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Tall random matrices with chaotic entries:
Approximate isometry and covariance estimation*
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Abstract

Let Wn, n ∈ N, be the Wishart matrix associated to an n × dn random matrix Fn

with independent rows (Fn)i, i = 1, . . . , n, whose components are in the qi-th, qi ∈ N,
Wiener chaos of an isonormal Gaussian process Xi. In the case when the random
matrix Fn is “tall”, i.e., dn = o(n), as n → ∞, we provide sufficient conditions on the
kernels and the orders of the Wiener chaoses which ensure that for any ε > 0 (small
enough) there exists nε such that P(‖Wn − Idn‖op ≤ ε) ≥ Ln,ε for any n > nε, and
Ln,ε → 1, as n → ∞. Here Idn denotes the dn × dn identity matrix and the symbol
‖ · ‖op denotes the operator norm of a square matrix. We explicitly compute the lower
bound Ln,ε in terms of n, dn and ε. As a by-product, we get that the random matrix
Fn/

√
n is an approximate isometry with high probability, as n → ∞. We apply the

main result to a covariance estimation problem, which is of potential interest in data
analysis. The theory is illustrated by means of matrices Fn whose entries are suitable
stochastic integrals of Ornstein-Uhlenbeck processes.
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1 Introduction

Wishart matrices, introduced in [44], are random matrices of particular importance
in statistics as they constitute special classes of sample covariance matrices which find
applications in various fields. Let Fn,d = (Fij)1≤i≤n, 1≤j≤d, n, d ∈ N := {1, 2, . . .}, be a
random matrix with real entries. Its associated Wishart matrix is the symmetric d× d

random matrix Wn,d :=
1
nF

>
n,dFn,d, where F>

n,d denotes the transpose of the matrix Fn,d.
If the random variables Fij are i.i.d., centered with unit variance, d is fixed and n → ∞,
then (i) by the Strong Law of Large Numbers Wn,d converges almost surely to the
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Tall random matrices

d× d identity matrix Id (ii) by the Multivariate Central Limit Theorem the renormalized
Wishart matrix

√
n(Wn,d − Id) converges in distribution to a random vector distributed

according to a centered d-dimensional Gaussian law, provided that the fourth moment of
F11 is finite.

For many years, the framework where d is fixed and n goes to infinity was sufficient
for applications. Nowadays, due to the increasing need of handling large data sets, the
high-dimensional regime, where both n and d are large simultaneously, is instead the
usual context, see e.g. [14]. In the high-dimensional setting, the Law of Large Numbers
and the Central Limit Theorem cannot be applied anymore, and to study the asymptotic
behavior of the Wishart matrix, one has to employ different techniques. It is well-known
that if n, d → ∞ in such a way that d

n → c ∈ (0,∞), then the empirical measure of the
eigenvalues of Wn,d converges weakly to the Marchenko-Pastur law [19]. This central
result has been refined in various directions; e.g. the independence assumption among
the entries of Fn,d has been relaxed in a number of ways, see the important contributions
[1, 29, 45], among many others.

However, in some applications n and d do not have the same asymptotic order, and
therefore the Marchenko-Pastur Theorem is not appropriate to describe the asymptotics
of the corresponding large Wishart matrix. The limiting distribution for families of
eigenvalue statistics of general sample covariance matrices in the regimes d/n → ∞ and
d/n → 0 has been investigated in the interesting articles [35] and [2], respectively.

Recently, many authors took another approach to analyze large Wishart matrices. Let
Zd = (Zij)1≤i≤d, 1≤j≤d be the GOE (Gaussian Orthogonal Ensemble) random matrix, i.e.,
the random variables Zii are distributed according to the Gaussian law with mean 0 and
variance 2, the random variables Zij , i < j, are distributed according to the standard
Normal law, Zij = Zji for j > i, and the random variables {Zij : i ≤ j} are independent.
It has been independently proved in [6, 13] that, if the random variables Fij are i.i.d.
standard Gaussian, then the total variation distance between the law of the renormalized
Wishart matrix

√
n(Wn,d − Id) and the law of Zd tends to zero when d3

n → 0, as n, d → ∞.
In [6] it is also proved that if n

d3 → 0, as n, d → ∞, then the total variation distance
between the laws of

√
n(Wn,d−Id) and Zd tends to 1, in this sense the condition d3 = o(n)

is sharp. In [36] it is proved that if n
d3 → c ∈ (0,∞), as n, d → ∞, then the total variation

distance between the laws of
√
n(Wn,d − Id) and Zd tends to Erf

(
1

4
√
3c

)
, as n, d → ∞.

Here Erf(·) denotes the Gauss error function; note that, as either c → ∞ or c → 0 one
has that either the total variation distance between the laws of

√
n(Wn,d − Id) and Zd

tends to 0 or to 1, meaning that the “phase transition” from Wishart to GOE is smooth.
The achievements in [6] have been generalized in [7] to the case where the entries Fij
are i.i.d. from a log-concave distribution.

The statistical inference based on observations belonging to Wiener chaoses of
arbitrary order has been intensively studied, see e.g. [8, 9, 32, 41] among other con-
tributions. This has stimulated mathematical research on Wishart matrices associated
to random matrices with chaotic entries. Let H be a real separable Hilbert space
equipped with the inner product 〈·, ·〉H, and let {eij}i,j∈N ⊂ H be a family such that
〈eij , ei′j′〉H = 1{i=i′}s(j − j′), where s : Z→ R, Z := {0,±1,±2, . . .}, is a correlation func-
tion satisfying s(0) = 1. Suppose that the entries of Fn,d are of the form Fij = IX1 (eij),
where X is an isonormal Gaussian process over H and IXq (·), q ∈ N, denotes an element
of the q-th Wiener chaos of X (we refer the reader to the Appendix A for any unexplained
notions and notation). Letting Wn,d be the Wishart matrix associated to the chaotic
random matrix Fn,d, it is proved in [25] that the Wasserstein distance between the law of
√
n(Wn,d − Id) and the law of Gn,d is bounded above by

√
192d3

n

(∑
k∈Z: |k|≤n |s(k)|4/3

)3
.

Here Gn,d = (Gij)1≤i≤d, 1≤j≤d is a symmetric random matrix, whose associated random
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vector (G11, . . . , G1d, . . . , Gd1, . . . , Gdd) is distributed according to the d2-dimensional
Gaussian law with mean 0 and the same covariance matrix as the random vector as-
sociated to the renormalized Wishart matrix

√
n(Wn,d − Id). Therefore if s ∈ `4/3(Z),

then the Wasserstein distance is O

(√
d3

n

)
, and so, similarly to [6, 13], one has that

the renormalized Wishart matrix is close to Gn,d if
d3

n → 0, as n, d → ∞. Note that, in
the setting of [25], the random variables Fij are standard Gaussian, but only the rows
(Fn,d)i, i = 1, . . . , n, are i.i.d. This means that the context of [6, 13] has been extended
to a situation where the entries of Fn,d are Gaussian and partially correlated. The row
independence has been relaxed in other results of [25], and in [24]. Another important
achievement of [25] concerns the study of the asymptotic behavior of Wishart matrices
associated to the random matrix Fn,d with entries Fij := IX1 (eij), where the family
{eij}i,j∈N ⊂ H is such that 〈eij , ei′j′〉H = 1{i=i′}sH(j − j′), being sH(k) the correlation
function of the fractional Brownian motion with Hurst parameter H ∈ (0, 1). In particular,
for each value of H ∈ (0, 3

4 ], it is estimated the Wasserstein distance between the law
of

√
n(Wn,d − Id) and the law of the corresponding random matrix Gn,d. Interestingly,

when H ∈ (3/4, 1) a new phenomenon appears: the Wishart matrix associated with Fn,d,
properly renormalized, converges to the so-called Rosenblatt-Wishart random matrix
Rd = (Rij)1≤i≤d, 1≤j≤d, a new random matrix model, introduced in [25], whose entries
are suitable elements of the second Wiener chaos of X and whose diagonal elements Rii
are all independent from each other and have the Rosenblatt distribution.

The fluctuations of Wishart matrices associated to randommatrices with non-Gaussian
entries are investigated in [4]. Let Fn,d be the n × d random matrix with entries
Fij := IXqi (fij), fij ∈ H◦qi , where qi ∈ N are such that max1≤i≤n qi ≤ Q, for some Q ∈ N
not depending on n, and assume that the random variables Fij are independent (but
not necessarily identically distributed) and that the kernels are chosen in such a way
that qi‖fij‖2H⊗qi

= 1 and EF 2
ij = 3. Let Wn,d be the Wishart matrix associated to Fn,d.

It is proved in [4] that the Wasserstein distance between the law of the renormalized

Wishart matrix
√
n(Wn,d − Id) and the law of the GOE matrix Zd is O

(√
d3

n

)
. Another

direction of research considered in [4] is to study the asymptotic behavior of the suitable
renormalized Wishart matrix associated to a random matrix Fn,d = (Fij)1≤i≤n, 1≤j≤d
whose elements are partially correlated and belong to the second Wiener chaos. More
precisely, Fij := R

(i)
j − R

(i)
j−1, where R(i) = {R(i)

j }0≤j≤d, 1 ≤ i ≤ n, are n independent
Rosenblatt processes with a same Hurst parameter H ∈ (1/2, 1). In this case the suitably
renormalized Wishart matrix converges in law, as n → ∞, to a diagonal matrix whose
diagonal elements are random variables distributed according to the Rosenblatt law; the
authors are also able to quantify the Wasserstein distance associated to this limit.

In the recent contribution [5] are investigated the high-dimensional asymptotics of a
properly renormalized Wishart matrix associated to a Gaussian matrix with correlated
and non-stationary entries. Two distinct regimes emerge. In the first one, the law
of the properly renormalized Wishart matrix becomes close in Wasserstein distance
to the law of the GOE random matrix. In the second one, the law of the properly
renormalized Wishart matrix becomes close in Wasserstein distance to the law of the
Rosenblatt-Wishart random matrix.

The proofs in [4, 5, 24, 25] employ the Stein-Malliavin calculus, a new technique,
introduced to quantify Nualart and Peccati’s Fourth Moment Theorem [27], that has
been extensively developed by the authors of [20, 21], as well as other researchers, see
e.g. [10, 16, 18, 22, 23, 30, 33, 34, 37, 38, 39, 40]. In this paper we use this technique,
combined with some ideas borrowed from high-dimensional probability [42, 43], to
address a question that, to the best of our knowledge, has not been studied so far
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in the context of random matrices with chaotic entries. Let Fn,d be an n × d random
matrix whose rows (Fn,d)i, 1 ≤ i ≤ n, are independent, centered, sub-Gaussian and
isotropic random vectors in Rd, and denote by Wn,d the associated Wishart matrix. It is
well-known that, for every t ≥ 0,

P

‖Wn,d − Id‖op ≤ ( max
1≤i≤n

‖(Fn,d)i‖ψ2)
2 max

C

(√
d

n
+

t√
n

)
, C2

(√
d

n
+

t√
n

)2



≥ 1− 2e−t
2

for a positive constant C > 0 not depending on n and d (see e.g. Theorem 4.6.1 p. 91 in
[42]). Here ‖·‖op denotes the operator norm of a square matrix (see Section 4 for a formal
definition) and ‖ · ‖ψ2 denotes the sub-Gaussian norm of a sub-Gaussian random vector
(see Definitions 3.4.1 and 2.5.6 in [42]). Let ε > 0 be arbitrarily fixed, take d = dn = o(n),
t = tn = o(

√
n), as n → ∞, and suppose that there exists a positive constant K > 0 (not

depending on n) such that max1≤i≤n ‖(Fn)i‖ψ2
≤ K, where Fn := Fn,dn (in particular

this condition is satisfied if e.g. the entries of Fn are centered Gaussian with variances
bounded above by a same absolute constant or the entries of Fn are bounded random
variables whose modulus is bounded above by a same absolute constant). Then there
exists nε such that

P (‖Wn − Idn‖op ≤ ε) ≥ 1− 2e−t
2
n , ∀ n > nε (1.1)

where Wn := Wn,dn .
In this paper we prove a relation similar to (1.1) in the high-dimensional regime when

dn = o(n), as n → ∞, and the rows (Fn)i, 1 ≤ i ≤ n, are still independent, but their
components are in the qi-th, qi ∈ N, Wiener chaos of an isonormal Gaussian process
Xi. Note that for matrices with chaotic entries of order bigger than or equal to 1 the
conditions which guarantee (1.1), mentioned above, are in general not satisfied. As a by-
product, we provide sufficient conditions which ensure that the “tall” random matrices
Fn/

√
n, with Fn having suitable chaotic entries, are approximate isometries. We apply

the main result to a covariance estimation problem, which is of potential interest in data
analysis. We leave to future research not only the study of the regimes where either dn
is asymptotically proportional to n or dn/n → ∞, as n → ∞, but also the investigation
of analogous results when the elements of the random matrix Fn belong to chaoses on
Poisson and Rademacher spaces (see [16, 30, 18, 22, 34]).

The article is organized as follows. The main results concerning approximate isome-
tries and covariance estimation are stated in Section 2, see Theorem 2.2 (approximate
isometries) and Theorem 2.5 (covariance estimation). Their proofs exploit a basic in-
equality, which is also stated in Section 2, see Theorem 2.1. As already mentioned, one
of the tools exploited in the proofs is the Malliavin-Stein method. In Section 3 we use this
approach to provide a bound on the Kolmogorov distance between the Chi-Square law
with n degrees of freedom and the law of the sum of the squares of n independent and
centered random variables taking values on real Hilbert spaces and satisfying an integra-
tion by parts formula, see Corollary 3.4. Although results concerning the Chi-Square (or
more generally, the Gamma) approximation already exist (see e.g. [20]), we found them
not appropriate for our aims. For this reason, we provided new approximation bounds
on the Chi-Square law which are both of independent interest and perfectly tailored to
our scopes. In Section 4, we combined the estimates given in Section 3 with typical
arguments of high-dimensional probability, such as approximation by δ-nets, to prove an
abstract lower bound on the probability P(‖Wn,d−Id‖op ≤ ε), for any ε > 0, see Theorem
4.4. Here Wn,d is the Wishart matrix associated to a random matrix Fn,d, whose rows
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(Fn,d)i, i = 1, . . . , n, are independent, centered and such that certain linear combinations
of their elements satisfy an integration by parts formula. Section 5 contains an intermedi-
ate step towards the main results. Indeed, applying Theorem 4.4. we provide an abstract
lower bound on the probability P(‖Wn,d − Id‖op ≤ ε), ε > 0, when the entries of Fn,d are
chaotic. In Section 6, we prove the above mentioned basic inequality of Theorem 2.1.
In Section 7, we prove Theorem 2.2., i.e., we prove that, for any ε > 0 (small enough),
the event {‖Wn − Idn‖op ≤ ε} occurs with high probability, and indeed we are able to
give an explicit lower bound on the quantity P(‖Wn − Idn‖op ≤ ε), for all n large enough.
Here Wn is the Wishart matrix associated to a “tall” random matrix Fn := Fn,dn with
dn = o(n), as n → ∞, and with independent rows (Fn)i whose components belong to the
qi-th Wiener chaos of an isonormal Gaussian process Xi. In Section 8, we prove Theorem
2.5. Roughly speaking, we address the following covariance estimation problem. Let
IX(d) be a d-dimensional random vector whose components belong to the q-th Wiener
chaos of an isonormal Gaussian process X. Let Σd be the covariance matrix of IX(d) and
let Σ̂n,d be the sample covariance matrix based on n data (i.e., n independent samples
from IX(d)). We prove that, for any ε > 0 (small enough), the event {Rn ≤ ε} occurs
with high probability, as n grows large, and indeed we are able to give an explicit lower
bound on the quantity P(Rn ≤ ε), for all n large enough. Here Rn is the relative error
concerning the approximation of Σdn by Σ̂n,dn (in the operator norm) and dn = o(n), as
n → ∞. Finally, in Section 9, we apply Theorem 2.2 to random matrices with indepen-
dent rows and entries given by suitable stochastic integrals of the Ornstein-Uhlenbeck
process (see Theorem 9.1), and we apply Theorem 2.5 to random vectors with entries
given by suitable stochastic integrals of the Ornstein-Uhlenbeck process (see Theorem
9.4). We include the Appendices A, B, C, D and E, where we give some preliminaries on
the Malliavin calculus on the Wiener space, and we prove some ancillary results.

2 Statement of the main results

In this section we state the main theoretical results of the paper. Throughout this
section, H1, . . . ,Hn are real separable Hilbert spaces and X1, . . . , Xn are independent
isonormal Gaussian processes, Xi over Hi, i = 1, . . . , n, n ∈ N. As already mentioned
in the introduction, IXi

q (·) denotes an element of the q-th Wiener chaos, q ∈ N, of the
isonormal Gaussian process Xi. Here again, we refer the reader to the Appendix A for
any unexplained notions and notation.

2.1 A basic relation

Herafter, we denote by smin(A) (respectively, smax(A)) the smallest (respectively, the
biggest) singular value of a rectangular matrix A (see Section 4 for a formal definition),
by ‖ · ‖ the Euclidean norm in Rp, for some p ∈ N, and by f ⊗r g, r ∈ N, the contraction
of f and g of order r (see the Appendix A).

