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Bursting behaviors, driven by environmental variability, can substantially influence ecosystem
services and functions and have the potential to cause abrupt population breakouts in host–
parasitoid systems. We explore the impact of environment on the host–parasitoid interaction by
investigating separately the effect of grazing-dependent habitat variation on the host density and
the effect of environmental fluctuations on the average host population growth rate. We hence
focus on the discrete host–parasitoid Beddington–Free–Lawton model and show that a more
comprehensive mathematical study of the dynamics behind the onset of on–off intermittency
in host–parasitoid systems may be achieved by considering a deterministic, chaotic system that
represents the dynamics of the environment. To this aim, some of the key model parameters are
allowed to vary in time according to an evolution law that can exhibit chaotic behavior. Fixed
points and stability properties of the resulting 3D nonlinear discrete dynamical system are
investigated and on–off intermittency is found to emerge strictly above the blowout bifurcation
threshold. We show, however, that, in some cases, this phenomenon can also emerge in the sub-
threshold. We hence introduce the novel concept of long-term reactivity and show that it can
be considered as a necessary condition for the onset of on–off intermittency. Investigations in
the time-dependent regimes and kurtosis maps are provided to support the above results. Our
study also suggests how important it is to carefully monitor environmental variability caused by
random fluctuations in natural factors or by anthropogenic disturbances in order to minimize
its effects on throphic interactions and protect the potential function of parasitoids as biological
control agents.
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1. Introduction

Since the groundbreaking work of [Bailey & Nichol-
son, 1935], many theoretical ecologists have been
interested in exploring the close interactions that
take place between insect parasitoids and their
hosts [Hassell, 2000]. This interest stems surely from
the usefulness of parasitoids for pest control. Para-
sitoids have been, in fact, used extensively as bio-
logical control agents because they are more selec-
tive than predators and can be effective enough to
reduce the host population by up to 95% [Bellows,
2001]. Moreover, host–parasitoid interactions have
been proven to be a privileged field to investigate
the emergence of a variety of intriguing nonlinear
dynamical behaviors.

The dynamics of host–parasitoid systems are
heavily influenced by traits of the populations of
parasitoids and hosts as parasitoid’s searching effi-
ciency, host population’s intraspecific competition,
parasitoid’s spatial distribution of attacks [Bedding-
ton et al., 1976; May et al., 1981] as well as exter-
nal factors such as environmental variability. In
particular, the importance of environmental vari-
ability has emerged as a keystone of coexistence
theory, given the ubiquitous nature of environmen-
tal changes in natural systems [Chesson, 2018].
According to [Germain et al., 2018; Hallett et al.,
2019], environmental variability is defined as unpre-
dictable spatiotemporal fluctuations that operate
at the level of the environment in which popula-
tions live. These fluctuations have the power to
modify the degree of competition that individuals
face in various environments, changing community
compositions and the coexistence of species. They
can also have an impact on population demographic
parameters. It results from changes in external fac-
tors like the weather (temperature, precipitation,
etc.), the availability of food, the occurrence of dis-
eases, competition from other species or predation,
and so on. In addition, environmental heterogeneity
can impact species interactions and cascade up to
higher throphic levels so that host–parasite interac-
tions in forest environment turn out to be directly
influenced by grazing-dependent habitat variability
[Jones et al., 1997; Kruess & Tscharntke, 2002].
For instance, the presence of the cattle greatly
enhanced the density of the insect herbivore Tephri-
tis conura and its parasitoid Pteromalus elevatus
[Vanbergen et al., 2006]. This shows how crucial it is
to take into account how environmental variability

brought about by anthropogenic disturbances can
affect throphic interactions like parasitism.

To assess the role of environmental variabil-
ity, stochastic differential equations are generally
used. Modifying model parameters is a common
method to address environmental variability in the
biological system represented by a stochastic dif-
ferential equation model. This can be done by
assuming either that certain parameters satisfy
mean-reverting stochastic processes or that they
can be adequately modeled by linear functions of
Gaussian white noise [Allen, 2016]. For example,
in [Vissio & Provenzale, 2022; Monti et al.,
2024], the Beddington–Free–Lawton (BFL) host–
parasitoid model [Beddington et al., 1976] was con-
sidered and, to explore the role of environmental
variability, some of the parameters were stochasti-
cally perturbed. Such parametric perturbation was
hence shown to be responsible for the occurrence
of on–off intermittency for the host dynamics. This
intriguing phenomenology, first reported in [Platt
et al., 1993], has been observed in dynamical sys-
tems when the bifurcation parameter has random
(aperiodic) temporal variations. The underlying
physical mechanisms are often unmodeled and gen-
erally referred to as noise, so that it is also known
as noise-induced intermittency. Its phenomenology,
characterized by the irregular alternation between
quiescent phases and sudden bursts, has been found
in systems belonging to very different worlds from
the solar cycle [Platt et al., 1993] and earthquakes
[Bottiglieri & Godano, 2007] to electronic circuits
[Hammer et al., 1994], from human behavior [Cabr-
era & Milton, 2002] to population dynamics, where
simple discrete one-dimensional models have been
mainly considered [Heagy et al., 1994; Metta et al.,
2010; Moon, 2010; Platt et al., 1993; Toniolo et al.,
2002] and discrete higher dimensional models have
been studied quite rarely [Vissio & Provenzale,
2022].

From the theoretical point of view, on–off inter-
mittency can be produced by a dynamical system
whose control parameter fluctuates either by means
of stochastic or deterministic drivers. In both these
cases, the same phenomenology emerges and it can
be very hard to distinguish between stochastic and
deterministic drivers when looking at the time series
[Toniolo et al., 2002]. In this respect, one intrigu-
ing query to consider is if a more comprehensive
mathematical study of the dynamics behind the
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onset of on–off intermittency in host–parasitoid sys-
tems may be achieved by substituting the stochas-
tic driver with a deterministic, chaotic system that
represents the dynamics of the environment. To
thoroughly answer this question, in this paper, we
focus on the BFL model (2) and specifically con-
sider environmental variability as a deterministic
aperiodic driving process. To this aim, we allow two
key model parameters to vary in time according
to an evolution law that can exhibit deterministic
chaos. We choose the logistic map as a determin-
istic chaotic driver for system (2) since, when its
parameters are varied, this “simple but complex”
discrete dynamical system shows variegated dynam-
ics, including chaos [May, 1976]. Logistic map has
been, in fact, the subject of much research over the
years [da Costa et al., 2016; Alligood et al., 1998]
both for its ability to characterize the typical behav-
ior of many dissipative dynamical systems described
by nonlinear differential equations and for its prop-
erties. For instance, it exhibits tangent bifurca-
tions that result in periodic windows, a cascade
of period-doubling bifurcations that lead to chaos
[Feigenbaum, 1978], intermittent behavior, and cri-
sis events (such as boundary, interior, and merging
chaotic bands crises) [Grebogi et al., 1982, 1983].
In addition, almost all of its features are applica-
ble to generic parameter-dependent unimodal maps
[Avila et al., 2003], i.e. maps with a single criti-
cal point. The logistic map’s qualitative universality
was shown by Milnor and Thurston’s groundbreak-
ing work [Milnor & Thurston, 2006] and further-
more, every unimodal map, with some limitations,
was shown to display dynamics that are compara-
ble to the logistic map [Guckenheimer, 1979]. In this
instance, equivalent dynamics are measured by the
presence of a topological conjugacy that offers an
invertible coordinate shift to transform the itera-
tive scheme into the logistic map.

Therefore, the fact that the logistic map
exhibits dynamical behaviors shared by the large
class of unimodal maps, that despite of its simplic-
ity it exhibits all the key features of low-dimensional
chaos and that the organization in parameter space
of its periodic and chaotic regimes can be fully
characterized using basic tools, makes it an excel-
lent candidate to be coupled — as a deterministic
driver — with the BFL model (2).

The resulting 3D discrete nonlinear dynami-
cal system allows to gain insight into the onset of
on–off intermittent behavior that is related to the

occurrence of a blowout bifurcation and happens
when a chaotic attractor, lying in some invariant
sub-space, becomes transversely unstable [Nagai &
Lai, 1997]. Moreover, we also investigate if the reac-
tivity properties of some system attractors can be
somehow used as an indicator for the possible emer-
gence of on–off intermittency.

