [7] and the Kirchhoff approximation (KA) [8]
are available for single or layered rough interfaces.

Moreover, numerical methods for evaluating scattering from
rough surfaces are widely used, as they allow for accurate
simulation of complex geometries and material properties,
making them valuable tools for studying rough surface scat-
tering in diverse applications. In particular, the method of
moments (MoM) is a well-known numerical technique among
integral equation-based methods, particularly advantageous for
analyzing scattering from rough surfaces with arbitrary shapes
and roughness profiles [9], [10], [11].

For the purposes of this investigation, we focus on the
numerical scattering evaluation from 1-D, perfectly con-
ducting, randomly rough surfaces obtained using MoM,
which is assumed here as the reference canonical problem.
Nonetheless, according to MoM, solving scattering from
electrically large random rough surfaces might become a
time-consuming task, with computer physical memory space
typically imposing an upper bound on the feasible problem
size.

In the framework of EM scattering from rough surfaces,
numerical accelerations are implemented by introducing rel-
evant physical approximations to reduce the computing time
and/or memory space requirement. Among these methods, the
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stationary iterative forward—backward (FB) method [6], [12],
[13], [14], [15], [16] combined with the spectral acceleration
(SA) [6], [17], [18], [19], [20] is the most efficient one
for the scattering from highly conducting rough sea sur-
faces. For slightly rough surfaces, the banded matrix iterative
approach/canonical grid (BMIA-CAG) [6], [21], [22], [23] is
also efficient.

Another approach, the one followed in this study, aims
to achieve high performance without sacrificing the accuracy
of the numerical algorithms. For this purpose, the computa-
tional power of high-performance computing (HPC) systems
is indispensable for effectively addressing a wide range of
applications across key scientific and engineering fields. These
applications include, for instance, weather forecasting [24],
synthetic aperture radar (SAR) [25], and medical image [26]
processing.

As a matter of fact, current HPC systems typically consist
of clusters comprising many compute nodes, each holding a
certain number of multicore central processing units (CPUs)
and graphics processing units (GPUs) connected through a
high-speed network. GPUs are manycore accelerators com-
monly used as parallel processors to offload computationally
intense tasks from CPUs. Although parallelism has become the
dominant paradigm in computer architecture, the heterogeneity
in modern computing systems poses significant challenges
to the inherent design of dedicated parallel algorithms
for scientific applications and specific computing problems.
To fully take advantage of the hierarchical level of parallelism
offered by the pervasive contemporary HPC infrastructures,
a redesign of the well-established numerical algorithms is
typically required.

In particular, despite the high degree of parallelism offered
by currently available computational platforms, no attempt has
been made to comprehensively explore and design appropri-
ate parallelization strategies for the aforementioned canonical
scattering problem. This gap hinders our understanding of
the potential performance gains achievable through employing
HPC methodologies in this particular scenario. To the best of
our knowledge, within the current literature, only a few very
specific parallel approaches have been proposed [27], [28],
[29], [30], [31], [32]. For instance, in [27], the parallelized
conjugate gradient method (CGM) is investigated to evaluate
the composite EM scattering for a 2-D target above a 1-D
large-scale rough surface. A GPU-based finite-difference time-
domain (FDTD) algorithm for rough sea surface scattering
is presented in [28]. In [29], a GPU-based computation is
adopted to accelerate the small slope approximation (SSA)
method to evaluate scattering from a large rough surface.
A parallel algorithm for airplane scattering with MoM
using thousands of CPUs is presented in [30]. An inves-
tigation into GPU-based acceleration for MoM applied
to scattering from conducting objects was conducted
in [31].

To overcome the aforementioned issues and challenges,
this article systematically presents, analyzes, and compares
three distinct parallel versions of the solver for the considered
canonical scattering problem. These versions are targeted to
different components of contemporary HPC systems, includ-
ing (shared-memory) multicore CPUs, manycore GPUs, and
(distributed-memory) multinode architectures.
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Fig. 1. Schematic of the EM scattering problem.

This article aims to develop portable and efficient imple-
mentations of a solver across a wide range of currently
available heterogeneous architectures, thereby elucidating the
advantages and limitations of the diverse parallel approaches.
Consequently, the methodology for developing a high-
performance solver leveraging the degrees of parallelism
offered by the different architectures addresses two primary
objectives: 1) to solve the canonical problem faster and 2) to
tackle larger-size problems, where combined processing time
and memory requirements pose challenges.

Furthermore, assessing and comparing the overall per-
formance of various implementations of the solver across
different parallel architectures can provide valuable insight
into their relative performance and scalability for specific
workloads, and can indeed be considered a benchmarking
process.

To support our experimental investigation, we use two
powerful HPC platforms located in Italy: the Ben cluster,
hosted by CNR at the Naples ICAR headquarters, and the
EuroHPC pre-exascale supercomputer Leonardo, which ranks
9th in the TOP500 global list [33], hosted by CINECA at
the Bologna Technopole. Some very preliminary results of
the present work were provided in [32], but here we describe
in detail the adopted methodology, the performed study, and
illustrate all the obtained results.

This article is organized as follows. In Section II, the theo-
retical principles underlying the canonical scattering problem
are reviewed. The adopted HPC methodology is introduced
in Section III. Prototype implementations and inherent per-
formance analysis are discussed in Sections IV and V,
respectively. Finally, conclusions are drawn in Section VI.

II. CANONICAL SCATTERING PROBLEM

This section introduces the canonical EM scattering problem
and its numerical solution using the MoM. Inherent computa-
tional requirements and limitations are also addressed.

A. Problem EM Formulation

The geometry of the problem is depicted in Fig. 1.
We consider a plane wave impinging on a perfectly conducting
rough surface, and we assume that the EM field and the
surface height profile z(x) are constant along the y direction.
Throughout the article, in the field expressions, a time factor
e is understood and suppressed. If the incident wave is
horizontally polarized so that the incident electric field is

Einc (l’) — Einc (I‘) y — eik(x 8in G, —2 €O By 5\, (1)
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then the surface current density can be evaluated by solving
the following integral scalar equation:

E™ (r) = —iwpuy /Z¢ (r,x') Js (x') al’ ()

where k is the free-space propagation constant, 6, is the
incidence angle, o is the magnetic permeability of vacuum,
Js = Js¥ = fi x H is the surface current density, fi is the
surface normal unit vector, H is the surface magnetic field

¢ (rr') = $H (k|r-']) 3)
is the Green function in the 2-D space, H(()U (+) is the Hankel
function of the first kind and order zero, [ is the surface profile,
and the points r = xX + z(x)Z and ¥ = XX + z(¥)Z
both belong to the surface profile, see Fig. 1, and dlI' =
V1 + ((d2)/(dx"))*dx .

Once the surface current density has been evaluated by
solving the integral (2), the far-zone scattered field can be
computed as follows:

nkei(kr—n/4)

V8rkr Ji

where r = xX + zZ is the point in the far zone, r’ = X'X + z(x')Z
belongs to the surface profile, K is the unit vector indicating
the scattering direction, and 7 is the free-space intrinsic
impedance.