Theorem 2.1. Let n ∈ N \ {1, 2}, d, qi ∈ N, i = 1, . . . , n, and let Fn,d denote the n × d

random matrix Fn,d := (IXi
qi (fij))1≤i≤n, 1≤j≤d, where fij ∈ H◦qi

i , i = 1, . . . , n, j = 1, . . . , d.
Let ϕ1,n,d, ϕ2,n,d and ϕ3,n,d be three non-negative quantities such that:

sup
1≤i≤n

sup
1≤j≤d

|1− (qi!)‖fij‖2H⊗qi
i

| ≤ ϕ1,n,d, (2.1)

If d ≥ 2, then sup
1≤i≤n

sup
1≤j 6=k≤d

|〈fij , fik〉H⊗qi
i

| ≤ ϕ2,n,d, (2.2)

If {i : qi ≥ 2} 6= ∅, then sup
1≤i≤n: qi≥2

sup
1≤j≤d

sup
1≤r≤qi−1

‖fij ⊗r fij‖H⊗2(qi−r)

i

≤ ϕ3,n,d. (2.3)

We set ϕ2,n,d := 0 if d = 1 and ϕ3,n,d := 0 if qi = 1 for any i.
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Assume that there exists Q ∈ N (not depending on n) such that

max
1≤i≤n

qi ≤ Q. (2.4)

Then, for every ε ∈ (0, 1), we have

P

(
1− ε ≤ smin

(
Fn,d√

n

)
≤ smax

(
Fn,d√

n

)
≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fn,du

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ ε

)
≥ 1− 5 inf

δ∈(0,1/2)

(
2

δ
+ 1

)d(
e−

n
8 ε

2(1−2δ)2 +

√
5

π1/4

1

(n− 2)1/4

√
Φn,d +Φn,d

)
, (2.5)

where
Φn,d := κQndmax{ϕ1,n,d, (d− 1)ϕ2,n,d, ϕ3,n,d + (d− 1)ϕ2

3,n,d}

and
κQ := 1 +Q! +Q(Q− 1)[(Q− 1)!]2

√
(2Q− 2)!. (2.6)

2.2 Approximate isometry

Roughly speaking, the next theorem shows that if the kernels fij depend on n, i.e.,

fij = f
(n)
ij , and are properly chosen, and d = dn = o(n), as n → ∞, then the lower bound

(2.5) can be made explicit and tends to 1, as n → ∞.
Hereafter, we shall consider the polynomial of third degree

f(δ) := δ(2 + δ)(1− 2δ), δ ∈ (0, 1/2).

Note that f(·) is concave, continuous, equal to zero in 0 and 1/2, strictly increasing on
(0, δ∗), δ∗ := 1

6 (
√
21− 3), strictly decreasing on (δ∗, 1/2) and

f(δ∗) =
7
√

7/3

6
− 3

2
> 0. (2.7)

Theorem 2.2. Let n ∈ N \ {1, 2}, qi, dn ∈ N, i = 1, . . . , n, and let Fn denote the n × dn
random matrix Fn := (IXi

qi (f
(n)
ij ))1≤i≤n, 1≤j≤dn , where f

(n)
ij ∈ H◦qi

i , i = 1, . . . , n, j =

1, . . . , dn.
Assume (2.4) and dn = o(n), as n → ∞, let

0 < ε <
f(δ∗)

4
√
κQ

(
e−3/2

√
12κQ +

√
5
(
3
π

)1/4) < 1

be arbitrarily fixed and let {ϕh,n}n, h = 1, 2, 3, be three sequences of non-negative
numbers that satisfy the following conditions (i) and (ii):
(i) There exists an index n′

ε ≥ 2 such that

d3nmax{ϕ1,n, dnϕ2,n, dnϕ3,n} ≤ ε6n
3
2 e−

nε2

4 , ∀ n > n′
ε. (2.8)

(ii) There exists an index n′′ ≥ 2 such that, for any n > n′′, the relations (2.1), (2.2) and

(2.3) hold with fij = f
(n)
ij , d = dn and ϕh,n,dn = ϕh,n, h = 1, 2, 3.

Here κQ is defined by (2.6), f(δ∗) is given by (2.7) and we set ϕ2,n := 0 if dn = 1, and
ϕ3,n := 0 if qi = 1 for any i.
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Then, there exists nε ≥ 2 such that

P

(
1− ε ≤ smin

(
Fn√
n

)
≤ smax

(
Fn√
n

)
≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fnu

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rdn
)

≥ P
(∥∥∥ 1

n
(Fn)

>Fn − Idn

∥∥∥
op

≤ ε

)
≥ 1− 5

(
2

δ1(n, ε)
+ 1

)dn (
e−

n
8 ε

2(1−2δ1(n,ε))
2

+ cε
n

dn
e−nε

2/8

)
, ∀ n > nε. (2.9)

Here

δ1(n, ε) := 2

√
7

12
cos

5π

3
− 1

3
arctan

2

√
343
1728 − 1

4

(
3
4 +

2( dn
n +cε)

ε2

)2
3
4 +

2( dn
n +cε)

ε2


 ∈ (0, 1/2)

(2.10)
and

cε := ε3
√
κQ

(
e−3/2

√
12κQ +

√
5

(
3

π

)1/4
)
. (2.11)

It turns out that(
2

δ1(n, ε)
+ 1

)dn (
e−

n
8 ε

2(1−2δ1(n,ε))
2

+ cε
n

dn
e−nε

2/8

)
= e−

nε2

8 (1−2δε)
2(1+o(1)) + cε

n

dn
e−

nε2

8 (1+o(1)), as n → ∞ (2.12)

where

δε := 2

√
7

12
cos

5π

3
− 1

3
arctan

2

√
343
1728 − 1

4

(
3
4 + 2cε

ε2

)2
3
4 + 2cε

ε2

 ∈ (0, 1/2).

Therefore the lower bound (2.9) tends to 1 as n → ∞.

Remark 2.3. It is worthwhile to emphasize that the “smallness” condition (2.8) may
imply (e.g. in some specific examples, see Remark 9.2) that d3n = o(n), as n → ∞. As
discussed in the Introduction, this is exactly the regime under which various statistical
distances between renormalized Wishart matrices, based on suitable classes of chaotic
random variables, and random matrices belonging to suitable Gaussian Ensembles, tend
to zero, as n → ∞, see [4, 6, 13, 24, 25].

Remark 2.4. Theorem 2.2 provides sufficient conditions which guarantee that, for n large
enough, the random matrix Fn/

√
n is an approximate isometry with high probability.

Note that the assumption (2.8) is satisfied if

d3nmax{ϕ1,n, dnϕ2,n, dnϕ3,n} = o
(
n

3
2 e−

nε2

4

)
, as n → +∞.

A close inspection of the proof of Theorem 2.2 gives the theoretical expression of the
index nε in (2.9), see Remark 7.2. In specific cases, the expression of nε can be explicitly
computed: see Remark 9.3 for a concrete application to random matrices whose entries
are (suitable) stochastic integrals of Ornstein-Uhlenbeck processes.
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2.3 Covariance estimation

Suppose that we are analyzing some data which are represented as n points D1,d, . . . ,

Dn,d, n ∈ N, of dimension d ∈ N sampled independently from an unknown vector of the
form

IX(d) := (IXq (f1), . . . , I
X
q (fd)),

for some q ∈ N, some isonormal Gaussian process X over a real separable Hilbert space
H and some kernels fj ∈ H◦q, j = 1, . . . , d. One of the most popular data exploration tool
is the Principal Component Analysis, for which, when we do not have access to the full
distribution of IX(d), covariance estimation is a fundamental step.

Let Σd := EIX(d)>IX(d) be the covariance matrix of IX(d). By the isometry formula
(A.1) we have

Σd = (q!〈fj , fk〉H◦q )1≤j,k≤d.

Thus estimating the covariance of IX(d) means estimating the quantities q!〈fj , fk〉H◦q ,
j, k = 1, . . . , d. The standard estimator of Σd is the sample covariance matrix

Σ̂n,d :=
1

n

n∑
i=1

D>
i,dDi,d.

Note that Σ̂n,d is unbiased, i.e., EΣ̂n,d = Σd, and, for d ∈ N fixed, consistent, indeed, by
the Strong Law of Large Numbers

Σ̂n,d → Σd almost surely, as n → ∞.

If d = dn depends on n, then consistency is no more guaranteed by the Strong Law of
Large Numbers, and a natural question to address is the following: for which values of
n, does the sample covariance Σ̂n,dn accurately estimate Σdn?

Let f (n)
i ∈ H◦q, i = 1, . . . , dn, n ∈ N \ {1, 2}, q, dn ∈ N, be kernels. We denote by Σ(n)

the covariance matrix of I(n)X (dn) := (IXq (f
(n)
1 ), . . . , IXq (f

(n)
dn

)), i.e.,

Σ(n) := (q!〈f (n)
j , f

(n)
k 〉H◦q )1≤j,k≤dn (2.13)

and by Σ̂
(n)

the sample covariance of Σ(n), i.e.,

Σ̂
(n)

:=
1

n

n∑
i=1

(D
(n)
i )>D

(n)
i ,

being D
(n)
1 , . . . ,D

(n)
n n independent samples from I

(n)
X (dn). We denote by

Rn :=
‖Σ̂

(n)
−Σ(n)‖op

‖Σ(n)‖op
(2.14)

the relative error concerning the approximation of Σ(n) by the sample covariance Σ̂
(n)

.
The next theorem shows that if the kernels f (n)

j are properly chosen and dn = o(n), as
n → ∞, then, for any ε > 0, the event {Rn ≤ ε} occurs with high probability, as n → ∞.

Theorem 2.5. Let n ∈ N \ {1, 2}, q, dn ∈ N and let Rn be defined by (2.14).
Assume dn = o(n), as n → ∞, let

0 < ε <
f(δ∗)

4
√
κq

(
e−3/2

√
12κq +

√
5
(
3
π

)1/4) < 1
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be arbitrarily fixed, and let {ϕ̃h,n}n, h = 1, 2, 3, be three sequences of non-negative
numbers that satisfy the following conditions (i) and (ii):
(i) There exists an index n′

ε ≥ 2 such that

d10n max{ϕ̃1,n, ϕ̃2,n, ϕ̃3,n} ≤ 1

C1(q)
ε6n3/2e−

nε2

4 , ∀ n > n′
ε. (2.15)

(ii) There exists an index n′′ ≥ 2 such that ∀ n > n′′

sup
1≤j≤dn

|1− q!‖f (n)
j ‖2H⊗q | ≤ ϕ̃1,n, (2.16)

If dn ≥ 2, then sup
1≤j 6=k≤dn

|〈f (n)
j , f

(n)
k 〉H⊗q | ≤ ϕ̃2,n, (2.17)

If q ≥ 2, then sup
1≤j≤dn

sup
1≤r≤q−1

‖f (n)
j ⊗r f (n)

j ‖H⊗2(q−r) ≤ ϕ̃3,n. (2.18)

Furthermore, assume that there exists and index n′′′ ≥ 2 such that the covariance
matrices Σ(n) are invertible for every n > n′′′.

Here κq is defined by (2.6) with q in place of Q, f(δ∗) is given by (2.7),

C1(q) :=
67

4
+

55

4
q! +

63

2
(q!)2 + 10(q!)3, (2.19)

and we set ϕ̃2,n := 0 if dn = 1, and ϕ̃3,n := 0 if q = 1.
Then there exists nε ≥ 2 such that

P(Rn ≤ ε) ≥ 1− 5

(
2

δ′1(n, ε)
+ 1

)dn (
e−

n
8 ε

2(1−2δ′1(n,ε))
2

+ c′ε
n

dn
e−nε

2/8

)
, ∀ n > nε.

(2.20)

Here the quantities δ′1(n, ε) and c′ε are defined, respectively, as δ1(n, ε) in (2.10) and cε in
(2.11) with q in place of Q. It turns out that relation (2.12) holds with δ′1(n, ε) and c′ε in
place of δ1(n, ε) and cε, respectively, and therefore the rightmost term in (2.20) tends to
1, as n → ∞.

Remark 2.6. Theorem 2.5 provides sufficient conditions which guarantee that, for n large
enough, the relative error Rn is small with high probability. Note that the assumption
(2.15) is satisfied if

d10n max{ϕ̃1,n, ϕ̃2,n, ϕ̃3,n} = o
(
n3/2e−

nε2

4

)
, as n → ∞.

Here again, a close inspection of the proof of Theorem 2.5 gives the theoretical expression
of the index nε in (2.20), see Remark 8.2. In specific cases, the expression of nε can be
explicitly computed: see Remark 9.5 for a concrete application to random vectors whose
components are (suitable) stochastic integrals of Ornstein-Uhlenbeck processes.

2.4 The intuition behind the results

The following Proposition 2.7 is an immediate consequence of some findings in [20],
[28] and [31] (see also [21] and [23]). It is proved in the Appendix B for completeness.
Hereon, for d ∈ N, we denote by δjk, 1 ≤ j, k ≤ d, the Kronecker symbol.

Proposition 2.7. Let d, q ∈ N and X an isonormal Gaussian process on a real separable
Hilbert space H. For j = 1, . . . , d and m ∈ N, let g(m)

j ∈ H◦q. Assume that, for any
j, k = 1, . . . , d,

q!〈g(m)
j , g

(m)
k 〉H⊗q → δjk, as m → ∞. (2.21)
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Moreover, assume that if q ≥ 2, then, for any j = 1, . . . , d and any r = 1, . . . , q − 1,

‖g(m)
j ⊗r g(m)

j ‖H⊗2(q−r) → 0, as m → ∞. (2.22)

Then (IXq (g
(m)
1 ), . . . , IXq (g

(m)
d )) converges in distribution to a random vector distributed

according to the d-dimensional standard Gaussian law, as m → ∞.

We can now explain the intuition behind our results. Let m,n, d ∈ N, qi ∈ N,
i = 1, . . . , n, and Fm,n,d = (IXi

qi (f
(m)
ij ))1≤i≤n, 1≤j≤d, where f

(m)
ij ∈ H◦qi

i . Suppose that, for
any i = 1, . . . , n:

lim
m→∞

qi!〈f (m)
ij , f

(m)
ik 〉

H
⊗qi
i

= δjk, ∀ j, k = 1, . . . , d

and

If qi ≥ 2, then lim
m→∞

‖f (m)
ij ⊗r f (m)

ij ‖
H

⊗2(qi−r)

i

= 0, ∀ j = 1, . . . , d and ∀ r = 1, . . . , qi − 1.

By Proposition 2.7 and the fact that the rows of Fm,n,d are independent (since the isonor-
mal Gaussian processes X1, . . . , Xn are independent, as assumed at the beginning of
Section 2), it follows that, as m → ∞, Fm,n,d converges in law to the n×d random matrix
Nn,d whose entries are independent and distributed according to the 1-dimensional stan-
dard Gaussian law. Clearly, relation (1.1) holds with Fn := Nn,dn . Therefore, intuitively,
under suitable (not obvious) assumptions, one may hope that a relation similar to (1.1)
holds with Fn := (IXi

qi (f
(n)
ij ))1≤i≤n, 1≤j≤dn .

3 Chi-Square approximation

The following characterization of the gamma distribution (see [17]) is the starting
point of Stein’s method for gamma approximation. The random variable X has the
gamma distribution with parameters (r, λ), denoted by Γr,λ, r, λ ∈ R+ := (0,∞), if and
only if

E[Xf ′′(X) + (r − λX)f ′(X)] = 0,

for all twice differentiable functions f : R+ → R, which are such that the expectations
E|Zf ′′(Z)|, E|f ′(Z)| and E|Zf ′(Z)| are finite for Z ∼ Γr,λ. Hereafter, we write Y ∼ L if
Y is a random element distributed according to the probability law L.

Let h : R+ → R be a measurable function such that E|h(Z)| < ∞, and again Z ∼ Γr,λ.
It is straightforward to verify that

f ′(x) :=
1

xp(x)

∫ x

0

(h(t)− Γr,λh)p(t)dt, p(x) :=
λr

Γ(r)
xr−1e−λx, x ∈ R+ (3.1)

solves the Stein equation

xf ′′(x) + (r − λx)f ′(x) = h(x)− Γr,λh, x ∈ R+. (3.2)

Hereafter, given a probability law L and a measurable function h, we often denote Eh(Y ),
where Y ∼ L, by Lh; we also denote by Γ the Euler gamma function.

The following lemma collects results from [11] and [17]. We set

Cλ := {h : R+ → R : h is absolutely continuous and ∃c > 0, a < λ such that

|h(x)| ≤ ceax, ∀x ∈ R+}.

We also let
Mb := {h : R+ → R measurable and bounded}

and ‖ · ‖∞ := supx>0 | · |.
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Lemma 3.1. Let f ′ be the solution (3.1) of the Stein equation (3.2). The following
relations hold:
(i) If h ∈ Cλ, then ‖f ′‖∞ ≤ ‖h′‖∞

λ .
(ii) If h ∈ Mb, then supx>0 |xf ′′(x)| ≤ 4‖h‖∞.

In this section, all the random variables are real-valued and defined on an underlying
probability space (Ω,F ,P). Throughout this paper we shall consider the set of functions
C1
b defined by

C1
b := {g : R→ R such that g is continuously differentiable with g′ bounded} . (3.3)

Furthermore, H denotes a generic real Hilbert space, with inner product 〈·, ·〉H and

norm 〈y, y〉1/2H = ‖y‖H, and the symbol L2(Ω,F ,P;H) denotes the class of those H-valued
random elements Y that are F -measurable and such that E‖Y ‖2H < ∞. If H = R, we
simply write L2(Ω,F ,P) in place of L2(Ω,F ,P;R).

Let X,Y be two R+-valued random variables. Throughout this paper, we shall
consider the distance d{1} and the Kolmogorov distance dK between the laws of X and
Y , which are defined as

d{1}(X,Y ) := sup
h∈H{1}

|Eh(X)− Eh(Y )|

and
dK(X,Y ) := sup

x∈R+

|P(X ≤ x)− P(Y ≤ x)|,

respectively. Here,

H{1} := {h : R+ → R such that h is absolutely continuous and ‖h‖∞, ‖h′‖∞ ≤ 1}.

