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In this paper, we propose an electronic refrigerator based on a ballistic Andreev interferometer
that allows to reach a maximum cooling power per channel up to five orders of magnitude larger than
that of the conventional normal metal-insulator—superconductor cooler. This effect is achieved by
exploiting the destructive interference that occurs when the superconducting phase difference equals
7. This results in a strongly suppressed charge current below the superconducting gap, while still
allowing the extraction of excitations above the gap, leading to a cooler with enhanced performance.
Interestingly, we find that such a large cooling power per channel enables the achievement of an
electronic temperature close to the theoretical lower bound. Additionally, we derive an approximate
expression for this bound in the regime of low bath temperatures. Finally, we propose potential
implementations of the ballistic Andreev interferometer cooler using semiconductors, graphene, and

topological insulators.
I. INTRODUCTION

The importance of heat management in nanoscale de-
vices and quantum technologies [1-4] is becoming in-
creasingly crucial essentially because of the need to main-
tain lower temperatures. Quantum devices, on the other
hand, offer new possibilities for the control of heat fluxes,
such as the exploitation of interference effects (for exam-
ple through the Aharonov-Bohm phase). Such effects
have been considered in several recent papers to realize
thermal machines [5, 6], to manage heat fluxes [7-18]
and cooling [10, 17] or for thermoelectric effects even in
hybrid superconducting systems [19].

In nanoscale quantum systems, excessive heat buildup
can lead to decoherence and performance degradation.
Various methods for achieving electronic refrigeration
have been proposed and implemented to address this is-
sue. For a comprehensive review of these techniques,
see Refs. [1, 20-24]. The possibility of using normal
metal-insulator—superconductor (NIS) junctions for elec-
tron cooling was first proposed in the 1990s in Refs. [25—
27], and thereafter studied in many papers [28-55]. Such
a scheme relies on the fact that quasiparticle transfer
from N to S is possible only at energies greater than the
superconducting gap A in such junctions. By applying
a voltage bias, electrons can be thus removed from the
“hot tail” of the electronic distribution, effectively re-
ducing the electronic temperature in N. However, this
cooling mechanism is limited by the possibility of sub-
gap tunneling of Cooper pairs, which is accounted for by
Andreev reflection [consisting in the backscattering of an
electron into a hole at the normal-superconductor (NS)
interface]. Indeed, these processes do not transfer en-
ergy from N to S but generate a charge current which
contributes to Joule heating, which in turn reduces the
refrigerating effect. To reduce sub-gap transport, an in-
sulating barrier (I) is placed between the normal metal
and the superconductor [25-27]. Such a barrier, how-
ever strongly limits the transfer of excitations above the
gap, thus reducing the cooling. It is therefore desirable

to have a means of reducing the probability of Andreev
reflection without using an insulating barrier. This may
be achieved, for example, using magnetic effects as in
Refs. [56-60].

FIG. 1. Sketch of the Andreev interferometer. The normal
(N) terminal, depicted in red, characterized by a chemical
potential unx and temperature Tx, is located on the bottom,
while the superconducting (S) terminals, in blue, both hav-
ing a chemical potential of ©1 = p2 = 0 and temperatures
Ty = Ty = Tg, are positioned on the top right and top left. A
phase difference A¢ = @2 — ¢1 is established between the two
superconductors. A beam splitter, in grey, with a transmis-
sion probability I' couples the N terminal to the S terminals.

In the present paper, we propose a superconducting
cooler based on a ballistic Andreev interferometer (AI)
which enables a maximal cooling power per channel that,
for realistic parameters, is five orders of magnitude larger
with respect to standard NIS coolers. The Al consists of
a normal metal terminal, to be cooled down, attached
to two superconducting (S) regions through two wires
or a beam splitter, as in Fig. 1. We exploit the de-
structive interference, occurring when the superconduct-
ing phase difference between the two S terminals equals
m, to achieve the complete suppression of the Andreev
reflection. Even in the absence of insulating or mag-
netic elements, the charge current below the gap gets
strongly suppressed without reducing the transmission
of excitations above the gap, thus maximizing the heat
extraction from the N terminal. With respect to stan-
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dard NIS coolers [25-27] we find that the maximum cool-
ing power occurs at a slightly larger temperature (0.32
Ao/kp vs 0.25 Ag/kp). Most strikingly, we find that,
for realistic parameters, the maximal cooling power per
channel can be up to five orders of magnitude larger. As
a result, we find that the electronic temperature which
can be reached nearly equals the lower bound determined
by the maximum heat current which can flow in a two-
terminal system [61, 62]. In addition, we find an approx-
imate expression of such a bound valid for low phonon
bath temperatures. It should be stressed that the critical
conditions are: i) the mean free path of the wires must
be larger than the length of the wires (ballistic trans-
port), and ii) the coupling to the two S regions must be
symmetric. We address the last condition by calculat-
ing the optimal cooling power for different lengths of the
two wires and for a beam splitter with asymmetric arms.
In the former case we also calculate the minimal tem-
perature achievable. Finally, we suggest a few possible
implementations of ballistic AI based on nanostructures
realized with semiconductors, graphene and topological
insulators.

