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ABSTRACT

Free-surface effects induced by internal solitary waves (ISWs) propagating through a background shear current are theoretically investigated
in a shallow water framework. Following the Hamiltonian approach, we implement a mathematical formulation valid for a free surface, two-
layer stratified system in the presence of mobile layers. Associated to the undisturbed condition characterized by the background fluid at rest,
solitons with both positive and negative polarities are considered. To reproduce the typical oceanic conditions, we focus on theoretical pre-
dictions for a density ratio set to 0.99. Although under Boussinesq conditions a rigid-lid at the top of the theoretical domain is considered a
good approximation, our analysis shows that main ISWs features may change when the fluid system, forced by shear currents, is modeled
with a free surface. Signs assumed by three dimensionless quantities, i.e., the deformation parameter, the background velocity, and the undis-
turbed amplitude, allowed us to uniquely predict how the undisturbed solitons modify their interfacial profiles and change their celerity, in
response to the background forcing. Our results show that waves celerity predicted by the rigid-lid model can be lower than the one resulting
from the Hamiltonian formulation, although this never occurs in the absence of mobile layers. Theoretical predictions reveal that shearing
current can induce deviations from the standard ISWs free-surface profile. We discuss the role of nonhydrostatic pressures in inducing free-
surface short disturbances, in the form of undulated or multihumped profiles. The typical phase-opposition between interfacial and surface
displacements can be lost as the free-surface displacements assume multihumped configurations.

VC 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0055466

I. INTRODUCTION

Internal solitary waves (ISWs) represent widespread phenomena
in density-stratified fluid environments, particularly in the coastal ocean.
They propagate along the pycnocline, a relatively thin layer character-
ized by strong, vertical density gradient due to abrupt changes in water
temperature or salinity between the surrounding water layers.1,2

Although ISWs can be induced by lee waves, resonance, and river out-
flows,3–10 they are mainly generated by the interaction between tidal
currents and rough features of the seabed topography, such as continen-
tal slopes, ridges, sea mounts, and canyons.11,12 Nowadays, ISWs repre-
sent one of the most investigated phenomena within the continental
shelf/slope for their crucial role in sediment resuspension/redistribution,
turbulence and mixing induced by their breaking.13–19

Real field observations showed that these waves can travel for long
distances preserving their shape and celerity, due to a balance between
dispersive spreading and nonlinear steepening.20,21 At the free surface
(FS), convergent and divergent zones are observed to move in phase

with ISWs troughs, inducing a superficial roughness that appears as dis-
tinctive features in synthetic aperture radar (SAR) imagery.20,22

The simplest theoretical models able to describe the propagation
of ISWs refer to the weakly nonlinear theories, such as the
Korteweg–de Vries (KdV) model.23 Numerical integration of the KdV
equation proved that a large–amplitude initial sine wave dissolved into
a sequence of solitary waves. Since these waves collided elastically
rematerializing their precollision amplitudes and widths they were
called solitons.24 Strictly speaking, the term soliton is reserved for ISWs
in integrable systems, but we will nevertheless follow the widely used
custom and call these waves internal solitons.25

To accurately describe properties of oceanic observations of rela-
tively large-amplitude ISWs, higher-order nonlinear models were
developed, such as the strongly nonlinear, weakly dispersive
Miyata–Choi–Camassa model (MCC).26,27 Theoretical, numerical and
laboratory studies performed in the past assumed the rigid-lid (RL)
approximation or adopted a density difference too low to induce
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surface manifestations.28–31 For the first time, Kodaira et al.32 investi-
gated large-amplitude internal solitary waves propagating under the
top free surface in a two-layer stratified system with uniform densities.
By using two immiscible fluids with a non-negligible density jump at
the interface, they compared experimental results with those obtained
by theMCCmodel, under both the free-surface (FS) and rigid-lid (RL)
approximations. They found that the strongly nonlinear MCC-FS
model agrees better with the measurements proving that the free-
surface boundary condition at the top surface is crucial in describing
the internal solitary waves in the experiment correctly. More recently,
with a similar experimental setting and theoretical analysis la Forgia
and Sciortino33 highlighted that the existence of a free surface allows
the ISWs to transfer part of their energy to the free surface, such that
the wave celerity assumed lower values with respect to solitons speed
resulting from theMCC-RLmodel. These studies showed that for con-
stant background environments in terms of stratification and currents,
the interfacial and the surface displacements of internal solitons of ele-
vation and depression, always propagate in phase opposition; more-
over, the surface manifestation associated with the internal wave is
always composed of a single-hump shaped, solitary wave-like profile.

By using Hamilton’s principle, Barros and Gavrilyuk34 derived sta-
tionary solutions for the approximate model developed by Barros,
Gavrilyuk, and Teshukov,35 describing large-amplitude long waves in two-
layer flows with a free surface. Far from the Boussinesq conditions (i.e., for
an unrealistic density ratio q¼ 0.1), their model predicted multihump
shaped profiles for both the interface and the free surface. However, they
showed that under oceanic conditions (q¼ 0.99), both the internal inter-
face and the free surface always present a single-hump shaped profile. Of
particular interest are model prediction of multihumped solitons, although
observed only for unrealistic stratified configurations.

Tidal-generated ISWs are often observed to propagate in strati-
fied ambients in the presence of a not uniform distribution of the
background velocities, and recent studies focused on solitons features
as they propagate through shear currents.36–38 Theoretical investiga-
tions performed by Choi39 first analyzed the steady solution of the
ISWs in linear shear flow, showing that for negative ambient vorticity,
a solitary wave of depression, traveling in the positive x-direction, is
wider and slower with respect to the case of an irrotational environ-
ment. Moreover, ISWs of depression are observed to be narrower and
faster when traveling in the negative x-direction. Through a variational
algorithm, Stastna and Lamb38 investigated the effects of a nonuni-
form background shear current on properties of large-amplitude ISWs
in a shallow, stratified ambient. They found that amplitudes of soliton
of elevation increase with the background vorticity, implying that, for
background currents with negative vorticity, rightward-propagating
waves are much wider than the case with the fluid ambient at-rest. By
high-resolution direct numerical simulations, Xu and Stastna40 studied
ISWs of depression propagating in a quasi-two-layer stratification
with a shear background current. They showed that solitons assume a
smaller amplitude and a larger half-width if the background vorticity
has the same sign as the ISW-induced vorticity. More recently, la
Forgia and Sciortino41 analyzed soliton solution derived by a new ver-
sion of the MCC-RL model with mobile layers, i.e., the MCC-ML
model. Under Boussinesq conditions they showed that ISWs interact-
ing with a shearing current may reach critical stages that lead these
waves to convert their polarity, to invert the original direction of prop-
agation or to travel with amplitude equal to zero.

Although the rigid-lid condition is commonly considered a good
approximation for simulating real field conditions, at the best of our
knowledge, no studies focused on the effective role played by the free
surface in modifying the soliton features in the presence of a back-
ground shear, under oceanic conditions. By following the Hamiltonian
approach proposed by Barros, Gavrilyuk, and Teshukov,35 in the pre-
sent paper, we develop a theoretical formulation based on the
Hamiltonian approach (H), for a fluid system with a Free Surface (FS)
and two Mobile Layers (ML) composing the background. For the sake
of brevity, we define this formulation as HFS-MLmodel. It allowed us
to find soliton solutions in the presence of a shear background current
in a two-layer stratified ambient with a free surface. We used Wolfram
MATHEMATICA both to compute the solutions by means of the
built-in function NDSolve,42 and to perform complex symbolic alge-
braic manipulations. Our main goal is to theoretically investigate the
strain behavior of both the interfacial and surface displacement associ-
ated with ISWs forced by an even larger background shearing current.
We analyzed theoretical prediction provided by the HFS-MLmodel in
order to study how soliton features may be affected by the presence of
the free surface for increasing shear currents acting at the background.
In particular, we consider a real field density configuration, by setting
the density ratio between the two layers equal to 0.99; then we vary
the ratio of the undisturbed layer thickness from 0.1 to 10, in order
to compare our results with those obtained under the rigid-lid
assumption by la Forgia and Sciortino.41 We develop the HFS-ML
model and we analyzed the associated theoretical predictions for real
field conditions in order to provide answers to the following scientific
questions:

• compared to the rigid-lid approximation, how the presence of
the free surface modifies soliton main features?

• how the free-surface displacement evolves for increasing shear
currents?

• does the surface displacement preserve the standard single-hump
shaped profile, i.e., the one typically observed in the real field
when the background fluid is at-rest?