Since Lipschitz continuous functions are absolutely continuous it follows that

d{1} ≥ dbW , (3.4)

where dbW denotes the bounded Wasserstein distance (also known as Fortet-Mourier or
Dudley metric), i.e.,

dbW (X,Y ) := sup
h∈HbW

|Eh(X)− Eh(Y )|,

where

HbW := {h : R+ → R such that h is Lipschitz and ‖h‖∞, ‖h′‖∞ ≤ 1}.

Note that both d{1} and dK metrize the convergence in distribution.
Hereon, we denote by χ2

n the Chi-Square distribution with n ∈ N degrees of freedom,
For a random variable X defined on (Ω,F ,P) and with values on a measurable space
(E, E), we put PX(B) := P ◦X−1(B), B ∈ E .

3.1 Chi-Square approximation in the d{1}-distance

The next theorem provides a general bound for the Chi-Square approximation in the
d{1}-distance.

Theorem 3.2. For n ∈ N, let F1, . . . , Fn be independent and centered real-valued random
variables defined on (Ω,F ,P) and let H1, . . . ,Hn be real Hilbert spaces. For any i =

1, . . . , n, we assume that there exist random elements C(i)(Fi),∆
(i)(Fi) ∈ L2(Ω,F ,P;Hi)

such that
EFig(Fi) = Eg

′(Fi)〈C(i)(Fi),∆
(i)(Fi)〉Hi

, g ∈ C1
b . (3.5)
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Then

d{1}(Sn, Zn) ≤ 5

n∑
i=1

E|1− 〈C(i)(Fi),∆
(i)(Fi)〉Hi

|, (3.6)

where Sn :=
∑n
i=1 F

2
i and Zn ∼ χ2

n.

Remark 3.3. We refer the reader to the Appendix A for any unexplained notion and
notation in this remark. To orient the reader on the verification of the crucial assumption
(3.5), we note that, if the random variables Fi in the statement of Theorem 3.2 lie in
D1,2, then, by formula (A.5), we have that the integration by parts (3.5) holds with
C(i)(Fi) = −DL−1Fi and ∆(i)(Fi) = DFi, where D is the Malliavin derivative operator
and L−1 is the inverse of the Ornstein-Uhlenbeck operator. In particular, lettingX denote
an isonormal Gaussian process over a real separable Hilbert space H and IXq (f), q ∈ N,
f ∈ H◦q, an element of the q-th Wiener chaos, if Fi = IXq (f), then, by formulas (A.6) and

(A.7), the integration by parts (3.5) holds with C(i)(Fi) = IXq−1(f) and ∆(i)(Fi) = qIXq−1(f).

Proof. (Theorem 3.2) Since Γn/2,1/2 = χ2
n, we shall make use of the Stein equation (3.2).

Let h ∈ H{1} be arbitrarily fixed and let f ′
h be the solution of the Stein equation (3.2)

with r = n/2 and λ = 1/2. Setting F2
î
:= (F 2

1 , . . . , F
2
i−1, F

2
i+1, . . . , F

2
n), we have

E[h(Sn)]− χ2
nh = E

[
Snf

′′
h (Sn) +

1

2
(n− Sn)f

′
h(Sn)

]
=

n∑
i=1

EE

[
F 2
i f

′′
h (Sn) +

1

2
(1− F 2

i )f
′
h(Sn) | F 2

1 , . . . , F
2
i−1, F

2
i+1, . . . , F

2
n

]

=

n∑
i=1

∫
(R+)n−1

E

[
F 2
i f

′′
h (Sn) +

1

2
(1− F 2

i )f
′
h(Sn) | F2

î
= (x1, . . . , xi−1, xi+1, . . . , xn)

]
PF2

î
(dx1, . . . , dxi−1,dxi+1, . . . , dxn). (3.7)

By independence, for any x1, . . . , xi−1, xi+1, . . . , xn > 0, we have

E

[
F 2
i f

′′
h (Sn) +

1

2
(1− F 2

i )f
′
h(Sn) | F2

î
= (x1, . . . , xi−1, xi+1, . . . , xn)

]

= E

F 2
i f

′′
h

F 2
i +

1,n∑
j 6=i

xj

+
1

2
(1− F 2

i )f
′
h

F 2
i +

1,n∑
j 6=i

xj

 .

Setting x(i) :=
∑1,n
j 6=i xj > 0 and f

x(i)

h (·) := fh(·+ x(i)), we have

E

[
F 2
i f

′′
h (Sn) +

1

2
(1− F 2

i )f
′
h(Sn) | F2

î
= (x1, . . . , xi−1, xi+1, . . . , xn)

]
= E

[
F 2
i (f

x(i)

h )′′(F 2
i ) +

1

2
(1− F 2

i )(f
x(i)

h )′(F 2
i )

]
. (3.8)

Set u
x(i)

h (x) := 1
4f

x(i)

h (x2), x ∈ R, and note that

(u
x(i)

h )′(x) =
1

2
x(f

x(i)

h )′(x2), (u
x(i)

h )′′(x) = x2(f
x(i)

h )′′(x2) +
1

2
(f
x(i)

h )′(x2). (3.9)

Note that the mapping x ∈ R 7→ (u
x(i)

h )′′(x) is continuous. Indeed, the mapping x ∈ R 7→
(f
x(i)

h )′(x2) = f ′
h(x

2 + x(i)) is continuous (since f ′
h is continuous on R+) and the mapping

EJP 31 (2026), paper 13.
Page 12/46

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1472
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Tall random matrices

x ∈ R 7→ x2(f
x(i)

h )′′(x2) = x2f ′′
h (x

2 + x(i)) is continuous (since f ′′
h is continuous on R+;

see the Stein equation (3.2)). We shall show later on that

sup
x∈R

|(ux(i)

h )′′(x)| ≤ 5 (3.10)

and therefore (u
x(i)

h )′ ∈ C1
b . By the relations (3.9) and the assumption (3.5), for any

i = 1, . . . , n, we have

E

[
F 2
i (f

x(i)

h )′′(F 2
i ) +

1

2
(1− F 2

i )(f
x(i)

h )′(F 2
i )

]
= E[(u

x(i)

h )′′(Fi)− Fi(u
x(i)

h )′(Fi)]

= E(u
x(i)

h )′′(Fi)(1− 〈C(i)(Fi),∆
(i)(Fi)〉Hi

).

(3.11)

Therefore by (3.8), (3.10) and (3.11), for any x1, . . . , xi−1, xi+1, . . . , xn > 0, we have∣∣∣E [F 2
i f

′′
h (Sn) +

1

2
(1− F 2

i )f
′
h(Sn) | F2

î
= (x1, . . . , xi−1, xi+1, . . . , xn)

] ∣∣∣
≤ 5E|1− 〈C(i)(Fi),∆

(i)Fi〉Hi
|. (3.12)

The claim follows taking first the modulus in (3.7) and using the inequality (3.12) (note
that the r.h.s. of this inequality does not depend on x1, . . . , xi−1, xi, . . . , xn and h ∈ H{1})
and then taking the supremum over all h ∈ H{1}.

It remains to prove (3.10). By the second relation in (3.9) and the fact that x(i) > 0,
we have

sup
x∈R

|(ux(i)

h )′′(x)| ≤ sup
x∈R

|x2(f
x(i)

h )′′(x2)|+ 1

2
sup
x∈R

|(fx(i)

h )′(x2)|

≤ sup
x∈R

|(x2 + x(i))f
′′
h (x

2 + x(i))|+
1

2
sup
x∈R

|f ′
h(x

2 + x(i))|

= sup
x>0

|xf ′′
h (x)|+

1

2
‖f ′
h‖∞.

Since h ∈ H{1}, we have h ∈ C1/2 and ‖h‖∞, ‖h′‖∞ ≤ 1. So by Lemma 3.1(i) (note that
in our case r = n/2 and λ = 1/2) it follows ‖f ′

h‖∞ ≤ 2, and by Lemma 3.1(ii) it follows
supx>0 |xf ′′

h (x)| ≤ 4. The proof is completed.

3.2 Chi-Square approximation in the Kolmogorov distance

In this subsection we give a bound on the Kolmogorov distance between the law of
Sn (defined as in the statement of Theorem 3.2) and the Chi-Square distribution with n

degrees of freedom.
The following corollary holds, where we adopt the convention 00 := 1.

Corollary 3.4. Let the assumptions and notation of Theorem 3.2 prevail. Then, for any
n ∈ N \ {1}, we have

dK(Sn, Zn) ≤
√

10An

√√√√ n∑
i=1

E|1− 〈C(i)(Fi),∆(i)(Fi)〉Hi
|

+
5

2

n∑
i=1

E|1− 〈C(i)(Fi),∆
(i)(Fi)〉Hi

|, (3.13)

where

An :=
1

2n/2Γ(n/2)
(n− 2)n/2−1e−(n−2)/2. (3.14)
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For n ∈ N \ {1, 2}, a further upper bound is obtained noticing that

√
10An ≤

√
5

π1/4

1

(n− 2)1/4
. (3.15)

The proof of Corollary 3.4 exploits the following lemma proved in [12] (take m = 1

in Proposition 2.3(i) therein and note that the distance d1 in [12] coincides with the
distance dbW ).

Lemma 3.5. Let X be any real-valued random variable and let Y be a continuous real-
valued random variable with probability density function p. If there exists a positive
constant A > 0 such that p(y) ≤ A for all y ∈ R, then

dK(X,Y ) ≤
√
2A
√

dbW (X,Y ) +
dbW (X,Y )

2
.

Proof. (Corollary 3.4) The inequality (3.13) immediately follows by Theorem 3.2, Lemma
3.5 and the inequality (3.4). Indeed, letting pn denote the density of Zn, for any x ∈ R
and n ≥ 2, we have

pn(x) = 1{x≥0}
1

2n/2Γ(n/2)
xn/2−1e−x/2 ≤ 1

2n/2Γ(n/2)
(n− 2)n/2−1e−(n−2)/2 = An. (3.16)

The inequality (3.15) follows noticing that

An ≤ 1

2
√

π(n− 2)
, n ≥ 3 (3.17)

which, in turn, follows from the relation Γ(x+ 1) ≥
√
2πxx+1/2e−x, x > 0.

4 A general lower bound

4.1 Preliminaries

We start introducing some notation and definitions. Let A be a real n × d matrix,
n, d ∈ N. We recall that the operator norm of A is defined as

‖A‖op := sup
y∈Rd\{0}

‖Ay‖
‖y‖

= max
y∈Sd−1

‖Ay‖,

where Sd−1 is the unit sphere of Rd. We recall that smin(A) and smax(A), the smallest
and the biggest singular value of A, respectively, are defined by

smin(A) :=
√
λmin(A>A) and smax(A) :=

√
λmax(A>A),

where λmin(A
>A) and λmax(A

>A) denote the smallest and the biggest eigenvalue of the
d× d matrix A>A, respectively.

Let (T,m) be a metric space, T′ ⊆ T and δ > 0 a positive constant. A subset Nδ ⊆ T′

is called δ-net of T′ if every point in T′ is within a distance δ of some point of Nδ, i.e., T′

can be covered by balls with centers in Nδ and radii δ. The smallest possible cardinality
of a δ-net of T′ is called covering number and it is denoted N (T′,m, δ).

The next lemmas will be exploited later on. They can be found in [42], see Lemma
4.2.13 p. 78, Lemma 4.1.5 p. 74 and Exercise 4.4.3(b) p. 84, therein, respectively.

Lemma 4.1. Let dE(·, ·) := ‖ · − · ‖ denote the Euclidean distance on Rd, d ∈ N. For any
δ > 0, it holds N (Sd−1, dE , δ) ≤

(
2
δ + 1

)d
.

EJP 31 (2026), paper 13.
Page 14/46

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1472
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Tall random matrices

Lemma 4.2. Let A be a real n× d matrix, n, d ∈ N, and ε ∈ (0, 1). Suppose that

‖A>A− Id‖op ≤ ε.

Then
(1− ε)‖y‖ ≤ ‖Ay‖ ≤ (1 + ε)‖y‖, for all y ∈ Rd

and consequently
1− ε ≤ smin(A) ≤ smax(A) ≤ 1 + ε.

Lemma 4.3. Let A be a real symmetric d × d matrix, d ∈ N. Then, for any δ-net Nδ,
δ ∈ (0, 1/2), of the unit sphere Sd−1, we have

sup
x∈Nδ

|〈Ax,x〉| ≤ ‖A‖op ≤
1

1− 2δ
sup
x∈Nδ

|〈Ax,x〉|,

where 〈·, ·〉 denotes the inner product in Rd.

4.2 Lower bound

In this section, all the random variables are defined on a probability space (Ω,F ,P)

and we denote by Nδ, δ > 0, a δ-net of Sd−1, d ∈ N, with cardinality less than or equal to(
2
δ + 1

)d
, whose existence is guaranteed by Lemma 4.1.

Theorem 4.4. For n, d ∈ N, let Fij , 1 ≤ i ≤ n, 1 ≤ j ≤ d, be real-valued random variables,
let Fn,d be the random matrix Fn,d := (Fij)1≤i≤n, 1≤j≤d and let δ ∈ (0, 1/2). Assume
that the random vectors {(Fn,d)i}1≤i≤n, (Fn,d)i := (Fi1, . . . , Fid), are independent and
centered, and that, for every x = (x1, . . . , xd) ∈ Nδ and i = 1, . . . , n, the random variable

Fi(x) :=

d∑
j=1

Fijxj (4.1)

satisfies (3.5), i.e., there exist random elements C(i)(Fi(x)),∆
(i)(Fi(x)) ∈ L2(Ω,F ,P;Hi),

where Hi is a real Hilbert space, such that

EFi(x)g(Fi(x)) = Eg
′(Fi(x))〈C(i)(Fi(x)),∆

(i)(Fi(x))〉Hi
, g ∈ C1

b . (4.2)

Then, letting An be the term defined in (3.14), for any ε ∈ (0, 1) and n ∈ N \ {1}, we
have

P
(
1− ε ≤ smin(Fn,d/

√
n) ≤ smax(Fn,d/

√
n) ≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fn,du

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ ε

)
≥ Ln,d,ε,δ,

where

Ln,d,ε,δ := 1−4

(
2

δ
+ 1

)d
e−

n
8 ε

2(1−2δ)2−2

(
2

δ
+ 1

)d√
Mn,d(δ)

√
10An−5

(
2

δ
+ 1

)d
Mn,d(δ)

(4.3)
and

Mn,d(δ) :=

n∑
i=1

max
x∈Nδ

E|1− 〈C(i)(Fi(x)),∆
(i)(Fi(x))〉Hi |.

For n ∈ N \ {1, 2}, a further lower bound is obtained by the inequality (3.15).
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The proof of this theorem exploits the following result, which is shown later on in
this section.

Proposition 4.5. For n, d ∈ N, let Fij , 1 ≤ i ≤ n, 1 ≤ j ≤ d, be real-valued random
variables and let Fn,d be the random matrix Fn,d := (Fij)1≤i≤n, 1≤j≤d. Assume that the
random vectors {(Fn,d)i}1≤i≤n, (Fn,d)i := (Fi1, . . . , Fid), are independent and centered,
and that, for every x = (x1, . . . , xd) ∈ Sd−1 and i = 1, . . . , n, the random variable Fi(x)

defined by (4.1) satisfies (3.5), i.e., there exist random elements C(i)(Fi(x)),∆
(i)(Fi(x)) ∈

L2(Ω,F ,P;Hi), where Hi is a real Hilbert space, such that (4.2) holds.
Then, letting An be the term in (3.14), for any ε ∈ (0, 1), x ∈ Sd−1 and n ∈ N \ {1},

we have

P

(
1− ε ≤ 1

n
‖Fn,dx‖2 ≤ 1 + ε

)
≥ 1− 4e−

n
8 ε

2

− 2
√

10An

√√√√ n∑
i=1

E|1− 〈C(i)(Fi(x)),∆(i)(Fi(x))〉Hi
|

+ 5

n∑
i=1

E|1− 〈C(i)(Fi(x)),∆
(i)(Fi(x))〉Hi

|.

For n ∈ N \ {1, 2}, a further lower bound is obtained by the inequality (3.15).

Proof. (Theorem 4.4) For every ε ∈ (0, 1) and δ ∈ (0, 1/2), by Proposition 4.5 and the
union bound, we have

P

(
1

1− 2δ
max
x∈Nδ

∣∣∣ 1
n
‖Fn,dx‖2 − 1

∣∣∣ > ε

)
≤
∑
x∈Nδ

P

(∣∣∣ 1
n
‖Fn,dx‖2 − 1

∣∣∣ > ε(1− 2δ)

)

≤ 4

(
2

δ
+ 1

)d
e−

n
8 ε

2(1−2δ)2 + 2

(
2

δ
+ 1

)d√
Mn,d(δ)

√
10An + 5

(
2

δ
+ 1

)d
Mn,d(δ),

(4.4)

where we used that the cardinality of Nδ is less than or equal to
(
2
δ + 1

)d
and the quantity

Mn,d(δ) is defined in the statement of Theorem 4.4. By Lemma 4.3 (and the fact that
Nδ ⊂ Sd−1) it follows∥∥∥ 1

n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ 1

1− 2δ
max
x∈Nδ

∣∣∣〈( 1

n
(Fn,d)

>Fn,d − Id

)
x,x〉

∣∣∣
=

1

1− 2δ
max
x∈Nδ

∣∣∣ 1
n
‖Fn,dx‖2 − 1

∣∣∣, P-a.s...

Combining this relation with (4.4), for every ε ∈ (0, 1) and δ ∈ (0, 1/2), we have

P

(∥∥∥ 1
n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ ε

)
≥ Ln,d,ε,δ.