Studying reactivity is crucial to understand
how dynamical systems respond to perturbations,
as it unveils the immediate and maximum growth
rate following a disturbance, shedding light on the
system’s transient behavior. Transient fluctuations
can be substantial, driving the system far from its
equilibrium state. When the potential for transient
growth exists, the equilibrium is termed “reactive”
and the maximum growth rate of a disturbance
is referred to as “reactivity” [Neubert & Caswell,
1997]. Reactivity can manifest in both discrete-time
and continuous-time systems [Caswell & Neubert,
2005]. It has been explored in models of predator–
prey and food-web dynamics [Chen & Cohen, 2001;
Neubert et al., 2004], invasive species [Marvier
et al., 2004], physiology [Fattorini & Lacitignola,
2014] epidemiology [Hosack et al., 2008], spatial
pattern formation [Neubert et al., 2002]. Further-
more, it merits investigation for pattern dynamics
in discrete media, a domain that has garnered sig-
nificant attention in recent years (see, for instance,
[Liu et al., 2020; Chen & Wu, 2023; Zhou et al.,
2023]). In [Mari et al., 2017] a generalization of reac-
tivity for linear transformation of the output vari-
able has been proposed and has been shown to be
particularly useful in the ecologic framework. For
example, in [Diele et al., 2023], the authors studied
the impact of temperatures on the reactivity of the
soil organic carbon index, an important indicator
of healthy soils [Diele et al., 2022]. In the context
of our study, we draw upon interesting literature,
including works such as [Sarkar et al., 2020; Sarkar
et al., 2022; Khajanchi, 2014].

We find, however, that, in the presence of time-
dependent parameters, the classical definition of
reactivity [Neubert & Caswell, 1997] loses the prop-
erty to be a necessary condition for equilibrium
instability. To fill this gap, we introduce the alterna-
tive definition of long-term reactivity that qualita-
tively gives a measure of the propensity to amplify
perturbations in the long term and has the advan-
tage to recover the classical property of reactivity
as a necessary condition for instability. We interest-
ingly show that on–off intermittency may also occur
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when the chaotic attractor, lying in the invariant
sub-space, is still weakly transversely stable pro-
vided it has the property to be long-term reactive,
hence allowing the emergence of on–off intermit-
tent behavior also below the blowout bifurcation
threshold. This result provides a further piece in
the mosaic of what was so far established in the lit-
erature about the onset of the on–off intermittent
phenomenology which was considered possible only
above the blowout threshold, i.e. when the chaotic
attractor lying in the invariant sub-space had lost
its transverse stability. Indeed, our investigations
also suggest — through numerical and statistical
evidences — that this novel concept of long-term
reactivity can be considered as a necessary condi-
tion for on–off intermittency to occur.

The paper is structured as follows. In Sec. 2,
according to the rationale discussed above, we allow
the grazing parameter δ to vary chaotically in time
and derive the 3D nonlinear discrete dynamical sys-
tem that will be the object of our study. Its fixed
points and the related stability properties are then
investigated in detail as function of the system
parameters. In Sec. 3, the emergence of the on–off
intermittent behavior is addressed which is related
to the occurrence of a blowout bifurcation. In Sec. 4,
the novel concept of long-term reactivity is intro-
duced whereas, in Sec. 5, the usefulness of the long-
term reactivity is stressed dealing with the inter-
esting case of a chaotically varying host growth,
namely the r-varying case. Finally, in Sec. 6, some
conclusions close the paper.

2. The Model

For the sake of clarity, we introduce the host–
parasitoid model that will be the object of our inves-
tigations starting from the framework proposed by
[Bailey & Nicholson, 1935] and described by the fol-
lowing discrete dynamical system:

Nt+1 = λNtΦ(Pt),

Pt+1 = bNt[1 − Φ(Pt)],
(1)

where Nt and Pt are, respectively, the host and par-
asitoid populations at time t. The parasitoid is sup-
posed to be a specialist so that it must search for
a specific host in which to deposit its eggs. Here,
λ = exp(r̃) is the number of new hosts produced by
one unparasitized host where r̃ is the host intrin-
sic growth rate; b is the number of new parasitoids
produced in a parasitized host and Φ = Φ(Pt) is

the probability of a host not being parasitized. It
is also assumed that each host is attacked at a
rate aPt where a is the parasitoid’s search efficiency
and that the number of encounters is distributed
randomly with a Poisson distribution. Therefore:
Φ(Pt) = exp[−aPt].

To potentially incorporate the role of environ-
mental variability, following the decomposition pro-
posed in [Ellner et al., 2019; Hallett et al., 2019], one
can decompose r̃ as r̃ = r+rg where r is the average
population growth rate and rg quantifies the main
effect of environmental-driven variation in grazing
intensity, hence representing the effect of grazing-
dependent habitat variation on the host density.

By denoting δ = exp(rg) and including the host
self-regulation mechanism in the equation govern-
ing the host dynamics, one obtains the following
modified version of the BFL host–parasitoid model
[Beddington et al., 1976]:

Nt+1 = δNt exp
[
r

(
1 − Nt

K

)
− aPt

]
,

Pt+1 = bNt[1 − exp(−aPt)],

(2)

where the constant parameter K is the host-
carrying capacity. In model (2), all the parameters
are positive constants. The meaning of each param-
eter and the numerical values of the parameters
employed for the investigation in the fully deter-
ministic case are detailed in Table 1.

In this section, we focus on the effects of the
environmental-driven variation in grazing intensity
so that we consider the grazing parameter δ as a
deterministic chaotic driver for the BFL model (2).
To this aim, in system (2), we perform the change
of variables Y = aP , X = abN ; we set k = abK
and consider the grazing parameter δ as function of

Table 1. Ecological significance of parameters in model (2)
and values.

Parameter Value Ecological Significance

N0 10 Initial biomass of host component
P0 5 Initial biomass of parasitoid component
δ 1 Environmental-driven grazing intensity
r 3 Average host population growth rate
K 10 Carrying capacity of the host
a 0.7 Searching efficiency of the parasitoid
b 0.7 Growth rate w.r.t. host population

of the parasitoid

Note: The specified values correspond to those employed in
the fully deterministic setting in [Vissio & Provenzale, 2022].
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a variable ε that evolves in time according to the
logistic map:

δ(ε) = d+ (D − d)ε. (3)

The grazing parameter δ is allowed to vary in time
between two positive values d and D, with 0 ≤ d ≤
D. Because of this assumption, the following non-
linear 3D discrete model for the variables (X,Y, ε)
is obtained:

Xt+1 = δ(εt)Xt exp
[
r

(
1 − Xt

k

)
− Yt

]
,

Yt+1 =Xt[1 − exp(−Yt)],

εt+1 = sεt(1 − εt),

(4)

where r and k are positive constant parameters.
Moreover, we choose the natural setting for the
logistic map, so that the constant parameter s is
such that s ∈ [0, 4] and 0 ≤ εt ≤ 1. We are
now interested in the existence and stability prop-
erties of the fixed points of model (4) in order to
show that a range in the parameter s can be found
such that the system admits only unstable fixed
points.

2.1. Fixed points existence

For the sake of clarity, we start by recalling the fol-
lowing trivial result about the logistic map:

Proposition 1. Let

εt+1 = sεt(1 − εt) (5)

be the discrete logistic equation. Then:

(i) if s > 1, then (5) admits two positive fixed
points

ε(0) = 0, 0 < ε(s) = 1 − 1
s
< 1;

(ii) if 0 < s ≤ 1, then (5) has a unique positive
fixed point ε(0) = 0.

Taking account of this, we can determine the
fixed points of model (4), by solving the following
system:

X∗ = δ(ε(l))X∗ exp
[
r

(
1 − X∗

k

)
− Y ∗

]
,

Y ∗ = X∗[1 − exp(−Y ∗)].

(6)

Thus, we have the following result:

Lemma 1. Model (4) can admit

(i) the extinction fixed points: P (0)
l = (0, 0, ε(l)),

l = 0, s;
(ii) the free-parasitoid fixed points: P (1)

l = (X(1)
l , 0,

ε(l)), l = 0, s, where X(1)
l = k

r ρr(ε(l)) and

ρr(ε(l)) := r + log(δ(ε(l))), l = 0, s; (7)

(iii) the coexistence fixed points: P ∗
l = (X∗

l , Y
∗
l ,

ε(l)), where (X∗
l , Y

∗
l ) are the positive solutions

of the system⎧⎪⎪⎨
⎪⎪⎩
X∗

l =
k

r
(ρr(ε(l)) − Y ∗

l ),

Y ∗
l = X∗

l [1 − exp(−Y ∗
l )], l = 0, s.

(8)

To obtain conditions for the existence of such
fixed points in terms of the system’s parameters, we
first introduce the following preliminary results:

Proposition 2. Let δ(ε(l)) be defined as in (3), for
l = 0, s. Then

(i) δ(ε(0)) = 0 ⇔ d = 0;
(ii) if 0 < ε(s) < 1 then δ(ε(s)) > 0.

Proof. It is easy to observe that 0 ≤ ε(l) < 1 and it
results in

0 ≤ d ≤ δ(ε(l)) < D,

so that δ(ε(l)) ≥ 0 for l = 0, s. Moreover,

δ(ε(l)) = d+ (D − d)ε(l) = 0 ⇔ d = 0 ∧ l = 0.

Results (i) and (ii) hence directly follow. �

Proposition 3. Let δ(ε(l)) be defined as in (3) and
ρr(ε(l)) as in (7), for l = 0, s. Then model (4)
admits positive free-parasitoid fixed points if, and
only if, δ(ε(l)) > 0 and ρr(ε(l)) > 0.