Our investigation and related results are valid only for real field
conditions that can be effectively schematized by a two-layer stratified
system. For more realistic density distributions, more complex theoret-
ical approaches should be considered (e.g., multilayer configura-
tions43,44). The resulting ISWs, indeed, could be significantly different
and higher mode internal waves are expected to develop. We remark
that stability of soliton solutions provided by the HFS-ML model is
not discussed in the present work. Among the complex approaches
that could be adopted, we just mention the Melnikov method, which
allows to identify the existence of chaotic orbits in a class of dynamical
systems under periodic perturbation.45–47

The remainder of the paper is organized as follows. In Sec. II, we
describe the model equations for ISWs propagating in a stratified two-
layer fluid system with a free surface; Sec. III presents the main find-
ings in terms of evolution of ISWs profiles for both increasing back-
ground shear and ambient stratifications. We show how the main
ISWs features change with respect to predictions derived by the rigid-
lid model. Furthermore, we provide a physical explanation for the
observed nonstandard surface displacements, highlighting the stratifi-
cation conditions that enhance their generation. Finally, a general dis-
cussion and concluding remarks are inferred in Sec. IV.
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II. THEORETICAL MODEL
A. Free-surface model with Hamiltonian approach

We consider a stratified system composed of two uniform layers:
a lower layer of thickness h1 and density q1, and a lighter layer of
thickness h2 with density q2 < q1 (Fig. 1). In the shallow-water frame-
work, two different but equivalent approaches have been developed
for modeling interfacial solitons with a free surface: the MCC-FS
model48 and the Barros formulation.34,35 To account for the free sur-
face, both methods remove the rigid-lid assumption, namely that the
sum of the local thicknesses g1 þ g2 has to be constant. With respect
to the undisturbed, at-rest condition, the ISW-induced interfacial and
surface displacements are f1 and f2, respectively (Fig. 1). The local
thicknesses g1; g2 are then defined as

g1 ¼ h1 þ f1;

g2 ¼ h2 þ f2 � f1:

(
(1)

In agreement with Kodaira et al.,32 paying attention to the reverse
layers name notation they adopted, the continuity and momentum
equations for each layer (i¼ 1, 2) can be written as

@gi
@t
þ @ðuigiÞ

@x
¼ 0;

Diui þ g
@ðg1 þ q2g2=qiÞ

@x
¼ dispi;

8>>><
>>>:

(2)

where ui ¼ uiðx; tÞ are the depth-averaged horizontal velocity, g is the
gravitational acceleration, while Di � @=@t þ ui@=@x and dispi repre-
sent nonlinear dispersive terms (see the Appendix). For differential
system (2), soliton solutions of the form gi ¼ giðXÞ; ui ¼ uiðXÞ;X
� ðx � ctÞ (i¼ 1, 2) can be obtained by integrating the continuity
equations for each layer and imposing as boundary conditions at infin-
ity, ðgi ! hi; ui ! u0i for X ! 61Þ. In agreement with la Forgia
and Sciortino,41 it is easy to verify that

ui ¼ cð1� hi=giÞ þ u0ihi=gi; (3)

where usi ¼ cð1� hi=giÞ and ubi ¼ u0ihi=gi represent the soliton-
induced and the background ambient-induced layers velocities,

respectively. Thus, a nonlinear second order differential system of equa-
tions in the unknowns giðXÞ can be derived.32,33

Following the elegant Hamiltonian approach proposed by
Barros, Gavrilyuk, and Teshukov,35 we implement the free-surface
model for interfacial solitons by considering the effect of mobile layers
with asymptotic velocity u01, u02, herein defined as HFS-ML model.
We thus introduce the Lagrangian density L of the two-layer fluid sys-
tem for the soliton configuration,

LðQ;Q0Þ � TðQ;Q0Þ � VðQÞ; (4)

where TðQ;Q0Þ � 1
2 ðQ

0MðQÞÞ �Q0 is the kinetic energy density,
ð�Þ0 denotes derivative with respect to X, and “ � ” is the usual dot
product. The Lagrangian density has physical dimensions
½L� ¼ MT�2. The state variables of the fluid system are

QðXÞ � ðQ1ðXÞ;Q2ððXÞÞ � ðq1g1ðXÞ;q2g2ðXÞÞ

while Q0MðQÞ is the matrix multiplication between the row-vector Q0

and the 2� 2 symmetric matrixM defined by

MðQÞ �

m2
1

3q2
1Q1
þ m2

2

q2
1Q2

m2
2

2q1q2Q2

m2
2

2q1q2Q2

m2
2

3q2
2Q2

0
BBBB@

1
CCCCA: (5)

The potential energy densityVðQÞ is defined as

VðQÞ � g
2

Q2
1

q1
þ 2

Q1Q2

q1
þ Q2

2

q2

 !
� m2

1

2Q1
þ m2

2

2Q2
þ c1Q1 þ c2Q2

� �
;

(6)

wherem1;m2; c1; c2 are suitable constants
34,35 defined by

mi � ðu0i � cÞqihi;

ci � g h1 þ
q2h2
qi

� �
þ 1
2

mi

qihi

� �2

:

8><
>:

FIG. 1. Sketch of the ambient density and velocity distributions in the plane (x, z); the main geometric parameters defined to describe the interfacial and the surface displace-
ments for the free-surface model with mobile layers are reported for the upper (i¼ 2) and lower (i¼ 1) layers: the asymptotic background velocities u0i , the layers thickness hi
and uniform densities qi, the local interfacial thickness gi and the ISW-induced velocities usiðxÞ. The dashed area indicates the internal soliton area Ss, fi are the surface and
interfacial displacements with respect to the undisturbed condition, while a and as are the interfacial and superficial amplitudes, respectively.
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Let us to introduce the conjugate momenta P � @L=@Q0
¼ Q0MðQÞ of the state variable Q in order to construct the
Hamiltonian of the fluid systemH defined by

HðQ;PÞ � P �Q0 � L ¼ T þ V ¼ 1
2
P � ðPM�1Þ þ VðQÞ; (7)

where the kinetic energy density 1
2 ðQ

0MÞ � Q0 is written in terms of
the conjugate momenta P as Q0 ¼ PM�1. Thus, the evolution-
equations of the interfacial solitons are

Q0 ¼ @HðQ;PÞ=@P;
P0 ¼ �@HðQ;PÞ=@Q;

(
(8)

which represent the well-known first-order differential Hamilton’s
equations, in the unknowns ðQðXÞ;PðXÞÞ.

B. Dimensionless form of the mathematical model

Let us to introduce the following dimensionless physical
quantities:

q � q2=q1; H � h2=h1; Fr � c=
ffiffiffiffiffiffiffi
gh1

p
; n � X=h1;

qiðnÞ �
Qiðh1nÞ

qihi
¼ gi

hi
; piðnÞ �

Piðh1nÞ
gh1hi

; Fr0i � u0i=
ffiffiffiffiffiffiffi
gh1

p
;

8><
>:

(9)

where q2, p2 can be also written in terms of ðq1; h1; gÞ and ðq;H; FrÞ,
respectively,

q2 �
Q2

q2h2
¼ Q2

q1h1
q2

q1

h2
h1

¼ Q2

q1h1qH
;

p2 �
P2

gh1h2
¼ P2

gh1h1
h2
h1

¼ P2
Hgh21

:

8>>>>>>><
>>>>>>>:

By substituting dimensionless quantities (9) in (7), after some
heavy algebraic manipulation, it is possible to transform the
Hamiltonian H into the new conserved quantity Hdðq; p; FrÞ, with
q � ðq1; q2Þ; p � ðp1; p2Þ,

Hdðq; p; FrÞ ¼ T dðq; p; FrÞ þ Vdðq; FrÞ;

T dðq; p; FrÞ �
3ð2p1 � 3qHp2Þ2

4ðFr � Fr01Þ2
q1 þ qH

3p22
ðFr � Fr02Þ2

q2 �
9ðFr � Fr02Þ2qHð2p1 � 3qHp2Þ2q21

12ðFr � Fr01Þ2ðFr � Fr02Þ2qHq1 þ 16ðFr � Fr01Þ4q2
;

Vdðq; FrÞ � 1þ 2ðFr � Fr01Þ2 þ qH 2þ 2ðFr � Fr02Þ2 þ H
� �

� ðFr � Fr01Þ2q1�1 � 2þ ðFr � Fr01Þ2 þ 2qH
� �

q1 þ q21
�ðFr � Fr02Þ2qHq�12 � qH ðFr � Fr02Þ2 þ 2ð1þHÞ � 2q1

� �
q2 þ qH2q22:

8>>>>>>><
>>>>>>>:

(10)

A suitable constant has been added toHd in order to assure that both
at-rest and at infinity (n!1; q; p! ð1; 1Þ; ð0; 0Þ) Hd ! 0. We
remark that qc � ð1; 1Þ represents a critical point of the dimensionless
potential Vdðq; FrÞ, namely, Vdðqc; FrÞ ¼ 0;rqVdðqc; FrÞ ¼ 0 as
some easy calculations highlight. We point out that dimensionless
parameters (9) do not define a canonical transformation of variables.
For a given Fr, if ðq; pÞ are solutions of motion, thenHdðq; p; FrÞ is a
constant. Therefore, Hdðq; p; FrÞ represents a conserved quantity but
it cannot be considered a new Hamiltonian. It follows that the new dif-
ferential system in the q; p variables,

dq=dn ¼ Fqðq; p; FrÞ;
dp=dn ¼ Fpðq; p; FrÞ

(
(11)

has to be obtained directly from Eq. (8) applying the change of varia-
bles (9). The explicit form of these equations is shown in the
Appendix. It is worth noting thatHd and Eq. (11) areGalileian invari-
ant under the transformation Fr0i ! Fr0i þ d; Fr ! Fr þ d owing to
they are function of Fr0i and Fr [of the form Fr � Fr0i as shown by
(10)]. As already discussed by la Forgia and Sciortino,41 this allows to
reduce the analysis to cases with one of the two layers at-rest (i.e.,
Fr01 ¼ 0, or Fr02 ¼ 0), without loss of generality.