The claim follows by Lemma 4.2. For the sake of completeness, in the Appendix C we
verify the measurability of the event

E := {(1− ε)‖u‖ ≤ ‖(Fn,d/
√
n)u‖ ≤ (1 + ε)‖u‖, for all u ∈ Rd}. (4.5)

The proof of Proposition 4.5 exploits the next Lemma 4.6, i.e., the Chernoff bound for
the Chi-Square law. For the sake of completeness, we provide the proof of this lemma in
the Appendix D.
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Lemma 4.6. Let Zn ∼ χ2
n, n ∈ N. Then, for any ε ∈ (0, 1) and n ∈ N, we have

max{P(Zn > (1 + ε)n),P(Zn < (1− ε)n)} ≤ 2e−
n
8 ε

2

.

Proof. (Proposition 4.5) For x = (x1, . . . , xd) ∈ Sd−1, we have

1

n
‖Fn,dx‖2 =

1

n

n∑
i=1

 d∑
j=1

Fijxj

2

=
1

n

n∑
i=1

Fi(x)
2 =: Sn(x)/n.

For any ε ∈ (0, 1), x ∈ Sd−1 and n ≥ 2, by the inequality (3.13) of Corollary 3.4 (note that,
by construction, the random variables F1(x), . . . , Fn(x) are independent and centered)
and Lemma 4.6 we have

P

(
1

n
‖Fn,dx‖2 > 1 + ε

)
= P (Sn(x) > n(1 + ε))

≤ P(Zn > (1 + ε)n) +
√

10An

√√√√ n∑
i=1

E|1− 〈C(i)(Fi(x)),∆(i)(Fi(x))〉Hi
|

+
5

2

n∑
i=1

E|1− 〈C(i)(Fi(x)),∆
(i)(Fi(x))〉Hi

|

≤ 2e−
n
8 ε

2

+
√
10An

√√√√ n∑
i=1

E|1− 〈C(i)(Fi(x)),∆(i)(Fi(x))〉Hi |

+
5

2

n∑
i=1

E|1− 〈C(i)(Fi(x)),∆
(i)(Fi(x))〉Hi |. (4.6)

Similarly, for any ε ∈ (0, 1), x ∈ Sd−1 and n ≥ 2, by (3.13) and Lemma 4.6 we have

P

(
1

n
‖Fn,dx‖2 < 1− ε

)
= P (Sn(x) < n(1− ε))

≤ 2e−
n
8 ε

2

+
√
10An

√√√√ n∑
i=1

E|1− 〈C(i)(Fi(x)),∆(i)(Fi(x))〉Hi
|

+
5

2

n∑
i=1

E|1− 〈C(i)(Fi(x)),∆
(i)(Fi(x))〉Hi

|. (4.7)

The claim follows by (4.6) and (4.7) noticing that, for any ε ∈ (0, 1), x ∈ Sd−1 and n ≥ 2,

P

(
1− ε ≤ 1

n
‖Fn,dx‖2 ≤ 1 + ε

)
= 1− P

(
1

n
‖Fn,dx‖2 > 1 + ε

)
− P

(
1

n
‖Fn,dx‖2 < 1− ε

)
.

Remark 4.7. The independence of the random variables F1, . . . , Fn is a crucial assumption
of Theorem 3.2 and its Corollary 3.4, which, at the moment, we do not know how to
relax. Consequently, in the statement of Theorem 4.4 we have to assume that the
random vectors {(Fn,d)i}1≤i≤n are independent (indeed the proof of this theorem relies
on Proposition 4.5 whose proof, in turn, exploits Corollary 3.4). In conclusion, to allow
even a mild dependence among the random vectors {(Fn,d)i}1≤i≤n in Theorem 4.4 (and,
consequently, to allow even a mild dependence among the rows of a chaotic random
matrix), one should allow a mild dependence among the random variables F1, . . . , Fn in
Theorem 3.2. We leave such an extension to a future research.
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5 Random matrices with chaotic entries

Hereafter, we shall consider the following framework. For i = 1, . . . , n, n ∈ N, let Hi
be real separable Hilbert spaces and let X1 = {X1(u)}u∈H1

, . . . , Xn = {Xn(u)}u∈Hn
be

independent isonormal Gaussian processes, Xi over Hi. We suppose that Xi is defined
on a complete probability space (Ωi,Fi,Pi), with Fi := σ(Xi), i = 1, . . . , n. Let (Ω,F ,P)

be the probability space defined by Ω :=
∏n
i=1 Ωi, F :=

⊗n
i=1 Fi, P :=

⊗n
i=1Pi, and

define X1, . . . , Xn over Ω setting Xi(ω) := Xi(ωi), ω := (ω1, . . . , ωn) ∈ Ω. All the random
quantities considered in this section are defined on (Ω,F ,P).

For i = 1, . . . , n, let Si be the set of all smooth cylindrical random variables of the form
F = g(Xi(u1), . . . , Xi(um)), m ∈ N, g : Rm → R infinitely differentiable with compact
support and uk ∈ Hi, k = 1, . . . ,m. We define

D(i)F :=

m∑
k=1

∂g

∂xk
(Xi(u1), . . . ,Xi(um))uk, i = 1, . . . , n,

and let D1,2
i be the closure of Si with respect to the norm ‖ · ‖1,2,i defined by

‖F‖21,2,i := EF 2 + E‖D(i)F‖2Hi
, i = 1, . . . , n.

Using an obvious notation, we denote by L−1
i the inverse of the Ornstein-Uhlenbeck

operator Li (see the Appendix A for details). As in Section 4, we still denote by Nδ, δ > 0,

a δ-net of Sd−1, d ∈ N, with cardinality less than or equal to
(
2
δ + 1

)d
, whose existence is

guaranteed by Lemma 4.1.
The following theorem holds.

Theorem 5.1. For n, d ∈ N, let Fij ∈ D1,2
i , 1 ≤ i ≤ n, 1 ≤ j ≤ d, be centered random

variables, let Fn,d be the random matrix Fn,d := (Fij)1≤i≤n, 1≤j≤d and let δ ∈ (0, 1/2). For
every x = (x1, . . . , xd) ∈ Nδ and i = 1, . . . , n, let the random variable Fi(x) be defined as
in (4.1).

Then, letting An be the term in (3.14), for any ε ∈ (0, 1) and n ∈ N \ {1}, we have

P
(
1− ε ≤ smin(Fn,d/

√
n) ≤ smax(Fn,d/

√
n) ≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fn,du

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ ε

)
≥ L′

n,d,ε,δ,

where L′
n,d,ε,δ is defined by (4.3) with

Mn,d(δ) :=

n∑
i=1

max
x∈Nδ

E

∣∣∣1− 〈−D(i)L−1
i Fi(x), D

(i)Fi(x)〉Hi

∣∣∣.
For n ∈ N \ {1, 2}, a further lower bound is obtained by the inequality (3.15).

Proof. We start noticing that, for any i = 1, . . . , n and x ∈ Nδ, we have Fi(x) ∈ D1,2
i .

This follows e.g. by Proposition 2.3.7 in [21]. Indeed Fij ∈ D
1,2
i for any 1 ≤ i ≤ n

and 1 ≤ j ≤ d, the function ϕx(y1, . . . , yd) :=
∑d
j=1 yjxj is continuously differentiable

on Rd with bounded partial derivatives for any x ∈ Nδ, and Fi(x) = ϕx(Fi1, . . . , Fid)

for any i = 1, . . . , n and x ∈ Nδ. Since the random variables Fij are centered so it is
Fi(x). Therefore by the integration by parts formula (A.5) we have that (3.5) holds with
Fi := Fi(x),

C(i)(Fi) := −D(i)L−1
i Fi(x) and ∆(i)(Fi) := D(i)Fi(x).

Note that the vectors {(Fn,d)i}1≤i≤n, (Fn,d)i := (Fi1, . . . , Fid), are independent since
the isonormal Gaussian processes X1, . . . , Xn are independent. The claim follows by
Theorem 4.4.
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5.1 Wiener chaoses

For random matrices with chaotic entries we have the following theorem (as usual,
we refer the reader to the Appendix A for any unexplained notation).

Theorem 5.2. Let n ∈ N \ {1}, d, qi ∈ N, i = 1, . . . , n, and define the random matrix
Fn,d := (IXi

qi (fij))1≤i≤n, 1≤j≤d, where fij ∈ H◦qi
i .

Then, letting An be the term in (3.14), for any ε ∈ (0, 1), we have

P
(
1− ε ≤ smin(Fn,d/

√
n) ≤ smax(Fn,d/

√
n) ≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fn,du

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ ε

)
≥ L′′

n,d,ε, (5.1)

where

L′′
n,d,ε := 1− inf

δ∈(0,1/2)

(
2

δ
+ 1

)d (
4e−

n
8 ε

2(1−2δ)2 + 2
√
Mn,d

√
10An + 5Mn,d

)
and

Mn,d :=

n∑
i=1

[
d∑
j=1

|1− qi!‖fij‖2H⊗qi |+ (qi!)

1,d∑
j 6=k

|〈fij , fik〉H⊗qi |

+ qi

qi−1∑
r=1

√
(2qi − 2r)!(r − 1)!

(
qi − 1

r − 1

)2

×

 d∑
j=1

‖fij ⊗r fij‖H⊗2(qi−r)

i

+

1,d∑
j 6=k

‖fij ⊗qi−r fij‖H⊗2r
i

‖fik ⊗qi−r fik‖H⊗2r
i

]
(5.2)

with the conventions
∑1,1
j 6=k . . . := 0 and

∑0
r=1 . . . := 0.

Proof. Let Nδ ⊂ Sd−1 be a δ-net of Sd−1, δ ∈ (0, 1/2), with cardinality less than or
equal to ( 2δ + 1)d, which exists due to Lemma 4.1. Note that, for any i = 1, . . . , n and
x = (x1, . . . , xd) ∈ Nδ,

Fi(x) :=

d∑
j=1

IXi
qi (fij)xj = IXi

qi

 d∑
j=1

fijxj

 .

Therefore, if qi = 1, then by formulas (A.6) and (A.7) we have

E|1− 〈−D(i)L−1
i Fi(x), D

(i)Fi(x)〉Hi
|2 =

1− ‖
d∑
j=1

fijxj‖2Hi

2

(5.3)

and, if qi ≥ 2, then by Proposition 3.2 in [20] it follows

E|1− 〈−D(i)L−1
i Fi(x), D

(i)Fi(x)〉Hi
|2

≤

1− (qi!)‖
d∑
j=1

fijxj‖2H⊗qi
i

2

+ (qi)
2

qi−1∑
r=1

(2qi − 2r)!((r − 1)!)2
(
qi − 1

r − 1

)4

× ‖

 d∑
j=1

fijxj

⊗r

 d∑
j=1

fijxj

 ‖2
H

⊗2(qi−r)

i

. (5.4)
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By Theorem 5.1 with Fij := IXi
qi (fij), relations (5.3), (5.4) and the Cauchy-Schwarz

inequality, for any ε ∈ (0, 1) and n ≥ 2, we have

P
(
1− ε ≤ smin(Fn,d/

√
n) ≤ smax(Fn,d/

√
n) ≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fn,du

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ ε

)
≥ L∗

n,d,ε,δ, (5.5)

where

L∗
n,d,ε,δ := 1−

(
2

δ
+ 1

)d (
4e−

n
8 ε

2(1−2δ)2 + 2
√
M∗
n,d(δ)

√
10An + 5M∗

n,d(δ)
)
,

and

M∗
n,d(δ) :=

n∑
i=1

max
x∈Nδ

[1− (qi!)‖
d∑
j=1

fijxj‖2H⊗qi
i

2

+ (qi)
2

qi−1∑
r=1

(2qi − 2r)!((r − 1)!)2
(
qi − 1

r − 1

)4

× ‖

 d∑
j=1

fijxj

⊗r

 d∑
j=1

fijxj

 ‖2
H

⊗2(qi−r)

i

]1/2
.

Using the elementary inequality
√
a+ b ≤

√
a+

√
b, a, b ≥ 0, we have

M∗
n,d(δ) ≤ M̃n,d(δ)

:=

n∑
i=1

max
x∈Nδ

[
|1− (qi!)‖

d∑
j=1

fijxj‖2H⊗qi
i

|+ qi

qi−1∑
r=1

√
(2qi − 2r)!(r − 1)!

(
qi − 1

r − 1

)2

× ‖

 d∑
j=1

fijxj

⊗r

 d∑
j=1

fijxj

 ‖
H

⊗2(qi−r)

i

]
. (5.6)

For any i = 1, . . . , n, we have

‖
d∑
j=1

fijxj‖2H⊗qi = 〈
d∑
j=1

fijxj ,

d∑
j=1

fijxj〉H⊗qi =

d∑
j=1

‖fij‖2H⊗qix
2
j +

1,d∑
j 6=k

〈fij , fik〉H⊗qixjxk,

(5.7)

and [by the definition of the contraction ⊗r (see formulas (A.3) and (A.4) in the Appendix
A) and the triangular inequality]

‖

 d∑
j=1

fijxj

⊗r

 d∑
j=1

fijxj

 ‖
H

⊗2(qi−r)

i

≤
d∑
j=1

‖fij ⊗r fij‖H⊗2(qi−r)

i

x2
j +

1,d∑
j 6=k

‖fij ⊗r fik‖H⊗2(qi−r)

i

|xjxk|.

Note that, for j 6= k, it is easily checked that

‖fij ⊗r fik‖2
H

⊗2(qi−r)

i

= 〈fij ⊗qi−r fij , fik ⊗qi−r fik〉H⊗2r
i
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(see e.g. [20] p. 93), and so by the Cauchy-Schwarz inequality

‖

 d∑
j=1

fijxj

⊗r

 d∑
j=1

fijxj

 ‖
H

⊗2(qi−r)

i

≤
d∑
j=1

‖fij ⊗r fij‖H⊗2(qi−r)

i

x2
j +

1,d∑
j 6=k

‖fij ⊗qi−r fij‖H⊗2r
i

‖fik ⊗qi−r fik‖H⊗2r
i

|xjxk|.

(5.8)

By (5.6), (5.7) and (5.8) it follows

M∗
n,d(δ) ≤ M̃n,d(δ) ≤ Mn,d(δ), (5.9)

where

Mn,d(δ) :=
n∑
i=1

max
x∈Nδ

[
|1− (qi!)

d∑
j=1

‖fij‖2H⊗qix
2
j |+ (qi!)

1,d∑
j 6=k

|〈fij , fik〉H⊗qi ||xjxk|

+ qi

qi−1∑
r=1

√
(2qi − 2r)!(r − 1)!

(
qi − 1

r − 1

)2

×

 d∑
j=1

‖fij ⊗r fij‖H⊗2(qi−r)

i

x2
j +

1,d∑
j 6=k

‖fij ⊗qi−r fij‖H⊗2r
i

‖fik ⊗qi−r fik‖H⊗2r
i

|xjxk|

].
Since x = (x1, . . . , xd) ∈ Sd−1, we have

∑d
j=1 x

2
j = 1 and |xjxk| ≤ 1 for any j, k = 1, . . . , d.

In particular,

|1− (qi!)

d∑
j=1

‖fij‖2H⊗qix
2
j | = |

d∑
j=1

x2
j (1− (qi!)‖fij‖2H⊗qi )| ≤

d∑
j=1

|1− (qi!)‖fij‖2H⊗qi |,

and so Mn,d(δ) ≤ Mn,d which, combined with (5.9) and (5.5), gives, for any ε ∈ (0, 1) and
n ≥ 2,

P
(
1− ε ≤ smin(Fn,d/

√
n) ≤ smax(Fn,d/

√
n) ≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fn,du

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ ε

)
≥ Ln,d,ε,δ, (5.10)

where

Ln,d,ε,δ := 1− 4

(
2

δ
+ 1

)d
e−

n
8 ε

2(1−2δ)2 − 2

(
2

δ
+ 1

)d√
Mn,d

√
10An − 5

(
2

δ
+ 1

)d
Mn,d.

The claim follows optimizing the relation (5.10) over δ ∈ (0, 1/2).
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6 Proof of Theorem 2.1

By Theorem 5.2 and (3.15) (which holds since n ≥ 3), for any ε ∈ (0, 1) and δ ∈ (0, 1/2),
we have

P
(
1− ε ≤ smin(Fn,d/

√
n) ≤ smax(Fn,d/

√
n) ≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fn,du

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn,d)

>Fn,d − Id

∥∥∥
op

≤ ε

)
≥ 1− 5

(
2

δ
+ 1

)d(
e−

n
8 ε

2(1−2δ)2 +

√
5

π1/4

1

(n− 2)1/4

√
Mn,d +Mn,d

)
, (6.1)

where the quantity Mn,d is defined by (5.2). Exploiting (2.1), (2.2) and (2.3), we have

Mn,d ≤ ndϕ1,n,d +

(
n∑
i=1

qi!

)
d(d− 1)ϕ2,n,d

+

(
n∑
i=1

qi

qi−1∑
r=1

√
(2qi − 2r)!(r − 1)!

(
qi − 1

r − 1

)2
)
(dϕ3,n,d + d(d− 1)ϕ2

3,n,d).

By this inequality and the assumption (2.4), we have

Mn,d ≤ ndϕ1,n,d +Q!nd(d− 1)ϕ2,n,d

+

(
n∑
i=1

qi

qi−1∑
r=1

√
(2qi − 2r)!

[(qi − 1)!]2

(r − 1)![(qi − r)!]2

)
(dϕ3,n,d + d(d− 1)ϕ2

3,n,d)

≤ ndϕ1,n,d +Q!nd(d− 1)ϕ2,n,d

+Q(Q− 1)[(Q− 1)!]2
√
(2Q− 2)!n(dϕ3,n,d + d(d− 1)ϕ2

3,n,d) ≤ Φn,d.

The claim follows combining this relation with (6.1).