Similarly, if the incident wave is vertically polarized, so that
the incident magnetic field is

ES(r) = Js (') e ar 4)

Hinc (I') — Hinc (I') 3\, — eik(x $in 6.~z o8 G;yc) y (5)

then the surface magnetic field can be evaluated by solving
the following integral scalar equation:

ine (r) = %H(l’) + /[ﬁ’ -Vo (r, r’)] H (r’) dr (6)
l

where H = HY is the surface magnetic field. Once the latter
has been evaluated by solving the integral (6), the far-zone
scattered field can be computed as follows:

k ei(kr—n/ 4)

H (r) = —
x) V8nkr Ji

[ ks H (¢') & ar.  (7)

B. Brief Review of the MoM

The MoM is a numerical method that has been used
extensively to solve EM wave scattering problems, and several
excellent textbooks [9], [10], [11] have been written on this
active subject. This method leads to a full matrix equation,
which can be solved via matrix inversion. In this article, the
MoM is applied with the point-matching method and by using
pulse basis functions. The main advantage of this discretization
is that the elements of the impedance matrix are easy to
calculate and efficient for scattering from rough surfaces.

Equations (2) and (6) can be cast as L(f) = g, where L
is an integral operator or integral-differential operator, f is
the unknown function, and g is a given function related to
the incident field. The MoM converts this boundary integral
equation into a linear system defined as

ZX=b (8)

where Z is the so-called impedance matrix (which depends on
the surface shape); X is the unknown vector to be resolved;
and b is a given vector, which is related to the discretization of
the incident field on the surface. The mathematical expression
of the matrix elements can be found in [10]; for the reader’s
convenience, they are also reported in Appendix A. If the
matrix Z is not singular, the solution to the problem consists
mainly of inverting the impedance matrix as

xX=Z"b. 9)

C. Computational Complexity, Memory Requirement, and
Limitations

The calculation of the impedance matrix needs to store N?
complex numbers, where N is the surface sampling number
(i.e., number of unknowns). In addition, from a conventional
LU decomposition, the number of multiplications to calculate
L (lower triangular matrix) and U (upper triangular matrix)
is O(N?). For a huge problem, the LU decomposition can
be time-consuming, and the memory requirement significantly
increases. To overcome this issue, accelerations based on
the introduction of physical assumptions, such as FB [6],
[12], [13], [14], [15], [16] combined with SA [6], [17], [18],
[19], [20] and banded matrix iterative approach/canonical
grid (BMIA-CAG) [6], [21], [22], [23], can be imple-
mented. This article explores an alternative approach that
does not require the introduction of simplifying physical
assumptions.

III. PARALLEL COMPUTING DESIGN METHODOLOGY

This section presents the rationale behind the adopted
parallel strategies for the computational problem under con-
sideration. The aim is to fully exploit the available degree
of parallelism offered by various modern HPC platforms,
including multicore and manycore (shared-memory) architec-
tures, as well as multinode (distributed-memory) architectures
[34], [35], [36]. Algorithmic details relevant to the developed
efficient parallel solutions are provided in Section IV.

According to Section II, MoM-based computations involve
solving a large and dense linear system of equations (LSE)
arising from discretizing integral equations in the form (8),
where Z € CV*VN is a dense, nonsymmetric, and complex-
valued matrix, b € CV is the input vector, and X € CV is
the unknown solution vector, with N denoting the number of
unknowns. Therefore, the computational problem considered
includes three main different tasks: the first step involves
calculating the elements of the impedance matrix Z, while the
second step consists of the solution of the matrix (8), which
is indeed the computationally dominating operation for the
canonical solver under consideration (Section II-C). Finally,
the scattered field (observed quantities) can be obtained with
relatively negligible additional computations.

In general, achieving scalability of parallel algorithms
across multiple processing units requires that the granularity of
the computation be adjustable [34], [35], [36]. Accordingly, for
the specific problem at hand, adopting an approach that relies
on some form of partitioning with adjustable block sizes might
be appropriate to exploit the available parallelism.

We first discuss the parallelization of impedance matrix
computation (Section III-A), followed by a detailed focus on



specific strategies for solving the inherent LSE on different
parallel architectures (Section III-B). The case in which the
impedance matrix Z exceeds the main physical memory of
the system is also addressed, as discussed in the following.

A. Impedance Matrix Parallel Computation

Parallelism is achieved by assigning each computing unit
the task of calculating a subset of elements in the impedance
matrix. To achieve the performance, redundant computations
must be minimized, and the workload must be evenly dis-
tributed across all processing units. In particular, different
parallel schemes can be used for impedance matrix compu-
tation on the selected architectures.

On shared-memory architectures, the computational work-
load is distributed across multiple cores within a single
computing node, ensuring optimal performance by adjusting
the block size of the data layout.

On distributed-memory architectures, the computation of
the impedance matrix is partitioned into blocks assigned to
all the engaged computing nodes and stored in their local
memories, allowing the creation of a distributed version of
the matrix Z. In this case, optimal performance in impedance
matrix computation entails controlling the block size and
the communication pattern of computing units, as further
discussed in Section IV.

It is worth highlighting that, compared to a shared-memory
system, a distributed-memory platform (in which each proces-
sor can access only its own local memory) offers the advantage
of a significantly larger potential memory pool. This enables
large-scale MoM simulations requiring extensive memory and
computational resources.

B. Dense LSE Parallel Solution

To leverage the parallelism offered by modern HPC plat-
forms, we strategically rely on established, open-source,
high-performance dense linear algebra (DLA) libraries instead
of developing new, specialized parallel LSE solvers from
scratch. Specifically, we prioritize currently available libraries
that offer efficient and accurate solvers for dense LSEs on
different architectures. This approach has proven effective,
enabling high performance, scalability, and portability across
a wide range of computing platforms while also alleviating
the need for laborious parallelization efforts.

This article focuses on one of the most efficient and numer-
ically stable methods for solving dense LSEs, which involves
LU decomposition (also known as LU factorization) followed
by forward and backward substitutions. Partial (row) pivoting
can also be incorporated to ensure both numerical stability and
performance, resulting in a factorization PZ = LU, where
P is a permutation matrix that applies a number of row
interchanges to Z, U is the upper triangular, and L is the
lower triangular [37]. Parallel implementations of LU decom-
position typically rely on block-based strategies to achieve
computational efficiency. The underlying logic of block LU
decomposition is reviewed in Appendix B.

Accordingly, we have identified state-of-the-art libraries
that include LU-based LSE numerical computation functions
on diverse heterogeneous architectures. The three selected
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libraries, which can somehow be considered parallel coun-
terparts of the popular linear algebra PACKage (LAPACK)
library [38], [39], are introduced in the following.

1) Parallel Linear Algebra Software for Multicore Architec-
tures: It is a numerical library for solving problems in DLA,
specifically designed to take advantage of shared-memory
architectures based on multicore processors [40].

Parallel linear algebra software for multicore architecture
(PLASMA) is optimized to achieve the highest possible perfor-
mance through thread-level parallelism with fine granularity.
To achieve efficient multithreaded execution, PLASMA is
built around the following concepts: tile matrix layout, tile
algorithms, and task-based scheduling. It operates on matrices
in the tile layout, in which the matrix is subdivided into square
blocks called tiles. In tile algorithms, square tiles are relatively
small, so multiple cores can operate independently on different
tiles. This approach provides fine-grained parallelism while
allowing tiles to be cached and fully processed before being
evicted from the cache, minimizing cache misses. PLASMA
supports a substantial subset of LAPACK’s functionality and
offers a collection of routines for solving linear systems of
equations using the open multiprocessing (OpenMP) standard
[41], [42]. In particular, its recent version offers an extensive
collection of optimized routines and specific routines for
solving general systems of linear equations based on LU
factorization with partial (row) pivoting [43].