To integrate first-order differential system (11), initial conditions
ðqð0Þ; pð0ÞÞ ¼ ðq0; p0Þ and parameters ðq;H; Fr01; Fr02; FrÞ need to
be defined. Following a similar approach as in la Forgia and

Sciortino,33,41 we look for the limit Froude number FrLim for which
the model admits soliton-solutions, namely for jFrj > jFrLimj no
soliton solution can exist. To this end, we calculate Hd in point
qm � ðq1m; q2mÞ of maximum or minimum of the soliton’s profile,
where q0 ¼ 0! p ¼ pm ¼ 0. Interestingly, by implementing this
condition in (10) and imposingHdðqm; 0; FrÞ ¼ 0, we obtain

Ĥdðqm; FrÞ � ðFr � Fr01Þ2 � q1m
� �

ðq1m � 1Þ2q2m
�qHq1mðq2m � 1Þ ðFr � Fr02Þ2

�
�ð2þ ðFr � Fr02Þ2 þ H � 2q1mÞq2mþHq22m

�
¼ 0:

(12)

For assigned values of the configuration parameters ðq;H; Fr01; Fr02Þ,
Eq. (12) implicitly defines Fr ¼ Frðq1m; q2mÞ as a function of
ðq1m; q2mÞ. To obtain the limit values ðqLim; FrLimÞ � ðq1Lim; q2Lim;
FrLimÞ, two conditions are added to (12), in order to impose the statio-
narity of Frðq1m; q2mÞ with respect to ðq1m; q2mÞ: @Frðq1m; q2mÞ=
@qimjqm¼qLim ¼ 0.41 By using the implicit differentiation, it follows:

@Ĥdðqm; FrLimÞ=@q1mjqm¼qLim ¼ 0;

@Ĥdðqm; FrLimÞ=@q2mjqm¼qLim ¼ 0;

8<
: (13)

where FrLim � Frðq1Lim; q2LimÞ.
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The three real unknowns ðq1Lim; q2Lim; FrLimÞ must satisfy suit-
able constraints in order to assure physical solutions: (i) the layers’
thickness must be a positive real number, i.e., q1Lim > 0� q2Lim > 0;
(ii) the layers’ thickness displacements g1 � h1 and g2 � h2 have to be
out of phase, i.e., ðg1 � h1Þðg2 � h2Þ < 0 [see (1)]. In dimensionless
form, the second condition can be written as ðq1 � 1Þðq2 � 1Þ < 0. In
conclusion, the limit dimensionless amplitudes and celerity
ðq1Lim; q2Lim; FrLimÞ must fulfill the following polynomials system of
three equations, with constraints,

ĤdðqLim; FrLimÞ ¼ 0;

@ĤdðqLim; FrLimÞ=@q1Lim ¼ 0;

@ĤdðqLim; FrLimÞ=@q2Lim ¼ 0;

q1Lim > 0� q2Lim > 0� ðq1Lim � 1Þðq2Lim � 1Þ < 0:

8>>>><
>>>>:

(14)

where we denote with the symbols �;�, respectively, “and,” “or.”
For assigned ðq;H; Fr01; Fr02Þ, many numerical tests confirmed

that only two set of solutions of Eq. (14) exist:
ðqmin;max

1Lim ; qmin;max
2Lim ; Frmin;max

Lim Þ. They are related to downstream-propa-
gating and upstream-propagating solitons, respectively.41 In particular,
when Fr01 ¼ Fr02 ¼ 0 these solutions have the form
ðq1Lim; q2Lim;6FrLimÞ, i.e., two equal solitons propagating with oppo-
site celerities.

C. Dispersion relation and limit of the background
shear current velocities

For the considered free-surface two-layer fluid system, we
obtain the dispersion relation by defining the following normal modes
(i¼ 1, 2):

gi ¼ hi þ eih1 exp Ikðx � ktÞ½ �;
ui ¼ u0i þ eiþ2

ffiffiffiffiffiffiffi
gh1

p
exp Ikðx � ktÞ½ �;

(
(15)

where I �
ffiffiffiffiffiffi
�1
p

, and ej (with j ¼ 1; 2; 3; 4) are small dimensionless
parameters (jejj � 1), k is the wave celerity associated with the normal
mode and k represents the related wave number. By substituting these
normal modes in Eq. (2), and linearizing with respect to ej, a homoge-
neous linear system of four equations in the unknowns ej is derived.
We impose that the determinant of the coefficient matrix is zero, and
we implicitly obtain the dispersion relation as solution of a fourth
degree equation. Introduced the dimensionless variables ~Fr � kffiffiffiffiffi

gh1
p

and K � kh1, for a long-wave (i.e., for K ! 0), the fourth degree equa-
tion can be written as

ð~Fr � Fr01Þ2 � 1
� �

ð~Fr � Fr02Þ2 �H
� �

� qH

¼ ~Fr4 � 2ðFr01 þ Fr02Þ~Fr3

þðFr201 þ 4Fr01Fr02 þ Fr202 �H � 1Þ~Fr2

�2 Fr02ðFr01Fr02 þ Fr201 � 1Þ � HFr01
� �

~Fr

þðFr201 � 1ÞðFr202 �HÞ � qH ¼ 0: (16)

Suitable values of parameters ðq;H; Fr01; Fr02Þ assure that Eq. (16)
admits four real solutions ~Fr (namely, normal modes are stable):
½~Frðg1Þ � ~Frðs1Þ � ~Frðs2Þ � ~Frðg2Þ�. The two smallest in magnitude
½~Frðs1Þ � ~Frðs2Þ� represent the dimensionless celerities of the baroclinic

modes, while the two largest in magnitude ½~Frðg1Þ � ~Frðg2Þ� provide
the dimensionless celerities of the barotropic modes.32 When
Fr01 ¼ Fr02 ¼ 0) ~Frðs1;2Þ ¼ 6~FrðsÞ; ~Frðg1;2Þ ¼ 6~FrðgÞ. We are not
able to prove rigorously that soliton solutions can arise from numerical
integration of differential system (11) only if the Froude Fr number
satisfy the constraint,

Frmin
Lim � Fr � ~Frðs1Þ � ~Frðs2Þ � Fr � Frmax

Lim ; (17)

and to the author’s knowledge, this problem is yet unsolved. However,
a large number of numerical tests confirm this assumption, from a
numerical point of view, at least. Moreover, these constraints are in
agreement with Barros and Gavrilyuk,34 Barros, Gavrilyuk, and
Teshukov35 for the case Fr01 ¼ Fr02 ¼ 0. It is anyway reasonable to
consider dimensionless velocities ½~Frðs1Þ; ~Frðs2Þ� as representatives for
ISWs since baroclinic modes are always out of phase32 just as interfa-
cial and free-surface displacements appear for ISWs, in the absence of
background shearing currents. Consistent with the hypothesis of infin-
itesimal jejj, we observe that ½~Frðs1Þ; ~Frðs2Þ� are the dimensionless celer-
ities assumed by the hidden-solitons,41 i.e., the ones traveling with
qamp1 ¼ 0 and qamp2 ¼ 0.