7 Proof of Theorem 2.2

Let Φn := Φn,dn , where Φn,d is defined in the statement of Theorem 2.1. We start
noticing that the first derivative of the function ∆n(δ), defined by

δ ∈ (0, 1/2)
∆n−→

(
2

δ
+ 1

)dn (
e−

n
8 ε

2(1−2δ)2 +

√
5

π1/4

1

(n− 2)1/4

√
Φn +Φn

)
, (7.1)

has the same sign of the mapping

δ ∈ (0, 1/2) 7→ e−
n
8 ε

2(1−2δ)2
(
nε2f(δ)

4dn
− 1

)
−

√
5

π1/4

1

(n− 2)1/4

√
Φn − Φn,

and the sign of this latter function is positive if and only if(
Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

)
e

n
8 ε

2(1−2δ)2 + 1 <
ε2f(δ)

4(dn/n)
.

We shall show later on that there exists an index ñε ≥ 2 such that(
Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

)
e

nε2

8 ≤ cε
n

dn
, ∀ n > ñε. (7.2)
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So(
Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

)
e

n
8 ε

2(1−2δ)2 + 1 <

(
Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

)
e

nε2

8 + 1

≤ 1 + cε
n

dn
, ∀ n > ñε. (7.3)

By the choice of ε and the definition of cε, we have

4cε
ε2

< f(δ∗). (7.4)

So, since

4(1 + cε
n
dn

)dnn
ε2

→ 4cε
ε2

, as n → ∞,

we have that there exists nε ≥ 2 such that

0 <
4(1 + cε

n
dn

)dnn
ε2

< f(δ∗), ∀ n > nε. (7.5)

For n > nε, consider the equation of third degree in δ ∈ (0, 1/2):

4(1 + cε
n
dn

)dnn
ε2

= f(δ).

Due to (7.5), we have that this equation has two distinct positive solutions (on the
domain (0, 1/2)) given by Cardano’s formulas. These solutions are (from the smallest to
the biggest) δ1(n, ε) (defined in the statement of the theorem) and

δ2(n, ε) := 2

√
7

12
cos

π

3
− 1

3
arctan

2

√
343
1728 − 1

4

(
3
4 +

2( dn
n +cε)

ε2

)2
3
4 +

2( dn
n +cε)

ε2


 . (7.6)

It is easily realized that, for n > nε,

4(dnn + cε)

ε2
< f(δ), ∀ δ ∈ (δ1(n, ε), δ2(n, ε)) ⊂ (0, 1/2). (7.7)

By (7.3) and (7.7) we have that, for any n > max{ñε, nε},(
Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

)
e

n
8 ε

2(1−2δ)2 + 1 < 1 + cε
n

dn
=

n

dn

(
dn
n

+ cε

)
<

ε2f(δ)

4(dn/n)
, ∀ δ ∈ (δ1(n, ε), δ2(n, ε)).

So, by the argument given at the beginning of the proof, for n > max{ñε, nε}, the function
∆n(·) increases on (δ1(n, ε), δ2(n, ε)). Thus by (2.5) (note that all the assumptions of
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Theorem 2.1 are satisfied), ∀ n > nε := max{n′′, ñε, nε} we get

P

(
1− ε ≤ smin

(
Fn√
n

)
≤ smax

(
Fn√
n

)
≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fnu

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn)

>Fn − Id

∥∥∥
op

≤ ε

)
≥ 1− 5

(
2

δ1(n, ε)
+ 1

)dn (
e−

n
8 ε

2(1−2δ1(n,ε))
2

+

√
5

π1/4

1

(n− 2)1/4

√
Φn +Φn

)

≥ 1− 5

(
2

δ1(n, ε)
+ 1

)dn (
e−

n
8 ε

2(1−2δ1(n,ε))
2

+ cε
n

dn
e−nε

2/8

)
,

which gives (2.9). Here, the latter inequality follows by (7.2).

We now prove the relation (2.12). We preliminary note that δ1(n, ε) → δε, as n → ∞.
It turns out that δε ∈ (0, 1/2). Indeed, by (7.4) the equation in δ:

4cε
ε2

= f(δ), δ ∈ (0, 1/2)

has two positive solutions on (0, 1/2), and δε is the smallest one (as it follows again by
Cardano’s formulas). We have(

2

δ1(n, ε)
+ 1

)dn
e−

n
8 ε

2(1−2δ1(n,ε))
2

= e
dn log

(
2

δ1(n,ε)
+1

)
−n

8 ε
2(1−2δ1(n,ε))

2

= e
n
[

dn
n log

(
2

δ1(n,ε)
+1

)
− 1

8 ε
2(1−2δ1(n,ε))

2
]
.

Since

dn
n

log

(
2

δ1(n, ε)
+ 1

)
− 1

8
ε2(1− 2δ1(n, ε))

2 → −1

8
ε2(1− 2δε)

2 < 0, as n → ∞

we clearly have(
2

δ1(n, ε)
+ 1

)dn
e−

n
8 ε

2(1−2δ1(n,ε))
2

= e−
n
8 ε

2(1−2δε)
2(1+o(1)), as n → ∞. (7.8)

And similarly one has(
2

δ1(n, ε)
+ 1

)dn n

dn
e−

n
8 ε

2

=
n

dn
e
n
[

dn
n log

(
2

δ1(n,ε)
+1

)
− 1

8 ε
2
]
=

n

dn
e−

n
8 ε

2(1+o(1)), as n → ∞.

(7.9)

The relation (2.12) follows on combining (7.8) and (7.9).

It remains to prove (7.2). By (2.8) and the fact that dn ≥ 1, we have that ϕ3,n tends to
zero, as n → ∞. So

∃ n∗ ≥ 2 such that ϕ3,n ≤ 1, for any n > n∗. (7.10)

Therefore

Φn ≤ κQndnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}, ∀ n > n∗.
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So, for any n > max{n′
ε, n

∗},

Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

≤ κQndnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}+
√
5

π1/4

(
n

n− 2

)1/4√
κQn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}

=
√
κQn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}

(
n1/2

√
κQn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}

+

√
5

π1/4

(
n

n− 2

)1/4
)
.

Therefore, using that n ≥ 3, the assumption (2.8), that dn ≥ 1 and that the mapping x 7→
x3e−

x
4 1{x ≥ 0} has a point of maximum at x = 12, we have that, for any n > max{n′

ε, n
∗},

Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

≤
√
κQn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}

(
d−1
n

√
κQε6n3e−

nε2

4 +
√
5

(
3

π

)1/4
)

≤
√
κQn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}

(
e−3/2

√
12κQ +

√
5

(
3

π

)1/4
)
. (7.11)

So

Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn ≤ č

√
κQn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}

≤ č

√
κQε6n2d−2

n e−
nε2

8 = cε
n

dn
e−

nε2

8 , ∀ n > ñε := max{n∗, n′
ε},

(7.12)

where we set

č := e−3/2
√

12κQ +
√
5

(
3

π

)1/4

,

and the latter inequality (7.12) still follows by (2.8). The relation (7.2) is proved, and the
proof of Theorem 2.2 is completed.

Remark 7.1. The aim of this remark is to highlight the role played by the “smallness
condition” (2.8) in the proof of Theorem 2.2. To provide a vanishing upper bound for
the infimum in (2.5), we study the sign of the first derivative of the function δ 7→ ∆n(δ),
δ ∈ (0, 1

2 ), defined in (7.1). If one assumes (7.2), some analytical considerations show
that the first derivative of ∆n(·) is positive on (δ1(n, ε), δ2(n, ε)) ⊂ (0, 1

2 ), for all n large
enough, where δ1(n, ε) and δ2(n, ε) are defined by (2.10) and (7.6), respectively. This
clearly yields the lower bound (2.9). The “smallness condition” (2.8) is sufficient for
(7.2) and can be verified for concrete chaotic models, see e.g. Section 9. Although we
cannot a priori exclude that the optimization problem in (2.5) can be efficiently treated
in a different manner (e.g. for specific classes of chaotic entries), our approach provides
a fine lower bound, which can be useful to analyze various families of chaotic matrices.

Remark 7.2. By a close inspection of the proof of Theorem 2.2, one realizes that the
index nε in (2.9) is defined by

nε := max{n′′, ñε, nε}.
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Here: n′′ is provided by the assumption (ii) of Theorem 2.2; ñε := max{n′
ε, n

∗}, where n′
ε

is provided by the assumption (2.8) and n∗ is defined by (7.10); finally, nε is defined by
relation (7.5).

Remark 7.3. Note that in (7.11) we bounded the quantity ε6n3e−
nε2

4 by 12e−3. Clearly,
by taking n large we could bound this term by an arbitrarily small constant. We did not
follow this route since not only it would complicate the computation of the index nε (see
Remark 7.2), but above all since it would not change the substance, indeed the rate of
the whole upper bound is provided by the quantity

√
n1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}.

8 Proof of Theorem 2.5

The proof of Theorem 2.5 uses the following lemma which is proved in the Appendix E.

Lemma 8.1. Let {An}n∈N, An := (ajk(n))1≤j,k≤dn , dn ∈ N, be a sequence of dn× dn real,
symmetric and definite positive matrices. Suppose that there exists two sequences of
non-negative numbers {bn}n∈N and {cn}n∈N such that: bn, dncn → 0 as n → ∞, and, for
any n ∈ N,

|ajj(n)− 1| ≤ bn, ∀ j = 1, . . . , dn (8.1)

and

If dn ≥ 2, then |ajk(n)| ≤ cn, ∀ j, k = 1, . . . , dn, j 6= k. (8.2)

Let ñ be such that 1 − bn − (dn − 1)cn > 0, for any n > ñ. Then, setting A
−1/2
n =

(ãjk(n))1≤i,j≤dn , for any n > ñ, we have:

|ãjj(n)− 1| ≤ max

{∣∣∣ 1√
1 + bn + (dn − 1)cn

− 1
∣∣∣,∣∣∣ 1√

1− bn − (dn − 1)cn
− 1
∣∣∣} ,

∀ j = 1, . . . , dn (8.3)

and, if dn ≥ 2, then

|ãjk(n)| ≤ dnmax

{∣∣∣ 1√
1 + bn + (dn − 1)cn

− 1
∣∣∣, ∣∣∣ 1√

1− bn − (dn − 1)cn
− 1
∣∣∣}

+ dnbn + [1 + dn(dn − 1)]cn, j, k = 1, . . . , dn, j 6= k. (8.4)

In particular, if for any n > ñ it holds 1/2 ≥ bn + (dn − 1)cn, then, for any n > ñ, we have:

|ãjj(n)− 1| ≤ bn + (dn − 1)cn, ∀ j = 1, . . . , dn (8.5)

and

if dn ≥ 2, then |ãjk(n)| ≤ 2dnbn + [1 + 2dn(dn − 1)]cn, ∀ j, k = 1, . . . , dn, j 6= k. (8.6)

For reasons of readability, we divide the proof of Theorem 2.5 in two parts.

Part 1. We denote by n′′′′ ≥ 2 an index such that ϕ̃1,n + q!(dn − 1)ϕ̃2,n ≤ 1/2, for any
n > n′′′′ (note that such an index n′′′′ exists since by (2.15) we have that ϕ̃1,n + q!(dn −
1)ϕ̃2,n → 0, as n → ∞).

We set ňε := max{n′
ε, n

′′, n′′′, n′′′′}. Here, the indexes n′
ε, n

′′ and n′′′ are defined in the
statement of the theorem.

For n > ňε, define the dn-dimensional (column) vectors V
(n)
i := (Σ(n))−1/2(D

(n)
i )>,

i = 1, . . . , n, and let Fn be the n×dn random matrix whose rows are (V
(n)
1 )>, . . . , (V

(n)
n )>
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(the quantities Σ(n) andD
(n)
i are defined in Section 2.3, before the statement of Theorem

2.5). We have

1

n
(Fn)

>Fn − Idn =
1

n
(V

(n)
1 . . .V(n)

n )



(V
(n)
1 )>

(V
(n)
2 )>

.

.

.

(V
(n)
n )>


− Idn

=
1

n

n∑
i=1

(Σ(n))−1/2(D
(n)
i )>D

(n)
i (Σ(n))−1/2 − Idn .

Multiplying this relation on the left and on the right by (Σ(n))1/2 yields

Σ̂
(n)

−Σ(n) = (Σ(n))1/2
(
1

n
(Fn)

>Fn − Idn

)
(Σ(n))1/2.

Taking the operator norm we get

‖Σ̂
(n)

−Σ(n)‖op =
∥∥∥(Σ(n))1/2

(
1

n
(Fn)

>Fn − Idn

)
(Σ(n))1/2

∥∥∥
op

≤
∥∥∥ 1
n
(Fn)

>Fn − Idn

∥∥∥
op
‖Σ(n)‖op,

i.e.,

Rn ≤
∥∥∥ 1
n
(Fn)

>Fn − Idn

∥∥∥
op
,

and so, for ε as in the statement of the theorem and any n > ňε, we have

P(Rn ≤ ε) ≥ P
(∥∥∥ 1

n
(Fn)

>Fn − Idn

∥∥∥
op

≤ ε

)
. (8.7)

Letting (σ̃(n))jk, 1 ≤ j, k ≤ dn, denote the jk-entry of (Σ(n))−1/2, we have

Fn =



IX1
q

(∑dn
k=1(σ̃

(n))1kf
(n)
k

)
. . . IX1

q

(∑dn
k=1(σ̃

(n))dnkf
(n)
k

)
IX2
q

(∑dn
k=1(σ̃

(n))1kf
(n)
k

)
. . . IX2

q

(∑dn
k=1(σ̃

(n))dnkf
(n)
k

)
. . . . .

. . . . .

. . . . .

IXn
q

(∑dn
k=1(σ̃

(n))1kf
(n)
k

)
. . . IXn

q

(∑dn
k=1(σ̃

(n))dnkf
(n)
k

)


, (8.8)

where X1, . . . , Xn are independent copies of the isonormal Gaussian process X. So the
idea is to apply Theorem 2.1 to lower bound the rightmost probability in (8.7). We start
noticing that the condition (2.4) is satisfied with Q = q. Then we note that the kernel of
the ij-entry of the random matrix Fn,d in (8.8) is

∑dn
k=1(σ̃

(n))jkf
(n)
k . We shall show in the

second part of the proof that, ∀ n > ňε, it holds:

sup
1≤j≤dn

∣∣∣1− q!
∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥2
H⊗q

∣∣∣ ≤ ϕ1,n, (8.9)

if dn ≥ 2, then sup
1≤j 6=j′≤dn

∣∣∣〈 dn∑
k=1

(σ̃(n))jkf
(n)
k ,

dn∑
k=1

(σ̃(n))j′kf
(n)
k 〉H⊗q

∣∣∣ ≤ ϕ2,n (8.10)
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and

if q ≥ 2, then sup
1≤j≤dn

sup
1≤r≤q−1

∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k ⊗r

dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥
H⊗2(q−r)

≤ ϕ3,n. (8.11)

Here the quantities ϕh,n, h = 1, 2, 3, are defined by

ϕ1,n := 1{dn = 1}19
4
ϕ̃1,n + 1{dn ≥ 2}C1(q)d

6
nmax{ϕ̃1,n, ϕ̃2,n}, (8.12)

where C1(q) is defined by (2.19),

ϕ2,n := 1{dn ≥ 2}C2(q)d
6
nmax{ϕ̃1,n, ϕ̃2,n}, C2(q) :=

151

4
+

39

2
q! + 10(q!)2, (8.13)

and

ϕ3,n := 1{q ≥ 2}C3(q)d
6
nϕ̃3,n, C3(q) :=

37

4
+

9

2
q! + 10(q!)2. (8.14)

By (8.7) and (2.5) we have

P(Rn ≤ ε)

≥ 1− 5 inf
δ∈(0,1/2)

(
2

δ
+ 1

)dn (
e−

n
8 ε

2(1−2δ)2 +

√
5

π1/4

1

(n− 2)1/4

√
Φn +Φn

)
,∀ n > ňε.

(8.15)

Here Φn is defined as in the statement of Theorem 2.1 with Q := q, d = dn and ϕh,n,
h = 1, 2, 3, defined by (8.12), (8.13) and (8.14), respectively. We shall show later on that
there exists an index ñε ≥ 2 such that(

Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

)
e

nε2

8 ≤ c′ε
n

dn
, ∀ n > ñε. (8.16)

So, reasoning exactly as in the proof of Theorem 2.2, but using the inequality (8.15) in
place of the inequality (2.5), we have the inequality (2.20) with

nε := max{ňε, ñε, nε}

where nε is defined by (7.5) with c′ε in place of cε. One proves relation (2.12), with c′ε
in place of cε, exactly as in the proof of Theorem 2.2, and so the lower bound in (2.20)
tends to 1 as n → ∞.

To conclude this first part of the proof it remains to prove (8.16). By (2.15) we have
that ϕ3,n tends to zero, as n → ∞, and so there exists n∗ ≥ 2 defined by (7.10) with ϕ3,n

given by (8.14). Consequently,

Φn ≤ κqndnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}, ∀ n > n∗.

So, for any n > n∗, arguing as in the proof of Theorem 2.2, we have

Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn =

√
κqn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}

×

(
n1/2

√
κqn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}+

√
5

(
3

π

)1/4
)
. (8.17)
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By the definition of the sequences ϕh,n, h = 1, 2, 3, and (2.15) we have

n1/2
√
κqn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n} ≤

√
κqC1(q)n3/2d8nmax{ϕ̃1,n, ϕ̃2,n, ϕ̃3,n}

≤ d−1
n

√
κqn3ε6e−

nε2

4 , ∀ n > n′
ε. (8.18)

By (8.17) and this latter inequality, arguing as for (7.11), ∀ n > max{n′
ε, n

∗}, we have

Φn +

√
5

π1/4

1

(n− 2)1/4

√
Φn

≤
√
κqn1/2dnmax{ϕ1,n, dnϕ2,n, dnϕ3,n}

(
e−3/2

√
12κq +

√
5

(
3

π

)1/4
)
.