2) Matrix Algebra on GPU and Multicore Architectures:
It is a DLA library specifically developed to fully exploit het-
erogeneous CPU-GPU architectures [44], [45]. It targets large
matrices and features LAPACK-compliant hybrid DLA rou-
tines for multicore CPUs enhanced with throughput-oriented
accelerators (such as a GPU). Matrix algebra on GPU and
multicore architecture (MAGMA) is based on compute unified
device architecture (CUDA), which leverages the parallel
processing power of GPUs for computationally intensive sim-
ulations. It offers functionalities for various types of problems,
including dense, sparse, native, and hybrid.

In particular, MAGMA offers operations to accurately
solve (8) using LU decomposition with partial (row) pivoting.
The required memory spaces on the main-memory (host) and
GPU (device) sides are preliminarily allocated to address the
computation. This implies that the MAGMA solver requires
that the entire impedance matrix be transferred from the host
to the device memory before solving. Once (8) is solved using
the factored form of Z, the solution vector is retrieved from
the GPU global memory.

Finally, we emphasize that to take advantage of GPUs’
superior performance in single precision, which is significantly
faster than double-precision complex arithmetic (approxi-
mately ten times faster in theory), MAGMA introduces a
second set of solvers that utilize mixed-precision iterative
refinement techniques [46]. It is worth noting that, even
if mixed-precision iterative techniques stem from the GPU
context, the advantage of reduced execution time is also
evident on other architectures, reporting negligible accuracy
error (see Section V-C). For this reason, we have adopted
mixed-precision iterative techniques when available (i.e., for
PLASMA).

3) Scalable LAPACK: 1t is a high-performance linear alge-
bra software library to run scalably on distributed-memory
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Fig. 2. Block diagram including the main steps of the sequential algorithm.
The blocks in orange are amenable to parallelization.

(message-passing) architectures through process-level paral-
lelism [47], [48], [49].

ScalLAPACK routines are based on block-partitioned algo-
rithms to minimize data movement between different memory
levels. Load balance and scalability on distributed-memory
systems heavily depend on how matrices are distributed among
processes. ScaLAPACK routines utilize a message-passing
paradigm, where each subroutine directly accesses only local
data. Specifically, ScaLAPACK employs a method of dividing
the matrix into blocks and distributing them across processors
in a 2-D, repeating pattern (2-D block-cyclic decomposition
scheme) to achieve well-balanced computations and scalable
implementations [50]. It is important to note that ScaLAPACK
does not provide a direct tool to correctly distribute a global
matrix before using its routines. Hence, a custom data distri-
bution mapping needs to be implemented to meet our specific
requirements, as discussed in [51] p.108. Further discussion
on this issue is provided in Section IV-B.

Finally, efficiency within a computing node is achieved
through the use of basic linear algebra subroutines (BLAS).
ScaLAPACK relies on distributed-memory versions of the
Level-2 and Level-3 BLAS, along with a set of basic
linear algebra communication subprograms (BLACSs) for
communication tasks typical of parallel linear algebra
computations [52].

IV. PROTOTYPE IMPLEMENTATION

Fig. 2 shows the block diagram of all the steps involved
in the numerical computation of EM scattering from 1-D
randomly rough surfaces, using MoM. The first step is to
generate a random rough surface profile with known statistical
properties. To reduce the computational error caused by the
truncation effect of the finite-length surface, we consider a
Gaussian beam wave as an incident field (tapering), according
to Thorsos [53]. The next step is to evaluate the elements of
the impedance matrix Z; subsequently, the linear system (8)
is solved. Finally, the scattered field can be evaluated, thus
obtaining the relevant normalized radar cross section (NRCS).

Historically, Fortran has always been the language for
HPC, and it remains one of the most widely used high-level
languages in various scientific fields, including computational
EMs (CEMs). A rich legacy of existing, well-tested Fortran
code can be leveraged to avoid the cost and effort associ-
ated with rewriting software. Extensive scientific libraries,
including those for linear algebra, offer optimized routines
that streamline development and enhance code performance.
Indeed, Fortran is a compiled language familiar to many
scientists and engineers, thereby facilitating code maintenance
and development. Accordingly, all the different parallel imple-
mentations presented in this article have been written using the
modern Fortran language.

Additionally, the surface profile generation requires the dis-
crete Fourier transform (DFT), and we used the fastest Fourier
transform in the west (FFTW) library [54] to implement it.

The following provides significant implementation details
on parallel solutions developed for the three different compu-
tational architectures.

A. Shared-Memory Architecture

We have developed two different (shared-memory) imple-
mentations oriented to multicore CPU and hybrid CPU-GPU
architectures. In both implemented solvers, multithreading is
used for the computation of the impedance matrix. To perform
the LSE solution step using multicore processors, we have
developed a PLASMA-based implementation. In contrast, the
MAGMA-based implementation offloads the LSE solution step
to the GPU. These two approaches are effective for the case
in which the impedance matrix Z can fit comfortably in the
memory of a single machine, and they are further discussed
hereinafter.

1) CPU Multicore Architecture: A single processing unit
computes the impedance matrix in parallel using OpenMP
[42] for-loop parallelization for computing elements of the
matrix. For each row, the calculations are independent of
each other, implying that the computation can be parallelized,
significantly improving performance. The data are stored in
the main memory and accessed by all threads. We utilize
the routine plasma_zcgesv from the PLASMA library to
solve the LSE on multiple CPU cores in mixed-precision com-
plex through LU decomposition with partial (row) pivoting.
Specifically, mixed-precision algorithms initially adopt a lower
precision (single-precision 32-bit floating-point arithmetic) to
compute the expensive operations (for instance, LU OWNNY),
and then carry out an iterative refinement process in the IEEE
standard double-precision 64-bit floating-point arithmetic to
achieve the solution. This strategy allows solving dense LSE
in higher precision but at a speed characteristic of the much
faster single-precision computations.

2) GPU + CPU Multicore Architecture: We use a hybrid
(CPU + GPU) algorithm. In particular, we calculate the
impedance matrix, as above, on the multicore CPU. Then,
we allocate memory on the GPU for matrix Z and vectors
X and b using suitable CUDA routines. We also use the
same library to transfer the data between the CPU and GPU
memories and back to retrieve the solution. For the compu-
tations, we utilize the routine magmaf_zcgesv_gpu from
the MAGMA library on the GPU, which solves the linear sys-
tem using LU decomposition with partial (row) pivoting and
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Fig. 3. Block-cyclic distribution on a 2 X 2 processor grid of a matrix
consisting of 4 X 4 blocks: in brackets, coordinates of each processor owning
the corresponding blocks.

leveraging mixed-precision iterative refinement techniques.
In this case, the mixed-precision (double-complex and single-
complex) algorithm for LU decomposition is very convenient
because, in GPU architectures, the number of single-precision
units outnumbers the double-precision ones.