The paper is organized as follows: In Section II, we
detail the model by defining the scattering matrix of
the system, the heat current flowing out of the normal
metal, and the energy balance equation needed to calcu-
late the electronic temperature. In Section III, we nu-
merically calculate the cooling power for different sets
of parameters and determine the cooling power at the
optimal bias voltage. In Section IV, we calculate the
electronic temperature and compare it with the theoret-
ical minimum achievable, providing an approximate an-
alytical expression. In Section V, we discuss the results
by calculating the cooling power per channel, addressing
the role of asymmetry in the arms of the beam splitter,
and proposing possible implementations of an Andreev
interferometer-based cooler. We also include several ap-
pendices where we detail some analytical calculations,
such as the Andreev reflection amplitude in the case of
arms of different lengths (Appendix A), the derivation
of the theoretical minimum achievable temperature (Ap-
pendix B) and the matrix of Andreev reflection ampli-
tudes in the multichannel case (Appendix C). Conclu-
sions are drawn in Section VI.

II. MODEL

We consider an Al, schematically depicted in Fig. 1,
which consists of a normal metal reservoir (N, red el-
ement in the center) connected to two superconducting
terminals (S, blue elements on the sides) through a three-
leg beam splitter (colored in grey). The N terminal is
characterized by a temperature Tx and chemical poten-
tial un = eV, while the S terminals are kept at the same
temperature Tg and grounded p; = pe = 0. A super-
conducting phase difference A¢ = ¢o — ¢ is set between
them.

The Al is described by its scattering matrix which can
be calculated by composing [63] the scattering matrices
of the beam splitter and of the two NS interfaces. The
beam splitter is assumed to be symmetric and described
by the scattering matrix [64]

—s1v/1=2C VT VT
Spg = VT a b |, (1)
VT b «a

where a = 1/2(s2 + s1v/1-2T), b = 1/2(—s2 +
51v/1—-2I"), 0 < T <1/2, 592 ==+. In Eq. (1), is
the probability of transmission from lead N into lead 1
and into lead 2 of the beam splitter. The time-reversed
processes have the same probability. Similarly, b is the
probability amplitude of transmission from lead 1 to lead
2 and vice versa. On the other hand, a is the probability
amplitude of reflection at lead 1 and is equal to the ampli-
tude for the reflection at lead 2. Each ideal NS interface
is described by the following perfect Andreev reflection
amplitude

rhe(E) = exp(—iArccos(E/|A]) — i¢), (2)
for an electron to be reflected as a hole, and
Y (E) = exp(—iArccos(E/|A|) +i¢), (3)

for a hole to be reflected as an electron, where A is the
superconducting order parameter and ¢ is the supercon-
ducting phase. The total scattering probabilities that
we are interested in are the Andreev reflection proba-
bility RT~(E) for a hole at energy E to be reflected as
an electron into lead N, the normal reflection probability
RTT(E) for an electron to be scattered back into lead N,
and the total probability T'(E) for an electron injected
from lead N to be transmitted into the superconducting
leads as an electron or a hole. Remarkably, when A¢ = 7
the Andreev reflection probability RT~(FE) vanishes for
all energies as a result of destructive interference, inde-
pendently of the value of T' (see Appendix A). Above the
gap, transmission remains finite and close to 1 as long as
T is close to 1/2, resulting in the maximization of energy
transfer.

In this paper we are interested in the cooling power
J, i.e. the heat current flowing out of the N reservoir.
Within the scattering approach, J can be expressed as

J(V,Tx, Ts) = %/_oo dE (E — eV){[l — R (E)] @

<N (B) = fs(B)] = R*(E)[fy (B) - fs(B)]},

where fY(E) = {exp[(E — aeV)/kpIn] + 1}7! is the
Fermi function for electrons (for « = +1) or holes
(for « = —1) in the normal reservoir, while fs(E) =
{exp(E/kpTs)+1}~1 is the one for quasiparticles in the
superconductor. The factor 2 in front accounts for the
spin degeneracy. We remark that the reflection proba-
bilities also depend on the temperature of the supercon-
ducting terminal, through the temperature dependence



of the superconducting gap A = A(Tg). All the results
presented in this work are calculated assuming the tem-
perature dependence given by the BCS theory [65]. We
can now calculate the steady state temperature of the N
reservoir by imposing the following energy balance equa-
tion [66, 67]