The nature of the roots of Eq. (16) represents a fundamental
issue. As highlighted by la Forgia and Sciortino41 for the rigid-lid
framework, this problem has relevant importance if one would obtain
the limit values for the dimensionless velocities Fr01, Fr02 composing
the shearing current. This is immediate for Fr01 ¼ Fr02 ¼ 0, since Eq.
(16) becomes biquadratic under these conditions (as shown in Refs. 34
and 35). Nevertheless, WolframMathematica allowed us also to obtain
analytic solutions for the general case Fr01; Fr02 6¼ 0, although the
final output consists in a very complex function DFr0ðH;qÞ. For
each assigned couple ðH;qÞ, this function defines the constraint
jFr01 � Fr02j � DFr0ðH;qÞ associated with the shear dimensionless
velocities Fr01, Fr02, which assure that all the roots of Eq. (16) are real
and, consequently, that normal modes are stable. In conclusion, all sce-
narios in the five-dimension parametric space ðq;H; Fr01; Fr02; FrÞ for
which integration of system (11) provides soliton solutions, have to
satisfy the following constraints:

jFr01 � Fr02j � DFr0ðH;qÞ;
Frmin

Lim � Fr � ~Frðs1Þ � ~Frðs2Þ � Fr � Frmax
Lim :

(
(18)

Suitable initial conditions ðqð0Þ; pð0ÞÞ ¼ ðq0; p0Þ should be imposed
in order to assure the possible existence of homoclinic orbits (soliton
solutions), as discussed by Barros and Gavrilyuk,34 Barros, Gavrilyuk,
and Teshukov.35 We remark that all the four quantities
ðFrmin

Lim ; ~Fr
ðs1Þ; ~Frðs2Þ; Frmax

Lim Þ are function of ðq;H; Fr01; Fr02Þ.

III. RESULTS

To analyze the evolution of interfacial ISWs main features in the
presence of a background shear current, we adopt the HFS-MLmodel
for differently stratified two-layers fluid systems with a free surface.
We set the density ratio q ¼ 0:99 in order to schematize with a two-
layer stratification the oceanic conditions.34

In the absence of background velocities (i.e., for u01 ¼ u02 ¼ 0),
we examine soliton solutions predicted by theHFS-MLmodel for both
elevation- and depression-type solitons, by setting the ratio of the
layers thickness for the undisturbed stratification to H< 1 and H> 1,
respectively. To investigate the role played by the free surface in
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affecting solitons main features we follow a similar analysis as in la
Forgia and Sciortino,41 but removing the rigid-lid assumption. We
then consider ISWs of elevation (qamp1;0 ¼ a0=h1 > 0) for H ¼ v and
ISWs of depression (qamp1;0 < 0) for H ¼ 1=v, with the stratification
parameter v ¼ 2; 3; 4; 10 (Table I). We observe that v represents a
measure of the fluid system asymmetry with respect to the condition
characterized by the same thickness for the two layers (i.e., v¼ 1 for
h1 ¼ h2). This allowed us to analyze two groups of stratifications for
each soliton-type, characterized by the same reciprocal values of H
considered by la Forgia and Sciortino.41 Our first effort was to define a
suitable criterion for properly comparing theoretical predictions
derived by such different mathematical approaches (i.e., HFS-ML and
MCC-ML formulations). Both models provide limit values for the soli-
ton Froude number, although for given (q;H; Fr01; Fr02), they
assumed different values. Thus, we define as comparable two ISWs if
the associated Froude numbers assume the same normalized distance
0 � rFr � 1 from the corresponding endpoints ~FrðsiÞ derived from
each theoretical model (Table I). By estimating rFr for cases considered
by la Forgia and Sciortino,41 we obtain the associated soliton Froude
number Fr for theHFS-MLmodel as

Fr ¼ ~Frðs1Þ þ rFrðFrmin
Lim � ~Frðs1ÞÞ; for Fr0 < 0;

Fr ¼ ~Frðs2Þ þ rFrðFrmax
Lim � ~Frðs2ÞÞ; for Fr0 > 0:

(
(19)

We remark that when rFr¼ 1, soliton Froude number corresponds to
Frmin

Lim or Frmax
Lim , for Fr0 < 0 and Fr0 > 0, respectively. The condition

rFr¼ 0 characterizes, instead, solitons with dimensionless celerity equal
to ~FrðsjÞ (with j¼ 1 for Fr0 < 0 and j¼ 2 for Fr0 > 0). This condition
corresponds to the hidden-soliton configuration analyzed by la Forgia
and Sciortino.41

For each case, we derive both a downstream and an upstream-
propagating soliton. For background layers at-rest, theHFS-MLmodel
predicts solitons with identical geometrical features, but propagating
with Froude numbers that are equal in magnitude but opposite in
sign. We impose a shear current acting at the background layers, by
tuning the Froude number of one of the two layers (e.g., Fr01 ¼ 0 and
Fr02 6¼ 0). Following the same criterion adopted by la Forgia and
Sciortino,41 considered the reverse layers name notation they adopted,
we define as downstream-propagating ISWs:

• solitons traveling rightward for Fr0i ¼ 0, and interacting with a
background shear characterized by ðFr01 � Fr02Þ 	 0;

• solitons traveling leftward for Fr0i ¼ 0, and interacting with a
background shear characterized by ðFr01 � Fr02Þ � 0.

Moreover, we refer to upstream-propagating ISWs for

• solitons traveling rightward for Fr0i ¼ 0, and interacting with a
background shear characterized by ðFr01 � Fr02Þ � 0;

• solitons traveling leftward for Fr0i ¼ 0, and interacting with a
background shear characterized by ðFr01 � Fr02Þ 	 0.

We present herein the main soliton features derived by the HFS-
ML model and we compare our results with those derived by the
rigid-lid model.

A. Interfacial and surface profiles

In the absence of background velocities (u01 ¼ u02 ¼ 0), a
downstream-propagating soliton with qamp1;0 > 0 induces positive
(negative) fluid velocities in the lower (upper) layer
(us1 > 0; us2 < 0).38 For case 5 (Table I), the HFS-ML model predicts
an interfacial profile [black solid line in Fig. 2(d)] which is in phase
opposition with the associated free-surface dimensionless thickness
qamp;2 < 0 [black solid line in Fig. 2(b)].

To investigate the solitons strain behavior induced by varying
background shear currents, we increase the ratio between the ambient
Froude number and the corresponding maximum magnitude pro-
vided by the theoretical model (Fr02/Fr02;max). In agreement with
Stastna and Lamb38 and la Forgia and Sciortino,41 when the back-
ground fluid velocities assume the same direction of those induced by
the ISW (i.e., ub2 < 0 and us2 < 0) both the interfacial displacement
and the free-surface profile are observed to broaden [Fig. 2(b)]. For
even larger Fr02, the interfacial wavelength continues to increase and
its amplitude to reduce, up to reach the critical condition qamp;1 ¼ 0
(the hidden-soliton condition41). Interestingly, associated with the
absence of an interfacial displacement also the free surface presents a
flat configuration (i.e., qamp;2 ¼ 0), while the wave celerity assumes a
finite value [see dashed lines in Figs. 2(c) and 2(d)]. In particular, for
this configuration, the solitons assume a celerity equal to ~Frðs1Þ or

TABLE I. List of the analyzed cases for different undisturbed stratified systems H ¼ h2=h1. For solitons solution derived by the rigid-lid model, the magnitude of the Froude
number jFr0j ¼ jc0=

ffiffiffiffiffiffiffi
gh1
p

j and the normalized amplitude qamp;0 are reported. The corresponding quantities predicted by the HFS-ML model (i.e., jFr0j and qamp1;0 ¼ a0=h1,
respectively) and the associated free-surface maximum dimensionless thickness (qamp2;0) are also shown. The normalized distance rFr;0 between Fr0 and the endpoints ~Fr ðsi Þ
assumes the same value for both theoretical models.

MCC-ML HFS-ML

Case Soliton type H rFr0 jFr0jð10�2Þ qamp;0 jFr0jð10�2Þ qamp1;0 qamp2;0ð10�3Þ

1 Depression 1/10 0.968 5.187 �0.359 5.184 �0.359 1.30
2 Depression 1/4 0.964 5.564 �0.299 5.560 �0.299 1.20
3 Depression 1/3 0.963 5.759 �0.265 5.748 �0.266 1.10
4 Depression 1/2 0.961 6.126 �0.198 6.120 �0.199 0.92
5 Elevation 2 0.961 8.662 0.403 8.648 0.397 �2.10
6 Elevation 3 0.963 9.974 0.804 9.955 0.794 �4.10
7 Elevation 4 0.964 11.13 1.205 11.10 1.192 �6.10
8 Elevation 10 0.968 16.40 3.611 16.36 3.578 �17.3
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~Frðs2Þ, obtained from the dispersion relation for waves traveling with
infinitesimal amplitudes [Eq. 19)]. For this configuration also the
propagating velocity-field induced by the soliton is zero and the fluid
velocities correspond to the ones acting at the background ui ¼ u0i for
hi ¼ gi [see Eq. (3)]. The hidden-soliton configuration represents a
critical condition of incipient conversion of polarity for both the interfa-
cial and the free-surface profiles. An even small increase in Fr02 leads the
soliton to change the sign of both qamp;1 and qamp;2, which become nega-
tive and positive, respectively [Fig. 2(b)]. For larger Fr02, the waves are
then observed to steepen both the interfacial and the surface profiles, up
to reach a final condition for Fr02 ¼ Fr02;max . A possible real field obser-
vation of ISWs converting polarity in response to background shearing
currents may be the case of hidden-soliton condition recently captured
by Xu et al.49 in the South China Sea [see their Fig. 8(b)].