B. Distributed-Memory Architecture

We implemented the data distribution mapping using a
block-cyclic distribution across multiple processors. For this
purpose, we utilized BLACS, part of ScaLAPACK, as a com-
munication layer to distribute data and communicate between
processors while filling the impedance matrix, distributing the
input vector, and gathering the solution. For this purpose,
the N x N impedance matrix is partitioned into blocks of
a suitably prescribed size, which is stored on a different
process in a block-cyclic distributed-memory environment.
Specifically, the processors are organized into a logical 2-D
grid, and the blocks are distributed across the processor grid
(an illustrative example of a matrix consisting of 4 x 4 blocks
is shown in Fig. 3). An integer array (array descriptor) is used
to encapsulate information about the logical grid of processors.
Then, the mapping of the matrix elements onto (distributed)
local processors’ memories is uniquely linked to the processor
IDs. The matrix blocks are distributed cyclically across the
grid processors, ensuring an even data distribution. With
this strategy, elements needed for calculations on a specific
processor are likely to be allocated in the local memory of that
processor reducing communication overhead. This strategy
helps balance the computational load. To solve the system
of linear equations in double-precision complex, we use the
pzgesv ScaLAPACK routine based on LU decomposition
with partial (row) pivoting. See Appendix C for an overview of
the parallel block LU decomposition algorithm implemented
by ScaLAPACK.

V. EXPERIMENTS

In this section, extensive benchmarking results across two
different HPC platforms are presented. To this end, a detailed
description of the employed computational infrastructures is
first provided. A set of canonical case studies is then intro-
duced to provide representative and reproducible workloads.
Functional validation and numerical accuracy of the parallel
prototypes are then assessed. Subsequently, well-established
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TABLE I
SPECIFICATION OF A NODE OF THE BEN COMPUTATIONAL PLATFORM

Ben Platform Node CPUs GPU
Architecture 2 x IBM POWER9™ Nvidia V100
Core Clock 2.7 GHz 1530 MHz
Number of Cores 2 x 16 5120 CUDA
Memory size 1024 GB 32 GB
Memory Bandwidth 108 GB/s 897 GB/s
Interconnection Mellanox connectx-5 PClIe 3.0 x16
TABLE II
SPECIFICATION OF A NODE OF THE LEONARDO
COMPUTATIONAL PLATFORM
Leonardo Platform CPUs GPU
Node
. Intel®Xeon®Platinum Nvidia A100
Architecture
835 (custom)
Core Clock 2.6 GHz 1395 MHz
Number of Cores 32 7936 CUDA
Memory size 512 GB 64 GB
Memory Bandwidth 200 GB/s 1640 GB/s
Interconnection Mellanox connectx-6 PCle 4.0 x16
TABLE III
SOFTWARE ENVIRONMENT
Software Ben Version Leonal:do
Version
GNU compiler 11.2.0 12.2.0
PLASMA 20.9.20 20.9.20
MAGMA 271 2.7.1
CUDA toolkit 11.3.1 12.1.0
OpenBLAS 0.3.18 0.3.24
BLAS 3.11.1 3.11.0
CBLAS 20110120 20110120
OpenMPI 4.1.2 4.1.6
ScaLAPACK 2.1.0 2.1.0
FFTW 3.3.10 3.3.10

parallel performance metrics are introduced, and a detailed
benchmarking analysis is conducted to compare the perfor-
mance of the three developed parallel solutions quantitatively.

A. Experimental Setting

We conducted the experiments on two HPC clusters: Ben,
hosted by ICAR CNR, and Leonardo Booster partition, hosted
by CINECA. Each node of Ben housed two 16-core 2.7-GHz
POWERSY processors, four NVIDIA Tesla V100 GPUs with 32
GB of memory each, and 1 TB of RAM, while each node of
the Leonardo Booster partition housed one 32-core Intel Xeon
Platinum 8358 CPU, 2.60 GHz, four NVIDIA Ampere A100
GPUs with 64 GB, and 512 GB of RAM. Table I summarizes
the node specification for the Ben platform, while Table II
summarizes the node specification for the Leonardo Booster
partition.

Table III summarizes the software environments needed to
run our experiments for both HPC platforms.

B. Case Studies

In this article, three main scenarios implying EM scattering
from perfectly conducting random rough surfaces will be
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TABLE IV
CASE STUDIES

Case 1.1 1.2 2.1 2.2 31 3.2 33 34
Polarization ™ ™ ™ ™ TE TE ™ ™
Incidence Angle 30° 85° 30° 85° 30° 85° 30° 85°
EM wavelength [m] 1.0 1.0 1.0 1.0 0.057 0.057 0.057 0.057
Reference Surface Surface 1 Surface 1 Surface 2 Surface 2 Surface 3 Surface 3 Surface 3 Surface 3

studied. For all three cases, the surface height pdf (probability
density function) is assumed to be Gaussian, and the main
parameter that characterizes each case is the shape of the
surface autocorrelation function (ACF) as follows.

1) Gaussian ACF.

2) Exponential ACF.

3) Sea surface ACF, described by Elfouhaily et al. [55]
spectrum model.

For the first two cases, the main simulation parameters are as
follows.

1) EM Wavelength in Vacuum: dp = 1 m.

2) rms Height: o), = Ay.

3) Surface Correlation Length: L. = Ay.

4) Spatial Sampling Step: Ax = 0.1 and A.

5) Incidence Angle(s) (With Respect to Vertical Direction):

Oinc = {30°; 85°}.

6) Polarization(s): Both TM and TE.

The medium of incidence is the air, which is assimilated to
the vacuum.

For the third case, we take a realistic radar frequency f, and
the roughness is defined by the wind speed at 10 m above the
sea surface, ujo (considering a fully developed sea). We will
consider it as follows.

1) Radar Frequency: f = 5.3 GHz, corresponding to EM
wavelength in vacuum: Ay = 0.057 m.
2) Wind Speed at 10 m Above the
Uy = 10 Hl/S.
Spatial sampling step, incidence angles, and polarizations are
the same as for cases 1 and 2.

As will be discussed in Sections V-E and V-F, we study the
effect of increasing the number of surface samples N—which
also corresponds to the number of unknowns here for perfectly
conducting surfaces—on parallel performance using different
HPC architectures. Due to hardware (memory) constraints,
not all architectures can accommodate the full range of N,
which in our investigations spans from 10* to 6 x 10°.
This corresponds to a generated surface length: L = NAx
(from 10% to 6 x 10*1).

To perform the experimental analysis, we selected a set of
representative case studies, which are summarized in Table I'V.
Hereafter, we show the generated surface and its associated
NRCS for cases 1.1, 2.1, and 3.1 (Figs. 4-6). They correspond
to Gaussian, exponential, and sea surfaces. For the first two
cases, the EM wavelength in vacuum is dg = 1 m, the
polarization is TM, and N = 3 X 10*, while for the third
case, the polarization is TE and N = 10°. For all three cases,
the incidence angle is 30°. The plotted NRCSs correspond
to the results obtained with a parallel solver, which are fully
numerically consistent with the sequential (LAPACK-based)
implementation, as discussed in Section V-C. The Gaussian

Sea Surface:

and exponential surface plots have been zoomed in (from 300
m length to 100 m) to better see their shape.

As a general comment, as the Gaussian and exponential
surfaces are very rough and have very high slopes (owing to
o = dp and L. = Ay), the NRCS is spread over all observation
angles, such that the specular direction peak is hardly stronger
than the levels in other directions. In fact, for the exponential
case, the maximum peak occurs in a slightly different direction
(about 37°) for this generated surface. In contrast, for the sea
surface case, even if it is a case of relatively high winds (19 =
10 m/s), it corresponds to less high slopes (oy =~ 0.19 here).
The strongest constraint for the sea surface is that it implies
generating very long surfaces in order to fairly represent the
full sea surface spectrum. Indeed, here for u;op = 10 m/s and
for a fully developed sea, we need to have a minimum surface
length of L,,;, ~ 254 m. This makes, for a radar frequency f =
5.3 GHz, a minimum number of samples of about 4.5 X 10*
(for a sampling step Ax = 0.1 Ap).