J(p, Ix, Tph) + ZV(TEI - Tgh) =0, (5)

where the second term is the rate of energy exchange
between the electrons and the phonons. ¥ is the material-
dependent electron-phonon coupling strength and V is
the volume of the N electrode. We have assumed that
the temperature of the superconductor coincides with the
one of the phononic bath, i.e Ty = Tp,. Equation (5) can
be numerically solved for Tx once the values of V' and
Ty are given.

III. COOLING POWER

0.10

0.08 — Ap=r
0.06 — A¢p =097 |
A¢ = 0.957
— 004 1
= — Ap =097
< 002 ‘
- N s Ao =

0.00}
~0.02

-0.04

0.0 (}‘.5 I‘.() I‘.S
V[Ay/e]

FIG. 2. Cooling power J (measured in units of Aj/h) plotted
as a function of the voltage bias V' (in units of Ag/e) for dif-
ferent values of the phase difference A¢ (see legend). We have
used the following parameters: I' = 0.5, s1 = 41, s2 = —
and Ts = Tx = 0.557,.. The dashed black curve corresponds
to the case where A¢ = 0.

In Fig. 2 we plot the cooling power at equilibrium tem-
perature, i.e. J(V,T,T), as a function of the voltage,
and for different values of A¢, calculated for T' = 1/2,
s1 =41, 89 =—1and T = Ts = Tx = 0.55T,. In par-
ticular, we consider the case of a transparent junction,
which corresponds to the maximal coupling between N
and S reservoirs (I' = 1/2). Indeed, the normal state
resistance of the junction, given by Ry = h/(4€’T), in
this case, is the minimal attainable. Remarkably, we find
that the cooling power shows a positive peak at V' close
to Ap/e (i-e. heat current flows from the N reservoir to
the S leads), at least for values of A¢ close to 7, despite
the fact that the junction is transparent. Moreover, the
shape of the curves in Fig. 2 is very similar to the ones
relative to the ordinary NIS cooler [1]. Note, however,
that J decreases very rapidly when A¢ departs from

due to the cranking up of the Andreev reflection (the
positive peak disappears for A¢ ~ 0.927). It is worth
stressing that the case with A¢ = 0 (dashed black curve)
is equivalent to the case of a transparent (single-channel)
NS junction [1], which presents a very large, negative,
cooling power. Finally, with I decreasing, as expected,
J gets suppressed monotonically, and for all voltages, but
still remains positive in roughly the same voltage range
for A¢ = 7 (not shown).

It is now insightful to consider the behavior of the
cooling power at equilibrium temperature J(V,T,T) as
a function of T. This is illustrated in Fig. 3 for A¢ =7
[panel (a)] and A¢ = 0 [panel (b) and (c)], and for dif-
ferent values of voltage V and transmission probability
T, specifically T' = 1/2 (transparent case) in panel (a),
' = 0.01 in panel (b), and I' = 10~* (tunneling case)
in panel (¢). Our aim here is to compare our proposal
with the performance of the well known paradigmatic
(single-channel) NIS cooler. For a transparent junction,
Fig. 3(a) shows that the cooling power remains positive
in a wide range of temperatures, from 0 to T, with T
decreasing with increasing V. Moreover, for all values of
V considered, J(V,T,T) exhibits a positive peak, whose
height and position depend on the voltage. The largest
peak occurs for V' ~ Ag/e. This behavior can be con-
trasted to the single-channel NIS cooler scenario, which
we implement by choosing a small value of I' and set-
ting A¢ = 0. Indeed, in this case, the cooling power
J(V,T,T), as shown in Fig. 3(b) for I' = 0.01, still ex-
hibits positive peaks (although they are of small abso-
lute height), but it becomes negative for temperatures
below approximately 0.2 T,. This is a consequence of
Joule heating occurring because of the presence of a fi-
nite (though small) Andreev reflection below the gap.
Note that the curve relative to eV = Aj is negative
for all values of T'. If now we further reduce I' and set
I' = 1074, see Fig. 3(c), we eventually reach the tunnel-
ing limit of the single-channel NIS cooler setup [68]. As
expected, the maximum cooling power further decreases,
by many orders of magnitude for this choice of parame-
ters, since we are decreasing the transmission probability
of the NIS junction. As we will see below, this reflects
in an extremely small cooling power per open channel.
The shape of these curves somehow resembles the ones
plotted in panel (a), apart from a shift of all the curves
towards lower temperatures, and the largest peak now
occurring at V' ~ 0.8A/e. For a given temperature T,
we define the optimal bias V¢ as the value of V' which
maximizes the cooling power. In Fig. 4 we plot the cool-
ing power at the optimal bias J(Vopy, T, T), normalized
to the normal state resistance R; = h/(4e’T"), as a func-
tion of T'. We consider two cases: A¢ =7 and I' = 1/2
(black dots), and A¢ = 0 and I' = 10~ (orange dots),
i.e. the NIS cooler in the tunneling limit [1]. The two
curves are fairly similar, the NIS cooler though having a
higher peak (0.06 vs 0.04 A3Gy/e?) occurring at smaller
temperatures (0.25 vs 0.3 Ag/kp).
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FIG. 3. Cooling power J (measured in units of A3/h) plotted
as a function of the equilibrium temperature (measured in
units of T¢) for several values of the bias voltage V. Panel (a)
refers to the case with I' = 0.5 and A¢ = 7, i.e. RT~ =0
for every value of the energy. Panel (b) refers to the case
with A¢p = 0 and I' = 0.01. Panel (c) refers to the tunneling
limit case with A¢ = 0 and ' = 10™%, which is equivalent
to a single-channel NIS cooler. We have used the following
parameters: s; = +1, sg = —1 and Ts = Tn = 0.557%.