Proposition 4. Let δ(ε(l)) > 0, for l = 0, s. Then,
a positive coexistence fixed point exists for

krρr(ε(l)) ≥ 1, kr :=
k

r
. (9)

Proof. A positive coexistence fixed point lies at the
intersection of the straight line x = −kry+krρr(ε(l))
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with negative slope −kr and the curve x = 1/ϕ(y)
where

ϕ(y) :=
1 − e−y

y

verifies 0 < ϕ(y) < 1 for all y > 0. By conti-
nuity, x = 1/ϕ(y) is equal to 1 for y = 0 and
increases for y > 0, while x = −kry + krρr(ε(l))
assumes value krρr(ε(l)) for y = 0 and decreases for
y > 0. Consequently, the intersection may exist only
if krρr(ε(l)) ≥ 1. �

Proposition 5. Let δ(ε(l)) > 0, such that condi-
tion (9) is satisfied. Consider the coexistence fixed
points (X∗

l , Y
∗
l , ε

(l)) for l = 0, s. Then

0 < X∗
l − 1 < Y ∗

l < X∗
l , l = 0, s,

for any choice of the parameters.

Proof. Since δ(ε(l)) > 0, by Proposition 4,
model (4) admits the coexistence fixed point that
can be found by solving system (8). Hence

X∗
l =

Y ∗
l

1 − exp(−Y ∗
l )

and, since Y ∗
l > 0 and 1− exp(−Y ∗

l ) < 1, it follows
Y ∗

l < X∗
l . Moreover, by geometrical observations,

we have X∗
l − 1 < Y ∗

l , l = 0, s. �

Now, we derive conditions for the existence of
the extinction, free-parasitoid and coexistence fixed
points.

Theorem 1. Let δ(ε(l)) be defined as in (3) and
ρr(ε(l)) be defined as in (7), for l = 0, s. Then,

(i) if s > 1, model (4) admits two extinction fixed
points for d ≥ 0; admits one free-parasitoid
fixed point for d = 0; admits two free-parasitoid
fixed points for d > 0; admits one coexistence
fixed point for d = 0 and ε(s)D ≥ exp( r

k − r);
admits two coexistence fixed points for d > 0
and δ(ε(l)) ≥ exp( r

k − r), l = 0, s.
(ii) if 0 < s ≤ 1, model (4): admits one extinc-

tion fixed point for d ≥ 0; does not admit free-
parasitoid fixed points for d = 0; admits one
free-parasitoid fixed point for d > 0; does not
admit coexistence fixed points for d = 0; admits
one coexistence fixed point for d ≥ exp( r

k − r).

Proof

(i) Let be s > 1. By Proposition 1, we know that the
model (4) admits two extinction fixed points P (0)

l
for l = 0, s. By combining the results in Proposi-
tions 2–4 it follows that:

(a) if d = 0 then δ(ε(0)) = 0 and δ(ε(s)) = Dε(s) > 0
and model (4) admits

– one free-parasitoid fixed point;
– one coexistence fixed point, if ρr(ε(s)) satisfies

condition (9);

(b) if d > 0, then δ(ε(l)) > 0 for l = 0, s and the
model (4) admits

– two free-parasitoid fixed points;
– two coexistence fixed points if ρr(ε(l)) satis-

fies condition (9);

(ii) Let be 0 < s ≤ 1. By Proposition 1, it follows
that ε(0) = 0 is the only fixed point of (5); hence (4)
admits only one extinction fixed point. By combin-
ing the results in Propositions 2–4 it follows that:

(a) if d = 0 then δ(ε(0)) = Dε(0) = 0 and the
model (4) does not admit neither free-parasitoid
nor coexistence fixed point;

(b) if d > 0, then δ(ε(0)) = d > 0 and model (4)
admits

– one free-parasitoid fixed point;
– one coexistence fixed point, if ρr(ε(0)) satis-

fies condition (9). �

In the next sub-section, we investigate the
stability properties of different typologies of fixed
points.

2.2. Fixed points stability properties

As far as the extinction fixed points are concerned,
we can state the following result:

Theorem 2

(i) The extinction fixed point P (0)
0 = (0, 0, 0) exists

and is

(a) asymptotically stable if{
0 < s < 1,

0 ≤ d < exp(−r);
(b) unstable (saddle point) if

s > 1 ∨ d > exp(−r);
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(c) nonhyperbolic if

s = 1 ∨ d = exp(−r).
(ii) The extinction fixed point P

(0)
s = (0, 0, ε(s))

exists and is

(a) asymptotically stable if{
1 < s < 3,

0 ≤ δ(ε(s)) < exp(−r);
(b) unstable (saddle point) if

s > 3 ∨ δ(ε(s)) > exp(−r);
(c) nonhyperbolic if

s = 3 ∨ δ(ε(s)) = exp(−r).

Proof. The Jacobian matrix of model (4), when
evaluated at P (0)

l = (0, 0, ε(l)), for l = 0, s is given
by

J(P (0)
l ) =

⎡
⎢⎢⎣
exp(ρr(ε(l))) 0 0

0 0 0

0 0 s(1 − 2ε(l))

⎤
⎥⎥⎦,

that admits as eigenvalues

λ1 = exp(ρr(ε(l))),

λ2 = 0,

λ3 = s(1 − 2ε(l)).

Therefore, P (0)
l is locally asymptotically stable if

|λ1| < 1 and |λ3| < 1 and unstable (saddle point)
if |λ1| > 1 ∨ |λ3| > 1. It cannot be a repeller, since
|λ2| = 0 < 1. Moreover, the fixed point is nonhy-
perbolic if |λ1| = 1 ∨ |λ3| = 1. In particular, we
observe that

(i) ε(0) = 0 ⇒ λ1 = d exp(r), λ3 = s;
(ii) ε(s) = 1 − 1

s ⇒ λ1 = δ(ε(s)) exp(r), λ3 = 2 − s,

and, by Theorem 1, we recall that the fixed point
P

(0)
s exists if s > 1. Thus, by the above considera-

tions, the stability properties easily follow. �

In respect to the stability properties of the free-
parasitoid fixed points, the following result holds:

Theorem 3

(i) The free-parasitoid fixed point P (1)
0 = (X(1)

0 , 0, 0)
exists and is

(a) asymptotically stable if⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

exp(−r)

< d < min
[
exp(2 − r), exp

(
−r
(

1 − 1
k

))]
,

0 < s < 1;

(b) unstable (saddle point) if s > 1 or

0 < d

< exp(−r) ∨ d

> min
[
exp(2 − r), exp

(
−r
(

1 − 1
k

))]
;

(c) nonhyperbolic if s = 1 or

d = exp(2 − r) ∨ d

= exp
(
−r
(

1 − 1
k

))
.

(ii) The free-parasitoid fixed point P (1)
s = (X(1)

s , 0,
ε(s)) exists and is

(a) asymptotically stable if⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

exp(−r) < δ(ε(s))

< min
[
exp(2 − r), exp

(
−r
(

1 − 1
k

))]
,

1 < s < 3;

(b) unstable (saddle point) if s > 3 or

0 < δ(ε(s))

< exp(−r) ∨ δ(ε(s))

> min
[
exp(2 − r), exp

(
−r
(

1 − 1
k

))]
;

(c) nonhyperbolic if s = 3 or

δ(ε(s)) = exp(2 − r) ∨ δ(ε(s))

= exp
(
−r
(

1 − 1
k

))
.

Proof. The Jacobian matrix of model (4), when
evaluated at P (1)

l = (X(1)
l , 0, ε(l)) l = 0, s is given

2450041-7
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by

J(P (1)
l ) =

⎡
⎢⎢⎢⎢⎢⎣

1 − ρr(ε(l)) −krρr(ε(l))
(D − d)
δ(ε(l))

krρr(ε(l))

0 krρr(ε(l)) 0

0 0 s(1 − 2ε(l))

⎤
⎥⎥⎥⎥⎥⎦,

that admits as eigenvalues λ1 = 1 − ρr(ε(l)), λ2 =
krρr(ε(l)), λ3 = s(1 − 2ε(l)), so that P (1)

l is locally
asymptotically stable if |λi| < 1 for i = 1, 2, 3
and unstable (saddle point) if |λ1| > 1 ∨ |λ2| >
1 ∨ |λ3| > 1. It cannot be a repeller, since the
system ⎧⎪⎪⎨

⎪⎪⎩
|λ1| > 1,

|λ2| > 1,

|λ3| > 1,

has no solution. Results (i) and (ii) hence follow by
direct calculations. �

The stability properties of the coexistence fixed
points are instead obtained through the following
theorem:

Theorem 4. Let us consider for l = 0, s, the fol-
lowing quantities:

ψ
(2)
l =

2 + 2X∗
l +X∗

l Y
∗
l − (Y ∗

l )
2

1 +X∗
l − Y ∗

l

,

ψ
(3)
l =

1 −X∗
l −X∗

l Y
∗
l + (Y ∗

l )
2

Y ∗
l −X∗

l

,

ψ
(4)
l =

X∗
l Y

∗
l − (Y ∗

l )
2

−1 +X∗
l − Y ∗

l

.