C. Numerical Results and Validation

As a preliminary step, we validate the numerical results
obtained with the implemented parallel prototypes.

Parallel execution can involve arithmetic operations being
performed in a different order from the sequential case.
As operations in floating-point arithmetic are not associative,
the operation reordering inherent in parallel execution can lead
to tiny discrepancies in the intermediate results. Therefore,
we compare the numerical results obtained with the paral-
lel solvers, using the sequential solver as a reference. This
investigation is crucial to fully demonstrating the functional
equivalence of the developed solvers and quantitatively assess-
ing their relative numerical accuracy.

In particular, the numerical results—expressed in terms of
NRCS for discrete scattering directions (output vector o €
RM_ where M denotes the number of considered scattering
angles)—obtained with three developed parallel solvers are
compared to those produced by the sequential solver (namely
0% € RM), across the different case studies presented in
Section V-B. For the purpose of accuracy assessment, a fixed
problem size of N = 3 x 10* is used, allowing for a
numerically consistent comparison across the three architec-
tures within the limits of their maximum commonly available
memory. The comparison is conducted under identical input
conditions.

For illustrative purposes, Fig. 7 shows the NRCS difference,
(0 — 6), between the parallel and sequential solvers for case
study 3.1, plotted against the scattering angle for each parallel
solver. The graphs show that, for case study 3.1, the absolute
errors are mainly localized around the specular direction,
thus reflecting the angular dependence of the scattered field.
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Fig. 4. Generated Gaussian surface (top—zoomed in) and its associated
NRCS (bottom) for case 1.1 (1o = 1 m and 6, = 30°, TM pol.)

TABLE V
ERROR METRICS

Error Metric Expression Abbr.
: lloe® — &%l
Relative Lo norm — o Rel. Lo
ll5°1l2
Root Mean Squared Error i SM_ (09, —59,)2 RMSE
Infinity norm lo® = 6%co = max,|ol, — a8 | oo
o lo? —8°
Relative infinity norm — Rel. co

Absolute errors in all cases consistently remain below 1072
across the entire angular range, thus demonstrating the overall
numerical validity of the developed parallel implementations.
The quantitative comparison is also carried out using dif-
ferent error metrics (see Table V), as detailed in Table VI for
all the considered case studies and for all parallel solvers. It is
worth noting that, for surfaces with exponential correlation
(cases 2.1 and 2.2), the increased errors may be primarily
ascribed to high-frequency scattering (i.e., short wavelengths),
which is more sensitive to the sharper surface features.
Based on the observed differences, we can conclude that the
different parallel solvers developed for different computational
architectures produce numerically consistent results.

D. Parallel Performance Metrics

Well-known performance metrics are typically adopted to
assess the parallel performance of an algorithm or system
quantitatively. In general, it is important to evaluate how
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Fig. 5. Generated exponential surface (top—zoomed in) and its associated
NRCS (bottom) for case 2.1 (1gp = 1 m and 6;,. = 30°, TM pol.)

TABLE VI

ERROR METRICS FOR PLASMA, MAGMA, AND SCALAPACK-BASED
PARALLEL SOLVERS WITH RESPECT TO LAPACK-BASED
SEQUENTIAL IMPLEMENTATION

Case Used Error Metrics
Study | Library Rel. Lo RMSE 00 Rel. ©
1.1 PLASMA 3.38e-15 1.6de-15 7.77e-15 4.15e-15
MAGMA 4.75e-15 2.31e-15 9.55e-15  5.09e-15
ScaLAPACK | 4.22e-13  2.05e-13  7.58e-13  4.04e-13
1.2 PLASMA 1.56e-15  2.37e-15 1.07e-14  5.4le-16
MAGMA 1.66e-15  2.52e-15 2.13e-14  1.08e-15
ScaLAPACK | 1.79e-13  2.72e-13  1.64e-12  8.36e-14
2.1 PLASMA 1.12e-10  3.57e-08  1.58e-07  8.16e-11
MAGMA 246e-11  7.83e-09 3.58e-08  1.85e-11
ScaLAPACK | 1.78e-11  5.69e-09 2.98e-08  1.54e-11
2.2 PLASMA 1.18e-10  2.05e-07  6.62e-07  7.93e-11
MAGMA 4.57e-11  791e-08 3.65e-07 4.37e-11
ScaLAPACK | 3.60e-11  6.23e-08 2.79¢-07 3.34e-11
3.1 PLASMA 5.82e-15  5.37e-15 4.35e-14  6.73e-15
MAGMA 4.49e-15 4.15e-15 2.98e-14  4.60e-15
ScaLAPACK | 7.15e-14  6.60e-14 4.13e-13  6.38e-14
3.2 PLASMA 5.45e-15  5.79%-15 5.28e-14  5.76e-15
MAGMA S5.11e-15  5.43e-15 3.64e-14  3.97e-15
ScaLAPACK | 2.43e-14 2.58e-14 2.34e-13  2.55e-14
33 PLASMA 1.53e-15  1.39e-15 1.33e-14  2.10e-15
MAGMA 1.20e-15  1.10e-15 5.99e-15 9.43e-16
ScaLAPACK | 2.62e-14 2.39e-14  1.35e-13  2.13e-14
34 PLASMA 1.23e-15  1.02e-15 5.33e-15  1.02e-15
MAGMA 1.32e-15  1.10e-15 9.77e-15  1.88e-15
ScaLAPACK | 4.33e-14 3.58e-14 2.27e-13  4.36e-14

efficiently the developed prototypes handle increasing numbers
of processing units or workloads.
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Fig. 6. Generated sea surface (top) and its associated NRCS (bottom) for
case 3.1 (19 = 0.057 m and 6, = 30°, TE pol.)

Specifically, to quantify the reduction in execution time, for
a prescribed problem size, as the number of processing units
is increased, the speedup, denoted as S ,, is formally defined
» T (W, 1)
ST TWp) (1o
where T(W, p) represents the execution time for solving a
problem of size W utilizing p processing units. The numerator,
T(W, 1), thus means the sequential execution time of a single
processing unit. Ideally, S, would equal p, indicating perfect
linear speedup. However, in practice, experimentally observed
speedup typically exhibits sublinear scaling (S, < p) as a
consequence of various parallelization costs (e.g., communica-
tion overhead between processors and synchronization costs).
Specifically, the overhead O;, = pT(W, p) — T(W, 1) can lead
to a decrease in efficiency at larger scales. Memory bandwidth
limitations can also contribute to O; and become a bottleneck
[34], [35], [36]. Moreover, the theoretical limits of speedup for
a fixed problem size are often described by Amdahl’s Law,
which states that the speedup is asymptotically limited (as
p — o0) by the fraction of the computation that is inherently
sequential [34], [35], [36], [56]. Additionally, the parallel
efficiency, €,, can be quantified as follows:

Sp
P
The metric in (11) provides a normalized measure of the
effective utilization of the added processing resources, with

the ideal efficiency being unitary. In this article, we also use
the term computational gain to refer to the ratio between

(1)
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Fig. 7. NRCS numerical error (relative to the sequential solver) as a function
of scattering angle (degrees) for case study 3.1, using parallel solvers based
on PLASMA (top), MAGMA (center), and ScaLAPACK (bottom).

the execution time of the sequential version and that of the
parallel version, assuming that all computational units of the
considered architecture are utilized.