IV. REFRIGERATION

Now, to assess the actual ability of the Al with a trans-
parent junction (I' = 1/2) to refrigerate the electrons
in the metallic reservoir N, we solve the energy balance
equation (5) setting the phase difference A¢ = 7 and also
accounting for the temperature dependence of the super-
conducting gap A(Ts), as already mentioned. We set
¥ =102 W K~®m~? as a typical value for a metal [1, 69],
Y ~ 1072 m3 and T, = 1.2 K for aluminum. In Fig. 5
we plot the deviation of the equilibrium temperature T
from the phonon temperature Ty, i.e. 07 = Tx—Tpp nor-
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FIG. 4. Normalized cooling power R:;.J, measured in units of
e? /Ag, calculated at the optimal bias Vip: as a function of
the equilibrium temperature 7. R: is the resistance of the
junction in the normal state; see text. Black dots correspond
to Ap = m and I' = 0.5. For comparison, we also report
orange iOtS corresponding to the NIS cooler (A¢ = 0 and
r=107%).

malized to Tph, as a function of the voltage V' for differ-
ent values of the phonon temperature, i.e. T, = 120 mK
(blue curve), Tpn = 240 mK (yellow curve) and Tpn = 360
mK (red curve). By increasing the voltage, 6T decreases
below zero and reaches a minimum for V-~ Ag/e. Anal-
ogously to the case of the well-known NIS cooler, the
refrigeration effect is more effective for smaller tempera-
tures. Indeed, for T, = 120 mK the reduction is about
75%, which corresponds to a minimum value of Ty = 30
mK, while for Tpn, = 240 mK the reduction is about 43%,
which corresponds to a minimum value of Ty = 138 mK,
and for Tp,;, = 360 mK it is about 17%, which corresponds
to a minimum value of Ty = 300 mK. Note that the max-
imum value of §T obtained is of the same order as the
one measured using conventional NIS refrigerators, see
for example Refs. [1, 27]. However, at odds with the NIS
cooler, by increasing the phonon temperature the posi-
tion of the minimum slightly moves to lower values of V/
and the dip in the curve widens.

We now show that our Al cooler allows us to nearly
reach the maximum refrigeration. This is represented
by the minimal possible temperature which is set by the
maximum cooling power given by the upper bound on
the heat current flowing out of the colder reservoir in a
two-terminal system, namely [61, 62, 70, 71]

N?TQ(,Z{IBTN)2

J < Jbound = 19h

(6)
Here N is the number of transverse channels in the colder
(normal) lead which, in our case, is equal to 2 due to the
spin degeneracy. Since this bound does not depend on
either the temperature of the hotter reservoir or on the
voltage bias, we can substitute Jyounq into the energy
balance equation (5) to obtain the minimum achievable
temperature of the normal terminal T min for a given
phonon temperature Tp,. In Fig. 5, the values of TN min,



normalized to T}y, are represented by dashed horizontal
lines with colors corresponding to the different phonon
temperatures. For example, at Tpn = 120 mK we find
TN min ~ 22 mK, while our cooler reaches Ty ~ 30 mK.
At Tpn = 240 mK we find T min =~ 125 mK, while our
cooler reaches Ty ~ 138 mK. At Tpn = 360 mK we find
TN min ~ 288 mK, while our cooler reaches Ty ~ 300
mK. Remarkably, in all cases, the minimum temperature
achieved Ty is close to the theoretical minimum 7N min-
Furthermore, for the normalized maximum cooling power
one finds R;Jyhound =~ 0.07 A2/e? by choosing ' = 1/2
and Ty = 0.3A¢/kp (the conditions which give the max-
imum in Fig. 4). It is interesting to notice that this value
is only slightly above the maximum value of R;J which
one can read from Fig. 4.