(10)

Then the following statements hold.

(i) The coexistence fixed point P ∗
0 = (X∗

0, Y
∗
0, 0)

exists and is

(a) asymptotically stable if⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

max
[
exp(ψ(3)

0 − r), exp
( r
k
− r
)]

< d < exp(ψ(2)
0 − r),

0 < s < 1;

(b) unstable (saddle point) if s > 1 or

min
[
exp
( r
k
− r
)
, exp(ψ(2)

0 − r)
]

< d < exp(ψ(4)
0 − r);

(c) unstable (repeller) if⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

max
[
exp(ψ(4)

0 − r), exp
( r
k
− r
)]

< d < min[exp(ψ(3)
0 − r), exp(ψ(2)

0 − r)],

s > 1;

(d) nonhyperbolic if s = 1 or

d = exp(ψ(4)
0 − r) ∨ d

= exp(ψ(2)
0 − r)

∨

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
d = exp(ψ(3)

0 − r),

exp(X∗
0 − 1 − r)

< d < exp(X∗
0 + 3 − r).

(ii) The coexistence fixed point P ∗
s = (X∗

s, Y
∗
s, ε

(s))
exists and is

(a) asymptotically stable if⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

max
[
exp(ψ(3)

s − r), exp
( r
k
− r
)]

< δ(ε(s)) < exp(ψ(2)
s − r),

1 < s < 3;

(b) unstable (saddle point) if s > 3 or

min
[
exp
( r
k
− r
)
, exp(ψ(2)

s − r)
]

< δ(ε(s)) < exp(ψ(4)
s − r);

(c) unstable (repeller) if⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

max
[
exp(ψ(4)

s − r), exp
( r
k
− r
)]

< δ(ε(s))

< min[exp(ψ(3)
s − r), exp(ψ(2)

s − r)],

s > 3;
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(d) nonhyperbolic if s = 3 or

δ(ε(s)) = exp(ψ(4)
s − r) ∨ δ(ε(s)) = exp(ψ(2)

s − r) ∨
⎧⎨
⎩δ(ε

(s)) = exp(ψ(3)
s − r),

exp(X∗
s − 1 − r) < δ(ε(s)) < exp(X∗

s + 3 − r).

Proof. The Jacobian matrix of model (4), when evaluated at P ∗
l = (X∗

l , Y
∗
l , ε

(l)), is given by

J(P ∗
l ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 − ρr(ε(l)) + Y ∗
l −X∗

l

(D − d)
δ(ε(l))

kr(ρr(ε(l)) − Y ∗
l )

Y ∗
l

X∗
l

X∗
l − Y ∗

l 0

0 0 s(1 − 2ε(l))

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

for l = 0, s. The characteristic polynomial is given
by

(J33 − λ)[(J11 − λ)(J22 − λ) − J12J21],

therefore λ3 = J33 = s(1 − 2ε(l)) is the eigen-
value related to the third variable. The study of the
stability properties can be done by looking at the
sub-matrix

J̃ =

⎡
⎢⎢⎣
1 − ρr(ε(l)) + Y ∗

l −X∗
l

Y ∗
l

X∗
l

X∗
l − Y ∗

l

⎤
⎥⎥⎦.

By the stability criterion that uses the trace and
determinant of a 2× 2 matrix, the fixed point is

(a) locally asymptotically stable if

|tr(J̃)| < 1 + det(J̃) < 2;

(b) unstable (saddle point) if⎧⎨
⎩(tr(J̃))2 − 4 det(J̃) > 0,

|tr(J̃)| > |1 + det(J̃)|;
(c) unstable (repeller) if⎧⎨

⎩|det(J̃)| > 1,

|tr(J̃)| < |1 + det(J̃)|;
(d) nonhyperbolic if

|tr(J̃)| = 1 + det(J̃) ∨
⎧⎨
⎩det(J̃) = 1,

|tr(J̃)| < 2.

Results (i) and (ii) hence follow by direct
calculations. �

The above analysis suggests that, when the
parameter s > 3, model (4) has all unstable fixed

points. In the next section, we hence consider the
parameter s such that s ∈ [3, 4] and specifically
deal with the emergence of the on–off intermittent
phenomenology, a bursting behavior that — as well
known — can dramatically impact ecosystem func-
tions and services.

3. Looking for On–Off Intermittency

As just stressed above, the emergence of on–off
intermittency in deterministic nonlinear dynami-
cal systems has been explained in terms of the
so-called blowout bifurcation that occurs when a
chaotic attractor, lying in some invariant sub-space,
becomes transversely unstable. More precisely, the
onset of on–off intermittency in a fully determinis-
tic model as system (4) can be seen as the result of
the suitable interplay between a drive system and a
response system. The drive system is responsible for
the dynamics of the chaotic attractor in the invari-
ant sub-space, whereas the response system deter-
mines the number of invariant sub-spaces, namely
the number of the quiescent phases [Zhou et al.,
2007].

In model (4), we introduced the logistic map to
rule the variability of the δ parameter: it can act
as a deterministic driver on the first two equations
that have instead the role of response system. In
the next sub-section, we briefly recall some dynam-
ical features of the logistic map in order to better
highlight its role for the onset of the on–off inter-
mittency in system (4).

3.1. A very famous deterministic
chaotic driver

Since the enlightening study by [May, 1976], the
logistic map is inextricably linked to the concept

2450041-9
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Fig. 1. (Left) Bifurcation diagram of the logistic map as function of the parameter s ∈ (0, 4]. (Right) Magnification of the
bifurcation diagram in the range s ∈ [3.70, 3.90].

of deterministic chaos. Surprisingly, in spite of its
simplicity, this one-dimensional discrete nonlinear
dynamical system can, in fact, display an extraor-
dinarily rich spectrum of dynamical behaviors that
range from stable fixed points to chaos, passing
through cascades of stable cycles. This fascinating
variety of dynamic behaviors emerges very clearly
from the famous bifurcation diagram shown in
Fig. 1.

More precisely, when the parameter s approxi-
mately approaches the value 3.56995, chaos emerges
at the end of a period-doubling cascade, one of
the most studied routes to chaos since shared by
many dynamical systems, even belonging to very
different worlds [Colacchio, 2016; Lacitignola et al.,
2007; Lacitignola et al., 2010; Naik et al., 2023].
Beyond 3.56995, most values of s are associated to
a chaotic dynamics, but certain isolated ranges exist
such that nonchaotic behavior can be found. These
are called islands of stability and, in the bifurcation
diagram (Fig. 1), correspond to the periodic win-
dows (that are marked by the white spaces) and
appear for s > 3.5699456. The most prominent
and largest period 3-window occurs (because of a
saddle-node bifurcation at sT = 3.82843) in the
interval 3.82843 ≤ s ≤ 3.8415. In this range, the
system moves from chaos back into order, oscillat-
ing between just three population values. Starting
from this periodicity window, as the parameter
s is decreased just below the value sT , the sys-
tem shows an intermittent behavior — sometimes
called the Pomeau–Manneville scenario — charac-
terized by a periodic (laminar) phase interrupted by

bursts of aperiodic behavior. As s further decreases
from sT , the aperiodic behavior increases and the
periodic behavior decreases. On the other side, at
s = 3.8415, a further period doubling bifurcation
occurs so that the system returns to chaos when s
is increased beyond 3.86 up to 4.

3.2. On the blowout bifurcation in
the Beddington–Free–Lawton
3D model

In order to derive conditions for the emergence of
on–off dynamics for model (4), we first observe that
the variable ε is independent from the variables
X and Y . Moreover, the one-dimensional ε-space
defined by

T = {(X,Y, ε) : X = Y = 0}
is an invariant sub-space, i.e. if an initial condition
in the full space has X0 = 0, Y0 = 0, then the tra-
jectory resulting from these initial conditions has
Xt = 0, Yt = 0 for all the subsequent iterations
t > 0. We fix the value of the parameter s such
that the variable ε displays an aperiodic/chaotic
behavior. The dynamics in the invariant sub-space
T are hence described by the map f(ε) = sεt(1− εt)
that can exhibit a chaotic attractor. However, if
the chaotic attractor in T is also an attractor in the
full 3D phase space, it depends on the sign of the
largest transverse Lyapunov exponent ΛT , defined
as follows:

Taking (μ(x), μ(y)) as infinitesimal perturbation
transverse to the invariant sub-space T , the motion
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equation of the perturbation near T is given by

μt+1 = Jt,Tμt =

(
exp(ρr(εt)) 0

0 0

)
μt,

εt+1 = sεt(1 − εt).