Analyzing the trends of these metrics provides valuable
insight into the scalability characteristics of the developed
parallel solvers and the associated hardware architectures.

E. Farallel Performance Analysis

This section is devoted to investigating the experimental
performance achievable with the different parallel imple-
mentations. Specifically, we focus on case study 3.1 and
its extension to cover cases with varying surface lengths.
As a preliminary step, we represent in log-log scale the
execution time required to solve the LSE using the sequential
(LAPACK-based) implementation as a function of the num-
ber of unknowns N, for both used platforms (see Fig. 8).
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onds) versus tile size using Ben and Leonardo multicore architectures,
for N=1 x 10°.

While the Ben platform performs well, the Leonarto plat-
form demonstrates superior performance. In particular, to
analyze the trend of the execution time for solving the LSE,
we perform a linear fit of the experimental data using an
N® model, obtaining @ = 2.995 and a = 2.994 for the Ben
and Leonardo platforms, respectively. These results are fully
consistent with the theoretical computational complexity of the
LU decomposition, which is O(N?).

Subsequently, we proceed with a quantitative assessment
of the performance results obtained using the aforementioned
parallel solvers and architectures. Scalability is then dis-
cussed in relation to the computational resources used and
the problem size. We begin by evaluating the exploitation of
multicore CPU architectures in the context of tile-based DLA
computations using the PLASMA library. As a preliminary
step, we investigate how the square tile size affects perfor-
mance, aiming to identify the optimal value—i.e., the one
that best fits into the cache hierarchy and minimizes total
execution time—for each platform under test. In particular,
we vary the tile size in increments of 64 and measure the
total execution time for solving a matrix problem of dimension
N = 1 x 10°. The resulting performance curves are shown
in Fig. 9, where execution time is plotted as a function of
the tile size. We observe that the optimal tile size is 512 for
the Ben platform and 256 for the Leonardo platform. These
differences are likely attributable to architectural distinctions,
such as cache size and memory hierarchy. Consequently, all
subsequent experiments are conducted using these empirically
determined optimal tile sizes for each platform.
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TABLE VII

COMPARISON OF TOTAL EXECUTION TIMES (SECONDS) USING
MULTICORE CPUS ACROSS BEN AND LEONARDO PLATFORMS,
FOR AN INCREASING NUMBER OF UNKNOWNS N

N Ben Leonardo
1.0 x 103 7.55 3.73
2.5 x 104 61.06 29.05
5.0 x 104 340.99 145.08
7.5 x 104 1059.58 429.23
1.0 x 10° 2418.63 935.54
1.25 x 105 5993.64 —
1.50 x 10° 7877.60 —

TABLE VIII

COMPARISON OF LSE AND TOTAL EXECUTION TIMES (SECONDS) USING
GPU + CPU ACROSS BEN AND LEONARDO PLATFORMS,
FOR INCREASING NUMBER OF UNKNOWNS N

N Ben Leonardo
LSE Time Tot. Time LSE Time Tot. Time
1.0 x 104 2.28 3.22 5.50 6.05
2.5 x 10* 7.56 12.85 8.62 11.92
3.5 x 104 13.61 23.88 13.41 20.25
4.5 x 10* — — 20.78 32.54

Table VII shows the execution times of the implementation
(based on PLASMA) for the multicore CPU architecture on
both platforms. It is notable that Leonardo, while having the
same number of physical cores, performs better due to its
different architecture. In Fig. 10(a), we plot the computational
gain, which is defined as the ratio between the execution time
of the sequential (LAPACK-based) solver and that of the multi-
threaded (PLASMA-based) solver, as a function of the number
of unknowns N. It is evident that Ben, although it is generally
performing worse, shows a constant gain for different N up
to 1.5 x 103, which is better than that observed on Leonardo.
It is worth noting that on multicore CPUs, memory utilization
is closely tied to thread-level parallelism, cache utilization, and
efficient data locality. Since total elements scale with N2, the
availability of 1-TB RAM on Ben allows it to theoretically
support very large matrices (over 2.0 x 10° elements per side)
when the sequential approach is considered, while the actual
size in multithreading implementations is more limited [see
Fig. 11(a)]. Although the memory usage for the two platforms
is generally comparable, the largest N values considered for
Ben and Leonardo were 1.5 x 10° and 1.0 x 10°, respectively.

In the context of a hybrid GPU + CPU execution paradigm,
where the multicore CPUs handle matrix construction and the
GPU performs LU decomposition, Table VIII compares the
performance of the MAGMA-based implementation on Ben
and Leonardo as the problem size increases. For small-scale
problems (N = 1 x 10*), Ben outperforms Leonardo, likely
because the V100 GPU hosted on Ben fits better with the
MAGMA feature of exploiting mixed precision on tensor cores
for smaller cases. Conversely, as the problem size grows, the
Leonardo architecture becomes more competitive, having a
higher number of GPU cores and a better CPU architecture.

For this case, the associated computational gain, calculated
as the ratio between the sequential execution time and the
parallel execution time (hybrid CPU + GPU), is depicted in
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Fig. 11. Memory usage (GB) versus number of unknowns N. (a) Ben CPU
RAM usage for sequential and multithreaded (PLASMA-based) implementa-
tions and (b) GPU device memory usage (MAGMA-based implementation)
using Ben and Leonardo architectures.

Fig. 10(b) as a function of the number of unknowns N. The
results reveal a clear higher gain for Ben than Leonardo,
likely because the sequential implementation runs faster on
Leonardo. Remarkably, Leonardo is the only platform able
to complete the largest problem size tested (N = 4.5 x 10%)
due to its higher memory capability. The MAGMA-based
implementation is limited by the device memory’s capac-
ity to accommodate a large-scale matrix. For instance, the
32-GB GPU of the Ben platform allows handling matrices
up to approximately N = 4 x 10*. In comparison, the 64-GB
GPU of the Leonardo platform allows handling matrices up to
approximately N = 5 x 10* [see Fig. 11(b)]. Hence, for matrix
sizes exceeding the GPU device memory, strategies such as
matrix tiling, streaming data in chunks, or using multiple
GPUs become necessary.

In the distributed-memory (multinode) setting, we define
the total number of computing units as p = p, - pg, Where

ps denotes the number of CPU cores per node and p, denotes
the number of computing nodes employed in the computation.
This choice reflects the need to distribute processes according
to a 2-D grid, as adopted by ScaLAPACK. The grid can be
organized across cores and nodes to minimize communication
overhead. The algorithm used for constructing the impedance
matrix is more efficient when the process grid dimensions
satisfy ps = pg, hence the decision to use a square 2-D grid.

For the ScalLAPACK-based implementation, the perfor-
mance metrics (see Section V-D) are experimentally evaluated
for a fixed problem size of N = 10° and varying the process
grid (py X pg from 1 x 1 to 32 x 32) employed in the compu-
tation, on both the Ben and Leonardo platforms. In particular,
Fig. 12(a) illustrates the measured speedup S, as a function
of the number of processes. The ideal (linear) speedup, which
represents a theoretical upper bound for parallel performance,
is also shown (dashed line) as a reference. We observe a
speedup exhibiting an almost linear progression as the number
of computing units increases, demonstrating reasonable scaling
behavior. Correspondingly, the parallel efficiency &,, shown
in Fig. 12(b), is high for moderate levels of parallelism
but gradually declines as the number of computing units
increases. This behavior is typical of fixed-size problems like
LU decomposition, where the computational workload per
processing unit decreases, while communication and synchro-
nization costs increase, thereby reducing overall efficiency.