The claim (8.16), with ñε := max{n′
ε, n

∗}, easily follows by this latter inequality and
(8.18) (along similar computations as for (7.12)).

Part 2. In this second part of the proof we show the relations (8.9), (8.10) and (8.11).
We remark here that, although there is room to improve the bounds ϕh,n, h = 1, 2, 3, (as
can be easily realized by the derivations), they have the merit of being quite simple. This
allows to put forward the computations, as we have seen in the first part of the proof of
Theorem 2.5.

We divide this second part of the proof in four steps. In the first one we give some
preliminary inequalities, in the other three steps we prove (8.9), (8.10) and (8.11),
respectively.
Step 1: Preliminary inequalities.
For n > ňε, set An := Σ(n) = (q!〈f (n)

j , f
(n)
k 〉H⊗q )1≤j,k≤dn , bn := ϕ̃1,n and cn := q!ϕ̃2,n. By

the assumption (2.15) we have that bn, dncn → 0, as n → ∞, and by the assumptions
(2.16) and (2.17) we have that the conditions (8.1) and (8.2) hold. Note also that by the
definition of the index ňε we have that 1/2 ≥ bn + (dn − 1)cn for any n > ňε. Therefore,
applying Lemma 8.1 we have that, ∀ n > ňε,

|(σ̃(n))jj − 1| ≤ ϕ̃1,n + q!(dn − 1)ϕ̃2,n, ∀ j = 1, . . . , dn (8.19)

and

If dn ≥ 2, then |(σ̃(n))jk| ≤ 2dnϕ̃1,n + q![1 + 2dn(dn − 1)]ϕ̃2,n, ∀ j, k = 1, . . . , dn, j 6= k.
(8.20)

Note that by (8.19) and the definition of ňε, it follows that, ∀ n > ňε,

|(σ̃(n))jj | ≤ 3/2, ∀ j = 1, . . . , dn (8.21)

and

|(σ̃(n))2jj − 1| = |(σ̃(n))jj + 1||(σ̃(n))jj − 1|

≤ (|(σ̃(n))jj |+ 1)[ϕ̃1,n + q!(dn − 1)ϕ̃2,n]

≤ 5

2
[ϕ̃1,n + q!(dn − 1)ϕ̃2,n], ∀ j = 1, . . . , dn. (8.22)

Note also that (8.20) (together with the elementary inequality (a + b)2 ≤ 2a2 + 2b2,
a, b ∈ R) gives, ∀ n > ňε,

(σ̃(n))2jk ≤ 8d2nϕ̃
2
1,n + 4(q!)2(1 + 4d2n(dn − 1)2)ϕ̃2

2,n, (8.23)
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for dn ≥ 2 and j, k = 1, . . . , dn, j 6= k.
Step 2: Proof of (8.9).
For n > ňε and j = 1, . . . , dn, we have

q!
∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥2
H⊗q

= q!(σ̃(n))2jj‖f
(n)
j ‖2H⊗q + q!1{dn ≥ 2}

1,dn∑
k: k 6=j

(σ̃(n))2jk‖f
(n)
k ‖2H⊗q

+ q!1{dn ≥ 2}
1,dn∑
k1 6=k2

(σ̃(n))jk1(σ̃
(n))jk2〈f

(n)
k1

, f
(n)
k2

〉H⊗q ,

and so, for n > ňε and j = 1, . . . , dn,

∣∣∣1−q!
∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥2
H⊗q

∣∣∣ ≤ |1−q!(σ̃(n))2jj‖f
(n)
j ‖2H⊗q |+q!1{dn ≥ 2}

1,dn∑
k: k 6=j

(σ̃(n))2jk‖f
(n)
k ‖2H⊗q

+ q!1{dn ≥ 2}
1,dn∑
k1 6=k2

|(σ̃(n))jk1 ||(σ̃(n))jk2 ||〈f
(n)
k1

, f
(n)
k2

〉H⊗q |

= q!|(σ̃(n))2jj − 1|‖f (n)
j ‖2H⊗q + |1− q!‖f (n)

j ‖2H⊗q |+ q!1{dn ≥ 2}
1,dn∑
k: k 6=j

(σ̃(n))2jk‖f
(n)
k ‖2H⊗q

+ 2q!1{dn ≥ 2}|(σ̃(n))jj |
1,dn∑

k2: k2 6=j

|(σ̃(n))jk2 ||〈f
(n)
j , f

(n)
k2

〉H⊗q |

+ q!1{dn ≥ 3}
1,dn∑

k2 6=k1, k1,k2 6=j

|(σ̃(n))jk1 ||(σ̃(n))jk2 ||〈f
(n)
k1

, f
(n)
k2

〉H⊗q |.

By this relation, (8.20), (8.21), (8.22), (8.23) and the assumptions (2.16) and (2.17), for
any n > ňε, it follows

sup
1≤j≤dn

∣∣∣1− q!
∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥2
H⊗q

∣∣∣ ≤ 5

2
(1 + ϕ̃1,n)[ϕ̃1,n + q!(dn − 1)ϕ̃2,n] + ϕ̃1,n

+ 1{dn ≥ 2}(dn − 1)(1 + ϕ̃1,n)[8d
2
nϕ̃

2
1,n + 4(q!)2(1 + 4d2n(dn − 1)2)ϕ̃2

2,n]

+ 31{d ≥ 2}(dn − 1)q!ϕ̃2,n(2dnϕ̃1,n + q![1 + 2dn(dn − 1)]ϕ̃2,n)

+ q!1{dn ≥ 3}(dn − 1)(dn − 2)ϕ̃2,n(8d
2
nϕ̃

2
1,n + 4(q!)2(1 + 4d2n(dn − 1)2)ϕ̃2

2,n).

By the definition of ňε, we have that for any n > ňε

ϕ̃1,n ≤ 1/2 and if dn ≥ 2, then ϕ̃2,n ≤ 1/2. (8.24)

Therefore, for all n > ňε, we have

sup
1≤j≤dn

∣∣∣1− q!
∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥2
H⊗q

∣∣∣ ≤ 15

4
[ϕ̃1,n + q!(dn − 1)ϕ̃2,n] + ϕ̃1,n

+ 61{dn ≥ 2}(dn − 1)[2d2nϕ̃1,n + (q!)2(1 + 4d2n(dn − 1)2)ϕ̃2,n]

+
3

2
1{dn ≥ 2}(dn − 1)q!(2dnϕ̃1,n + q![1 + 2dn(dn − 1)]ϕ̃2,n)

+ 2q!1{dn ≥ 3}(dn − 1)(dn − 2)(2d2nϕ̃1,n + (q!)2[1 + 4d2n(dn − 1)2]ϕ̃2,n).
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So, ∀ n > ňε, if dn = 1 we have (see (8.12))
∣∣∣1− q!‖(σ̃(n))11f

(n)
1 ‖2H⊗q

∣∣∣ ≤ 19
4 ϕ̃1,n = ϕ1,n, and

if dn ≥ 2 we have

sup
1≤j≤dn

∣∣∣1− q!
∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥2
H⊗q

∣∣∣
≤

{
19

4
+

(
15

4
q! +

15

2
(q!)2

)
dn +

(
3q! + 2(q!)3

)
d2n + (3q! + 12)d3n

+ 4q!d4n + 24(q!)2d5n + 8(q!)3d6n

}
max{ϕ̃1,n, ϕ̃2,n} ≤ ϕ1,n,

where the latter inequality follows by the definition of ϕ1,n (see again (8.12)).
Step 3: Proof of (8.10).
For n > ňε, dn ≥ 2 and j, j′ = 1, . . . , dn, j 6= j′, we have

〈
dn∑
k=1

(σ̃(n))jkf
(n)
k ,

dn∑
k=1

(σ̃(n))j′kf
(n)
k 〉H⊗q =

dn∑
k=1

(σ̃(n))jk(σ̃
(n))j′k‖f (n)

k ‖2H⊗q

+

1,dn∑
k 6=k′

(σ̃(n))jk(σ̃
(n))j′k′〈f (n)

k , f
(n)
k′ 〉H⊗q

= (σ̃(n))jj(σ̃
(n))j′j‖f (n)

j ‖2H⊗q + (σ̃(n))jj′(σ̃
(n))j′j′‖f (n)

j′ ‖2H⊗q

+ 1{dn ≥ 3}
1,dn∑

k: k 6=j, k 6=j′
(σ̃(n))jk(σ̃

(n))j′k‖f (n)
k ‖2H⊗q

+ (σ̃(n))j′j

1,dn∑
k: k 6=j

(σ̃(n))jk〈f (n)
k , f

(n)
j 〉H⊗q + (σ̃(n))jj(σ̃

(n))j′j′〈f (n)
j , f

(n)
j′ 〉H⊗q

+ (σ̃(n))jj1{dn ≥ 3}
1,dn∑

k′: k′ 6=j, k′ 6=j′
(σ̃(n))j′k′〈f (n)

j , f
(n)
k′ 〉H⊗q

+ (σ̃(n))j′j′1{dn ≥ 3}
1,dn∑

k: k 6=j′, k 6=j

(σ̃(n))jk〈f (n)
k , f

(n)
j′ 〉H⊗q

+ 1{dn ≥ 3}
1,dn∑

k 6=k′, k,k′ 6=j k′ 6=j′
(σ̃(n))jk(σ̃

(n))j′k′〈f (n)
k , f

(n)
k′ 〉H⊗q ,

and so, for n > ňε, dn ≥ 2 and j, j′ = 1, . . . , dn, j 6= j′, we have

∣∣∣〈 dn∑
k=1

(σ̃(n))jkf
(n)
k ,

dn∑
k=1

(σ̃(n))j′kf
(n)
k 〉H⊗q

∣∣∣
≤ |(σ̃(n))jj ||(σ̃(n))j′j |‖f (n)

j ‖2H⊗q + |(σ̃(n))jj′ ||(σ̃(n))j′j′ |‖f (n)
j′ ‖2H⊗q

+ 1{dn ≥ 3}
1,dn∑

k: k 6=j, k 6=j′
|(σ̃(n))jk||(σ̃(n))j′k|‖f (n)

k ‖2H⊗q

+ |(σ̃(n))j′j |
1,dn∑
k: k 6=j

|(σ̃(n))jk||〈f (n)
k , f

(n)
j 〉H⊗q |+ |(σ̃(n))jj |(σ̃(n))j′j′ ||〈f (n)

j , f
(n)
j′ 〉H⊗q |

+ 1{dn ≥ 3}|(σ̃(n))jj |
1,dn∑

k′: k′ 6=j, k′ 6=j′
|(σ̃(n))j′k′ ||〈f (n)

j , f
(n)
k′ 〉H⊗q |
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+ 1{dn ≥ 3}|(σ̃(n))j′j′ |
1,dn∑

k: k 6=j′, k 6=j

|(σ̃(n))jk||〈f (n)
k , f

(n)
j′ 〉H⊗q |

+ 1{dn ≥ 3}
1,dn∑

k 6=k′, k,k′ 6=j k′ 6=j′
|(σ̃(n))jk||(σ̃(n))j′k′ ||〈f (n)

k , f
(n)
k′ 〉H⊗q |.

By this relation, (8.20), (8.21), (8.22), (8.23), (8.24) and the assumptions (2.16) and
(2.17), for n > ňε and dn ≥ 2, it follows

sup
1≤j 6=j′≤dn

∣∣∣〈 dn∑
k=1

(σ̃(n))jkf
(n)
k ,

dn∑
k=1

(σ̃(n))j′kf
(n)
k 〉H⊗q

∣∣∣
≤

{
9

2q!
(2d+ q![1 + 2dn(dn − 1)]) + 1{dn ≥ 3}3(dn − 2)

q!
[2d2n + (q!)2(1 + 4d2n(dn − 1)2)]

+ (dn − 1)[2d2n + (q!)2(1 + 4d2n(dn − 1)2)] +
9

4

+ 1{dn ≥ 3}3
2
(dn − 2)(2dn + q![1 + 2dn(dn − 1)])

+ 1{dn ≥ 3}(dn − 1)(dn − 2)[2d2n + (q!)2(1 + 4d2n(dn − 1)2)]

}
max{ϕ̃1,n, ϕ̃2,n}

≤

{
27/4 + (9/q! + (9q!)/2 + (q!)2)dn + ((q!)2 + 12)d2n + (6/q! + 2 + 3q!)d3n

+ 2d4n + (12q! + 4(q!)2)d5n + 4(q!)2d6n

}
max{ϕ̃1,n, ϕ̃2,n} ≤ ϕ2,n,

where the latter inequality follows by the definition of ϕ2,n (see (8.13)).
Step 4: Proof of (8.11).
By the definition of the contraction ⊗r and the triangular inequality, for any n > ňε, if
q ≥ 2, we have

∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k ⊗r

dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥
H⊗2(q−r)

≤
dn∑
k=1

‖f (n)
k ⊗r f (n)

k ‖H⊗2(q−r)(σ̃(n))2jk

+ 1{dn ≥ 2}
1,dn∑
k 6=k′

‖f (n)
k ⊗r f (n)

k′ ‖H⊗2(q−r) |(σ̃(n))jk(σ̃
(n))jk′ |, (8.25)

for all j = 1, . . . , dn and r = 1, . . . , q − 1. Note that, for k 6= k′, one has ‖f (n)
k ⊗r

f
(n)
k′ ‖2

H⊗2(q−r) = 〈f (n)
k ⊗q−r f (n)

k , f
(n)
k′ ⊗q−r f (n)

k′ 〉H⊗2r (see e.g. [20] p. 93). So by the Cauchy-

Schwarz inequality ‖f (n)
k ⊗r f (n)

k′ ‖2
H⊗2(q−r) ≤ ‖f (n)

k ⊗q−r f (n)
k ‖H⊗2r‖f (n)

k′ ⊗q−r f (n)
k′ ‖H⊗2r .

Therefore, combining this latter inequality with (8.25), for any n > ňε, if q ≥ 2, we have

∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k ⊗r

dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥
H⊗2(q−r)

≤ ‖f (n)
j ⊗r f (n)

j ‖H⊗2(q−r)(σ̃(n))2jj + 1{dn ≥ 2}
1,dn∑
k: k 6=j

‖f (n)
k ⊗r f (n)

k ‖H⊗2(q−r)(σ̃(n))2jk
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+ 2|(σ̃(n))jj |‖f (n)
j ⊗q−r f (n)

j ‖1/2H⊗2r1{dn ≥ 2}
1,dn∑
k: k 6=j

‖f (n)
k ⊗q−r f (n)

k ‖1/2H⊗2r |(σ̃(n))jk|

+ 1{dn ≥ 3}
1,dn∑

k 6=k′, k,k′ 6=j

‖f (n)
k ⊗q−r f (n)

k ‖1/2H⊗2r‖f (n)
k′ ⊗q−r f (n)

k′ ‖1/2H⊗2r |(σ̃(n))jk(σ̃
(n))jk′ |,

for all j = 1, . . . , dn and r = 1, . . . , q − 1. By this relation, (8.20), (8.21), (8.22), (8.23),
(8.24) and the assumption (2.18), ∀ n > ňε, if q ≥ 2 we have

sup
1≤j≤dn

sup
1≤r≤q−1

∥∥∥ dn∑
k=1

(σ̃(n))jkf
(n)
k ⊗r

dn∑
k=1

(σ̃(n))jkf
(n)
k

∥∥∥
H⊗2(q−r)

≤ 9

4
ϕ̃3,n + 1{dn ≥ 2}(dn − 1)[8d2nϕ̃

2
1,n + 4(q!)2(1 + 4d2n(dn − 1)2)ϕ̃2

2,n]ϕ̃3,n

+ 31{dn ≥ 2}(dn − 1)ϕ̃3,n(2dnϕ̃1,n + q![1 + 2dn(dn − 1)]ϕ̃2,n)

+ 1{dn ≥ 3}(dn − 1)(dn − 2)ϕ̃3,n[8d
2
nϕ̃

2
1,n + 4(q!)2(1 + 4d2n(dn − 1)2)ϕ̃2

2,n]

≤

{
9

4
+ 1{dn ≥ 2}(dn − 1)[2d2n + (q!)2(1 + 4d2n(dn − 1)2)]

+ 31{dn ≥ 2}(dn − 1)

(
dn +

1

2
q![1 + 2dn(dn − 1)]

)
+ 1{dn ≥ 3}(dn − 1)(dn − 2)[2d2n + (q!)2(1 + 4d2n(dn − 1)2)]

}
ϕ̃3,n

≤

{
9

4
+

(
(q!)2+

3

2
q!

)
dn + (3 + (q!)2)d2n + (2 + 3q!)d3n + 2d4n + 4(q!)2d5n + 4(q!)2d6n

}
ϕ̃3,n

≤ ϕ3,n,

where the latter inequality follows by the definition of ϕ3,n (see (8.14)).

Remark 8.2. By a close inspection of the proof of Theorem 2.5, one realizes that the
index nε in (2.20) is defined by

nε := max{ňε, ñε, nε}

where: ňε := max{n′
ε, n

′′, n′′′, n′′′′}, here the indexes n′
ε, n

′′ and n′′′ are defined in the
statement of Theorem 2.5 and the index n′′′′ ≥ 2 is such that ϕ̃1,n + q!(dn − 1)ϕ̃2,n ≤ 1/2,
for any n > n′′′′; ñε := max{n′

ε, n
∗}, here the index n∗ is defined by (7.10) with ϕ3,n given

by (8.14); nε is defined by (7.5) with c′ε in place of cε.

9 Stochastic integrals of Ornstein-Uhlenbeck processes

We recall that, letting B = {Bt}t≥0 denote a standard Brownian motion, the Ornstein-
Uhlenbeck process Y = {Yt}t≥0 is defined as the unique solution of the Langevin
equation

Yt = −1

2

∫ t

0

Ysds+Bt, t ∈ [0, T ], (9.1)

where T > 0 is a finite positive horizon (see e.g. [26] for more insight into the Ornstein-
Uhlenbeck process).