(11)

Hence, the largest transverse Lyapunov exponent
is calculated via [Zhou et al., 2007] using the
Euclidean norm on vector and the spectral norm
‖| · |‖ induced on matrix

ΛT = lim
t→∞

1
t

ln
(

max
‖μ0‖�=0

‖μt‖
‖μ0‖

)

= lim
t→∞

1
t

ln

⎛
⎜⎜⎜⎜⎜⎝ max

‖μ0‖�=0

∥∥∥∥∥∥∥
�

t−1∏
i=0

Ji,Tμ0

∥∥∥∥∥∥∥
‖μ0‖

⎞
⎟⎟⎟⎟⎟⎠

= lim
t→∞

1
t

ln

∥∥∥∥∥∥∥
∣∣∣∣∣∣∣

�

t−1∏
i=0

Ji,T

∣∣∣∣∣∣∣
∥∥∥∥∥∥∥

= lim
t→∞

1
t

ln

√√√√√√√λmax

⎡
⎢⎢⎣
⎛
⎜⎝

�

t−1∏
i=0

Ji,T

⎞
⎟⎠

T ⎛
⎜⎝

�

t−1∏
i=0

Ji,T

⎞
⎟⎠
⎤
⎥⎥⎦

= lim
t→∞

1
t

lnσmax

⎛
⎜⎝

�

t−1∏
i=0

Ji,T

⎞
⎟⎠.

As
�∏t−1
i=0 Ji,T is a diagonal matrix with eigenvalues

λ1 =
t−1∏
i=0

exp(ρr(εt)) and λ2 = 0,

then

σmax

⎛
⎜⎝

�

t−1∏
i=0

Ji,T

⎞
⎟⎠

= max
i

∣∣∣∣∣∣∣λi

⎛
⎜⎝

�

t−1∏
i=0

Ji,T

⎞
⎟⎠
∣∣∣∣∣∣∣ for i = 1, 2.

Consequently,

ΛT = lim
t→∞

1
t

ln

∣∣∣∣∣
t−1∏
i=0

exp(ρr(εi))

∣∣∣∣∣
= lim

t→∞
1
t

t−1∑
i=0

ρr(εi)

= r + lim
t→∞

1
t

t−1∑
i=0

log(δ(εi)).

When ΛT is negative, T captures trajectories trans-
versely in the neighborhood of T and, hence, the
chaotic attractor Σ in T is an attractor also in the
full 3D phase space. If ΛT is positive, trajectories
in the neighborhood of T are repelled away from it.
As a consequence, the attractor in T is transversely
unstable and is not an attractor in the 3D full phase
space.

When ΛT changes from negative to positive val-
ues, a blowout bifurcation occurs: for ΛT slightly
positive, if no other attractors are found in the
phase space, then the dynamics in the transverse
sub-space exhibit a temporally intermittent burst-
ing behavior, the on–off intermittency [Nagai & Lai,
1997]. In the “off” state, trajectories stay in the
invariant sub-space for a long period of time (lami-
nar or quiescent state) and in the “on” state, they
occasionally burst away from it. In fact, when ΛT

is slightly positive, the chaotic attractor Σ in T
is weakly unstable and, by the ergodicity of the
chaotic trajectories in Σ, a single trajectory — even
if in general is repelled from Σ — will be attracted
toward Σ for certain times.

3.3. Investigations in the
time-dependent regimes

In order to provide numerical evidence to the
above findings, investigations in the time-dependent
regimes have been carried out. Parameters have
been fixed as r = 3, k = 4.9 and the follow-
ing initial conditions have been chosen: X0 = 4.9
and Y0 = 3.5, ε0 = 0.1 (see Table 2). To ver-
ify if and how much different aperiodic regimes in
the driver dynamics might qualitatively affect the
global dynamics of the model, we have focussed on
two specific values of the parameter s, correspond-
ing to two different points in the bifurcation dia-
gram of the logistic map in Fig. 1: (a) s = 3.82825,
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Table 2. Ecological significance of parameters in model (4) and values.

Parameter Value Ecological Significance

X0 4.9 Initial value of transformed host variable Xt = abNt

Y0 3.5 Initial value of transformed parasitoid variable Yt = aPt

ε0 0.1 Initial value of logistic variable εt

r 3 Constant growth rate of the host population
k 4.9 Transformed host carrying capacity k = abK
d d ∈ [0, D] Minimum amplitude of host grazing driver variable δ(εt)
D D > 0 Maximum amplitude of host grazing driver variable δ(εt)
s s ∈ [3, 4] Parameter of logistic variable εt

Note: The values for d, D, and s are specified in the single tests. Values for N0, P0, a, b, and K are
given in Table 1.

just below the largest period-3 window for the ε
dynamics; (b) s = 3.865, in the chaotic region just
after the sequences of period doubling bifurcations.

In Fig. 2, the transverse Lyapunov exponent
ΛT versus D is plotted for Cases (a) and (b), when
d = 0. In the former case, the critical value D∗ such
that ΛT = 0 is given by D∗ = 0.1017044, whereas
in the latter D∗ was found to be D∗ = 0.102488. In
both these cases, the onset of on–off intermittency
is found — as expected — for values of D slightly
higher than D∗. We show that in more detail:

• Case (a): s = 3.82825. For this value of the
parameter s, the drive variable displays an inter-
mittent behavior characterized by periodic phases
interrupted by bursts of aperiodic behavior. For
this value of s and when d = 0, the critical
value D∗ such that ΛT = 0 is given by D∗ =
0.1017044. Figure 3 shows the time-dependent
behavior of the model variables for different val-
ues of D increasing from D∗. In this case, an

intermittent phenomenology for the X variable
is found. More precisely, for D slightly higher
than D∗, i.e. D = 0.105, X dynamics are char-
acterized by long quiescent phases and few short
bursts away from X = 0. Increasing the D val-
ues, i.e. for D = 0.11, the number of such qui-
escent phases decreases while the number of the
bursts increases as to testify that the sub-space S
is now becoming more transversely unstable. Fur-
therly increasing the value of the parameter D,
i.e. D = 0.12, a change in the intermittent behav-
ior occurs and the X dynamics exhibit a behav-
ior qualitatively similar to the ε-variable, with
an alternation between a small amplitude peri-
odic behavior and aperiodic bursts that appear
to occur in sync with those of the ε. On–off inter-
mittent phenomenology can hence be identified
only for D ≈ D∗, up to D = 0.11, namely for
values of D such that ΛT is slightly positive. Dif-
ferently, when the coefficient D is higher than
a certain threshold, namely when the coupling

(a) (b)

Fig. 2. (Left) Case (a) s = 3.82825. When d = 0, the critical value such that ΛT ≈ 0 is D∗ = 0.1017044. (Right) Case (b)
s = 3.865. When d = 0, the critical value such that ΛT ≈ 0 is D∗ = 0.102488.
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Fig. 3. Case (a) s = 3.82825 and d = 0. Time-dependent behavior of the model variables for different values of D increasing
from D∗ = 0.1017044 (top-left) D = 0.103; (top-right) D = 0.105; (down-left) D = 0.11; (down-right) D = 0.12.

is strong enough, then X dynamics are charac-
terized by an alternation periodic/bursting that
qualitatively resembles that of the driver-variable
ε. We also observe that Y variable is never inter-
ested by bursting behavior. This is because Y = 0
is a stable manifold since, along the Y -direction,
the Jacobian matrix has a zero eigenvalue (i.e.
always less than 1).

• Case (b): s = 3.865. For this value of s, the ε
dynamics are completely aperiodic. In this case,
when d = 0, the critical value D∗ such that
ΛT = 0 is given by D∗ = 0.102488. Figure 4
shows the time-dependent behavior of the model
variables when D is slowly increased from D∗.
Also in this case, the onset of on–off intermit-
tency for the X variable is found for D slightly
higher that D∗, i.e. D = 0.103 or D = 0.105. This
phenomenology emerges only in a narrow region
of the parameter space, namely when D is such
that the coupling between the X and ε dynamics
are not too strong, i.e. D ≈ D∗. Differently, when
D is above a certain threshold, the chaotic driver
ε steers also the X variable into chaos. As in the

previous case, the dynamics of the Y variable do
not exhibit any kind of bursting behavior.

The above investigations have been performed
considering d = 0. We want now to show how
increasing the value of the parameter d can impact
the critical value D∗. For example, in Fig. 5, the
transverse Lyapunov exponent ΛT is plotted as
function of the parameter D for Case (a), i.e. s =
3.82825, and different values of d �= 0. It is possible
to observe that, for increasing values of d, the criti-
cal valueD∗ progressively decreases until it becomes
lower than the specific value of d considered. In this
case, the range of D for which it is possible to find
on–off intermittency becomes unfeasible. In partic-
ular, a critical value d̃ > 0.2 exists, such that for
d > d̃, the transverse Lyapunov exponent ΛT is
always strictly positive and only chaotic behavior
can be observed, Fig. 6.

To verify that the observed dynamics corre-
spond to an on–off intermittent phenomenology,
we use the kurtosis of the time series, a statistical
quantity that is able to detect infrequent extreme
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Fig. 4. Case (b) s = 3.865 and d = 0. Time-dependent behavior of the model variables for different values of D increasing
from D∗ = 0.102488 (top-left) D = 0.103; (top-right) D = 0.105; (down-left) D = 0.11; (down-right) D = 0.12.