The scalable performance of the ScaLAPACK-based imple-
mentation exhibits distinct behavior across the Ben and
Leonardo clusters. The Ben cluster consistently demon-
strates superior speedup and efficiency compared to the
Leonardo cluster. This disparity is also reflected in efficiency;
Ben maintains a higher efficiency across various process
counts, utilizing its computational resources better. However,
Leonardo outperforms Ben in terms of the time-to-solution
metric, as shown in Table IX, which presents a direct com-
parison of wall-clock times for both architectures, across a
sample of all analyzed parallel configurations.

To relate the observed scalability to architectural constraints,
we consider two additional metrics. First, we estimate a lower
bound on the effective memory throughput during the LU
factorization as

Mo (p)

Tise (p)

where Trsp(p) is the measured time for solving the dense
linear system and M (p) is the total resident memory footprint
of the distributed impedance matrix. The resulting Beg(p) is

Bes (P) = 12)
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Fig. 12. Parallel performance results. (a) Speedup. (b) Efficiency, as a function of the number of engaged processes p. Reference ideal speedup and ideal

efficiency are also depicted (dashed lines).

TABLE IX

WALL-CLOCK TIMES (IN SECONDS) FOR A FIXED PROBLEM SIZE OF
N = 10°, WITH RESPECT TO THE PROCESS GRID (FROM 1 X 1

TO 32 x 32)

Pd Ben Leonardo
1 142944.375  35801.469
4 9617.836 2618.650
8 2963.987 818.110
12 1481.839 492.372
16 945.099 379.235
20 671.599 253.947
24 526.835 214.798
28 440.114 178.942
32 742.902 163.841

TABLE X

SUMMARY OF PARALLEL PERFORMANCE METRICS FOR THE SCALAPACK
SOLVER (PROBLEM SIZE N = 10°). HERE, p Is THE TOTAL NUMBER
OF MPI PROCESSES, S, IS THE SPEEDUP, &, = §,/p IS THE
PARALLEL EFFICIENCY, ¢, IS THE KARP-FLATT SERIAL-PLUS-
OVERHEAD FRACTION, Beg IS A LOWER BOUND ESTIMATE
OF THE EFFECTIVE MEMORY THROUGHPUT (IN GB/S),

AND p(p) = Bef/Bpgak,tor IS THE RATIO BETWEEN
EFFECTIVE AND AGGREGATE PEAK
MEMORY BANDWIDTH

Platform P Sp £p ep Begr p(p)
64 48.2 0.753  0.0052 0.065 0.008

Ben 256 1512 0.591 0.0027 0.281 0.016
1024 1924 0.188 0.0042 0.537 0.016

64 43.8 0.684 0.0073  0.282 0.018

Leonardo 256 94.4 0.369 0.0067 0.995 0.031
1024 2185 0.213 0.0036 4.932 0.077

compared with the aggregate peak main-memory bandwidth
Bpeaktot(P) = PaBpeak, Where Bpeyy is the per-node bandwidth
reported in Tables I and II.

Second, we use the Karp-Flatt parameter [57]

<=

1
S,
e = - (13)

<=

to quantify the effective “serial-plus-overhead” fraction in the
strong-scaling regime. Representative values of §,, the cor-
responding efficiency &,, e,, and Beg(p) for selected process
grids are summarized in Table X.

The results in Table X complement the speedup and effi-
ciency curves of Fig. 12. On both platforms, the efficiency
remains high for moderate process counts (e.g., &, = 0.75
at p; X pg = 8 X 8, p = 64) but decreases at the largest
grids, reaching ¢, =~ 0.19 on Ben and g, ~ 0.21 on

Leonardo for p = 1024. At the same time, the Karp—Flatt
parameter remains in the range e, = O(107°) for all configura-
tions, indicating that the effective serial-plus-overhead fraction
remains below 0.8% for the considered problem size. The esti-
mated effective throughput during the LU factorization B.g(p)
increases with p but remains several orders of magnitude
below the aggregate peak bandwidth Bpeaot(p) = paBpeaks
even at p = 1024 we obtain Beg(p) < Bpeakwot(p) on both
systems. The observed decrease in parallel efficiency at the
maximum core utilization is thus mainly attributed to node-
level resource contention (among MPI processes and system
daemons for shared floating-point units and cache hierarchy)
rather than to DRAM bandwidth saturation. Therefore, the
conducted computational performance analysis elucidates the
achievable parallel performance using two different platforms,
also highlighting the scalability limitations of the proposed
approach.

Finally, we emphasize that the adoption of a distributed
solution is primarily motivated by physical memory con-
straints, which become critical for large-scale problem
instances, such as electrically large surfaces. Indeed, to take
advantage of the large number of computing nodes available
on the Leonardo platform, we use the developed solver to
compute the solution for the case N = 6 x 10° using a process
grid of p; x pg = 30 x 120, achieving the solution in 5577
s, demonstrating the feasibility of the approach. Specifically,
the experiments conducted in a distributed environment show
that memory usage grows in a quadratic to super-quadratic
fashion with N, increasing from 1.72 GB (N = 1 x 10%) to
6.71 TB (N = 6 x 10°), consistent with the memory demands
of storing and operating on dense N X N matrices. Notably,
for N = 6 x 10°, memory usage significantly surpasses the
typical node memory capacity on HPC clusters. In this context,
the distributed implementation effectively circumvents the lim-
itations imposed by per-node memory capacity, enabling the
solution of problem sizes that would otherwise be intractable.

F. Final Remarks

This study has presented and comparatively evaluated three
parallel implementations solving a canonical EM problem,
each optimized for a different parallel architecture. The pro-
posed approaches were systematically benchmarked on two
distinct HPC platforms, enabling a detailed quantitative evalu-
ation of their performance. This benchmarking effort provides
valuable insights into the interplay between the considered
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numerical method for EM scattering and the architectural
features of modern HPC systems. In particular, it eluci-
dates the advantages and limitations of each parallelization
strategy when applied to the simulation of scattering from
rough surfaces, thus highlighting the tradeoffs in terms of
scalability, memory usage, and execution efficiency. Further-
more, the conducted analysis is particularly relevant in the
context of electrically large surface scattering simulations,
which are crucial in a wide range of applications—spanning
from remote sensing and radar imaging to wireless chan-
nel modeling, nondestructive testing, and advanced materials
characterization—where computational demands often push
the limits of available HPC resources. A significant strength
of the proposed implementations is their reliance on well-
established, high-performance open-source libraries. This
design choice not only ensures numerical robustness and
portability across platforms but also enhances the reproducibil-
ity of results and facilitates the broader adoption of these
methodologies within the CEMs community. Overall, the work
offers a relevant and up-to-date benchmarking framework,
shedding light on the practical performance implications of
current HPC methodologies and technologies for MoM-based
rough surface scattering applications.