For low Ty, (roughly smaller than 0.47¢), we find
the following approximation for the minimum achievable
temperature of the normal terminal

TNmin _ [1202 VTS (Tpn .
Tc | 723 N (ﬂ%;) ’ (™)
see Appendix B for details. We notice that Tx min de-
creases as 1/ VN with the number of channels N and
increases as vV with the volume of the conductor. Re-
markably, this means that a small increase in the num-
ber of channels would not lead to a significant improve-

ment in the cooling. Note that for our choice of param-
eters we find that the quantity 1223 XT% ~ 35, so that

n2k3 N
TN,min/Tc =~ 6(Tph/TC)5/2'
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FIG. 5. Refrigeration. Relative deviation 67/Tpn = (In —
Ton)/Tpn of the equilibrium temperature Ty from the phonon
temperature Tpn plotted as a function of the voltage bias V'
(in units of Ag/e). The various curves correspond to differ-
ent values of Tpn. The dashed curves refer to the minimum
achievable temperature TN min (normalized to Tpn)

calculated using the bound in Eq. (6). The parameters used

are: A¢p =, ' =05, £ =10° WK °m™>, V~10"%" m?
and critical temperature 7. = 1.2 K (for aluminum).

V. DISCUSSION
A. Cooling power per channel

Thus far, we have assumed that the AI supports a
single channel. It is important to emphasize that, for
A¢ = m, destructive interference also occurs in the case
of multichannel leads, as demonstrated in Appendix C.
This means that our cooling scheme remains effective
in this scenario and can actually achieve greater cool-
ing power. Consequently, it becomes relevant to discuss
the cooling power per channel. As previously mentioned
in the discussion of Fig. 3, the primary advantage of
our AT cooler is its substantial cooling power per chan-
nel. This advantage can be quantified by comparing it
to that of the NIS cooler. Specifically, we can use the
fact that the maximum value of the normalized cooling
power R;Jmax (obtained by maximizing over tempera-
ture and voltage) is actually similar in both cases—the
NIS and AI coolers. As shown in Fig. 4, one has that
(RiJmax)Nis =~ 1.3(RiJmax)a1. From this relation, by
multiplying and dividing by the number of open channel
in the two different cooling schemes, we arrive at

Jmax, AT _ ( R Nn1sNni1s > Jmax,NIS (8)
Nar \1.3 Ry arNa: Nnis

By substituting realistic values [57] of number of channels
and resistance we obtain

Jmax> 5 (Jmax>
~3x 10 , (9)
< N Al N NIS

which means that the cooling power per channel for our
AT cooler is five orders of magnitude greater than for the
NIS cooler.

B. Non-ideal beam splitter: arms of different
length and asymmetric scattering matrix

As we previously discussed, the beam splitter must
be symmetric to achieve perfect destructive interference,
thereby minimizing Andreev reflection. In view of an ex-
perimental implementation, we now examine the effects
of an asymmetric beam splitter configuration on the max-
imal cooling power and on the refrigeration. Specifically,
we analyze the consequences of introducing a length dif-
ference L. = Lo — L1 between the two beam splitter
arms. To quantify this effect, we calculate the corre-
sponding scattering coefficients entering Eq. (4) follow-
ing the methodology in Ref. [19]. Our approach explicitly
accounts for the distinct dynamical phases accumulated
when traversing the two beam splitter arms (see the de-
tails of the calculation in Appendix A).

For A¢ = 7, in Fig. 6(a) we plot the normalized cool-
ing power at the optimal bias RyJ(Vops, T, T) as a func-
tion of the length difference d L, measured in units of the
superconducting coherence length ¢ = hvgr/A, for three



different values of temperature T and for L; = 0.7€. The
blue curve refers to T = 0.1A¢/kp, the yellow curve to
T = 0.2A¢/kp, and the red curve to T = 0.3Ag/kp.
The three curves, as expected, are decreasing functions
of §L, and start from different values of cooling power
at 0L = 0 (see also Fig. 4). In particular, while for
a small temperature (blue curve) RiJ(Vops, T,T) goes
to zero already at 6L/ ~ 6%, for T = 0.3A¢/kg,
Ry J(Vopt, T, T) remains finite up to a large value of
length difference, namely 6L/ ~ 30%. Remarkably, for
all three cases, R;J(Vops, T, T) depends only weakly on
dL up to 6L /¢ ~ 3%, making the maximal cooling power
fairly insensitive to small asymmetries.