(a) (b)

Fig. 5. The case s = 3.82825 and d �= 0. (a) d = 0.02. The critical value such that ΛT = 0 is D∗ = 0.0756544; (b) d = 0.1.
The critical value such that ΛT = 0 is D∗ = 0.0231189; (c) d = 0.19055. The critical value such that ΛT = 0 is D∗ = 2.4 ·10−6 ;
(d) d = 0.2. ΛT > 0 and there is no critical value D∗ such that ΛT = 0.
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(c) (d)

Fig. 5. (Continued)

(a) (b)

Fig. 6. Case (a) s = 3.82825 and d = 0.02 < d̃. Time-dependent behavior for the system variables when D = 0.078. The
critical value D∗ such that ΛT = 0 is D∗ = 0.0756544. Case (b) s = 3.82825 and d = 0.3 > d̃. Time-dependent behavior for
the system variables when D = 0.078. In this case D∗ < 0.

deviations. For a time series Xt, the kurtosis is
defined as

〈(Xt − 〈Xt〉)4〉
〈(Xt − 〈Xt〉)2〉2 ,

and it quantifies extreme values of the distribution
compared to a normal distribution. Kurtosis greater

than 3 indicates heavier tails (more extreme val-
ues) than a normal distribution, whose kurtosis is
equal to 3. In the context of a deterministic driver,
on–off intermittency is connected to blowout bifur-
cations. Even if blowout bifurcation and kurtosis
are not directly related, when studying on–off inter-
mittency, kurtosis might be a relevant statistical

Table 3. Kurtosis values for the scenarios in Figs. 3, 4, and 6.

Scenario s d D Kurtosis Scenario s d D Kurtosis

Fig. 3 TL 3.82825 0 0.103 146.7690 TR 3.82825 0 0.105 37.1694
DL 3.82825 0 0.11 7.4633 DR 3.82825 0 0.12 4.2875

Fig. 4 TL 3.865 0 0.103 14.6678 TR 3.865 0 0.105 10.7534
DL 3.865 0 0.11 5.8916 DR 3.865 0 0.12 3.5081

Fig. 6 TL 3.82825 0.02 0.078 12.7126 TR 3.82825 0.3 0.078 1.5138

Note: TL = top-left, TR = top-right, DL = down-left, DR = down-right.
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measure to assess the non-Gaussianity of the dis-
tribution of data during “on” and “off” phases. In
fact, in [Metta et al., 2010], values of kurtosis much
larger than 3 were shown to indicate the onset of
on–off intermittency. In Table 3, we report the kur-
tosis values for each example in Figs. 3, 4, and 6.

4. Long-Term Reactivity

Before introducing the novel concept of long-term
reactivity, we briefly recall the standard definition
of reactivity as defined for discrete-time systems in
[Caswell & Neubert, 2005]. Given the discrete map

x(t+ 1) = f(x(t)), (12)

to determine the stability properties of a fixed point
x, we evaluate the stability of the null equilibrium
of the system linearized at x. Let

Ji,x =
(
∂f(x(i))
∂x(i)

)
|x(i)=x

so that the linearization of system (12) at x is given
by

η(t) = Jt−1,xη(t− 1)

= · · · =

�

t−1∏
i=0

Ji,xη(0)

= Ht,xη(0).

In [Caswell & Neubert, 2005], the amplification
envelope has been defined as

φ(t) := max
‖η(0)‖�=0

‖η(t)‖
‖η(0)‖

= max
‖η(0)‖�=0

‖Ht,xη(0)‖
‖η(0)‖

= ‖|Ht,x|‖.
When ‖ · ‖ is the Euclidean norm, then the induced
norm ‖| · |‖ is the spectral norm and

φ(t) = φ2(t) :=
√
ψ(HT

t,xHt,x) = σmax(Ht,x),

(13)

where σmax is the largest singular value of the
matrix Ht,x.

Denote r(t) := lnφ2(t); we use resilience of x
defined as

L1,x := lim
t→∞

1
t
r(t)

= lim
t→∞

1
t

ln
√
ψ(HT

t,xHt,x)

= lim
t→∞

1
t

lnσmax(Ht,x), (14)

to study the long-term behavior of η(t). Notice that
a different definition can be given in terms of the
spectral radius ψ(Ht,x) of the matrix Ht,x (i.e. the
maximum of the modulus of its eigenvalues)

L̃1,x = lim
t→∞

1
t

lnψ(Ht,x), (15)

which is equivalent in sign to L1,x.
In the transient, instead, the maximum rate of

departure from x immediately following a perturba-
tion η(0) can be evaluated as r(1) i.e. the logarithm
of the amplification envelope at t = 1

r(1) = lnφ2(1) = ln[σmax(J0,x)]. (16)

When r(1) > 0, then the equilibrium x is called
reactive.

Taking into account the above definitions, we
show that the loss of stability of a chaotic attractor
within an invariant manifold can be investigated by
examining the destabilization of an equilibrium of
the 2D nonautonomous system

Xt+1 = δ(εt)Xt exp
[
r

(
1 − Xt

k

)
− Yt

]
,

Yt+1 = Xt[1 − exp(−Yt)],

(17)

where δ(εt) plays the role of a time-dependent
parameter. System (17) admits Q0 = (0, 0) as equi-
librium and its stability properties can be obtained
by determining the sign of L1,Q0 given in (14), i.e.

L1,Q0 = lim
t→∞

1
t

lnσmax(Ht,Q0)

= lim
t→∞

1
t

lnσmax

⎛
⎜⎝

�

t−1∏
i=0

Ji,Q0

⎞
⎟⎠.

It is easy to recognize in the matrix Ji,Q0 the
diagonal matrix Ji,T already evaluated in (11).
Consequently,

σmax(Ht,Q0) = max
i

∣∣∣∣∣∣∣λi

⎛
⎜⎝

�

t−1∏
i=0

Ji,Q0

⎞
⎟⎠
∣∣∣∣∣∣∣ for i = 1, 2
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and

L1,Q0 ≡ ΛT = lim
t→∞

1
t

ln

∣∣∣∣∣
t−1∏
i=0

exp(ρr(εi))

∣∣∣∣∣
= r + lim

t→∞
1
t

t−1∑
i=0

ln(δ(εi)). (18)

Therefore, the blowout bifurcation curve ΛT = 0
that detects the emergence of the on–off intermit-
tency in the 3D system (4) corresponds to the curve
of stability of the null equilibrium Q0 of the 2D sys-
tem (17).

Given the above interpretation, we can also
check “if and when” Q0 can be reactive according
to the definition given in (16). Let us evaluate

J0,Q0 =

(
exp(ρr(ε0)) 0

0 0

)
,

and

r(1) = ln(σmax(J0,Q0)) = ln(exp(ρr(ε0)))

= ρr(ε0) = r + ln(δ(ε0)).

As we can see, by adopting the standard defini-
tion of reactivity, the sign of the quantity r(1) will
depend on the specific value of the ε0 parameter. As
a major consequence, it can happen that the equi-
librium Q0 can be contemporary unstable and not
reactive, i.e.

r + ln(δ(ε0)) < 0

while

r + lim
t→∞

1
t

t−1∑
i=0

ln(δ(εi)) > 0,

as it holds, for example, for ε0 = 0.1. This situ-
ation seems paradoxical as this could mean that
an unstable equilibrium state remains unchanged
even when subjected to external perturbations. To
solve the problem we introduce the concept of long-
term reactivity that qualitatively gives a measure of
the propensity to amplify perturbations in the long
term.

Definition 4.1. With the same notations previ-
ously adopted, the equilibrium x is said to be long-
term reactive if

Rx := lim
t→∞

1
t

t−1∑
i=0

lnσmax(Ji,x) > 0.

Notice that, if Ji,x = J0,x for all i, then

Rx = lim
t→∞

1
t

t−1∑
i=0

lnσmax(Ji,x)

= lim
t→∞

1
t
t lnσmax(J0,x)

= lnσmax(J0,x)

= r(1),

and we recover the classical definition of reactivity
given in (16).

Moreover, since the norm of a product of matri-
ces is bounded from above by the product of the
norm of matrices, we have that

σmax(Ht,x) ≤
�

t−1∏
i=0

σmax(Ji,x);

consequently,

ln(σmax(Ht,x)) ≤ ln

⎛
⎜⎝

�

t−1∏
i=0

σmax(Ji,x)

⎞
⎟⎠

=
t−1∑
i=0

lnσmax(Ji,x),

so that L1,x ≤ Rx. Therefore, when the equilibrium
point is unstable, then it is long-term reactive; when
it is stable, then it can be either long-term reactive
or not reactive. This means that the long-term reac-
tivity is a necessary condition for instability, as it
holds for the classical definition. Hence long-term
reactivity needs to be investigated only for stable
equilibrium points.

Now, let us come back to the 2D system (17)
and evaluate

RQ0 := lim
t→∞

1
t

t−1∑
i=0

lnσmax(Ji,Q0)

= lim
t→∞

1
t

t−1∑
i=0

ρr(εi)

= r + lim
t→∞

1
t

t−1∑
i=0

ln(δ(εi)).