Case 5 soliton (Table I) shows a significantly different behavior
as it propagates in the opposite direction [Figs. 2(a) and 2(c)]. For
even larger background shear velocities acting at the background, the
upstream-propagating soliton of elevation steepens its interface [Fig.
2(c)] while the free-surface profile is observed to broaden [Fig. 2(a)].

Thus, the free-surface strain behavior is opposite to the one observed
for downstream-propagating solitons of elevation, after they invert the
interfacial polarity. For increasing jFr02j, while the interfacial profile is
observed to continuously steepen, the free surface reaches a flat config-
uration qamp;2 ¼ 0 [Fig. 2(a)]. As for the downstream-propagating sol-
iton, associate to this condition the fluid velocities correspond to the
ones acting at the background ui ¼ u0i. For very small increase in
jFr02j, an abrupt change of the soliton strain behavior occurs: both the
interfacial and the free-surface profiles starts broadening always pre-
serving their phase opposition [see pink lines in Figs. 2(a) and 2(c)].

For zero background velocities (i.e., for u01 ¼ u02 ¼ 0), a
downstream-propagating soliton of depression (qamp;1 < 0) induces
negative (positive) fluid velocities in the lower (upper) layer
(u2 > 0; u1 < 0).40 For case 4 (Table I), the HFS-ML model predicts
single-humped interfacial and surface profiles in phase opposition,
with (qamp;2 > 0) [black solid line in Figs. 3(b) and 3(d)].

In agreement with Xu and Stastna40 and la Forgia and
Sciortino,41 when ub2 < 0 and us2 > 0, both interfacial and free-
surface profiles are observed to continuously steepen until

FIG. 2. Case 5: ISW of elevation for H¼ 2, q¼ 0.99. [(a) and (c)] Upstream-propagating and [(b) and (d)] downstream-propagating solitons. Evolution of [(a) and (b)] the
dimensionless surface levels q
2 ¼ q1ðnÞ þ Hq2ðnÞ and [(c) and (d)] the dimensionless interfacial profiles q1ðnÞ for changing Fr02=jFr02;maxj. Colors refer to the amount of
shear current acting at the background with respect to the module of the limit value provided by the theoretical model. Arrows indicate directions associated with the ISW celer-
ity (c), the soliton-induced velocities [us1 ¼ us1ðxÞ; us2 ¼ us2ðxÞ] and the background asymptotic velocity (u02). The corresponding induced pseudovorticities (Dus; Dub) and
the system deformation parameter X are reported.
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Fr02=jFr02;maxj ¼ 1. A very interesting behavior is observed at the free
surface, which shows peculiar undulations, loosing the single-humped
profile typically associated with internal solitons [Fr02 > 0:7jFr02;maxj
in Fig. 3(b)]. Indeed, the ISWs standard free-surface profile is generally
characterized by the presence of two inflection points and a single
point of absolute maximum (minimum) for internal solitons of
depression (elevation). Unlike the single-humped profiles of the inter-
facial displacements, for case 4, the shear current is able to induce devi-
ations from the standard free-surface profile, which show four
inflection points [Fig. 3(b)]. Although discussed more in detail in Sec.
IIIC, we here point out that nonstandard free-surface profiles were
never observed in the past under oceanic conditions, since they cannot
develop for q ¼ 0:99 in the absence of a shearing currents.

Downstream-propagating solitons of depression (qamp1;0 < 0),
interacting with a background shear current with Fr02 < 0, show a
broadening behavior of both the interfacial and surface profiles, as
observed for solitons of elevation propagating downstream [Figs. 3(a)
and 3(c)]. Then, for increasing magnitude of the ambient velocities
they reach the hidden-soliton condition before inverting polarities of
both qamp;1 and qamp;2.

Results inferred for ISWs with different initial polarities allow us
to remark some general insights about solitons deformations induced
by the background forcing, with specific reference to the evolution of
the free surface. In agreement with Xu and Stastna,40 the interfacial
profile distortions can be described by the relation between two pseudo
ambient-induced vorticities: the first induced by the background cur-
rent, i.e., Dub ¼ ðu02 � u01Þ=ðh1 þ h2Þ, the second induced by the
soliton, i.e., Dus ¼ ðus2;0 � us1;0Þ=ðh1 þ h2Þ. The latter considers
layers velocities in the absence of background currents, at x¼ 0, i.e., in
correspondence of the maximum interface displacement. We here
define the system deformation parameter X ¼ Dub=Dus: when X > 0,
i.e., for sign(Dub)¼ sign(Dus), for increasing background velocities,
both depression and elevation type solitons show the broadening of
the interfacial profiles, up to polarity inversion. Otherwise, for X < 0,
i.e., for sign(DubÞ 6¼ sign(Dus), both depression and elevation type soli-
tons are observed to continuously steepen in response to increasing
background forcing. Under oceanic conditions, a large number of
numerical tests proved that X represents a significant parameter able
to describe the expected interfacial profile distortions, since they are
not affected by the stratification geometry (H). For most cases, the

FIG. 3. Case 4: ISW of elevation for H¼ 0.5, q¼ 0.99. [(a) and (c)] Upstream-propagating and [(b) and (d)] downstream-propagating solitons. Evolution of [(a) and (b)] the
dimensionless surface levels q
2 ¼ q1ðnÞ þ Hq2ðnÞ and [(c) and (d)] the dimensionless interfacial profiles q1ðnÞ for changing Fr02=jFr02;maxj. Colors refer to the amount of
shear current acting at the background with respect to the module of the limit value provided by the theoretical model. Arrows indicate directions associated with the ISW celer-
ity (c), the soliton-induced velocities [us1 ¼ us1ðxÞ; us2 ¼ us2ðxÞ] and the background asymptotic velocity (u02). The corresponding induced pseudovorticities (Dus; Dub) and
the system deformation parameter X are reported.
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free-surface deformations are observed to occur in accordance with
those of the interfacial profiles. However, unlike the internal displace-
ment, the behavior of the free-surface cannot be uniquely described by
X. Indeed, for upstream-propagating solitons of elevation, associated
with increasing shear, we observe the steepening of the interfacial pro-
file and the broadening of the free surface. We can resume previous
findings for solitons propagating through two-layer fluid systems
forced by background shear currents as follows:

• for X > 0 both the interfacial and the free-surface profiles
broaden, inverting their undisturbed polarity. This is the case of
downstream-propagating soliton of elevation (qamp1;0 > 0) and
upstream-propagating soliton of depression (qamp1;0 < 0).

• for X < 0 and qamp1;0 < 0 (i.e., for downstream-propagating soli-
ton of depression), both the interfacial and the free-surface pro-
file steepen, preserving their phase opposition;

• for X < 0 and qamp1;0 > 0 (i.e., for upstream-propagating soliton
of elevation), only the interfacial profile steepens, while the free-
surface displacement broadens.

Moreover, although Cases 4 and 5 show that the phase opposi-
tion between the two displacements, this does not represent a general
rule. Indeed, under particular circumstances, the free surface of
upstream-propagating solitons of elevation appears in phase with the
interfacial profile (see Sec. III C).

B. Free-surface and rigid-lid effects

To estimate the role of the top free surface in affecting ISWs fea-
tures, we compare theoretical predictions provided by the HFS-ML

model with those obtained by la Forgia and Sciortino,41 under a rigid-
lid assumption (Table I).

For differently stratified two-layer systems, we investigate the
relation between solitons amplitude (qamp1), normalized by their initial
values (qamp1;0, for u01 ¼ u02 ¼ 0), and the acting background, dimen-
sionless velocity ratio (Fr01=jFr01;maxj). The corresponding quantities
indicate the relative variation of the interfacial amplitude with respect
to the undisturbed condition [i.e., the empty dot in Fig. 4(a), character-
ized by Fr01 ¼ 0]. Arrows indicating the direction of the successive
solitons stages for increasing jFr01j, refer to curves with the corre-
sponding color. For all cases, the linear behavior of the different curves
shows a direct proportionality between the ambient shear and the
induced solitons amplitudes [Fig. 4(a)]. Consistent with the sign of the
deformation parameter, for larger shear currents, downstream-
propagating solitons of depression and upstream-propagating soliton
of elevation linearly increase their amplitude [blue and red lines in Fig.
4(a), respectively]. A linear decrease in qamp1=qamp1;0, instead, is
observed for fluid configurations characterized by X < 0 [black and
green lines in Fig. 4(a)]. The stratification geometry considerably
affects the ISWs response: for larger H the curves slope increase: for a
given Fr01=Fr01;max solitons with larger H show a more pronounced
variation of their amplitude, with respect to the associated undisturbed
value. This leads solitons characterized by X > 0 to invert their polar-
ity for a relatively low background forcing, as they propagate through
more asymmetric stratifications [see green and black dots in Fig. 4(a)].