9.1 Approximate isometry

The following theorem holds.
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Theorem 9.1. Let n ∈ N \ {1, 2}, {B(i)}1≤i≤n independent standard Brownian motions,
{Y (i)}1≤i≤n Ornstein-Uhlenbeck processes, Y (i) constructed via B(i) as in (9.1), and
{si}1≤i≤n positive numbers such that

∃ s > 0 (not depending on n) such that max
1≤i≤n

si > s. (9.2)

Let

0 < ε <
f(δ∗)

4
√
3 + 2

√
2

(
e−3/2

√
12(3 + 2

√
2) +

√
5
(
3
π

)1/4) < 1

be arbitrarily fixed (here f(δ∗) is given by (2.7)) and let Fn denote the n× dn, dn ∈ N,
random matrix Fn := (F

(n)
ij )1≤i≤n, 1≤j≤dn with

F
(n)
ij :=

1√
si(mn)j+1

∫ si(mn)
j+1

0

Y
(i)
t dB

(i)
t , where {mn}n>2 is a sequence diverging to +∞.

(9.3)
Assume that dn = o(n), as n → ∞, and that there exists an index n•

ε ≥ 2 such that

d4n√
mn

≤ ε6n3/2e−
nε2

4 , ∀ n > n•
ε. (9.4)

Then there exists nε ≥ 2 such that

P

(
1− ε ≤ smin

(
Fn√
n

)
≤ smax

(
Fn√
n

)
≤ 1 + ε

)
≥ P

(
(1− ε)‖u‖ ≤

∥∥∥ 1√
n
Fnu

∥∥∥ ≤ (1 + ε)‖u‖, for all u ∈ Rd
)

≥ P
(∥∥∥ 1

n
(Fn)

>Fn − Id

∥∥∥
op

≤ ε

)
≥ 1− 5

(
2

δ′′1 (n, ε)
+ 1

)dn (
e−

n
8 ε

2(1−2δ′′1 (n,ε))2 + c′′ε
n

dn
e−nε

2/8

)
, ∀ n > nε. (9.5)

Here the quantities δ′′1 (n, ε) and c′′ε are defined, respectively, as δ1(n, ε) in (2.10) and cε in
(2.11) with Q = 2. It turns out that relation (2.12) holds with δ′′1 (n, ε) and c′′ε in place of
δ1(n, ε) and cε, respectively, and therefore the latter term in (9.5) tends to 1, as n → ∞.

Remark 9.2. Take ε as in the statement of Theorem 9.1 and chose mn so that mn → ∞
andmn = o

(
n− 1

3 e8ε
2n
)
, as n → ∞. Then an easy computation shows that the “smallness”

condition (9.4) implies d3n = o(n), as n → ∞. As discussed in the Introduction and Remark
2.3, this is exactly the regime under which renormalized Wishart matrices, based on
suitable classes of chaotic random variables, converge weakly to random matrices
belonging to suitable Gaussian Ensembles, see [4, 6, 13, 24, 25].

Proof. (Theorem 9.1) The idea is to apply Theorem 2.2. We start noticing that B(i),
i = 1, . . . , n, is an isonormal Gaussian process over the real separable Hilbert space
Hi = H = L2(R+,B(R+),Leb), where B(R+) is the Borel σ-field on R+ and Leb is the
Lebesgue measure, see e.g. Example 2.1.4 in [21]. Setting

f
(n)
ij (s, t) :=

1

2
√
si(mn)j+1

e−
1
2 |t−s|1[0,si(mn)j+1](t)1[0,si(mn)j+1](s), 1 ≤ i ≤ n, 1 ≤ j ≤ dn,

by e.g. Exercise 5.4.4(8) in [21] we have

IB
(i)

2 (f
(n)
ij ) =

1√
si(mn)j+1

∫ si(mn)
j+1

0

Y
(i)
t dB

(i)
t .
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We are therefore in the framework of Theorem 2.2 with Xi = B(i) and qi = 2, i = 1, . . . , n.
We note that κQ = κ2 = 3 + 2

√
2.

A straightforward computation gives, for any i = 1, . . . , n and j1, j2 = 1, . . . , dn,

〈f (n)
ij1

, f
(n)
ij2

〉L2(Leb2)

=

∫ ∞

0

∫ ∞

0

f
(n)
ij1

(s, t)f
(n)
ij2

(s, t)dsdt

=
1

2si
√
(mn)j1+j2+2

×
∫ si min{(mn)

j1+1,(mn)
j2+1}

0

dt

∫ si min{(mn)
j1+1,(mn)

j2+1}

0

1{t ≥ s}e−(t−s)ds

=
1

2si
√
(mn)j1+j2+2

∫ si min{(mn)
j1+1,(mn)

j2+1}

0

(1− e−t)dt

=
1

2

(
min{(mn)

j1 , (mn)
j2}√

(mn)j1+j2
− (1− e−si min{(mn)

j1+1,(mn)
j2+1})

si
√
(mn)j1+j2+2

)
. (9.6)

Therefore, (taking j1 = j2 = j) an easy computation gives

sup
1≤i≤n, 1≤j≤dn

|1− 2‖f (n)
ij ‖2L2(Leb2)| = sup

1≤i≤n, 1≤j≤dn

1

si(mn)j+1

(
1− e−si(mn)

j+1
)

≤ 1

s(mn)2
=: ϕ1,n, ∀ n > n] (9.7)

where we used the assumption (9.2) and the index n] is chosen so that n] ≥ 2 and mn ≥ 1

∀ n > n] (note that such an index n] exists since mn → ∞, as n → ∞). By (9.6), for any
i = 1, . . . , n, dn ≥ 2 and j1 < j2, j1, j2 ∈ {1, . . . , dn}, we have

|〈f (n)
ij1

, f
(n)
ij2

〉L2(Leb2)| ≤
1

2

(
(mn)

j1√
(mn)j1+j2

+
(1− e−si(mn)

j1+1

)

si
√
(mn)j1+j2+2

)
≤ (mn)

j1√
(mn)j1+j2

,

where the latter inequality follows by the elementary relation 1 − e−x ≤ x, x ≥ 0.
Consequently,

∀ n > n], if dn ≥ 2, then sup
1≤i≤n

sup
1≤j1 6=j2≤dn

|〈f (n)
ij1

, f
(n)
ij2

〉L2(Leb2)| ≤
1√
mn

=: ϕ2,n. (9.8)

Here the inequality follows noticing that if e.g. j1 < j2, i.e., j2 ≥ j1 + 1, then the ratio
(mn)

j1√
(mn)j1+j2

is less than 1√
mn

for n > n], since for all these n it holds mn ≥ 1.

For any i = 1, . . . , n, j = 1, . . . , dn, relation (A.4) yields

f
(n)
ij ⊗1 f

(n)
ij (t1, t2) =

∫ ∞

0

f
(n)
ij (t1, s)f

(n)
ij (t2, s)ds,

and so

‖f (n)
ij ⊗1 f

(n)
ij ‖L2(Leb2)

=

√√√√∫ si(mn)j+1

0

∫ si(mn)j+1

0

(∫ si(mn)j+1

0

f
(n)
ij (t1, s)f

(n)
ij (t2, s)ds

)2

dt1dt2

=
1

2
√
2si(mn)j+1

×

√√√√∫ si(mn)j+1

0

∫ si(mn)j+1

0

1{t2 ≥ t1}

(∫ si(mn)j+1

0

e−
1
2 (|t1−s|+|t2−s|)ds

)2

dt1dt2
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=
1

2
√
2si(mn)j+1

×

√√√√∫ si(mn)j+1

0

dt2

∫ t2

0

(∫ si(mn)j+1

0

e−
1
2 (|t1−s|+|t2−s|)ds

)2

dt1. (9.9)

A simple computation shows, for 0 ≤ t1 ≤ t2 ≤ si(mn)
j+1,∫ si(mn)

j+1

0

e−
1
2 (|t1−s|+|t2−s|)ds

=

∫ t1

0

e−
1
2 (|t1−s|+|t2−s|)ds+

∫ t2

t1

e−
1
2 (|t1−s|+|t2−s|)ds+

∫ si(mn)
j+1

t2

e−
1
2 (|t1−s|+|t2−s|)ds

= e−
1
2 (t1+t2)(et1 − 1) + e−

1
2 (t2−t1)(t2 − t1) + e

1
2 (t1+t2)(e−t2 − e−si(mn)

j+1

).

Inserting this expression into (9.9) and using Minkowski’s inequality we have

‖f (n)
ij ⊗1 f

(n)
ij ‖L2(Leb2) ≤

1

2
√
2si(mn)j+1

(√∫ si(mn)j+1

0

dt2

∫ t2

0

e−(t1+t2)(et1 − 1)2dt1

+

√∫ si(mn)j+1

0

dt2

∫ t2

0

e−(t2−t1)(t2 − t1)2dt1

+

√∫ si(mn)j+1

0

dt2

∫ t2

0

et1+t2(e−t2 − e−si(mn)j+1)2dt1

)
. (9.10)

A straightforward computation yields∫ si(mn)
j+1

0

dt2

∫ t2

0

e−(t1+t2)(et1 − 1)2dt1

= si(mn)
j+1 − 5

2
+ 2si(mn)

j+1e−si(mn)
j+1

+ 2e−si(mn)
j+1

+
1

2
e−2si(mn)

j+1

,

(9.11)

∫ si(mn)
j+1

0

dt2

∫ t2

0

e−(t2−t1)(t2 − t1)
2dt1

= 2si(mn)
j+1 − 2 + (si(mn)

j+1)2e−si(mn)
j+1

+ 4si(mn)
j+1e−si(mn)

j+1

+ 2e−si(mn)
j+1

and ∫ si(mn)
j+1

0

dt2

∫ t2

0

et1+t2(e−t2 − e−si(mn)
j+1

)2dt1

= si(mn)
j+1 − 5

2
+ 2si(mn)

j+1e−si(mn)
j+1

+ 2e−si(mn)
j+1

+
1

2
e−2si(mn)

j+1

.

(9.12)

In particular, note that the quantities in (9.11) and (9.12) are equal. Therefore,

1

si(mn)j+1

√∫ si(mn)j+1

0

dt2

∫ t2

0

e−(t1+t2)(et1 − 1)2dt1

=

√
1

si(mn)j+1
− 5

2(si)2(mn)2(j+1)
+

2e−si(mn)j+1

si(mn)j+1
+

2e−si(mn)j+1

(si)2(mn)2(j+1)
+

e−2si(mn)j+1

2(si)2(mn)2(j+1)

≤

√
3

si(mn)j+1
≤
(
3

s

)1/2
1

mn
, ∀ n > n] (9.13)
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where the latter inequality follows by the assumption (9.2) and the fact that mn ≥ 1 for
any n > n]; further

1

si(mn)j+1

√∫ si(mn)j+1

0

dt2

∫ t2

0

e−(t2−t1)(t2 − t1)2dt1

=

√
2

si(mn)j+1
− 2

(si)2(mn)2(j+1)
+ e−si(mn)j+1 +

4e−si(mn)j+1

si(mn)j+1
+

2e−si(mn)j+1

(si)2(mn)2(j+1)

≤

√
6

si(mn)j+1
+ e−si(mn)j+1

≤

√
7

si(mn)j+1
≤
(
7

s

)1/2
1

mn
, ∀ n > n] (9.14)

where the first inequality in (9.14) follows by the relation ex > x, x ≥ 0, and the latter
inequality in (9.14) is a consequence of the assumption (9.2) and the fact that mn ≥ 1

for any n > n]. Combining (9.13) and (9.14) with (9.10), we have

sup
1≤i≤n

sup
1≤j≤dn

‖f (n)
ij ⊗1 f

(n)
ij ‖L2(Leb2) ≤

1

2
√
2

[
2

(
3

s

)1/2

+

(
7

s

)1/2
]

1

mn

≤
(
6

s

)1/2
1

mn
=: ϕ3,n, ∀ n > n]. (9.15)

By relations (9.7), (9.8) and (9.15), we have that condition (ii) of Theorem 2.2 is satisfied
with n′′ := n]. Let n◦ be such that n◦ ≥ 2 and

1

s(mn)3/2
≤ 1 and

(
6

s

)1/2
1

√
mn

≤ 1, ∀ n > n◦ (9.16)

(such an index n◦ exists since mn → ∞, as n → ∞). Then

d3nmax{ϕ1,n, dnϕ2,n, dnϕ3,n} = d3nmax

{
1

s(mn)2
,

dn√
mn

,

(
6

s

)1/2
dn
mn

}

≤ d4nmax

{
1

s(mn)2
,

1
√
mn

,

(
6

s

)1/2
1

mn

}
(9.17)

≤ d4n√
mn

≤ ε6n3/2e−
nε2

4 , ∀ n > n′
ε := max{n•

ε, n
◦}

where the inequality (9.17) follows by (9.16) and the latter inequality follows by the
assumption (9.4). Therefore the assumption (i) of Theorem 2.2 is also satisfied. Conse-
quently, this theorem can be applied and the claim follows.

Remark 9.3. By Remark 7.2 and a close inspection of the proof of Theorem 9.1 we have
that the index nε involved in the bound (9.5) can be chosen as

nε := max{n], n•
ε, n

◦, nε}, (9.18)

where: n] is such that n] ≥ 2 andmn ≥ 1 ∀ n > n]; n•
ε is provided by the assumption (9.4);

n◦ is defined by (9.16) and nε is given by relation (7.5) with c′′ε in place of cε. Indeed, by
Remark 7.2 and a close inspection of the proof of Theorem 9.1 we have that

nε := max{n], ñε, nε}

where: ñε := max{n•
ε, n

◦, n∗} and n∗ is defined by (7.10) with ϕ3,n := (6/s)1/2m−1
n . Since

if n > max{n], n◦} then ϕ3,n ≤ 1, we finally have (9.18).
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9.2 Covariance estimation

Let I(n)B (dn, θ) be the dn-dimensional (row) random vector with j-th component defined
by

F
(n)
j (θ) :=

1√
θ(mn)j+1

∫ θ(mn)
j+1

0

YtdBt, 1 ≤ j ≤ dn.

Here n ∈ N \ {1, 2}, dn ∈ N, Y = {Yt}t≥0 is the Ornstein-Uhlenbeck process defined by
(9.1), θ is an unknown parameter such that θ ≥ s > 0, for a known positive constant s,
and {mn} is a sequence diverging to +∞. By (2.13) and (9.6) we have that the covariance

matrix of the random vector I(n)B (dn, θ) is the dn × dn matrix Σ(n)(θ) with jk-entry

min{(mn)
j , (mn)

k}√
(mn)j+k

− 1− e−θmin{(mn)
j+1,(mn)

k+1}

θ
√
(mn)j+k+2

.

Let Σ̂
(n)

be the sample covariance based on n data D
(n)
1 , . . . ,D

(n)
n (i.e., n independent

samples from I
(n)
B (dn, θ)) and let Rn(θ) be the relative error concerning the approximation

of Σ(n)(θ) by the sample covariance Σ̂
(n)

(see (2.14)).
The following theorem holds.

Theorem 9.4. Let the foregoing notation and conditions prevail, and let

0 < ε <
f(δ∗)

4
√
3 + 2

√
2

(
e−3/2

√
12(3 + 2

√
2) +

√
5
(
3
π

)1/4) < 1

be arbitrarily fixed (here f(δ∗) is given by (2.7)). Assume that dn = o(n), as n → ∞, and
that there exists an index n•

ε ≥ 2 such that

d10n√
mn

≤ 4ε6

1001
n3/2e−

nε2

4 , ∀ n > n•
ε. (9.19)

Then there exists nε ≥ 2 such that

P(Rn(θ) ≤ ε) ≥ 1− 5

(
2

δ′′1 (n, ε)
+ 1

)dn (
e−

n
8 ε

2(1−2δ1(n,ε))
2

+ c′′ε
n

dn
e−nε

2/8

)
, ∀ n > nε

(9.20)

where δ′′1 (n, ε) and c′′ε are defined in the statement of Theorem 9.1. It turns out that
relation (2.12) holds with δ′′1 (n, ε) and c′′ε in place of δ1(n, ε) and cε, respectively, and
therefore the rightmost term in (9.20) tends to 1, as n → ∞.

Proof. The idea is to apply Theorem 2.5. By the computations in the proof of Theorem
9.1 we have that the condition (ii) of Theorem 2.5 is satisfied with n′′ := n],

ϕ̃1,n :=
1

s(mn)2
, ϕ̃2,n :=

1
√
mn

, ϕ̃3,n :=

(
6

s

)1/2
1

mn

and q = 2. Let n◦ be defined by (9.16). Then

max{ϕ̃1,n, ϕ̃2,n, ϕ̃3,n} ≤ 1
√
mn

, ∀ n > n◦.