By comparing the above expression with (18), we
have L1,Q0 ≡ RQ0 so that Q0 turns out to be long-
term reactive if and only if it is unstable.
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(a) (b)

Fig. 7. Case δ varying. Kurtosis values in the D > d plane for Case (a) s = 3.82825 and Case (b) s = 3.865. The kurtosis is
greater than 3 slightly above the curve detecting both the transverse stability of the invariant manifold T (red line) and its
long-term reactivity (green line).

Therefore, in the case of δ-varying, the stabil-
ity curve and the long-term reactivity curve overlap
and the on–off intermittency can be observed only
for ΛT strictly positive, very close to the blowout
bifurcation value ΛT = 0. This is clearly shown in
Fig. 7 where the stability of the invariant manifold
T (red line) and its long-term reactivity (green line)
as well as the kurtosis values in the D > d plane
are represented for the cases s = 3.82825 (left plot)
and s = 3.865 (right plot). As expected, the kurto-
sis is greater than 3 only slightly above the trans-
verse stability curve of the invariant manifold T
(red line) — namely where the transverse Lyapunov
exponent moves from negative to slightly positive
values causing blowout bifurcations — that, in this
case, coincides with the long-term reactivity curve.

In the next section, we show that this is not
always the case and that the knowledge of the long-
term reactivity curve is an added value for the con-
trol of the on–off intermittency occurrence. Indeed,
if the long-term reactivity curve does not coincide
with the transverse stability curve, the onset of the
on–off intermittence can also be observed not only
when the invariant sub-space has lost its transverse
stability but also in a very small neighborhood of
the blowout bifurcation value, i.e. ΛT ≈ 0, where
the sub-space is still transversely stable but the cor-
responding equilibrium point is long-term reactive.

5. The Enlightening Case
of r-Varying

In this section, we neglect the effect of the
environmental-driven variation in grazing intensity

and we only focus on the impact of environmen-
tal fluctuations on the host demographic parame-
ters. To this aim, we set rg = 0 so that the graz-
ing parameter δ = 1 and consider the host growth
rate parameter r as a deterministic chaotic driver
for the BFL model (2). We hence perform in sys-
tem (2) the change of variables Y = aP , X = abN,
and we set k = abK. As above, we assume that the
host growth parameter is a function of a variable ε
whose dynamics are ruled by the logistic map:

r(ε) = rmin + (R − rmin)ε. (19)

The parameter r can hence vary in time
between two positive values rmin and R, with 0 ≤
rmin ≤ R. We then obtain the following model:

Xt+1 = Xt exp
[
r(εt)

(
1 − Xt

k

)
− Yt

]
,

Yt+1 = Xt[1 − exp(−Yt)],

εt+1 = sεt(1 − εt),

(20)

where rmin, R, s are positive parameters and
R ≥ rmin.

Model (20) may admit the extinction fixed
points P (0)

l = (0, 0, ε(l)), the free-parasitoid fixed
points Q(1)

l = (k, 0, ε(l)) and the coexistence fixed
points Q∗

l = (X∗
l , Y

∗
l , ε

(l)), where (X∗
l , Y

∗
l ) are the

positive solutions of the following system:⎧⎪⎪⎨
⎪⎪⎩
X∗

l = k − k

r̃
Y ∗

l ,

Y ∗
l = X∗

l [1 − exp(−Y ∗
l )],

(21)
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for l = 0, s. As for the case of δ-varying, it is pos-
sible to show that, for s ∈ [3, 4], model (20) admits
only unstable fixed points and we allow s to vary in
this range.

To investigate the emergence of on–off intermit-
tency for model (20), we consider the two invariant
one-dimensional ε-spaces:

S0 = {(X,Y, ε) : X = 0, Y = 0},
S1 = {(X,Y, ε) : X = k, Y = 0}.

Since on–off intermittency is related to the loss of
transverse stability of these invariant manifolds, we
calculate the largest transverse Lyapunov exponent
to find the critical value for the occurrence of the
blowout bifurcation.

The infinitesimal transverse perturbation
(μ(x), μ(y)) of S0 evolves according to

μt+1 = Jt,S0μt =

(
exp(r(εt)) 0

0 0

)
μt.

With the same arguments previously developed, we
have that

ΛS0 = lim
t→∞

1
t

ln

∣∣∣∣∣
t−1∏
i=0

exp(r(εi))

∣∣∣∣∣ = lim
t→∞

1
t

t−1∑
i=0

r(εi),

and, as r(εi) > rmin > 0 for all i > 0, then ΛS0 > 0
the invariant manifold S0 is always unstable so, no
blowout bifurcation occurs.

The infinitesimal transverse perturbation
(μ(x), μ(y)) of S1 evolves according to

μt+1 = Jt,S1μt =

(
1 − r(εt) −k

0 k

)
μt; (22)

hence the largest transverse Lyapunov exponent is
given by

ΛS1 = lim
t→∞

1
t

lnσmax

⎛
⎜⎝

�

t−1∏
i=0

Ji,S1

⎞
⎟⎠,

with

�

t−1∏
i=0

Ji,S1 =

⎛
⎜⎜⎜⎝

t−1∏
i=0

(1 − r(εi)) −
t−1∑
i=0

ki+1
t−1∏

j=i+1

(1 − r(εj))

0 kt

⎞
⎟⎟⎟⎠. (23)

As we are interested in the sign of ΛS1 we can use
the alternative expression Λ̃S1 which is equivalent
to ΛS1 in sign:

Λ̃S1 = lim
t→∞

1
t

ln max
i

∣∣∣∣∣∣∣λi

⎛
⎜⎝

�

t−1∏
i=0

Ji,S1

⎞
⎟⎠
∣∣∣∣∣∣∣.

Under the hypothesis that 0 < k < rmin − 1 ≤ 1,
then

Λ̃S1 = lim
t→∞

1
t

ln
t−1∏
i=0

(r(εi) − 1)

= lim
t→∞

1
t

t−1∑
i=0

ln (r(εi) − 1).

When Λ̃S1 changes from negative to positive val-
ues, also ΛS1 changes from negative to positive and
a blowout bifurcation occurs [Nagai & Lai, 1997].

To address the issue of long-term reactivity, we
consider now the 2D nonautonomous system

Xt+1 = Xt exp
[
r(εt)

(
1 − Xt

k

)
− Yt

]
,

Yt+1 = Xt[1 − exp(−Yt)],
(24)

which admits as equilibrium P0 = (0, 0) which is
always unstable as the Jacobian matrix Jt,P0 ≡ Jt,S0

and L1,P0 ≡ ΛS0 > 0; consequently, P0 = (0, 0) is
also long-term reactive.

Differently, under the hypothesis that 0 < k <
rmin − 1 ≤ 1, the stability of the free parasitoid
equilibrium Q1 = (k, 0) depends only on the val-
ues assumed by r(εt). The change of sign of L̃1,Q1

in (15) or, equivalently, of L1,Q1 in (14) from nega-
tive to positive will detect the lost of stability of Q1.
The stability curve of Q1 is defined by the relation

L1,Q1 = lim
t→∞

1
t

lnσmax

⎛
⎜⎝

�

t−1∏
i=0

Ji,Q1

⎞
⎟⎠ = L̃1,Q1

= lim
t→∞

1
t

lnψ

⎛
⎜⎝

�

t−1∏
i=0

Ji,Q1

⎞
⎟⎠ = 0,
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where Ji,Q1 ≡ Jt,S1 , so that
�∏t−1
i=0Ji,Q1 can been

evaluated as in (23). Then, the study of the sta-
bility of the equilibrium Q1 corresponds to the
search of the critical value for blowout bifurcation
on the invariant manifold S1 above developed. We
can hence detect the stability curve of Q1 evaluating
the values of parameters that verify

L̃1,Q1 = lim
t→∞

1
t

ln
t−1∏
i=0

(r(εi) − 1)

= lim
t→∞

1
t

t−1∑
i=0

ln (r(εi) − 1)

= 0.

Similarly, we might detect the reactivity curve
for Q1 searching for parameters that verify

RQ1 = lim
t→∞

1
t

t−1∑
i=0

lnσmax(Ji,Q1) = 0.

We can hence show that the onset of on–off
intermittency can occur also in a region of the
parameter space where the invariant sub-space S1 is
still weakly transversely stable but the equilibrium
Q1 is long-term reactive. In particular, in Fig. 8, the
stability curve, the reactivity curve and the kurtosis
values are represented in theR > rmin ≥ k+1 plane,
for the case s = 3.82825 and increasing values of k.
As expected, the kurtosis is much larger than 3 in
the region very close (both above and below) to the
critical curve representing the stability of Q1 (red
line). Such a region also invades the reactivity zone
ofQ1 delimited by the green line. In this case, on–off
intermittency is hence expected to occur not only
slightly above but also slightly below the blowout
bifurcation threshold.

To provide numerical verification to the above
findings, we consider the case s = 3.82825, k =
0.3 and choose, as initial conditions, X0 = 4.9,
Y0 = 3.5, and ε0 = 10−1. All model parameters
and their significance are summarized in Table 4.