To investigate how the presence of a free surface affects interfacial
displacements, we analyze the difference between amplitudes predicted
by theHFS-ML andMCC-MLmodels, i.e., qamp1 and qamp, respectively
[Fig. 4(b)]. We remark that quantity ðqamp1 � qampÞ corresponds to

FIG. 4. (a) Relation between the soliton amplitudes qamp1 normalized by the initial value qamp1;0 and the amount of shearing current acting at the background Fr01 with respect
to the module of the limit value provided by the HFS-ML model (Fr01;max). (b) Difference between the ISWs amplitudes predicted by the HFS-ML (qamp1) and the one derived
by the MCC-ML (qamp) models, for changing amount of shearing current acting at the background. Arrows indicate the direction of the successive ISWs stages for increasing
jFr01j. Four values of the stratification parameter are considered: v¼ 2 (solid lines), v¼ 3 (dashed lines), v¼ 4 (dashed–dotted lines), v¼ 10 (dotted lines).
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the difference of the interfacial amplitudes with respect to the lower
layer thickness [i.e., ðaHFS�ML � aMCC�MLÞ=h1]. Results show that
solitons of depression (elevation) always assume a relative larger
(lower) amplitude when they are modeled with a free surface. The
same behavior is observed also after solitons invert their polarity in
response to increasing background velocities (discontinuities in black
and green curves in Fig. 4(b) occur at the critical stages characterized
by qamp1 ¼ 0). To provide a physical explanation of these theoretical
predictions, the role of buoyancy has to be considered. Indeed, soli-
tons of depression induce positive buoyancy pressure in the upper
layer, leading the free surface to assume a positive, upward displace-
ment. The larger hydrostatic pressure loads acting at the interface are
thus expected to generate a relatively larger interfacial displacement
with respect to the one associated with a flat configuration of the free
surface. Compared to the rigid-lid formulation, for the free-surface
model an increase in buoyancy is then expected. For solitons of ele-
vation, instead, negative buoyancy in the upper layer produces
downward displacement of the free surface, and, consequently,
relatively low hydrostatic pressure loads at the interface. Our results
highlight that the rigid-lid model underestimates amplitudes for
solitons of depression (approximately up to –0.3% under oceanic
conditions), while the maximum interfacial displacement of ISWs
of elevation overestimated (approximately up to þ3:4% under
oceanic conditions). For relatively low background forcing
(jFr01j < 0:2jFr01;maxj), the quantity ðqamp1 � qampÞ remains roughly
unvaried. However, for further increase in jFr01j, most cases show a
lower difference between qamp1 and qamp (e.g., see red curves for
0:2 < jFr01j=jFr01;maxj < 0:9). For increasing background velocities
and dynamic pressures, we argue that interfacial displacements are
expected to be less dependent on the hydrostatic pressure field, and,

consequently, amplitudes provided by the two models are awaited to
be more similar.

We also estimate the waves shape factor r ¼ a=ks in order to
investigate changes in the steepness of the interfacial profiles
[Fig. 5(a)]. Associated to the absence of background currents, relatively
steeper waves are observed for more asymmetric two-layer fluid sys-
tems (i.e., the ones with a larger v). A specular behavior characterizes
downstream- and upstream-propagating solitons forced by shear cur-
rents. Consistent with the analyzed deformations of the wave profiles,
within the range �0:5 < Fr01=jFr01;maxj < 0:5 a significant increase
in r occurs for cases with X < 0, while the wave steepness decreases
up to zero for cases with X > 0. For larger background shear ampli-
tude of downstream-propagating soliton of depression (blue lines) and
upstream-propagating soliton of elevation (red lines) further increase
up to become slightly larger than three times the corresponding wave-
lengths (for v¼ 10). These waves are the one that shows the more sig-
nificant difference in wave steepness with respect to prediction
provided for the corresponding case by the rigid-lid model [Fig. 5(b)].
Unlike the interfacial strain behavior, variations in solitons celerity in
response to background shearing currents, cannot be predicted by X
and qamp1;0. In agreement with the recent literature,38,40,41 our cases
show that, with respect to the initial, normalized wave phase speed
Fr0, downstream- and upstream-propagating solitons accelerate and
decelerate, respectively, as they are forced by a background forcing.
We remark that this evidence is valid for magnitudes of shear currents
conveniently lower than jFr01;maxj [Fig. 6(a)].

In order to generalize these results, we performed a large number
of numerical tests by varying both direction and magnitude of the
background layers velocity (i.e., Fr01 and Fr02), by imposing one of
two layers at-rest. Taking into account the reference system defined in

FIG. 5. (a) Relation between the soliton shape factor r ¼ a=ks and the amount of shearing current acting at the background Fr01 with respect to the module of the limit value
provided by the HFS-ML model (Fr01;max). (b) Difference between the soliton shape factor predicted by the HFS-ML (r) and the one derived by the MCC-ML (rMCC�ML) models,
for changing amount of shearing current acting at the background. Four values of the stratification parameter are considered: v¼ 2 (solid lines), v¼ 3 (dashed lines), v¼ 4
(dashed–dotted lines), v¼ 10 (dotted lines).
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Fig. 1, we observe that changes of the undisturbed ISWs phase speed
Fr0 can be predicted by the sign of the background velocity. In particu-
lar, for Fr0i > 0 (with i¼ 1 or i¼ 2) a positive variation of the soliton
celerity occurs, such that if Fr0 > 0 than Fr > Fr0, while for Fr0 < 0,
Fr tends to zero, and an inversion of the direction of propagation may
occur in response to larger shearing current. On the other end, when
Fr0i < 0 (with i¼ 1 or i¼ 2) a negative variation of the soliton celerity
is observed.

As for the interfacial amplitudes, we investigate how the
presence of a free surface affects soliton celerity in response to a
background forcing. For this analysis, we compute the difference
between magnitudes of ISWs Froude numbers predicted by the
HFS-ML and MCC-ML models [i.e., jFrj � jFrMCC�MLj, Fig. 6(b)]:
it represents the difference in wave celerity predictions [i.e.,
ðcHFS�ML � cMCC�MLÞ] normalized by

ffiffiffiffiffiffiffi
gh1

p
. Consistent with pre-

vious studies,32,33 in the absence of shear currents, the rigid-lid
model overestimates the waves celerity [see Fig. 6(b) for Fr01 ¼ 0].
This is all the more pronounced for solitons of elevation and for
more asymmetric two-layer stratified systems. In the presence of a
shear current characterized by �0:8 < Fr01=jFr01;maxj < 1, the dif-
ference jFrj � jFrMCC�MLj appears significantly affected from the
wave celerity: for larger wave speeds, the HFS-ML model predicts
even lower celerities, compared to the MCC-ML model [Fig. 6(b)].
Interestingly, for upstream-propagating solitons, this trend
undergoes an abrupt change after the solitons celerity becomes
zero, and waves invert their original direction of propagation.
Under these conditions, indeed, the rigid-lid model predictions
provide relatively slower solitons.

C. Deviations from the standard free-surface profile

For density distributions similar to those observed in the real field
(q ¼ 0:99), numerical studies, laboratory experiments, and theoretical
predictions performed with both layers at-rest, showed that ISW-
induced surface displacements are composed of single hump-shaped
profiles.32,34 Results obtained from the HFS-ML model also confirm
this occurrence both in the absence of a background shear
(u01 ¼ u02 ¼ 0) and for equal background velocities (i.e., for
u01 ¼ u02 6¼ 0). Indeed, a uniform current does not induce modifica-
tions of waves profile with respect to the undisturbed condition, but it
can only affect their phase speed.41

In the presence of a shear background current, although interfa-
cial profiles always preserve their single-humped shape, the associated
free-surface displacement can show nonstandard configurations. This
evidence is uniquely observed for cases characterized by X < 0
(Fig. 7): the steepening of the interfacial profiles occurs in response to
the opposite direction between the current-induced and the ISW-
induced velocities [i.e., usiðnÞ and ubiðnÞ, respectively]. For increasing
jFr02j, both solitons of elevation [Figs. 7(a)–7(c)] and depression [Figs.
7(d) and 7(e)] show undulations of the free-surface profiles, which
develop symmetrically with respect to vertical line passing soliton
crest/trough. Based on theoretically predictions, two nonstandard free-
surface profiles can be distinguished: (i) undulated profiles, which pre-
sent more than two inflection points but a single maximum [e.g., Fig.
7(e) for Fr02 ’ �0:95], and (ii) multihumped profiles, characterized
by multiple relative maxima/minima [e.g., Fig. 7(e) for Fr02 ’ �0:8].