Using this relation and the assumption (9.19) one easily realizes that condition (i) of
Theorem 2.5 (with q = 2) holds taking n′

ε := max{n◦, n•
ε}. Let n ≥ 2 be such that

mn ≥ 1 and 1− 1

s(mn)2
> 0, ∀ n > n
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(such an index exists since mn → ∞, as n → ∞). Let n′′′ ≥ n be such that

d2n√
mn

< 1− 1

s(mn)2
, ∀ n > n′′′ (9.21)

(the existence of such an index n′′′ it follows by the fact that d2n/
√
mn → 0, as n → ∞,

which, in turn, follows by the assumption (9.19) and the fact that dn ≥ 1). The claim of
the theorem follows by Theorem 2.5 if we check that

∀ n > n′′′ the matrices Σ(n)(θ) are strictly diagonally dominant,

indeed in such a case they are positive definite, and therefore invertible. By the definition
of Σ(n)(θ), we have that ∀ n > n′′′ this matrix is strictly diagonally dominant if and only
if ∀ n > n′′′ and j = 1, . . . , dn,

1− 1− e−θm
j+1
n

θmj+1
n

> 2

1,dn∑
j<k

∣∣∣ mj
n√

mj+k
n

− 1− e−θm
j+1
n

θ
√

mj+k+2
n

∣∣∣. (9.22)

To check this, note that, on one hand, since θ ≥ s > 0, for n > n′′′ and j = 1, . . . , dn, we
have

1− 1− e−θm
j+1
n

θmj+1
n

≥ 1− 1− e−θm
j+1
n

smj+1
n

> 1− 1

smj+1
n

≥ 1− 1

sm2
n

> 0, (9.23)

where the strict positivity follows by the definition of n′′′. On the other hand, for n > n′′′

and j = 1, . . . , dn, we have

2

1,dn∑
j<k

∣∣∣ mj
n√

mj+k
n

− 1− e−θm
j+1
n

θ
√

mj+k+2
n

∣∣∣ ≤ 2

1,dn∑
j<k

max

{
mj
n√

mj+k
n

,
1− e−θm

j+1
n

θ
√

mj+k+2
n

}
(9.24)

≤ 2

1,dn∑
j<k

max

{
mj
n√

m2j+1
n

,
1− e−θm

j+1
n

θ

√
m

2(j+1)+1
n

}
(9.25)

≤ 2
dn(dn − 1)

2

1
√
mn

(9.26)

≤ d2n√
mn

< 1− 1

s(mn)2
. (9.27)

Here: in (9.24) we used the elementary inequality |a− b| ≤ max{a, b}, a, b ≥ 0; in (9.25)
we majorized by taking k = j + 1 (which is the minimum possible value of k being

k > j); in (9.26) we used that 1−e−θm
j+1
n

θmj+1
n

≤ 1; the strict inequality in (9.27) follows by the

definition of n′′′. Finally, relation (9.22) follows by (9.27) and (9.23).

Remark 9.5. By Remark 8.2 and a close inspection of the proof of Theorem 9.4 we have
that the index nε involved in the bound (9.20) can be chosen as

nε := max{n◦, n•
ε, n

], n′′′, n′′′′, nε},

where: n◦ is defined by (9.16); n•
ε is defined by (9.19); n] is such that n] ≥ 2 and mn ≥ 1

∀ n > n]; n′′′ is such that (9.21) holds; n′′′′ is such that n′′′′ ≥ 2 and

1

s(mn)2
+

2(dn − 1)
√
mn

≤ 1

2
, ∀ n > n′′′′

(such an index exists since mn → ∞ and dn/
√
mn → 0, as n → ∞); finally, nε is given by

relation (7.5) with c′′ε in place of cε. We omit the details of this verification.
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A Elements of Malliavin calculus on the Wiener space

Hereon, we present the basic elements of Gaussian analysis and Malliavin calculus
that are used in this paper, and refer the reader to [26] for any unexplained definition or
result.

Let H be a real separable Hilbert space with inner product 〈·, ·〉H and norm ‖x‖H :=

〈x, x〉1/2H , x ∈ H. For q ∈ N, let H⊗q be the q-th tensor product of H and let H◦q be the
associated q-th symmetric tensor product. We denote by X = {X(u)}u∈H an isonormal
Gaussian process, defined on some probability space (Ω,F ,P), over H, i.e., X is a
centered Gaussian family, defined on a complete probability space (Ω,F ,P), indexed by
elements of H and such that, for any u, v ∈ H, EX(u)X(v) = 〈u, v〉H. Throughout this
appendix, we take F = σ(X).

For any q ∈ N, letHq be the q-th Wiener chaos ofX, that is, the closed linear subspace
of L2(Ω,F ,P) generated by random variables of the type {Hq(X(u)) : u ∈ H, ‖u‖H = 1},
where Hq is the q-th Hermite polynomial. By convention we write H0 = R. For any q ∈ N,
the mapping Iq(u

⊗q) = q!Hq(X(u)) can be extended to a linear isometry between H◦q,
equipped with the modified norm

√
q!‖ · ‖H◦q and the q-th Wiener chaos Hq. For q = 0, we

write I0(c) = c, c ∈ R. In particular, the following isometry formula holds for any f ∈ H◦p

and g ∈ H◦q:

EIp(f)Iq(g) = 1{p = q}q!〈f, g〉H◦q . (A.1)

It is well-known that any random variable F ∈ L2(Ω,F ,P) admits a unique chaotic
expansion

F =

∞∑
q=0

Iq(fq), (A.2)

Here, the series (A.2) converges in L2(Ω,F ,P), I0(f0) = EF and the fq ∈ H◦q, q ∈ N,
are uniquely determined by F . For any q ∈ N ∪ {0}, we denote by Jq the projection
operator on the q-th Wiener chaos. In particular, if F is as in (A.2), then Jq(F ) = Iq(fq),
q ∈ N ∪ {0}.

Let {ek}k≥1 be a complete orthonormal system in H. Given f ∈ H◦p and g ∈ H◦q, for
any r = 0, . . . ,min{p, q}, p, q ∈ N, we define the contraction of f and g of order r as the
element of H⊗(p+q−2r) given by

f ⊗r g =

∞∑
i1,...,ir=1

〈f, ei1 ⊗ · · · ⊗ eir 〉H⊗r ⊗ 〈g, ei1 ⊗ · · · ⊗ eir 〉H⊗r . (A.3)

For r = 0, f ⊗0 g := f ⊗ g, i.e., the tensor product of f and g, and, for p = q = r,
f ⊗q g = 〈f, g〉H⊗q .

We remark that if H = L2(A,A, α), with α a non-atomic measure, then H⊗q =

L2(Aq,Aq, αq), H◦q = L2
s(A

q,Aq, αq), q ≥ 1, where L2
s(A

q,Aq, αq) denotes the set of
symmetric functions in L2(Aq,Aq, αq). Moreover, for any r = 0, . . . ,min{p, q}, p, q ∈ N,
f ∈ L2

s(A
p,Ap, αp) and g ∈ L2

s(A
q,Aq, αq), f ⊗r g is the function of L2(Ap+q−2r,Ap+q−2r,

αp+q−2r) given by

f ⊗r g(t1, . . . , tp−r, tp−r+1, . . . , tp+q−2r)

:=

∫
Ar

f(t1, . . . , tp−r, s1, . . . , sr)g(tp−r+1, . . . , tp+q−2r, s1, . . . , sr)α
r(ds1, . . . , dsr).

(A.4)

Let S be the set of all smooth cylindrical r.v.’s of the form F = g(X(u1), . . . , X(un)),
where n ∈ N, g : Rn → R is an infinitely differentiable function with compact support
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and ui ∈ H, for any i = 1, . . . , n. We define the Malliavin derivative of F as the random
element of L2(Ω,F ,P;H):

D1F = DF =

n∑
i=1

∂g

∂xi
(X(u1), . . . , X(un))ui.

By iteration, we define

D2F =

n∑
i,j=1

∂2g

∂xi∂xj
(X(u1), . . . , X(un))ui ⊗ uj ,

which is a random element of L2(Ω,F ,P;H◦2). We denote by D1,2 the closure of S w.r.t.
the norm ‖ · ‖1,2 defined by

‖F‖21,2 := EF 2 + E‖DF‖2H.

The next integration by parts formula (see e.g. [21] p. 53) plays a fundamental role in
the theory. For any F ∈ D1,2 centered we have

EFg(F ) = Eg′(F )〈−DL−1F,DF 〉H, g ∈ C1
b . (A.5)

where C1
b is defined by (3.3) and L−1 is the inverse of the Ornstein-Uhlenbeck operator,

which is defined as follows. For any F ∈ L2(P) centered with chaotic expansion (A.2),
we set

L−1F := −
∑
q≥1

1

q
Iq(fq). (A.6)

Note also that,
For any f ∈ H◦q, q ∈ N, DIq(f) = qIq−1(f). (A.7)

B Proof of Proposition 2.7

We distinguish the cases d = 1 and d ≥ 2.
Case d = 1. We first suppose q ≥ 2. By the isometry formula (A.1) and the assumptions
(2.21) and (2.22) it follows that, as m → ∞,

EIXq (g
(m)
1 )2 = q!‖g(m)

1 ‖2H⊗q → 1, ‖g(m)
1 ⊗r g(m)

1 ‖H⊗2(q−r) → 0, ∀ r = 1, . . . , q − 1.

The claim follows by Theorem 5.2.7 (Fourth-moment theorem) in [21]. Now assume
q = 1. By formulas (A.6) and (A.7) we have 〈DIX1 (g

(m)
1 ),−DL−1IX1 (g

(m)
1 )〉H = ‖g(m)

1 ‖2H.
The claim then follows by the assumption (2.21) and formula (3.35) of Theorem 3.1 in
[20].
Case d ≥ 2. We preliminary note that the isometry formula (A.1) and the assumption
(2.21) yield, for any j, k = 1, . . . , d and q ∈ N,

EIXq (g
(m)
j )IXq (g

(m)
k ) = q!〈g(m)

j , g
(m)
k 〉H⊗q → δjk, as m → ∞.

We continue the proof distinguishing two cases: q ≥ 2 and q = 1. We first suppose q ≥ 2.
Taking j = k in the assumption (2.21) and reasoning exactly as in the Case d = 1 (with
q ≥ 2), we have that, for any j = 1, . . . , d, IXq (g

(m)
j ) converges in law to a random variable

distributed according to the standard Gaussian law, as m → ∞. The claim then follows
by e.g. Proposition 3.9 in [23]. Now assume q = 1. Taking j = k in the assumption (2.21)
and arguing as in the Case d = 1 (with q = 1) we have that, for any j = 1, . . . , d, IX1 (g

(m)
j )

converges in distribution to a random variable distributed according to the standard
Gaussian law. The claim then follows by e.g. Proposition 3.9 in [23].
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C Proof of the measurability of the event E in (4.5)

Without loss of generality, we set

(Ω,F ,P) := (Rn×d,B(Rn×d),PFn,d
),

where B(Rn×d) is the Borel σ-field on Rn×d and PFn,d
is the law of Fn,d, and define

Fn,d((yij)) := (yij), for any (yij) ∈ Rn×d. We have to check that

{(yij) ∈ Rn×d : (1− ε)‖u‖ ≤ ‖((yij)/
√
n)u‖ ≤ (1 + ε)‖u‖, for all u ∈ Rd} ∈ B(Rn×d).

To this aim, note that

{(yij) ∈ Rn×d : (1− ε)‖u‖ ≤ ‖((yij)/
√
n)u‖ ≤ (1 + ε)‖u‖, for all u ∈ Rd}

= {(yij) ∈ Rn×d : (1− ε)‖u‖ ≤ ‖((yij)/
√
n)u‖ ≤ (1 + ε)‖u‖, for all u ∈ Rd \ {0}}

=
⋂

u∈Rd\{0}

Ψ−1
u ([1− ε, 1 + ε])},

where

for any u ∈ Rd \ {0}, Ψu((yij)) :=
∥∥∥ (yij)√

n

u

‖u‖

∥∥∥.
Note that, for any u ∈ Rd \ {0}, the function Ψu(·) is continuous, therefore, for any
u ∈ Rd \ {0}, Ψ−1

u ([1− ε, 1 + ε]) is a closed set and so
⋂

u∈Rd\{0} Ψ
−1
u ([1− ε, 1 + ε])} is a

closed set, which implies the Borel measurability of

{(yij) : (1− ε)‖u‖ ≤ ‖((yij)/
√
n)u‖ ≤ (1 + ε)‖u‖, for all u ∈ Rd}.

D Proof of Lemma 4.6

By e.g. Example 2.11 p. 29 in [43] we have the concentration inequality

P

(∣∣∣Zn
n

− 1
∣∣∣ ≥ ε

)
≤ 2e−

nε2

8 .

The claim follows noticing that

P(Zn < (1− ε)n) + P(Zn > (1 + ε)n) + P

(∣∣∣Zn
n

− 1
∣∣∣ < ε

)
= 1.

E Proof of Lemma 8.1

By the Spectral Decomposition Theorem (see e.g. [15]) there exists an orthonor-
mal basis of Rdn formed by (row) eigenvectors of An, say v`(An), ` = 1, . . . , dn, with
corresponding (positive) eigenvalues λ`(An) such that

An =

dn∑
`=1

λ`(An)v`(An)
>v`(An), (E.1)

i.e., An = O>
nΛnOn, where Λn is the diagonal dn × dn matrix with diagonal elements

λ1(An), . . . , λdn(An), and On is the orthogonal dn × dn matrix with `-th row equal to
v`(An), ` = 1, . . . , dn. Therefore, by the orthogonality ofOn it followsA−1

n = O−1
n Λ−1

n On,

and, by the definition of square root of a matrix we have A
−1/2
n = O−1

n Λ−1/2
n On, i.e.,

A−1/2
n =

dn∑
`=1

λ`(An)
−1/2v`(An)

>v`(An). (E.2)
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We continue dividing the proof in three steps. In the first step we prove (8.3), in the
second step we prove (8.4) and in the third step we prove (8.5) and (8.6).
Step 1: Proof of (8.3).
By (E.2) (using an obvious notation) it follows

ãjj(n)− 1 =

dn∑
`=1

λ`(An)
−1/2(v`(An)

>v`(An))jj − 1

=

dn∑
`=1

(λ`(An)
−1/2 − 1)(v`(An))

2
j , j = 1, . . . , dn, (E.3)

where we used that the diagonal elements of the matrix v`(An)
>v`(An) are given by

(v`(An))
2
1, . . . , (v`(An))

2
dn
, and that their sum is equal to 1 since {v`(An)}`=1,...,d is an

orthonormal basis of Rdn . By Gershgorin’s Circle Theorem (see e.g. [15]) we have that,
for each ` ∈ {1, . . . , dn} there exists j` ∈ {1, . . . , dn} such that

|λ`(An)− aj`j`(n)| ≤ 1{dn ≥ 2}
1,dn∑
k: k 6=j`

|aj`k(n)|.

By this inequality and the assumption (8.2), we have

|λ`(An)− aj`j`(n)| ≤ (dn − 1)cn, for every n, dn ∈ N and ` = 1, . . . , dn.

In turn, by this relation and the elementary inequality |a− b| ≥ |a|− |b|, a, b ∈ R, it follows
|λ`(An)− 1| − |aj`j`(n)− 1| ≤ (dn − 1)cn. Combining this inequality with the assumption
(8.1), we have

|λ`(An)− 1| ≤ bn + (dn − 1)cn, ∀ n, dn ∈ N and ` = 1, . . . , dn. (E.4)

So, for any n > ñ and ` = 1, . . . , dn,

1√
1 + bn + (dn − 1)cn

− 1 ≤ λ`(An)
−1/2 − 1 ≤ 1√

1− bn − (dn − 1)cn
− 1. (E.5)

Using the elementary inequality |c| ≤ max{|a|, |b|}, for any a, b, c ∈ R such that a ≤ c ≤ b,
it follows that (E.5) implies

|λ`(An)
−1/2 − 1| ≤ max

{∣∣∣ 1√
1 + bn + (dn − 1)cn

− 1
∣∣∣, ∣∣∣ 1√

1− bn − (dn − 1)cn
− 1
∣∣∣} ,

(E.6)
for any n > ñ and ` = 1, . . . , dn. Combining this latter relation with (E.3) (and the fact
that the sum of the square of the components of the orthonormal eigenvectors v`(An) is
equal to 1), we finally have (8.3).
Step 2: Proof of (8.4).
Let dn ≥ 2 and j, k = 1, . . . , dn, j 6= k. By (E.2) (using an obvious notation) we have

ãjk(n) =

dn∑
`=1

λ`(An)
−1/2(v`(An)

>v`(An))jk

=

dn∑
`=1

(λ`(An)
−1/2 − 1)(v`(An)

>v`(An))jk +

dn∑
`=1

(v`(An)
>v`(An))jk.
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By this relation and (E.6), since the absolute values of the components of the orthonormal
eigenvectors v`(An) are less than or equal to 1, for any n > ñ and j 6= k, we have

|ãjk(n)| ≤ dnmax

{∣∣∣ 1√
1 + bn + (dn − 1)cn

− 1
∣∣∣, ∣∣∣ 1√

1− bn − (dn − 1)cn
− 1
∣∣∣}

+
∣∣∣ dn∑
`=1

(v`(An)
>v`(An))jk

∣∣∣. (E.7)

By (E.1) we have

ajk(n) =

dn∑
`=1

(λ`(An)− 1)(v`(An)
>v`(An))jk +

dn∑
`=1

(v`(An)
>v`(An))jk,

and so∣∣∣ dn∑
`=1

(v`(An)
>v`(An))jk

∣∣∣ ≤ |ajk(n)|+
∣∣∣ dn∑
`=1

(λ`(An)− 1)(v`(An)
>v`(An))jk

∣∣∣
≤ cn + dn(bn + (dn − 1)cn) = dnbn + (1 + dn(dn − 1))cn, (E.8)

where the latter inequality follows by the assumption (8.2), (E.4) and again the fact that
the absolute values of the components of the orthonormal eigenvectors v`(An) are less
than or equal to 1. By (E.8) and (E.7) we finally have (8.4).
Step 3: Proof of (8.5) and (8.6).
Note that, setting an := bn + (dn − 1)cn, it holds∣∣∣ 1√

1 + an
− 1
∣∣∣ = an√

1 + an(1 +
√
1 + an)

≤ an, ∀ n ∈ N

and ∣∣∣ 1√
1− an

− 1
∣∣∣ = an√

1− an(1 +
√
1− an)

≤ an, ∀ n > ñ

where this latter inequality is a consequence of the choice of ñ. The claims then follow
combining these relations with (8.3) and (8.4).
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