Finally, we would like to highlight that the spirit of the
present work is precisely to overcome the motivations that
have historically led to a proliferation of iterative techniques
in the context of EM scattering simulations. In particular,
for conventional iterative solvers, such as the CGM and its
more advanced variants, the typical computational complexity
is P - O(N?), where P is the number of iterations to reach
the prescribed convergence tolerance. A common strategy
to reduce P is to employ advanced preconditioners. Similar
to the direct LU-based approach, these solvers require the
computation of the impedance matrix. For scattering from
rough surfaces, techniques such as multilevel fast multipole
algorithm (MLFMA) and FFT-based methods like BMIA/CAG
allow us to accelerate the matrix-vector products within an
iterative solver. In addition, these algorithms avoid calculating
the full impedance matrix explicitly by decomposing the
interactions into strong and weak contributions. Only the
elements associated with strong interactions are computed.
Therefore, the proposed LU-based approach provides a direct
and robust alternative to iterative methods, thereby avoiding
issues related to convergence, preconditioner tuning, or solver
stability, which can be particularly challenging for electrically
large or ill-conditioned problems.

VI. CONCLUSION

Effective MoM-based parallel solution strategies have been
developed for the computationally intensive canonical problem
of rough surface scattering. These strategies allow for the
timely numerical analysis of electrically large rough surfaces
across various computational architectures. Accordingly, the
efficient use of the parallelism offered by heterogeneous plat-
forms has been systematically addressed for the canonical
problem considered in this article, by employing an effective
and easily replicable approach that enables straightforward
parallelization through well-established, high-performance,
open-source libraries for dense algebra computation. Several
representative case studies have been explored, and inherent
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numerical results carried out using the implemented solvers
for diverse HPC architectures have been illustrated. The par-
allel performances achievable with the developed prototype
solutions have also been experimentally assessed and com-
paratively discussed, thus demonstrating inherent speedup and
scalability. The solutions and their performance provide a
systematic framework for benchmark analysis.

As a result, the developed parallel prototypes efficiently use
currently available HPC platforms to successfully accelerate
the computation of the canonical problem, including large-
scale cases previously considered practically unsolvable. Their
adoption will be crucial to achieve faster solutions, as well
as to explore scattering phenomena at higher resolutions or
higher frequencies, or simulate scattering from large surfaces
with greater fidelity. Moreover, they could also be useful for
fully validating analytical scattering models [58].

The developed parallel solvers enable the accurate, efficient,
and scalable simulation of the scattering from rough surfaces;
however, our investigation has been conducted considering
a single conducting surface in the context of 2-D geometry.
Further studies will be devoted to demonstrating that the
proposed computational approach is amenable to systematic
extension for handling large-scale supercomputer simulations
of scattering from electrically large targets in more complex
scenarios (e.g., targets over a randomly rough surface or within
randomly rough layered structures) [7], [8]. To overcome
limitations associated with matrix sizes exceeding the GPU
memory, a full multi-GPU extension based on cuSOLVER,
which provides distributed DLA kernels specifically
designed for modern multi-GPU architectures, will also be
investigated [59].

APPENDIX A
IMPEDENCE MATRIX

The full expressions for the impedance matrix (8) used in
this study, which can be derived when MoM is applied along
with the point-matching method and depend on the shape
of the surface, are provided in this section. For a perfectly
defined, for both the polarizations (TE and TM), as follows
[10], [11]. For the TE polarization (Dirichlet boundary condi-
tions), we have

iAl, H(()l) (ke —rull) m¥+n

Zyn = 2i
4 1+—lln(lkAln), m=n
bg 4de

(14)

where Al, = Ax+/1 + (Z'(x,))? is the length of the seg-

ment of the surface that is centered at x,,, Ax is the
width of the rectangular pulse basis function, k is the free-
space propagation constant, r, = (x,,2(x,)) and r, =
(%m» 2(x,,)) are two points on the surface profile, |[r, — r,| =
V& = x0)? + (2(x,) — 2(x))% Z/(x) represents the deriva-
tive of the scattering surface profile z(x), Hgl)(o) is the Hankel
function of the first kind and order zero, and y = 1.78107 is
the exponential of the Euler constant.

Moreover, N is the number of rectangular pulse basis
functions used to expand the unknown functions, and the

,,,,,



TABLE XI
BLOCK LU FACTORIZATION: TOP-LEFT STEP

An

Input: Matrix A partitioned into 2 X 2 blocks: A = [A21 412]

Ao

Step 1: Compute LU factorization of the leadlng block A = L11U11
Step 2: Solve triangular systems: Loj = AglUle , Us = L A12
Step 3: Update the trailing submatrix: A22 = A9y — Lo Uis

Output: Blocks L11,Ui1, La1, U1z, Ab,

For the TM polarization (Neumann boundary conditions),
matrix elements are defined as

ikAL, )
—H; ke, —rpll) -———
4 ” n _rm”
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where 71, = 7i(r,,), 7’/ (x) represents the second derivative of the
surface profile and Hil)(-) is the Hankel function of the first
kind and order one. Moreover, b,, = E"(r,,).

oy —1p)
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Zm = 5)

APPENDIX B
BLoCK LU DECOMPOSITION

Different algorithms exist for the block LU factorization.
Here, we focus on the right—lool_dng variant [37]. Let us
consider the N X N dense matrix A to be partitioned

<~ _[An  An
A=|4n 4
|:A21 A22i|

where Aq; is an R x R submatrix, with R being the blocking
parameter. The goal is to obtain the following decomposition:

(16)

= Ly 0 1[0n Uy
A=|5 = = . 17
[L21 L22:| [ 0 Uzz] 17
Therefore,
- LUy LUy,
A=|M"2 18
|:L21U11 LUy + L22U22:| (18)

First, the LU factorization L;;U,; = A, is performed.
Then, the systems A, = L, U;; and A;, = L, Uj, are
solved to obtain Ly, and Uiy, respectively. Finally, A5, =
Ay — Ly Uy», which is the Schur complement of A;; with
respect to A, is evaluated (see Table XI). The decomposition
is then continued by recursively applying the same steps to
the updated Ay, block. According to this scheme, matrix
multiplication becomes the dominant operation.

APPENDIX C
PARALLEL BLOCK LU DECOMPOSITION

The parallel LU factorization algorithm proceeds by steps
in a blocked Gaussian-elimination fashion. At each step,
one column of blocks of the matrix A (Fig. 3) is factored.
Then, a block of rows is computed. Finally, the update of
the remaining matrix occurs. Supposing that the first step
is completed (Fig. 13), the submatrices L, and U, have
already been evaluated, and the remaining part of the matrix
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U

U
U

L 1 L3

(a)

Fig. 13. Parallel block LU factorization algorithm. (a) Matrix update at the
second step: trapezoidal submatrices L; and U; have already been evaluated in
the first step. (b) Communications at the second step: dashed lines correspond
to column broadcasts and dotted lines correspond to row broadcasts.

Azz A23 A24

A31 A33 A34

Ay Al Al
the first step.

We illustrate the second step as an example.

The processes belonging to the second grid column perform
a local LU factorization on that block column. The result
produces Ly, L3y, and Ly, blocks of L and the block Us,.
Then, the row block U, = [Uy3 U] distributed among one
row of the process grid is obtained through the solution of
a set of lower triangular systems. To this purpose, Ly has
to be sent to each process of the grid row that will solve
the systems A5y = LyUs; and A5, = LyUs, independently.
Communications needed to update the trailing submatrix E
occur in two stages. First, each process that owns one of the
parts L3, or Ly, sends it to every process belonging to the
same grid row. This can be done together with the broadcast
of the block L. Subsequently, each process that owns a block
of U, sends it to the other processes belonging to the same
grid column. Now, each process can update the block of matrix
E it owns independently

to be factorized has already been updated at

E= [‘?é} = ‘E‘:B - l:‘321:]23 A34 = A34 1:132(:/24}
A43 = A43 — LUy A44 = A44 LypUsy
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