To assess the dependence of the cooling on the asym-
metry of the scattering matrix of the beam splitter itself,
in Fig. 6(b) we plot, for A¢ = 7, the normalized cooling
power at the optimal bias as a function of the degree of
asymmetry 1. The latter is defined in terms of the trans-
mission components of the scattering matrix of the beam
splitter as

n = |(SBs)12|> — [(SBs)13|?
|(SBs)12|? + |(SBs )13/

The three curves in Fig. 6(b), corresponding to different
values of temperatures as in panel (a), have very similar
behaviors as compared with the ones in panel (a). Also
here, when the degree of asymmetry varies by up to a
few percent, RyJ(Vopt, T',T) changes quite weakly.

We also calculate the temperature deviation 7" result-
ing from a length difference dL. Figure 6(c) shows, for
A¢ =7, dT as a function of the applied voltage V for a
few values of 6L. The yellow curve represents the ideal
scenario with 0 L = 0, and is referenced in Fig. 5 with the
same color. The blue curve, corresponding to a length
difference of 2% of the superconducting coherence length
&, closely tracks the ideal curve. The temperature reduc-
tion is dramatically suppressed—effectively halved—only
when 6L increases to 5% of £&. However, 4T, as opposed
to the maximum cooling power, appears to be sensitive
to the geometric asymmetry of the beam splitter. This is
due to the fact that the effect of a finite L on the cool-
ing power is more effective at small temperatures and at
large voltages, i.e. in the conditions where maximal re-
frigeration occurs, see Fig. 5. At higher temperatures we
expect the refrigeration to be more stable against JL.

(10)

C. Implementations

We envisage various scenarios regarding the possi-
ble implementations of a ballistic Andreev interferom-
eter [72, 73]. The first scenario is based on two-
dimensional electron gases realized in semiconducting
heterostructures.  For example, using high-mobility
GaAs/AlGaAs [74], analogous to what was proposed for
an Aharonov-Bohm ring in Ref. 5, or using InAs [75] or
InGaAs, similar to the proposal in Ref. 19. In those bal-
listic structures, Schottky barrier-free contacts with met-
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FIG. 6. Non-ideal beam splitter: effects of different arm

lengths 0L = Lo — L1 and of an asymmetric scattering ma-
trix. Panel (a) and (b) refer to the normalized cooling power
at the optimal bias R:J(Vopt,T,T) as a function, respec-
tively, of L and of n, for three different values of temper-
ature T'. Panel (c) shows the relative temperature deviation
6T /Ton = (T — Ton) /Ton

plotted as a function of the voltage bias V' (in units of Ag/e)
for three different values of L = Ly — L1 and for Ty = 240
mK. We set n =0, A¢p =7, and L1 = 0.7¢, where £ ~ 1um.

Other parameters are as in Fig. 5.

als can typically be realized, maximizing transparency.
These configurations allow for detailed control of the
beam splitter through side and top gates. Furthermore,



we expect that a limited number of channels will be in-
volved in transport [5, 19]. The second scenario is based
on ballistic graphene/superconductor junctions [76-78],
which can be exploited to realize ultraclean graphene An-
dreev interferometers as in Ref. [79]. A third scenario
is based on two-dimensional topological Josephson junc-
tions [13] which incorporate an additional normal probe
(see for example Refs. [80, 81]) and a constriction in the
weak link, as sketched in Fiig. 7. The normal probe, which
here is realized as a scanning tunneling microscope tip,
realizes the bottom arm of the beam splitter in Fig. 1 and
makes contact with both helical states on both edges, rep-
resented as blue and red lines. The helical edges represent
the other two arms of the beam splitter. Additionally,
molecular junctions have also been suggested as a viable
option for realizing ballistic Andreev interferometers [82].

<<

FIG. 7. Scheme of the implementation of a ballistic Andreev
interferometer based on a 2D topological insulator (pink re-
gion). Blue and red lines represent helical edge states prop-
agating in opposite directions: blue lines correspond to spin-
up edge states, and red lines correspond to spin-down edge
states. The N terminal is shown as a tip coupled to all the
helical edge states, while the S terminals are colored blue.