For larger v, i.e., for more asymmetric two-layers stratifications,
these free-surface disturbances appear more pronounced and occur

FIG. 6. (a) Relation between the soliton Froude number Fr normalized by the module of the initial value Fr0 and the amount of shearing current acting at the background Fr01
with respect to the module of the limit value provided by the HFS-ML model (Fr01;max). (b) Difference between the ISWs Froude number predicted by the HFS-ML (jFr j) and
the one derived by the MCC-ML (jFrMCC�MLj) models, for changing amount of shearing current acting at the background. Cases are described in the figure legend. Arrows
indicate the direction of the successive ISWs stages for increasing jFr01j. Four values of the stratification parameter are considered: v¼ 2 (solid lines), v¼ 3 (dashed lines),
v¼ 4 (dashed–dotted lines), v¼ 10 (dotted lines).
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for relatively low background velocities. In response to an increasing
background velocities, free-surface displacements are observed to
develop differently depending on the undisturbed interfacial polarity.
Associated to the steepening of the interfacial profiles, solitons of
depression show a non-uniform increase in the free-surface displace-
ment along the n-axis. For larger Fr02, indeed, the lateral edges are
observed to assume higher elevations compared to central regions,
closer to n¼ 0 [e.g., see Fig. 7(e) for Fr02=jFr02;maxj ’ �0:8]. In
response to further increase in jFr02j, we observe a significant raising of
the free-surface displacements around n¼ 0, such that a clearly visible
bump characterizes the final surface profile (for Fr02 ! Fr02;max).
Solitons of elevation behave differently: they evolve by lowering the lat-
eral edges of the free-surface profile [Figs. 7(a)–7(c)]. In correspondence
of the maximum interfacial displacement, instead, the free surface shows
a relative larger displacement. Surprisingly, for solitons characterized by
the largest v (e.g., case 8), this allows the free surface to lose locally the
typical phase opposition with respect to the associated interfacial dis-
placement and to assume positive f2 values [Fig. 7(c)].

Our results show that shear currents flowing in opposite direc-
tion with respect to the soliton-induced velocities are able to excite
free-surface disturbances, leading the standard soliton profile to
assume undulated or multihumped configurations. Considered their
symmetric development with respect to the maximum interfacial dis-
placement, we argue that these surface manifestations cannot be con-
sidered as short-surface waves generated by a resonance mechanism
between the interface and the free surface, as the ones observed and
discussed by Kodaira et al.32 Rather, they are presumably caused by
the non-hydrostatic pressure field associated with the internal wave.
We remark, indeed, that free-surface disturbances are observed only
for solitons that steepen their interfacial profile in response to

increasing background shears. Thus, centrifugal effects induced by the
non-negligible curvature of the interface (and, consequently, of the
streamlines) are expected to induce significant dynamic stresses at
the free surface.

Our assumptions could be rigorously confirmed by estimating the
total pressure field in the plane (x, z). However, the theoretical formula-
tion considered in the present study is developed in a shallow water
framework, and only depth-averaged quantities for each layer can be
derived. Hence, the pressure distribution along the z-axis is unknown.
To investigate the role of dynamic forces in affecting the surface pro-
files, from theHFS-MLmodel equations, we isolate the term

@PNH
@x
¼ �q2

@

@x
1
2
g22G2 � g2D

2
2g1

� �
; (20)

which can be numerically integrated to derive the dimensionless non-
hydrostatic pressure acting at the interface PNHðxÞ [e.g., see Figs. 8(c)
and 8(f)]. For each case, we also calculate the buoyancy-induced surface
displacement 1þ H � f1ð1� qÞ=h1 [e.g., see thin lines in Figs. 8(b)
and 8(e)], which represents the free-surface profile expected if uniquely
hydrostatic contributions were considered (i.e., buoyancy). Thus, the
comparison with the theoretical–predicted free-surface profile [solid
line in Figs. 8(b) and 8(e)] allows us to qualitatively estimate the
dynamic pressure effects in reshaping the surface profiles. We find that
the distribution of nonhydrostatic pressure acting at the interface
[~PNHðnÞ] resembles the dynamic pressure contribution expected at
the free surface, suggesting a strong relation between the nonhydro-
static forces and the short-surface disturbances. This is primarily con-
firmed by the correspondence of the inflection points between the
q1ðnÞ þHq2ðnÞ and ~PNHðnÞ (Fig. 8). This suggests that nonhydrostatic
pressures excited by the steepening of the interfacial profiles represent

FIG. 7. Dimensionless surface levels q
2 ¼ q1ðnÞ þ Hq2ðnÞ for cases with X < 0: [(a)–(c)] upstream-propagating soliton of elevation and [(d) and (e)] downstream-
propagating solitons of depression, for changing Fr02=jFr02;maxj. (a) case 6; (b) case 7; (c) case 8; (d) case 3; (e) Case: 2; (f) case 1.
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the main cause of short disturbances experienced by the free-surface
profiles. This is in full agreement with other evidence resulting from
theoretical predictions. Indeed, associated with larger v, the free-surface
disturbances are more pronounced and occur for relative lower magni-
tude of the background shear current (Fig. 7). This results to consistent
with the more pronounced steepening (i.e., larger nonhydrostatic pres-
sures) observed for more asymmetric stratified systems [Fig. 5(a)].
Moreover, it is not surprising that any surface disturbances are
observed for cases with X < 0, as the interfacial profiles broaden in
response to increasing shear currents [e.g., see Fig. 3(a) and 3(c)].

IV. DISCUSSION AND CONCLUSIONS

Following the Hamiltonian approach, we implement a mathe-
matical formulation (the HFS-ML model) aimed at predicting interfa-
cial solitons features as they propagate through a background shear
current, in a two-layer stratified system with a free surface. A real field
density configuration is properly set by imposing a density ratio
between the two layers equal to 0.99. The ratio between the layers’
thickness was instead varied in order to study both solitons of eleva-
tion and depression, under different stratified configurations.

For each case, we imposed a shear current, by introducing a back-
ground velocity for one of the two layers. In response to increasing back-
ground forcing, we found that changes in waves celerity, and
deformations of both interfacial and surface profiles experienced by
undisturbed solitons (i.e., for Fr0i ¼ 0), can be predicted by analyzing
the sign assumed by three dimensionless parameters: the initial wave
polarity (qamp1;0), the deformation parameter (X) and the background
velocity (Fr0i). The latter allows to predict if the initial, undisturbed wave
celerity will assume positive (for Fr0i > 0) or negative (for Fr0i < 0) var-
iations. The evolution of solitons shape can be predicted by the signs
assumed by qamp1;0 and X. The deformation parameter is obtained as
the ratio between the soliton- and the background-induced pseudo
vorticities. For increasing background shears, if the induced pseudo-
vorticities are concordant, both the interfacial and the free-surface

profiles are observed to broaden, up to invert their initial polarity.
For X < 0, although the interfacial profiles always steepen, the free
surface is observed to broaden or steepen depending on the initial
wave polarity (for positive and negative qamp1;0, respectively).

Our investigation showed that shear currents flowing against the
soliton-induced velocities can lead solitons to lose the single-humped
shape commonly observed at the free surface. Undulated and multi-
humped free-surface profile appears as short-wave disturbances can
develop in response to the interfacial profile steepening, which, in
turn, enhances the non-hydrostatic pressure components. For solitons
of elevations, this can leads the free surface to locally lose the typical
phase opposition with respect to the associated interfacial displace-
ment (i.e., f1f2 > 0). We remark, however, that for all cases, the prod-
uct ðq1 � 1Þðq2 � 1Þ is always negative.