Fig. 8. Case r varying. Kurtosis values in the R > rmin plane for k = 0.2 (left-up plot), k = 0.3 (right-up plot), k = 0.4
(left-down plot), k = 0.49 (right-down plot). The kurtosis is greater than 3 in a narrow neighboring of the critical curve
detecting the stability of Q1 (red line) and above the reactivity curve of Q1 (green line).
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Table 4. Ecological significance of parameters in model (20) and values.

Parameter Value Ecological Significance

X0 4.9 Initial value of transformed host variable Xt = a b Nt

Y0 3.5 Initial value of transformed parasitoid variable Yt = a Pt

ε0 0.1 Initial value of logistic variable εt

k 0.3 Transformed host carrying capacity k = a b K with K = 0.6122
rmin rmin ∈ [0, R] Minimum amplitude of host growth rate driver variable r(εt)
R R > 0 Maximum amplitude of host growth rate driver variable r(εt)
s s ∈ [3, 4] Parameter of logistic variable εt

Note: The values for rmin, R and s are specified in the single tests. Values for N0, P0, a, b are given in Table 1.

When rmin = 1.42, the critical value R∗ such that
Λ̃T = 0 is given by R∗ = 2.5048. Figure 9 shows
the time-dependent behavior of the model variables
for different values of R increasing from the blowout
bifurcation value R∗. In this case, as expected, an
on–off intermittent behavior for the X variable is
found. More precisely, for R slightly higher than R∗,
i.e. R = 2.51, X dynamics are characterized by long

quiescent phases and few short bursts very close to
X = k. Increasing the values, i.e. for R = 2.53,
R = 2.55, the intensity of bursts increases, to tes-
tify that the sub-space S is now becoming more
transversely unstable. Increasing the value of R,
i.e. R = 2.6, a change in the intermittent behavior
occurs, with an alternation between a small ampli-
tude periodic behavior and aperiodic bursts.

(a) (b)

(c) (d)

Fig. 9. The case rmin = 1.42; s = 3.82825. (a) R = 2.51; (b) R = 2.53; (c) R = 2.55; (d) R = 2.6. The critical value such
that ΛT ≈ 0 is R∗ = 2.5048. On–off intermittency is observed slightly above the blowout bifurcation threshold R∗.
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(a) (b)

(c) (d)

Fig. 10. The case rmin = 1.42; s = 3.82825. (a) R = 2.503; (b) R = 2.495; (c) R = 2.49; (d) R = 2.45. The critical value such
that ΛT ≈ 0 is R∗ = 2.5048. On–off intermittency is observed slightly below the blowout bifurcation threshold R∗.

Figure 10 shows instead the time-dependent
behavior of the model variables for different val-
ues of R decreasing from the blowout bifurcation
value R∗. In agreement with Fig. 8, on–off inter-
mittency for the X variable is found also in this
case. More precisely, for R = 2.49, X dynamics are
characterized by long quiescent phases but increas-
ing the R values toward R∗, i.e. from R = 2.495
to R = 2.503, on–off intermittency more markedly
emerges. We stress, however, that, if R � R∗, i.e.
R = 2.45, no on–off intermittency can be found.
For the sake of completeness, we observe that, for
the examples shown in Fig. 9, the kurtosis values
are 36.809, 15.3781, 7.5667, and 4.057, whereas for
those in Fig. 10, they are 49.9013, 40.1844, 47.0353,
and 1.

6. Discussions and Conclusions

Bursting behaviors, as the ones associated to the
on–off intermittent phenomenology, can dramati-
cally impact ecosystem functions and services and
have been interestingly regarded as a mechanism,
driven by environmental variability, underlying sud-
den population outbreaks, for example, in host–
parasitoid systems.

We investigated the emergence of this intrigu-
ing phenomenology in a discrete host–parasitoid
BFL model when environmental variability is con-
sidered as a deterministic aperiodic driving pro-
cess. To this aim, we allowed two key parameters
of the system to fluctuate by means of a deter-
ministic chaotic driver, choosing the logistic map
to rule their variability. We explored in particular
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the impact of environment on the host–parasitoid
interaction by investigating separately (i) the effect
of grazing-dependent habitat variation on the host
density, that we related to the time-dependent vari-
ability of the grazing parameter δ and (ii) the
effect of environmental fluctuations on the average
host population growth rate, that we related to the
time-dependent variability of the host growth rate
parameter r.

In δ-varying and r-varying cases, we obtained
a coupled nonlinear discrete 3D dynamical sys-
tems capable of displaying on–off intermittency,
hence supporting the evidence that stochastic forc-
ing is not the only way to cause the onset of on–
off intermittency in dynamical systems. We hence
showed that, in this deterministic framework, the
onset of on–off intermittency can be interestingly
explained in terms of the dynamical properties of
some system attractors and ruled by the so-called
“blowout bifurcation”. In this regard, we showed
how the well-known result in the literature that this
phenomenology is only visible when the blowout
bifurcation threshold is slightly exceeded can be
somehow strengthened.

In the δ-varying case (i), we investigated both
when the grazing driver variable δ exhibits an inter-
mittent phenomenology characterized by an alter-
nation of periodic/bursting behavior and when it
displays a completely aperiodic dynamics. We set
the minimum amplitude of the grazing driver vari-
able to zero so that by equality (3), one has δ(εt) =
Dεt, where D is the maximum amplitude of the
grazing driver variable. In both these cases, we
found a critical value D∗ in the maximum ampli-
tude such that on–off intermittency is only observed
for values of D slightly higher than D∗. Instead, for
values of D much larger than D∗, the dynamical
behavior of the host population is forced to mimic
that of the environmental driver.

Both when host population dynamics are on–
off intermittent and when they are aperiodic, the
extinction of the parasitoid population has been
observed. This can be explained by the fact that
the host biomass remains at too low levels to sus-
tain a permanent parasitoid population during the
quiescent phases.

As a result, random environmental-driven vari-
ations in grazing intensity turned out to have a
significant impact on the host–parasitoid coexis-
tence, seriously questioning the effectiveness of par-
asitoids to manage pest. However, we also observed

that a critical value d̃ in the minimal amplitude
of the grazing variable d exists such that, for val-
ues of d higher than d̃, the host population under-
goes aperiodic dynamics and the parasitoid popula-
tion persists, taking on intermittent dynamics that
alternate between periodic and bursting activities.
Therefore, in order to safeguard the potential role
of parasitoids as biological control agents, the graz-
ing driver’s minimum amplitude should be nonzero
and the gap between its maximum and mini-
mum amplitude should be sufficiently small, namely
environmental-driven variations in grazing intensity
ought to be somewhat constrained.

The same qualitative considerations apply to
the r-varying case (ii) — when environmental fluc-
tuations affect the host demographic parameters —
where we considered a host growth rate driver r
exhibiting a phenomenology characterized by an
alternation of periodic/bursting behavior. Also, in
this case, we found a critical value R∗ of the
maximum amplitude R of the host growth driver
but we showed that on–off intermittency can be
detected in a strict neighborhood of R∗ and not
only superthreshold.

One of the findings of this paper was, in fact,
to show — by means of analytical, numerical and
statistical arguments — that on–off intermittency
does not uniquely emerge strictly above the blowout
bifurcation threshold (as in the δ-varying case) but
it might as well emerge in the sub-threshold (as
observed in the r-varying case), provided it remains
close enough to the blowout bifurcation value. In
this respect, we introduced the novel concept of
long-term reactivity and recognized it as a neces-
sary condition for the onset of the on–off intermit-
tent phenomenology.

As far as the biological control is concerned,
our study demonstrates how crucial it is to carefully
monitor environmental variability induced either by
anthropogenic disturbances or by random fluctu-
ations in natural factors in order to mitigate as
much as possible its impact on throphic interac-
tions, such as parasitism. To this aim, the possi-
ble time-dependent variability of all the key model
parameters should be taken into account and, in
any case, a careful check also in terms of long-
term reactivity should be systematically considered.
Long-term reactivity could, in fact, be considered
an upstream tool to discriminate the regions in
the parameter space in which on–off intermittency
may emerge from those in which it certainly cannot
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occur. This tool could be therefore interestingly
regarded as an indicator of the so-called “safety
zones”, namely those that are sheltered from sud-
den host population outbreaks.

The onset and characterization of the on–off
intermittent phenomenology were the main focus of
this research. However, there are many additional
features that deserve further attention and are cur-
rently the subject of our investigations. For exam-
ple, the study of fixed points was approached from
the point of view of the existence and local stability
properties but it would be interesting to establish
conditions for global stability, a highly demanding
property that usually requires additional restricting
constraints on the system. Furthermore, it would
be intriguing to explore the route to chaos of the
discrete BFL 3D model, verifying whether the 3D
system inherits the property to undergo chaos via
period-doubling bifurcations by its chaotic driver.
A further aspect, of no less importance, would
be determining the impact on the onset of on–off
intermittency of choosing as a deterministic driver
a nonunimodal discrete map with quasi-periodic
route to chaos.
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