VI. CONCLUSIONS

Electron coolers based on normal metal-insulator—su-
perconductor (NIS) are considered highly promising be-
cause they enable refrigeration directly on-chip and con-
trolled by electric means.

In this paper, we propose a possible improvement of
such a class of refrigerators which makes use of an An-
dreev interferometer. We show that this approach yields
a cooler with enhanced performance, specifically with a
cooling power per channel that can be up to five orders of
magnitude larger than that of a traditional NIS cooler.
This result originates from the destructive interference
occurring when the superconducting phase difference is
equal to m. Such interference leads to a significantly
suppressed Andreev reflection below the superconduct-
ing gap, reducing Joule heating while still enabling sub-
stantial electron extraction above the gap. Remarkably,
we demonstrate that the minimal electronic temperature
achievable is close to the lower bound set by the maxi-
mum heat current that can be extracted from a terminal

in a two-terminal system. In addition, we derive an ap-
proximate expression for this bound, which is valid in
the regime of low bath temperatures. Optimal cooling is
achieved when transport in the beam splitter is ballistic
and when the coupling to the two superconducting re-
gions is symmetric. To address this, we analyze a beam
splitter with arms of different lengths and with asym-
metric arms and calculate the optimal cooling power. At
higher temperatures, this is found to exhibit relatively
low sensitivity to small length differences and degree of
asymmetry. On the other hand, the minimal tempera-
ture achievable is highly sensitive due to maximal refrig-
eration occurring at lower temperatures.

Finally, we propose various potential implementations
of a ballistic Andreev interferometer cooler, focusing
on materials such as semiconducting heterostructures,
graphene, and topological insulators.
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Appendix A: Calculation of the Andreev reflection
for a beam splitter with arms of different length

By composing the scattering matrices of the beam
splitter and of the two NS interfaces, as detailed in Sec. II,
we can compute the Andreev reflection amplitude (S~T)
and the normal reflection amplitude (STT) for the Al
They are given by

2a(1 + e2) (1 — a?)
16iBé — o2(1 + €1he)2”

(1 —cosAp)a?
§TH(E) = -2+ a2(1+ cos Ag)’

STHE) =
(A1)

where a(E,T) = exp{—iarccos[E/|A(T)|]} depends on
both energy F and temperature T. Notice that the scat-
tering coefficients are defined as R*?(E) = |S*#(E)|2.
For A¢ = 0, Egs. (A1) reduce to

STHE)

SHH(B) ; 0: (A2)



which is simply the result for a single ideal NS junction.
For A¢ = m, however, we have

S™H(E) =0,

STH(E) = —a?, (83)
i.e. Andreev reflection vanishes as a result of destructive
interference. It is interesting to notice that, above the
gap (E > A), normal reflection for A¢ = 7 decays faster
than Andreev reflection for A¢ = 0. It is crucial to
emphasize that the results presented in Egs. (A2) and
(A3) are significantly influenced by the symmetry of the
beam splitter.

Here, we aim to investigate the impact of an asym-
metric beam splitter by analyzing a configuration where
the two arms have different lengths. To achieve this, we
introduce the dynamical phase exp[ik(E)L] acquired by
electrons traveling a distance L. The wavevector k(FE) is

defined as
E
E(E) =kpy/14+ —,
V €r

where ep is the Fermi energy, krp = /2mep/h? is the
Fermi wavevector, and m the electron mass. The overall
scattering amplitudes, used to produce the plots in Fig. 6,

J

S~H(E) =

2a(62iL1E/(fLUF) _ eQiLQE/(fLUF))[l + a2e2i(L1+L2)E/(h’UF)]

are computed by including the dynamical phases relative
to the two arms of lengths L1 and Ly into the composition
procedure.

In the following we derive an approximate expression
for the Andreev reflection amplitude valid for small dif-
ferences in length, L = Ly — L1, and for energies E that
are not significantly larger than A, when A < er. Under
the latter condition, the wavevector can be approximated
as

E
FE) ~ _
k(E) kF+th’

where vp = \/2¢r /m is the Fermi velocity, and the phase
acquired across arm 1 (2), with length L;(s), is given by

2w EN\ L

(Ad)
In the above expression, £ = hvp/A is the coherence
length of the superconductor and Ap = 27/kp is the
Fermi wavelength. For materials such as aluminum and
InAs one finds [19] that £ ~ 1um, £/Ap ~ 10 and for a
realistic system [19] we can take Ly and Lo of the order
of £&. At A¢ = m, we obtain the expression

This expression is generally non-zero. By expanding the
exponential terms for small §L/¢, we can approximate
S™T(E) as follows

STH(E) ~ —ia— —[1 + a2t/ (hr)] (A6)

This approximation indicates that S™T(E) scales as
SL/&, so that R~ (E) scales with (§L/¢)%.