By comparing our results with those obtained for the same cases
by la Forgia and Sciortino41 under rigid-lid conditions, it was possible
to investigate how the presence of a free surface may affect soliton’s
main features. We found that the buoyancy-induced free-surface dis-
placements cause solitons of depression (elevation) to assume a rela-
tive larger (lower) amplitude than the ones predicted by a rigid-lid
model. For finite background velocities, differences between predic-
tions provided by the two models are non-negligible for real field den-
sity distributions, characterized by lower layers thickness of about
102 m.13 Indeed, our results show, that the presence of the free surface
could lead the maximum interfacial displacements to be ’1 m larger
and ’10 m lower for elevation- and depression-type solitons, respec-
tively. Furthermore, also substantial changes in waves phase speed pre-
dictions raised from our analysis. For most cases, the rigid-lid
assumption produces an overestimation of solitons celerities.
Downstream-propagating interfacial waves predicted by of the HFS-
MLmodel are slower than the one derived from the MCC-MLmodel,
particularly for even more energetic background forcings (up to
’10 cm/s for solitons of elevation). Interestingly, upstream-
propagating solitons showed an opposite behavior: as they invert their

FIG. 8. Interfacial and free surface features of [(a)–(d)] case 8 upstream-propagating soliton of elevation in the presence of a background shear current
Fr02=jFr02;maxj ¼ �0:81. and [(e) and (f)] case 1 downstream-propagating soliton of depression in the presence of a background shear current Fr02=jFr02;maxj ¼ �0:63. [(a)
and (e)] horizontal velocity fields uðnÞ; [(b) and (e)] dimensionless free-surface profile [q
2 ¼ q1ðnÞ þ Hq2ðnÞ, solid lines] and buoyancy-induced surface displacement (thin
lines); [(c) and (f)] nonhydrostatic pressure ~PNH obtained by integrating Eq. (20).
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direction of propagation, indeed, the rigid-lid model predictions pro-
vide relatively slower solitons. Although under oceanic conditions the
rigid-lid assumption represents a good approximation, ISWs features
may be substantially affected by the free surface, as they are forced by
a background shear current. We point out that ISWs breaking, and the
consequent induced mixing, is strongly affected also by small changes
in solitons features.19,22 Both the breaking mechanism and the wave
energy, indeed, may significantly change in response to small varia-
tions of waves slopes, profiles, and celerity. Our results suggest that in
the presence of shearing currents, a rigid-lid approach is suitable only
for investigating the propagation of ISWs over a flat bottom. To model
the ISWs breaking processes, instead, the presence of the free surface
cannot be neglected. Indeed, more accurate estimations of the incident
waves features are needed in order to characterize more realistic initial
conditions before the waves shoaling.

APPENDIX: INITIAL CONDITIONS, DISPERSIVE
NONLINEAR TERMS AND DIMENSIONLESS FORM
OF THE HAMILTON’S EQUATIONS

1. Choice of initial conditions for the HFS-ML model
The choice of initial condition ðqð0Þ; pð0ÞÞ ¼ ðq0; p0Þ is a fun-

damental step if one would obtain soliton solutions from the differ-
ential system (11). To consider also the existence of multi-humped
solitons, we follow the technique proposed by Barros and
Gavrilyuk,34 Barros, Gavrilyuk, and Teshukov.35 It consists in
linearizing Eq. (11) in the neighborhood of the critical point
ðqc; 0Þ ¼ ð1; 1; 0; 0Þ in order to leave from a small neighborhood of
the saddle point qc � ð1; 1Þ of the dimensionless potential VdðqÞ,
and to remain as close as possible from the true homoclinic orbit.

For differential system (11), we thus derive the following linear
solution:

ðqlðnÞ; plðnÞÞ � ðqc; 0Þ þ eðdqðnÞ; dpðnÞÞ; (A1)

where e is a small, real parameter. We substitute Eq. (A1) in Eq.
(11), and we linearize with respect to e. By considering that ðqc; 0Þ
is a stationary solution of these equations, it follows:

dðdqðnÞ; dpðnÞÞT=dn ¼ AðdqðnÞ; dpðnÞÞT ; (A2)

where A ¼ Aðq;H; Fr01; Fr02; FrÞ is a 4� 4 matrix defined in the
Appendix and ð�ÞT the transpose operation. If constraints (18) are ful-
filled, for all our numerical tests, this matrix shows two purely imagi-
nary and two real and opposite eigenvalues.34,35 Consequently, there
will be only one positive eigenvalues Kþ with associate a nonoscillating
and nondecaying solution of the linear differential equation (A2),

ðdqðnÞ; dpðnÞÞ ¼ YExpðKþnÞ; (A3)

where Y � ðyq1 ; yq2 ; yp1 ; yp2Þ is the associate eigenvector:
AYT ¼ KþYT .

In conclusion, ðqlðnÞ; plðnÞÞ ¼ ðqc; 0Þ þ eYExpðKþnÞ is a lin-
earized solution of Eq. (11) in the neighborhood of the critical point
ðqc; 0Þ, which is able to provide as initial conditions,

ðqð0Þ;pð0ÞÞ ¼ ðqlð0Þ;plð0ÞÞ
¼ ðqc;0Þ þ eY ¼ ð1þ eyq1 ; 1þ eyq2 ; eyp1 ; eyp2Þ: (A4)

Initial condition in (A4) are those closest to the true homoclinic
orbit (e close to zero). Since ExpðKþnÞ is an increasing function
with respect to n (Kþ > 0), the sign of e has to be taken into
account in order to choose suitable small values. For depression-
type solitons, it thus results: q1ð0Þ < 1! eyq1 < 0 and
signðeÞ ¼ �signðyq1Þ; for elevation-type solitons, instead, eyq1 > 0,
then signðeÞ ¼ signðyq1Þ.

2. Definition of dispersive nonlinear terms dispi

disp1 �
1
g1

@

@x
1
3
g31G1

� �
þ q2

q1

@

@x
1
2
g22G2 � g2D

2
2g1

� �
;

disp2 �
1
g2

@

@x
1
3
g32G2 �

1
2
g22D

2
2g1

� �
þ 1

2
g2G2 � D2

2g1

� �
@g1
@x

;

Gi �
@2ui
@x@t

þ ui
@2ui
@x2
� @ui

@x

� �2

¼ � 1
gi
ðD2

i giÞ;

i ¼ 1; 2:

8>>>>>>>>>>><
>>>>>>>>>>>:

3. Hamilton’s equations in the dimensionless form

dq1=dn¼
6q1q2ð2p1�3Hp2qÞ

4ðFr�Fr01Þ2q2þ3ðFr�Fr02Þ2Hq1q
;

dq2=dn¼
6q2 2ðFr�Fr01Þ2p2q2�3ðFr�Fr02Þ2q1ðp1�2Hp2qÞ
� �

ðFr�Fr02Þ2H 4ðFr�Fr01Þ2q2þ3ðFr�Fr02Þ2Hq1q
� � ;

dp1=dn¼�f16ðFr�Fr01Þ6q22þ24ðFr�Fr01Þ4ðFr�Fr02Þ2Hq1q2qþ18ðFr�Fr02Þ4H2q51q
2

�8ðFr�Fr01Þ2q31q2 3ðFr�Fr02Þ2Hqð2þðFr�Fr01Þ2þ2HqÞ�2q2ð2ðFr�Fr01Þ2þ3ðFr�Fr02Þ2H2q2Þ
� �

�3ðFr�Fr02Þ2Hq41q 3ðFr�Fr02Þ2Hqð2þðFr�Fr01Þ2þ2HqÞ�2q2ð8ðFr�Fr01Þ2þ3ðFr�Fr02Þ2H2q2Þ
� �

þðFr�Fr01Þ2q21½9ðFr�Fr02Þ4H2q2þ4q22½8ðFr�Fr01Þ2Hq2q�4ðFr�Fr01Þ2ð2þðFr�Fr01Þ2þ2HqÞ
þ3ð2p1�3Hp2qÞ2��g=f2q21½4ðFr�Fr01Þ2q2þ3ðFr�Fr02Þ2Hq1q�2g;

dp2=dn¼
1
2H

2þðFr�Fr02Þ2þ2H� 3p22
ðFr�Fr02Þ2

�2q1�
ðFr�Fr02Þ2

q22
�2Hq2�

9ðFr�Fr02Þ2q21ð2p1�3Hp2qÞ2

4ðFr�Fr01Þ2q2þ3ðFr�Fr02Þ2Hq1q
� �2

" #
:

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:
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4. Definition of the matrix A

A �

0 0 A1;3 A1;4

0 0 A2;3 A2;4

A3;1 A3;2 0 0

A4;1 A4;2 0 0

0
BBBB@

1
CCCCA;

A1;3 ¼
12

4ðFr � Fr01Þ2 þ 3ðFr � Fr02Þ2Hq
;

A1;4 ¼ �
18Hq

4ðFr � Fr01Þ2 þ 3ðFr � Fr02Þ2Hq
;

A2;3 ¼ �
18

H 4ðFr � Fr01Þ2 þ 3ðFr � Fr02Þ2Hq
� � ;

A2;4 ¼
12 ðFr � Fr01Þ2 þ 3ðFr � Fr02Þ2Hq
� �

ðFr � Fr02Þ2H 4ðFr � Fr01Þ2 þ 3ðFr � Fr02Þ2Hq
� � ;

A3;1 ¼ ðFr � Fr01Þ2 � 1;

A3;2 ¼ �Hq;

A4;1 ¼ �1=H;

A4;2 ¼
ðFr � Fr02Þ2 � H

H
:

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:
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