We finally notice that the scattering amplitudes ob-
tained with this approximation, for example with the
parameters used in Fig. 6, are in very good agreement
with the exact ones.

Appendix B: Derivation of Eq. (7)

The energy balance equation, Eq. (5), for the maxi-
mum cooling power given by Eq. (6), reads

N7T2 ('I'fBT'N,mirl)2

SV(TR i
12h + V( N,min

—Tp,) =0. (B1)

For a fixed bath temperature Ty, this equation gives
the minimal temperature achievable T min. The above

—4 4 a2(e2L1E/(hvr) — ¢2il2B/(hvr))2

(A5)
(
equation can be written as
~ 12hXVTE - -
Tl%,min = szc(Tgh - Tl%,min)? (B2)
B

where the temperatures are measured in units of the
critical temperature Tc, i.e. TN min = IN,min/Tc and
Tph = Tpn/Tc. Since the second term on the r.h.s. of
Eq. (B2) is negative, the 1.h.s. can be upper bounded as

. 1208 VTE -
TN,min S 7T2k123 T ph* (B?))
Notice that Eq. (B1) can also be written as
N 5
TI% min — 272 ph ~ ’ (B4)
) ki N + 3
12RY VT3 N,min
which can be lower bounded as
i i
Nz | e (B5)

73
1275 v1g T Lpn

when TNmin <T ph- It turns out that lower and upper
bounds coincide for small enough Ty}, as one can expect



by neglecting the second term in the denominator of
Eq. (B5). This shows that Eq. (7) represents a good
approximation of the minimal temperature achievable
for small bath temperatures, while the lower bound is
approached for higher values of the bath temperature.

Appendix C: Andreev reflection in the multichannel
case

In this Appendix, we show that in an Al with multi-
channel leads, destructive interference occurs for A¢ = ,
resulting in a vanishing Andreev reflection probability,
provided the beam splitter arms are symmetric. For mul-
tichannel leads, each with N open channels, the scatter-
ing matrix of the beam splitter with symmetric arms, as
given in Eq. (1) for a single channel, becomes

! !

o+
o+

Sgg = (Cl)

&+ &+

T
[Ven

where r represents the reflection matrix for lead N, t is
the transmission matrix from lead N to lead 1 and to lead

J

e ) -6

where the subscript h indicates the scattering matrix for
the hole degree of freedom, which can be derived from
matrix (C1) using particle-hole symmetry [84]. At the
lowest order, i.e. neglecting multiple reflections in the
beam splitter, S~ can be approximated as

- ) ).

which equals zero due to the equality of the components
of both vectors, indicating the symmetry of the beam
splitter arms, and the structure of the matrix Sng in
Eq. (C2), where the diagonal blocks differ only by a

(C4)

a 0

2, and t’ is the transmission matrix from lead 1 and lead 2
to lead N. The symmetry of the beam splitter is reflected
in the fact that the transmission from lead N to leads 1
and 2 is described by the same matrix t, and similarly
for the matrix t'. Each matrix, denoted by a bold letter
and potentially energy-dependent, has dimension N x N.

The matrix representing both ideal NS interfaces for
the case A¢ = 7 can be written as

0
SNS = (tg _a> ’

where the diagonal blocks correspond to the two arms
of the junction. The matrix «, with dimension N x N,
is proportional to the identity matrix and contains the
Andreev reflection amplitudes for an ideal NS junction,
given by (a);; = ¢;; exp{—iarccos[E/A(T)]}, as shown
in Egs. (2) and (3). The minus sign in the bottom-right
block accounts for the phase difference A¢ = 7.

(C2)

The total Andreev reflection matrix S™, with dimen-
sion N x N, can be obtained by composing [63] the scat-
tering matrices in Eqgs. (C1) and (C2), resulting in

sG]

(

minus sign. By explicitly calculating all matrix prod-
ucts in Eq. (C3) and using similar arguments it is pos-
sible to show that even the total Andreev reflection ma-
trix (which accounts for all multiple reflections) vanishes
identically, i.e. S™" =0 when A¢ = 7.

This shows that the Andreev reflection vanishes when
A¢ = 7 even in the multichannel case as long as the beam
splitter is symmetric. Note that the matrices t and t},
can be energy-dependent and need not be diagonal, al-
lowing for mixing between channels, provided the mixing
is symmetric between the two arms.
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